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Abstract

The aim of this paper is to obtain a generalized CK-extension theorem in superspace
for the bi-axial Dirac operator Ox + 0y. In the classical commuting case, this result can be
written as a power series of Bessel type of certain differential operators acting on a single
initial function. In the superspace setting, novel structures appear in the cases of negative
even superdimensions. In these cases, the CK-extension depends on two initial functions
on which two power series of differential operators act. These series are not only of Bessel
type but they give rise to an additional structure in terms of Appell polynomials. This
pattern also is present in the structure of the Pizzetti formula, which describes integration
over the supersphere in terms of differential operators. We make this relation explicit by
studying the decomposition of the generalized CK-extension into plane waves integrated
over the supersphere. Moreover, these results are applied to obtain a decomposition of the
Cauchy kernel in superspace into monogenic plane waves, which shall be useful for inverting
the super Radon transform.
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1 Introduction

The Cauchy-Kovalevskaya extension theorem is a very well-known result (see e.g. [5, 32]), whose basic
idea is to characterize solutions of suitable systems of PDE’s by their restrictions (and the restrictions of
some of their derivatives) to a submanifold of codimension one. When the PDE involved is the Cauchy-
Riemann equation, it follows from this theorem that a holomorphic function in an appropriate region of
the complex plane is completely determined by its restriction to the real axis. This extension principle
for holomorphic functions has been elegantly extended to higher dimensions in the framework of Clifford
analysis, which constitutes a higher dimensional generalization of holomorphic function theory in the
complex plane, and a refinement of harmonic analysis, see e.g. [3, 21, 25].

Clifford analysis focusses on the study of monogenic functions, i.e. null-solutions of the Dirac operator
Oy = Z;n:o e;0z; or the Cauchy-Riemann operator 0., +0, in an open region of R™ or R™*! respectively.
Here (eq, ..., €n,) is an orthonormal basis in R” underlying the construction of the Clifford algebra C,, o,
and x = Z;nzl xje; is a vector variable defined in R™. In general, every monogenic function f(zo,x), i.e.
(Opo + 0x) f(xo,z) = 0, is determined by its restriction to the hyperplane zg = 0. Conversely, any given
real analytic function f(z) defined in a region of R™, has a unique monogenic extension f(zg,z) called
Cauchy-Kovalevskaya extension (CK-extension for short).

Clifford analysis also offers a framework for generalized CK-extensions that consider restrictions to
submanifolds not only of codimension one but of arbitrary codimensions. In [21], a generalized CK-
extension theorem was obtained for monogenic functions in an SO(m)-invariant domain Q C R™*? by
considering their restrictions to RP. This leads to a Taylor series for monogenic functions f(z,y) such



that y € R is considered as a parameter and that we have a power series in the variable z € R™. Putting
Q, = QNRP, the generalized CK-extension theorem reads as follows (see [19, 20, 21] for more details).

Theorem 1. Let fo(y) be (a Clifford-valued) analytic function in Q,. Then there exists a unique sequence
{fi(y)}32, of analytic functions such that the series f(z,y) = Z;io 27 f;(y) is convergent in a (m + p)-
dimensional neighborhood of 0, and its sum f is a monogenic function, i.c. (9 + 9y)f(z,y) = 0. The
function fo(y) is determined by the relation fo(y) = f(0,y). Furthermore, the sum f is formally given
by the expression

e =r(2) (L) (1 ya s (o) + s (lhy/3) ) . )

where J,, is the Bessel function of the first kind of order v and | /A, is the the formal square root of the

Laplacian whit respect to y (of which only even powers occur in the resulting series).

The main goal of this paper is to tackle some interesting problems arising when considering the
above generalized CK-extension in the superspace setting. Traditionally superspaces have been studied
using methods from algebraic and differential geometry, see e.g. |2, 4, 22, 31, 33, 35, 37|. In this paper,
we use a more recent approach based on an extension of harmonic and Clifford analysis to superspace
[12, 13, 14, 15, 18]. This extension is done by introducing suitable orthogonal and symplectic Clifford
algebra generators, which allows to define a super Dirac operator, a super Laplace operator, and other
important operators in superspace, thus constructing a representation of the Lie superalgebra osp(1/2).
Together with the traditional bosonic (commuting) variables x1, ..., ,,, this extension considers an even
number of fermionic (anti-commuting) variables due to the symplectic structure.

In [26], a particular extension of Theorem 1 to superspace was studied for monogenic superfunctions
of two orthogonal supervector variables F(x,y) = E;io x/ Fj(y). This study revealed a novel structure
for the CK-extension (1) when the supervector x is purely fermionic, i.e. it has no commuting coordinates.
In this case, the resulting generalized Taylor series is not of Bessel type, as it is in the purely bosonic case
(1), but it gives rise to an additional structure in terms of Appell polynomials. Given these new insights,
our first goal is to completely characterize the generalized CK-extension theorem in superspace for all
possible superdimensions (see Theorem 3). As we shall see, it turns out that the Appell polynomial
structure appears not only when x is purely fermionic. In general, the only requirement is that the
superdimension of x is even and negative, or equivalently, that one of the powers x’ is monogenic. In the
most interesting case, this leads to a CK-extension that combines two power series (of Appell polynomial
type and Bessel type) of differential operators acting on two different initial functions respectively.

The CK-extension formula (1) is very related to the so-called Pizzetti formula, which expresses the
integral over the unit sphere S™~1 C R™ as a certain power series (also of Bessel type) of the Euclidean
Laplace operator acting on the integrand, see [34]. This relation is explicitly realized (via the Funk-Hecke
theorem) by means of the plane wave decomposition

re = (5 [ e (wowa,) ds.) i, )

where f(z,y) is defined as in Theorem 1, (w, z) denotes the Euclidean inner product in R™, and o, is
the surface area of the unit sphere S™~1. Formula (2) expresses the Bessel type differential operator from
Theorem 1 as an integral over S™~! of a much simpler integrand of plane wave type. The above-mentioned
structure of the generalized CK-extension formula in superspace shows remarkable differences with the
classical case, which makes the connection with the Pizzetti formula in this setting (see [9, 15]) very
interesting. Our second goal is to study this connection by extending the above plane wave decomposition
(2) to superspace.

Again, in the cases of negative and even superdimension, we find that the extension of formula (2)
fails to preserve its classical form. In these cases, one encounters problems with the definition of the
normalized integral over the supersphere since the supersphere area o_o, vanishes, see [9, 27]. However,
the notion of normalized integral can still be defined for a certain class of superfunctions by considering
a limit case of the Pizzetti formula (see Section 3). The resulting Pizzetti series reduces, in this case, to
a finite power series (with the form of an Apple polynomial) of the super Laplace operator acting on the



integrand. These coincidences in the structure of Pizzetti’s formulas and the generalized CK-extension
make it possible to decompose the latter into plane waves for all possible superdimensions (see Theorem
4).

In the purely bosonic case, Theorem 1 has important applications in proving plane wave decompo-
sitions of monogenic functions and, in particular, of the Cauchy kernel which is given by a fundamental
solution of the Cauchy-Riemann operator 0, + ;. This decomposition reads as follows for zy # 0

1 20—z sgn(xo)% Jom—1((z,w) — zow) ™™ dS,, for m even,
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Om+1 ‘CUO Ql + % fS7”71(<£’ M> . x0w>—mwdsﬂ’ for m odd.
Examining the boundary values in the above expression for zq — 0% yields a plane wave decomposition
of the delta distribution in R™, which allows to reconstruct the classical Radon transform from a Clifford
analysis perspective, see e.g. [6, 21, 36]. See also e.g. [24, 28] for a classical treatment. These plane wave
decompositions have been also used to obtain a Bony-type twisted Radon decomposition of the delta
distribution in [6], which has applications in the theory of microlocalization and analytical wave front
sets for distributions, see also [30].

The final purpose of this paper is to extend the plane wave decompositions (3) to the superspace
setting as an application of the generalized CK-extension theorem. To that end, we prove first that
certain CK-extensions F'(xg,Xx) = Z;io xJ Fj(xo) can be decomposed into monogenic plane waves of the
form g((x, w) —xow), where g is a holomorphic complex function (see Lemmas 6 and 7). This is the case
for the super Cauchy kernel if we choose g(z) = z=™, where M € Z is the superdimension of x. As in
the previous analysis, when M is even and negative, this plane wave decomposition no longer resembles
the structure of (3) (see Theorem 5). These differences with the classical case are expected to produce
new insights in the corresponding plane wave decomposition of the delta distribution in superspace.
Consequently, this should have an impact on the problem of inverting the Radon transform in superspace
introduced in the papers [9, 11, 15|, and for which no inversion formula is known yet. These two problems
will be the topic of future work.

Summarizing, in this paper we solve the following problems:

e P1: obtain a generalized CK-extension theorem in superspace for all possible superdimensions
e P2: find a general decomposition of the generalized CK-extension into plane waves
e P3: provide a plane wave decomposition of the super Cauchy kernel.

The paper is organized as follows. In Section 2, we give a short introduction on harmonic and Clifford
analysis in superspace focusing on the notions needed in the sequel. In section 3, we introduce the notion
of normalized integral over the supersphere (in negative even superdimensions) as a limit case of the
classical Pizzetti formula. Moreover, we study some of its basic properties needed for the subsequent
plane wave decompositions. Section 4 is fully devoted to the proof of the generalized CK-extension
theorem in superspace, solving thus P1. In section 5, we show how to decompose the generalized CK-
extension in terms of (normalized) integrals of plane waves over the supersphere, providing a solution
to P2. In Section 6, we study decompositions of certain generalized CK-extensions into plane waves
constructed out of holomorphic functions. Finally, in Section 7, we use the previous results to obtain a
plane wave decomposition of the super Cauchy kernel, which solves P3.

2 Preliminaries

Consider m commuting (bosonic) variables z1,...,2, and 2n anti-commuting (fermionic) variables
Z1,...,%2, in a purely symbolic way, i.e. z;xr = 22, ;0 = —2%2; and 2;2, = 2rx;. They give
rise to the supervector variable

x = (z,2) = (L1, -, Ty, 1, -, Ton) -

The variables x1, . .., &, are generators of the polynomial algebra R[z1, ..., z,,] while 21, ..., 25, generate

a Grassmann algebra ®,,. We denote by &) and 6" the subalgebras of even and odd elements of



®B,, respectively. All the variables together generate the supercommutative algebra of super-polynomials

P = Algg(z1, ...y Tm, L1, .., Xon) = Rlxg, ..., 2] @ Bap,.

1o)

The bosonic and fermionic partial derivatives 0., = 75—, 0z, = % are defined as endomorphisms on P
J J

by the relations

9, [1] = 0, 9, [1] = 0,
Op; T — Tk Oz; = 0j ks 0z; %) + TrOz; = 6j k, (4)
Op; Tk = Tx0z;, Oz;x = w0z,

where ;5 is the Kronecker symbol and 1 denotes the constant super-polynomial p = 1. The above

relations can be recursively applied for both left and right actions of the linear operators d,, and 0y, .
Associated to these variables we consider the flat supermanifold R”?" = (R™, Ogumj2n ) where Ogm2n

is the structure sheaf that maps every open subset  C R™ into the graded algebra C*°(Q2) ® &2, of

smooth functions in ) with values in the Grassmann algebra &,,,. The partial derivatives d,,, 0;, extend

from P to C*°(R™) ® &g, by density.

Let us rewrite the supervector variable x as

m 2n
X=z+2x= E .Z‘jej—‘rg af]é],
Jj=1 Jj=1
where e1,...,€m,€1,...,6, is the standard homogeneous basis of the graded vector space R"?" =

R™0 @ R%2", Here we have denoted by z = Z;nzl zje; and ¥ = Z?Zl 2;€; the so-called bosonic and
fermionic projections of x respectively. We consider an orthosymplectic metric in R"2" giving rise to
the super Clifford algebra C,, 2n := Algg(€1,...,em,€1,...,€2,) governed by the multiplication rules

€jex + exe; = —Q(Sj’]ﬁ €jék + ékej =0, éjék - ékéj =0j,k> (5)
where g; 1, is a symplectic form defined by

9252k = g2j—1,2k—1 =0,  Ggoj_12k = —Gok,2j—1 = ik, S k=1,...,n.

In this case the inner product of two supervectors x and y is given by

n

1 N 1 o
(x,y) = —5(xy +yx) = (z,y) + {£,4) = > iy — 3 > (#25-192) — T25925-1)-
j=1 j=1

The generalized norm squared of the supervector x is thus defined by

m n

|X‘2 = <X7 X> = —X2 = Zx? — ngj_lfgj. (6)
j=1 j=1

Observe that the fermionic vector variable £ is nilpotent. Indeed, its norm squared satisfies

x\Qn

=nlzixy - T2n—122n,

which is the element of maximal degree in ®o,,.
Functions in C*(Q) ® &y, (often called superfunctions) can be explicitly written as

Fx)=F(z,2)= Y.  Fa(z)za, (7)
AcCA{l,....2n}

where Fa(z) € C*(Q) and £4 = &, ... 25, with A = {j1,...,5}, 1 < j1 < ... < jr < 2n. Every
superfunction can be written as the sum F(x) = Fy(z) + F(z, 2) where the real-valued function Fy(z) =
Fy(z) is called the body I, and F =} 5, Fa(z)2a is the nilpotent part of F'. Indeed, it is clearly seen
that F2"*t! = 0. We shall also consider the space of analytic superfunctions A(2) ® &,,, i.e. functions
of the form (7) where each of the F4’s belongs to the space A(Q) of real analytic functions on Q C R™.



When considering the aforementioned Clifford generators, these spaces of superfunctions extend to the
spaces of Clifford-valued superfunctions C*°(Q) ® Ga,, & Cpy 2, and A(Q) @ Ba,, & Cppy 25, respectively.
The bosonic and fermionic Dirac operators are defined by

m n
8£ = E ejaﬂ?]‘7 8@ =2 g (éQjanj—l - 6\2.]‘,181;‘2]-) ’
j=1 Jj=1

giving rise to the left and right super Dirac operators (super-gradient) Ox- = 0z - —0p and -0x =
— - Op — -0y respectively. As in the classical setting, the action of Jx on the vector variable x results in
the superdimension

M = 0k[x]| = [x]0x = 0g[Z] — Og[z] = m — 2n.

The action of the super Dirac operator on any positive power of x is given by

y - . .f . .‘
Ox[x!] = C(Maj)xj_l, where c(M,j) = {j’ I 7 1s even, (8)

M+j5—1, ifjisodd.

Given an open set @ C R™, a superfunction F' € C*°(Q) @ gy, Q Cppy 2y, 18 said to be (left) monogenic
if Ox[F] = 0. As the super Dirac operator factorizes the super Laplace operator:

Am|2n = 783( = Zai - 428952.7‘—189521"
=1 =

monogenicity also constitutes a refinement of harmonicity in superanalysis. Whenever necessary, we
shall also use the alternative notation Ay for the Laplacian A, 2, to explicitly indicate that we are
differentiating with respect to the vector variable x.

The super Euler operator is defined by

m 2n
E= Z.T,jﬁxj + ijax]
j=1 7j=1

We denote by Ny := {0} UN the set of non-negative integers. Homogeneous super-polynomials of de-
gree j € Ny are eigenfunctions of the super Euler operator with eigenvalue j. We denote the space of
homogeneous super-polynomials of degree j € Ny as P; = {R € P : E[R] = j R}, which allows for the

decomposition
o0
P=P7;.
§=0

An element R € P is called a spherical harmonic of degree j if it satisfies
Apon[R] =0, and E[R]=jR, (ie. ReP)).

The space of all spherical harmonics of degree j is denoted by H;.
The operators A,j2p, x? and E satisfy the canonical commutation relations of the special linear Lie
algebra sly (see e.g. [15])

Am|2n —x? M Am\Qn M —x2 M

— | =E+— E =A — E+—|=x°
|: 9 "o :| + 9 |: 9 I+ 9 :| m|2n |: 9 + 2 :| X, (9)
where [a, b] := ab—ba. Similarly to classical Clifford analysis, the operators 9x and x are odd generators of

the orthosymplectic Lie superalgebra osp(1]2). Indeed, their anti-commutators yield the even generators

M
{x,x} = 2x?, {0x, 0x} = =24 20, {0x,x} =2 (E + 2) )
where {a,b} := ab + ba. If we normalize these operators to %, %2, % (E+ %), %, and 20\/"5,

we obtain the standard commutation relations for osp(1]2), see e.g. [23]. This means that the same
computation rules of classical Clifford and harmonic analysis can be transferred to the superspace setting
by substituting the Euclidean dimension m by the superdimension M. In particular, the following Lemma
can be proved using formulae (9) iteratively, see [15].



Lemma 1. Let Ryj € Pyj. Then the following identity holds for any superdimension M € Z,

OO ) N )

AjJr@ [XMRQ'] _ (71)E4£ . ’

m|2n

with Fl(f(—gf) =(@Qe=q(g+1)---(¢g+€—1) forallge R, L €N.

More details on the theory of monogenic and harmonic superfunctions can be found for instance in
8, 12, 15, 16, 17].

Given a set of superfunctions {Fj}jen, C C%(Q) ® G2, with Fj(x) = > 4cq1, . 2ny Fa(2)Z2a, we
define

Y EX= ) Y Fajla) ] 2a. (10)
: ot

=0 Ac{1,...,2n}

Thus we say that the series (10) converges uniformly, absolutely or normally in E' C {2 if each of the series
Z;io F4 ;(z) converges uniformly, absolutely or normally respectively in £ C Q for all A C {1,...,2n}.

We now proceed to define series of Clifford-valued superfunctions. First observe that the algebra
Cim,2n is infinite dimensional if n # 0 with basis

B={e]"...elmesr .. efnef el v, €40,1}, 4,8 € No}.

Consider now a set of superfunctions {F}},en, C C®(2) ® Ba,, ® Cpy 2, such that they all are spanned
by a finite set {a1,...,as} C B of basis elements, i.e. for each j € Ny we have

Fi(x) =Y FY(x)a,, F9(x)€C®(Q)@ 6.

r=1
For such a set of superfunctions we define

S

Y Ex=Y (Y (1)

7=0 r=1 \7=0

where the innermost series Z;'io F,gj)(x)7 r=1,...,s, are understood in the sense of (10).
A form of producing interesting even superfunctions is by considering finite Taylor expansions of
real-valued functions, see e.g. [2].

Definition 1. Consider a function F € C=(E) where E is an open region of R, and ¢ even super-
functions aj(x) € C*(Q) ® 655:), j=1,...,4. We expand every a; as the sum of its body and its
nilpotent part, i.e. a;(x) = [ajlo(z) + aj(x). If the domain E C R® contains the image of the function
([a1]os - - -, [ae]o), we define the composed superfunction F (a1(x),...,ae(x)) € C®(Q) ® Ba, by means of
the Taylor expansion as

F(k1nke) ([ [/
F(ay,...,ap) = Z ]C(|[..1L;g ! [ Z]O)alkl caght (12)
Ko seeeshie >0 S

Remark 2.1. Note that the series in the above definition of F(ay, ..., ay) is finite in view of the nilpotency
of aj(x). Moreover, it is clear that Definition 1 can be used for functions that are not C™ as long as all
the derivatives appearing in the formula exist.

If the function F' is analytic, straightforward calculations show that the above expression is indepen-
dent of the splitting of the even superfunctions a;’s.

Lemma 2. Let F' € A(E) be an analytic function in the open region E C RY, and letay, ..., az,bi,... by €
C*(Q) ® Qﬁé‘:’). Suppose that the image of the function ([a1]o,- .., [aco) is contained in E and that



([a1]o + [b1]oy - - -, [aelo + [belo) is always in the region of convergence of the Taylor series of F around
([e1]os - -+, [aclo). Then one has

Z Fkske) (a17...,a€)b1k1 Co bk

F(a1+b17"'7a€+b5): kl""kﬁ'

Ky yke >0
where each of the superfunctions F*1-ke) (ay. ... ap) is understood in the sense of (12).

The expansion (12) is used to define arbitrary real powers of even superfunctions. Let p € R and
a=ay+a€C>®Q)® Qi(ev), then for ag > 0 we define

2n

—~a Tp+1)
a? =3 S g 13
jZ::OJ! Tp—j+1)° (19)

If m # 0, one can follow this idea to define the norm of the supervector variable x. Indeed, its norm
squared —x? is an even smooth superfunction with non-negative body |z|? = > a3, see (6). Hence,
the norm of x is defined as

n ;279 3
1/2 -1z TI'(5
= ()2 = (2 - 2) " = 30 EES L)
: 5~ 7)
Throughout this paper, we shall also use Taylor expansions to define differential operators. Given
two supervector variables x, y, a superfunction a = ap+a € C*(Q) ® Qjéif), and a real-analytic function
around the origin F' € A(R), we use the notation F(a(x) 0y) to refer to the differential operator

2!,

= FU)(0)

Flat)dy) =3~

(a(x) oy)’.

Jj=0

3 Normalized integral over the supersphere

In this section we introduce the notion of normalized integral over the supersphere in the cases of negative
even superdimensions following the ideas of [15]. This notion of normalized integral plays a crucial role
in the plane wave decomposition of the generalized CK-extension, see Section 5.

The analogue in superspace of the classical integral me dVy in R™ is given by

[ L] f e
RmI2n m - B B JRm™ -

where dV, = dxy---dx,, is the classical volume element in R™ and f B denotes the Berezin integral
operator over the fermionic variables (see [2|), which is defined by

(_1)n,n_7n 2n

L =T 3352”, e 8@1 = Tn'3£ .

In [27], integration over general supermanifolds of codimension 0 and 1 was introduced by means of the
action of the Heaviside and Dirac distributions respectively. In the case m # 0, the supersphere S™~ 127
is algebraically defined by the relation x2 4+ 1 = 0. The classical integral over the unit sphere in R™ is
extended to S™~12" as (see also [9, 15])

[ reoasi=2 [ [ s6¢+1) e av. (14)

where 0(x? + 1) = Z?:o % 68U (1 — |z|?) is the concentrated delta distribution on the supersphere. For

a superfunction F' of the form (7), the above integral reads as follows

[oorwasc=2 X ([ an) ([ 000 mprwn).

j=0,...,n
AC{1,...,2n}



where 60)(1 — |z|?) is the j-th derivative of the concentrated delta distribution (or (j 4 1)-fold layer) on
the unit sphere S™~! = {w € R™ : |w| = 1}. As usual, the notation [, 69 (1 — |z[*)Fa(z) V, is used
for the evaluation of the distribution §()(1 — |z|?) on the real function F4(x), which can be computed as

/ §I(1 = |z*) Fa(z) Vi = %/Si (;)j [r™ 2 F 4 (rw)]

We refer the reader to [24, 29] for a complete treatment on concentrated delta distributions and j-fold
layer integrals in R™, and to [9, 27] for concrete examples of their use in integration over the supersphere.
As it is to be expected, the supersphere integration (14) satisfies that (see [7])

dS,,.

r=1

/ Ix|? F(x)dSx = / F(x) dSx.
§m—1,2n

§m—1,2n
This property can be further generalized as follows.

Lemma 3. Let f : R — R be a smooth function in a neighborhood of the point x = 1. Then for any
g € C®(E) ® &y, with S~ ' C E C R™ we have

[ fxhaase= v [ geodss
§m—1,2n

sm—1,2n

Proof. We recall that
/Sm_l’% F(1x[)g(x) dSx = 2/m /B(s(x2 +1) f(|x]) g(x) V.

Let us consider now the real generalized function G(t) = 6(1 —t)f(t'/?), t > 0, where 6(1 —t) is the Dirac
delta distribution concentrated at ¢ = 1. Then, using the Taylor series of G, we can write in superspace

8% +1) f(1x]) = G(=x*) = Gllaf* ~ £%) = 3 (‘f! S 600 (apt)

On the other hand, we have that G(t) = §(t — 1)f(1) in the distributional sense, which implies that
GU(t) = f(1)6U)(t — 1). Finally, using the identity §(—t) = §(t), we obtain

n

g2y
S+ 1) f(Ix) = f(1) Y (],) 0D (|2 = 1) = fF(1)6(Jz* — 2% = 1) = f(1) §(x* + 1),

j=0
which proves the Lemma. O

Sm—l,Qn

In [9], it was proven that the integral (14) over reduces to the following Pizzetti formula

when integrating over super-polynomials

- > 27TM/2 AJ o A
s T 05 = 3 Gty e Rl g = P Bz IR s
Jj=0

u J%fl(izl/z)

where ®)/(2) = (27) )T

and J, is the Bessel function of first kind. In particular, one obtains

M

that the surface area op; of S?~1:2" is given by o = 132‘7;)
2

For M = —2k and m # 0, the first k + 1 terms in the above sum (15) vanish and Pizzetti’s formula

reduces to
et 27TM/2

/§ e R(x)dSx =

j=k+1

227 JIT(j + M/2) Aznpn[R] o’ (16)



This implies that the integral of any polynomial of degree < 2k + 1 vanishes. In particular,

21—k
_op = 1dSx = —/—= =0.
’ 2k /Sm,71,2n F (_k)

In the purely fermionic case m = 0, the supersphere cannot be defined as before since the norm
squared 22 of the vector variable 2 is a nilpotent element in ®,,. Nevertheless, Pizzetti’s formula (16)
provides a functional over &o, that can be regarded as the integral over the supersphere in this case.
However, this extension is not very interesting since Aglgl = (- )”“82"4'2 = 0, which gives rise to the
trivial functional fS 1.2n 5% O A more interesting functional is provided by the normalized integral.

The normalized integral —— me 120 F(x) dSx is obviously well-defined if M ¢ —2Nj. On the other
hand, if M = —2k (k € Np) and Jsm-1,20 F(x) dSx # 0, then the normalized integral is clearly undefined.
However, for certain functions F' with a vanishing integral over the supersphere, it is possible to define a
(non-vanishing) normalized integral — x) dSx. The idea behind this definition is as follows.

For a general superdimension M the Plzzettl formula for the normalized integral of a polynomial R
of degree < 2k 4 1 reads as

k
_ L'(M/2) j
oM /m L2n x) dSx g 227 jIT(5 + M/Q)Am|2"[R] x=0

The coefficients % (7 < k) have a removable singularity at M = —Zk. Indeed, when we see M
; I'(M/2) — (=D (k=5)! ; ;
as a real (or complex) parameter, we have that Mlim% TG = szj!k!ﬂ . This motivates the

definition of the following functional on the space of polynomials GBQkHPj in R™2" with superdimension

M = —2k (see also [15])
1 _Am\2n
x=0 N y Pk ( 4 ) [R]

k . j
1 1 Ale’I’L /
R(x = — R
0_2k /Smfl,Qn k Z < 4 > [ ]
k (k—7)!

§=0
where {Py}ren, is an Appell sequence of polynomials given by Py(z) = > =0 i 27, As mentioned
before, this definition is particularly interesting in the purely fermionic case m = 0 where the functional
analogous to the integral over the supersphere is trivial.
If M = —2k and m # 0, we can use Lemma 3 to extend the definition (17) to functions of the form
F(x|)R(x), with R € @2’““7) by setting

;o (17

x=0

1

0—2k

1

0—2k

| fxDRG9 a8, = 1)

Remark 3.1. The above extension is compatible with the original definition (17). Indeed, if Ra; € Paj
and { + j < k, then by Lemma 1 one has

/ R(x) dSx. (18)
§m—1,2n

1 (D)7 (k=5 = O \je
7ok /Sm_l,zn PP Roy () A = *—5i— a5 gy Sl [ Rai]
_ D (k- J)!
=Ry Smize Rl

1
= / RQ]‘ (X) de
O_2k Jgm—1,2n

For M = —2n (i.e. m = 0) the relation (18) holds if the sum of the degrees of f and R is no bigger
than 2n, otherwise one may find cases where fR = 0.

Lemma 4. Let m = 0 and —— fs 12n De defined as in (17). Then, for Ro;(Z) € Po; with j < n, one
has

1
1 (1) / Roj(2)dSy €+j <n,
2% Ry;(2) dSy = O on Jgr2a

0 L+35>n.

0_2n Jg-1,2n



We shall make use of the Funk-Hecke theorem in superspace. In particular we will need the following
particular case, see e.g. [10, 15] .

Theorem 2. [Funk-Hecke| Consider m # 0 and let x,w be independent super vector variables. Let
Hy € Hy and j € Ny, then

/ (x, W>ng(W) dSw = onj[tj] |X|j7€ Hy(x),
Sm,fl,Qn

JI ontm T(EE) Ty Ny
G-l 2 T(IE) if j+ 4L even and j > £,

2

where g g [t1] =
0, otherwise.

A similar result was obtained in [15] for the normalized integral (17) in the case m # 0. The case
m = 0 can also be proved following almost an identical procedure to the one in [15].

Corollary 1. [Funk-Hecke for the normalized integral] Let M = —2k (including the case m = 0)
and j+ £ <2k+1. Then

1 ; P
O_2k /s —1,2 (x,w)! Hy(w) dSy = a*M,z[tJ] x! ZHZ(X%
(—1)ix=1/2 (k=25 5 j— (41 o ~
where oy [t7] = )2‘ : w : (jil)lr (j 2 ) if g+t even and j = £,
7 0, otherwise.

4 Generalized CK-extension theorem

Now let us consider functions of the two independent supervector variables

m 2n P 2q
X=ztad=)y we;+y @6 and Y=Y+y=D Yiemri+ Y Uity
j=1 j=1 j=1 j=1
where the elements e1,...,€m,€m+1,--sCmap, €15+, €20, €2n11, .- ., €2nt2q generate the super Clifford

algebra Cp,ypont2q.- The superdimensions of the vector variables x and y are denoted by M = m — 2n
and P := p — 2q respectively. Thus the supervector x + y has superdimension M + P and satisfies the
relation (x +y)? = x? + y? since x and y are orthogonal, i.e. Xy = —yx.

In this section we obtain a suitable Taylor expansion for monogenic superfunctions of the two vector
variables x and y, so that y is considered as a parameter and that we have a Taylor decomposition in the
variable x. To that end, we study the conditions under which a set of analytic superfunctions {F};(y)};en,
in an open domain €, C R? allows for the convergence of the series Z;O:o x/F;(y) in a neighborhood
Q C R™*P of Q,,, in such a way that this sum is a monogenic function. As we shall see, the domain of
convergence ) of this power series is a SO(m)-invariant (m + p)-dimensional neighborhood of €2, such
that the intersections of ) with all subspaces parallel to R™ are convex. We refer to this kind of domain
as an SO(m)-normal neighborhood of Q,. All this matter is summarized in the following generalized
Cauchy-Kovalevskaya property in the superspace framework.

Theorem 3. Let {F;(y)}jen, be a set of analytic (Clifford-valued) superfunctions in an open domain
Q, C RP such that the series

F(x,y) =) xF(y), (19)
j=0

is convergent in an (m+p)-dimensional neighborhood of Q,, and its sum is monogenic, i.e. (Ox+0y)F = 0.
Then the sum F(x,y) can be formally written as follows.

i) If M ¢ —2Ng then

roy) =1 (4) ('X'F)Q('X'ng_l (v/Ay) ~ X2y (|x|¢A7)> Fufy)

10



it) If M = —2k € —2Ny and m # 0, then 8)2,’“+1F0 =0 and

F(x,y) = kl' (Pk ('XEAy) + %Pkfl (|X|1Ay>) Fo(y)
it (S O () s () ) )

In the case k =0, i.e. m = 2n, we take P_1 =0 by convention.

1) If M = —2n € —2Ny, i.e. m =0, then 8§"+1F0 =0 and

co 1 —2%A, Zdy -2’4,
F($7Y)—M<Pn< 1 >+ 5 P,_ 1< 1 >)F0(Y)-

Moreover, the domain of convergence of the of the series (19) is an SO(m)-normal neighborhood Q,. The
symbol /Ay denotes the square root of the Laplacian Ay with respect to the vector variable y (of which
only even powers occur in the above expressions).

Remark 4.1. The formula provided in i) is an extension of the generalized CK-extension formula (1) in
the purely bosonic case M = m (see also [21]) to the more general case M ¢ —2Nj.

In the second statement ii), F(x,y) does not longer depend on one but on two initial functions. As we
shall see in the following proof, if M € —2Ny, there exists a power x? (j € N) in the kernel of x. This
is an tmportant difference with the purely bosonic case, and it allows for an splitting of the series (19)
into two independent monogenic series.

Proof. Let us apply first the operator Ox + 0y to the (formal) sum F(x,y). Using formula (8) we obtain

Ox[x] F(y) + (=1)x7 0y [Fj)(¥)

NE

(Ox +0y) F(x,y) =

<.
Il
o

tqu

(M, j)x' 1 Fy(y +Z )%’ Oy [Fy](y)
7=0

.
I
—

o

<
I
o

x (e(M,j + DFja () + (<1) &y [F]))- (20)
Now we divide the proof into three different cases.

Case i) M ¢ —2Njy. The super-polynomials x/ are non-zero and linearly independent. Thus from the
condition (0x + dy)F = 0 and (20) we obtain the recurrence relations

(-1

O +1) Oy[Fl(y),  j€No. (21)

Fily) =

Since M ¢ —2Ny, it is clear that ¢(M, j+1) # 0 for every j € Ny. The functions F}j(y) are hence uniquely
determined by the formulas
i (M
(*1)J I]‘w(?) 82j
T Y B O
2295 (5 + )

(71)j+11ﬂ(%) 2j+1
22j+1jgp(% +i+ 1) 8y * [Fol(y)-  (22)

Fy(y) = [Fol(y), and  Ipjpa(y) =

Substituting (22) into (19) we get

Py -1 (4) (3 G /) % G NENAE FE

227517 (& +j) 'F M—l—j—&—l)

j=0

o (=1)7 22

Using the expansion (5) = J,(2) = 27, 3%r(r 171y We obtain the formula in the stament 7).

11



Case ii) M = —2k and m # 0. In this case, the supervector x is still non-nilpotent and all
the powers x7 are linearly independent super-polynomials. Therefore, similarly to (21), we obtain that
(Ox + 0y)F = 0 implies

o(=2k,j+ 1) Fa(y) = (=17 0y [F)(y),  j €No.

However, this recurrence formula has an important difference with the previous case. For j = 2k, we
have that ¢(—2k, 2k + 1) = 0, see (8). Hence the above condition reads as

T G VAR L
F.7+1(y) - C(—2I€,j + 1) aY[F]](y)7 0 S J S Qk 17
Oy[Far](y) = 0,
Frernn®) = —Y  omw) j € MNo.
ot o(=2k, 2k + j +2) Y AT

The functions F}(y) can then be explicitly computed as

(k=35 oo

FQJ(y): 2QJ i 8y [FO]( ) 1§J§k7
iy = Em T = D e —
F2]+1(Y) - 22]+1 k! y [FOKy)v 1 <Jj< 13
and
F. (-1 K D2 [F. €N
ok2i4+1(Y) = W v [For+1](y), J € No,
( )] k' 2j+1 .
Fopyojta(y) = 9y [Far1](y), J € Np.

22+151(k + j + 1)

This means that, in this case, the monogenic sum F(x,y) depends of two initial functions namely Fp
(which must satisfy 931 Fy = 0) and Fyr41. Substituting the above formulas into (19) we obtain

Fley) = o Z =l (X'QA) X?Z — = (X'ZAy)j Foly)

Jj=

+ Kl x?H Z P (x]y/A ) & Z (1 ) [For11)(y)
= 22JJ!F(]€+]+1 2 = QJ]'F (k+7+2) ’
which yields the formula in statement 7).
Case iii) M = —2n, i.e. m = 0. In this case the vector x = ' is nilpotent, i.e. 2" = 0. Thus, the

sum in (19) becomes F(x,y) = Z?ZOX F(y). We then obtain from (20) that (0z + 0y)F = 0 implies
c(=2n,j +1) Fja(y) = (1)1 0y [Fj](y), 0<j<2n-1,
Iy [Fanl(y) = 0.

Following a similar reasoning as in ii), we get that F(x,y) depends only on the initial function Fy(y),
which must satisfy 92" "!Fy = 0, and

R e e e

|
FE =0

which is exactly the formula in the statement ii).
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Finally, we have to show that the series obtained in ¢) and i) actually converge (in the sense of
(10)-(11)) in a neighborhood of €, in R™*?. To this end, it is enough to show the convergence of the
series

o~ (17 [x[7Ag :
) [Fol(y), with Fo € A(2) ® Gag @ Cpaq, (23)

;22jj!1“(% +3j

being the other cases analogous.
The Clifford-valued function Fy(y) can be written as Fo(y) = > o, Fro(y) ar, where {a1,...,as} C B
is a finite set of basis elements of Cp 24, and Fro(y) € A(,) ® By, for all r = 1,...,s. To prove the
convergence of the series (23), it thus suffices to prove the convergence of the series (see (11))
(1) A
S:=Y —————— Y [Fl(y), with F € AQ,)® Ba,.

Recall that (—1)7[x[* = (22 +$2)j. Therefore

) Deiro L

(e’ min(]
S =

jgo fz:; 20§11 (5 +j)
n oo .’L‘QJ 20 x\gz AJ

= = L F
e:aE(Jfﬁ)! 0 22T (U j)[ I(y)
n x\2€ o) (Ezj AngrZ

L NET —_[F(y)
22 920y ];) JVIT (Y 45+ 1)

To prove the convergence of S, it suffices to prove the convergence of the innermost series in the above

expression that we will denote by Sy for £ =0,...,n. Recall that Ay, = A, + Ay where A, = J 0 83J
and Ay = Z Oy,,;_,0y,, are the bosonic and fermionic Laplacians with respect to y respectively.
Then,
] : i+0
29 Ag]

S ::;?22JF(%+3'+€) [F](y)

min(qj+8) o; (J+E) AT AGHl—T
oo (g, )ggj ( )AAJ

r

- Tonrri o FIY)
j=0  r=0 gt 25T (% +J +€)
B q A; [e s} £2j (] +£)' Aé+€—r .
_Zil Z T(j+€_r)!22jr(ﬂ+j+€)[ 1(y)
r=0 j=max(0,r—£) 2

Now, the convergence of S, follows form the convergence of the innermost series in the above expression.
According to (10), it is enough to prove the convergence of the same series of operators acting on each of
the purely bosonic components Fa(y) of F(y). To this end, it suffices to note that F4(y) is analytic on
Q,, if and only if for every compact K C Q, there exists constants C'x, A\r > 0 such that

’AiH*TFA(y)‘ < Ck (25 + 2¢ —2r)! )\%H#QT, forally e K, AC{1,...,2q}.

Hence, for y € K we have

| o e A
T - = ; Al\Y
j=max(0,r—¢) G2 (S 4+ 0) B

. > 27 (4 (24 + 20 — 27r)!
< O Z (lz[ k)™ (5 + 025 +2¢ —2r)

jemintor_p 3G HE=T2T (S +j+6)
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The series in the right-hand side of the above inequality converges (by the ratio test) if |z| < 1/\k.
Therefore the series Sy, S, and finally (23) converge normally in a SO(m)-normal neighborhood of ,,. O

After minor modifications, Theorem 3 provides a CK-extension principle for another notion of mono-
genicity associated to the generalized Cauchy-Riemann operator 0x —0,,, where xg is an extra commuting
variable. In this case, monogenicity is still a refinement of harmonicity since 0x — 0., factorizes the super
Laplace operator in superdimension M + 1

(ax - aﬂco)(_ax - an) = 820 + Am\Qn = Am+1|2n- (24)

We obtain the following corollary of Theorem 3 when the functions F}; are analytic real-valued functions
of the real variable z.

Corollary 2. Let {F;(zo)} en, be a set of analytic real-valued functions on a real domain Qy C R, such
that the series F(xg,x) = Z;‘io x? Fj(z¢) converges in a (m+ 1)-dimensional neighborhood of Q1 and its
sum is monogenic, i.e. (Ox — 0z )F = 0. Then the sum F(xo,x) can be written as follows.

’L) [fM ¢ —2N(] then

M x|0z, - x|0g, X0z,
Flzg,x) =T <2> (||2> <|2Jjg,_1 (1x10,,) + 2220 7, (|x|az0)> Fy(xo)-

2

i) If M = =2k € —2Ng and m # 0, then 921 Fy = 0 and moreover

1 x|?0?2 Oy x|?9?2
F($07X):M(Pk<| ‘4 °>—X2 Pk1<| |4 °)>F0(950)

okt (%[0, \ T [x]0x, X0,
+ klx — 5 Ik ([X1050) + =7 Tt 1 (%[020) | Faret1(20)-

2

1it) If M = —2n € —2Ny, i.e. m =0, then 8§?+1F0 = 0 and moreover

1 —229? 20, 2202
F(.ﬁo,X):,rL'(Pn( 74 0)_3720Pn_1< 4 0>>F0(J)0).

Proof. Let us consider a new orthogonal Clifford element ey that together with e1,...,em,€1,..., €2,
generates the super Clifford algebra Cp,41.2,. Then the condition (0x — 0,)F = 0 is equivalent to
(Oxe0 — Ouge0)(eoF) = 0. The result follows from applying Theorem 3 to the function egF and making
the identifications x — xeqg, y — zoeg and Oy — —eg0y, . O

5 Plane wave decomposition of the generalized CK-extension

The generalized CK-extensions formulas studied in the previous section are very related to integration
over the supersphere. Indeed, the formulas in Theorem 3 are given in terms of the Bessel functions J,
and the Appell polynomials P. This pattern also appears in the Pizzetti formulas (15) and (17) for
the integral and normalized integral of polynomials over the supersphere. In this section, we express
the generalized CK-extension in superspace in terms of (normalized) integrals over the supersphere of
functions of plane wave type. The latter are functions depending on the inner product (x, w), where the
supervector variable w = w +w = >37" | wje; + Z?Zo wj€; is independent of x.

Theorem 4. [Plane wave decomposition] Let F(x,y) = Z;io x/F;(y) satisfy the hypotheses of
Theorem 3. Then F(x,y) can be decomposed into plane waves as follows.

i) If M ¢ —2Ng then

1

oM

F(x,y) = exp(=(w,x) wdy) dSw | Fo(y).
(o Lo )

14



it) If M = —2k € —2Ny and m # 0, then 8)2,’“+1F0 =0 and

1

02k

o) = (5 [ e (-wxiwy) sy ) )

FEnant ([ e (-vxiwy) s, ) A)

where the superfunction A(y) € A(€) ® Bag ® Cpag is such that 9281 A = Fopyq.
iii) If M = —2n € —2Ny, i.e. m = 0, then 8)2,"“F0 =0 and

F(2,y) = ( 1 /S [ cosh ((w), £) 9y) — wsinh (0, z) dy) | dSw) Fy(y).

0_2n

Remark 5.1. The plane wave used in iii) is not very different from the one used in i) and ii). Indeed,
for any pair §,v of orthogonal vectors in R™ (i.e. v = —v§) with §2 = —1 one has the identity

exp(£v) = cosh(v) + sinh(v).

If m # 0, one can formally replace the role of the unit vector § € S™=1 by —w/|w/|, and the role of v by
(w,x) Oy, to obtain
/ exp (—(w,x) w0y) dSw = / [ cosh ((w,x) dy) — wsinh (w,x) dy) | dS.
§m—1,2n §gm—1,2n

This doesn’t hold if m = 0 since in that case w = w is nilpotent and therefore, the correspondence
& — w/|w| cannot be considered. In particular, the normalized integral of exp (—(w, ) W dy ) Fo(y) yields
a polynomial of degree n in @, while the normalized integral of [cosh ((w, 2) dy ) — w sinh ((w, ) Iy )] Fo(y)
s a polynomial of degree 2n in x.

Proof. Let us consider first

y)! [Fol(y) (25)

o0

exp (—(w,x) w 0y) = Z

7=0

as a power series on the variables wyq, ..., wy,, w1, ..., Ws,, where x and y are considered as parameters.

If m = 0, it is clear that the above series reduces to a finite sum. If m # 0, we can show, using a similar

reasoning as in the proof of Theorem 3, that (25) converges normally for w € S™~! (together with all its

derivatives) provided that (z,y) belongs to a certain SO(m)-normal neighborhood of €,. This condition

allows for integration term by term of the series (25) over the supersphere with respect to w, see (14).
We denote this integral by Ins[Fp](x,y) and compute it as follows

In[Fo)(x,y) = (/Smmn exp (—(w,x) w dy) dSw> Foly)
/Sm 1,2n M (W aY)j [FOK}’) dSw

M

i=0 !
_ i ((2;>>f < /S L wxg dSw) AI[Fol(y)

*Z QH ( /Sm_m<w’x>2j“wdsw) Oy A [Fo)(y),

where we have used Lemma 3 in the last equality. Funk-Hecke Theorem 2 now yields

B M1 OO( 1) F(]—F ) i A F(]+ ) i A
IM[FO](va)_Q”T JEZO (2])'F(j+ )‘ |2 A yE 2]+1 'F ]+1+ )| ‘2 Ay [FO](Y)
© (=1)7 |x|2TAI X > —1) |x|29AI
vy S s S iR, (26)

T2 ;)2213'!1"(3'—1—%) 2 j:OQQJj!I‘(j+1+%)
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r(j+2)

where we have used the identities e VEICTRR )Y 22,+1],

FU+d) _ 1 and N divide the proof
w1202 . 221 A ow we divide the proof into

three different cases.

Case i) M ¢ —2Ny. In this case, it suffices to divide formula (26) by on = 2(’TM/2) to obtain the

expression in the statement i) of Theorem 3, which proves the result.

Case ii) M = —2k and m # 0. First observe that — ” L [ 120 €xp (—(W,x) W Oy) [Fp](y) dSw is
well-defined in the sense of (17)-(18). Indeed, since 832,’““F = 0, the function exp (—(w, x) w 0y ) [Fo](y)
has the form

k—1

1)J 2j+1
e

(27 + 1)!

M?v

exp (—(w,x) w dy) ‘W|2jA§/ [Fol(y),

j=0

which is a linear combination of functions of the form |w|?/ R where R is a homogeneous super-polynomial
on w of degree at most 2k.

We denote by N1_ox[Fp](x,y) the normalized integral of this function over the supersphere, and compute
it using the Funk-Hecke Theorem for normalized integrals (see Corollary 1) as follows

1 /S o exp (—(w, x) w dy) [Fo](y) dSw

i (7 L a50) iRy

NI o [Fo](x,y) ==

—2k

S

7=0

k—1 . 1 ' '
22ﬁ4(0%élﬁwﬁmwﬁﬁ@%%m>

1 : x(’? e 1 i

— 27 4 Y 2 Aj

TR JXZ:O 22 el Ay 2 JZO 2231 Ix[7 A | [Fol(y)- (27)

We now proceed to compute the second integral in the right-hand side of the equality in the statement
i1). From (26) we get

ok [ GO YA x0y o~ (1) XA
1o [A](x,y) =27 ;)Qij!F(j—k) 2 = 225IT (G +1— k) Al)

B P iy & (1) P

S PTG k) 2 2250+ k)

00 (L1)ithH1 |x|20+2k+2 Aj+Hh+1 )itk x| 202k AG+E
—opFk ( 41) ‘X| A)f iz (—1) x| A 14](y)
= PIPRR(G+ E+DIT(G+1) 2 S 29PR(GHR)IT (G +1)

(—1)H+ = (1) Ay 1) [y

:7kx2k+1 Z - ; xayz
(4m) j:OQQJJ!F(JJrkJrl) 21T (j+k+2) | Y

where we have used that F( = = 0if j < k. Then we obtain

(=1 k! (4m) Lon[A] (x, y)

PPN xy (1 XA

12kt ( y y

= klx E TG4k + 1) g 2233'1‘(] TE+ D) [Far1](y).  (28)
J=0

Combining formulas (27) and (28) we obtain the expression in statement i) of Theorem 3, which proves
the result.
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Case iii) M = —2n, i.e. m = 0. In this case, the plane wave exp (—(w,z) W dy) [Fo](y) is not
suitable to describe the generalized CK-extension F(z,y). Indeed, since (w,z)? v’ = 0 for j > n, the
normalized integral of exp (—(w, £) w0y ) [Fo](y) over the supersphere is a polynomial of degree at most
n in &, while in general F(z£,y) has degree 2n in 2. In order to produce a polynomial of full degree 2n
we use the plane wave (see Remark 5.1)

(cosh ((w,x) ) — wsinh (w, x) dy) ) [Fol(y).

As in the previous case, we denote by NI_o,[Fp](x,y) the normalized integral of the above plane wave,
and compute it using the Funk-Hecke theorem,

1 : \ N
NI_o,[Fo)(x,y) = (J / [cosh(<w\7£\> Oy) — wsinh ((W, ) 8y)} dSW> Fo(y)
—2n JS—1,2n
1 n <w x~>2j o n—1 <uf f>2j+111f o
= 7’7. 07 — ;8 J+1 F dSw
0—2n /g—l,zn JZZ(:) 2 Y JZ::O i+ 1) Y [Fol(y)
n 1 Y > 8}2,J
- s dSw —— | Fq{
S (o [ e dss) lmle)
7=0
/1 2ii1 o2+
o ) )™ ’d [T B ———— F
]':ZO <02n /Sfl,Zn <M’ £> w S) (2] + 1)'[ 0](Y)
L[5~ (=) i L 80y K= (n—j— 1) o
:H 2(221']‘!) (_1)j$2jA§'+2yZ(22jj!(—1)]$2jA§ [Fo](y),
j=0 j=0
which proves the result. O

The task is now to show the following plane wave counterpart of Corollary 2.

Corollary 3. Let F(x,x) = > 72, x? Fj(zo) satisfy the hypotheses of Corollary 2. Then F(z9,x) can
be decomposed into plane waves as follows.
i) If M ¢ —2N; then
1
F(xo,x) = (/ exp ((w, X) W Oy,) dSw> Fo(xo).
§m—1,2n

oM

i) If M = =2k € —2Ng and m # 0, then 921 Fy = 0 and

Fao) = (= [ e won) s, ) Falao

02k

+ kl(4r)* (/Sm_m exp ((w, %) w Oy,) dSw) B(xo),

where the real-valued function B(zo) € A() is such that 02* B = Fyj.
i) If M = —2n € —2Ny, i.e. m = 0, then 8%;“"1[70 =0 and
1

0—2n

F(z0,2) = - [eos (W, 2) 0ay) + 1 sin (W, 2) D) | dSuw | Fo(wo).
ol )

Proof. Similarly to the proof of Corollary 2, we consider a new orthogonal Clifford element ey generating,
together with e, ...,em,€1,...,€2y,, the super Clifford algebra Cy,41,2,. The result the follows from
applying Theorem 4 to the function egF' and making the identifications x — xeg, W — weg, y — Zgeg
and Oy — —eo0y,. The proof of statement ¢7¢) makes use of the identities

cosh ((w, £) (—e0h, )) = cos ({0, 2) Oz ) , sinh ((«, £) (=€, )) = (—eo) sin (&, £) O ) -
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6 Integration of monogenic plane waves

In this section, we study decompositions of certain generalized CK-extensions into plane waves con-
structed out of holomorphic functions. These ideas will be used in Section 7 where we find a plane wave
decomposition of the super Cauchy kernel.

Let g(z) = g1(a,b) +iga(a, b) be a holomorphic C-valued function of the complex variable z = a + ib
in an open domain Q C R? = C. If m # 0, given a supervector parameter w = w + w, we define

(%, w) = 2ow) = g1 (6 W), 20 W) = 1205, W), 20 W), (20)
as an element of C* () ® oy, ® Cpy 2, Where Q= {(z,20) € R : ({2, w), zolw|) € Q}. Here the
functions ge((x, w), zo|w|), £ = 1,2, are defined as in (12).

Since g1, g2 are real analytic functions in , the definition of g,((x, w), zg|w|), £ = 1,2, is independent
of the splitting of (x,w) and zo|w|, provided that the conditions of Lemma 2 are satisfied. Therefore, if
(0, zo|lw|) € Q and ({z,w), zo|w|) belongs to the region of convergence of the Taylor series of g, around
(0, zg|w]|), we obtain

g((x,w) — zgw) = 3 g0 (0, o) - 5 Y i, (0, 20lwl) (30)
per wl = J!
o) j )
]

I
=3

J

which coincides with the Taylor expansion of g as a function of one complex variable.
In (29), we have replaced the role of the complex imaginary unit ¢ by the supervector _I%\' We recall
that this correspondence does not exist if m = 0 since w = w is nilpotent. However, it is still possible to

find an analogous of definition (29) in this context given by

2n

g({(z, w) — wow) = >

Jj=0

({2, ) — zow)’

i 99(0),

for any real-valued function g of class C?" in a neighborhood of z = 0. Therefore, in the case m = 0, it
suffices to consider only the generators ({2, w) — zow)’ for j =0,1,...,2n.

A function of the type (29) is called a monogenic plane wave. The monogenicity of g({x, w) — zow)
is established in our next Lemma.

Lemma 5. The function g({x,w) — xzow) is the kernel of the operator (Ox — Oy, ).

Proof. We only prove the result for m # 0 since the case m = 0 can be treated analogously. From the
chain rule in superspace |2, Ch. 2.1] we obtain,

Do g((x, W) — zow) = [w| (51791((& w), zo|w|) — % g2 ((x, W>7$0|W|))
Oz, 9((X, W) — 2oW) = w; <6agl(<x, w), xo|w|) — % 0a92((x, W>7[L'0|W)) , j=1...,m,

1 . w .
Oy, w) = ) = = 0 (Ougn () o) = 0 Dl whlwl) )= Lo,

1 .
Oy 9((x,w) — aow) = a1 (e w)alw) = 2 Dugal(xwaowl) )= Lo

This implies that
A%
Dy 0((, W) — W) = w (aagl(<x, w).aolwl) = 2 g, w), mown) ,

Drg((x, W) — 2gw) = —u (aagl<<x, w),wl) = Qg (x, w>,wo|w>) ,
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yielding
Oxg({(xX, W) — zgw) = (82 — 3£) g((x, W) — xgw) = =W 9,91 ({X, W), xo|W|) — |W]| Dag2({X, W), zo|W]|).
Finally, using the Cauchy-Riemann equations for the functions g1, g2, we obtain
(B — 0ry) (%, w) — 20w) = — [ (g — b92) + W] (Bugz + Bhon) | (), aolw) =0,
which proves the result. O

Now we proceed to study monogenic plane wave decompositions of generalized CK-extensions given
by integrals of the form fgm,l,zn g((x,w) — zow) W’ 1dS,, £ € N. Lemma 3 shows that it suffices to
consider these integrals only for £ =1, 2.

Lemma 6. Let m # 0 and let g be an holomorphic function in Q C R%2. Then for £ = 1,2 one has

/ g({x,w) — zow) wi1dS,, = (/ exp ((w,x) w Op) dSw> 9¢(0, ), (31)
S?n—l,Zn Sm.fl,Qn

provided that (z,x0) belongs to a certain SO(m)-normal neighborhood of the intersection QN ({0} x R)
of Q with the imaginary axis {0} x R.

Proof. Using similar ideas as in the proofs of Theorems 3 and 4, we can show that the series (30)
converges normally for w € S™~1 (together with all its derivatives) if (z,zq) belongs to certain SO(m)-
normal neighborhood of the set QN ({0} x R) = {(0,b) : (0,b) € Q}. Therefore the series expansion of
g({(x,w) — zow) w’™! can be integrated term by term over the supersphere with respect to w. Let us
denote this integral by

Zy(zg,x) = / g((x,w) — zow) w'1dS,.
§m—1,2n

Using Lemma 3 we obtain

Ty(z0,x) = ) </S (x, w>]w51d5w> 3@91](?,1?0) _ </S (x, w>JdeSW> aag?](.?’xo).
j:0 m—1,2n . m—1,2n .

By Funk-Hecke Theorem 2 we have

o S , S .
Ti(xg,%x) = 2T Z (XQj (17T + 3) 02001 (0,70) —x%tt SDRRTAS o (O’x0)> )

2 T (j+ i) (2)! PE+1+%) @+
wot o (it GV T (G4 3) 927791 (0,0) |55 (F1) T (5 + 5) 92792 (0,0)
Ir(xo,x) =271 2 2j+41 ( 2) Y% ) 2j 2/ Za . )
2(w0,x) = 27 ;J (x T(G+1+24) (25+1) TG+ M) (25)!

From the Cauchy-Riemann equations we have the following identities
0Hg = (*1)j3§j917 92t gy = *(*1)j3§j+1917 92 tlg = (*1)j3§j+192, 0H gy = (*1)j3§j92-
Then, for £ = 1,2, we can write

2j+1
9

> T(i+ 1L 27 ] T(i+32
Iz(x(]’X)ZQﬂ_qulZ<x2] (]Jrz) 9, 1 x 21 (J+2)

T (j+4) (29)! (j+1+%) (2j+1)!>9z<0’x°)'

=0

In this way, we have written the monogenic functions Zy(z¢, x) as power series in the vector variable x.
Thus, it suffices to apply the plane wave decomposition from Corollary 3 in order to prove formula (31).
If M ¢ —2Nj, the monogenic power series Zy(xo,x) is completely determined by the initial function

FO(J;O) zl-é('rOaO) :O-Mgf(07x0)7 62172
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On the other hand, if M = —2k, the series Zy(x¢, x) is determined by the two initial functions

Fo((L'o) = Ig((to,O) = 0_2k gg(O,xO) = 0, {= 1,2.

and ( 3)
I'(k+ 1
F. —or ks 2L 2kl 21 g,(0 (=1,2.
2k+1(]“0) 7T 2 (2k+1) ( 7370) ( )k K ( axo)a 5
In both cases, Corollary 3 yields formula (31). |

A similar result to Lemma 6 also holds for the normalized integrals defined in (17)-(18) for the cases
of even negative superdimensions.

Lemma 7. Let M = —2k and g(z) = 2> with s € Ng, £ = 1,2 and 2s +{ —1 < 2k. Then, if m # 0,
one has

1 / (<X, W> _ xow)2s+zfl WffldSw — (_1)5 <
Sm,71,2n

02k

1

02k

/ exp ((w,x) w 0y,) dSw> g2s et
§m—1,2n
Similarly, if m =0, one has

1

0_2n Jg—1.2n

(<§\7 ’U)> _ mow)Qs—i—F 1 «Zfldsw\

=(-1)* ( 1 /871’2” [ cos (W, Z) Dy, ) + Wsin ((W, ) Oy,) | dS ) zgt e

0—2n
Remark 6.1. Observe that g(izo) = (izg)? 1 = (=1)%23%(izo)* . Therefore, g¢(0,x0) = (—1)%z2 1.

Proof. Note that all the normalized integrals in the Lemma are well-defined since they act on polynomials
of degree smaller than 2k + 1 on the vector variable w. The proof of this Lemma follows in much the
same way as the proof of Lemma 6. Indeed, we may write the polynomial ({(x,w) — xow)2+t*~1 w1 as

2s+4—1
(o, W) — agw)2 Wi = (25 40— 1)1 Y

=0

(x, w)J w2s+26—j—2

i @25+ L—j—1)

(_x0)2s+f—j—1.

Then using Lemma 3 and Corollary 1 (Funk-Hecke theorem for the normalized integral) we obtain

1
/ (<x, W> _ mOW)Qeréfl We—ldSw
0_2k Jgm—1.2n
L) (k Tk =G =1 -
2; 2 2541 ( 2j+1 s, 2s+0—1
Z ] 22jk| l (9 ] Z ! 223"'1]{:' i axﬁ [(_1) Ty ]
Finally, the plane wave decompositions given in Corollary 3 i) — ¢i7) yield the result. (]

Remark 6.2. If m # 0, Lemma 7 can be reformulated as follows

1
( / exp ((w,x) W O0,,) dSW) x%sH_l
O_2k Jgm—1,2n

(k—s—¢+1)
IR (5 10— 1)

— (_1)6—1 A;j,“‘l [(<X,W> _ £C0W)2S+e_1 Wé—l] )

Similarly, if m =0,

( 1 /S,l,zn[COS(@’@&CO)+msm(@’@a )]dS> 26pl—1

0—2n
(n=s—(+1)!

(1)t {
(=1) gstt-lpl(s+0—1)1 %

(<£\,U}> _ xow)23+£ lwé 1:| )
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7 Plane wave decomposition of the Cauchy kernel

As an application of the generalized CK-extension Theorems 3 and 4, in this section we obtain a plane
wave decomposition for the fundamental solution of the Cauchy-Riemann operator 0x — 0,. First we
provide a brief overview of some important properties of this fundamental solution and afterwards, we
proceed to compute its decomposition into plane waves.

7.1 Fundamental solution of 0y — 0,,

In [17], fundamental solutions for the super Dirac operator dx and the Laplace operator A, s, were
obtained. In particular, the fundamental solution of A2, was calculated to be

n '.
m|2n_ n ! m|0  2n— 2]
T E u2j+2x (32)
n
Jj=0

where nglfz is the fundamental solution of Amé and A9 = Y7 =0 6% is the classical Laplacian with
respect to the purely bosonic vector variable z. The superdistribution vy M2 satisfies

mlzn Trn\n
Aujan vy " (x) = 8(2) — 2" = 6(x).

‘ 3

Here 6(x) = 5( )
6(z) = 6(x1) -+

g e = 7"§(2)a’ - - - X2y, is the Dirac distribution on the supervector variable x and
m) 1s the m- dlmensmnal real Dirac distribution. Indeed, it can be verified that

669.6x)) = | [ 360G(x)av; = G0,

where G € C*(U) ® B4,, with U C R™ being a neighborhood of the origin.
We are now in a position to compute a fundamental solution for dx — 9,,. We recall that (see (24))

HS

(Ox — 02 ) (—0x — 0z,) = Am+1\2n7 and (O — Oz, )(—0z — Oz,) = Am+1\0

where A, 4 1)0 = 820 + Ao is the bosonic part of A, 1)2,. Then a fundamental solution of dx — 9., can

be obtained by computing (—0x — 9, )4 2", where v 2"

given in (32). This leads to the following result.

is the fundamental solution of A, |2,

Lemma 8. A fundamental solution of Ox — Oy, is given by

n—1

n o 1027 - o 162 +1 "
+1]2 (=1)72%51  iijo son—2; (=D72¥7 5! mt1jo v2n—2;-1
D D e IR LD DE ree e v R RN G
=0 7 =0 T
where gog';illlo = (0 — 8:,30)1/;;i;| is a fundamental solution of the operator (—0z — aro)Aanm'

In the purely bosonic case, —¢}" +19 i known as the Clifford Cauchy kernel since it is the fundamental
solution of the generalized Cauchy—Riemann operator Oy, + 0. This is a vector-valued kernel that can
1/2
be written as the quotient _—— mwoﬁ, where |z — z| = (x% + 3 m?) is the Euclidean norm in
R™*1. For certain values of the superdimension M, we can still find such a form for the Cauchy kernel
in the superspace setting.

m+1|2n

Lemma 9. If M + 1 ¢ —2Ny, the fundamental solution o] has the form

oIz -1 ZTo— X
1 = .
OM+1 |l‘0 — X|1V[+1
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Moreover, if |z| < |xo|, we obtain

o . 1 .
(pm+1|2n _ —sgn(xo) Z ( ) |$0‘ M-2j5 sgn(sco) xH! F( 2+ +J) |.’E0|_M_2]_1
! OM+1 = ]' F( L) = J! r (%) ’
(34)
1
where sgn(xo) denotes the sign of xo and |zo — x| = |rg + x| = (Jwg + z/|* — QQ) 2.
Proof. We first recall that the fundamental solution VZH‘O of AJ m1)0 18 given by (see [1])
)T (Ml _ 2j
vyt = (=1 ,,ﬁ; 7) o+ 2] . if m+1-2j¢ 2N, (35)
22ir"2 T(j) |0 +z|™

This formula applies for every j < n, since the condition M +1 ¢ —2Nj directly implies m+1—25 ¢ —2N.
We also recall that (9, — Oy, )|zo + 2| = a|zo + 2|*"2(2 — 20) for all @ € R. Thus we obtain

j m—+1 - 1
mH0 _ (g, — gyt - CVTT (T 20) (o —Dlso 2l g (g
27+1 x To /Y2542 22j+17rm2+1 F(] + 1) |$0 + £|m_;,_1 ) gy .

Tt is easily seen that (36) also holds for j = n. Indeed, if we write

o UL (B ) 0y + 2
2n+1 —

)

2t P(n41)  |wo +z[m T
: : : mlo _ (D"T("FEn) aotal” m+1[0 :
we immediately obtain (=0, — 0, )¢a,11 = fofa"FT = VYan - This means that the

920737 D(n)
above expression for (pg;lg_l constitutes a fundamental solution for (=0, — 02) A7, . o-
Substituting (35)-(36) into (33) we get

(perl\Zn _ -1 zn: r (miﬂ — j) (zo — )]0 +£|2jx\2n—2j
1 iy (n=)! |0 + z[m+1
—1
nz L *1) |$0+$|2j+2x2n 2j-1
e = (n—j-1! |xo+z/mt™
o n F m +1 .
_ Zo le_l -T Z )|.’170+LL‘|2] —m— 1x2n 2] (37)

kv

We now recall that % (1) PP - From (13) we thus obtain

1 M4l 1 n F m+1

fao s~ (o el =) = ey )
]

_J) |$0+$‘2] m—1 2n 2] (38)

Substituting the latter into (37) we obtain

mitlen _ —(ro—x) T(HF) -1 @-x
! o 5t lro +xMHL opy [wg — x[MAL

which is the first equality of the Lemma.
The second equality of the Lemma follows from rewriting the Taylor expansion (38) of |z + x|~ (M*+1) as a

power series in the variable x = z+2. In general, the Taylor series of the analytic function (23 + 22)’%
centered at the origin converges in the circle |z| < |zg|. Hence by Lemma 2 we obtain
1 s -k x¥ (M ) —M-2j-1 .
M+T — (a5 =) = 27 Ty ol ) if |zf < |zol-
|20 + x| =3t T(HE)
Multiplying the above identity by zy — x yields the result. O
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7.2 Plane wave decomposition

Lemma 9 assures that, if M +1 ¢ —2Ng, o # 0 and |z| < |zg], then cp’lnﬂ‘z"(xo,x) is a monogenic power

series in x and thus, a generalized CK-extension of certain initial functions of the real variable xy. Now
we proceed to explicitly obtain plane wave decompositions for this Cauchy kernel with M + 1 ¢ —2Nj.
We shall treat separately the cases where M ¢ —2Ng (i.e. M > 1), M = —2k with m # 0, and the case
m = 0.

Case M > 1. By Corollary 3 i) we have

-1 To — X _ <1/ exp (<W7X> Wazo) dSw) Fo(l’o),
§m—1,2n

oM+1 |To — x|MH oM

where the initial function Fy is given in this case by Fy(zg) = %SO)MO\’M, see (34). Consider now

the complex function g(z) = z~™, which is holomorphic in C \ {0}. The real and imaginary parts of
glizg) are respectively given by

M

(—=1)= aza”, M even, 0, M even,
0, = 0, =
910, 20) {07 M odd, 92(0 o) (-1) M xaM, M odd.

—(~1)"% sgh(x0)

Then, for M even we can write Fy(xo) = 91(0, ), and from Lemma 6 we obtain

OM+1
-1 To—X —(—1)%sgn(mo) / exp ({(w,x) w0y,) dS. (0, 0)
oamyr lzo —x[MFL T oo Sm—1,2n PUAW zo) @Ow | g1{U; To
(—1)% (M —1)! Y
= —sgn(xo)w Smﬁgﬂ((x, w) — 2ow) M dSy, (39)
2(2m)M

where the identity opry100 = =171 has been used.

M1
For M odd we have Fy(zo) = ==224,(0, z0) and therefore

OM+1
-1 xo—x (-1
om+1 |wo — x[MH! B OM+10M /Smflan exp ((W, %) W ) dSw | 92(0,%0)
(1) (M —1)! N
T 2enM [ (W) —z0w) My dS.. (40)

The proofs of (39) and (40) make use of the power series (34), and therefore, they depend on the
assumption that |z| < |zg|. However, this restriction may be easily removed due to the uniqueness of
analytic continuation. Indeed, since z¢ # 0, both sides in (39) and (40) are given by real analytic (super)
functions on € R™. Since the functions in both sides of these formulas respectively coincide in the
neighborhood |z| < |z¢| of the origin, they must be identical everywhere in R™.

In this way, we have obtained plane wave decompositions for @TH‘% if M > 1. These formulas resemble
the same structure of their analogues (3) in the purely bosonic case, see also [21, 36]. As we shall see next,
the cases of negative superdimension will bring new structures into these plane wave decompositions.

Case M = —2k and m # 0. From Corollary 3 i) we obtain

-1 o — X 1
- 0o) dSw | F,
OM41 |To — x|MHL (U_Qk /Sm,l,% exp ((W, x) W 0y, ) o(zo)

+ k!(4m)* (/Sm,_l,zn exp ({(w, X) w0y, ) dSw) B(zg), (41)
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where Fy(zg) = %k(ff)mgk, Fopr1(zo) = 2”—,:!|ﬂco|_1 and 9271 B = Fy,,1. Application of Lemma 7 1)

for s = k and ¢ = 1 enables us to compute the first normalized integral of (41), denoted by I3, as follows
(see also Remark 6.2)

I = —sgn(zo) ( ! / exp ((w,X) W Oy, ) dSw) x%k
Sm,71,2n

0—2k+1 02k

= ~(=1)sen(zo) 1 / ((x, w) — zow)?* dS
0_2k+1 02k Jgm—1,2n ' v
—sgn(zo) 2%

=7 Ak — °.
22k(k!)2 O—okt1 w(<X7 W> 370“’)
In order to compute the second integral of (41), denoted by I, we must find first a good candidate for
the function B(zg). To that end, we consider the sequence of functions

ZZ

1 1
Gy(2) U n(z) —agz®, with apyq 1 (ae + 0+ 1)!> , ap =0, (42)

where In(z) is the principal branch of the complex logarithm, i.e. we consider —7 < Arg(z) < w. The

sequence {ay} can be explicitly redefined as ay = w where ¥(z) = 1;’((;)) is the digamma function.
It is easily seen that G ,(2) = Ge(z) with Go(z) = In(2), and therefore, chkﬂ)(z) = 27!, Then, if we
choose

ok

2k!

we obtain 6§§+1B = Fok41. Moreover, the real part of Gak(izg) can be computed to be

B(xg) = sgn(xo)Gak (|2ol),

w2k}
Gata (0.0) = (1) ( 25 n(lan) ~ aead ) = (-1* Gl

Hence, I> can be rewritten as (see Lemma 6)

B ([ ewlwxwo,) ds.) Ble)

(-1
= ngn(l‘o) exp ((w,x) W0y,) dSw | Gar.1(0,z¢)
. §m—1,2n

-1 k -k
= %sgn(wo)/ Gaor ((x, W) — oW) dSyw-
: §m—1,2n

Finally, the following decomposition holds

-1 o — X —sgn(zo)

— Ak _ 2k
M1 |x0 - X|M+1 22k(k!)2 O—okt1 w(<X7 W> l‘OW)

—1)F(4n?)k
+ (il Sgn(xo)/ Gor (X, W) — 2oW) dSw. (43)
S'mfl,2n
Similarly to the previous case, the proof of (43) uses the convergence of the power series (34) and of
the series (30) for the function Goy ({x,w) — xow). Both series are convergent if || < |xg|, but the
identification (43) holds everywhere due to the uniqueness of analytic continuation.

Case M = —2n (m = 0). In this case, the Cauchy kernel is represented by a finite power series in
the fermionic vector variable 2, see Lemma 9. From Corollary 3 iii) we thus obtain

-1 To—T ( 1 /Sil,zn [ cos ((w, £) O, ) + W sin ((W, 2) Dy ) | dSw) Fy(zo),

O_ont1 o — 2| 720t O_2n
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with Fy(zo) = Mw%”. Then, using Lemma 7 4i) we obtain (see also Remark 6.2)

O _2nt1
-1 ro — 2 —sgn(wo) 1 / . 2
= ), L) Oy ) ), L) Ory) | dSw | 25"
O_on+1 |xo — 2] 727 +! O—_on+1 \O0—2pn Js-1.2n [COS (0, ) Ouo) + W sin ({10, 2) 0)] w | %o
(1 sgalm) 1

/ (2, ) — 2ow)*dS,s
§-1.2n

0 —2n+1 0—2n

_ —sgn(xo) m Ters s o
= 2o, S (@) —wow)™].

Summarizing, we have obtained the following plane wave decompositions for the Cauchy kernel in
superspace when M + 1 ¢ —2N,.

Theorem 5. Let xg #0 and M +1 ¢ —2N,. Then

i) If M >1,
—l wo-x (=1 (M - 1)! )
oair |To — XML 7‘99”(%)W ‘/Sm71,2n,(<xv w) — zow) M dSw, for M even,
-1 Ty — X (-1)%(]\4_1)[ oy
T - ds M odd.
OM+1 |.”,U0 — X|M+1 2(27T)M /Sm—l,zn(<x’w> Iow) W W fO?” o
ii) If M = —2k and m # 0,
—1 To —X —sgn(zo)

A ((x, w) — zow)**

OM+1 |£E0 — X‘M'H - 22k(1€!)2 O_2k+1

-1 k 4 2\k
+ (=1 2( T sgn(xo)/ Gar, ((x, W) — 2oW) dSw,
§m—1,2n
with Gy, defined as in (42).
wwi) If M =—2n (m=0),
—1 xo — & —sgn(xo)

_ An >N N2n .
O _ont1 |To — 2|72t 4n ()20 o950 (42, ) = wow)™]
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