DUNKL INTERTWINING OPERATOR FOR SYMMETRIC
GROUPS

HENDRIK DE BIE AND PAN LIAN

ABSTRACT. In this note, we express explicitly the Dunkl kernel and general-
ized Bessel functions of type A, _1 by the Humbert’s function @én), with one
variable specified. The obtained formulas lead to a new proof of Xu’s integral
expression for the intertwining operator associated to symmetric groups, which
was recently reported in [28].

1. INTRODUCTION

Dunkl operators are a family of commuting differential-difference operators as-
sociated with a finite reflection group. They were introduced by Dunkl in the late
eighties in [13]. During the last years, Dunkl operators have played an important
role in generalizing classical Fourier analysis and have made a deep and lasting
impact on special functions theory. Furthermore, in the symmetric group case,
Dunkl theory is naturally connected with the Schrodinger operators for Calogero-
Sutherland type quantum many body systems, see e.g. [3].

One of the important problems still open in this theory is to construct the explicit
formulas for the intertwining operator (see Section 2.1) and the integral kernel of
the Dunkl transform [8, 14] for concrete finite groups. Concrete formulas for the
Dunkl kernel and intertwining operator are the premise to do a lot of hard analysis,
see e.g. [28]. This problem has received considerable attention in very recent times,
especially in the case of dihedral groups and symmetric groups.

In the dihedral group setting, some explicit expressions for the Dunkl kernel
were obtained in the last years, see [12] for an explicit series expansion and [6] for
a complicated integral expression. Without integral expression, the action of the
intertwining operator on polynomials has been studied in [16] and [26]. In 2020, for
a restricted class of functions, an elegant integral expression was obtained for the
intertwining operator in [27], using an integral over the simplex. This result was
further explored in the general case in [7] and [11]. In particular, a new integral
expression for the intertwining operator was given in [7].

For the symmetric groups, besides the explicit formula for the symmetric group
S3 determined by Dunkl long ago in [15], there are mainly two approaches to study
this problem. The first one starts from constructing the explicit formulas of the
generalized Bessel functions, then studies the Abel transform and its dual, which
coincides with the intertwining operator for functions invariant under the finite
reflection group. For example, complicated iterative formulas for the generalized
Bessel functions were given in [1, 21] on a hyperplane of the Euclidean space R™.
The other approach starts from determining the intertwining operator directly for
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a class of functions. For example, Dunkl himself determined the action of the inter-
twining operator on polynomials in [17]. Recently, an explicit integral expression
of the intertwining operator for functions of single component was obtained by Xu
in [28]. Note that his results are proven by direct verification of the intertwining
relations (2.1). It was pointed out that the sets of functions considered in the first
approach and in [28] do not overlap.

The main contribution of the present paper is that we give an alternative proof of
Xu'’s formula for the symmetric group starting from the generalized Bessel function.
To do that, we first express the generalized Bessel function and the Dunkl kernel
for a fixed variable by the Humbert function <I>§"). This is obtained using the
limiting relations between the generalized Bessel function and the Heckman-Opdam
hypergeometric function and the recent result in [23]. This moreover provides the
link between both approaches mentioned above.

This note is organized as follows. In Section 2, we give the basic notions of Dunkl
theory and the Humbert function. Section 3 is devote to the explicit formulas of
the generalized Bessel function. In Section 4, we study the Dunkl kernel and the
intertwining operator. We give a conclusion at the end of this note.

2. PRELIMINARIES

2.1. Dunkl operator and Dunk!’s intertwiner. The Dunkl operators associ-
ated to the symmetric group S,, (or root system A, _;) over R" are defined by
a n _ .7 .
Dif(x) = ——f(z)+r Y M7 1<i<n,

ox; Ti— T;
¢ j=1,j#i J

where k is a nonnegative real number and (i, j) is the transposition exchanging the
ith and jth coordinates of x € R", see [13].

Denote Py, the space of homogeneous polynomial of degree m in n variables.
There exists a unique linear operator V,, : P} — P, called intertwining operator

[15], satisfying the relations
(21) DiVK = V,gaz‘, 1 S ) S n

and V,1 = 1. It was abstractly proved that the intertwining operator can be
expressed as an integral operator in [20]. More precisely, there exists a nonnegative
probability measure du, such that

Vif(x) = - F(y)dp.(y)-

However, the explicit expression of the intertwining operator is only known for a few
groups, e.g. G = Z% and Ss, see [15]. Recently, partial result for the intertwining
operator associated to the dihedral groups was obtained in [27] and a full expression
was obtained in [7].

The Dunkl kernel is defined by

E.(z,y) =V, [e<"y>} (), xz,y € R"

and is the integral kernel of the Dunkl transform [14, 8]. The symmetric analogue of
the Dunkl kernel is called the generalized Bessel function. It is denoted by Ji(z,y)
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and given by

1
(22) Jm(xay) = E Z Em($7y0)7
ocESy,
in the case of the symmetric group. Some complicated integral expressions for the
generalized Bessel function of type A, _; were given in [1] and [21].

2.2. Heckman-Opdam hypergeometric function and the asymptotic re-
lationship. Basics of the trigonometric Dunkl theory can be found in the review
[3]. The Cherednik operator T¢, £ € R™ associated with the root system R and the
non-negative multiplicity function s is defined by

Tef(x) = 0cf(x) + Y ma<a,g>w B

_ p—{a,z)
acRy 1 €

where p(k) = %Zae R, KaQ and r, the reflection in the hyperplane orthogonal to
a. The Weyl group for the root system R is denoted by W.

The Heckman-Opdam hypergeometric function Fj; is defined as the unique holo-
morphic W-invariant function on C" x (R"™+4U) (U is a W-invariant neighborhood
of 0) that satisfies the system of differential equations:

P(Tey s Tegy -y Te, ) Fe(N, ) = p(N)Ee(N, ), Fo(A\0)=1

for all A € C" and all W-invariant polynomials p on R™. For a fixed root system
R, the hypergeometric function F,, and the generalized Bessel function J,; satisfy
the following rational limits

(2.3) Jo(\z) = lim F, <m>\ + p(k), %) .

Such limit transition was first obtained in [4] for integer multiplicity function x and
then later by de Jeu in [9]. It has been used to give an alternative proof for the
positivity of the intertwining operator in [20] and to obtain an integral expression
for the generalized Bessel functions of type A,,_1 in [1].

Recently, for the root system of type A,_i1, the hypergeometric function Fj
with a certain degenerate parameter was expressed explicitly by the Lauricella
hypergeometric function Fpp, see Theorem 2.2 and Theorem 3.1 in [23]. Recall that
the Lauricella hypergeometric function Fp is the analytic continuation of the series

FD(aabla'"7bnvc;xla"'7xn)
B B oS EAR N O SR
o ... |
s >0 (C)my+-tmy, my: My
where a, by, ...,by,,c are complex constants with ¢ # —1,—2,... In the sequel, we

denote the hyperplane V of R™ given by
V={zeR":zy+22+ - +x, =0}

Theorem 2.1. [23] Assume k > 0, v € C and x € V. Then the Heckman-Opdam
hypergeometric function for the root system of type A,_1 can be written as

FH()\(V) + p(:‘ﬁl),.’lﬁ) = (yl o 'ynfl)_%FD(_VN%a Y NI 1-—- Yiyee ey 1- yn71)>
where A(v) = (—5 cee =2 M) L,y =€ (1<j<n-1),y, =€ and

n’ n
p(k) =5 aer, @
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This result can be regarded as a generalization of the explicit expressions for the
zonal spherical function on SL(3,R) given in [22] and the Jack polynomials obtained
n [24]. However, for general ), the classical hypergeometric representation for the
Heckman-Opdam function F; (A, z) is much more complicated and is still open.

2.3. Humbert functions @gn). The Humbert function <I>§”> of n variables is de-
fined by

(o)
bl) (b ) 2 Mn
O b, b, ] =Y (B )my = (b, 27 23"
’ [17 e 7m7l] (C>m1+---+mn my! My,!

my,...,mMpy=0

It is the confluent form of the Lauricella function Fp and satisfies

(n) D _ L Tn
D, (b1, .. by a1,y xp] = lim Fp |a,by,... by —, .o, —|
la]—o0 a a

see [25] (Section 1.4, formula (10)). When ¢ — Z;;l bj and each b;, j =1,2,...,n

are positive numbers, <I>g") has the following integral expression,

(2.4) O (by, ... bpicim, . )
L\ e bl
Oy [ eXiamt (13 Ht Yty ..
TIL .
Jj=1

where C’éc)
by

_ I'(c) n : . . . no
= TS B T ) and T" is the open unit simplex in R™ given

T" =< (tr,.ootn) ;> 0,5 =1,...,n,) t; <1

We refer to [5, 18] for more details on these functions.

3. GENERALIZED BESSEL FUNCTION OF TYPE A, _1

The limit relation (2.3) of the integral kernels in the rational and trigonometric
setting together with (2.4) leads to an explicit expression for the generalized Bessel
function of type A, _1.

Theorem 3.1. Assume k > 0, v € C and x € V C R". Then the generalized
Bessel function for the root system A,_1 is given by

(n) )
Dy [y .oy Ky MR VT, o, VT

Je(A, x)

e”“@én_l) [Kyo v oy Bymbs V(T1 — @)y« oy V(Tne1 — T0)]

where)\:<—K 4 M)

n’ n’ n
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Proof. For x € V, we adopt the rational limit relation (2.3) to the explicit expression
of the Heckman-Opdam hypergeometric functions of Theorem 2.1. This yields

Je (A, x)
. T
= lim F(mA+p(k), —
m— 00 m
_mv
. T1—Tn Tn—1—"%n n
= lim (e m Lo m )
m—r 00
T1—-%Tn Tn—1—"%n
XFD(—mI/,/Q,...,/{,TLIi;l—e m .., l—e m )
_v T —=%Tn Tn—1—"%n
= (yl"'yn—l) » lim FD<_mV7KJ7"'7HanH’;1_€ m ,-..,1_6 m )
m—r00

By the limit relation (2.4) and the fact

1 elwi—an)/m
lim — < =1

e (on —ag)fm

we obtain
']K(A’ x)
= (0 "'ynfl)_% mli_r)nooFD (—ml/,fﬁ,...,mn/ﬁ;l —ezlmm,...,l e n)

= e Z?:_ll(wf“;")q)énfl)[n, ceByng (@ — Tp)y e V(@1 — )]

Here @gn_l) is the second class of Humbert functions, see Section 2.3. Note that

as © € V, we have Z;l;ll (z; — xn) = —nxy,. Therefore, for z €V,
Je(\ ) = e””“'“@énfl) [Kyoo oy Bymbs V(21 — X))y« ooy (Tt — X))
= @;n)[/i,...m,nm;uml,...,umn,l,uxn],

where the last identity is obtained by the Laplace transform of @gn), see [7,10]. O
If we take v = 1, we get the following corollary.

Corollary 3.2. For A = (—%, e 1, R 1) x €V, the generalized Bessel function
Je(\ x) of type A,_1 is given by

_ x (n—1) .
Je(Nx) = €Dy [Kyev oy By MK X1 — Ty e v oy Tyl — Ty
n
cn/ exi=i®it Tt dty ... dtn_1,
Tn—l j:1

where t, =1 — Z?;ll t; and ¢, = T(nk)/(T(K)").

Alternatively, the generalized Bessel function is defined as the symmetric ana-
logue of the Dunkl kernel,

Jo(\z) = 'ZE:L‘)\U 'ZV[ M} z).

" oeS, T oeS,
Furthermore, when \ = (—%, el —%, —) the condition = € V yields (x, \) = x,,
and the exponential becomes
A — gTn — e<z,6n>’
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which only depends on the component x,, here e, = (0,0,...,1). Combining this
with Corollary 3.2, for any z € V, we have

R = o S W[t (@)

g€Sy,

n
= ¢4 e2j=1 75t H t;”_ldtl coodty 1.
Tn—l j:1

Moreover, since the intertwining operator is homogenous, i.e. V, : Py, — P/, and
the generalized Bessel functions are analytic, we have

Z <.7 6n0'>m (.’t) = n!c,{/ ijtj H tl;ildtl coadt, g
Tt \ =1 j=1

oES,

3.1) Vi

for x € V. By analytic continuation, it is seen that the integral expression also
works for all x € R™.

The above formula (3.1) further leads to an explicit expression of the intertwining
operator for general functions by a limit discussion.

Theorem 3.3. For x € R" and a function f(x;) in a single component, define a
Sp-invariant function by F(z) = 3 s f(zjo). Then the intertwining operator
acting on F(x) is given by

n

VNF(.I) = nle, / f($1t1 + Toto + ...+ mntn) H t?ildtl Loodt, 1.

Tn—1 j:1

Remark 3.4. This can also be verified by checking the intertwining relations of (2.1)
directly in a similar way as in [28].

Corollary 3.5. For 1 < { < n, x € R" and ey = e,(¢,n), the generalized Bessel
function Jy(eg, ) is given by

_ (z,t) k—1
Ji(ep, ) = ¢y /Tnile Htj dti...dty,_1.
Jj=1
Proof. Since

Je(eg,x) =V,

QZAW%m

" o€eSn

we put f(z¢) = e = Lel®e) in Theorem 3.3 and then obtain the formula. [

Remark 3.6. The same formula was obtained in [28], Corollary 2.4.

4. DUNKL KERNEL AND INTERTWINING OPERATOR OF TYPE A,_;

It was routine to use the shift principle of [19] to derive the Dunkl kernel from
the generalized Bessel function, see e.g. [2]. For our purpose, there exists a simpler
way to achieve this goal. However, we still start from computing for the root system
As using the shift principle to show how it works. Denote by W () the alternating
polynomial associated to As

W(A) = (M — A2)(A1 — A3) (A2 — A3).
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Theorem 4.1. For the root system Ay, v € R? and ez = (0,0, 1), the Dunkl kernel
can be expressed as

E.(x,e3) =V, (e<"€3>) (x) = e”’“béz) [k, K, 36+ 1,21 — @3, 29 — x3)
= <I>g3) [k, K, K&y 3k + 1521, Ta, 23]
Proof. Recall that the shift principle implies (see Proposition 1.4 in [15])
(4.1) > det(0)Ex (2o, A) = 7 W (@)W (A) Jes1 (2, )
oc€S3

where 7, is a normalizing constant which will not be explicitly used here. Combin-
ing (4.1) with (2.2), we have

(4.2) E.(x,\) + E.(z,\0) + E.(x, \d?)

::%meW@hHmM+MMJ»

where o = (1,3)(1,2), here (i,7) is the transposition exchanging the ith and jth
coordinates of x € R™. This relation (4.2) has been used to derive an integral
expression for the Dunkl kernel of type As in [2].

Now, we act with the Dunkl operator Déx) on both sides of (4.2) with A = e5 =
(0,0,1). Using the relations

Dj(w)En(xa)‘) :AjEn(va% .] = 1a2537
this yields

Ei(v,e3) = DsEg(r,e3)
D3(E,(x,e3) + Eq(x,e30) + B (2, e30?))
1
= §D3 (W (es)W(x)Jxr1(x, e3) + 6J.(x,e3))
= 383J,€(l‘,€3)

= 3(936H / €(x1t1+z2t2+w3t3)(tltgtg)nildtldtg
T2

= 3C,{ / e(mltl+w2t2+w3t3)tg(tthtg)H_ldtldtg
T2

= exaq)gz) [k, K, 36 + 1,21 — 23, 29 — T3]
= ‘bég)[li,ﬁ,li,?)li—l-1;$1,$2,$3].

Here the third identity holds by the fact W (e3) = 0 and that J,,(x, e3) is Ss-invariant
in the variable z.
O

In the following, we consider the general symmetric group S,,. Recalling the

representation (2.2), for 1 < ¢ < n, the generalized Bessel function of type A4,,_1
can also be expressed as

4.3 Talers) = Juler,a) = = 3 Euler,(1.),
j=1
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Hence, E,(x,es) can be obtained by acting with D) on both sides of (4.3) using
the relations
DY E.(x,\) = NjEu(z,\), j=12...n

Similar as Theorem 4.1, we then have a result for A,,_1,

Theorem 4.2. For root system A,_1, © € R™, the Dunkl kernel admits
E.(z,e) = Vg (e("e’f)) (x)

n—1
= egc”CI)(2 )(li7...,l<;+1,...l£;n,‘i+1;x1 — Tpyevoy Tyl — Tn)
4
n
ncn/ eXi=1%itig, [Tttty dty s,
Tn—1 j:l

where t, =1 — Z;:ll t; and ¢, =T'(nk)/(T'(k)").

Remark 4.3. This expression is first given in [28], Corollary 2.4.

Remark 4.4. Our results depend heavily on Theorem 2.1 of [23], which only works
for degenerated parameters. It is not clear to us how to obtain a full classical
hypergeometric expression for the Heckman-Opdam function F} (A, z) at present.
Hence, this approach can not lead to a full expression for the intertwining operator
as in the dihedral case. On the other side, these results both for the dihedral and
symmetric groups show that the Dunkl kernel at some special lines (corresponding
to the degenerated parameters) behaves much simpler than in other points. For
general root systems and those special lines, the Dunkl kernel and the intertwining
operator may have a close relationship with the Humbert functions as well.

Since the intertwining operator maps polynomials of degree m to polynomials of
the same degree, we have

n
VK(.TZn) = ncn/ (xltl + Zotg + -+ l‘ntn)mtg H t_’;_ldtldtg coodt,_q.
Tn—1 .
j=1
This leads to an explicit expression for the intertwining operator when the function
is of a single component, which was obtained recently by Xu in [28] Theorem 2.1.

Theorem 4.5. Let f : R — R. For 1 < { < n, define F(x1,x2,...,2,) = f(x0).
Then the intertwining operator acting on F(x) is given by

V. F(x) = ™ / Flanty + oty + -+ xty)te [ [ £7 dtadty . dty
Tnfl

j=1

where ¢ = ne, = I(nk+ 1)/ (kT'(k)™).

5. CONCLUSION

In this note, we have expressed the generalized Bessel function and Dunkl kernel
of type A, _1 in terms of the Humbert function <I>én)7 with one variable fixed. A
new proof of Xu’s integral formula for the intertwining operator was developed
by these formulas. The same approach will also lead to explicit expressions for the
trigonometric Dunkl intertwining operator associated to the dihedral and symmetric
groups.
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