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Abstract

The evolution of a quantum system subject to continuous weak measurement is described
by a stochastic differential equation (SDE). It has been shown that the conventional den-
sity matrix 𝜌t characterized by such SDE, under experimentally relevant settings, remains
within a deterministically evolving manifold of low dimension, whose associated equa-
tions can be computed explicitly. In this paper, as a complement, it is demonstrated that the
effect matrix Et , associated to a quantum system at the time t to express its measurement
during the interval [t , T ], also remains confined to a deterministically evolving manifold. In
particular, by using the Bloch sphere representation together with the properties of Pauli
matrices (as the quantum representation of quaternions), deterministic submanifolds for
the effect matrix concerning a monitored qubit are given explicitly. The qubit stays on a
deterministically evolving curve in the homodyne amplitude detection scenario, and on a
deterministically moving surface under heterodyne amplitude detection. This determinis-
tic characterization should be of interest for parameter estimation and towards obtaining
computationally efficient quantum filters for real-time quantum control.

1 INTRODUCTION

Quantum stochastic differential equations provide a generic
framework to describe the dynamics of an open quantum sys-
tem. When the system is continuously monitored with the
measurement outcome recorded, quantum conditional expec-
tation of the quantum stochastic differential equation gives a
quantum stochastic master equation, which plays the role of
a continuous-time mathematical model for Markovian evolu-
tion [1]. In particular, for a target quantum system defined on a
Hilbert space , in the presence of continuous weak measure-
ment of an output signal amplitude, the conventional quantum
state described by the density operator 𝜌t evolves according to
the following stochastic master equation in the Ito sense:

d𝜌t = −i
[
H , 𝜌t ]dt +

m∑
k=1

F
f

Lk
(𝜌t )dt
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+

m∑
k=1

G
f

Lk
(𝜌t )

√
𝜂kdW k

t , (1)

dY k
t =

√
𝜂ktr

(
Lk𝜌t + 𝜌t L

†
k

)
dt + dW k

t .

Here H and Lk denote the Hamiltonian and output coupling
operators, respectively; Y k

t is the k-th component of the output
signal, whose stochastic nature is expressed by an independent
Wiener noise process W k

t and whose informational efficiency
(hence, the strength of its backaction on state estimate) is

expressed by 𝜂k ≥ 0. The super-operators F
f

L (⋅) and G
f

L (⋅) are
given by (the superscript f represents “forward”)

F
f

L
(𝜌) = L𝜌L† −

1
2

L†L𝜌 −
1
2
𝜌L†L,

G
f

L (𝜌) = L𝜌 + 𝜌L† − tr
(
L𝜌 + 𝜌L†

)
𝜌. (2)
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2 MIAO ET AL.

FIGURE 1 The Bloch sphere representation of a qubit

In [2], deterministic submanifolds and analytic solution of
the quantum stochastic master equation describing a monitored
qubit (related to the conventional density matrix 𝜌t ) have been
provided. On the other hand, as discussed in [3], when 𝜌t

(depending on the measurement signal before the current time
t ) combines with the effect matrix Et (depending on the mea-
surement signal after the current time t and also sometimes
called “backward-evolving quantum state”), measurements of
limited efficiency can be better interpreted than with 𝜌t alone.
This is in alignment with quantum state smoothing[4], and leads
to further relevant studies in [5–9].

Mainly inspired by the work [2] and [3], in this paper we focus
on the backward-evolving quantum state concerning a moni-
tored qubit. The qubit is the smallest quantum system, with
two-dimensional Hilbert space  = ℂ2. It is the basic unit in
quantum computation and communication, and thus sees fruit-
ful applications in various quantum technologies [1, 10–13]. The
quantum state of a qubit can be described by a Bloch vector (see
Figure 1), associated with Pauli operators.

The Pauli operators are in fact in one-to-one correspondence
with the quaternion basis [14–17], complemented by the identity
operator for the quaternion real part. Indeed, they both gener-
ate a faithful representation of the special unitary group SU (2),
while the wavefunction of a quantum system on  = ℂn is
exactly described by an evolution in SU (n). In matrix form, the
Pauli operators {𝜎x , 𝜎y, 𝜎z } can be represented as follows:

𝜎x =

[
0 1

1 0

]
, 𝜎y =

[
0 −i

i 0

]
, 𝜎z =

[
1 0

0 −1

]
, (3)

where i denotes the imaginary unit. The action of the 𝜎x opera-
tor is said to introduce a “bit flip”, the action of the 𝜎z operator
is to introduce a “phase flip”, and the action of the 𝜎y operator
is to introduce simultaneously the bit and phase flips. A repre-
sentation of SU (2) is obtained by taking the exponential of any
real linear combination of imaginary unit times the Pauli oper-
ators. Accordingly, these operators satisfy properties analogous

to the quaternion basis elements i, j , k:

i2 = j2 = k2 = −1
↔ (i𝜎y )2 = (i𝜎x )2 = (i𝜎z )2 = −I ,

ij = k, jk = i, ki = j

↔ (i𝜎y )(i𝜎x ) = i𝜎z , (i𝜎x )(i𝜎z ) = i𝜎y, (i𝜎z )(i𝜎y ) = i𝜎x .

(4)

By using the Bloch sphere representation together with the
properties of Pauli matrices, we show in Section 3 how the
normalized version 𝜉t of the backward-evolving state Et of a mon-
itored qubit stays on a deterministically evolving submanifold
much like its forward-evolving counterpart 𝜌t , in similar mea-
surement scenarios. In Section 2, we develop the evolution
for the normalized effect matrix 𝜉t . Section 4 provides some
concluding remarks and future research directions.

2 NORMALIZED EFFECT MATRIX 𝝃t
FOR THE BACKWARD-EVOLVING
QUANTUM STATE

In order to obtain the deterministic submanifolds for the
backward-evolving quantum state concerning a monitored
qubit, we first develop the equation of motion for normal-
ized effect matrix 𝜉t (note that the backward evolving effect
matrix Et in [3], associated to a quantum system at the time t

to express its measurement during the interval [t , T ], is not nor-
malized). According to [3], the not-trace-preserving evolution
equation for Et is given by

dEt = i
[
H ,Et ]dt +

m∑
k=1

√
𝜂k

(
L
†
k
Et + Et Lk

)
dY k

t−dt

+

m∑
k=1

(
L
†
k
Et Lk −

1
2

{
L
†
k
Lk,Et

})
dt , (5)

with the final effect matrix being ET (e.g. ET = I ). Note that
here dt is positive and dEt = Et−dt − Et , propagating backward
from T to t using the measurement record dY k

t determined
by

dY k
t =

√
𝜂ktr

(
Lk𝜌t + 𝜌t L

†
k

)
dt + dW k

t . (6)

The normalization of Et is denoted by 𝜉t =
Et

tr(Et )
, with the final

condition 𝜉T =
ET

tr(ET )
, and one can derive that the normalized

effect matrix evolves as follows:

d𝜉t = i
[
H , 𝜉t

]
dt +

m∑
k=1

F b
Lk

(
𝜉t

)
dt

+

m∑
k=1

G b
Lk

(
𝜉t

)√
𝜂kdW k

t−dt
, (7)
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MIAO ET AL. 3

where F b
L (𝜉t ) ∶  ↦  and G b

L (𝜉t ) ∶  ↦  are defined as
(the superscript b represents “backward”)

F b
L (𝜉t ) = L†𝜉t L −

1
2

{
L†L, 𝜉t

}
− tr

(
LL†𝜉t − L†L𝜉t

)
𝜉t

+𝜂
(
L†𝜉t + 𝜉t L − tr

(
L†𝜉t + 𝜉t L

)
𝜉t

)
tr
(
L𝜌t−dt + 𝜌t−dtL

†
)

−𝜂
(
L†𝜉t + 𝜉t L − tr

(
L†𝜉t + 𝜉t L

)
𝜉t

)
tr
(
L†𝜉t + 𝜉t L

)
,

(8)
and

G b
L (𝜉t ) = L†𝜉t + 𝜉t L − tr

(
L†𝜉t + 𝜉t L

)
𝜉t , (9)

respectively. It can be verified that d (𝜉t tr(Et )) = dEt during the
time interval [t , T ] according to equations (7)–(9).

This SDE must still be understood in the Ito sense and is
nonlinear. It involves vector fields of random amplitude, owing
to the stochastic measurement results, of directions G b

Lk
. Note

that this involves both direct contribution of the second line
in (7), as well as indirect contribution through the second line
of (8). Indeed, the latter involves past (random) values of dWt

through 𝜌t−dt . We will treat all these contributions as vector
fields which can push 𝜉t around in state space with unknown
amplitudes. When these vector fields, evaluated at any 𝜉t , do
not span all the directions of state space, there may exist sub-
manifolds to which the state 𝜉t remains confined irrespectively
of the measurement results. The G b

Lk
must all be tangent to

such sub-manifold, and for the manifold to actually persist it
must “commute with” the deterministic part of the vector field.
As explained in [2], after an Ito-to-Stratonovich transforma-
tion of the SDE, the existence of such confinement can hence
be studied much like in classical controllability results, while
the directions G b

Lk
give hints on how to explicitly compute the

equations of the time-dependent nonlinear sub-manifold.
While [2] applies this program to the evolution of the

forward-evolving state 𝜌t of a qubit, we here establish similar
properties for the normaliser backward-evolving state 𝜉t .

3 DETERMINISTIC SUBMANIFOLDS
FOR 𝝃t CONCERNING A MONITORED
QUBIT

In this section, we will consider two measurement scenarios
of a monitored qubit. That is, the homodyne measurement
and heterodyne measurement, both with H = 0. In homodyne
detection [Ho], the dynamic equation involves a single moni-
tored channel L1 while in heterodyne detection [He] it features
two channels L1 and L2 = iL1, with the same measurement effi-
ciency 𝜂1 = 𝜂2 = 𝜂. In terms of the L1 operator, we consider
two schemes. In one of the schemes, we take L1 a Hermi-
tian operator [H], denoted by L1 = 𝜎z = |e⟩⟨e| − |g⟩⟨g|, which
physically corresponds to a quantum non-demolition (QND)
measurement. In the other scheme, L1 is chosen to be L1 =
𝜎− = |g⟩⟨e| = (𝜎x − i𝜎y )∕2, which is nilpotent [N] and phys-
ically corresponds to a fluorescence measurement. Like the
conventional qubit density matrix 𝜌t , the normalized 𝜉t can be

characterized by a Bloch vector whose components xe , ye and ze

express the state in the Pauli operators basis. These coordinates
represent the actual Cartesian coordinates in the Bloch sphere
of Figure 1.

Denote 𝜉t =
I+xe (t )𝜎x+ye (t )𝜎y+ze (t )𝜎z

2
and 𝜌t =

I+x𝜌 (t )𝜎x+y𝜌 (t )𝜎y+z𝜌 (t )𝜎z

2
. We take the scenario heterodyne

measurement with L1 = 𝜎− and L2 = i𝜎− [HeN] as a cal-
culation example. By plugging the above form of 𝜉t (𝜌t ) in
equation (7), working out the operators using Pauli operator
properties (4) and identifying the components of 𝜎x , 𝜎y, 𝜎z on
both sides of the equation, one obtains that

dxe = xe (2ze − 1)dt + 𝜂(1 − ze − x2
e )(x𝜌 − xe )dt

− 𝜂xeye (y𝜌 − ye )dt

+
√
𝜂(1 − ze − x2

e )dW1 −
√
𝜂xeyedW2, (10)

dye = ye (2ze − 1)dt − 𝜂xeye (x𝜌 − xe )dt

+ 𝜂(1 − ze − y2
e )(y𝜌 − ye )dt

−
√
𝜂xeyedW1 +

√
𝜂(1 − ze − y2

e )dW2, (11)

dze = 2(−ze + z2
e )dt + 𝜂(xe − xeze )(x𝜌 − xe )dt

+ 𝜂(ye − yeze )(y𝜌 − ye )dt

+
√
𝜂(xe − xeze )dW1 +

√
𝜂(ye − yeze )dW2, (12)

where xe = xe (t ), ye = ye (t ), and ze = ze (t ); x𝜌 = x𝜌(t − dt ),
y𝜌 = y𝜌(t − dt ), and z𝜌 = z𝜌(t − dt ); dW1 = dW1(t − dt ) and
dW2 = dW2(t − dt ).

Transforming this to cylindrical coordinates (re , 𝜃e and ze),
while taking care to use the appropriate rules of Ito calculus, we
have that

dre = re

(
2ze − 1

)
dt +

𝜂
(
1 − ze

)2

2re
dt

+ 𝜂
(
1 − ze − r2

e

)(
x𝜌 cos 𝜃 + y𝜌 sin 𝜃 − re

)
dt

+
√
𝜂
(
1 − ze − r2

e

)
(cos 𝜃dW1 + sin 𝜃dW2), (13a)

dze = 2
(
z2

e − ze

)
dt

+ 𝜂re

(
1 − ze

)(
x𝜌 cos 𝜃 + y𝜌 sin 𝜃 − re

)
dt

+
√
𝜂re

(
1 − ze

)
(cos 𝜃dW1 + sin 𝜃dW2), (13b)

d𝜃e = 𝜂
1 − ze

re

(
−x𝜌 sin 𝜃 + y𝜌 cos 𝜃

)
dt

+
√
𝜂

1 − ze

re

(− sin 𝜃dW1 + cos 𝜃dW2). (13c)

Equations like (13) contain two random signals W1 and W2
for a three-dimensional state space. For homodyne detection,
we even have a single random signal W1 for the three-
dimensional state space. In general, a single scalar control signal
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4 MIAO ET AL.

in combination with a fixed drift vector field would enable us to
explore the full state space (see standard controllability analysis).
However, remarkably, it has been observed in actual experi-
ments that for this particular dynamics, different signals W1(t )
and W2(t ) do not diffuse the state 𝜌t in all directions; instead,
𝜌t is maintained within a specific time-dependent ellipsoid, for
various initial states and independently of the output signals [2,
18]. Inspired by these results, we postulate a similar behavior for
𝜉t . We hence consider candidate confinement surfaces defined
by

r2
e

2
+ fc (ze ) = 0 (14)

where fc is a function to be found, and c ∈ ℝ parametrizes how
the surface evolves over time. Since the purely stochastic part of
the motion is supposed to be tangent to this surface, one has to
require that

re

(
1 − ze − r2

e

)
+

dfc

dze
re (1 − ze ) = 0. (15)

This then leads to the following theorem for the heterodyne
detection case (in the presence of two random signals):

Theorem 1.

(a) The normalized backward state 𝜉t for a monitored qubit in the [HeH]

scenario remains at all times confined to the surface defined by

r2
e − bt (1 − z2

e ) = 0, (16)

where bt = bT e8(1−𝜂)(T −t ), t ∈ [0, T ].
(b) The normalized backward state 𝜉t for a monitored qubit in the [HeN]

scenario remains at all times confined to the surface defined by

r2
e

2
+ ct (1 − ze )

2 − (1 − ze ) = 0 , (17)

where ct = (1 −
𝜂

2
) + e2(T −t )(cT − (1 −

𝜂

2
)), t ∈ [0, T ].

Proof. In the [HeN] scenario, according to the analysis above,
since

re

(
1 − ze − r2

e

)
+

dfc

dze
re (1 − ze ) = 0, (18)

we can further have that

fc = ct (1 − ze )
2 − (1 − ze ), (19)

with

dct = 2
(

1 −
𝜂

2
− ct

)
dt . (20)

We then are able to obtain the deterministic surface in the
backward evolving manner as specified in Theorem 1(b).

FIGURE 2 [HeH] scenario: plot of curves resulting from the intersection
of the plane xe = 0 with the surface described by r2

e − bt (1 − z2
e ) = 0, for

bt ∈ {1, 0.8, 0.5, 0.2, 0.01}, respectively, from outer to inner ellipse

In the [HeH] scenario, the evolution for 𝜉t in cylindrical
coordinates can be given by

dre = re (2𝜂 − 4)dt + 4𝜂reze (ze − z𝜌 )dt − 2
√
𝜂rezedW1, (21a)

dze = 4𝜂(z2
e − 1)(ze − z𝜌 )dt + 2

√
𝜂(1 − z2

e )dW1, (21b)

d𝜃e = 2
√
𝜂dW2. (21c)

By following the same principles as shown in the [HeN] sce-
nario to calculate the deterministic surface, one can obtain
equation (16) in Theorem 1(a). □

The two situations are depicted on Figures 2 and 3, respec-
tively. For the scenario [HeH], the ellipsoids go from the unit
sphere for bt = 1 to the polar axis for bt = 0. The initialization

𝜉T =
I

2
when ET = I , with re (T ) = ze (T ) = 0, corresponds

to bT = 0. Therefore, with such initialization, the normal-
ized backward state 𝜉t remains at the polar axis. In particular,
for a unit efficiency 𝜂 = 1, thus bt = bT , the state always
stays on the initialized ellipsoid; otherwise, as t decreases, the
value of bt increases and hence the ellipse grows exponen-
tially. For the scenario [HeN], the surface coincides with the
unit sphere when ct = 0.5, and as ct increases, it flattens and
shrinks towards the point ze = 1, corresponding to 𝜉t = |e⟩⟨e|.
For example, the initialization re (T ) =

√
3

2
, ze (T ) =

1

2
, corre-

sponds to cT = 0.5. From there, as t decreases from T to 0,
the value of ct exponentially increases and hence the ellipse
shrinks.

For homodyne detection, a single measurement channel and
hence a single stochastic signal is present. One computes that,
like for 𝜌t as shown in [2], in both qubit settings considered the
state 𝜉t remains confined to a deterministic curve irrespectively
of the measurement results. For instance, for the homodyne
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MIAO ET AL. 5

FIGURE 3 [HeN] scenario: plot of curves resulting from the intersection
of the plane xe = 0 with the surface described by
r2
e

2
+ ct (1 − ze )2 − (1 − ze ) = 0, for ct ∈ {0.5, 0.6, 0.7, 0.9, 1}, respectively,

from outer to inner ellipse

QND measurement, that is, L1 = 𝜎z , we obtain the evolution
for 𝜉t given by

dxe = −
(
2 + 4𝜂z𝜌ze − 4𝜂z2

e

)
xedt − 2

√
𝜂zexedW1, (22)

dye = −
(
2 + 4𝜂z𝜌ze − 4𝜂z2

e

)
yedt − 2

√
𝜂zeyedW1, (23)

dze = 4𝜂(1 − z2
e )(z𝜌 − ze )dt + 2

√
𝜂(1 − z2

e )dW1. (24)

In cylindrical coordinates, this gives the following equations:

dre = −
(
2 + 4𝜂z𝜌ze − 4𝜂z2

e

)
redt − 2

√
𝜂zeredW1, (25a)

dze = 4𝜂
(
1 − z2

e

)
(z𝜌 − ze )dt + 2

√
𝜂
(
1 − z2

e

)
dW1, (25b)

d𝜃e = 0. (25c)

For the homodyne fluorescence measurement with L1 = 𝜎−,
the evolution for 𝜉t can be given by

dxe = 𝜂
(
1 − ze − x2

e

)
(x𝜌 − xe )dt + xe

(
ze −

1
2

)
dt

+
√
𝜂
(
1 − ze − x2

e

)
dW1, (26a)

dy = 𝜂xeye (xe − x𝜌 )dt + ye

(
ze −

1
2

)
dt −

√
𝜂xeyedW1, (26b)

dze =
(
z2

e − ze

)
dt + 𝜂xe (1 − ze )(x𝜌 − xe )dt

+
√
𝜂xe (1 − ze )dW1. (26c)

Remarkably, despite the presence of z𝜌 and x𝜌 in these equa-
tions, one can obtain the following theorem by means of similar
techniques to the heterodyne measurement scenario:

Theorem 2.

(a) The normalized backward state 𝜉t for a monitored qubit in the

[HoH] scenario remains at all times confined to the curve defined by

𝜃t = 𝜃T and r2
e − bt (1 − z2

e ) = 0, (27)

where bt = bT e4(1−𝜂)(T −t ), t ∈ [0, T ].
(b) The normalized backward state 𝜉t for a monitored qubit in the

[HoN] scenario remains at all times confined to the curve defined by

x2
e

2
+ ct (1 − ze )

2 − (1 − ze ) = 0 and

ye − dt (1 − ze ) = 0, (28)

where ct = 1 −
𝜂

2
+ eT −t (cT − (1 −

𝜂

2
)) and dt = dT e

T −t

2 , t ∈

[0, T ].

The proof of Theorem 2 is analogous to that of Theorem 1,
and thus the details are omitted here. In fact, the statements
can be verified by showing that the variables bt , ct and dt , defined

by (17), (16), (27) or (28), respectively, indeed obey the stated
autonomous differential equations without being influenced by
the noise processes.

4 CONCLUSIONS AND FUTURE WORK

In this paper we develop deterministically evolving nonlinear
submanifolds to which the normalized backward quantum state
𝜉t of a monitored qubit is confined independently of the mea-
surement results. This is a remarkable and practically relevant
example of a system whose stochastic component does not
induce diffusion over the whole state space, allowing for an a
priori reduction of the system model. Combined with previ-
ous results regarding the conventional forward quantum state
𝜌t , better estimation or more computationally efficient quan-
tum filters could be obtained. For instance, the reduction to
one or two stochastic variables could make it possible, like in
previous work by expanding the probability distribution on the
Fourier basis functions to obtain the Fokker–Planck equation in
convenient coordinates [2], to explicitly compute the probability
distribution over the deterministic submanifold (predicted mea-
surement results). It thus simplifies the control of such systems
in the presence of more a priori information. While the case of
the qubit, akin to quaternions, is a good pedagogical example,
future work will also take into account the possibilities of more
powerful model reduction, for higher-dimensional systems.
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