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In this paper, we continue our investigations giving
the characterization of weights for two-weight Hardy
inequalities to hold on general metric measure spaces
possessing polar decompositions. Since there may
be no differentiable structure on such spaces, the
inequalities are given in the integral form in the spirit
of Hardy’s original inequality. This is a continuation
of our paper (Ruzhansky & Verma 2018. Proc. R.
Soc. A 475, 20180310 (doi:10.1098/rspa.2018.0310))
where we treated the case p ≤ q. Here the remaining
range p > q is considered, namely, 0 < q < p, 1 < p <

∞. We give several examples of the obtained results,
finding conditions on the weights for integral Hardy
inequalities on homogeneous groups, as well as
on hyperbolic spaces and on more general Cartan–
Hadamard manifolds. As in the first part of this paper,
we do not need to impose doubling conditions on the
metric.

1. Introduction
After the Hardy inequality was proved by Hardy in [1], a
large amount of literature is available on this inequality.
The integral inequality of the type(∫ b

a

(∫ x

a
f (t) dt

)q
u(x) dx

)1/q

≤ C

(∫ b

a
f p(x)v(x) dx

)1/p

(1.1)
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is well known with a and b real numbers satisfying −∞ ≤ a < b ≤ ∞, and p, q real parameters
satisfying 0 < q ≤ ∞, 1 ≤ p ≤ ∞. The problem of characterizing the weights u and v in this
inequality has been investigated by many authors. There are too many references to give an entire
overview here, so we refer to only a few: [2–14] and references therein. We can also refer to the
recent open access book [15] devoted to Hardy, Rellich and other inequalities in the setting of
nilpotent Lie groups. For inequalities of different types, see [16–20].

In our previous paper [21], for the case 1 < p ≤ q < ∞, we characterized the weights u and v for
the Hardy inequalities (1.1) to hold on general metric measure spaces with polar decompositions.
In this paper, complementary to [21], we consider the weight characterizations for the case

0 < q < p, 1 < p < ∞.

The setting of these papers is rather general, and we consider polarizable metric measure
spaces. These are metric spaces (X, d) with a Borel measure dx allowing for the following polar
decomposition at a ∈ X: we assume that there is a locally integrable function λ ∈ L1

loc such that for
all f ∈ L1(X) we have ∫

X

f (x) dx =
∫∞

0

∫
Σr

f (r, ω)λ(r, ω) dωr dr, (1.2)

where (r, ω) → a as r → 0. Here the sets Σr = {x ∈ G : d(x, a) = r} ⊂ X are equipped with measures,
which we denote by dωr.

The polar decomposition (1.2) is a rather general condition in the sense that we allow the
function λ to be dependent on the full variable x = (r, ω). In the examples described below, in the
presence of the differential structure, the function λ(r, ω) can appear naturally as the Jacobian of
the polar change of variables. However, since we do not assume that X must have a differentiable
structure, we impose (1.2) as a condition on metric and measure.

In our previous paper [21], we gave several important examples of polarizable metric spaces.
Let us briefly recapture them here:

(I) On the Euclidean space R
n, we can take λ(r, ω) = rn−1, and more generally, we have (1.2)

on all homogeneous groups with λ(r, ω) = rQ−1, where Q is the homogeneous dimension
of the group. We can also refer to Folland & Stein [22] and Fischer & Ruzhansky [23] for
details of such groups.

(II) Hyperbolic spaces H
n with λ(r, ω) = (sinh r)n−1, or more general symmetric spaces of non-

compact type.
(III) Cartan–Hadamard manifolds, that is, complete, simply connected Riemannian manifolds

with non-positive sectional curvature. In this case, λ(ρ, ω) depends on both variables ρ

and ω. We refer to §3c for this example, and to [21] for more details on λ(ρ, ω) in this case.
(IV) Arbitrary complete Riemannian manifolds M: let C(p) denote the cut locus of a point

p ∈ M, which we may fix. Let us denote by Mp the tangent space to M at p, and by | · | the
Riemannian length. We also denote Dp := M\C(p) and S(p; r) := {x ∈ Mp : |x| = r}. Then for
any integrable function f on M we have the polar decomposition

∫
M

f dV =
∫+∞

0
dr

∫
r−1S(p;r)∩Dp

f (exp rξ )
√

g(r; ξ ) dμp(ξ ) (1.3)

for some function
√

g on Dp, where r−1S(p, r) ∩ Dp is the subset of Sp obtained by dividing
each of the elements of S(p, r) ∩ Dp by r, and Sp := S(p; 1). The measure dμp(ξ ) is the
Riemannian measure on Sp induced by the Euclidean Lebesgue measure on Mp. We refer
to Chavel [24, formula III.3.5, p. 123], Li [25, ch. 4] and Chow et al. [26, ch. 1, para. 12] for
more information on this decomposition.

In this paper, as usual, we will write A ≈ B to indicate that the expressions A and B are
equivalent.
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2. Main results
Let d be the metric on X. We denote by B(a, r) the corresponding balls with respect to d, centred at
a ∈ X and having radius r, namely,

B(a, r) := {x ∈ X : d(x, a) < r}.
To simplify the notation, for all arguments, we fix some point a ∈ X, and then we will denote

|x|a := d(a, x).

The main result of this paper is to characterize the weights u and v for which the corresponding
Hardy inequality holds on X. For X=R, such result has been proved by Sinnamon & Stepanov
[27]. For an alternative approach to these estimates in the case 1 < q < p < ∞ we refer to [28,
theorem 1.13]. Now, we formulate one of our main results.

Theorem 2.1. Suppose 0 < q < p, 1 < p < ∞ and 1/r = 1/q − 1/p. Let X be a metric measure space
with a polar decomposition at a. Let u, v > 0 be measurable and positive a.e in X such that u ∈ L1(X\{a})
and v1−p′ ∈ L1

loc(X).
Then the inequality( ∫

X

( ∫
B(a,|x|a)

|f (y)| dy
)q

u(x) dx
)1/q

≤ C
{ ∫

X

|f (x)|pv(x) dx
}1/p

(2.1)

holds for all measurable functions f : X → C if and only if

A2 :=
( ∫

X

( ∫
X\B(a,|x|a)

u(y) dy
)r/p( ∫

B(a,|x|a)
v1−p′

(y) dy
)r/p′

u(x) dx
)1/r

< ∞.

Moreover, the smallest constant C for which (2.1) holds satisfies

(p′)1/p′
q1/p

(
1 − q

p

)
A2 ≤ C ≤

(
r
q

)1/r
p1/pp′1/p′A2.

Before proving the above theorem, we will need to prove several auxiliary facts. Throughout
this paper, we will use the following notations:

U(x) =
∫
X\B(a,|x|a)

u(y) dy, (2.2)

V(x) =
∫

B(a,|x|a)
v1−p′

(y) dy, (2.3)

Ũ(t) =
∫∞

t

∫
Σρ

λ(ρ, σ )u(ρ, σ ) dσρ dρ, (2.4)

Ṽ(t) =
∫ t

0

∫
Σρ

λ(ρ, σ )v1−p′
(ρ, σ ) dσρ dρ, (2.5)

U1(ρ) =
∫
Σρ

λ(ρ, σ )u(ρ, σ ) dσρ (2.6)

and V1(ρ) =
∫
Σρ

λ(ρ, σ )v1−p′
(ρ, σ ) dσρ . (2.7)

Lemma 2.2. Let us denote

A1 :=
{ ∫

X

Ur/q(x)Vr/q′
(x)v1−p′

(x) dx
}1/r

.

Then

Ar
2 =

(
q
p′

)
Ar

1. (2.8)
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Proof. Using integration by parts, we have

Ar
2 =

∫
X

Ur/p(x)Vr/p′
(x)u(x) dx

=
∫∞

0
Ũr/p(t)Ṽr/p′

(t)U1(t) dt

=
∫∞

0

( ∫∞

t
U1(ρ) dρ

)r/p
Ṽr/p′

(t)U1(t) dt

= −(q/r)Ur/q(∞)Vr/p′
(∞) +

(q
r

)
Ur/q(0)Vr/p′

(0) +
(q

r

)( r
p′

)

×
∫
X

Ur/q(x)Vr/q′
(x)v1−p′

(x) dx

=
(

q
p′

) ∫
X

Ur/q(x)Vr/q′
(x)v1−p′

(x) dx

=
(

q
p′

)
Ar

1,

completing the proof. �

Lemma 2.3. Suppose that α, β and γ are non-negative functions and γ is a radial non-decreasing
function of | · |a. If

∫
X\B(a,|x|a) α(y) dy ≤ ∫

X\B(a,|x|a) β(y) dy for all x, then
∫

X
γα ≤ ∫

X
γβ.

Proof. Let us denote

α1(r) =
∫
Σr

λ(r, σ )α(r, σ ) dσr,

β1(r) =
∫
Σr

λ(r, σ )β(r, σ ) dσr

and γ̃ (r) = γ (x),

for |x|a = r. Given that
∫

X\B(a,|x|a) α(y) dy ≤ ∫
X\B(a,|x|a) β(y) dy, changing to polar coordinates, we get

∫∞

|x|a
α1(r) dr ≤

∫∞

|x|a
β1(r) dr.

Using [27, lemma 2.1] which says if α, β, γ are non-negative functions and γ is non-decreasing,
and if

∫∞
x α(y) dy ≤ ∫∞

x β(y) dy for all x, then
∫∞

0 γα ≤ ∫∞
0 γβ. Therefore,

∫
X

γ (x)α(x) dx =
∫∞

0
γ̃ (r)α1(r) dr ≤

∫∞

0
γ̃ (r)β1(r) dr =

∫
X

γ (x)β(x) dx,

completing the proof. �

Proposition 2.4. Suppose that u, b and F are non-negative functions with F non-decreasing such that∫
X\B(a,|x|a) b(y) dy < ∞ for all x �= a and

∫
X

b(x) dx = ∞. If 0 < q < p < ∞, F is radial in |x|a, and 1/r =
1/q − 1/p, then

( ∫
X

Fq(x)u(x) dx
)1/q

≤ (r/p)1/r
( ∫

X

( ∫
X\B(a,|x|a)

u(y) dy
)r/q( ∫

X\B(a,|x|a)
b(y) dy

)−r/q
b(x) dx

)1/r

×
( ∫

X

Fp(x)b(x) dx
)1/p

.
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Proof. Let us denote

U(x) =
∫
X\B(a,|x|a)

u(y) dy,

B(x) =
∫
X\B(a,|x|a)

b(y) dy,

B̃(t) =
∫∞

t

∫
Σρ

λ(ρ, ω)b(ρ, ω) dωρ dρ,

B1(ρ) =
∫
Σρ

λ(ρ, ω)b(ρ, ω) dωρ

and F̃(t) = F(x), for |x|a = t.

Applying Hölder’s inequality with indices q/r and q/p, we get( ∫
X

Fq(x)u(x) dx
)1/q

=
( ∫

X

( ∫
B(a,|x|a)

Ur/p(y)B−r/q(y)b(y) dy
)q/r

Fq(x)

×
( ∫

B(a,|x|a)
Ur/p(y)B−r/q(y)b(y) dy

)−q/r
u(x) dx

)1/q

=
( ∫∞

0

( ∫ t

0
Ũr/p(ρ)B̃−r/q(ρ)B1(ρ) dρ

)q/r
F̃q(t)

×
( ∫ t

0
Ũr/p(ρ)B̃−r/q(ρ)B1(ρ) dρ

)−q/r
U1(t) dt

)1/q

=
( ∫∞

0

( ∫ t

0
Ũr/p(ρ)B̃−r/q(ρ)B1(ρ) dρ

)q/r
F̃q(t)

×
( ∫ t

0
Ũr/p(ρ)B̃−r/q(ρ)B1(ρ) dρ

)−q/r

× Uq/r+q/p
1 (t) dt

)1/q

≤
( ∫∞

0

( ∫ t

0
Ũr/p(ρ)B̃−r/q(ρ)B1(ρ) dρ

)
U1(t) dt

)1/r

×
( ∫∞

0
F̃p(t)

( ∫ t

0
Ũr/p(ρ)B̃−r/q(ρ)B1(ρ) dρ

)−p/r

× U1(t) dt
)1/p

.

On interchanging the order of integration and using r/p + 1 = r/q, the first factor becomes( ∫∞

0
Ũr/p(ρ)B̃−r/q(ρ)B1(ρ)

( ∫∞

ρ

U1(t)dt
)

dρ

)1/r

=
( ∫∞

0
Ũr/q(ρ)B̃−r/q(ρ)B1(ρ) dρ

)1/r

=
( ∫

X

( ∫
X\B(a,|x|a)

u(y) dy
)r/q( ∫

X\B(a,|x|a)
b(y) dy

)−r/q
b(x) dx

)1/r
.

To complete the proof we apply lemma 2.3 to the second factor. We take α(x) =
(
∫

B(a,|x|a) Ur/p(y)B−r/q(y)b(y) dy)−p/ru(x), β(x) = (r/p)p/rb(x), and γ (x) = Fp(x) in lemma 2.3. As γ is
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non-decreasing by assumption, it remains to check that
∫
X\B(a,|x|a)

α(y) dy ≤
∫
X\B(a,|x|a)

β(y) dy,

for all x. Since (
∫t

0 Ũr/p(ρ)B̃−r/q(ρ)B1(ρ) dρ)−p/r and Ũ are non-increasing,
∫
X\B(a,|x|a)

α(y) dy

=
∫∞

|x|a

( ∫ t

0
Ũr/p(ρ)B̃−r/q(ρ)B1(ρ) dρ

)−p/r
U1(t) dt

≤
( ∫ |x|a

0
Ũr/p(ρ)B̃−r/q(ρ)B1(ρ) dρ

)−p/r ∫∞

|x|a
U1(t) dt

≤
( ∫ |x|a

0
B̃−r/q(ρ)B1(ρ) dρ

)−p/r
Ũ−1(|x|a)

∫∞

|x|a
U1(t) dt

=
( ∫ |x|a

0
B̃−r/q(ρ)B1(ρ) dρ

)−p/r

=
( ∫ |x|a

0
B̃−r/q(ρ) d(−B̃(ρ))

)−p/r

=
((p

r

)
B−r/p(x)

)−p/r
=

∫
X\B(a,|x|a)

β(y) dy.

Finally, by using lemma 2.3 we get

( ∫
X

Fq(x)u(x)dx
)1/q

≤
( ∫

X

( ∫
X\B(a,|x|a)

u(y) dy
)r/q( ∫

X\B(a,|x|a)
b(y) dy

)−r/q
b(x) dx

)1/r

×
( ∫

X

(r/p)p/rFp(x)b(x) dx
)1/p

= (r/p)1/r
( ∫

X

( ∫
X\B(a,|x|a)

u(y) dy
)r/q( ∫

X\B(a,|x|a)
b(y) dy

)−r/q
b(x) dx

)1/r

×
( ∫

X

Fp(x)b(x) dx
)1/p

,

which completes the proof. �

Proposition 2.5. Suppose 1 < p < ∞ and w is a non-negative function satisfying

0 <

∫
B(a,|x|a)

w(y) dy < ∞, ∀ x �= a,
∫
X

w(x) dx = ∞. (2.9)

Then ( ∫
X

( ∫
B(a,|x|a)

f (y) dy
)p( ∫

B(a,|x|a)
w(y) dy

)−p
w(x) dx

)1/p

≤ p′
( ∫

X

f p(x)w1−p(x) dx
)1/p

, (2.10)

for all measurable functions f ≥ 0.

Proof. Let us denote: f1(ρ) = ∫
Σρ

λ(ρ, σ )f (ρ, σ ) dσρ , w1(ρ) = ∫
Σρ

λ(ρ, σ )w(ρ, σ ) dσρ .
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Consider the left-hand side of (2.10) and change it into polar coordinates, to get( ∫
X

( ∫
B(a,|x|a)

f (y) dy
)p( ∫

B(a,|x|a)
w(y)dy

)−p
w(x) dx

)1/p

=
( ∫∞

0

( ∫ t

0
f1(ρ) dρ

)p( ∫ t

0
w1(ρ) dρ

)−p
w1(t) dt

)1/p
.

Now, let us use [27, proposition 2.3] which says that if 1 < p < ∞ and w is a non-negative function
satisfying

0 <

∫ x

0
w(y) dy < ∞, ∀x > 0,

∫∞

0
w(x) dx = ∞,

then ( ∫∞

0

( ∫ t

0
f (ρ) dρ

)p( ∫ t

0
w(ρ) dρ

)−p
w(t) dt

)1/p
≤ p′

( ∫∞

0
f p(t)w1−p(t) dt

)1/p
.

By using Hölder’s inequality to the indices 1/p and 1/p′, the l.h.s. of (2.10) can be estimated by

≤ p′
( ∫∞

0
f1p(t)w1

1−p(t) dt
)1/p

= p′
( ∫∞

0

( ∫
Σt

λ(t, σ )f (t, σ ) dσt

)p( ∫
Σt

λ(t, σ )w(t, σ ) dσt

)1−p
dt
)1/p

= p′
( ∫∞

0

( ∫
Σt

λ(t, σ )f (t, σ )w(1−p)/p+(p−1)/p dσt

)p( ∫
Σt

λ(t, σ )w(t, σ ) dσt

)1−p
dt
)1/p

≤ p′
( ∫∞

0

( ∫
Σt

λ(t, σ )f p(t, σ )w1−p dσt

)( ∫
Σt

λ(t, σ )wp′(p−1)/p(t, σ ) dσt

)p−1

×
( ∫

Σt

λ(t, σ )w(t, σ ) dσt

)1−p
dt
)1/p

= p′
( ∫∞

0

∫
Σt

λ(t, σ )f p(t, σ )w1−p(t, σ )dσt dt
)1/p

= p′
( ∫

X

f p(x)w1−p(x) dx
)1/p

,

completing the proof. �

Now, we prove our theorem 2.1.

Proof. Set w = v1−p′
. Suppose that inequality (2.1) holds for all f ≥ 0 and let u0 and w0 be L1

functions such that 0 < u0 ≤ u and 0 < w0 ≤ w. We denote

ũ0(ρ) =
∫
Σρ

λ(ρ, ω)u0(ρ, ω) dωρ

and

w̃0(ρ) =
∫
Σρ

λ(ρ, ω)w0(ρ, ω) dωρ .

Let us apply inequality (2.1) to the function

f (x) =
( ∫

X\B(a,|x|a)
u0(y) dy

)r/pq( ∫
B(a,|x|a)

w0(y) dy
)r/pq′

w0(x).

After changing to polar coordinates and using

r
(pq′)

+ 1 = r
(

1
pq′ + 1

r

)
= r
(

1
p

(
1 − 1

q

)
+ 1

q
− 1

p

)
= r

p′q
,
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we have
∫

B(a,|x|a)
f (y)dy =

∫ |x|a

0

∫
Σt

λ(t, σ )
( ∫∞

t

∫
Σρ

λ(ρ, ω)u0(ρ, ω) dρ dωρ

)r/pq

×
( ∫ t

0

∫
Σρ

λ(ρ, ω)w0(ρ, ω)dρdωρ

)r/pq′

w0(t, σ ) dt dσt

=
∫ |x|a

0

( ∫∞

t
ũ0(ρ) dρ

)r/pq( ∫ t

0
w̃0(ρ) dρ

)r/pq′

w̃0(t) dt

≥
( ∫∞

|x|a
ũ0(ρ) dρ

)r/pq ∫ |x|a

0

( ∫ t

0
w̃0(ρ) dρ

)r/pq′

w̃0(t) dt

=
(

p′q
r

)( ∫∞

|x|a
ũ0(ρ) dρ

)r/pq( ∫ |x|a

0
w̃0(ρ) dρ

)r/p′q

=
(

p′q
r

)( ∫
X\B(a,|x|a)

u0(y) dy
)r/pq( ∫

B(a,|x|a)
w0(y) dy

)r/p′q
.

Observe that w = v1−p′
implies that v = w1/(1−p′) = w1−p since

1 − 1
(1 − p′)

= − p′

(1 − p′)
= − 1

(1/p′ − 1)
= p.

We then have( ∫
X

(
p′q
r

)q ( ∫
X\B(a,|x|a)

u0(y) dy
)r/p( ∫

B(a,|x|a)
w0(y) dy

)r/p′

u0(x) dx
)1/q

≤
( ∫

X

( ∫
B(a,|x|a)

f (y) dy
)q

u(x) dx
)1/q

≤ C
( ∫

X

f p(x)w1−p(x) dx
)1/p

= C
( ∫

X

( ∫
X\B(a,|x|a)

u0(y) dy
)r/q( ∫

B(a,|x|a)
w0(y) dy

)r/q′

wp
0(x)w1−p(x) dx

)1/p

≤ C
( ∫

X

( ∫
X\B(a,|x|a)

u0(y) dy
)r/q( ∫

B(a,|x|a)
w0(y) dy

)r/q′

wp
0(x)w1−p

0 (x) dx
)1/p

= C
( ∫

X

( ∫
X\B(a,|x|a)

u0(y) dy
)r/q( ∫

B(a,|x|a)
w0(y)dy

)r/q′

w0(x) dx
)1/p

= C
( ∫

X

(
p′

r

)(
r
q

)( ∫
X\B(a,|x|a)

u0(y) dy
)r/p( ∫

B(a,|x|a)
w0(y)dy

)r/p′

u0(x) dx
)1/p

= C
(

p′

q

)1/p ( ∫
X

( ∫
X\B(a,|x|a)

u0(y) dy
)r/p( ∫

B(a,|x|a)
w0(y)dy

)r/p′

u0(x) dx
)1/p

,

where the second last equality is integration by parts. Since u0 and w0 are in L1 and are positive,
the integral on the right-hand side is finite. Therefore, we have

(
p′q
r

)(
q
p′

)1/p ( ∫
X

( ∫
X\B(a,|x|a)

u0(y) dy
)r/p( ∫

B(a,|x|a)
w0(y) dy

)r/p′

u0(x) dx
)1/r

≤ C.

Approximating u and w by increasing sequence of L1 functions, using

(
p′q
r

)(
q
p′

)1/p
= (p′)(p′)−(1/p)q1/p

(q
r

)
= (p′)1/p′

q1/p
(

q
(

1
q

− 1
p

))
= (p′)1/p′

q1/p
(

1 − q
p

)
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and applying the monotone convergence theorem, we conclude that

(p′)1/p′
q1/p

(
1 − q

p

)
A2 ≤ C.

Suppose now that A2 < ∞ and, for the moment, that (2.9) holds for w. Set V(x) =∫
B(a,|x|a) w(y) dy and apply proposition 2.4 with b = V−pw and F(x) = ∫

B(a,|x|a) f (y) dy. Let us denote

Ṽ(t) =
∫ t

0

∫
Σρ

λ(ρ, σ )w(ρ, σ ) dρ dσρ ,

V1(ρ) =
∫
Σρ

λ(ρ, σ )w(ρ, σ ) dσρ

and U1(ρ) =
∫
Σρ

λ(ρ, σ )u(ρ, σ ) dσρ .

Also, ∫
X\B(a,|x|a)

b(y) dy < ∞,

since ∫
X\B(a,|x|a)

b(y) dy =
∫
X\B(a,|x|a)

V−p(y)w(y) dy =
∫∞

|x|a
Ṽ−p(ρ)V1(ρ) dρ =

(
p′

p

)
Ṽ1−p(|x|a).

The conclusion of proposition 2.4 becomes( ∫
X

( ∫
B(a,|x|a)

f (y) dy
)q

u(x) dx
)1/q

≤
(p

r

)1/r
( ∫

X

( ∫
X\B(a,|x|a)

u(y) dy
)r/q

×
( ∫

X\B(a,|x|a)
V−p(y)w(y) dy

)−r/q
V−p(x)w(x) dx

)1/r

×
( ∫

X

( ∫
B(a,|x|a)

f (y) dy
)p

V−p(x)w(x) dx
)1/p

=
(

r
p

)1/r ( ∫∞

0

( ∫∞

ρ

U1(t) dt
)r/q( ∫∞

ρ

Ṽ−p(t)V1(t) dt
)−r/q

Ṽ−p(ρ)V1(ρ) dρ

)1/r

×
( ∫

X

( ∫
B(a,|x|a)

f (y) dy
)p

V−p(x)w(x) dx
)1/p

.

Using
∫∞

s Ṽ−p(t)V1(t) dt = (p′/p)Ṽ1−p(s) in the first factor and applying proposition 2.5 to the
second factor, we reach the inequality( ∫

X

( ∫
B(a,|x|a)

f (y) dy
)q

u(x) dx
)1/q

≤
(

r
p

)1/r ( p
p′

)1/q
p′
( ∫∞

0

( ∫∞

ρ

U1(t) dt
)r/q

Ṽ(ρ)(p−1)r/qṼ−p(ρ)V1(ρ) dρ

)1/r

×
( ∫

X

f p(x)v(x) dx
)1/p

=
(

r
p

)1/r ( p
p′

)1/q
p′
( ∫∞

0

( ∫∞

ρ

U1(t) dt
)r/q( ∫ ρ

0
V1(t) dt

)r/q′

V1(ρ) dρ

)1/r

×
( ∫

X

f p(x)v(x) dx
)1/p
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=
(

r
p

)1/r ( p
p′

)1/q
p′A1

( ∫
X

f p(x)v(x) dx
)1/p

=
(

r
p

)1/r ( p
p′

)1/q
p′
(

p′

q

)1/r

A2

( ∫
X

f p(x)v(x) dx
)1/p

=
(

r
p

)1/r
(p′)1/p′

p1/pA2

( ∫
X

f p(x)v(x) dx
)1/p

.

In the fourth last equality, we used ((r(p − 1))/q) − p = r((p − 1)/q − (p/r)) = r((p − 1)/q −
(p(p − q))/pq) = r/q′ and in the second last equality, we used lemma 2.2.

To establish sufficiency for general w, we fix positive functions u and w. If w = 0 almost
everywhere on some ball B(a, |x|a) then translating u, w on the left will reduce the problem to the
one in which this does not occur. (If w = 0 almost everywhere on X, sufficiency holds trivially.)

We therefore assume that 0 <

∫
B(a,|x|a)

w(y) dy, for all x �= a. For each n > 0, set un = uχ(B(a,n)) and

wn = min(w, n) + χ(X\B(a,n)). Then wn clearly satisfies (2.9), so from previous arguments we have

( ∫
X

( ∫
B(a,|x|a)

f (y) dy
)q

un(x) dx
)1/q

≤ c
( ∫∞

0

( ∫∞

ρ

ũn(t) dt
)r/p( ∫ ρ

0
w̃n(t)dt

)r/p′

ũn(ρ) dρ

)1/r( ∫
X

f p(y)w1−p
n (y) dy

)1/p
,

for all f ≥ 0. Here c = (r/q)1/r(p′)1/p′
p1/p. If we take f = g min(w, n)1/p′

χ(B(a,n)) and use the definitions
of un and wn, the inequality becomes

( ∫
B(a,n)

( ∫
B(a,|x|a)

g(y) min(w, n)1/p′
dy
)q

u(x) dx
)1/q

≤ c
( ∫n

0

( ∫n

ρ

ũ(t) dt
)r/p

×
( ∫ρ

0
min(w̃, n)

)r/p′

ũ(ρ) dρ

)1/r( ∫
X

gp(y) dy
)1/p

,

for all non-negative g. We let n → ∞, apply the monotone convergence theorem and substitute
fw−1/p′

for g to get the desired inequality and complete the proof. �

3. Applications and examples
In this section, we present several examples of applications of our results to characterize the
weights u and v in several settings: homogeneous groups, hyperbolic spaces and more general
Cartan–Hadamard manifolds.

(a) Homogeneous groups
Let X = G be a homogeneous group in the sense of Folland & Stein [22]; see also an up-to-date
exposition in [15,23]. Here condition (1.2) is always satisfied with function λ(r, ω) = rQ−1, with Q
being the homogeneous dimension of the group.

Without loss of generality, let us fix a = 0 to be the identity element of the group G. To simplify
the notation further, we denote |x|a by |x|. We note that this is consistent with the notation for the
quasi-norm | · | on a homogeneous group G.

Let us consider an example of the power weights

u(x) =
{

|x|α1 if |x| < 1
|x|α2 if |x| ≥ 1

v(x) = |x|β .
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Then by theorem 2.1 the inequality

( ∫
G

( ∫
B(a,|x|a)

|f (y)| dy
)q

u(x) dx
)1/q

≤ C
( ∫

G

|f (y)|pv(x) dx
)1/p

holds for 0 < q < p, 1 < p < ∞, if and only if

Ar
2 =

( ∫
G

( ∫
G\B(a,|x|a)

u(y) dy
)r/p( ∫

B(a,|x|a)
v1−p′

(y) dy
)r/p′

u(x) dx
)

≈
∫ 1

0

( ∫ 1

t
ρα1+Q−1 dρ +

∫∞

1
ρα2+Q−1 dρ

)r/p( ∫ t

0
ρβ(1−p′)+Q−1 dρ

)r/p′

tα1+Q−1 dt

+
∫∞

1

( ∫∞

t
ρα2+Q−1 dρ

)r/p( ∫ t

0
ρβ(1−p′)+Q−1 dρ

)r/p′

tα2+Q−1 dt < ∞.

Let us consider
∫ 1

0

( ∫ 1

t
ρα1+Q−1 dρ +

∫∞

1
ρα2+Q−1 dρ

)r/p( ∫ t

0
ρβ(1−p′)+Q−1 dρ

)r/p′

tα1+Q−1 dt

=
∫ 1

0

(
1

α1 + Q
− tα1+Q

α1 + Q
− 1

α2 + Q

)r/p( t(β(1−p′)+Q)

β(1 − p′) + Q

)r/p′

× tα1+Q−1 dt,

which is finite for

α2 + Q < 0, β(1 − p′) + Q > 0, (α1 + Q)
r
p

+ (β(1 − p′) + Q)
r
p′ + α1 + Q > 0,

which means

α2 + Q < 0, β(1 − p′) + Q > 0,
(α1 + Q)r

q
+ (β(1 − p′) + Q)r

p′ > 0,

since we have r/p + 1 = r(1/p + 1/r) = r(1/p + 1/q − 1/p) = r/q.
Now, consider the other part

∫∞

1

( ∫∞

t
ρα2+Q−1 dρ

)r/p( ∫ t

0
ρβ(1−p′)+Q−1 dρ

)r/p′

tα2+Q−1 dt

=
∫∞

1

{
(−t)α2+Q

α2 + Q

}r/p {
t(β(1−p′)+Q)

β(1 − p′) + Q

}r/p′

tα2+Q−1 dt,

which is finite for

α2 + Q < 0, β(1 − p′) + Q > 0, (α2 + Q)
r
p

+ (β(1 − p′) + Q)
r
p′ + α2 + Q < 0,

or for

α2 + Q < 0, β(1 − p′) + Q > 0, (α2 + Q)
r
q

+ (β(1 − p′) + Q)
r
p′ < 0.

Summarizing that we get the following.

Corollary 3.1. Let G be a homogeneous group of homogeneous dimension Q, and we equip it with a
quasi-norm | · |. Let 0 < q < p, 1 < p < ∞, 1/r = 1/q − 1/p, and let α1, α2, β ∈ R. Assume that α1 + Q �=
0. Let

u(x) =
{

|x|α1 if |x| < 1
|x|α2 if |x| ≥ 1

v(x) = |x|β . (3.1)
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Then the inequality

( ∫
G

( ∫
B(a,|x|a)

|f (y)| dy
)q

u(x) dx
)1/q

≤ C
{ ∫

G

|f (x)|pv(x) dx
}1/p

(3.2)

holds for all measurable functions f : G → C if and only if the parameters satisfy the following conditions:
α2 + Q < 0, β(1 − p′) + Q > 0, (α1 + Q)r/q + (β(1 − p′) + Q)r/p′ > 0, (α2 + Q)r/q + (β(1 − p′) +
Q)r/p′ < 0.

It is interesting to note that in view of the last two conditions, it is not possible to have Hardy
inequality (3.2) with weights u and v in (3.1) with α1 = α2. This is why we consider different
powers α1, α2 in this example. This is different from the case p ≤ q which was considered as an
application in [21].

The case α1 + Q = 0 can be treated in a similar way.

(b) Hyperbolic spaces
Let H

n denote the hyperbolic space of dimension n. In this case, condition (1.2) is always satisfied
with λ(r, ω) = (sinh r)n−1. Let a ∈ H

n, and let us fix the weights

u(x) =
{

(sinh |x|a)α1 if |x| < 1
(sinh |x|a)α2 if |x| ≥ 1

v(x) = (sinh |x|a)β .

We note that A2 is equivalent to

Ar
2 ≈

∫ 1

0

( ∫ 1

t
(sinh ρ)α1+n−1 dρ +

∫∞

1
(sinh ρ)α2+n−1 dρ

)r/p( ∫ t

0
(sinh ρ)β(1−p′)+n−1 dρ

)r/p′

× (sinh t)α1+n−1 dt +
∫∞

1

( ∫∞

t
(sinh ρ)α2+n−1 dρ

)r/p( ∫ t

0
(sinh ρ)β(1−p′)+n−1 dρ

)r/p′

× (sinh t)α2+n−1 dt.

In the first part, for α2 + n − 1 < 0 and β(1 − p′) + n > 0,

∫ 1

0

( ∫ 1

t
(sinh ρ)α1+n−1 dρ +

∫∞

1
(sinh ρ)α2+n−1 dρ

)r/p( ∫ t

0
(sinh ρ)β(1−p′)+n−1 dρ

)r/p′

× (sinh t)α1+n−1 dt

≈
∫ 1

0

( ∫ 1

t
(ρ)α1+n−1 dρ +

∫∞

1
(exp ρ)α2+n−1 dρ

)r/p( ∫ t

0
(ρ)β(1−p′)+n−1 dρ

)r/p′

× (t)α1+n−1 dt

=
∫ 1

0

(
1

α1 + n
− tα1+n

α1 + n
− (exp 1)α2+n−1

α2 + n − 1

)r/p

×
(

tβ(1−p′)+n

β(1 − p′) + n

)r/p′

tα1+n−1 dt,

which is finite for

(a) α1 + n ≥ 0, (β(1 − p′) + n)r/p′ + α1 + n > 0,
(b) α1 + n < 0, (α1 + n)r/p + (β(1 − p′) + n)r/p′ + α1 + n > 0.

However, we can note that in (a), if α1 + n ≥ 0, then the second condition is automatically
satisfied under our assumption β(1 − p′) + n > 0.
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In the second part, for α2 + n − 1 < 0,
∫∞

1

( ∫∞

t
(sinh ρ)α2+n−1 dρ

)r/p( ∫ t

0
(sinh ρ)β(1−p′)+n−1 dρ

)r/p′

(sinh t)α2+n−1 dt

≈
∫∞

1

( ∫∞

t
(exp ρ)α2+n−1 dρ

)r/p( ∫ t

0
(exp ρ)β(1−p′)+n−1 dρ

)r/p′

(exp t)α2+n−1 dt

=
∫∞

1

(
− (exp t)α2+n−1

α2 + n − 1

)r/p( (exp t)β(1−p′)+n−1

β(1 − p′) + n − 1

)r/p′

× (exp t)α2+n−1 dt,

which is finite for

(α2 + n − 1)r
p

+ (β(1 − p′) + n − 1)r
p′ + α2 + n − 1 < 0,

which is the same as
(α2 + n − 1)r

q
+ (β(1 − p′) + n − 1)r

p′ < 0.

Corollary 3.2. Let H
n be the hyperbolic space, a ∈ H

n, and let |x|a denote the hyperbolic distance from
x to a. Let 0 < q < p, 1 < p < ∞, 1/r = 1/q − 1/p, and let α1, α2, β ∈ R. Assume that α1 + n �= 0. Let

u(x) =
{

(sinh |x|a)α1 if |x| < 1
(sinh |x|a)α2 if |x| ≥ 1

v(x) = (sinh |x|a)β .

Then the inequality( ∫
Hn

( ∫
B(a,|x|a)

|f (y)| dy
)q

u(x) dx
)1/q

≤ C
{ ∫

Hn
|f (x)|pv(x) dx

}1/p

holds for all measurable functions f : H
n → C if and only if the parameters satisfy the following

conditions: α2 + n − 1 < 0, β(1 − p′) + n > 0, (α1 + n)r/q + (β(1 − p′) + n)r/p′ > 0, (α2 + n − 1)r/q +
(β(1 − p′) + n − 1)r/p′ < 0.

(c) Cartan–Hadamard manifolds
Let (M, g) be a Cartan–Hadamard manifold. This means that M is a complete and simply
connected Riemannian manifold with non-positive sectional curvature, that is, the sectional
curvature of M satisfies KM ≤ 0 along each (plane) section at each point of M. Then condition
(1.2) is automatically satisfied by taking λ(ρ, ω) = J(ρ, ω)ρn−1, where J(ρ, ω) is the density function
on M (e.g. [29,30]).

Let us fix a point a ∈ M and denote by ρ(x) = d(x, a) the geodesic distance from x to a on M. The
exponential map expa : TaM → M is a diffeomorphism (e.g. [30]). Let us assume that the sectional
curvature KM is constant, in which case it is known that the function J(t, ω) depends only on t.
More precisely, let us denote KM = −b for b ≥ 0. Then we have J(t, ω) = 1 if b = 0, and J(t, ω) =
(sinh

√
bt/

√
bt)n−1 for b > 0 (e.g. [31]). In the case b = 0, then let us take the weights

u(x) =
{

(sinh |x|a)α1 if |x| < 1
(sinh |x|a)α2 if |x| ≥ 1

v(x) = (sinh |x|a)β .

Then inequality (2.1) holds for 0 < q < p, 1 < p < ∞, 1/r = 1/q − 1/p, if and only if

A2 ≈
( ∫ 1

0

(∫ 1

t
ρα1+n−1 dρ +

∫∞

1
ρα2+n−1dρ

)r/p (∫ t

0
ρβ(1−p′)+n−1dρ

)r/p′

tα1+n−1 dt

+
∫∞

1

(∫∞

t
ρα2+n−1 dρ

)r/p (∫ t

0
ρβ(1−p′)+n−1 dρ

)r/p′

tα2+n−1 dt

)1/r

< ∞,
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which is finite if and only if conditions of corollary 3.1 hold with Q = n (which is natural since the
curvature is zero).

When b > 0, let

u(x) =
⎧⎨
⎩

(sinh
√

b|x|a)
α1 if |x| < 1

(sinh
√

b|x|a)
α2 if |x| ≥ 1

v(x) = (sinh
√

b|x|a)β .

Then inequality (2.1) holds for 0 < q < p, 1 < p < ∞, 1/r = 1/q − 1/p, if and only if A2 is finite. We
have

A2 ≈
( ∫ 1

0

( ∫ 1

t
(sinh

√
bρ)α1

(
sinh

√
bρ√

bρ

)n−1

ρn−1 dρ

+
∫∞

1
(sinh

√
bρ)α2

(
sinh

√
bρ√

bρ

)n−1

ρn−1 dρ

)r/p

×
( ∫ t

0
(sinh

√
bρ)β(1−p′)

(
sinh

√
bρ√

bρ

)n−1

ρn−1 dρ

)r/p′

× (sinh
√

bt)α1

(
sinh

√
bt√

bt

)n−1

tn−1 dt

+
∫∞

1

( ∫∞

t
(sinh

√
bρ)α2

(
sinh

√
bρ√

bρ

)n−1

ρn−1 dρ

)r/p

×
( ∫ t

0
(sinh

√
bρ)β(1−p′)

(
sinh

√
bρ√

bρ

)n−1

ρn−1 dρ

)r/p′

× (sinh
√

bt)α2

(
sinh

√
bt√

bt

)n−1

tn−1 dt
)1/r

≈
( ∫ 1

0

( ∫ 1

t
(sinh

√
bρ)α1+n−1 dρ +

∫∞

1
(sinh

√
bρ)α2+n−1 dρ

)r/p

×
( ∫ t

0
(sinh

√
bρ)β(1−p′)+n−1 dρ

)r/p′

(sinh
√

bt)α1+n−1 dt

+
∫∞

1

( ∫∞

t
(sinh

√
bρ)α2+n−1 dρ

)r/p

×
( ∫ t

0
(sinh

√
bρ)β(1−p′)+n−1 dρ

)r/p′

(sinh
√

bt)α2+n−1 dt
)1/r

,

which has the same conditions for finiteness as the case of the hyperbolic space in corollary 3.2
(which is also natural since it is the negative constant curvature case).
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