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1. Introduction

Generalized function algebras are differential algebras that contain
(up to isomorphism) the space of Schwartz distributions as a differential
subspace, and in which the product of C*®-functions coincides with
their usual product. They have been introduced by J. F. Colombeau [1]
and find their main applications in the study of nonlinear PDE (e.g.
in General Relativity [2-4]) and PDE with highly singular data or
coefficients (e.g. [5-8]) for which the distributional solution concept
does not make sense.

A well-developed qualitative theory of generalized solutions to PDE
has emerged based on the notion of ¢*®-regularity [8,9] and the corre-
sponding G*-microlocal regularity, aiming at describing the propaga-
tion of singularities of PDE (e.g. [10-14]). The basic property which
makes G%-regularity of a generalized function a suitable concept to
study its regularity is that the ¢*-regular distributions (viewed as ele-
ments of the generalized function algebra) are exactly the C*-functions.

Due to inherent similarities in the construction of the Colombeau
algebras with the construction of algebras of functions in nonstandard
models of analysis [15], also a nonstandard version of the Colombeau
algebras has been constructed [16]. This variant enjoys similar, but in
some aspects nicer properties than the standard algebra. E.g., the ring
of (real) scalars in the nonstandard algebra is a (totally) ordered field
(and not, as in the standard algebra, a partially ordered ring with zero
divisors), and a Hahn-Banach extension property for continuous linear
functionals holds [17] (which fails in the standard algebra [18]). More
generally, the full principles of nonstandard analysis (such as the Trans-
fer Principle) are available for representatives of generalized functions
in the nonstandard algebra (whereas only a restricted version holds in
the standard algebras [19]). The above-mentioned basic property of
G®-regularity was therefore expected to hold also in the nonstandard

version. However, the proof remained elusive. The goal of this paper is
to construct an explicit counterexample.

2. Preliminaries

Let 2 C R? be open. We work in the so-called special Colombeau
algebra G(£2) = M(2)/N(Q) [2, §1.2], where
M) = {(u,), € (@)1 :
(VK cCc 2)(Va € Nd)(EIN e N)(3g, € (0,1])

x (Ve € (0,&0))(sup |0%u,(x)] < e~ N)}
xe€K

N ={u,), € c*@)01 :
(VK cc 2)(Va € N¥)(Vm € N)(3g, € (0,1])
x (Ve € (0,€0))(sup |0%u (x)| < ™)}
xeK

We denote by [u,] € G(£2) the generalized function with representa-
tive (u,),.

G*(£) is the subalgebra of those u € G(£2) with a representative (u,),
satisfying
(VK cc 2)(3N € N)(Va € N¥)(3g, € (0,1])

x (Ve € (0, ))(sup |0%u, (x)] <e™M).
xeK

Let U be a free ultrafilter on (0,1] with (0,6] € U for each
5 > 0. The nonstandard version of the special algebra is ?£(2) =
M(2)/N(2) [16,20]1, where
M(Q) = {(u,), € C®(2)O1 :
(VK cc Q)(Va € Nd)(EIN eN)E3S eUV)
X (Ve € S)(sup [0%u, (x)| <& M)}
xeK
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N(@) = {(u,), € C®)01 :
(VK cC Q)(Va € N)(Vm e N)@AS € V)
x (Ve € S)(sup |0%u, (x)| < €™}
xeK

(to be precise, this is the nonstandard version of the algebra in [16]
in the case where the nonstandard model is constructed using the
ultrafilter V" on (0, 1] and where the fixed positive infinitesimal p € *R
has representative (¢).¢q 1))

PE®(Q) is the subalgebra of those u € #£(L) with a representative
(u,), satisfying

(VK cc 2)(AN € N)(Va € N)(3S € U)(Ye € S)(sup |0, (x)| < e V).
xeK

Let ¢ be a function in the Schwartz space S(R?) which satisfies the
moment conditions [p4 ¢p(x)dx = 1 and [, x*¢(x)dx = 0 for each
a € N?\ {0}, and denote ¢,(x) := gldq&(x/e). Then the embedding : of
the space D'(2) of Schwartz distributions into the Colombeau algebra
G(R) is given, for T € £'(R), by (T) = [T * ¢.] [2, §1.2].

Our counterexample will be based on a careful analysis of a proof
of the result for the standard algebra. For the sake of the readability of
the counterexample, we recall the proof in an elementary version:

Theorem ([8,9]). G®(2) N (D' () = C®(Q).

Proof. 1. Let T € £'(Q) with «T) = [T * ¢,] € G*(£2). Then the Fourier
transform T € C®(2) n S’ (RY). Because «(T) € G*(£2), we have

(AN € N)(Va € N¥)(3gy > 0)(Ve < g0)(sup (x)24 04T * p )(x)| < e™N)

xeRd

where (x)? = 1 + |x|. For the Fourier transform z(f) = [f . $(g 9], we

have
£ T (©(ed)| = IFOUT * p))E)| < /Rd [0°(T * ¢ )(x)| dx.
Hence

@3N e N)(Va € N)3e > 0)(Ve < £0)(Vé € R)(1£°T(©)d(ec)] < e7N).
)}

From this, we show that Te S(R?). Since $(O) = /W ¢ = 1, there exists
&6 > 0 such that |$(;1)| > 1/2 for || < 6. For & € RY with |£] > 6/¢,
choosing € = 6/|¢| in (1) (hence € < ¢;) yields

(AN € N)(Va € N¥)(v¢ € R, |¢] > 6/e0)(1€°T (&) < 211N /6. )

We proceed similarly for all derivatives. Hence T e SRY, and T €
S(RY) € C®(RY).

2. If T € D'(), then we can use a cut-off to reduce to the case
Teé&@W. O

3. Counterexample in P£(Q)

We give a counterexample in the nonstandard algebra ?£(£2) for the
case 2 = R. Essentially, only the step (1) = (2) in the proof of the
previous section fails in this setting, which we will exploit. We use an
embedding : which is given, for T € & R), by «T) = [T * ¢,], where
the mollifier ¢ € *C®(R) satisfies |$(§)| < Cy(&)7P for each p € N (for
some C, € R; in particular, this includes the case where ¢ € S(R);
the proof can easily be extended if the inequality only holds for C, =
|Inp| = [|Ing|] € *R, thus including also the case where ¢ is given by
a mollifier as in [16, Lemma 3.1]). As usual, ¢,(x) := e 1 ¢(x/e).

Example. Since U is an ultrafilter, S € U or S¢ € U for any .S C (0, 1].
Let &, := 1/2¢. This sequence has the property that (Vp € N) (3N)
(Vn 2 N) (g,41 < &p). Consider S := |J,cn(€gns3- €6n]- We consider first
the case that .S € U'. Then let
o
T@) =Y wE—es ) )
m=1

where y € S(R) with € D(R).
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We claim that T € &'(R) \ C*(R), but «T) = [T * ¢,] € PE*(R).
Proof. With the usual estimates (e.g. Peetre’s inequality), one sees that
the sum (3) converges uniformly on compact subsets and that 7 is a
bounded C®-function. The sum thus converges in S’(R), and T € S’'(R)
is well-defined. As

T.o)=7Y, /R Fl ) oe " p(x) dx, Vo € SR),

suppT C supp(F~'(y)), hence T € &'(R). Seeking a contradiction,
suppose that T € C®(R). Then T € S(R), hence Te S(R), too, but
due to its definition, f(tf) 4 0 as & > +oo. It remains to be shown that
«(T) € PE°(R). We first show that 1(/7?) satisfies the analogue of Eq. (1).
Let p € N arbitrary (p > 0) and ¢ € (gg,,3,€6,]- We proceed to show

that for n sufficiently large,

(EPIT * $ (O] = (PIT@P(ed)] < Z(:)ﬂw(é—eﬁm DhEd < (@)

m=1

As y € S(R), we find C, € R such that (by Peetre’s inequality)

Z(é)ﬂw(é—sm Jsc Z(é)"(é gl 1>"’<C'Z el <Clell

which is at most e2! < 7! /2, as soon as n is sufficiently large.
Further, if |&] < eé .4 and m > n, then

ly(&—egn D S CE—egh_)! < Cleg ) ' <2Ceq,

and thus

1
6m—1 " 6}1+4>

2 (P lwE 5t Dded) < C

m=n+1

6n+4 Z €om-1 < 2C 6n+4£6"+5 <1
m=n+1

as soon as n is sufficiently large. On the other hand, if |&| > e o + 2 then

(o) < Cp(e8) ™! < Cle (&P < Cll el (&) Peguen < (€)7F

as soon as n is sufficiently large, and thus

Z OPlwE €5l DdEedl < Y lwE—e5l <.
m=n+1 m=n+1

This proves (4), which implies, still for ¢ € (g4,,3.£4,] and n
sufficiently large,

IDK(T % ¢ )0 = [F7HER - T % g )0l
< /R OMT = O de < e

hence «(T) € PE®(R). [

ac
R ()2

In the case when S¢ = | J,cn(€6n: €631 € U7, We similarly consider

T =Yr wE—e! ).
Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

References

[1] J.-F. Colombeau, New generalized functions and multiplication of distribu-
tions, in: North-Holland Math. Studies, vol. 84, North-Holland Publishing Co.,
Amsterdam, 1984.

[2] M. Grosser, M. Kunzinger, M. Oberguggenberger, R. Steinbauer, Geometric theory
of generalized functions, in: Mathematics and its Applications, vol. 537, Kluwer
Academic Publishers, Dordrecht, 2001.

[3] M. Kunzinger, R. Steinbauer, A rigorous solution concept for geodesic and
geodesic deviation equations in impulsive gravitational waves, J. Math. Phys.
40 (3) (1999) 1479-14809.

[4] R. Steinbauer, J. Vickers, The use of generalized functions and distributions in
general relativity, Classical Quantum Gravity 23 (10) (2006) R91-R114.


http://refhub.elsevier.com/S2666-657X(21)00012-4/sb1
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb1
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb1
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb1
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb1
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb2
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb2
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb2
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb2
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb2
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb3
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb3
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb3
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb3
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb3
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb4
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb4
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb4

H. Vernaeve

[5]

[6]

[71

[8]

[91]

[10]

[11]

M. de Hoop, G. Hérmann, M. Oberguggenberger, Evolution systems for paraxial
wave equations of Schrodinger-type with non-smooth coefficients, J. Differential
Equations 245 (2008) 1413-1432.

C. Garetto, M. Oberguggenberger, Symmetrisers and generalised solutions for
strictly hyperbolic systems with singular coefficients, Math. Nachr. 288 (2-3)
(2015) 185-205.

B. Keyfitz, H. Kranzer, Spaces of weighted measures for conservation laws with
singular shock solutions, J. Differential Equations 118 (1995) 420-451.

M. Oberguggenberger, Multiplication of distributions and applications to partial
differential equations, in: Pitman Res. Not. Math. Longman Sci. Techn., vol. 259,
Essex, 1992.

D. Scarpalezos, Colombeau’s generalized functions: topological structures; mi-
crolocal properties. A simplified point of view. Part II, Publ. Inst. Math. Beograd
76 (90) (2004) 111-125, 1993, Paris 7, preprint, published as.

H. Deguchi, M. Oberguggenberger, Propagation of singularities for generalized
solutions to wave equations with discontinuous coefficients, SIAM J. Math. Anal.
48 (1) (2016) 397-442.

C. Garetto, G. Hormann, Microlocal analysis of generalized functions: pseudod-
ifferential techniques and propagation of singularities, Proc. Edinb. Math. Soc.
48 (3) (2005) 603-629.

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

Examples and Counterexamples 1 (2021) 100021

C. Garetto, G. Hormann, M. Oberguggenberger, Generalized oscillatory inte-
grals and Fourier integral operators, Proc. Edinb. Math. Soc. 52 (2) (2009)
351-386.

G. Hormann, M. Oberguggenberger, S. Pilipovi¢, Microlocal hypoellipticity of
linear partial differential operators with generalized functions as coefficients,
Trans. Amer. Math. Soc. 358 (8) (2006) 3363-3383.

H. Vernaeve, Microlocal analysis in generalized function algebras based on
generalized points and generalized directions, Monatsh. Math. 181 (2016)
205-215.

A. Robinson, Non-Standard Analysis, North-Holland, Amsterdam, 1966.

M. Oberguggenberger, T. Todorov, An embedding of schwartz distributions in
the algebra of asymptotic functions, Int. J. Math. Math. Sci. 21 (1998) 417-428.
T. Todorov, H. Vernaeve, Full algebra of generalized functions and non-standard
asymptotic analysis, Log. Anal. 1 (2008) 205-234.

H. Vernaeve, Ideals in the ring of Colombeau generalized numbers, Comm.
Algebra 38 (2010) 2199-2228.

H. Vernaeve, Nonstandard principles for generalized functions, J. Math. Anal.
Appl. 384 (2011) 536-548.

M. Oberguggenberger, Products of distributions: nonstandard methods, Z. Anal.
Anw. 7 (1988) 347-365;  Corrections, Z. Anal. Anw. 10 (1991) 263-264.


http://refhub.elsevier.com/S2666-657X(21)00012-4/sb5
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb5
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb5
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb5
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb5
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb6
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb6
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb6
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb6
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb6
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb7
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb7
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb7
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb8
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb8
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb8
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb8
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb8
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb9
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb9
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb9
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb9
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb9
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb10
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb10
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb10
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb10
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb10
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb11
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb11
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb11
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb11
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb11
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb12
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb12
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb12
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb12
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb12
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb13
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb13
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb13
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb13
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb13
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb14
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb14
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb14
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb14
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb14
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb15
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb16
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb16
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb16
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb17
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb17
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb17
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb18
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb18
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb18
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb19
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb19
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb19
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb20
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb20
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb20
http://refhub.elsevier.com/S2666-657X(21)00012-4/sb20

	Regularity of nonlinear generalized functions: A counterexample in the nonstandard setting
	Introduction
	Preliminaries
	Counterexample in ρE(Ω)
	Declaration of competing interest
	References


