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Abstract

Bipolar max-∗ equations, with ∗ a triangular norm, have recently become a popular research topic embedded in the broad field 
of fuzzy relational equations. In this paper, we lift the work from the restrictive setting of the real unit interval — obfuscating the 
underlying lattice-theoretical essence — to the general setting of complete distributive symmetric residuated lattices, allowing to 
build upon the vast body of knowledge on unipolar sup-∗ equations on complete distributive residuated lattices. We determine the 
full solution set, with particular emphasis on the extremal solutions, of a bipolar sup-∗ equation in case the right-hand side is a 
join-irreducible element. The results are illustrated by means of ample examples.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Bipolarity in human reasoning may emerge in many different ways, from pros and cons in decision making to the 
processing of contradictory information. Hence, any intelligent system that aims to mimic human reasoning should 
be able to deal with bipolar information. As extensively discussed in [19], different types of bipolarity have been 
recognized and studied in the literature.

Within this context of bipolarity, bipolar fuzzy relational equations were introduced in [20] as a generalization of 
fuzzy relational equations [30,31] (one of the core research topics in fuzzy set theory [15,18]), where the unknown 
variables and their negations appear simultaneously. Most, if not all, publications on bipolar fuzzy relational equations 
are restricted to the real unit interval [20,26,27,33], as was the case for fuzzy relational equations in the early days. 
Moreover, the equations considered in the literature are all of the type max-∗, with ∗ a triangular norm (t-norm, 
for short). In particular, the different approaches use the three basic t-norms: the minimum operator [20,24,25], the 
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algebraic product [7,11] and the Łukasiewicz t-norm [26,32,33]. Moreover, in all of these works, negation is modelled 
by the standard negation. Only in [8,9] a different negation is considered, namely the one derived from the residual 
implication of the algebraic product.

When looking back in retrospect at the development of the field of fuzzy relational equations, it is clear that a major 
breakthrough was their framing in a non-linear lattice-theoretical context [10,15,18]. The main objective of this paper 
is to lift the study of bipolar equations to this more general framework, while at the same time considering the most 
general class of t-norms possible. This does not only allow to expand their scope, but also allows to exploit the vast 
body of knowledge in the field of fuzzy relational equations. Indeed, when restricting to the unit interval, one is often 
distracted by the specific analytical expression of the operations considered, thus missing the bigger picture.

As in the study of unipolar fuzzy relational equations, here we focus on bipolar sup-∗ equations, as they are the 
building stones of systems of bipolar equations, and ultimately, bipolar fuzzy relational equations [15]. In view of the 
knowledge on unipolar sup-∗ equations, and the fact a bipolar sup-∗ equation involves negation, we will first identify 
the proper lattice-theoretical setting in which bipolar sup-∗ equations should be considered. As it will turn out, this 
will be the setting of complete distributive symmetric residuated lattices, which, interestingly, will be shown to be 
nothing else but complete distributive residuated lattices endowed with an involutive negation ¬. This clearly extends 
the algebraic framework of bipolar equations defined on the unit interval and based on some particular t-norms (the 
minimum operator [20,24,25], the algebraic product [7,11] and the Łukasiewicz t-norm [26,32,33]).

It will also not come as a surprise that the morphism behaviour of the operation ∗ will play a crucial role. However, 
the generality of this class of structures will be contrasted by the restriction imposed on the right-hand side of the 
equations considered. Indeed, as in [14], in this first contribution, we will restrict our attention to bipolar sup-∗
equations with a join-irreducible right-hand side, deferring the case of a join-decomposable right-hand side (as well 
as systems of such equations) to future work.

Our approach to solving bipolar sup-∗ equations follows a traditional recipe. First, we determine the solution set, 
from which a necessary condition for solvability of such equation is deduced. Furthermore, a simple characterization 
of the solvability of a bipolar sup-∗ equation is provided. Next, the algebraic structure of the solution set is investigated, 
providing conditions under which there exists a greatest (resp. smallest) solution or maximal (resp. minimal) solutions. 
All these results largely generalize those available in the literature [7,11,20,24–26,32,33] related to bipolar sup-∗
equations on the unit interval. Finally, ample examples are provided to illustrate the wide applicability of the approach 
presented.

2. Preliminary notions

This section recalls some basic lattice-theoretical notions that will be used throughout this manuscript. In what 
follows, the symbols ∨ and ∧ represent supremum (i.e., the smallest upper bound) and infimum (i.e., the greatest lower 
bound), respectively. For more details on lattice theory, the reader is referred to monographs on the topic [4,12,21].

Definition 1. Let (L, �) be a partially ordered set.

(i) If x ∨ y and x ∧ y exist for all x, y ∈ L, then (L, �) is called a lattice.
(ii) If the supremum and the infimum of S exist for all S ⊆ L, then (L, �) is called a complete lattice.

(iii) If (L, �) is a lattice and the following equality holds

x ∧ (y ∨ z) = (x ∧ y) ∨ (x ∧ z)

for all x, y, z ∈ L, then (L, �) is called a distributive lattice.
(iv) Let (L, �) be a lattice and K be a nonempty subset of L. If x ∨ y ∈ K and x ∧ y ∈ K for all x, y ∈ K , then 

(K, �) is said to be a sublattice of (L, �).

The well-known M3–N5 Theorem states that a lattice is distributive if and only if it does not contain a diamond M3
or a pentagon N5 as a sublattice (see Fig. 1 for a Hasse diagram of these lattices). Obviously, any chain is a distributive 
lattice.

Theorem 2. A lattice (L, �) is distributive if and only if neither M3 nor N5 is a sublattice of (L, �).
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Fig. 1. A Hasse diagram of the lattices M3 and N5.

Join-irreducible elements of a lattice are remarkable elements that will play a key role in this paper. As the name 
suggests, a join-irreducible element cannot be written as the supremum of two (or more) other elements of the lat-
tice [4,21]. Note that some sources exclude the bottom element (if it exists) [12], but this is irrelevant for the discussion 
in this paper. Obviously, all elements of a chain, in particular of the real unit interval equipped with the natural order, 
are join-irreducible.

Definition 3 ([4]). Let (L, �) be a lattice. An element x ∈ L is said to be join-irreducible if x = a ∨ b implies x = a

or x = b, for all a, b ∈ L.

Next, we recall the notions of supremum-morphism, infimum-morphism and (lattice) homomorphism.

Definition 4. Let (L, �) be a complete lattice. A mapping f : L → L is called:

(i) a supremum-morphism if f (supA) = sup(f (A)), for all A ∈P(L) \ {∅}.
(ii) an infimum-morphism if f (infA) = inf(f (A)), for all A ∈P(L) \ {∅}.

(iii) a (lattice) homomorphism if it is both a supremum-morphism and an infimum-morphism.

Consider an increasing (i.e., order-preserving) mapping f : L → L and a subset A ∈ P(L) \ {∅}. If supA ∈ A, 
then it trivially holds that f (supA) = sup(f (A)); similarly, if infA ∈ A, then f (infA) = inf(f (A)).

3. Complete distributive symmetric residuated lattices

The term symmetric residuated lattice was introduced in [6] to refer to a bounded residuated lattice equipped with 
a De Morgan involution, i.e., an involutive operator satisfying the De Morgan laws. These concepts are recalled below.

Definition 5. A residuated lattice is an algebraic structure (L, �, ∗, →) such that

(i) (L, �) is a lattice with top element 	;
(ii) (L, ∗, 	) is a commutative monoid;

(iii) (∗, →) is a residuated pair, i.e., x ∗ y � z if and only if x � y → z, for all x, y, z ∈ L.

A residuated lattice with bottom element ⊥ is called a bounded residuated lattice.

For a complete residuated lattice (L, �, ∗, →), due to the commutativity of ∗, if the first partial mappings of ∗, i.e. 
the mappings ∗y(x) = x ∗ y with y ∈ L, are homomorphisms, then the same holds for the second partial mappings of 
∗, i.e. for the mappings ∗x(y) = x ∗ y with x ∈ L, and vice versa. Further on, we will simply refer to the condition 
that the partial mappings of ∗ are homomorphisms. Continuous triangular norms on the real unit interval, such as 
the three basic t-norms (the Gödel, product and Łukasiewicz t-norms), are key examples of such operations ∗ with 
partial mappings that are homomorphisms. In fuzzy set theory, the binary operation ∗ of a bounded residuated lattice 
is generally referred to as a t-norm.
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Definition 6. Consider a bounded residuated lattice (L, �, ∗, →). If a unary operator ¬ : L → L satisfies the proper-
ties1

(i) ¬¬x = x, for all x ∈ L (involutivity),
(ii) ¬(x ∨ y) = ¬x ∧ ¬y, for all x, y ∈ L (first De Morgan law),

(iii) ¬(x ∧ y) = ¬x ∨ ¬y, for all x, y ∈ L (second De Morgan law),

then (L, �, ∗, →, ¬) is called a symmetric residuated lattice. Moreover, if (L, �) is a complete distributive lattice, 
then (L, �, ∗, →, ¬) is called a complete distributive symmetric residuated lattice (CDSRL).

Note that for a CDSRL (L, �, ∗, →, ¬) with top element 	 and bottom element ⊥, it holds that (L, ∨, ∧, ⊥, 	, ¬)

is a De Morgan algebra [1,5,29]. Such algebras were first presented by Moisil [28], and then studied in depth by 
Kalman [23] under the name of distributive i-lattices, and by Bialynicki–Birula and Rasiowa [2,3] under the name of 
quasi-Boolean algebras. According to the mentioned literature, under the assumptions of distributivity and involutivity, 
the two De Morgan laws are equivalent. Furthermore, they are equivalent to ¬ being order-reversing (i.e., decreasing).

Actually, as we will show next, distributivity is not necessary for the equivalence between the De Morgan laws and 
the decreasingness of ¬, and only involutivity is effectively required.

Proposition 7. Let (L, �, ⊥, 	) be a bounded lattice and ¬: L → L an involutive mapping. The following statements 
are equivalent:

(1) ¬(x ∨ y) = ¬x ∧ ¬y, for all x, y ∈ L;
(2) ¬(x ∧ y) = ¬x ∨ ¬y, for all x, y ∈ L;
(3) ¬	 = ⊥, ¬⊥ = 	 and ¬ is order-reversing.

Proof.

(1)⇒(2) Suppose that ¬(u ∨ v) = ¬u ∧ ¬v for all u, v ∈ L. Let x, y ∈ L and consider u = ¬x and v = ¬y, then it 
holds that

¬(¬x ∨ ¬y) = ¬¬x ∧ ¬¬y .

Since ¬ is involutive, this leads to

¬(¬x ∨ ¬y) = x ∧ y .

Hence, applying ¬ to both sides of this equality, we get

¬(x ∧ y) = ¬¬(¬x ∨ ¬y) = ¬x ∨ ¬y .

(2)⇒(3) Suppose that ¬(u ∧ v) = ¬u ∨ ¬v for all u, v ∈ L. The following chain of equalities is easily verified:

¬	 = ¬	 ∨ ⊥ = ¬	 ∨ ¬¬⊥ = ¬(	 ∧ ¬⊥) = ¬¬⊥ = ⊥ .

By involutivity of ¬, we then also get that ¬⊥ = ¬¬	 = 	. It remains to show that ¬ is order-reversing. 
Let x, y ∈ L such that x � y, then x = x ∧ y and

¬x = ¬(x ∧ y) = ¬x ∨ ¬y .

By definition of supremum, it holds that ¬y � ¬x.
(3)⇒(1) Let x, y ∈ L. By definition of supremum, x � x ∨ y and y � x ∨ y. Since ¬ is order-reversing, it follows 

that ¬(x ∨ y) � ¬x and ¬(x ∨ y) � ¬y, and thus

¬(x ∨ y) � ¬x ∧ ¬y . (1)

1 In order to simplify the notation, we will write ¬x instead of ¬(x) whenever no confusion is possible.
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Similarly, by definition of infimum, it holds that ¬x ∧ ¬y � ¬x and ¬x ∧ ¬y � ¬y. Since ¬ is order-
reversing and involutive, it follows that:

x = ¬¬x � ¬(¬x ∧ ¬y)

y = ¬¬y � ¬(¬x ∧ ¬y) .

This leads to x ∨ y � ¬(¬x ∧ ¬y). Once more invoking involutivity of ¬, we conclude that

¬x ∧ ¬y = ¬¬(¬x ∧ ¬y) � ¬(x ∨ y) . (2)

From inequalities (1) and (2), we conclude that ¬(x ∨ y) = ¬x ∧ ¬y, which concludes the proof. �
Consequently, a symmetric residuated lattice can be characterized as a bounded residuated lattice with an involutive 

negation.

Definition 8. Consider a bounded lattice (L, �, ⊥, 	). A unary operator ¬ : L → L is called an involutive negation if 
it satisfies the properties:

(i) ¬	 = ⊥ and ¬⊥ = 	 (Boolean boundary conditions);
(ii) ¬ is order-reversing;

(iii) ¬ is involutive.

Corollary 9. Consider a bounded residuated lattice (L, �, ∗, →), then (L, �, ∗, →, ¬) is a symmetric residuated 
lattice if and only if ¬: L → L is an involutive negation.

Obviously, a CDSRL is then nothing else but a complete distributive residuated lattice endowed with an involutive 
negation.

Corollary 10. A CDSRL is a complete distributive residuated lattice endowed with an involutive negation.

4. Bipolar equations

4.1. Problem formulation

Various studies have been devoted to the resolution of bipolar max-∗ equations on the real unit interval, in particular 
when ∗ is one of the three basic t-norms: the minimum operation [24,25], the algebraic product [9,11,22] and the 
Łukasiewicz t-norm [26,32,33]. In all cases, the involutive negation considered is the standard negation ¬S defined by 
¬Sx = 1 − x.

In this paper, we focus on the resolution of bipolar sup-∗ equations (also briefly called bipolar equations) on a 
CDSRL, i.e., a complete distributive residuated lattice endowed with an involutive negation, thus not only covering, 
but also going largely beyond the state-of-the-art.

Definition 11. Let (L, �, ∗, →, ¬) be a CDSRL and a+
j , a−

j , b ∈ L, for each j ∈ {1, . . . , m}. A bipolar sup-∗ equation 
is an equation of the type:∨

j∈{1,...,m}
(a+

j ∗ xj ) ∨ (a−
j ∗ ¬xj ) = b (3)

in the unknowns x1, . . . , xm in L.

Since a CDSRL is a complete lattice, the suprema involved in a bipolar sup-∗ equation always exist and Eq. (3) is 
well defined. Recall that the residuated implication → is given by

a → b = sup{x ∈ L | a ∗ x � b} .
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Following the approach in [13], we associate a second operation � with ∗, defined by

a � b = inf{x ∈ L | b � a ∗ x} .

These operations will play a key role in expressing the extremal solutions of a bipolar sup-∗ equation in a compact 
manner. Note that both operations → and � are well defined on a complete lattice. Both operations are decreasing 
in the first argument (antecedent) and increasing in the second argument (consequent); however, they do not share the 
same boundary conditions. For instance, we can easily check that:

⊥ → ⊥ = sup{x ∈ L | ⊥ ∗ x � ⊥} = sup{x ∈ L | ⊥ � ⊥} = supL = 	
⊥ � ⊥ = inf{x ∈ L | ⊥ � ⊥ ∗ x} = inf{x ∈ L | ⊥ � ⊥} = infL = ⊥ .

This implies, in particular, that � cannot be seen as a fuzzy implication [16], in the sense of a hybrid monotone 
mapping I (decreasing first and increasing second partial mappings) such that I(	, ⊥) = ⊥, I(	, 	) = 	 and 
I(⊥, ⊥) = 	.

4.2. Solution set of a bipolar equation

Our approach to solving bipolar sup-∗ equations will rely on the following key result, which provides the solution 
set of a (unipolar) sup-∗ inequality or (unipolar) sup-∗ equation. More specifically, Proposition 16 and Theorem 2 
in [13] can be summarized as follows.

Theorem 12 ([13]). Let (L, �, ∗, →, ¬) be a complete distributive residuated lattice, a1, . . . , am ∈ L and b a join-
irreducible element of L. If the partial mappings of ∗ are homomorphisms, then the following statements hold:

(a) The solution set of the sup-∗ inequality∨
j∈{1,...,m}

aj ∗ xj � b (4)

is equal to [0, g], where 0 represents the tuple (⊥, . . . , ⊥) and g = (g1, . . . , gm) with gj = aj → b, for each 
j ∈ {1, . . . , m}.

(b) If the solution set of the sup-∗ equation∨
j∈{1,...,m}

aj ∗ xj = b (5)

is not empty, then it is equal to 
⋃
s∈S

[s, g], where S = {sj | b � aj and aj � b � aj → b} and sj = (s
j
1 , . . . , sj

m)

with

s
j
k =

{
aj � b if k = j

⊥ otherwise
.

Since a CDSRL is a particular complete distributive residuated lattice, Theorem 12 remains valid in that context as 
well. Let us provide some more background on this theorem, in particular on the condition that the partial mappings 
of ∗ should be homomorphisms. Note that aj ∗ ⊥ = ⊥ � b, and thus the set {x ∈ L | aj ∗ x � b} is not empty for each 
j ∈ {1, . . . , m}. If the partial mappings of ∗ are supremum-morphisms, then for each j ∈ {1, . . . , m}, we obtain

aj ∗ (aj → b) = aj ∗ sup{x ∈ L | aj ∗ x � b}
= sup{aj ∗ x | x ∈ L and aj ∗ x � b}
� b .

Hence, the tuple g = (a1 → b, . . . , am → b) is a solution of inequality (4). Clearly, it is the greatest solution, leading 
to Statement (a) in Theorem 12.
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Obviously, if the solution set of Eq. (5) is not empty, then g is also the greatest solution of that equation. The fact 
that b is join-irreducible then implies that there exists k ∈ {1, . . . , m} such that b = ak ∗ gk = ak ∗ (ak → b) � ak . This 
implies that the set {x ∈ L | b � ak ∗ x} is not empty and that ak � b � ak → b; hence, the set S is not empty.

Now consider j ∈ {1, . . . , m} such that b � aj and aj � b � aj → b. Note that b � aj = aj ∗ 	, and thus the set 
{x ∈ L | b � aj ∗ x} is not empty. If the partial mappings of ∗ are infimum-morphisms, then we obtain:

b � inf{aj ∗ x | x ∈ L and b � aj ∗ x}
= aj ∗ inf{x ∈ L | b � aj ∗ x}
= aj ∗ (aj � b)

� aj ∗ (aj → b)

� b .

The chain of inequalities thus becomes a chain of equalities. It is then immediate that sj is a minimal solution of 
Eq. (5). The distributivity of (L, �) plays a crucial role in order to demonstrate that all minimal solutions are obtained 
in this way and that each solution is bounded from below by a minimal solution. For more details, we refer to [13].

In order to discuss the resolution of bipolar equations, we introduce the following notations related to Eq. (3):

(i) S+ = {sj+ | b � a+
j and a+

j � b � a+
j → b}, where sj+ = (s

j+
1 , . . . , sj+

m ) with

s
j+
k =

{
a+
j � b if k = j

⊥ otherwise
;

(ii) S− = {sj− | b � a−
j and a−

j � b � a−
j → b}, where sj− = (s

j−
1 , . . . , sj−

m ) with

s
j−
k =

{
a−
j � b if k = j

⊥ otherwise
;

(iii) g+ = (g+
1 , . . . , g+

m) with g+
j = a+

j → b, for each j ∈ {1, . . . , m};
(iv) g− = (g−

1 , . . . , g−
m) with g−

j = a−
j → b, for each j ∈ {1, . . . , m};

(v) For any x = (x1, . . . , xm) ∈ Lm, ¬x = (¬x1, . . . , ¬xm);
(vi) For any x = (x1, . . . , xm) and y = (y1, . . . , ym) ∈ Lm,

x ∧ y = (x1 ∧ y1, . . . , xm ∧ ym)

x ∨ y = (x1 ∨ y1, . . . , xm ∨ ym) .

Using the above notations, the following theorem describes the solution set of a bipolar equation.

Theorem 13. Let (L, �, ∗, →, ¬) be a CDSRL such that the partial mappings of ∗ are homomorphisms. Let a+
j , a−

j ∈
L, for each j ∈ {1, . . . , m}, and b a join-irreducible element of L. If Eq. (3) is solvable, then its solution set is equal 
to

D =
( ⋃

s∈S+
[s ∨ ¬g−, g+]

)
∪

( ⋃
s∈S−

[¬g−, g+ ∧ ¬s]
)

.

Proof. Since b is a join-irreducible element of L, we can assert that Eq. (3) is solvable if and only if one of the 
following systems is solvable:⎧⎪⎨

⎪⎩

∨
j∈{1,...,m}

a+
j ∗ xj = b (a)

∨
j∈{1,...,m} a

−
j ∗ ¬xj � b (b)

(6)

or
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⎧⎪⎪⎨
⎪⎪⎩

∨
j∈{1,...,m}

a+
j ∗ xj � b (a)

∨
j∈{1,...,m}

a−
j ∗ ¬xj = b . (b)

(7)

Therefore, the solution set of Eq. (3) is equal to the union of the solution set of the first system, denoted as D1, and 
the solution set of the second system, denoted as D2. Next, we construct both sets.

As far as the first system is concerned, according to Statement (b) of Theorem 12, a tuple x satisfies Eq. (6a) if and 
only if

x ∈
⋃

s∈S+
[s, g+] .

Furthermore, Statement (a) of Theorem 12 implies that a tuple x satisfies inequality (6b) if and only if ¬x ∈ [0, g−], 
or, equivalently, since ¬ is an involutive negation, if and only if ¬g− � x � ¬0 = 1, where 1 represents the tuple 
(	, . . . , 	). Hence, we conclude that

D1 =
( ⋃

s∈S+
[s, g+]

)
∩ [¬g−,1] .

Based on elementary set operations and the fact that g+ � 1, we deduce that

D1 =
⋃

s∈S+

(
[s, g+] ∩ [¬g−,1]

)
=

⋃
s∈S+

[s ∨ ¬g−, g+] .

As far as the second system is concerned, according to Statement (a) of Theorem 12, a tuple x satisfies inequal-
ity (7a) if and only if x ∈ [0, g+]. Furthermore, Statement (b) of Theorem 12 implies that a tuple x satisfies Eq. (7b)
if and only if

¬x ∈
⋃

s∈S−
[s, g−] .

Since ¬ is an involutive negation, the chain of inequalities s � ¬x � g− holds if and only if ¬g− � x � ¬s. Therefore, 
we obtain

D2 = [0, g+] ∩
( ⋃

s∈S−
[¬g−,¬s]

)
.

Using the fact that 0 � ¬g− and applying elementary set operations, the set D2 can be rewritten as

D2 =
⋃

s∈S−

(
[0, g+] ∩ [¬g−,¬s]

)
=

⋃
s∈S−

[¬g−, g+ ∧ ¬s] .

As a result, we conclude that the solution set of Eq. (3) is equal to

D =
( ⋃

s∈S+
[s ∨ ¬g−, g+]

)
∪

( ⋃
s∈S−

[¬g−, g+ ∧ ¬s]
)

. �

Corollary 14. Let (L, �, ∗, →, ¬) be a CDSRL such that the partial mappings of ∗ are homomorphisms. Let a+
j , a−

j ∈
L, for each j ∈ {1, . . . , m}, and b a join-irreducible element of L. If Eq. (3) is solvable, then the inequality ¬g− � g+
holds.

Proof. Follows directly from the expression of the solution set in Theorem 13. �
As a consequence of Theorem 13, the solution set of Eq. (3) can be split into two parts: 

⋃
s∈S+[s ∨ ¬g−, g+] and ⋃

s∈S−[¬g−, g+ ∧ ¬s]. Hence, based on the expression of these two sets, we can obtain a characterization of the 
solvability of Eq. (3) in terms of the tuples g+ and ¬g−.
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Theorem 15. Let (L, �, ∗, →, ¬) be a CDSRL such that the partial mappings of ∗ are homomorphisms. Let a+
j , a−

j ∈
L, for each j ∈ {1, . . . , m}, and b a join-irreducible element of L. Equation (3) is solvable if and only if either g+ or 
¬g− is a solution.

Proof. According to Theorem 13, the solution set of Eq. (3) is equal to D1 ∪ D2, where

D1 =
⋃

s∈S+
[s ∨ ¬g−, g+]

and

D2 =
⋃

s∈S−
[¬g−, g+ ∧ ¬s] .

Clearly, D1 �= ∅ if and only if g+ ∈ D1, and D2 �= ∅ if and only if ¬g− ∈ D2. Hence, the solution set of Eq. (3) is 
not empty if and only if g+ ∈ D1 or ¬g− ∈ D2. In other words, Eq. (3) is solvable if and only if either g+ or ¬g− is 
a solution. �
4.3. Extremal elements of the solution set

The algebraic structure of the solution set of a sup-∗ equation has been widely studied in the literature [14,17]. In 
what follows, we provide a characterization of the structure of the solution set of a bipolar equation.

Theorem 16. Let (L, �, ∗, →, ¬) be a CDSRL such that the partial mappings of ∗ are homomorphisms. Let a+
j , a−

j ∈
L, for each j ∈ {1, . . . , m}, and b a join-irreducible element of L. Suppose that Eq. (3) is solvable, then the following 
statements hold:

(1) If g+ is a solution of Eq. (3), then g+ is the greatest solution of Eq. (3). Otherwise, the set of maximal solutions 
of Eq. (3) is equal to the set {g+ ∧ ¬s | s ∈ S−, ¬g− � g+ ∧ ¬s}.

(2) If ¬g− is a solution of Eq. (3), then ¬g− is the smallest solution of Eq. (3). Otherwise, the set of minimal 
solutions of Eq. (3) is equal to the set {s ∨ ¬g− | s ∈ S+, s ∨ ¬g− � g+}.

Proof. According to Theorem 13, the solution set of Eq. (3) is equal to D1 ∪ D2, where

D1 =
⋃

s∈S+
[s ∨ ¬g−, g+]

and

D2 =
⋃

s∈S−
[¬g−, g+ ∧ ¬s] .

Clearly, if g+ is a solution of Eq. (3), then x � g+ for each x ∈ D1. Besides, as g+ ∧ ¬s � g+ for each s ∈ S−, we 
can assert that x � g+ for each x ∈ D2. Therefore, g+ is the greatest solution of Eq. (3).

Next, suppose that g+ is not a solution of Eq. (3). Obviously, then D1 = ∅ and thus D = D2. As a result, the 
maximal solutions of Eq. (3) coincide with the maximal elements of the set D2. Given s ∈ S−, if ¬g− � g+ ∧ ¬s, 
then the interval [¬g−, g+ ∧ ¬s] is empty. Thus, the set of maximal elements of D2 is contained in the set M =
{g+ ∧ ¬s | s ∈ S−, ¬g− � g+ ∧ ¬s} ⊆ D2. In what follows, we will see that every g+ ∧ ¬s ∈ M is actually a 
maximal element of D2. We will give a proof by contradiction.

Suppose that there exists g+ ∧ ¬sj−
1 ∈ M such that it is not a maximal element of D2. Obviously, there exists 

x ∈ D2 such that g+ ∧ ¬sj−
1 ≺ x. According to the expression of D2, there exists sj−

2 ∈ S− with j−
1 �= j−

2 such that 

x � g+ ∧¬sj−
2 . Thus, g+ ∧¬sj−

1 ≺ g+ ∧¬sj−
2 . Next, we will deduce that g+ ∧¬sj−

2 = g+, i.e., g+
j ∧¬s

j−
2

j = g+
j for 

each j ∈ {1, . . . , m}. This fact will lead to the desired contradiction, since g+ ∧ ¬sj−
2 ∈ D while g+ is not a solution 

of Eq. (3) by hypothesis.
100



M.E. Cornejo, D. Lobo, J. Medina et al. Fuzzy Sets and Systems 442 (2022) 92–108
On the one hand, for each j ∈ {1, . . . , m} with j �= j2, by definition of sj−
2 , it holds that s

j−
2

j = ⊥. Thus, the 
following chain of equalities holds

g+
j ∧ ¬s

j−
2

j = g+
j ∧ ¬⊥ = g+

j ∧ 	 = g+
j .

On the other hand, as g+ ∧¬sj−
1 ≺ g+ ∧¬sj−

2 , the inequality g+
j ∧¬s

j−
1

j � g+
j ∧¬s

j−
2

j holds, for each j ∈ {1, . . . , m}. 
In particular, g+

j2
∧ ¬s

j−
1

j2
� g+

j2
∧ ¬s

j−
2

j2
. Now, according to the definition of the tuple g+ and the fact that j1 �= j2, we 

obtain:

g+
j2

= a+
j2

→ b

s
j−

1
j2

= ⊥ .

Therefore, the following chain of equalities holds

a+
j2

→ b = (a+
j2

→ b) ∧ 	 = (a+
j2

→ b) ∧ ¬⊥ = g+
j2

∧ ¬s
j−

1
j2

� g+
j2

∧ ¬s
j−

2
j2

. (8)

Furthermore, as g+
j2

= a+
j2

→ b, by definition of ∧, it holds that

g+
j2

∧ ¬s
j−

2
j2

= (a+
j2

→ b) ∧ ¬s
j−

2
j2

� a+
j2

→ b . (9)

Hence, from Eqs. (8) and (9), we deduce that g+
j2

∧ ¬s
j−

2
j2

= a+
j2

→ b. In other words, g+
j2

∧ ¬s
j−

2
j2

= g+
j2

.

Consequently, we can assert that g+
j ∧ ¬s

j−
2

j = g+
j , for each j ∈ {1, . . . , m}, i.e., g+ ∧ ¬sj−

2 = g+, the desired 
contradiction. Hence, we conclude that every g+ ∧ ¬s ∈ M is a maximal element of D2. This completes the proof of 
Statement (1).

As far as Statement (2) is concerned, if ¬g− is a solution of Eq. (3), then ¬g− � x for each x ∈ D2. Besides, as 
¬g− � s ∨¬g− for each s ∈ S+, we can assert that ¬g− � x for each x ∈ D1. Therefore, ¬g− is the smallest solution 
of Eq. (3).

Next, suppose that ¬g− is not a solution of Eq. (3). Following a similar reasoning as for Statement (1), we obtain 
that the set of minimal solutions of Eq. (3) coincides with the set {s ∨ ¬g− | s ∈ S+, s ∨ ¬g− � g+}. �

The involutivity of the negation plays a key role in the algebraic structure of the solution set of Eq. (3). For instance, 
the following result shows that every solution of Eq. (3) is smaller than or equal to a maximal solution and greater 
than or equal to a minimal solution of the equation. This might seem a straightforward result, but it does not hold for 
a bipolar equation with a non-involutive negation, to which Theorem 16 obviously does not apply. See, for instance, 
Example 18 in [9].

Proposition 17. Let (L, �, ∗, →, ¬) be a CDSRL such that the partial mappings of ∗ are homomorphisms. Let 
a+
j , a−

j ∈ L, for each j ∈ {1, . . . , m}, and b a join-irreducible element of L. Given the sets M̂ and M̌ of maximal 

and minimal solutions of Eq. (3), respectively, then for any solution x of Eq. (3) there exist m̂ ∈ M̂ and m̌ ∈ M̌ such 
that m̌ � x � m̂.

Proof. According to Theorem 13, the solution set of Eq. (3) is equal to D1 ∪ D2, where

D1 =
⋃

s∈S+
[s ∨ ¬g−, g+]

and

D2 =
⋃

s∈S−
[¬g−, g+ ∧ ¬s] .

Suppose that x ∈ D1, then there exists s ∈ S+ such that x ∈ [s ∨ ¬g−, g+] ⊆ D1. Obviously, g+ then is a solution 
of Eq. (3). On the one hand, if ¬g− is also a solution of Eq. (3), then Theorem 16 ensures that g+ and ¬g− are the 
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�

• d�
�
•
	

Fig. 2. Hasse diagram of the lattice (L,�) in Subsection 4.4.

Table 1
The t-norm ∗ in Subsection 4.4.

∗ ⊥ a b c d 	
⊥ ⊥ ⊥ ⊥ ⊥ ⊥ ⊥
a ⊥ a ⊥ a ⊥ a

b ⊥ ⊥ ⊥ ⊥ b b

c ⊥ a ⊥ a b c

d ⊥ ⊥ b b d d

	 ⊥ a b c d 	

Table 2
The involutive negation ¬ in Subsec-
tion 4.4.

¬ ⊥ a b c d 	
	 d c b a ⊥

greatest and the smallest solution of Eq. (3), respectively. Since ¬g− � s ∨ ¬g− � x � g+, taking m̌ = ¬g− and 
m̂ = g+, we obtain that m̌ � x � m̂. On the other hand, if ¬g− is not a solution of Eq. (3), then Theorem 16 implies 
that s ∨ ¬g− is a minimal solution of Eq. (3). Hence, taking m̌ = s ∨ ¬g− and m̂ = g+, we obtain that m̌ � x � m̂, 
with m̂ ∈ M̂ and m̌ ∈ M̌ .

Assume next that x /∈ D1, and thus x ∈ D2. Following a similar reasoning as above, there exists s ∈ S− such 
that x ∈ [¬g−, g+ ∧ ¬s] ⊆ D2 and ¬g− is a solution of Eq. (3). On the one hand, if g+ is a solution of Eq. (3), 
taking m̌ = ¬g− and m̂ = g+, we obtain that m̌ � x � m̂. On the other hand, if g+ is not a solution of Eq. (3), then 
Theorem 16 implies that g+ ∧ ¬s is a maximal solution of Eq. (3). As a result, we obtain that m̌ � x � m̂, with 
m̌ = ¬g− and m̂ = g+ ∧ ¬s. �
4.4. Examples of bipolar equations on a finite CDSRL

In this section, several examples of bipolar equations on a finite CDSRL are examined in detail in order to illustrate 
the wide range of solution sets that can be obtained. In particular, we discuss the case of a non-chain, a setting not 
covered by the existing literature.

Let (L, �) be the finite lattice with Hasse diagram shown in Fig. 2, and consider the operations ∗: L × L → L

(t-norm) ¬: L → L (involutive negation) given by Table 1 and Table 2, respectively.
We will first verify that the main hypotheses of Theorems 13, 15 and 16 are satisfied. First of all, since (L, �) is 

a finite lattice and M3 and N5 are not sublattices of (L, �), Theorem 2 implies that (L, �) is a distributive complete 
lattice. Note that its join-irreducible elements are given by a, b and d . Clearly, ¬ is a decreasing mapping with ¬⊥ = 	
and ¬	 = ⊥, and ¬¬x = x for each x ∈ L, i.e., ¬ is an involutive negation. Furthermore, the operation ∗ can be 
shown to be a t-norm and to have a residuated implication. Hence, we can conclude that the tuple (L, �, ∗, →, ¬) is 
a CDSRL. The residuated implication → and the operation � are shown in Table 3.

It remains to verify that the partial mappings of ∗ are homomorphisms. To that end, it is sufficient to check that 
supx∈A{x ∗ z} = supA ∗ z and infx∈A{x ∗ z} = infA ∗ z, for each z ∈ L and each A ∈ {{c, d}, {a, b}, {a, d}}. Note 
that any subset of L without a greatest or smallest elements contains one of the pairs {c, d}, {a, b} and {a, d}. It 
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Table 3
The operations → and � in Subsection 4.4.

→ ⊥ a b c d 	
⊥ 	 	 	 	 	 	
a d 	 d 	 d 	
b c c 	 	 	 	
c b c d 	 d 	
d a a c c 	 	
	 ⊥ a b c d 	

� ⊥ a b c d 	
⊥ ⊥ 	 	 	 	 	
a ⊥ a 	 	 	 	
b ⊥ 	 d 	 	 	
c ⊥ a d 	 	 	
d ⊥ 	 b 	 d 	
	 ⊥ a b c d 	

is then a matter of direct verification that the desired equalities hold. Hence, we conclude that the hypotheses of 
Theorems 13, 15 and 16 are satisfied.

Now consider the bipolar equation in the two unknown variables x and y given by:

(a ∗ x) ∨ (d ∗ ¬x) ∨ (c ∗ y) ∨ (b ∗ ¬y) = d . (10)

Note that the right-hand side is a join-irreducible element.
In order to apply the mentioned theorems, we first determine the tuples g+ and ¬g−. This results in:

g+ = (a → d, c → d) = (d, d)

g− = (d → d, b → d) = (	,	) .

Hence, ¬g− = (⊥, ⊥).
According to Theorem 13, it holds that Eq. (10) is solvable if and only if g+ or ¬g− is a solution. Indeed, although 

g+ is not a solution of the equation, the tuple ¬g− = (⊥, ⊥) effectively is a solution of Eq. (10), as we demonstrate 
next:

(a ∗ ⊥) ∨ (d ∗ ¬⊥) ∨ (c ∗ ⊥) ∨ (b ∗ ¬⊥)

= (a ∗ ⊥) ∨ (d ∗ 	) ∨ (c ∗ ⊥) ∨ (b ∗ 	)

= ⊥ ∨ d ∨ ⊥ ∨ b

= d .

As a result, Eq. (10) is solvable and its solution set is given in terms of the sets S+ and S−:

S+ = ∅

S− = {(d,⊥)} .

According to Theorem 13, the solution set of Eq. (10) is then given by:

D =
( ⋃

s∈S+
[s ∨ ¬g−, g+]

)
∪

( ⋃
s∈S−

[¬g−, g+ ∧ ¬s]
)

= ∅ ∪ [¬g−, g+ ∧ ¬(d,⊥)]
= [(⊥,⊥), (d, d) ∧ (a,	)]
= [(⊥,⊥), (⊥, d)]
= {(⊥,⊥), (⊥, b), (⊥, d)} .

Obviously, ¬g− = (⊥, ⊥) is the smallest solution and (⊥, d) is the greatest solution of Eq. (10). The solution set 
forms a chain in L2 and its Hasse diagram is depicted in Fig. 3.

Clearly, the solvability of Eq. (10) is strongly influenced by the coefficients and the right-hand side of the equation. 
In fact, if the coefficients are slightly modified, then the bipolar equation becomes unsolvable. For instance, consider 
the following bipolar equation:

(a ∗ x) ∨ (d ∗ ¬x) ∨ (c ∗ y) ∨ (a ∗ ¬y) = d . (11)
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•
(⊥,⊥)

• (⊥, b)

•
(⊥, d)

Fig. 3. Hasse diagram of the solution set of Eq. (10).

•
(⊥,⊥)
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�
•(⊥, d) �

�
• (d,⊥)�

�
�

�
•(b, d) �

�
•

(d, d)

Fig. 4. Hasse diagram of the solution set of Eq. (12).

Note that compared to Eq. (10), only the coefficient of ¬y has been modified from b to a. The corresponding tuples 
g+, g− and ¬g− are given by:

g+ = (a → d, c → d) = (d, d)

g− = (d → d, a → d) = (	, d)

¬g− = (⊥, a) .

Since ¬g− � g+, it follows from Corollary 14 that Eq. (11) is not solvable.
As shown above, the solution set of Eq. (10) is a chain. Of course, this is not necessarily always the case. For 

instance, consider the following bipolar equation:

(a ∗ x) ∨ (d ∗ ¬x) ∨ (	 ∗ y) ∨ (d ∗ ¬y) = d . (12)

Both g+ = (d, d) and ¬g− = (⊥, ⊥) are solutions of Eq. (12). Moreover, from Theorem 16, it follows that g+ =
(d, d) and ¬g− = (⊥, ⊥) are the greatest and the smallest solution of Eq. (12), respectively. Finally, Theorem 13
implies that the full solution set of Eq. (12) is the lattice with Hasse diagram shown in Fig. 4. Note that it is not a 
sublattice of L2.

Finally, note that Figs. 3 and 4 both represent sets with a smallest element. However, in view of Theorem 16, this 
is not necessarily always the case. Next, we will present a solvable bipolar equation whose solution set has a greatest 
solution, but it does not have a smallest one. Consider the bipolar equation:

(d ∗ x) ∨ (b ∗ ¬x) ∨ (	 ∗ y) ∨ (b ∗ ¬y) = d . (13)

One easily verifies that the tuple g+ = (	, d) is a solution of Eq. (13), while the tuple ¬g− = (⊥, ⊥) is not. To obtain 
the full solution set, we determine the sets S+ and S−:

S+ = {(d,⊥), (⊥, d)}
S− = ∅ .

Therefore, according to Theorem 16, the tuple g+ = (	, d) is the greatest solution of Eq. (13), whereas the tuples

(d,⊥) ∨ ¬g− = (d,⊥) ∨ (⊥,⊥) = (d,⊥)

(⊥, d) ∨ ¬g− = (⊥, d) ∨ (⊥,⊥) = (⊥, d)
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Fig. 5. Hasse diagram of the solution set of Eq. (13).

are minimal solutions of Eq. (13). According to Theorem 13, the full solution set of Eq. (13) is given by:

D =
( ⋃

s∈S+
[s ∨ ¬g−, g+]

)
∪

( ⋃
s∈S−

[¬g−, g+ ∧ ¬s]
)

=
(
[(d,⊥), (	, d)] ∪ [(⊥, d), (	, d)]

)
∪ ∅

= {(d,⊥), (d, b), (d, d), (	,⊥), (	, b), (	, d)}
∪{(⊥, d), (a, d), (b, d), (c, d), (d, d), (	, d)}

= {(d,⊥), (d, b), (d, d), (	,⊥), (	, b), (	, d), (⊥, d), (a, d), (b, d), (c, d)} .

A Hasse diagram of this poset D is shown in Fig. 5.

4.5. Examples of bipolar equations on the real unit interval

As mentioned in the introduction, the real unit interval is the most common lattice on which bipolar equations have 
been considered so far in the literature. In this section, we illustrate how the results presented in this paper can be 
applied to a bipolar equation on the real unit interval [0, 1] equipped with the natural order ≤. Note that ([0, 1], ≤) is a 
distributive complete lattice containing join-irreducible elements only. Moreover, the structure ([0, 1], ≤, ∧, →∧, ¬S)

is a CDSRL, with the residuated implication →∧ given by

a →∧ b = sup{x ∈ [0,1] | a ∧ x ≤ b}

=
{

1 if a ≤ b

b if b < a

and the (almost identical) operation �∧ by

a �∧ b = inf{x ∈ [0,1] | b ≤ a ∧ x}

=
{

1 if a < b

b if b ≤ a
.

Moreover, as the partial mappings of ∧ are homomorphisms (since the minimum operation is a continuous t-norm), 
we conclude that the hypotheses of Theorems 13, 15 and 16 are satisfied.

Now consider the following bipolar max-min equation with the standard negation ¬S in the three unknown vari-
ables x, y and z:

(0.4 ∧ x) ∨ (0.5 ∧ ¬S x) ∨ (0.6 ∧ y) ∨ (0.4 ∧ ¬S y) ∨ (0.7 ∧ z) ∨ (0.8 ∧ ¬S z) = 0.6 .

Introducing the shorthand notation

(u, v,w) � (x, y, z) = (u ∧ x) ∨ (v ∧ y) ∨ (w ∧ z) ,

this equation can be written in a more compact form as
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(0.4,0.6,0.7) � (x, y, z) ∨ (0.5,0.4,0.8) � ¬S(x, y, z) = 0.6 . (14)

First, we compute the tuples g+, g− and ¬S g−:

g+ = (0.4 →∧ 0.6,0.6 →∧ 0.6,0.7 →∧ 0.6) = (1,1,0.6)

g− = (0.5 →∧ 0.6,0.4 →∧ 0.6,0.8 →∧ 0.6) = (1,1,0.6)

¬Sg− = (¬S1,¬S1,¬S0.6) = (0,0,0.4) .

As shown below, both g+ and ¬Sg− are solutions of Eq. (14):

(0.4,0.6,0.7) � (1,1,0.6) ∨ (0.5,0.4,0.8) � ¬S(1,1,0.6)

= (0.4,0.6,0.7) � (1,1,0.6) ∨ (0.5,0.4,0.8) � (0,0,0.4)

= (0.4 ∨ 0.6 ∨ 0.6) ∨ (0 ∨ 0 ∨ 0.4) = 0.6 ∨ 0.4 = 0.6

and

(0.4,0.6,0.7) � (0,0,0.4) ∨ (0.5,0.4,0.8) � ¬S(0,0,0.4)

= (0.4,0.6,0.7) � (0,0,0.4) ∨ (0.5,0.4,0.8) � (1,1,0.6)

= (0 ∨ 0 ∨ 0.4) ∨ (0.5 ∨ 0.4 ∨ 0.6) = 0.4 ∨ 0.6 = 0.6 .

Obviously then, the equation is solvable, and according to Theorem 16, the tuple g+ = (1, 1, 0.6) is the greatest 
solution and ¬Sg− = (0, 0, 0.4) is the smallest solution.

Finally, we determine the full solution set of Eq. (14). To that end, we first compute the sets S+ and S−:

S+ = {(0,0.6 �∧ 0.6,0), (0,0,0.7 �∧ 0.6)} = {(0,0.6,0), (0,0,0.6)}
S− = {(0,0,0.8 �∧ 0.6)} = {(0,0,0.6)} .

According to Theorem 13, the solution set of Eq. (14) is then given by:

D =
( ⋃

s∈S+
[s ∨ ¬S g−, g+]

)
∪

( ⋃
s∈S−

[¬S g−, g+ ∧ ¬S s]
)

=
(
[(0,0.6,0) ∨ (0,0,0.4), (1,1,0.6)] ∪ [(0,0,0.6) ∨ (0,0,0.4), (1,1,0.6)]

)
∪ [(0,0,0.4), (1,1,0.6) ∧ ¬S(0,0,0.6)]

= [(0,0.6,0.4), (1,1,0.6)] ∪ [(0,0,0.6), (1,1,0.6)] ∪ [(0,0,0.4), (1,1,0.4)] .
As mentioned before, the coefficients play an important role in the solvability of a bipolar equation. Equally impor-

tant is the involutive negation. To illustrate this, we consider Eq. (14) in which the standard negation ¬S is replaced 
by another involutive negation. More specifically, we consider the Yager negation with parameter λ = 2, i.e., the 
involutive negation ¬Y : [0, 1] → [0, 1] defined by ¬Y t = (1 − t2)1/2; thus ([0, 1], ≤, ∧, →∧, ¬Y ) is a CDSRL.

We now study the bipolar equation:

(0.4,0.6,0.7) � (x, y, z) ∨ (0.5,0.4,0.8) � ¬Y (x, y, z) = 0.6 . (15)

Evidently, the tuples g+ and g− remain unchanged. However, ¬Y g− �= ¬S g−, since

¬Y g− = (¬Y 1,¬Y 1,¬Y 0.6) = (0,0,0.8) .

Since ¬Y g− = (0, 0, 0.8) � (1, 1, 0.6) = g+, we conclude from Corollary 14 that Eq. (15) is not solvable.
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5. Conclusions and future work

In this paper, we have carried out an in-depth study of the resolution of bipolar sup-∗ equations on a CDSRL with 
a join-irreducible right-hand side. As in the case of unipolar sup-∗ equations, dual results can be obtained for bipolar 
inf-∗ equations on a CDSRL with a meet-irreducible right-hand side. Note that the work presented here heavily relies 
on the fact that the right-hand side is irreducible. More specifically, being able to split Eq. (3) into two systems has been 
instrumental. As a consequence, our approach is not valid when the right-hand side is decomposable. The solvability 
of bipolar equations with a decomposable right-hand side will therefore be the subject of future work, followed by the 
study of systems of bipolar equations.
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