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Abstract. The isotropic thermoelasticity system of type-III, describing both the mechanical and
the thermal behaviours of a body occupying a bounded domain with a Lipschitz boundary, is con-
sidered. The displacement vector and either the normal heat flux or the temperature are prescribed
on the boundary. Both the theoretical and the numerical reconstructions of a time-dependent heat
source from the knowledge of an additional weighted integral measurement of the temperature are
investigated. It is showed that the appropriate type of measurement depends on the thermal bound-
ary condition available, whilst the existence and uniqueness of a weak solution for exact data is
also proved. For each of the two inverse source problems investigated herein, a numerical algorithm
is also proposed and the convergence of these numerical schemes for exact data is proved. Four
numerical examples with noisy measurements are implemented using the finite element method
and thoroughly investigated to validate the convergence and stability of the proposed algorithms.
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1. Introduction

1.1. Literature review

The problem of transmission of heat flow in rigid or elastic materials has attracted considerable atten-
tion from numerous researchers. Many important fields of application, such as casting, metal forming,
manufacturing processes, structural models, etc., give rise to coupled thermomechanical problems.
Variational principles for the coupled problems of thermoelasticity (the change in size and shape of
a solid object as the temperature of that object fluctuates) were firstly stated by Biot [4]. These
interactions between the changes in the shape of an object and the fluctuations in the temperature
are modeled by the so-called thermoelasticity systems that consist of two coupled partial differential
equations (PDEs), namely a parabolic PDE (heat transfer equation) for the temperature and a hy-
perbolic system of PDEs for the displacement vector. Numerous papers have been published following
Biot’s principle, see e.g. [8, 2] and the references therein. Various variational principles have been
formulated [34] based on Gurtin’s method of convolution [16]. Numerous studies that are devoted to
the theoretical and numerical analysis of problems associated with novel models in thermoelasticity,
have appeared in the literature [3, [6l, B3] [46), 23].

The heat flow in thermoelastic bodies was described by Green and Naghdi [I3] using a general
entropy balance. The characterization of material response for such thermal phenomena is referred to
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as type-1, type-II and type-III thermoelasticity according to Green and Naghdi [13]. The type-I ther-
moelasticity becomes identical to the classical heat conduction theory (Fourier’s law) via linearization.
However, this theory has the following shortcoming: a thermal disturbance at one point of the body
is instantly felt everywhere, i.e. infinite speed of propagation. This fact is physically unacceptable for
materials with memory and is overcome by accounting for memory effects in the models for type-II and
type-III thermoelasticity. More precisely, type-II and type-III thermoelasticity theories allow for the
propagation of thermoelastic disturbances at a finite speed. It should be mentioned that the heat con-
duction is independent of the present values of the temperature gradient for type-II thermoelasticity
as compared to type-III thermoelasticity.

Inverse problems in thermoelasticity are characterized by the partial or complete lack of at least
one of the following conditions:

(i) the boundary and/or initial conditions (i.e. boundary and/or initial data reconstruction prob-
lems);
(ii) the material properties (i.e. coefficient identification problems);
(iii) the geometry of the domain of interest (i.e. inverse geometric problems);
(iv) the magnitudes and locations of any possible sources of stress, deformation, or heat inside or on
the boundary of the domain (i.e. inverse source or load reconstruction problems).

It is well-known that most of these inverse problems are ill-posed in the sense of Hadamard [17], i.e.
small errors in the measurements may significantly be amplified in the resulting solution. Therefore,
such inverse problems are more difficult to solve than direct problems and special methods should be
designed for obtaining an accurate, stable and physically meaningful solution to such inverse problems.

The inverse problems in thermoelasticity addressed so far in the literature are mainly related to
boundary data reconstruction, identification of material parameters, shape optimization problems and
detection of flaws, i.e. items (i)—(iii), see [9, 1T} 29] 24] 3T}, @5 10l B2], 2], 20]. However, over the past
decades, several studies have been devoted to inverse source or load reconstruction problems, i.e. item
(iv), related to classical thermoelasticity [2], [43] 41], 40}, [44] [42]. An inverse space-dependent heat source
problem for type-I thermoelasticity has been studied by Bellassoued and Yamamoto [2]. Wu and Liu
[43] have investigated the reconstruction of a space-dependent vector source in type-1I thermoelasticity.
In these papers, the uniqueness of a solution to the inverse source problem was proved by employing
Carleman estimates, however a numerical scheme for calculations was not provided. Van Bockstal and
Slodicka [41] have provided a stable iterative algorithm for the recovery of a space-dependent vector
source, for all types of isotropic thermoelasticity, from an additional measurement at the final time.
Later, Van Bockstal and Marin [40] extended this result to anisotropic thermoelasticity by considering
various assumptions on the convolution kernel k. Wu et al. [44] have investigated the uniqueness and
stability of a spatially varying thermal kernel function in a thermoelastic system of type-IIT by means
of a Carleman estimate. Van Bockstal and Slodicka [42] investigated the reconstruction of the source
h(t) from the measurement with w = 1 for the one-dimensional isotropic thermoelasticity system
of type-III. The results presented in [42] will be discussed in detail in Section

1.2. Mathematical formulation of the problem

We consider an isotropic homogeneous thermoelastic body occupying an open and bounded domain
Q C R? with a Lipschitz continuous boundary I', where d € N is the dimension of the space where the
problem is posed, usually d € {1,2,3}. Let Q7 == Q x (0,7) and X7 =T x (0,7), where T'> 0 is a
given final time. The convolution product of a kernel k£ and a function € is denoted by

(k*0)(x,t) = /0 k(t —s)0(x,s)ds, (x,t) € Qr.



In the sequel, the following isotropic thermoelasticity system of type-III, describing both the elastic
and the thermal behaviours in 2, is considered

00ru(x,t) — pAu(x,t) — (A + p)V (V- u) (x,t) + BVO(x,t) = p(x,t), (x,t) € Qr,
0C:0t0(x,t) — kAO(x,t) — (k*x Af)(x,t) + ToBV - Oru(x,t) = h(t) f(x) + F(x,t), (x,t) € Qr, (1)
u(x,t) =0, (x,t) € 2,
—kVO(x,t)-v(x)=g or 60=0, (x,t) €

together with the initial conditions
u(x,0) =up(x), Ju(x,0)=u;(x), 0(x,0)=00(x), xe€ (2)

Here, the heat source h(t) is assumed to be unknown and depends solely on the time variable, whilst
the load source p and the heat source F' are assumed to be given. Furthermore, u = (uq, ... 7ud)T and
6 denote the displacement and the temperature difference from the reference value Ty > 0 (in Kelvin),
respectively, of the thermoelastic material at point x and time ¢, with the mention that the reference
temperature corresponds to the undeformed and unstressed state of the material. We suppose that
either the normal heat flux g is known at every point of the boundary I' (note that v(x) denotes the
outward unit normal vector at the point x € T') or that the temperature is known at the boundary.
Moreover, we assume that the displacement field is prescribed at the boundary.

The constant coefficients A > 0 and g > 0 are the so-called Lamé parameters. These quantities
may be expressed in terms of the shear modulus G > 0 and Poisson’s ratio v € (0,0.5) as

2vG
1—-2v
The coefficients x, p and Cy denote the thermal conductivity, the mass density p and the specific heat
C; of the material. The coupling parameter 5 > 0 is defined as

1+v

1—2v’

where ar > 0 is the coefficient of linear expansion of the thermoelastic material. The goal of this
paper is to investigate how the heat source h(t) can be theoretically and numerically determined from
the knowledge of the additional integral measurement

m(t) ::/Qw(x)e(xj) dx, te€][0,T], (3)

with the weight function w be specified later. We will show that a different choice for the boundary
condition of the temperature leads to different conditions on w. This will be explained in detail in
Section [2] where the inverse source problem is reformulated as a direct coupled problem. The existence
and uniqueness of a solution by means of Rothe’s method - in the case of a Neumann boundary
condition - is studied in Section [3| whilst the case of a Dirichlet boundary condition is discussed in
Section[d Finally, Section 5] concerns the numerical implementation of the algorithms proposed in the
previous sections.

A=

and pu=G.

B =ar(3A+2u) = 207G

We conclude this section with the notations used herein.

Remark 1.1 (Notations). We denote by (-,-) the standard inner product in L*(Q) and by ||-|| its induced
norm. Let X be an abstract Banach space endowed with the norm |||y . Assume that k € N U {0}.
The set of k-times continuously differentiable functions w : [0,T] — X, equipped with the usual norm
k
max [lw" (1) x,

= el
. k . . T D l/p .
is denoted by C" ([0,T],X). The space LP ((0,T),X) is endowed with the norm (fo H||X> with

p > 1. The symbol X* stands for the dual space of X. Finally, C,e and C. denote generic positive
constants depending only on a priori known quantities, where € is small and C. = C (5*1) is large.
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Remark 1.2. The recovery of a time-dependent source in isotropic heat conduction from an integral
over-determination condition — more precisely, an average temperature over a (sub)domain — was
studied by Cannon and Lin [5] and Prilepko et al. [35]. In particular, the local-in-time existence of
a sufficiently smooth solution under a compatibility condition on the measurement and/or data was
proven. The same inverse source problem was investigated by Ismailov et al. [22] and Hazanee et al. [18]
for the 1D heat equation considering nonlocal boundary and integral over-determination conditions.
The existence, uniqueness and continuous dependence on the data of the solution were shown for
some reqularity and consistency conditions on the data. In the multidimensional case, Grimmonprez
and Slodicka [15] and Slodicka [38] have shown the global-in-time existence of a unique solution for
exact data considering an additional integral measurement of the solution over the entire domain and
its surface, respectively, provided that a compatibility condition on the data was satisfied. Moreover,
a numerical scheme, based on the backward Euler method, for computing an approzimate solution
to this problem, has also been proposed. The approach proposed herein remains valid and hence the
existence of a solution to the inverse problem, for exact data, can also be obtained without imposing
any restrictive compatibility conditions on the data via the weighted integral measurement.

2. Methodology: Reformulation of the ISP as a direct problem

As already mentioned, the reconstruction of the unknown source h from the measurement with
w = 1 for the one-dimensional isotropic thermoelasticity system of type-III was obtained by using
a decoupling technique based on Rothe’s method, see [42]. This technique starts off by employing
a transformation of the variational formulation of the inverse problem with the unknowns u, 6 and
h into a variational problem in which the unknown h is written in terms of the unknowns u and
6. The expression for h contains the term fOL 0", see Eq. (3) in [42]. The existence and uniqueness
of a solution were proved by taking advantage of the one-dimensional setting and the choice of the
boundary conditions (v’ = 6 = 0 on I'), see [42]. However, the approach followed in [42] in the case of
Dirichlet boundary condition for 6 does not seem possible to be extended to the multi-dimensional case
since the term fQ Af in the expression for h cannot be controlled. Herein, we consider the measurement
(3) with w # 1 and investigate the conditions on w that enable us to prove the global in time existence
of a unique solution. The main idea is to transfer the derivatives from u and 6 to function w. We also
investigate the influence of the choice of boundary condition for 6 on the analysis by considering, in
addition, the Neumann boundary condition for 8. Moreover, we consider the homogeneous Dirichlet
boundary condition for u instead of condition ' = 0 on I" assumed in [42]. Finally, we mention that a
similar idea was adopted by Grimmonprez et al. [14] for the reconstruction of a solely time-dependent
load in a simply supported non-homogeneous Euler-Bernoulli beam (i.e. a fourth-order hyperbolic
problem in the one-dimensional setting).

First, we derive an expression for the unknown source function A in terms of the unknown func-
tions u and 6, and the data in case of the Neumann boundary condition for #. Using the measurement
and considering the Neumann boundary condition for §, we multiply the PDE for the temperature
in system by w € H'(Q) and then integrate the result over the domain Q. By applying Green’s
theorem, we obtain

h(t) = |pCsm/(t) + & (VO(t), Vw) + (g(t), w)p + ((k * VO)(t), Vw)
4 L ()00 AT (O(0), Vo) = (). ) | /(1.0), wem @), ()

where the following assumption was made

(f,w) = /Qf(x)w(x) dx # 0.



By using Green’s formulas, the following variational formulation in case of the Neumann boundary
condition for the temperature is obtained:

Find (u(t),0(t)) € HY(Q) x H'(Q), where dyu(t) € L2(Q), dyu(t) € H5(Q)" and 9,0(t) € HY(Q),
such that

p(Ouu(t), @) + p (Vu(t), Vo) + (A +p) (V- u(t), V- ¢) + 8(VO(1), ) = (P(t), ) (5)

pCs(0:0(t), ) + 1 (VO(L), V) + ((k * VO)(1), Vi) — ToB (dru(t), Vi)
=h(t) (f,¢) + (F@),¢) = (9(t), ¢¥)p — é ((k*g)(®),¥)p, (6)

where h(t) is given by (d), for a.a. t € (0,T) and any (¢, v) € H}(Q) x H'(Q).

We note that in case of the Neumann condition for 6, we may take w = 1,i.e. m(t) = fQ 0(x,t) dx,
however when considering the homogeneous Dirichlet boundary condition for the temperature, w = 0
on I' is required. Otherwise, the boundary term (V6 -v,w). needs to be handled, which does not
seem to be possible with the present approach. The expression for h in the case of the homogeneous
Dirichlet boundary condition for 6 becomes

h(t) = [pCam’ () + 1 (VO(t), Vo) + ((k * V)(1), Vo)
BTy (Du(t), Vo) — (F(1),w)] /(f,w), w e HY(Q), (7)

where the difference lies in the absence of two boundary terms in comparison with . In this case,
the variational formulation is given by:

Find (u(t),0(t)) € HY(Q) x H5(Q), where dyu(t) € L2(Q), dyu(t) € HE(Q)™ and 9,0(t) € HY(Q),
such that

p{Ou(t), @) + p(Vu(t), Vo) + (A4 p) (V- u(t), V- @) + 8(VO(t), ») = (p(t), ») (8)

pCs(0:0(t), ¥) + £ (VO(1), Vip) + ((k * VO)(t), Vi)
= Top (Oru(t), Vi) = h(t) (f,4) + (F(t),¢), (9)

where h(t) is given by (7), for a.a. t € (0,T) and any (¢, ) € H}(Q) x Hy ().

The existence of a unique solution to problem 7@ is studied in the Section |3} whilst problem
7@ is briefly discussed in Section

3. Existence of a unique solution: Neumann boundary condition for the
temperature

Rothe’s method, i.e. semidiscretization in time [25], is applied to address the existence of a solution
to the variational problem f(@. Firstly, the time interval [0, 7] is divided into n € N equidistant
subintervals [t;_1,t;], i = 1,n, hence t; = i1, i = 0,n. The time step is denoted by 7 = T/n < 1. The
backward Euler method is used to approximate the time derivatives at every time step, i.e. for any
function z consider

zi & 2(t;), Opz(t;) = 0z = ZiTEo and Oy z(t;) ~ 6%z =
T

Zi T Zi-1 0zi—1

2 T

Moreover, (k * z)(x,t;), i = 1,n, is approximated as

(k*2)(x,t;) = Z kizio(x)r, 1=
=1
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Note that in these approximations only the values of the temperature at previous time steps are used.
Hence we may propose the following linear recurrent scheme to approximate the original problem

@)—(6) for any (¢, v) € H§(Q) x H'(Q) and i = I, n:
p (0%0;, ) + 11 (Vu;, Vep) + (A + 1) (V -1, V- @) + B(V0;, 0) = (Pir @), (10)

+ (Fi,y) = (95, 9) (Z kN0 i, vw) —= (Z kugiiT, w) . (11)

r
where

pCsml, + K (V0;_1, Vw) + (gi,w) (Z iV 0, w)
=1

+% (Zklgim',w> — BTy (du;—1, Vw) — (Fy,w)| /(f,w). (12)
=1

r

For a given i € 1,n, we first determine h; from relation and then solve the coupled problem
(10)—(11). The existence of a unique solution at every time step is proved in the following lemma.

Lemma 3.1. Assume that Wy, W, € L?(Q), 6y € H(Q), f € L2( with [ f(x) dx #0, k € C([0,T7),
m € C'([0,T)), F € L ((0,7),H"()), p € L= ((0,T),H}(Q )) and g € L°° ((O7T),L2(F)). Then,
for any i € T,n, there exists a unique triplet (u;,0;, h;) € H{(Q) x H'(Q) x R that solves (L0)-(12).

Proof. From relation , it follows that h; € R if u; € L%(Q) and 6, € L%(Q), for I = 0,7 — 1.
Problem ([10)-(11) is equlvalent to solving

a <<lgz> y (z)) = ﬁl (:;) y 1= l,n, with Lb ) :ﬁo, (5110 :ﬁl, 00 = ?0,

where a : (H§(Q) x Hl(Q))2 — Rand F, : H} () x H(Q) — R are defined as
; T ~ T
a ((‘;) , (i)) — 70L1 + Ly, F (‘5) — 70R1 + Ry,

Ly = 55 (wi,0) + 1 (Vi Vo) + (A ) (V- 0s, V- 0) + B (V6 0)

with

= (pia (P) + % (uifla ‘P) + é ((5111‘71, Lp) = R17 (13)

PCs (0,0) + 1 (V6,, V) —

T

L= 2w, v

= h7. (fa 7/1) + (Flv 1/)) (glv (Z klval 17, V¢>

=1
i : T
B % (Z kigi—iT, ¢> " @ (0i—1,9) — %ﬁ (Wi, Vo) = (14)
=1 r

The norm in H§(Q) x HY(Q) is given by [|(u G)TH2 = |Vul*+ ||9H12{1(Q)~ The bilinear form a is coercive
and continuous on H{(Q) x H'(Q) since the coupling term cancels out according to the definition of
a. Moreover, F; € (H(Q) x HI(Q))* if w;_q, du;; € L2(Q), 6,1 € L*(Q) and V6, € L*(Q) for
!l = 0,7 — 1. The Lax-Milgram lemma yields the existence and uniqueness of a solution (u;,#6;) €



H}(Q) x H'(Q), i € T, 7n, to problem . and, equivalently, to problem ([10] . provided that
ug, u; € LQ( ) and 90 S Hl(Q) |

Next, we derive a priori estimates in the following two lemmas, which serve as uniform bounds
to prove the convergence of the scheme 7.

Lemma 3.2. Let the assumptions of Lemma be fulfilled and, in addition, assume that Gy € H{(Q).
Then there exist C > 0 and 19 > 0 such that for any 0 < 7 < 19, the following relation holds

J
o 1* + 37 ou; — s [P + [V |* + |V - uy]f?
1=1

J J
+ Z ||Vu1 - Vui,1||2 + Z ||V ‘u; — V- ui,1H2

i=1 i=1

J J
16,17+ 3 16; = 6ol + D IVO P r <€, j=Tn
=1 i=1

(15)

and

Proof. We set ¢ = du;7 and ¢ = 0;7/Ty in equations f and sum up these equations for
1 =1,7 with j = 1,n. By summing up the two resulting equations, the coupling term cancels out and
this yields

J

j
pZ(é uz,éuZ T+uz (Vu;, Vow)) 7+ (A + p) Z (V-u;,V-ou)r
i=1

i=1 i=1

J K J J
iy To Z(vguva = TZ

i=1 i=1 i=1

J 1 J J

Jr; (P4, 0u;) T+?0;(Fl,9 — Z gi,0

1 - [
T z; (; AV T wl) TM Z; (Z kigi i, 9) . (16)

We use Abel’s summation rule for the first four terms on the left-hand side (LHS) of equation
and obtain

J
2)  (%wi, 0uy) 7 = [|ouy” — [w | +le5uﬁ5m 7,

=1 =1

J
2> (Vu;, Vou) 7 = [ Vuy|* — [V +Z||Vuz Vu,_1|?,
=1 =1
J
2) (V-u, V-du)m = [|V-uy]|* = |V 1o * +ZIIV w—Vou
=1 =1
j s s ,
2 (86:,00) 7 = (101" = [|8o])” + D 116: — 61 *

i=1 i=1
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Using the properties of p and F, it follows that

J

J
Z ps, ;) T+TiOZ(F1,a <1+Z||9 I T+Z\\5uz|| T>.
i=1 i=1

For the last three terms on the right-hand side (RHS) of equation , by using the e-Young and
Necas inequalities, we obtain

J
Zgz,z

J
<SC+CY |0l T

i=1

7 J
< C+CaZ ||9Z-||2T+EZ V6, ,

7 i—1
<C Y (Zvezll 7’) T+5Z||ve I,
=1 =

< c+c€Z ||9i||27+az V6,1 .

J

> iklvel i, ve)

i=1 =

(Zklgl lT9> T
i=1

=1

We still need to estimate the first term on the RHS of equation . From relation 7 we obtain
that

1—1
hi| < C (1 + VOl + DIV 7+ ||5uz-_1||> (17)

=0

and, therefore,

1 J
?OZhi(f,Hi)T

J J
<ed hr+CY |6l
=1 =1
Jj—1 ) j—1 ) J )
s<1+2||vel| T4 Y [l T> +C 0l
=0 =0 1=0

Then, we collect all estimates above and we fix € > 0 sufficiently small and apply Gronwall’s lemma
to conclude the first estimate. The second estimate follows from relation . O

Corollary 3.1. Let the assumptions of Lemma be fulfilled. Then there exists C' > 0 such that the
following relations hold

J J
3 ||52uiHiIé(Q)* T<C and Y 00;|fuqy T <C, j=Tm. (18)

=1

Next, we introduce the following piecewise linear in time functions U, V,, : [0,T] — L*(Q).

Un(o) = Uy,
U,(t) =wi—1+ (t — t;—1)0u;, te (ti1,t;], i=1,mn;
V,(0) =1,
V() =6u_1 + (t—t;1)0%w;, te (ti1,t], i=1,n;



and the piecewise constant in time functions U, ﬁn,vn, V., :[0,7] — L3(Q)

ﬁn(O):ﬁo, ﬁn(t):u“ (Z 1, ], 1 =1,n;
V.,.(0) =1, V,.(t) =0w;, te(tii,t], i=1n;
o) = . € (0,71,
gn(t):Un(t_T)7 € (timn,ti], i=2,m
Vo) =, e [0.7),
Volt) = Vu(t — 7), €t b, i=7m.

Analogously, we define ©,,, 6, (:)n, M s kny Gy Dpy Fn and hy,. We also introduce the notations
[-]- and |-|, defined as [t], =i and [t|, =i — 1 for t € (t;_1,t;], respectively. Using these so-called
Rothe’s functions, the variational formulation f may be rewritten, for a.a. t € [0,T7], as

p (0 Vou(t), ) + 1 (VUL(E), V) + (A + ) (V-Unt),V-@) + 8 (VOn(t), ) = (Ba(t), ), (19)

pCs (0O (t),¥) + £ (VO,(1), Vi) = ToB (Vi(t), Vi) = hu(t) (f,¥) + (Fu(t),¥)

4, .
= (Gn (), ¥)p — (Z En(t1)VOL(t — t)T, Vl/}) - % (an(tl)gn(ti — ), w) , (20)
=1 r

=1

where

Ton(t) = [pcﬁn(t) Yk (Vén(t), w) + (@, (), w)p

[t Lk
+ (Z kn(t)VO,L(t — t))T, Vw) + % (Z kn ()9, (t — )7, w)
T

=1 =1

8T (Va(t), Vo) = (Falt), )] /(f,0). (21)
Theorem 3.1 (Existence and uniqueness: Neumann boundary condltlon) Assume that Uy € H} (1),
u; € L2(Q), 6 € H'(Q), f € L*(Q) with [, f(x) dx # 0, m € C'([0,T]), F € L™ ((0,T),H"(Q)),

p € L™ ((0,7),H'(Q)) and g € LC><> ((0,T), LZ(F)). Then there exists a unique triplet (u,0,h) that
solves problem f@ such that

e ue C([0,7],L2(2)) NL* ((0,T),H()),

dyu € L2 ((0,T),L2(Q)) mc([ T], H5(Q)"), dyu € L2 ((0,T), H5()");
e 0 C([0,T],L3(Q)) NL? ((0,T), H'(Q)), 8,0 € L2 ( (0,T),H" (Q)*);
e hcL?(0,7).

Proof. The proof relies on a compactness argument. It follows, from the Rellich-Kondrachov theorem
[7, Theorem 6.6-3], that

*

H}(Q) —— L?(Q) —— H(Q)".

Lemma [3.2] implies that

refony {0l + 1000} < €
Hence the conditions from [25, Lemma 1.3.13] are satisfied and, therefore, there exist a function
u e C([0,T],L3(Q)) NL*> ((0,T),H}(R)) and a subsequence {Uy, }ien of {Uy, }nen such that

U, —u in C([0,T],L*()),

U, (t) = u(t) in H{(Q), for all ¢t € [0,T],

U, (t) = u(t) in H(Q), for all t € [0,T],

9, Up, — 0u  in L?((0,7),L23(Q)).
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Moreover, from Corollary and the reflexivity of space L? ((0,T),H{(Q)"), for a subsequence (yet
again, indexed by n;), it follows that

8V, — dyu in L2 ((o,T),Hg(Q)*).
From Lemma [3.2) and Corollary it follows that

T T
1©m, ()1 At + | 110:Om, (1) 513 - t < C.
0 0

The generalized Aubin-Lions lemma [39, Lemma 2.12.4] implies the existence of a function
9 € C(0,T],L*(Q)) and a subsequence {O,, }ren of {O}nen (denoted by the same symbol) such
that

O, — 0 in L? ((0,7),L*()),

©,, — 0 in L? ((0,T),H"(Q)),
8,0,, — 9,0 in L? ((o,T),Hl(Q)*).
Applying Lemma we obtain that

2

dt
Hi()

T T B
/0 U2 (5) = Ty (9553 dt+/0 |00 () = U, (1)
+/0T||9nl(t)—@nl(t)||2dt+/0TH6nl(t)—ém(t)HthgcTn“

ie. {Uy}, {fjnl} and {U,,} have the same limit u in L2 ((0,7),H§(2)), whilst {©,,,}, {ém} and
{©,,} have the same limit 6 in L* ((0,7), L*(2)). Therefore, Lemma [3.2 and the reflexivity of space
L?((0,T),H"'(Q)) imply that
0,0, — 0 in L?((0,7),H'(Q)).
Note that V,, = ,U,, and
T, _ 2
/ Vo)) = V()] at < o7,
0
that is
V., Vo, = 0 in L7 ((0,7),L%(Q)) .

Moreover, from the reflexivity of space L? ((O,T),LQ(Q)), it follows, in the sense of a subsequence
indexed by n;, that

hn, = h in L?((0,7),L%(Q)).
Therefore, for all € (0,T), the following relation holds

n_ 1
/ hm(t)dt%/ h(t)dt as | — oo.
0 0
By using Lemma [3.2] we obtain that

"t.l‘r/n/l
> oy (10)G, (i = 1) 70, — (R %G ) ()
=t L2(T)

Tny ’Vt—l ™y __
/ knl (S)gnl (t - S) ds
t

< Cryy,s
L2(T)

for ¢ € (0,T) and the following relation holds
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ne ;
/ Z ) (V8. (¢ — 1), V) 7 dt /0 (oo # (VO Vi) ) (8) d

0 e, _ B
/0 (/f ki, (t — 5) (VOn,(s), Vi) d5> dt

for any n € (0,7) and ¥ € H' (Q). As far as ‘the data are concerned, it should be mentioned that
|gm —g| — 0 a.e.on X7, p,, = p ae. in Qr, [y, = F ae. in Qr, ky, — k and m/,,, = m’ in (0,7
as | — oo.

Finally, the existence of a solution can be proved. We integrate relations (19| . for the resulting
subsequence in time over (0,7) C (0,T") and pass to the limit as 7,,, — 0 using the previous convergence
results. Then, we differentiate the result with respect to the time variable to arrive at relations 7@.
The convergence of Rothe’s functions towards the weak solution has been shown for a subsequence.
However, taking into account the uniqueness of a solution, which we will show next, the entire Rothe’s
sequence converges towards the solution.

We next prove the uniqueness of a solution by contradiction. Consequently, we assume there
exist two solutions (uy, 61, k1) and (ug, 02, ha) to problem (4 @ and will show that their differences
u:=u; —uy, 6 :=0; — 0y and h := hy — hg, respectively, are a.e. equal to zero. Note that u(-,0) =0,
oru(-,0) = 0 and 6(-,0) = 0 in Q. Moreover, g =0 on X, p=0in Qp, F =0in Q7 and m =0
n [0,7]. We first integrate relations ([@)—(6) in time over (0,n) C (0,T) since d;u cannot be taken
directly as a test function in due to the fact that dyu(t) € Hy(Q) under the present assumptions
on the data. We obtain that the triplet (u, 8, h) satisfies the following relations

p (Ora(n), ) + p (/On Vu(t)dt,VsO) +(A+n) (/Onv ' u(t)dtip)

+B(/017V0(t)dt,<p):07 pcHND), (22)

< Oy

oCa (0(n), ) + 5 (/077 V(1) dt,w) + (/n(k £ V(1) dt,w)

0

Ty (u(n), V) = (£ ) /O"ha)dt, beH'(Q), (23)

(f,w) /O bt dt = ( /0 "vow) dt,VoJ) + ( /0 "k Vo) (1) dt,Vw) _ BTy (u(n), V). (24)

1 [
Take o = u(n) and ¢ = T / 0(t) dt in relations (22) and (23), respectively, integrate the resulting
0

equations in time over 1 € (0,€) C (0,7) and add them up. Since the coupling terms cancel out, it

follows that
€
/ V-u(t)dt
0

/ Vot dt dn+—/ (/ k*ve)(t)dt,/onve(t)dt> dy
(f, /O "oe) dt) ( /0 " h) dt) dn. (25)

By using [ (k* V0) (t)dt = (k= [; V6) (n), we obtain for the last term on the LHS of equation

2

A+
+—-

[5f
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/05 </On(k * V0)(t) dt,/(:7 Vo(t) dt) dn
§ n
e

4 2 &N
/ Vo(s) ds|| dt dn+6/ / Vo(t)dt
0 o Vo
From relation , it follows that
n
/ Vo(t) dt‘
0

[luoal<e( #[ (e [F50) @]+ ).

Therefore, using the e-Young inequality, for the second term on the RHS of relation we obtain

/j (r [ owar) (/O"h(t>dt) ay

2
dn.

2 2

3 n 3
t dn+5/ / vo(t) dt dn+5/ Ja(n)||® dn.
o IlJo 0
By accounting for the above results, equation yields
3 2 A
+
Pla@*+£ / Vu(t)dt| + —” / v
2 2 /o
3 3 n 2
i |, (”” )/ /
+ Ot)dt|| + | = —¢ Vo(t)dt|| d
2To ||.Jo () T o IlJo ) !

t 2
/ Vo(s) ds dt) dn
0
ey gt
e |
0

Next, we fix ¢ > 0 sufficiently small and apply Gronwall’s inequality to obtain u(-,£) = 0 and
fo t)dt =0 a.e. in Q for all £ € (0,7). By differentiating the second equality with respect to &, it

also follows that # = 0 a.e. in @Qp. Finally, from we obtain that fo t)dt =0 for all n € (0,7T)
and by differentiating with respect to 7, we may conclude that h =0 a.e. in (07 7). (I

3 n
<OE/
0 0

ds

2 €
dt + C. / ()| dn.
0

4. Existence of a solution: Dirichlet boundary condition for the temperature

In case of the Dirichlet boundary condition for the temperature, we propose the following linear
recurrent scheme to approximate the original problem (7)—(9) for any (¢,v) € Hj(Q) x H () and
1=1,n:

p (6%, ) + 1 (Vui, Vo) + (A + 1) (V- i, V- @) + 8(Vb;, @) = (pis @) » (26)

=1
where

hz(f, w) = pCSm; + K (V@i,h Vw) + <Z kO, T, Vw) — BTy ((5112‘,1, Vw) - (Fi,w) . (28)

=1

The analysis is similar to that from Section [3] However, there is less work to be done since there
are no boundary terms to handle in this case. We work now in the space H§(Q) x H§(Q), which is
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equipped with the norm |[|(u H)TH2 = [Vu|]® + |[VO]|>. We just state the existence result without a
proof.

Theorem 4.1 (Existence and uniqueness: Dirichlet boundary condition). Assume that Ty € H}(Q2),
;€ L2(Q), 0y € Hy(Q), f € L*(Q) with [, f(x) dx # 0, m € C'([0,T]), F € L* ((0,T),H" (%))
and
p € L™ ((O,T),Hl(Q)). Then there exists a unique triplet (u,0,h) that solves problem @f@ such
that

e ucC([0,7],L2(Q)) NL* ((0,7),H}()),

dra € L ((0,7),L2(Q)) mC([ T],H§(Q)"), 0pu e L ((0,7), HY(Q)");
e 0cC([0,T],L3(Q)) NL? ((0,T), H(Q)), 0 GeLz(OT)Hde%
o heL?0,7).

5. Numerical results and discussion

In the present numerical examples, we consider k = 0, i.e. type-I thermoelasticity. Firstly, we transform
equations in a dimensionless form by using the following non-dimensional variables, see e.g. [19,

X=X, t= 7 t, 6(x,t)= T H(X t), u(x,t) = BTt ux,t), §= ToCC
ﬁ(’%’?) - p(l‘,t),?l(:f’?) = il h(l‘,t), 7’77,(?) = m(t)

= 0BTLC:C, Q?C2C2T, Ty’

where Cy = /(A +2u)/p (ST unit: m/s) and £ = k/(pCsCy) (SI unit: m). The inverse problem for the
one-dimensional thermoelasticity system becomes (for simplicity, the tilde sign has been dropped in
the following):

Find (u, 8, h) such that

Ut (X, 1) — Ugg (2, 1) + 05 (2, t) = p(a,t) (z,t) € (0,L) x (0,7,
Op(x,t) — Opy (2, ) + e1uge(x,t) = h(t) f(z) + F(z,t) (x,t) € (0,L) x (0,T),
u(0,t) = u(L,t) =0 te (0,7,
0(0,t) = 0(L,t) =0 (29)
or  —0,(L,t) = g(L,t), 0,(0,t) = g(0,¢t) t € (0,77,
u(z,0) =ap(x), wu(x,0)="1u1(x), z € (0,L),
0(x,0) = o (=), z € (0,L),
L
| w@ptan) = m. tep.) (30)
where
o T
02C,C%’

The two-dimensional linear model for an isotropic thermoelastic material is given by:
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Find (u, 8, h) such that

Opu(x,t) — mAu(x,t) — (1 — ) V(V - u(x,t)) + Vo(x,t) = p(x,t), (x,t) € Qr,

01 (x,t) — AO(x,t) + 1V - Qyu(x,t) = h(t) f(z) + F(x,1), (x,t) € Qr,

u(x,t) =0, (x,t) € T, (31)
0(x,t)=0 or —VO(x,t) v(x)=g(x,t) (x,t) € 3,

u(x,0) =up(x), us(x,0)=10;(x), x €,

0(x,0) = 0o(x), x e

/ w(@)b(a,t) = m(t), te[0,T), (32)
Q

where

_ M

oA+ 2u

The material constants employed in the numerical examples have been taken so that they corre-
spond to a copper alloy [36], namely G = 4.8x 10 N/m2 v = 0.34, ar = 16.5x 1070 1/k, k = 401 W/mK,
p = 8960ks/m?, Cs = 3857/kgk and Ty = 293K. Consequently, it follows that e; = 0.0189 and
1 = 0.2424.

The solution to the inverse source problems is found by applying the algorithm described by
relations f in case of the Neumann boundary condition for the temperature and equations
f when the Dirichlet boundary condition for the temperature is available. At each time step,
the resulting elliptic mixed problems are solved numerically by the finite element method using the
first-order (P1-FEM) Lagrange polynomials for the space discretization. More specifically, the finite
element library DOLFIN [27] 28] from the FEniCS project [26, [I] has been employed herein.

The inherent errors present in real measurements have been simulated by adding to the mea-
surement a randomly generated uncorrelated noise, namely

my(t) = m(t) (14 pR(2)), te{g:izo,...,ﬁ},

231

where p represents the percentage of noise, e.g. p = 0.01 for 1% noise, and R is a Gaussian random
variable of zero mean and standard deviation o drawn from [—1,1] that changes in time. We also
note that the noise in the data can be estimated via the ordinary least-squares (OLS) method or the
maximum likelihood estimation (MLE), see e.g. Rossi [37]. It has been assumed that N = 100, i.e.
the measurement is known at (]v + 1) time points. Then, the noisy data was regularized by using
the nonlinear least-squares method to obtain a third-order polynomial approximating the noisy data
for each noise level p. These polynomials have been used in the numerical examples presented and
discussed in the following subsections.

5.1. One-dimensional problems in the two-dimensional setting
We consider L =T =1 and prescribe the exact solution to problem f as follows

u(z,t) = 0.1(1 +t)%z(z — 1)2, 0(x,t) = 0.1(1 + t)? sin(7z), (33)
hi(t) =1 — exp(—t), ha(t) = sin(27t).

We take f(z) = cos(z) and consider five different choices for the weight functions given by

wi(z) =exp(—1002%), wa(z) = exp (—2002?),
ws(z) =exp(—400z?), wy(z)=exp (—100(z —0.6)%), (34)
ws(z) = exp (—5000(z — 0.6)%).
These weight functions are depicted in Figure [I] and define the position of the measurement. We note

that wy, wy and ws are situated around z = 0 and these weight functions may be considered only in the
case of Neumann boundary conditions since w; ¢ H(l) (Q), j =1,2,3. The time step for the equidistant
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time partitioning was chosen to be 1073, whilst the number of one-dimensional finite elements was
taken to be equal to 200.

1.0 A —_— W
—_— W
w3
0.8 — W
— ws
- 0.6
X
X
3
0.4
0.2
0.0
0.0 0.2 0.4 0.6 0.8 1.0
X

FIGURE 1. Weight functions used for Examples 1 and 2 (one dimension).

We further consider two numerical examples depending on whether the unknown source hy or hg
is considered. For each example, both Neumann and Dirichlet boundary conditions for the temperature
have been considered. It should be mentioned that the CPU time (Intel® Core™ i7-8650U Processor)
for one simulation (i.e. one level of noise p) was found to be around 10 s.

5.1.1. Example 1. First, we study the reconstruction of h; when either the Dirichlet or the Neumann
boundary condition for the temperature is available, for the weight functions w; considered in equation
(34). Figures present the numerical solution in comparison with its exact value, as well as the
corresponding absolute errors, obtained using various levels of noise added to the measurements.

The numerical results, retrieved using wy and ws and the Dirichlet boundary condition, are
depicted in Figures [2] and [3] whilst Figures [7] and [§] show the numerical reconstructions, obtained yet
again using wy and ws and the Neumann boundary condition. It can be seen from these figures that
all of the numerical reconstructions for the source are good approximations for its exact counterpart
and, at the same time, remain stable, whilst the best corresponding absolute errors are obtained for
the Neumann boundary condition.

Good approximations for the source have also been obtained when considering the measurements
corresponding to wy,ws and ws and these are presented in Figures [}ff] respectively. As expected, it
can clearly be observed from these figures that the absolute errors in the numerically reconstructed
sources increase as the support of the measurement becomes smaller.
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le-1
— Exact solution —_—
0.6 — w,,p=0.001 J—
—— ws,p=0.005 084 —
0.5] — wi,p=0.01 —
— w,p=0.03
0.4 w4, p=0.05 S 06
= s
= <
So3 |
< o 04
=
0.2 < /
0.2
" 0| =—
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t
(a) (b)

FIGURE 2. Example 1 with Dirichlet boundary condition and wy: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.

le-1
—— Exact solution 1.0
0.6 — ws,p=0.001
— ws,p=0.005
0.5{ — ws,p=0.01 08
— ws,p=0.03
0.4 ws, p=0.05 8
= 0.6
S o
o3 -'I:
o
< T 04
0.2 =z
0.1 0.2
0.0
0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t
(a) (b)

F1Gure 3. Example 1 with Dirichlet boundary condition and ws: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.



— Exact solution 12—
0.6 — w1,p=0.01 -
_ 10
05
T o8
o4 <
o o
S 2.1 \Q
Q
503 | 06
& =
= — —!
0.2 < 04
01 0.2
0.0 0.0
0.0 02 04 06 08 10 00 02 04 06 08 10
t t
(a) (b)

FIGURE 4. Example 1 with Neumann boundary condition and wq: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.

le-2
—— Exact solution —_—
061 — w,,p=0.01 354 —
— w,p=0.03 —
054 — w2,p=0.05 3.0{ —
—_— wy,p=0.1
0 w2, p=0.2 T 25
Q
= =
) < 20
203 |
< =
E1s
-
0.2 <
1.0
0.1 S
i &&
00 0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t
(a) (b)

FIGURE 5. Example 1 with Neumann boundary condition and ws: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.
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Exact solution
w3, p=0.01
ws,p=0.03
w3, p=0.05
w3,p=0.1
w3, p=0.2

0.6

0.5

LTI

0.4

0.3

hy,p(t)

0.2

0.1

0.0

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t

(a) (b)
FIGURE 6. Example 1 with Neumann boundary condition and ws: (a) The exact

source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.

le-2
—— Exact solution —_—
0.6 1 — w,,p=0.001 354
— wa,p=0.005 —
0.5 — wi,p=0.01 3.0 —
— w,p=0.03
,p=0.05 T 25
04 bl g
Q
= o
g £ 20
So3 |
< T 1s
=
0.2 <
1.0
N
0.1 —
05 _—
—
0.0 00] S—
0.0 02 0.4 06 0.8 1.0 0.0 02 0.4 06 0.8 1.0
t t
(a) (b)

FIGURE 7. Example 1 with Neumann boundary condition and wy: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.
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— Exact solution — ws,p=0.001
0.6 1 — ws,p=0.001 35 —— ws,p=0.005
—— ws,p=0.005 — ws,p=0.01
05 3.0 — ws,p=0.03
_ ws, p=0.05
0.4 T 25
= s
S o
£ < 20
203 |
o
< s
0.2 £
10
0.1
05 7
>
o ~< —
0.0
0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 1.0
t t
(a) (b)

FIGURE 8. Example 1 with Neumann boundary condition and ws: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.

5.1.2. Example 2. In case of Example 2, we study the recovery of the sinusoidal source hy when either
the Dirichlet or the Neumann boundary condition for the temperature is available. The numerical
results for the source, obtained with various weight functions, are presented in Figures and are
similar to those retrieved for Example 1. From the numerical results presented in these figures, we
may conclude that the algorithms described by relations f and 7, which correspond to
Neumann and Dirichlet boundary conditions for the temperature, respectively, are stable with respect
to decreasing the amount of noise added to the corresponding measurements.

— Exact solution — w4, p=0.001

—— wa,p=0.001 —— w4, p=0.005
0.75 —— wi,p=0.005 081 — wy,p=0.01
— wi,p=0.01 — wi,p=0.03
0.50 — wi,p=0.03 w4, p=0.05

wa,p=0.05 06

ha,p(t)
o
8

0.4

[h2(t) = ha, ()]

-0.50

-0.75

-1.00 0.0

t t
(a) (b)
FIGURE 9. Example 2 with Dirichlet boundary condition and wy: (a) The exact

source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.
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0.25

0.00

ha, p(t)

-0.25

—=0.50

-0.75

-1.00
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— Exact solution 1.0

0.8

0.6

0.4

|h2(t) = ha, p(8)]

0.2

0.0

0.6 1.0 0.0 0.4 0.8

t t

(a) (b)

0.0 0.2 0.4

FIGURE 10. Example 2 with Dirichlet boundary condition and ws: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,

ha, p(t)

—-0.50

-0.75

-1.00

obtained for various levels of noise.

—— Exact solution 12

1.0

0.8

0.6

[h1(t) = hy, p(B)]

0.4

0.2

0.0

0.0 0.2 0.6 0.8 1.0 0.0 0.8

(a)

(b)

FIGURE 11. Example 2 with Neumann boundary condition and wy: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.
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0.50

0.00

ha, p(t)

-0.25

—-0.50

-0.75

-1.00

— Exact solution

0.0 0.2 0.4 0.6 0.8 1.0
t

(a)

35

3.0

25

2.0

15

|h2(t) = ha, p(8)]

1.0

0.5

0.0

0.0

t

(b)

FIGURE 12. Example 2 with Neumann boundary condition and wy: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.

0.5

0.0

ha, p(t)

— Exact solution

0.0 0.2 0.4 0.6 0.8 1.0

(a)

|ha(t) = ha, p(t)]

-
o
!
~

0.0

(b)

FIGURE 13. Example 2 with Neumann boundary condition and ws: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.
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1.00 —— Exact solution — wa,p=0.001
—— wa,p=0.001 —— wa,p=0.01

0.75 —— wa,p=0.01 6 — Wws,p=0.03
— wi,p=003 — wi,p=005

0.50 —— W4, p=0.05 5 ws,p=0.1

wa,p=0.1

0.25 §
- Q
= 8 4
S 0.00 i /
o 3
= (=)
-0.25 =
=,
-0.50
-0.75 1 \ /_ /[
-1.00 0 PSS
0.0 0.2 0.4 0.6 0.8 1.0 0.0 02 0.4 0.6 0.8 1.0
t t
(a) (b)

FIGURE 14. Example 2 with Neumann boundary condition and wy4: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.

le-2

1.00 — Exact solution — ws,p=0.001
— ws,p=0.001 — ws,p=001
0.75 / —— ws,p=0.01 41 — ws,p=0.03
— ws,p=0.03 — ws,p=0.05
0.50 — ws,p=005 ws,p=0.1
ws,p=0.1 =
0.25 =<
= o
2 0.00 cl
I
< o 2
-025 =
<
-0.50
1
-0.75
~1.00 N 0 ~ o
0.0 02 04 0.6 08 10 0.0 02 0.4 06 08 10
t t
(a) (b)

FIGURE 15. Example 2 with Neumann boundary condition and ws: (a) The exact
source and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.

5.2. Two-dimensional problems in the three-dimensional setting

The data for the numerical example are derived from the following exact solution to problem 7,
which is chosen according to [30, Proposition 1]:

u(z,y, 1) = (1+ t>3% [in (2 +5)% + (v + 1)?) (@ +5).In (@ +5)° + (5 + D?) (y +1)]

O(z,y,t) = %(1 +1)?In ((z+5)*+ (y + 1)?),
hi(t) =1 —exp(—t), ho(t) = sin(27t),

0.52 0.5%
f(xay) = COS(J?y), w(x’ y) = €Xp (1 - 0.52 — (05 _ Z)Z - 0.52 — (05 _ y)2> ’

where

1
Oy= T (27 £ 168 x 1077,
2 1—v
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The time step for the two-dimensional examples investigated herein, i.e. Examples 3 and 4, was chosen
to be 1073, whilst the number of two-dimensional finite elements was taken to be equal to 5000. The
weight function employed in case of Examples 3 and 4 is presented in Figure [T6]

0n
1 080

5 0.4 02

X
FIGURE 16. Weight function used for Examples 3 and 4 (two dimensions).

Further, we also consider two examples corresponding to the numerical reconstruction of the
unknown sources hy and hs, respectively. The CPU time for one simulation (i.e. one level of noise)
was found to be around 25 min.

5.2.1. Example 3. Figure[17]displays the results for the reconstruction of the heat source hy, retrieved
using the Dirichlet boundary condition for the temperature and various levels of noise added to the
measurement, in comparison with its exact value. Despite the complexity of this inverse problem, it
can be seen from this figure that the numerical approximations for the heat source h; are stable with
respect to the level of noise added to the measured data and an accurate numerical result for hy is
obtained for a low amount of noise p < 0.005.

We also note that similar results have been obtained in case of the Neumann boundary condition
for the temperature, see Figure Analogous to the numerical reconstructions retrieved for the one-
dimensional Examples 1 and 2, the numerically reconstructed heat sources in case of the Neumann
conditions for the temperature are more inaccurate that those corresponding to the Dirichlet boundary
condition for the temperature, for Example 3, see Figures [17] and
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le-1

— Exact solution
p=0.0
p=0.001
p=0.003
p=0.005

0.8
2.0

0.6
15

1.0

|h1(8) = hy, p(B)]
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FIGURE 17. Example 3 with Dirichlet boundary condition: (a) The exact source

and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.
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() (b)
F1cure 18. Example 3 with Neumann boundary conditions: (a) The exact source

and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.

5.2.2. Example 4. The exact and numerical results for the sinusoidal heat source ho, obtained using
various levels of noise added to the measurement in case of the Dirichlet and the Neumann boundary
conditions for the temperature, as well as the corresponding absolute errors are illustrated in Figures
and [20] respectively. Yet again, we may conclude that the numerical approximations for the heat source
ho are stable with respect to decreasing the amount of noise added to the measurement, whilst the
accuracy of the numerically reconstructed heat source is good in case of a low level of noise.
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FIGURE 19. Example 4 with Dirichlet boundary condition: (a) The exact source

and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.
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FIGURE 20. Example 4 with Neumann boundary condition: (a) The exact source

and its numerical approximations, and (b) its corresponding absolute error,
obtained for various levels of noise.

6. Conclusions

In this paper, an inverse source problem for the isotropic thermoelasticity system of type-IIT has been
investigated. In particular, both the theoretical and the numerical reconstructions of a solely time-
dependent heat source from a weighted integral measurement of the temperature have been studied.
Firstly, the inverse problem was reformulated as a coupled direct problem. A clear distinction has been
made between the Neumann and the Dirichlet boundary conditions for the temperature and this has
led to different conditions on the weight function in the measurement. In each case, a convergent and
stable algorithm, based on Rothe’s method and built on a decoupling technique, has been proposed for
the recovery of the missing source. The existence and uniqueness of a weak solution to the problem has
also been proved. Four numerical examples (two in one dimension and another two in two dimensions)
corresponding to a copper alloy have been implemented using the finite element method, with the
mention that the noisy data was regularized. The numerical results obtained for these examples have
validated both the convergence and the stability of the proposed algorithms.
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Future work will be concerned with the investigation of this inverse problem by employing a
different technique, such as the Tikhonov regularization method, as well as the study of the recovery
of a heat source in the dual-phase lag theory of thermoelasticity.
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