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Abstract

In [4] it was shown that the dual polar space DH (2n—1,4), n > 2,
has a sub near-2n-gon G,, with a large automorphism group. In this
paper, we classify the valuations of the near octagon G4. We show that
each such valuation is either classical, the extension of a non-classical
valuation of a (G3-hex or is associated with a valuation of Fano-type of
an Hs-hex. In order to describe the latter type of valuation we must
study the structure of G4 with respect to an Hjs-hex. This study also
allows us to construct new hyperplanes of G4. We also show that each
valuation of Gy is induced by a (classical) valuation of the dual polar
space DH (7,4).
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1 Introduction

1.1 Basic definitions

Let S be a dense near 2n-gon, i.e. § is a partial linear space which satisfies
the following properties:

(i) For every point p and every line L, there exists a unique point 7 (p)
on L nearest to p. Here, distances d(-,-) are measured in the collinearity
graph of S.

(i) Every line of S is incident with at least three points.

(iii) Every two points of S at distance 2 from each other have at least two
common neighbours.



(iv) The maximal distance between two points of S is equal to n.

A dense near 0-gon is a point, a dense near 2-gon is a line and a dense
near quadrangle is a generalized quadrangle (Payne and Thas [17]).

For every point y of & and every non-empty set X of points, we define
d(y, X) := min{d(y, z) |z € X}. If X is a non-empty set of points of S, then
for every i € N, I';(X') denotes the set of points y of S at distance i from X.
If X is a singleton {x}, we will also write I';(x) instead of T';(X).

One of the following two cases occurs for two lines K and L of S (see
e.g. [b, Theorem 1.3]): (i) there exist unique points k* € K and I* € L
such that d(k,l) = d(k,k*) + d(k*,1*) + d(1*,1) for all k € K and | € L;
(ii) the map K — L;x — 7w (z) is a bijection and its inverse is equal to the
map L — K;y — 7mk(y). If the latter case occurs, then K and L are called
parallel.

By Theorem 4 of Brouwer and Wilbrink [2], every two points z and y of S
at distance 6 € {0,...,n} from each other are contained in a unique convex
subspace (z,y) of diameter . These convex subspaces are called quads,
respectively hezes, if 6 = 2, respectively 6 = 3. The lines and quads through
a given point x of S define a linear space which is called the local space
at x. If Xy, X,,..., Xy are non-empty sets of points, then (X;, Xo, ..., Xj)
denotes the smallest convex subspace containing X; U XoU---U Xj. Clearly,
(X1, X, ..., X}) is the intersection of all convex subspaces containing X; U

A point x of S is called classical with respect to a convex subspace F' of
S if there exists a (necessarily unique) point 7p(z) in F such that d(z,y) =
d(z,7p(x)) + d(mp(z),y) for every point y of F. Every point of I'1(F) is
classical with respect to F'. A convex subspace F' of § is called classical (in
S) if every point of § is classical with respect to F'. Every line of S is classical.
If every quad of S is classical, then S is a so-called dual polar space (Cameron
[3]). The near polygon S is then isomorphic to a geometry A whose points
and lines are the maximal and next-to-maximal singular subspaces of a given
polar space II (natural incidence). A proper convex subspace F' of § is called
big (in S) if every point of S has distance at most 1 from F. If F' is big,
then F' is also classical. If F' is big and if every line of § is incident with
precisely 3 points, then we can define a reflection Rr about F which is an
automorphism of S: if x € F, then we define Rp(z) := z; if ¢ F, then
Rp(z) is the unique point on the line zmpr(x) different from z and 7g(x).

Near polygons were introduced by Shult and Yanushka [18]. We refer to
(Chapter 2 of) De Bruyn [5] for more background information on (dense)
near polygons.

A function f from the point-set of S to N is called a valuation of S if it
satisfies the following properties:



(V1) f7(0) # 0;

(V2) every line L of S contains a unique point z;, such that f(z) = f(xp)+1
for every point z of L different from x;

(V3) every point x of S is contained in a (necessarily unique) convex subspace
F, such that the following properties are satisfied for every y € F,:

(i) fly) < f(=);
(ii) if z is a point collinear with y such that f(z) = f(y) — 1, then
z € F,.

Valuations of dense near polygons were introduced in De Bruyn and Van-
decasteele [11]. For many classes of dense near polygons, see [10], it can be
shown that property (V3) is a consequence of property (V2).

If f is a valuation of &, then we denote by Oy the set of points with
value 0. A quad @ of § is called special (with respect to f) if it contains two
distinct points of Oy, or equivalently (see [11]), if it intersects Oy in an ovoid
of ). We denote by G the partial linear space with points the elements of
Oy and with lines the special quads (natural incidence).

Proposition 1.1 (Proposition 2.12 of [11]) Let S be a dense near poly-
gon and let F'= (P', L', T') be a (not necessarily convex) subpolygon of S for
which the following holds: (1) F is a dense near polygon; (2) F is a subspace
of §; (3) if x and y are two points of F, then dp(x,y) = ds(x,y). Let f
denote a valuation of S and put m = min{f(z) |z € P'}. Then the map
fr: P — Nyzw— f(z) —m is a valuation of F.

Definition. The valuation fr of F' defined in Proposition 1.1 is called the
valuation of F' induced by f.

Examples. Let S = (P, L,]I) be a dense near 2n-gon, n > 2.

(1) For every point = of S, the map P — N;y — d(z,y) is a valuation of
S which we call a classical valuation.

(2) Suppose O is an ovoid of S, i.e. a set of points meeting each line in
a unique point. For every point = of S, we define fo(z) = 0 if x € O and
fo(z) = 1 otherwise. Then fo is a valuation of S which we call an ovoidal
valuation.

(3) Let = be a point of S and let O be a set of points at distance n
from x having a unique point in common with every line at distance n — 1
from x. For every point y of S, we define f(y) = d(z,y) if d(z,y) < n —1,



fly)=n—2if y € O and f(y) = n — 1 otherwise. Then f is a valuation of
S which we call a semi-classical valuation.

(4) Suppose F = (P’, L', T') is a convex subspace of S which is classical
in S§. Suppose that f': P’ — N is a valuation of F'. Then the map f: P —
N;z — f(z) = d(z,7mp(x)) + f(7r(x)) is a valuation of S. We call f the
extension of f'.

In the literature, valuations have been used for the following important appli-
cations: (i) classification of dense near polygons ([9], [16]); (ii) constructions
of new hyperplanes of dense near polygons, in particular of dual polar spaces
([8], [12]); (iii) classification of certain hyperplanes of dense near polygons, in
particular of dual polar spaces ([6]); (iv) study of isometric full embeddings
between dense near polygons, in particular between dual polar spaces (]7],
[14], [15]).

We will now define two classes of dense near polygons which will be important
throughout this paper.

(I) Let X be a set of size 2n+2, n > 2, and let H,, = (P, L, 1) be the following
point-line geometry:

(i) P is the set of all partitions of X in n + 1 subsets of size 2;

(i) £ is the set of all partitions of X in n — 1 subsets of size 2 and one
subset of size 4;

(iii) a point p € P is incident with a line L € £ if and only if the partition
determined by the point p is a refinement of the partition determined by L.

By Brouwer, Cohen, Hall and Wilbrink [1], see also De Bruyn [5, Section 6.2],
H,, is a dense near 2n-gon with three points per line. The near polygon H,
has % points and each point is incident with (”;’1) lines. Every quad
of H,, is isomorphic to either the (3 x 3)-grid or the generalized quadrangle
W (2). Every W (2)-quad is classical in H,,. By De Bruyn [10, Corollary 1.4],
amap [ : P — N is a valuation of H, if and only if it satisfies properties
(V1) and (V2).

The near hexagon Hj will be of interest in this paper. Every W(2)-quad
of Hjs is big. Every local space of Hj is isomorphic to the Fano-plane in which
a point has been removed. Hence, every point of Hjs is contained in three
grid-quads and these grid-quads partition the set of lines through x. If x is
a point of Hjs at distance 2 from a grid-quad @, then I's(x) N @ is an ovoid
of (). Moreover, the three quads through x which meet @) are grids.

(IT) Let H(2n —1,4), n > 2, denote the Hermitian variety X3 + X +--- +
X3 . =0of PG(2n — 1,4) (with respect to a given reference system). The



number of nonzero coordinates (with respect to the same reference system)
of a point p of PG(2n — 1,4) is called the weight of p. With the Hermitian
variety H(2n — 1,4), there is associated a dual polar space which is denoted
by DH(2n — 1,4). The points and lines of DH (2n — 1,4) are the maximal
and next-to-maximal subspaces of H(2n — 1,4) (natural incidence). Let
G, = (P, L,1) be the following subgeometry of DH (2n — 1,4):

(i) P is the set of all maximal subspaces of H(2n — 1,4) containing n
points with weight 2;

(ii)) £ is the set of all (n — 2)-dimensional subspaces of H(2n — 1,4)
containing at least n — 2 points of weight 2;

(iii) incidence is reverse containment.

By De Bruyn [4], see also De Bruyn [5, 6.3], G,, is a dense near 2n-gon with
three points on each line and its above-defined embedding in DH (2n — 1,4)
is isometric, i.e. preserves distances. The near polygon (,, has 32;5?5)!
and each point of G, is contained in precisely @ lines. Every quad of G,
is isomorphic to either the (3 x 3)-grid, W (2) or the generalized quadrangle
Q(5,2). Every Q(5,2)-quad is classical in G,. By De Bruyn [10, Corollary
1.4], amap f : P — Nis a valuation of G, if and only if it satisfies properties
(V1) and (V2).

points

1.2 The main result

The near octagon G4 has hexes isomorphic to G and Hs. Every Gs-hex F'
is big in G4 and hence every valuation f of F' will give rise to a valuation of
G4, namely the extension of f. No Hjs-hex is big in F'. We will later show
(Propositions 5.1 and 6.10) that if f is a valuation of an Hs-hex F such that
G is a Fano-plane, then there exists a unique valuation f of G4 such that
O7 = Oy. We will call f a valuation of Fano-type of G,. In this paper, we
classify all valuations of G4. We will show the following.

Theorem 1.2 (Section 6) If f is a valuation of G4, then f is one of the
following:

(1) f is a classical valuation of Gy;

(2) f is the extension of a non-classical valuation of a Gz-hex of Gy;

(3) f is a valuation of Fano-type of Gy.
FEach of these valuations is induced by a unique (classical) valuation of DH(7,4).

Notice that all valuations of DH(7,4) are classical by Theorem 6.8 of De
Bruyn [5]. In order to describe the valuations of Fano-type of G4 (see Section
5), we must study the structure of G4 with respect to an Hs-hex (Section 4).



This study allows us to construct a class of hyperplanes of G, (Proposition
4.14).

2 The valuations of the near hexagons G3, Hs,
Q(5,2> X Lg and W(Q) X Lg

The valuations of the near hexagons Gs, Hjs, Q(5,2) x L3 and W (2) x L;
were determined in De Bruyn and Vandecasteele [13].

There are two types of valuations in Gj: the classical valuations and the
non-classical valuations. In the following lemma, we collect some known
facts about non-classical valuations of Gs.

Lemma 2.1 ([13]) Suppose f is a non-classical valuation of Gz. Then:

(i) Gy is isomorphic to W (2), the linear space obtained from the gener-
alized quadrangle W (2) by adding its ovoids as extra lines.

(i1) |Of| = 15 and every two distinct points of Oy lie at distance 2 from
each other.

(1ii) Every point with value 1 is contained in a unique special quad.

(iv) Every Q(5,2)-quad Q of Gz contains a unique point with value 0.
Moreover, f(y) = d(y,Q N Oy) for every point y of Q.

(v) Every point x of Oy is contained in three special grid-quads and two
special W (2)-quads. These five quads determine a partition of the set of lines
through x.

If f is a valuation of Hl, then any two distinct points of Oy lie at distance
2 from each other. There are four types of valuations in the near hexagon
Hs: the classical valuations, the extensions of the ovoidal valuations of the
W (2)-quads (valuations of extended type), the valuations f for which Gy is
a line of size 3 (valuations of grid-type) and the valuations f for which Gy
is a Fano-plane (valuations of Fano-type). In the following two lemmas, we
collect some known facts about valuations of grid-type and Fano-type.

Lemma 2.2 ([13]) Let f be a valuation of grid-type of Hs. Then Oy is an
ovoid of a grid-quad @ of Hs. If d(x,0f) < 2, then f(z) = d(x,0f). If
d(z,0y) = 3, then f(z) = 1.

Lemma 2.3 ([13]) Let f be a valuation of Fano-type of Hs. Then:
(i) Bvery W (2)-quad R contains a unique point of Oy and f(y) = d(y, ON
R) for every y € R.



(it) Every grid-quad intersects Oy in either the empty set or an ovoid of
the grid-quad. If a grid-quad Q) is disjoint from Oy, then @) intersects the set
of points with value 1 in an ovoid of Q).

(i1i) For every x € Oy, the three grid-quads through x are special.

(iv) Every point with value 1 is contained in a unique special quad.

Lemma 2.4 Let f be a valuation of Fano-type of Hz. Let @ be a W (2)-quad
of Hs and let Gy and G5 be two grid-quads of Hy such that (i) Q, G and G
are mutually disjoint, and (ii) Rqo(G2) = Gs. Put Gy := mg(Ga) = mo(Gs).
Then one of the following cases occurs:

(1) There exists precisely one i € {2,3} such that |G; N O¢| = 3 and
|G5—i N Oy| = 0. Moreover, the unique point in Oy N Q is not contained in
Gl.

(2) |GaNOy| = |GsNOf| = 0 and the unique point in OrNQ is contained
n Gy.

Proof. Let 2* denote the unique point of O;NQ. Recall that f(y) = d(y, z*)
for every y € (). We distinguish two cases.

(1) Suppose z* is not contained in G;. Put I'y(z*) N Gy = {z1, 29,23} and
let L;, i € {1,2,3}, denote the unique line through x; meeting Gy and Gs.
Since z* ¢ Gy, we have d(z*, Gs) = d(z*, G3) = 2. Hence, each of the three
quads through z* meeting G2 (Gs) is a grid. So, (x*zy, L), (x*x9, Lo) and
(x*xg, L3) are the three grid-quads through z* meeting G2 (G3) in a point.
By Lemma 2.3(iii) these three grid-quads are special with respect to the
valuation f (recall z* € Oy). Hence, |L; N Of| = 1. Choose i € {2,3} such
that G; N Ly N Of # 0. Then again by Lemma 2.3(iii), |G; N O¢| = 3. Since
every point of G \{z1, z2, 3} has value 2, no point of (GoUG3)\ (L1ULyUL3)
belongs to Oy by property (V2) in the definition of valuation. It follows that
GiNO;=(GiNL)U(G;NLy)U(G;N Lg). For every j € {1,2,3}, L; NG;
has value 0 and L; N @ has value 1. Hence, L; N G5_; has value 1 by property
(V2). Together with (G5—; \ (L1 U Ly U L3)) N Oy = 0, this implies that
Gs_; N Of = 0.

(2) Suppose that the unique point z* in Oy N @ is contained in G;. Suppose
y* is a point of Oy N Go. Then d(z*,y*) = 2. Hence, the unique point z* of
G+ collinear with z* is also collinear with y*. It follows that (z*,y*) and Gy
are two special grid-quads meeting in the line y*z*, a contradiction. Hence,
G2 N Oy = 0. In a similar way, one shows that G N Oy = 0. n

The near hexagon Q(5,2) x L3 is obtained by taking three isomorphic copies
of the generalized quadrangle ()(5,2) and joining the corresponding points
to form lines of size 3. There are two types of valuations in Q(5,2) x Ls:
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the classical valuations and the extensions of the ovoidal valuations of the
grid-quads.

The near hexagon W (2) x L3 is obtained by taking three isomorphic copies
of the generalized quadrangle W (2) and joining the corresponding points
to form lines of size 3. There are four types of valuations in W (2) x Ls:
the classical valuations, the extensions of the ovoidal valuations of the grid-
quads, the extensions of the ovoidal valuations of the W (2)-quads and the
semi-classical valuations.

3 Properties of the near octagon G,

We start with some properties of the near 2n-gon G,,, n > 3, whose proofs
can be found in the book [5]. Let U denote the set of points of weight 1
and 2 of PG(n—1,4) (with respect to a certain reference system) and let Ly
denote the linear space induced on the set U by the lines of PG(n — 1,4).
Then every local space of G,, is isomorphic to L. Every quad of G, n > 3,
is isomorphic to either the (3 x 3)-grid, W (2) or Q(5,2). The near polygon
G,, n > 3, has two types of lines:

(i) SPECIAL LINES: these are lines which are not contained in a W(2)-
quad.

(ii) ORDINARY LINES: these are lines which are contained in at least one
W(2)-quad.

There are two possible grid-quads in G,,, n > 3.

(i) GRID-QUADS OF TYPE I: these grid-quads contain three ordinary and
three special lines; the lines of each type partition the point set of the grid.

(ii) GRID-QUADS OF TYPE II: these grid-quads contain six ordinary lines.
If n = 3, then every grid-quad is of type I. If n > 4, then both types of
grid-quads occur.

The automorphism group of G,, n > 3, acts transitively on the set of
special lines, the set of ordinary lines, the set of Q(5,2)-quads, the set of
W (2)-quads, the set of grid-quads of type I and the set of grid-quads of type
I1.

In the following lemma, we collect some properties of the near octagon
G4.

Lemma 3.1 (1) The near octagon G4 has 8505 points, each line of G4 con-
tains 3 points and each point of G, is contained in 22 lines.

(2) Every quad of Gy is isomorphic to either the (3 x 3)-grid, W(2) or
Q(5,2). Every Q(5,2)-quad is classical in Gy.



(3) Every hex of Gy is isomorphic to either Gg, Hg, W(2)xLs or Q(5,2) x
Ls. Every Gs-hex is big in Gy.

(4) If x is a point of Gy, then every Q(5,2)-quad through = contains
precisely two special lines through x. Conversely, every two distinct special
lines through x are contained in a unique Q(5,2)-quad.

(5) If z is a point of Gy, then every Gs-hex through x contains precisely
three special lines through x. Conversely, every three distinct special lines
through = are contained in a unique Gs-hez.

(6) Every point is contained in 4 special lines, 18 ordinary lines, 36 grid-
quads of type I, 27 grid-quads of type 11, 36 W (2)-quads, 6 Q(5,2)-quads, 4
Gs-hezes, 18 Q(5,2) x Ls-hexes, 36 W (2) x L-hexes and 27 Hz-hexes.

(7) Every special line is contained in 9 grid-quads of type I, 0 grid-quads
of type II, 0 W(2)-quads, 3 Q(5,2)-quads, 0 Hs-hezes, 3 Gs-hexes, 9 Q(5,2) x
Ls-hezes and 9 W(2) x Ls-hezes.

(8) Ewery ordinary line is contained in 2 grid-quads of type I, 3 grid-
quads of type II, 6 W(2)-quads, 1 Q(5,2)-quad, 9 Hs-hezes, 2 Gs-hezes, 4
Q(5,2) x Ls-hexes and 6 W (2) x Ls-hezes.

(9) Every W (2)-quad is contained in precisely 1 Gs-hex, 1 W (2) x Ls-hex,
0 Q(5,2) x LLz-hexes and 3 Hs-hezes.

(10) Every Q(5,2)-quad is contained in precisely 2 Gs-hexes, 3 Q(5,2) X
Ls-hezes, 0 W (2) x Lg-hexes and 0 Hs-hezes.

(11) Ewvery grid-quad of type I is contained in 1 Gs-hez, 0 Hsz-hezxes, 1
Q(5,2) x Ls-hex and 3 W(2) x Ls-hezes.

(12) Every grid-quad of type 11 is contained in 0 Gs-hexes, 3 Hs-hezes,
2 Q(5,2) x Ls-hexes and 0 W(2) x Ls-hexes.

(13) Suppose the point x of Gy is contained in a Q(5,2)-quad Q and a
hex H, then Q N H 1is either QQ or a line of Q.

(14) Suppose the point x of Gy is contained in a Gs-hex H and an Hs-hex
H'. Then HN H' is a W(2)-quad.

Proof. Claims (1), (2), (3) (as well as parts of Claims (4), (5), (6), (7)
and (8)) were proved in De Bruyn [5, Section 6.3] in a more general context,
namely that of the near 2n-gon G,,, n > 3. Claims (4)—(14) readily follow
from information on the local spaces which we will now provide.

Let  be an arbitrary point of G4. Then the local space of G, at the
point z is isomorphic to L where U is the set of all points of weight 1 or 2
of PG(3,4) with respect to a certain reference system (€, €z, €3, €4) of V' (4,4).
A convex subspace F' through x corresponds to a certain subspace of Ly and
hence to a certain set X of points of PG(3,4). If F} and F, are two convex
subspaces through x, then Fy C F; if and only if Xp C Xp,. We discuss all
the possibilities for the lines, quads and hexes.



i) If F' is a special line, then Xp = {(€;)} for some i € {1,2,3,4}.

ii) If F' is an ordinary line, then Xr = {(&; + Ae;)} for two distinct
{1,2,3,4} and a A € F} :=TF, \ {0}.

i) If F is a Q(5,2)-quad, then Xp = {(€;), (¢; + \e;) | A € 4} for two

distinct 4, j € {1,2,3,4}.

(iv) If Fis a W(2)-quad, then Xp = {(&; + \e;), (€; + peéx), (Ae; + peg)}
for three mutually distinct ¢, j, k € {1,2,3,4} and some A, u € F.

(v) If F is a grid-quad of type I, then Xp = {(&), (€; + Aéx)} for three
mutually distinct 4, j, k € {1,2,3,4} and some \ € F}.

(vi) If I is a grid-quad of type II, then Xr = {(€; + Xé;), (€ + ue;)} for
some \, pu € F} and some i, j, k, [ satisfying {7, j, k, 1} = {1, 2, 3,4}.

(vil) If F'is a G3-hex, then Xp = (€;, €;, €,)NU for three mutually distinct
i,k €{1,2,3,4}.

(viii) If F is an Hs-hex, then X = aN U where « is a plane of PG(3,4)
disjoint from {(é;), (é2), (€3), (€4)}. So, | Xr| = 6 and X contains a unique
point of each of the lines (e;,€;), 7,7 € {1,2,3,4} with i # j.

(ix) If ' = Q(5,2) xLs, then Xp = {(€;+ ;) }U{(€1), (ex+per) | € Fy}
for some A € F% and some 1, j, k, [ satisfying {i, j, k, 1} = {1,2,3,4}.

(x) If F'= W(2) x Ls, then Xp = {(€; + A\¢;), (€; + péx), (A&, + péx), (e)}
for some A, u € F} and some i, j, k, [ satisfying {4, j, k, [} ={1,2,3,4}. n

(3}

(
(
(

4 Structure of G, with respect to an Hs-hex
In this section, H denotes a given Hj3-hex of Gy.

Lemma 4.1 Let x € I'y(H) and Q a quad of H such that T's(x) N Q is an
ovoid of Q. Then:

(1) (z,Q) is a hex of Gy,

(2) if Q is a W(2)-quad, then (x,Q) = Gs;

(3) if Q is a grid-quad, then Q is a grid-quad of type II and {(x,Q) = Hs;.

Proof. (1) Let z; and x5 be two distinct points of I'y(2) N Q and let x3 be
a common neighbour of z; and z5. Then x5 € @ \ I'y(x) has distance 3 from
x and (x,z3) is a hex. Now, x; and xy are two points on a geodesic path
from x3 to x. Hence, (z,x1,x2) C (x,x3). On the other hand, since x3 is a
common neighbour of x; and x5, we also have (z,z3) C (z,x1,z). Hence,
(x,21,29) = (x,23). Since z1 and x5 are two points of @ at distance 2 from
each other, Q = (x1,z2). It follows that (z,Q) = (z,x1,22) = (x,x3) is a
hex.
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(2) Since z € T'9(Q), the W(2)-quad @ is not big in the hex (z, Q).
Among the near hexagons which can occur as hex in G4, only G3 has non-
big W (2)-quads (recall Lemma 3.1(3)). It follows that (z, Q) = Gs;.

(3) The grid-quad @ is contained in the Hs-hex H. Hence, by Lemma
3.1(11), @ is a grid-quad of type II. Since = € I'y(Q), the grid-quad @ of type
IT is not big in the hex (z, Q). Among the near hexagons which can occur as
hex in Gy, only G3 and Hj3 have non-big grid-quads. By Lemma 3.1(12), a
Gs-hex cannot contain grid-quads of type II. Hence, (x, Q) = His. "

Remark. If (z,Q) is a point-quad pair of a dense near hexagon such that
d(z, Q) = 2, then I'y(x) N Q is an ovoid of @ since every line of () contains a
unique point nearest to (and hence at distance 2 from) x.

Proposition 4.2 [t holds that |H| = 105, |I';(H)| = 3360, |I'2(H)| = 5040
and |I';(H)| = 0 for every i > 3. If v € I's(H), then there are two possibili-
ties:

(a) To(z) N H is an ovoid of a W(2)-quad Q of H and (z,Q) = G3;
(b) Ta(x) N H is an ovoid of a grid-quad of type II of H and (z,Q) = Hs.

Proof. Suppose y € T';(H) with ¢ > 3. For every line L of H, we have
d(y, L) < 3 since L contains a unique point nearest to y. Hence i = 3 and
ITs(y) N L| =1 for every line L of H. It follows that I's(y) N H is an ovoid of
H. But this is impossible since H has no ovoids by [13, Lemma 5.5]. Hence,
IT;(H)| = 0 for every i > 3. Clearly, |H| =105, |I';(H)| = |H|-(22—6)-2 =
3360 and |To(H)| = 8505 — |H| — |1 (H)| = 5040.

Suppose = € I'y(H). Applying Proposition 1.1 to the classical valuation
f of G4 with Oy = {z}, we find that the map g : H — N;y — d(z,y) — 2 is
a valuation of H. The valuation ¢ is not classical since each of its values is
at most 2. (A classical valuation of a dense near hexagon has maximal value
equal to 3.) By Section 2, there are three possibilities:

(a) Oy =Ty(x) N H is an ovoid in a W(2)-quad @ of H;
(b) O, =T'3(x) N H is an ovoid in a grid-quad @ of H;
(c) Oy =T9(x) N H is a set of 7 points and G is a Fano-plane.

If case (a) occurs, then (z,Q) = Gz by Lemma 4.1(2). If case (b) occurs,
then @ is a grid-quad of type II and (z, Q) = Hj3 by Lemma 4.1(3).

We will now prove that case (¢) cannot occur. Suppose the contrary.
Let u denote an arbitrary point of O, and let @, @2 and ()3 denote the
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three grid-quads of H through u. These grid-quads are special with respect
to g by Lemma 2.3(iii). Hence, I'y(z) N Q; is an ovoid of Q); for every i €
{1,2,3}. By Lemma 4.1(3), the grid-quads @, Q2 and @3 have type 1T and
(,Q1) = (2,Q2) = (x,Q3) = Hs. In the near hexagon (z,Q;) = Hs, the
quad (z,u) is one of the three quads through x which meet @;. It follows
that (x, Q) is a grid-quad. By Lemma 3.1(11), (x, u) is a grid-quad of type II.
By Lemma 3.1(7), every line of (z,u) is an ordinary line. Let L be one of the
two (ordinary) lines of (z,u) through w. By Lemma 3.1(8), L is contained
in a unique Q(5,2)-quad @. By Lemma 3.1(13), @ N H is a line L'. Since
@1, Q2 and Q3 determine a partition of the lines of H through u, we have
L' C @Q; for precisely one i € {1,2,3}. Now, the Hz-hex (z,Q;) contains
L' and L C (z,u). So, the Q(5,2)-quad Q = (L, L) would be contained in
the Hs-hex (x, Q;), clearly a contradiction, since Hjz has only grid-quads and
W (2)-quads. n

Definition. A point z of I';(H) is said to be of type (a), respectively (b), if
case (a), respectively case (b), of Proposition 4.2 occurs.

Lemma 4.3 Let H' be a hex meeting H in a quad QQ. Then I'y(H) N H' =
F2(Q)N H'.

Proof. Suppose x € T's(H) N H'. Then z has distance at least 2 from Q.
Since x and ) are contained in H', every point of () has distance at most 3
from z. Hence, for every line L of @, d(x, L) < 2 since L contains a unique
point nearest to x. It follows that = € I'o(Q) N H'.

Conversely, suppose that € I'o(Q)NH’'. Then x ¢ H since HNH' = Q.
Suppose z € I';(H). Then x is classical with respect to H and d(z,y) =
1 4+ d(mg(x),y) for every point y € H. It follows that the point 7y (z) is
collinear with every point of the ovoid I's(z) N @Q of Q. This implies that
mg(z) € Q. But this is in contradiction with my(z) ~ 2 € T'5(Q). It follows
that z € Ty(H) N H'. ]

Lemma 4.4 In I's(H), there are 3360 points of type (a) and 1680 points of
type (D).

Proof. In a given Gs-hex, there are 120 points at distance 2 from any of its
W (2)-quads. There are 28 W (2)-quads in H and each such quad is contained
in a unique Gs-hex by Lemma 3.1(9). Lemma 4.3 now implies that the total
number of points of type (a) in I'y(H) is equal to 28 - 1 - 120 = 3360.

In a given Hs-hex, there are 24 points at distance 2 from any of its grid-
quads. Now, there are 35 grid-quads (of type II) in H and each of these
grid-quads is contained in precisely 2 Hjs-hexes distinct from H (see Lemma
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3.1(11)+(12)). Lemma 4.3 now implies that the number of points of type (b)
in I'y(H) is equal to 35 -2 - 24 = 1680.

(CHECK: The total number of points of I';(H) is indeed equal to 3360 +
1680 = 5040 as shown in Proposition 4.2). n

Lemma 4.5 (Chapter 7 of [5]) Suppose one of the following cases occurs:
(1) Q is a grid-quad of S = Hs; (ii) Q is a W(2)-quad of S = Gg3. Let x
be a point of S at distance 2 from Q). Then every line of S through x has a
unique point in common with T'1(Q).

Let S denote the set of lines of G4 contained in I's(H).

Lemma 4.6 Let x be a point of I's(H) and let Q be the quad (I's(x) N H).
Then the lines through x contained in S are precisely the lines through x not
contained in the hex (x,Q). If x has type (a), then precisely 10 lines through
x are contained in S. If x has type (b), then precisely 16 lines through x are
contained in S.

Proof. If x is a point of type (a), then @ = W (2) and (z,Q) = Gs. If z is
a point of type (b), then @ is a grid-quad and (z, Q) = H3. By Lemmas 4.3
and 4.5, every line through z contained in (x, ()) contains a point of I';(H).
Conversely, suppose that L is a line through z containing a point y € I';(H).
Then y is classical with respect to H and the point 7wy (y) lies at distance 2
from z. Hence, my(y) € Q and L C (z,7m5(y)) C (z,Q).

So, the number of lines through x contained in S is equal to the number
of lines through z not contained in the hex (x, Q). If x is a point of type (a),
then z is contained in 22 — 12 = 10 lines of S. If x is a point of type (b),
then x is contained in 22 — 6 = 16 lines of S. "

From Lemmas 4.4 and 4.6, we readily obtain:

Corollary 4.7 |S| = 1[3360 - 10 4 1680 - 16] = 20160.

1
3
Lemma 4.8 Let L = {1, %9, 23} be a line of S. For every i € {1,2,3}, put
Qi = (I'ao(x;) N H) and H; = (x;,Q;). Then Hy, Hy and Hj are mutually
disjoint hexes.

Proof. By symmetry, it suffices to show that H; N Hy, = (). Suppose to
the contrary that u is a point of H; N Hy. Every point on a shortest path
between u € H; N Hy and x; € H; belongs to Hy. If 27 € H,, then since x;
is classical with respect to Hs, the point xo = 7y, (1) lies on such a shortest
path. Hence, z1 € Hy or x5 € Hy. So, the line x5 is contained in H; or Hs.
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Lemma 4.5 then implies that L contains a point of I'y(H). This contradicts
the fact that L € S. ]

Lemma 4.9 Let L = {x1,x9,23} be a line of S, put Q; = (I's(x;) N H) and
H; = (2;,Q;). If x1 is of type (a), then xo and x3 have the same type and
Ry, (Hs) = Hj.

Proof. By Proposition 4.2, Q; = W (2) and H; = Gj. So, H; is big in Gy.
By Lemma 4.8, H; and H, are mutually disjoint. Let Hj be the reflection
of Hy about H; (in the near octagon G4) and let Q% denote the reflection
of Q2 about @) (in the near hexagon H). Then Q5 = @2, H, = H, and
Q% C Hs. Since x5 is a point of Hy at distance 2 from the quad Qs of Ho,
3 = Ry, (x2) is a point of H} = Ry, (H,) at distance 2 from Q% = Ry, (Q2).
So, I'a(z3) N Q% is an ovoid of Q5. This implies that Q3 = Q4 and Hy = Hj.
Since Hj = Hs, x5 is of the same type as . .

Lemma 4.10 FEvery point z of type (a) of I's(H) is contained in precisely 6
lines of S which only contain points of type (a).

Proof. Put Q := (I's(z) N H).

Let {z, z1, x2} be a line of S through x which only contains points of type
(a) and let Q; = (I's(z;) N H), i € {1,2}. Then by Lemmas 4.8 and 4.9, the
W(2)-quads @, @1 and @) are mutually disjoint and Qs is the reflection of
()1 about @ (in the near hexagon H).

Let Q' be a W (2)-quad of H disjoint from ) and let H' denote the unique
Gs-hex through @’ (recall Lemma 3.1(9)). We prove that (x,Q) N H' = 0.
Suppose to the contrary that (x,Q) N H' contains a point u. If u € H, then
u€ Q= (x,Q)NHand u € Q' = H'NH, a contradiction. If u € T';(H), then
u € Ty (Q)UTlL(Q') by Lemma 4.3 and hence 7y (u) € QNE’, a contradiction.
If u e Ty(H), then u € I'y(Q) NT'2(Q’) and hence I's(u) NH C Q N Q' again
a contradiction. So, the big Gs-hexes (x,(Q)) and H' are disjoint. Hence, the
line zmg (x) belongs to S by Lemma 4.6. Since x and 7y (x) are points of
type (a), also the third point of z7my/(z) has type (a) by Lemma 4.9. So, the
W(2)-quad Q" determines a line of S through x which only consists of points
of type (a). If we denote by Q" = W(2) the reflection of Q" about @ (in
H) and by H” the unique Gs-hex through Q”, then H” = Ry ((z,Q)) and
xmp(z) = xmye(x). So, the W(2)-quads Q" and Q" determine the same line
of S through x.

Since there are 12 W (2)-quads in H disjoint with @, it follows from the
above discussion that there are % = 6 lines of S through x containing only
points of type (a). .

From Lemmas 4.4 and 4.10, we readily obtain:
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Corollary 4.11 There are 238 = 6720 lines of S containing precisely three

06 —
points of type (a).

Lemma 4.12 There are 13440 lines of S containing one point of type (a)
and two points of type (b).

Proof. Let x be one of the 3360 points of type (a). By Lemmas 4.6, 4.9 and
4.10, x is contained in 10 — 6 = 4 lines of S which contain a unique point of
type (a). Hence, the required number is equal to 3360 - 4 = 13440. .

By Corollary 4.7, Corollary 4.11 and Lemma 4.12, we obtain:

Corollary 4.13 There are two types of lines in S':

(1) Lines of S only containing points of type (a).

(2) Lines of S containing a unique point of type (a) and two points of
type (D).

Recall that a hyperplane of a point-line geometry is a proper subspace meeting
each line.

Proposition 4.14 Let X denote the set of points of G4 consisting of the
points of H, the points of T'1(H) and the points of type (a) of T's(H). Then
X is a hyperplane of Gy.

Proof. We need to prove that every line L containing a point x of type (b)
of I'y(H) intersects X in a unique point. Put @ := (I's(z) N H). Then Q is
a grid-quad of type II and (z, Q) = Hj.

If L is not contained in (z, @), then L € S by Lemma 4.6. Corollary 4.13
then implies that |[L N X| = 1.

If L is contained in (x, @), then L contains a unique point y of I';(Q) by
Lemma 4.5. Let z € I'5(Q)) denote the third point on the line L. By Lemma
4.3 applied to the hex H' = (z,Q), z € I's(H). Since z € I'5(Q) and Q
are contained in the hex (z, @), I'2(2) N Q@ is an ovoid of Q. It follows that
Fo(z) N H =Ty(2) N Q. Since @ is a grid, z is of point of type (b) and y is
the unique point of X contained in L. "

5 A new class of valuations of G4

Let H denote a hex of G4 isomorphic to H3 and let f denote a valuation of
Fano-type of H. Recall that every point of I'1(H) is classical with respect to
H. Lemma 2.3(i)-+(ii) allows us to define the following function f from the
point-set of G4 to N:
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(i) If x € H, then we define f(x) := f(z).

(ii) If # € I'y(H), then we define f(z) := 1+ f(7gy(x)).

(iii) If  is a point of type (a) of I'y(H), then f(x) := d(z,z*), where z*
is the unique point of Oy contained in the W (2)-quad (I'z(z) N H).

(iv) Let z be a point of type (b) of I'y(H) such that |Or N Q| = 3, where
Q is the unique grid-quad of H containing I'y(z) N H. Then f(x) := 2 if
[y(z) N (O;NQ) # 0 and f(z) := 1 otherwise.

(v) Let = be a point of type (b) of I'y(H) such that |Of N Q| = 0 where
@ is the unique grid-quad of H containing I'y(x) N H. Let X denote the
ovoid of () consisting of all points with f-value 1. We define f(z) := 3 if

[y(z) N X # 0 and f(x) := 2 otherwise.

Proposition 5.1 The map f is a valuation of Gy.

Proof. Recall that a function from the point-set of G4 to N is a valuation
of G4 if and only if it satisfies properties (V1) and (V2). Clearly, f satisfies
property (V1). It remains to show that f also satisfies property (V2). Let
L be an arbitrary line of G4. We can distinguish 6 possibilities by corollary

4.13:

(1) L is contained in H. Then L satisfies property (V2) with respect to f
since L satisfies property (V2) with respect to f.

(2) L intersects H in a unique point z7. Then f(z) = f(zy)+1= f(zp)+1
for every point x of L\ {z1}. So, L satisfies property (V2).

(3) L C Ty (H). Then 7y (L) := {mu(x) |z € L} is aline of H parallel with L.
For every point = of L, f(z) = f(mu(x)) + 1. Since 7wy (L) satisfies property
(V2) with respect to f, L satisfies property (V2) with respect to f.

(4) LNTy(H) # 0 and LNTy(H) # 0. Let x denote an arbitrary point of
LNTy(H) and let @ denote the unique quad of H containing I'y(z) N H.
Then (z, Q) is a hex containing L.

From the definition of f, we see that there exists a constant e € {—1,0}
such that the map u — f(u) + ¢ defines a valuation f’ of (x,Q). If z is a
point of type (a), then e = 0 and f’ is a classical valuation of (x,Q) = G3
by Lemma 2.3(i). If x is a point of type (b), then e = 0 if [0y N Q| = 3
and e = —1if |Oy N Q| = 0. Moreover, by Lemma 2.2, f" is a valuation of
grid-type of (z, Q) = Hs.

By the previous paragraph, the line L C (z, Q) satisfies property (V2)
with respect to f.

(5) L C T'y(H) and every point of L is of type (a). Put L = {z1, 22,23}
and let @Q;, ¢ € {1,2,3}, denote the unique W (2)-quad of H containing
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O; = I'y(x;)NH. The set O; is an ovoid of Q;. Put H; := (x;,Q;), i € {1,2,3}.
By Lemmas 4.8 and 4.9, H;, Hy and Hj are three mutually disjoint G3-hexes,
Ru, (Hy) = Hs and R, (Q2) = Q3 (reflection about the big W (2)-quad @4
in the Hs-hex H). So, every line meeting ()1 and ()2 also meets @)3. We have
R, (02) = Ry, (T2(x2) NQ2) = Ta(x3) NQ3 = Os. In a similar way, one can
prove that O3 = Ry, (0;). It follows that O; UOy U Os is the union of 5 lines
which meet @, Q2 and Q3. Let ul, i € {1,2,3}, denote the unique point of
Q); with f-value 0 (recall Lemma 2.3(i)). Since every two points of Oy lie at
distance 2 from each other, d(uj,u) = 2. Since uj is classical with respect
to ()2, the unique point v of ()2 collinear with uj is collinear with u3. Let w
denote the point of the line ujv distinct from uj and v. The quad (uj,u3)
contains the line ujv and hence contains the point w € @)3. Since the local
space of H at the point w is a Fano plane minus a point, the quads (u}, u})
and ()3 meet in a line. Since uj,u} € Oy, the quad (uj,u}) of H is special
with respect to f. So, (uj,u3) is a grid and the line (u},ud) N Q3 contains
a unique point of Oy which necessarily coincides with u3. The points uf,
7o, (u3y) and 7o, (uj) of @y form a line of () which intersects O; in a unique
point. It follows that Oy U Oy U O3 has a unique point «* in common with
{ul,ug,uz}. I i € {1,2,3} such that u* = u}, then f(z;) =2 and f(z;) =3
for all j € {1,2,3} \ {i}. This proves that L satisfies property (V2).

(6) L C I'y(H), L contains a unique point z; of type (a) and two points xs
and x3 of type (b). Let Q; denote the unique W (2)-quad of H containing all
points of I'y(z1) N H and put Hy := (z1,Q1). Let G;, ¢ € {2,3}, denote the
grid-quad of H containing all points of I's(z;) N H and put H; := (z;, G;).
Then Hy = G and Hy = Hs = Hj. Moreover, by Lemmas 4.8 and 4.9,
H,, Hy and Hjs are mutually disjoint, Ry, (H2) = Hs and Rq,(G2) = Gs.
Put Gy = 7, (G2) = mg,(Gs). We have Ry, (I'a(xe) N Ga) = a(xs) N Gs.
Moreover, mg, (I'2(z2) N Ga) = mg, (T'2(z3) N G3) = I'a(x1) N Gy since every
line connecting a point of I'y(z2) N Go C T's(z1) and I'a(z3) N G3 C T'y(24)
contains a unique point nearest to z;. We distinguish four possibilities (cf.
Lemma 2.4):

(i) |GaNOy| = |G3NOy| = 0, the unique point z* in Oy N Q) is contained
in Gy and d(z*,x1) = 2. Then the unique line through z* meeting G5 and
(G5 intersects G and (G5 in points with f-value 1 belonging respectively to
[y(z5) and Ty(x3). It follows that f(z;) = 2 and f(x2) = f(x3) = 3. So, L
satisfies property (V2).

(ii) |GaNOy| = |GsNOy| = 0, the unique point z* in Oy N is contained
in Gy and d(z*,z1) = 3. Hence, the ovoid I's(x1) N Gy of G contains two
points with f-value 1 and one point with f-value 2 (recall Lemma 2.3(i)).
Since each of the three lines meeting I's(z1) NGy, Ta(22) NGo and T'y(x3)NG3
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contains a unique point with smallest f-value, there exists an i € {2,3} such
that (a) the ovoid I'y(x;) N G; contains two points with f-value 2 and 1 point
with f-value 1, and (b) the ovoid I's(z5-;) N G5_; contains three points with
f-value 2. It follows that f(z;) = 3, f(z;) = 3 and f(z5_;) = 2. So, L
satisfies property (V2).

(iii) There exists an i € {2, 3} such that |G;NOy| = 3 and |G5_;NOy| = 0.
Moreover, we assume that d(z;,2*) = 2, where z* is the unique point in
Of N Q. (Recall z* ¢ G;.) Since {z*} U (I'y(x1) N Gy) is contained in the
ovoid I'y(z1) N Q1 of @1, no point of I'y(x1) N Gy is collinear with z*. So,
[o(x1) NGy only contains points with f-value 2 (recall Lemma 2.3(i)). Since
every line meeting I's(z1) N Gy, T'a(x2) N Gy and T'a(z3) N G has a unique
point with smallest f-value and G; contains only points with f-value 0 or
1, Ty(x;) N G, only contains points with f-value 1 and T'y(x5_;) N Gs_; only
contains points with f-value 2. It follows that f(z;) = 2, f(z;) = 1 and
f(xs5_;) = 2. This proves that L satisfies property (V2) with respect to f.

(iv) There exists an i € {2, 3} such that |G;NOy| = 3 and |G5_;NO;y| = 0.
Moreover, we assume that d(z;,z*) = 3 where z* is the unique point in
Of N Q1. (Recall 2* € Gy.) Then I'y(z1) NGy C I'a(z1) N Qy contains at
least one point with f-value 1 (collinear with z*). The unique line through
each such point meeting GG, and G5 contains a unique point with smallest
f-value. Hence, I's(z;) N G; contains at least one point with f-value 0 and
[o(x5-;) N G5_; contains at least one point with f-value 1 (recall that every
point of G; has f-value 0 or 1). It follows that f(x;) = 3, f(2;) = 2 and
f(z5_;) = 3. This proves that L satisfies property (V2). u

The valuation f of G4 defined above is called a valuation of Fano-type of Gy.

6 The classification of the valuations of G,

6.1 Some lemmas

During the classification of the valuations of G,, we will need the following
three properties which hold for valuations of general near polygons:

Lemma 6.1 ([11]) Let f be a valuation of a dense near 2n-gon S.

(1) f is a classical valuation if and only if there exists a point with value
n.

(i1) If d(z,Oy) < 2, then f(z) = d(z,Oy).

(17i) No two distinct special quads intersect in a line.

Now, suppose that f is a valuation of Gy.
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Lemma 6.2 If z,y € Oy, then d(x,y) is even.

Proof. By Property (V2), d(z,y) # 1. Suppose d(x,y) = 3. Let H denote
the unique hex through = and y. If f’ denotes the valuation of H induced by
f (recall Proposition 1.1), then O contains two points at distance 3 from
each other. This is impossible since none of the near hexagons Gz, W (2) x L,
Q(5,2) x Lg, Hs has such valuations. .

Lemma 6.3 If there exists a Gsz-hex H such that |H N O¢| = 15, then Oy =
HNO;.

Proof. Since |[H N Oy| = 15, the valuation f’ of H = G5 induced by f is
non-classical. Suppose z € Oy \ H. Since H is big in Gy, x is classical with
respect to H. The point my () has value 1 and hence is contained in a unique
quad @ of H which is special with respect to f’ (recall Lemma 2.1(iii)). If y
is a point of QN Oy at distance 2 from 7wy (z), then d(x,y) = 3, contradicting
Lemma 6.2. "

Lemma 6.4 If x and y are two different points of Oy, then d(x,y) = 2.

Proof. Suppose the contrary. Then d(z,y) = 4 by Lemma 6.2. Let H
denote an arbitrary Gs-hex through z. Since y € O; \ H, the valuation
induced in H is classical by Lemma 6.3 (recall that |O4| = 15 for every non-
classical valuation g of G3). Hence, f(mg(y)) = d(z,7x(y)) = 3. On the
other hand, since d(7g(y),y) = 1 and f(y) = 0, it holds that f(7y(y)) = 1,
a contradiction. n

Lemma 6.5 One of the following cases occurs:
(A) |0f] = 1;
(B) There exists a unique Gs-hex H such that Oy C H and |[HNOy¢| = 15;
(C) |Of| > 2 and every special quad is a grid-quad of type I1.

Proof. Suppose |Of| > 2 and let z; and 2 denote two distinct points of Oy.
Then d(z1,22) = 2 by Lemma 6.4. Let ) denote the unique special quad
through x; and xo. Then @ is not isomorphic to (5, 2) since this generalized
quadrangle has no ovoids (Payne and Thas [17]). If @ is a W(2)-quad or a
grid-quad of type I, then @ is contained in a unique Gs-hex H, see Lemma
3.1(9)+(11). Since @ N Oy € H N Oy, the valuation of H induced by f is
non-classical and hence |H NOy| = 15 by Lemma 2.1. By Lemma 6.3, it then
follows that Oy = H N Oy. The lemma is now clear. "
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6.2 Treatment of case (A) of Lemma 6.5

Proposition 6.6 If f is a valuation of Gy such that |Of| =1, then f is a
classical valuation.

Proof. Put Oy = {z} and let H denote an arbitrary Gz-hex through x.
By Lemma 3.1(5)+(6), there exists a unique special line L through z not
contained in H. Let 2’ denote an arbitrary point of L \ {z}. By Lem-
mas 3.1(5)+(6), there exists a unique Gs-hex H' through x’ not containing
the special line L. We will show that the valuation f’ of H’ induced by
f is classical. Suppose the contrary and let @ denote a grid-quad of H’
through 2’ € O which is special with respect to f’. (Such a grid-quad ex-
ists by Lemma 2.1(v).) By Lemma 3.1(12), @ is a grid-quad of type 1. By
Lemma 3.1(11), @ is contained in a unique Q(5,2) x Ls-hex H”. By Lemma
3.1(4)+(5), H" has two special lines though 2z’. One of these lines is contained
in the grid-quad @ of type I. The other special line L' cannot be contained
in H' since otherwise H” = (Q), L) = H', which is clearly absurd. Since there
is only 1 special line through z’ not contained in the Gz-hex H' (Lemmas
3.1(5)+(6)), we must have L' = L. Now, the valuation of H” = (L, Q) in-
duced by f contains a unique point with value 0 (namely z) and a point
with value 1 at distance 3 from it (which is contained in I'y(2') N Q). But
Q(5,2) x Ls does not have valuations of this type. So, we have a contradic-
tion. It follows that the valuation induced in H’ is classical. This implies
that every point of H' at distance 3 from 2’ has value 4. By Lemma 6.1(i),
it then follows that f is classical. "

6.3 Treatment of case (B) of Lemma 6.5

Proposition 6.7 If f is a valuation of G4 such that Oy is a set of 15 points
in a Gs-hex H of Gy, then f is the extension of a non-classical valuation of
Gs.

Proof. Let f’ denote the valuation of H induced by f. Then f’ is a non-
classical valuation of H with Oy = Oy. Hence, f(z) = f'(x) for every point
x € H. Now, let x be an arbitrary point of G4 not contained in H. Recall
that the Gs-hex H is big in Hy. So, x is collinear with the point 7y (x) of
H. Let @ denote an arbitrary Q(5,2)-quad of H through 7y (x). Among the
near hexagons which can occur as hex in Gy, only Gz and Q(5,2) x Lz have
Q(5,2)-quads. It follows that the hex (z,Q) = (zmy(z), Q) is isomorphic to
G3 or Q(5,2) xLs. The hex (z, ()) contains a unique point of Oy, namely the
unique point of Oy in @ (recall Lemma 2.1(iv)). Now, all valuations of the
near hexagons G3 and Q(5,2) x L3 which contain a unique point with value
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0 are classical. In particular, the valuation induced in (z, @) by f is classical.
Hence, f(z) =d(z,0;,NQ) =1+ d(my(z),0rNQ) =1+ f'(7u(z)), where
the latter equality follows from Lemma 2.1(iv). This proves that f is the
extension of f’. -

6.4 Treatment of case (C) of Lemma 6.5

In this subsection, we suppose that f is a valuation of G4 such that |O| > 2
and such that every special quad is a grid-quad of type II. By Lemma 6.4,
every two distinct points of Oy are contained in a unique special quad. Since
a special grid-quad contains three points of Oy, we have |Of| > 3.

Lemma 6.8 It holds that |Of| > 3.

Proof. Suppose to the contrary that |Of| = 3. Let () denote the unique
special grid-quad of type II and put {z1, z2, 23} = @QNOs. By Lemma 3.1(12),
there exists a Q(5,2) x Ls-hex F' through ). This hex contains precisely 2
special lines through x; by Lemmas 3.1(4)+(5). So, F' has an ordinary line
L through x; not contained in Q. Let y € L\ {z1}. By Lemmas 3.1(6)+(8),
there exists a Gs-hex H' through y not containing the line L. Let f’ denote
the valuation of H' induced by f. Since mg/({x1,22,23}) € O, f is non-
classical. By Lemma 2.1(v), there exists a W (2)-quad Q" of H' through y
which is special with respect to f’. Now, by Lemma 3.1(9), @) is contained
in 1 Gs-hex (namely H'), 1 W (2) x Ls-hex (namely the hex (Q)', M) where M
is the unique special line through y not contained in H') and three Hjs-hexes.
Hence, (L, Q') is isomorphic to Hs. This implies that (L, Q") does not contain
@ since (L, Q) = Q(5,2) x Ls. It follows that the valuation of (L, Q') = Hj
induced by f contains a unique point with value 0 (namely x;) and a point
with value 1 at distance 3 from it (which is contained in I'y(y) N @’). This is
impossible, since H3 does not have such valuations. "

Lemma 6.9 Oy is a set of 7 points in an Hz-hex of Gy.

Proof. Let z denote an arbitrary point of O;. By Lemmas 6.4 and 6.8,
there are two distinct special grid-quads G; and Gy (of type II) through
z. By Lemma 6.1(iii), G; N G2 = {z}. Let u; be an arbitrary point of
(Of NG1) \ {z}. By Lemma 6.4, u; has distance 2 from every point of
Oy NGy If d(uy,G2) = 1, then uy is classical with respect to Gy and all
points of Oy N Gy would be collinear with mg,(u1), clearly a contradiction.
Hence, d(u;,G3) = 2. Since every line of G5 contains a unique point nearest
to u, we have G2\ Oy C I's(uq). Now, let uy be an arbitrary point of G\ Oy.
Then (uq,ug) is a hex. Since Oy NGy C I'y(uq), there are two distinct points
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v; and vy of Oy N Gy collinear with uy which are on a geodesic path from
us to uy. Hence, Gy = (v1,v2) C (ug,us). In particular, x € (uj,us). Since
x,up € (ug,us), we have G; = (x,u1) C (u,uz). So, H := (G1,Gs) is
a hex. By Lemma 3.1(12), H is isomorphic to either Hs or Q(5,2) x Ls.
(Recall that G; and Gy are grids of type II). Now, in the near hexagon
Q(5,2) x Lz any two distinct grid-quads through the same point meet each
other in a line. Since G; N Gy = {z}, we necessarily have H = Hj. Since
|G1 N O¢| = |Go N Of| = 3, the valuation fy of H induced by f must be of
Fano-type. Hence, Oy N H| =T.

We show that I';(H) N Oy = 0. Suppose to the contrary that y is a
point of I'y (H) N Oy. Then y is classical with respect to H. Since f(y) =0,
f(ru(y)) = 1 and hence by Lemma 2.3(iv) mx(y) is contained in a unique
quad @ of H which is special with respect to fz. Any point of Q N Oy, =
Q N Oy at distance 2 from 7y(y) lies at distance 3 from y, contradicting
Lemma 6.4. Hence, I'; (H) N Oy = 0.

We show that f(y) > 2 for every point y of type (a) of ['y(H). Let @
denote the W (2)-quad of H containing all points of I's(y) N H and let H' be
the Gs-hex (y, Q). Let u denote the unique point of Of N @ (recall Lemma
2.3(i)) and let L be a line of @ through w. If the valuation fg of H' induced
by f is not classical, then by Lemma 2.1(v) there exists a quad of H' through
L which is special with respect to fg:. This implies that there is a point of
Oy,, € Oy contained in I')(H), a contradiction. Hence, fg is a classical
valuation of H'. Tt follows that f(y) = fu/(y) = d(y,u) > 2.

We show that f(y) > 1 for every point y of type (b) of I'y(H). By Lemma
4.6 there exists a line L € S through y and this line contains a unique point
u of type (a) by Corollary 4.13. Since f(u) > 2, we have f(y) > 1. .

Let H denote the unique Hs-hex of G4 containing all points of Of and let
f' be the valuation of H induced by f. By Lemma 6.9, f’ is a valuation of
Fano-type of H.

Proposition 6.10 The valuation f is obtained from f' in the way as de-
scribed in Section 5.

Proof. Let z denote an arbitrary point of Gy.

If € H, then d(x,0f) < 2 and hence f(z) = d(z,0;) = d(z,0p) = f'(z)
by Lemma 6.1(ii).

If € I't(H) such that d(my(z),0f) < 1, then d(z,0;) < 2 and hence
f(x) =d(z,0f) =1+ d(mu(x),0f) = 1+ f(my(z)) by Lemma 6.1(ii).

Let x € I'y(H) such that d(my(z),0f) = 2, or equivalently, such that
f'(mg(x)) = 2. Let H' denote an arbitrary Gs-hex through the line xmgy(z).
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Then H' N H is a W(2)-quad @ by Lemma 3.1(14). The hex H' con-
tains a unique point y with f-value 0, namely the unique point of O in
Q) (recall Lemma 2.3(i)). Hence, the valuation induced in H' is classi-
cal. Since d(mg(x),0f) = 2, we have d(7mg(z),y) = 2. It follows that

fx) =d(z,y) =1+ d(mu(x),y) =3 =1+ f'(7g(x)).

Let x denote a point of type (a) of I's(H). Let @) denote the W (2)-quad of
H containing all points of I'y(x) N H and let 2* denote the unique point of
Oy in Q. The hex (z, @) is isomorphic to Gz and contains a unique point of
Oy, namely x*. Hence, the valuation induced in (x, @) is classical. It follows

that f(z) = d(z, x*).

Let x denote a point of type (b) of I';(H) such that |Of N Q| = 3, where
@ is the unique grid-quad of H containing I's(x) N H. The hex (x,Q) is
isomorphic to Hj and the valuation of (z, Q) induced by f is of grid-type. It
follows from Lemma 2.2 that f(z) =2 if Ty(z) NO;NQ # 0 and f(z) =1
otherwise.

Let x denote a point of type (b) of I';(H) such that |Of N Q| = 0, where
@ is the unique grid-quad of H containing I's(xz) N H. By Lemma 2.3(ii),
the points with f-value 1 determine an ovoid of (). So, the grid-quad @ is
special with respect to the valuation f’ of (z, Q) = Hj induced by f. This
implies that the valuation f’ is either of grid-type or of Fano-type. We will
show that the latter possibility cannot occur.

Suppose that f’ is a valuation of Fano-type. Let u denote one of the three
points of @ with f-value 1. By Lemma 2.3(iv), there exists a point v € @
of Oy collinear with u. Let G # @) denote a grid-quad of (z, Q) through u
(which is special with respect to f). Then GNQ = {u}. Let w be a point of
GNTy(u). If weI'1(Q), then w is classical with respect to @), mg(w) would
be a common neighbour of v and w, and the quad G = (u, w) would contain
the line umg(w) of @, a contradiction. So, w € I'y(Q)). By Lemma 4.3 applied
to the hexes (x, Q) and H, we see that w € I'y(H). So, there exists a unique
hex through w meeting H in a quad and this hex coincides with (z, Q). This
implies that the hex (vu,G) # (z, Q) intersects H in the line uv. It follows
that the valuation induced in (vu,G) contains a unique point with value 0
(namely v) and a point with value 1 at distance 3 from it (which is contained
in I's(u) NG). Among the near hexagons which can occur as hex in Gy, only
W (2) x L has such valuations. So, (vu,G) = W (2) x L3 and the valuation
induced in (vu, G) is semi-classical. But in a W (2) x L3-hex, every grid-quad
is of type I, while the grid-quad G has type II since it is contained in the
Hs-hex (z, Q) (recall Lemma 3.1(11)+(12)). So, we have a contradiction and
the valuation f’ must be of grid-type.
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By Lemma 2.2 it now follows f(z) = 3 if I';(x) N @ has a point with
f'-value 1 and f(z) = 2 otherwise.

This proves the proposition. "

6.5 A lemma

Recall that by Section 1.1, the near polygon G,, can be isometrically embed-
ded into the dual polar space DH(2n — 1,4).

Lemma 6.11 Let F be a hex of G4 and let f be a valuation of F. Suppose
that one of the following cases occurs: (i) F' = Hsz and f is a valuation of
Fano-type of F'; (ii) F = G3 and f is a non-classical valuation of F'. Suppose
also that Gy is isometrically embedded into the dual polar space DH(7,4).
Then there exists a unique point x € DH(7,4) \ G4 such that Oy C I'y(z).

Proof. For every convex subspace A of G4, there exists a unique convex
subspace A of DH(7,4) containing A and having the same diameter as A.
If A has diameter ¢ and if 7 and x5 are two points of A at distance ¢ from
each other, then A is the unique convex subspace of DH(7,4) containing
and x,.

Let @@ be a quad of F' which is special with respect to f. We moreover
assume that @ is a W(2)-quad if we are in case (ii) of the lemma. Put
QNOf ={x1,29,...,2}, where k = 3 (case (i)) or k =5 (case (ii)). Let y
be an arbitrary point of Oy \ Q. Then d(y,z;) = 2 for every i € {1,...,k}.
If d(y,Q) = 1, then y is classical with respect to @ and all points of the
ovoid Q@ N Oy = {z1,...,x} of Q would be collinear with m(y), clearly a
contradiction. Hence, d(y, Q) = 2. Since every point of Q\ @ is collinear with
some point of @), we have y € Q. Since the quad Q of DH(7,4) is big in the
hex F of DH(7,4), this implies that d(y, Q) = 1. Since d(y,z;) = 2 and y is
classical with respect to @, we have d(mg(y), z:) = 1 for every i € {1,... k}.
For every i € {1,...,k}, let @); denote the unique quad of G4 through y
and ;. Since y,x; € @; N Oy, @; is special with respect to f. So, Q; is
either a (3 x 3)-grid or a W (2)-quad and there exists a unique ovoid O; of Q;
containing y and x;. Now, the k quads @)1, ..., Q) are all the quads through
y which are special with respect to f. Since any two distinct points of Oy lie
at distance 2 from each other, we necessarily have Oy = O U Oy U - - - U O,

We prove that 75(y) ¢ G4. Suppose to the contrary that n5(y) € Ga.
Since W@(y) is collinear with the points x1, ..., xy, we would then have that
To(y) € Q. This is impossible since d(y, Q) = 2. Hence, 75(y) € Ga.
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Since 75 (y) is collinear with the points y and z;, i € {1,...,k}, m5(y) is
contained in Q;. So, [ (mg(y)) N Qi is an ovoid of Q; containing y and ;. It
follows that I'y (15(y))NQ: = O;. Hence, Oy = O;UO0,U- - -UO, C T'i(m5(y)).

Conversely, suppose z is a point of DH(7,4) \ G4 such that Oy C I'i(z).
Since z is collinear with the points 1, ...,z we have z € . Since z is
collinear with y. We necessarily have 2z = m5(y). u

6.6 The valuations of G, are induced by valuations of
DH(7,4)

Let the near octagon G4 be isometrically embedded in DH(7,4). For every
point = of DH(7,4), the classical valuation g, of DH(7,4) with Oy, = {x}
induces a valuation f, of G4. It holds that max{ f,(u) |u € G4} = 4—d(z, Gy)
in view of the following result which holds for general dense near polygons.

Lemma 6.12 (Proposition 2.2 of [14]) LetS be a dense near 2n-gon and
let FF = (P, L T) be a dense near 2n-gon which is fully and isometrically
embedded in S. Let x be a point of S and let f, denote the valuation of F
induced by the classical valuation g, of S with O,, = {x}, then d(x,F) =
n — M, where M 1is the mazimal value attained by f..

If x € Gy, then f, is a classical valuation of G, and Oy, = {z}. If z & Gy,
then f, is not classical and hence is either the extension of a non-classical
valuation of a G3-hex or is a valuation of Fano-type.

Proposition 6.13 Let f be a valuation of Gy4. Then there exists a unique
point x of DH(7,4) such that f = f,.

Proof. Obviously, the proposition holds if f is classical. The required point
x is then the unique point contained in Oy.

Suppose now that f is non-classical. By the classification of the valuations
of G4, we then know that F' := (Oy) is either an Hj-hex or a Gs-hex of Gy.
Moreover, if f* denotes the valuation of F induced by f, then Op = Oy, f'is
a valuation of Fano-type of F'if F' = Hjs and f’ is a non-classical valuation of
Fif F = G3. By Lemma 6.11, there exists a unique point x* € DH(7,4)\ G4
such that Op C I'y(2*). Then Oy C Oy,.. Hence, Oy = Oy, and f = f, by
the classification of the valuations of Gy.

Conversely, suppose that f = f, for some point x of DH(7,4). Since f is
non-classical, its maximal value is equal to 3. Lemma 6.12 then implies that
d(z,G4) = 1. We have Oy = I'1(z) N G4. Since O C I'1(x), Lemma 6.11
implies that z = ™. "
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By Proposition 6.13, the number of valuations of G4 is equal to the number
of points of DH(7,4). The number of classical valuations of Gy is equal to
the number of points of Gy, i.e., equal to 8505. The number of valuations of
G4 which are extensions of non-classical valuations in (GGsz-hexes is equal to
(# Gs-hexes) x (# non-classical valuations in a Gg-hex) = 84 - 486 = 40824.
The number of valuations of Fano-type of Gy is equal to (# Hs-hexes) x (#
valuations of Fano-type in an Hj-hex) = 2178 - 30 = 65610. The number
85054-40824+65610=114939 is indeed equal to the total number of points of
DH(7,4).
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