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ABSTRACT. This paper deals with the inequalities comparing the norm of a function on
a compact hypergroup and the norm of its Fourier coefficients. We prove the classical
Paley inequality in the setting of compact hypergroups which further gives the Hardy-
Littlewood and Hausdorff-Young-Paley inequalities in the noncommutative context. We
establish Hormander’s LP-L4? Fourier multiplier theorem on compact hypergroups for 1 <
p <2< g < oo as an application of the Hausdorff-Young-Paley inequality. We examine
our results for the hypergroups constructed from the conjugacy classes of compact Lie

groups and for a class of countable compact hypergroups.

1. INTRODUCTION

The inequalities which involve functions and their Fourier coefficients played a pivotal
role in Fourier analysis as well as in its applications to several different areas. This paper
contributes to some of the classical inequalities of this nature, namely, Hardy-Littlewood
inequality, Paley inequality and Hausdorff-Young-Paley inequality, and their applications
to the theory of Fourier multiplier in the non-commutative setting. The first inequality
we consider is the Hardy-Littlewood inequality proved by Hardy and Littlewood for the
torus T ([23]). They proved that for each 1 < p < 2 there exists a constant C, > 0 such
that
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Hewitt and Ross [24] extended this inequality to compact abelian groups using the struc-
ture theory of groups. Recently, the second author with his coauthors explored the non-
commutative version of the Hardy-Littlewood inequality in the setting of compact homoge-
neous spaces [1, 3] and compact quantum groups [2] (see also [49]). The Hardy-Littlewood
inequality also has an application to Sobolev embedding theorems and to the boundedness
of Fourier multipliers [49, 10, 3]. Compact Riemannian symmetric spaces can be viewed
as homogeneous spaces of compact Lie groups. It is well-known that the spherical analysis
on Riemannian symmetric spaces is interconnected with the analysis on the double coset
spaces which are special examples of hypergroups for which a convolution structure can
be defined on the space of all bounded Borel measures. Our goal is to investigate the
Hardy-Littlewood, Paley and Hausdorff-Young-Paley inequalities and their applications
to the boundedness of Fourier multipliers in the context of compact hypergroups. The re-
sults of this paper are not only applicable to compact double coset spaces but also to the
large class of other examples, for instance, the space of group orbits, space of conjugacy
classes of compact (Lie) groups and countable compact hypergroups [11]. In particular,
the results of this paper are also true for several interesting examples including Jacobi
hypergroups with Jacobi polynomials as characters [20], compact hypergroup structure
on the fundamental alcove with Heckman-Opdam polynomials as characters [38], and
multivariant disk hypergroups [39, 8]

Hewitt and Ross [24] used structure theory of compact abelian groups and in [3], the au-
thors used the eigenvalue counting formula for the Laplace operator on compact manifolds
to derive the Hardy-Littlewood inequality. When working with compact hypergroups, we
do not have such luxury. In this case, we obtain the following Hardy-Littlewood inequality

(see Theorem 3.5):

Theorem 1.1. Let 1 < p < 2 and let K be a compact hypergroup and K the set of
inequivalent continuous representations m of K. We denote by k. the hyperdimension of

m and assume that a sequence {fix}, . grows sufficiently fast, that is,

/{32
Z — < oo for somef > 0.
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Then we have
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When K is the hypergroup of conjugacy classes of the compact Lie group SU(2), Theo-
rem 1.1 gives the following Hardy-Littlewood inequality for the commutative hypergroup
Conj(SU)(2). This is also a natural analogue of the Hardy-Littlewood inequality for T
(see Theorem 5.2):

Theorem 1.2. If 1 <p <2 and f € L?(Conj(SU)(2)), then we have
QU+ DPEFDP < Coll fllwv(conisuy@)- (1)
ZG%NO
The inequality (1) can be interpreted in the following form similar to the Hardy-
Littlewood inequality on T:
> @+ FOP < Collf llrconiisvye)- (2)
ZG%NO
In contrast to the case of T, an extra term (2] + 1)? appears in (2). But this is natural as
the Plancherel measure w on 3Ny, the dual of Conj(SU)(2), is given by w(l) = (20+1)? for
le %No while for T, the Plancherel measure of the dual group Z is the counting measure.

~

Corollary 1.3. If2 <p < oo and ZZG%NO(QZ + 1) 8 f ()P < oo then
f € LP(Conj(SU)(2)).
Moreover, we have
£ 1| zo(coniistry < Cp Y (21 + 1P F FO)IP.
le3No

For p = 2, Theorem 1.2 and Corollary 1.3 boil down to the Plancherel theorem for
the hypergroup Conj(SU)(2). Therefore, these follow the philosophy of Hardy and Little-
wood [23] who argue that the Hardy-Littlewood inequality is a suitable extension of the
Plancherel theorem in the case of T.

Another set of interesting examples of commutative infinite hypergroups which we will

investigate is the family of countable compact hypergroups studied by Dunkl and Ramirez

[16]. Recently, in [28, 29] the first author with Singh and Ross studied classification results
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of such classes of hypergroups arising from the discrete semigroups and investigated ap-
plications of these results to the Ramsey theory [30]. Interestingly, the property of being
countable infinite and compact simultaneously is a purely hypergroups theoretical prop-
erty as any infinite compact group can never be countable. We also obtain the following
analogue of the Hardy-Littlewood inequality for this class of hypergroups H, (see Section
5.2 for the definition).

The Hardy-Littlewood inequality is obtained by the following Paley inequality for com-
pact hypergroups (see Theorem 3.1):

Theorem 1.4. Let K be a compact hypergroup and let 1 < p < 2. If o(7) is a positive

sequence over K such that the quantity

M, = supy Z k2
y>0 71'€I?
p(m)zy

1s finite, then we have

> (%) o7 | S M Wl

TeEK

The Paley inequality describes the growth of the Fourier transform of a function in terms
of its LP-norm. Interpolating the Paley inequality with the Hausdorff-Young inequality one

can obtain the following Hormander’s version of the Hausdorff-Young-Paley inequality,

T

/ (FHEGE) 7 de | < Ifllzr@n, L<p<r<p <oo, 1<p<2

Also, as a consequence of the Hausdorff-Young-Paley inequality, Hormander [26, page 106]
proves that the condition

b n 1

supt’[{€ € R" : m(§) = t}| < oo, -

t>0 p

where 1 < p<2<¢g < oo and 1< b < oo, implies the existence of a bounded extension

of a Fourier multiplier 7, with symbol m from LP(R") to L9(R™). Recently, the second

author and R. Akylzhanov extended Hormander’s classical results to unimodular locally

compact groups and to homogeneous spaces [3, 4]. In [4], the key idea behind the extension
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of Hormander’s theorem is the reformulation of this theorem as follows:
1
q

T Lo ey oy < SUp s ( / dg) = ] oy = | Tonll e oy,
{€€R™: m(§)>s}

B =

s>0

where 1 = % - %, ||| 00 (rny is the Lorentz norm of m, and ||15, | Lree (vn(n)) is the norm
of the operator T, in the Lorentz space on the group von Neumann algebra VN(R") of
R™. Then one can use the Lorentz spaces and group von Neumann algebra techniques for
extending it to general locally compact unimodular groups. The unimodularity assumption
has its own advantages such as the existence of the canonical trace on the group von
Neumann algebra and, consequently, the Plancherel formula and the Hausdorff-Young
inequality. It was also pointed out that the unimodularity can in principle be avoided by
using the Tomita-Takesaki modular theory and the Haagerup reduction technique.

By interpolating the Hausdorff-Young inequality and the Paley inequality we get the
following Hausdorff-Young-Paley inequality for compact hypergroups (see Theorem 3.8):

Theorem 1.5. Let K be a compact hypergroup and let 1 < p < b < p' < oo. If a positive
sequence p(m), ™ € K, satisfies the condition
M, :=supy Z k2 < oo,

y>0 ~
TeK

(m)>y

then we have

1
7

f T l_i, %_P
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rek

As a consequence of the Hausdorff-Young-Paley inequality we prove the LP-L¢ bound-
edness of Fourier multipliers on compact hypergroups (see Theorem 4.1) as a natural

analogue of Hérmander’s theorem (see [26]).

Theorem 1.6. Let K be a compact hypergroup and let 1 < p <2 < g < oco. Let A be a

left Fourier multiplier with symbol o 4. Then we have

3=
Q=

||A||LP(K)—>Lq(K) S su%)y Z k721'
y>

TEK
loa(mllop=y
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The organisation of the paper is as follows. In the next section, we discuss the basics
of the Fourier analysis on compact hypergroups. Section 3 is the heart of the paper
where we shall prove the Paley, Hardy-Littlewood and Hausdorff-Young-Paley inequalities
for compact hypergroups. Section 4 is devoted to establishing the Hérmander multiplier
theorem for compact hypergroups. In the last section, we discuss our results for countable
compact hypergroups and for the hypergroups arising from conjugacy classes of compact
Lie groups.

Throughout the paper, we denote by N the set of natural numbers and set Ng = NU{0}.
For notational convenience, we take empty sums to be zero. We shall also use the notation

P < @ to indicate P < ¢@ for a suitable constant ¢ > 0.

2. PRELIMINARIES

For the basics of compact hypergroups one can refer to standard books, monographs
and research papers [15, 27, 11, 40, 41, 45, 46]. In [27], Jewett refers to hypergroups as

convos. However we mention here certain results we need.

2.1. Definitions and representations of compact hypergroups. We begin this sec-

tion with the definition of a compact hypergroup.

Definition 2.1. A compact hypergroup is a non empty compact Hausdorff space K with
a weakly continuous, associative convolution % on the Banach space M (K) of all bounded
regular Borel measures on K such that (M(K),*) becomes a Banach algebra and the

following properties hold:

(i) For any z,y € K, the convolution ¢, * d, is a probability measure with compact
support, where ¢, is the point mass measure at x. Also, the mapping (z,y) —
supp(d, *d,) is continuous from K x K to the space C(K) of all nonempty compact
subsets of K equipped with the Michael (Vietoris) topology (see [36] for details).

(ii) There exists a unique element ¢ € K such that 6, * 6, = 0. * 0, = J, for every
z e K.

(iii) There is a homeomophism z +— & on K of order two which induces an involution
on M(K) where ji(E) = pu(E) with E defined as £ := {# : 2 € E} for any Borel
set E, and e € supp(d, * ¢,) if and only if x = .
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Note that the weak continuity assures that the convolution of bounded measures on a
hypergroup is uniquely determined by the convolution of point measures. A compact hy-
pergroup is called a commutative compact hypergroup if the convolution is commutative.
A compact hypergroup K is called hermitian if the involution on K is the identity map,
i.e., £ = x for all x € K. Note that a hermitian hypergroup is commutative. Every com-
pact group is a trivial example of a compact hypergroup. Other essential and non-trivial
examples are double coset hypergroups G//H asing from a Gelfand pair (G, H) for a
compact group G and a closed subgroup H [27], conjugacy classes of compact Lie groups
[46, 11], countable compact hypergroups [16, 11], Jacobi hypergroups [19, 11], hypergroup
joins [47] of compact hypergroups by finite hypergroups [5, 11].

A left Haar measure A on K is a non-zero positive Radon measure such that

/K F(a  y)dA(y) = /K fw)dMy) (Vx € K, f € C(K)),

where we used the notation f(z *y) = (0, * d,)(f). It is well known that a Haar measure
is unique if it exists [27]. Throughout this article, a left Haar measure is simply called
a Haar measure. We would like to make a remark here that it is still not known if a
general hypergroup has a Haar measure but several important class of hypergroups in-
cluding commutative hypergroups, compact hypergroups, discrete hypergroups, nilpotent
hypergroups possess a Haar measure [27, 11, 48, 6].

An irreducible representation m of K is an irreducible *- algebra representation of M (K)
into L(H,), the algebra of all bounded linear operators on some Hilbert space H,, such

that

(i) m(0.) = I and
(ii) for every u,v € H,, the mapping pu — (m(p)u,v) is continuous from M(K)" to
C, where M (K)* is the set of all those measures in M (K) which are non-negative

and is equipped with the weak (cone) topology.

In [27], it was also included in the definition of a representation that 7 must be norm
decreasing, that is, ||7(u)|lop < ||p||, where || - ||lop denotes the operator norm on L(H,),
but it follows as a consequence of the above definition. For any = € K, we also write 7(J,,)

as m(z). Therefore, we get ||m(x)|op < ||02]] = 1.
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2.2. Fourier analysis on compact hypergroups. Let K be a compact hypergroup
with the normalized Haar measure A and let K be the set of irreducible inequivalent con-
tinuous representations of K. Throughout this paper we will assume that K is metrizable
which is equivalent to the condition that K is countable [17]. The set K equipped with the
discrete topology is called the dual space of K. Vrem [46] showed that every irreducible
representation (7, H,) of a compact hypergroup is finite dimensional. For any 7 € K , the
map = — (m(x)u,v) for u,v € H, is called a matrix coefficient function and is denoted
by 7. Let m(z) = [m; j]a. x4, be the matrix representation of any (7, H,) of dimension
d, with respect to an orthonormal basis {e; d’fl of H,.. For each m € K there exists a

1=

constant k. > d, such that for each pair 7, 7’ we have

/ é wheni=m,j =1, and7 = 7/,
| i@ m @ i) - (3)

0  otherwise.

If K is a compact group then k, = d, [46, Theorem 2.6]. The constant k, is called the

hyperdimension of the representation 7 (see [5]). The function x — x.(z) =: Tr(w(x)) is

called the (hypergroup) character and it is a continuous function. The following relation

for characters can be derived from the orthogonality relation (3) of matrix coefficients
de if =1,

/K Yr (@)X (@)dA(z) = (4)

0  otherwise,

dr
for

We introduce the /7 Schatten space E’S’Ch(f( ), which is defined in Hewitt and Ross [25]

for all 7,7’ € K. Therefore, ||X7r||%2(1<) =

and studied by Vrem [45]. Let ¥ be the space of matrix coefficients, that is,

Y(K)={o:7— o(n) € Clxdr . WGI?}: HCd”Xd". (5)
ek
Then Efch(f? ) is defined as the set of all o € ¥(K) with the finite
ol i = | 3 kellomlt | 1< p <, 6)
€K
and

HUHZggh(f() = sup o ()l 230
TeK
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where the Schatten p-norm ||o|/s» of a matrix o € C%*? with its singular numbers s; is
1

defined as ||o||sr := (Z;l;l sé’); :
We denote by S.(K) the set of all o € $(K) such that #{r € K : o(r) # 0} < 0o and
by ¥o(K) the set of all o € X(K) such that #{r € K : lo(m)|| ca,) = €} < oo for all

€ > 0. For each 7 € I?, the Fourier transform ]?of f € LY(K) is defined as

_ /K f(2)7(x) dA(z),

where 7(z) = 7(&) is the conjugate representation of 7. Vrem [46] proved that the map
f— fis a norm decreasing *-isomorphism of L!'(K) onto a dense subalgebra of ¥o(K).
For f € L*(K), we have
dr
F= ke Y f(m)igmi (7)
rek  BI=1
and the series converges in L*(K), see [46, Corollary 2.10]. Hence, we have the following

Plancherel identity

1712 =Sk, Zlf (m)igl® = Y kall F®llis = 1717, (&)

rek LIl reK

The following Hausdorff-Young inequality holds for Fourier transform on compact hy-

pergroups ([45]).

Theorem 2.2. Let 1 < p < 2 with % + z% = 1. For any f € LP(K) we have the following

inequality

D kllf @IS | =1l gy < 1F e (8)

reK

Recently, the first author with R. Sarma [31] also obtained a Hausdorff-Young inequality
using different norm which was useful to study the Hausdorff-Young inequality for Orlicz

spaces [31]. We will discuss it in the next section in more detail.

2.3. Commutative compact hypergroups. In this section we assume that a compact
hypergroup K is commutative. Then every representation of K is one dimensional. The

dual space of K defined as follows

[A(:{XeC’b(K):X#O,X(V): X(m), (0 * 0,)(x) = X(m)x(n)forallm,nGK}.



10 VISHVESH KUMAR AND MICHAEL RUZHANSKY

An element in K will be called a character. We equip K with the uniform convergence
on compact sets. In the case of a compact hypergroups K, the dual space K is discrete.
In general, K may not have a dual hypergroup structure with respect to the pointwise
product [27, Example 9.1 C] but it holds for most “natural” hypergroups including the
conjugacy classes of compact groups. Then the Fourier transform on L'(K, ) is defined
by
o= [ fex@ade). xek,

The Fourier transform is injective and there exists a Radon measure w on K , called the

Plancherel measure on i such that the map f — ]?extends to an isometric isomorphism

from L2(K,d)) onto L2(K,dw), that is,

S P00 dw(y) = /K (@) dA(z). (9)

x€K
In this case, the Fourier series of f given by (7) takes the form
=k FOO x- (10)
xel?
It follows from the orthogonality relation of characters (4) that the set {k{x} .z forms
an orthonormal basis of L*(K, d)). It is also known that w(x) = k,, for each x € K (see [5,

Proposition 1.2]). If K is a compact commutative group then k, = d, =1 for all x € K;

and therefore Plancherel measure on K is constant 1.

3. HAUSDORFF-YOUNG-PALEY AND HARDY-LITTLEWOOD INEQUALITIES ON

COMPACT HYPERGROUPS

In this section, we will study the Paley inequality, the Hausdorff-Young-Paley inequality
and the Hardy-Littlewood inequality for compact hypergroups. By abusing the notation,
the measure of a set £ with respect to measure v will be denoted by v(FE), v({E}), or by
v{E}. At times, we will denote LP(K, \) by LP(K) for simplicity.

3.1. Paley inequality on compact hypergroups. In this subsection, we prove the
Paley inequality for compact hypergroups. The Paley inequality is an important inequality
in itself but also plays a vital role in obtaining the Hardy-Littlewood inequality and the
Hausdorff-Young-Paley inequality for compact hypergroups. We follow the method of [3].
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Theorem 3.1. Let K be a compact hypergroup and let 1 < p < 2. Let ¢ : K — (0,00) be

a function such that

M, :=supy Z k2 < oo. (11)
y>0 71'61?
p(m)=y

Then, for all f € LP(K), we have
G o
™ _ =t
Zki( \/k_HS) e(m) P | S Me” || fllorx)- (12)

rek

Proof. Let us consider the measure on v on the dual space K of K given by
v({r}) = o(x)’k2, meK.

Define the space LP(IA( ,v),1 < p < o0, as the space of all real or complex sequences

a: 7+ a, such that

3=

”aHLp(f(,u) = Z |ax|Pv(m) | < oo

WEI?

We will show that the sublinear operator A : LP(K, \) — LP(IA{ ,v) defined by

||f<7r>||Hs>

Af = (

Vs o(m) ek

is well defined and bounded for 1 < p < 2. In other words, we will get the following

estimate which will eventually give us the required estimate (12),

o Fms\ O\ L
1Al i) = §<—m¢<w>) v(m) | < M |l (13)

where M, :=sup,.oy Y. ..z k2. To prove the above estimate (13) it is enough to show
e(m)zy
that A is of weak type (1, 1) and of weak type (2,2), thanks to Marcinkiewicz interpolation

theorem. In fact, we show that, with the distribution function vy, that

My fllrx)

ve(y; Af) < with the norm M; = M, (14)

o) < (M

where vz (y; Af) is defined by v (y; Af) :=>. ..z v(m), y>0.
I(Af) (™) |2y

2
) with the norm M, =1, (15)
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First, we show that A is of weak type (1,1) with norm A; = M,; more precisely we

ve(y; Af) = V{ €K : Hf(—;’(‘Hj > y} S % (16)

where v {7r €K : %)”(Hi > y} can be interpreted as the sum of v(7) taken over those

7 € K such that %)H(Hj > y. By the defintion of the Fourier transform and the fact that

7 is a norm decreasing *-homomorphism, i.e., ||7(Z)|lop < 1 for all 2 € K, we have

show that

1f(m@)las < [ f ol (@) lns < fllerio vV drllm (@) llop < Vel fl 22 cr0)-
Therefore, by using d, < k,, we get

Hf( Mus _ V| fllx <||f||L1(K)
\/_90()_ Vkzp(m) = p(m)

This inequality yields that

||f( Mlus { S fllzr }
K: TeK:———+
{ € Vol >y}C € o) >y
for any y > 0. So

V{?TGK Hf( )||Hs>y}§1/{7rel?:||f’|ﬂ>y}.

VErp() p(m)
S ||fHL1(K)
etting w =, we have
~ ()]s 272
eK > < o(m)°k
{ Vhkxp(T) 2
p(m)<w
We claim that
> ek S Myw. (17)
WEI/(\'
p(m)<w
In fact, we have
©*(m)
> oewri= Y B[ ar
reR reR 0
p(m)<w p(m)<w
By interchanging sum and integration we have
@*(m) w?
> kﬁ/ dT:/ dr Y kL
WEIA{ 0 0 7(61?

1
p(m)<w 72 <p(m)<w
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Next, by making substitution 7 = 2, we have

2

/ dr —2/ dtt Z k2<2/ dttZk:?
0 TE ‘rrEK 7r€K

73 gp( )<w t<p(m)<w t<e(m)

Since

t Z k2 <supt Z k2 =
WGK >0 7\'EK

t<p(m) t<p(m)

is finite by the assumption, we get

/ dtt k2 S Mw.
reK
t<ep(m)
Therefore, we get the required estimate (16)

||f( )HHS Mol fll 1)
va(y: Af) = v < e HETR)

Now, we will prove that A is of weak type (2,2), that is, the equality (15). By using
Plancherel’s identity we get

vely Af) < AT, Z B2 (“f%‘g;) o)’

= Z el ) lis = 1122

WEIA(
Thus A is of weak type (2, 2) with norm M, < 1. Thus we have proved (15) and (14). Thus,
by using the Marcinkiewicz interpolation theorem with p; = 1, py = 2 and }D =1—-0+ g

we now obtain

1F@ s\ o 2
> ( ) k2| = 1A iy S Mo”1 1liocae
‘er \ V() prtn)y

This completes the proof. U

Remark 1. One may notice that instead of the Schatten p-norm we used the Hilbert-
Schmidt norm in Theorem 3.1. This is because the Hilbert-Schmidt norm gives sharp
inequality in the Paley inequality as already noticed in [3] for compact homogeneous
spaces and in [49] for compact quantum groups. We will see this for compact hypergroups

from the discussion below.
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Now, we will define and discuss an another important family of Lebesgue spaces EP(IA( )
on K defined by using the Hilbert-Schmidt norm || - [|[ms instead of Schatten p-norm || - || s»
on the space of (d, x d,)-dimensional matrices.

The space P(K) C (K) is the set of all o € $(K) with finite sum

(2—
lollpiy = | D kn Do@lihs | . 1<p <00, (18)

7rEK

and

_1
o]l oo () := sup kx * || () | ms.
TeK

Remark 2. These (P-spaces (P(K) were introduced in [42, Chapter 10] in the context of
compact Lie groups. Recently, these spaces have been studied in more details by the second
author and his collaborators [42, 1, 2, 32, 17, 13]. In particular, it was shown in [13] that
the space (P (@) and the Hausdorft-Young inequality for it become useful for investigating
convergence properties of the Fourier series and the characterisation of Gevrey-Roumieu
ultradifferentiable functions and Gevrey-Beurling ultradifferentiable functions on compact

homogeneous manifolds.

The following proposition presents the relation between both norms on Lebesgue spaces

on K.
Proposition 3.2. For 1 < p < 2, we have the following continuous embeddings as well
as the estimates: (P(K) < éfch(l?) and HaHép & < lollpw) for all o € E(K). For

2 < p < o0, we have Kﬁch([/(\') — *(K) and HJHZ,, < HUHW (&) Jordloe Y(K).

Proof. For p = 2, since || - ||sz2 = || - ||us, the assertion is obvious. Let 1 < p < 2. Since

o(m) € C¥*d= denoting s; its singular number, by the Holder inequality we have

lo(m)llsr = Z s; < <Zl> (ZS?) = de* o (m) s (19)

j=1 j=1
Consequently, it follows that

ol oy = S elo (e < D kede o ()l < D ko™ lo(m)llss = ol g,

reR rek rek
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Now, for 2 < p < 0o, we have

dr dr \ 7 [ dx ; i
lo(m)llfs =D 5 < (Zl) (23832) =dx" |lo(m)[|5, (20)

j=1
and thus
p—2
lo(m)[lus < dx” [lo(7) | se-

Therefore, we have

(2-8) (2-5) 25
lolwgy =D ke “lo(mlfs < Y ke D o (m)ll%, <D kallo(m)s, = loll &)

ek WEK nek

Finally, for p = oo, the inequality

1
lo(m)[las <k [|o(m)]] )
implies
_1
1]l goe 2y = sup kx *[lo () [[s < sup [[o(m) 2ty = Nolles ()
TeK neK

completing the proof. O

The following Hausdorff-Young inequality for Fourier transform on compact hyper-

groups was recently obtained by the first author and R. Sarma [31].

Theorem 3.3. Let 1 < p < 2 with % + z% = 1. For any f € LP(K) we have the following

inequality

> K E ) = 1Pl gy < 1Fllvcrey (21)
ek
In the view of Proposition 3.2 one can see that the Hausdorff-Young inequality (8)
using the Schatten p-norm is sharper than the inequality (21). In [31], Theorem 3.3 is
further used to define Orlicz space on dual of compact hypergroups and to obtained the
Hausdorff-Young inequality for Orlicz spaces on compact hypergroup.
The Paley inequality can be reduced to the familiar form using Schatten p-norms. The

proof of it is immediate from the inequality (19) and the fact that d, < k.
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Corollary 3.4. Let K be a compact hypergroup and let 1 < p < 2. If ¢ : K — (0,00) is

a function satisfying condition (11) of Theorem 3.1 then there exist a universal constant

C = C(p) such that

v
S kell FmIE 0w | < Cllfllna 22)
re@

3.2. Hardy-Littlewood inequality on compact hypergroups. In this section, we ap-

ply the Paley inequality to get the Hardy-Littlewood inequality on compact hypergroups.

This approach has been recently employed to prove the Hardy-Littlewood inequality in

the context of the compact Lie group SU(2) in [1], compact homogeneous manifolds in [3],

and compact quantum groups in [2, 49]. The philosophy to derive the Hardy-Littlewood

inequality is to choose a function ¢ suitably, so that the condition (11) of Theorem 3.1 is
satisfied. For a Laplacian Ag on a compact Lie group GG, we have that for a fixed £ € CAJ,
all &;,1 < 1,7 < dg, are eigenfunctions of —Ag with the same eigenvalue, which we denote

by [£|?, so that we have
—Agij(x) = [€]%65(x) 1 <i,j <de.

We denote (£) := (14]€|2)Y/2, which is the eigenvalue of the operator (1—Ag)z. In the case
of a compact Lie group G of dimension n, in [3] the authors took ¢(m) = (7)~". Although,
for SU(2) this was proved by repeating the proof of the Paley inequality and estimating the
bound explicitly ([1]). In the case of compact quantum groups, the proof of this inequality
has been achieved by using the geometric information of compact quantum groups like
spectral triples [2] and the natural length function on the dual of compact quantum groups
[49]. Since the compact hypergroups in general are not equipped with any geometric or
differential structure, we prove the following the Hardy-Littlewood inequality for compact

hypergroups.

Theorem 3.5. Let 1 < p < 2 and let K be a compact hypergroup. Assume that a positive

function ™ — p, on K grows sufficiently fast, that is,

/{32
Z = < oo for somef > 0. (23)
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Then we have

> Kl (—”f %) < Wl 21

WEI?

Proof. By the assumption, we know that

Then we have

cx Y iy ey e
ﬂe}? neR
e e a2t

and consequently we have

2
supt k< C < oo.
supt )
7T€1K
|#7r‘B Zt

Then, as an application of Theorem 3.1 with ¢(7) = m, ek , we get the required
estimate (24). O

In the case when K is abelian, Theorem 3.5 takes the following form.

Theorem 3.6. Let 1 < p <2 and let K be a compact abelian hypergroup. Assume that a

positive function X — [, on K satisfies the condition
2

Z 5 <00 forsome 3> 0. (25)
py |l‘x|
xeK
Then we have
22 oy
> kP2 0OP S 1 e (26)

xekK
Remark 3. We would like to note here that in the case when K is a compact Lie group, the
natural choices of m + i is ™+ (). But for this choice of pi, the quantity > _» %
in this case, is not finite for § = n := dim(G), as proved by the second author and
Dasgupta [13]. So this does not give the Hardy-Littlewood inequality for compact Lie
groups, in particular, for T ([3]). Surprisingly, the quantity > _z m ’2r| 5 is finite with a
natural choice of m +— p, and g for (pure) hypergroups including conjugacy classes of
compact Lie groups and countable compact hypergroups as shown in the last section and

consequently, provides the Hardy-Littlewood inequality for these compact hypergroups.
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3.3. Hausdorff-Young-Paley inequality on compact hypergroups. In this sub-
section, we prove the Hausdorff-Young-Paley inequality for compact hypergroups. The
Hausdorff-Young-Paley inequality is an important inequality in itself but it serves as an
essential tool to prove an LP-L9 Fourier multiplier theorem for compact hypergroups.

The following theorem obtained by Bergh and Lofstrom [9] is useful in the proof of the
Hausdorff-Young-Paley inequality.

Theorem 3.7. Let dug(x) = wo(x)dp(z), dui(z) = wi(z)du(x). Suppose that 0 < pg, p1 <
oo. If a continuous linear operator A admits bounded extensions, A : LP(Y, ) — LP°(wp)
and A : LP(Y, 1) — LP*(w,), then there exists a bounded extension A : LP(Y, ) — LP(©)

b(1-0) bo
of A, whe7"e()<9<1,%:ﬁ—i-pi1 and O = wy, 0 wit.

Ppo

Now, we are ready to state the Hausdorff-Young-Paley inequality for compact hyper-
groups, and we follow the idea of [3] for the proof.

Theorem 3.8. Let K be a compact hypergroup and let 1 < p < b < p' < oo, where p’ is
the Lebesgue conjugate of p. If a function ¢ : K — (0,00) satisfies the condition

M, = supy Z k2 < oo (27)

y>0
(W)>y

then we have

B\ 3
Zk2<”f s <w>i‘$'> M e (28)

TeG

Proof. We consider a sublinear operator A : LP(K) — (7 (}A( ,@) which takes a function f
to its Fourier coefficient f(ﬂ) € Cd*d= divided by v/k,, that is,

[

Here the space P(K,@) is the set of all o € $(K) with finite

p

lallpzzy = | D lla(®lfs @(x) |

rek
and @ is a scalar sequence on K. Then the desired result follows from Theorem 3.7 if

we consider the left hand side of the inequalities (12) and (21) as Ep(l?, @;)-norm of Af,
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where the weights w;, i = 1,2 are given by wo(m) = k2p(7)?*? and w,(7) = k2, 7 € K,

T

respectively. O

4. LP-L-BOUNDEDNESS OF FOURIER MULTIPLIERS ON COMPACT HYPERGROUPS

In this section, we prove the LP-L? boundedness of Fourier multipliers on compact
hypergroups as a natural analogue of Hérmander’s theorem (see [26]). We will apply
the Hausdorff-Young-Paley inequality in Theorem 3.8 to provide a sufficient condition
for the LP-L? boundedness of Fourier multipliers for the range 1 < p < 2 < ¢ < o0o.
This approach was developed by the second author with R. Akylzhanov to prove the
LP-L% boundedness of Fourier multipliers on locally compact groups [4] by using the von-
Neumann algebra machinery. In [37], this theorem was proved for the torus T by using a
different method. We begin this section by recalling the definition of Fourier multipliers
on compact hypergroups.

An operator A which is invariant under the left translations will be called a left Fourier
multiplier. The left invariant operators can be characterised using the Fourier transform
[45, 43]. Indeed, if A is a left Fourier multiplier then there exists a function o4 : K —

Cd=xd= known as the symbol associated with A, such that

-~ ~

Af(r) = oa(m)f(x), 7eK,

for all suitable functions f on K. In the next result, we show that if the symbol o4 of
a Fourier multipliers A defined on C.(K) satisfies certain Hérmander’s condition, then
A can be extended as a bounded linear operator from LP(K) to LY(K) for the range
1 < p <2< g < oo. The Plancherel formula provides a condition on symbol o4 for the
L?-L?-boundedness of Fourier multiplier A. Indeed, we have || Al|2(x)-r2r) < 104l oo ()
Therefore, we restrict ourselves to the case when p and ¢ are both not equal to 2. For the

proof we follow the idea of [3].

Theorem 4.1. Let K be a compact hypergroup and let 1 < p <2 < g < oo with p and q
both not equal to 2. Let A be a left Fourier multiplier with symbol 4. Then we have

3=
Q=

Al Lo () rar)y S su%)y Z k2 : (29)
y>

TEK
loa(mllop=y
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Proof. Let us first consider the case when p < ¢’ (where % + % = 1). Since ¢’ < 2, for
f € C.(K), the Hausdorff-Young inequality gives

- -~ oA\ A7T !
4 S s < 18T gy = NoaTlloe iy = | 32 R <” Azl ”'HS) (30)
ek T

!

TI'EK
The case ¢ < p = (p')" can be reduced to the case p < ¢’ as follows. The LP-duality (see
[1, Theorem 4.2]) yields

||A||LP(K)HL‘1(K) = ||A*||Lq’(K)—>LP’(K)-

Also, the symbol 4+ (7) of the adjoint operator A* is equal to o7, i.e.,

~

oa(m) =0oa(m)", meK,

and its operator norm ||o 4+ (7)||op is equal to HO’A<7T>||Op.

We set o(m) = ||oa(7)||o,La,, 7 € K, where 1= LF, and it is easy to see that

lo(m)llop = lla(m)l[5p-

Now, its time to apply Theorem 3.8 with ¢(7) = ||o(7)||op, T € K, and b = ¢. Since the

assumption of Theorem 3.8 is satisfied and i -1 =

11 _1
pop

.= we obtain

/

3 Kl (”f&,z_”ﬂ <lswy 3R Wl £ e 00,

y>0 —
reK rekK
llo(m)llop=>y

(32)

Further, it can be easily checked that

T

supy > k2| o= |swpy > K| =|supy D) K

y>0 — y>0 — y>0 —
TeEK TeEK TEK

llo(m)llop=y lloa(mllep=y lloa(m)llop=y

3=
3=

3=

=supy | > K

y>0

7(6]?
lloa(mllop=y
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Therefore,
1
[Af || za(r) S supy S B Il
y>0 nek
loa(mllopzy
and hence
11
p q
1Al o) s zaey Ssupy | Y k2 :
y>0 ~
TEK
lloa(m)llop>y
which completes the proof. O

Remark 4. Recall that if w(M) =Y _,, k2, M C K, is the Plancherel measure on K
then we can interpret the condition (29) in a similar form as in Hérmander’s theorem for

R™ (]26]) as follows:
N 11
ALty < sup {s i € B < floalmlop > 537" (33)
s>

Corollary 4.2. Let 1 < p,q < oo and suppose that A is a Fourier multiplier with symbol
oa on a compact hypergroup K. If 1 < p,q < 2, then

S =
NI

| All Lo (k) La(r) S supy > k2 :
y>0
TeK
loa()llop>y

while for 2 < p,q < oo we have

Q|
(S

[All e )20y S Sup D=
y> —

TEK
lloa(m)llop=y

Proof. Let us assume that 1 < p, ¢ < 2. Using the compactness of K, we have || A|| v (k)= ra(x) S

| Al| e (k) £2(x) and therefore, Theorem 4.1 gives

=
M

Al ey rary S Al ey —» 2y S Su10>y Z k2
y>

7\'6]?
lloa(mllop=>y
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Now, let us assume that 2 < p,q < co. Then 1 < p/, ¢’ < 2, and using the first part of the

proof we deduce

Qe
rolm

||AHLP(K)—>L‘1(K) = ||A*HLq’(KHLp’(K) IS Sglgy Z k72r
Y ~

TeEK
loa(™)llop>y

Thus, we finish the proof. 0

5. EXAMPLES OF HYPERGROUPS

In this section we discuss the results obtained in previous sections and prove some new
results for two important classes of hypergroups, namely, the conjugacy classes of the
compact non-abelian Lie group SU(2) and countable compact hypergroups introduced

and studied by Dunkl and Ramirez in [16].

5.1. Conjugacy classes of compact Lie groups. Let G be a compact non-abelian (Lie)
group. Denote the set of all conjugacy classes of G by Conj(G), that is, Conj(G) := {C, :
x € G}, where for each x € G the conjugacy class C, of z is given by C, := {yxy™' : y €
G}. The set Conj(G) equipped with the topology induced by the natural map ¢ : « — C,,
is a compact Hausdorff space. Conj(G) becomes a commutative hypergroup [27, Section

8] with respect to the convolution defined, for z,y € G, by

(501 * (5cy = / / 5Cmt*15ys*1 dt ds.
GJG

For 7 € G let d. denote the dimension of 7 and v, the trace of m. Then 1, is called
the character of 7, but the hypergroup character y, of Conj(G) is defined as y, o ¢ =
d-11,, where ¢ is the natural map x — C,. Then the dual Cm) of the commutative
hypergroup Conj(G) is given by: Co/nj(\G) ={x.:TE @} In fact, the map 7 +— d21), is
a bijection between G and Co/nj(\G). The Haar measure w of C&j(\G) is induced from the
one on G and thus, w(x) := ky, = d=.

In the sequel of the paper we will consider the case when G = SU(2), the compact
group of all 2 x 2 special unitary matrices. The representation theory of SU(2) is well

established. One can refer to [25, 44, 42] for more details. Conj(SU(2)) is identified with
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[0, 1] where ¢ in [0, 1] corresponds to the conjugacy class containing the matrix

exp (imt) 0

0 exp (—imt)
(see [27, 15.4]). The dual of SU(2) can be represented by

{7, € Hom(SU(2), U(21 +1)) : I € %NO},

where U(d) is the d X d unitary matrix group. The number [ € IN is called the quantum
number. The character v, defined as the trace of m;, is given by

sin(20 4+ 1)7t
sinwt

Therefore, since d, = 2[ + 1, the set Conj/(éF(Z)) of hypergroup characters is given by
{(20+ 1) : 1 € No} and ky, = (20 + 1)

The Paley inequality in Theorem 3.1 takes the following form in the setting of the

Yi(t) =

compact abelian hypergroup Conj(SU(2)).

Theorem 5.1. Let 1 < p <2 and let {gp(l)}le%No be a positive sequence such that

M, = supy Z (20 +1)* < 0.

y>0 1
le 5Ny

e(l)>y

Then we have
QU+ DPIDeM)* P S MEPIFIE o coniistiey)-
1€ 3No

We have the following Hardy-Littlewood inequality.

Theorem 5.2. If 1 < p < 2 and f € LP(Conj(SU)(2)), then there exists a universal
constant C' = C(p) such that

> @+ DPEFOP < Clf lorconisue)- (34)
ZG%NO
Proof. Take = 3 = dim(SU(2)) and {“Xw}necon@)(g) = {(21 + 1)2}ZG%N0' Then the

condition (25) turns out to be
2

Z (20 +1)* Z 1 7r
a2l 10208 o126
o (@UHIP 2 @I+1? 6

which is finite. Therefore, (34) follows from Theorem 3.6. O
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Remark 5. We would like to recall here the Hardy-Littlewood inequality on the compact
Lie group SU(2) obtained by the second author and R. Akylzhanov in [1], which says that
for 1 <p<2and f e LP(SU(2)) we have

> @A+ DT s < Cpllfllzrsuean:

le3No
In view of this inequality, the Hardy-Littlewood inequality for the compact commutative
hypergroup Conj(SU(2)) above is a suitable analogue because in Conj(SU(2)) the dimen-
sion (2] + 1) of the representation 7 is replaced by hyperdimension (2] + 1)? of m; and the

Fourier transform f at [ € Np is scalar and thus 1£(D)||us is just [£(0)].
Using the duality, we get the following corollary.

Corollary 5.3. If2 < p < oo and ZZG%NO(ZZ + 178 f(1)|]? < oo then
f € LP(Conj(SU)(2)).

Moreover, we have

~

1l zrconsmyen < Clo) Y L+ D)™ SIFQ)P.

ZG%NO

Proof. Using the duality of LP-spaces, we have

£ Il e (Conjsuy2)) = sup
geL (Conj(SU)(2))

”q”LP'(ConJ(SU)(Q))Sl

| i@ ae)
Conj(SU)(2)

Now, by the Plancherel identity (9), we get
[ @@ = 3 et 0 F
Conj(SU)(2) ZE%NO

By noting that (21 + 1)? = (21 + 1) 2(3-5+5-7) and applying the Holder inequality, for
any g € L” (Conj(SU)(2)), we have

ST @GO < Y @+ 1) R FW)l0+ 17 G|

le3No le3No

B =
’B\

< S @+vrHior| [ Y @+ ¥

ZE%NO ZG%NO
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< C(p) Z 20+ 1) 8| F()P 191l 2 (Conj(sU) ()

lG%No

where we used Theorem 5.2 in the last inequality. Therefore, by (9) we have

B =

< C(p) Z (20 + 1) ° [ F ()P 191 o' (Conj(sv) (2)-

lE%No

| i@ ie
Conj(SU)(2)

Thus, by taking supremum over all g € L” (Conj(SU)(2)) with 191l 2+ (Conjsty2)) < 15 We
get

1F lzeconsmy@y < Co) | Y L+DPSFQP )

IE%NO

which completes the proof. ([l

5.2. Countable compact hypergroups. Dunkl and Ramirez [16] studied an interesting
class of countable hypergroups. Let Nj = {0,1,2,..., 00} be the one-point compactifica-
tion of Ny. They defined a convolution structure * on Nj for every 0 < a < %, which makes
N a (hermitian) countable compact hypergroup H,. For a prime p, let A, be the ring of
p-adic integers and W be its group of units, that is, {z = zo + x1p+ ...+ z,p" + ... €
A,:x;=0,1,...,p—1forj > 0andzo # 0}. W acts on A, by multiplication and H, for
a= %, derives its structure from the W-orbits in A,. In fact, the convolution is given as

follows: for m,n € Ny, define
O * Op = Omin{m,n} ifMm #n,

Om * Ooo = 0o * O = O, 0o * 0o = 0o, and for m = n,

O % O (t) = 4 1%

The Haar measure A on H, is given by

M{k}) =d"(1 —a) for k <oo, A({oc})=0.
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The dual space f?a of H, is given by {x, : n € Ny}, where, for k € H,,

0 ifk<n-—1,
Xn(k) = -2 ifk=n—1,

1 if k>n (or k= 00).

Then the convolution ‘*’ on Ny is identified with the one on f-];, which is

Oxm % Oxy = Oxpcimmy [OT M F M0,
a 1—2a
Oxo % 0xg = Oxgs Oxy ¥0y, = deo + ECSXN
a" — 1—2a
n—k _
5Xn * (an = m(sxo + Z a 5Xk + mCsxn fOI‘TL Z 2.

k=1
Then [/{\a turns into a hermitian discrete hypergroup. We see that k, = a "(1 — a) and
the Plancherel measure w on ﬁa is given by

wixo) =1 and w(x,) =(1—a)a™™ forn>1.

The Paley inequality for the Dunkl-Ramirez hypergroup H, is then given by the following

theorem.

Theorem 5.4. Let 1 < p <2 and let {¢©(n)}nen, be a positive sequence such that

Then we have
D (a1 = a)* 2 Fn)e(n)* ™ < M FID s,

neN

We have the following Hardy-Littlewood inequality for H,.
Theorem 5.5. If 1 < p < 2 then there exists a constant C = C(p) such that

FO0) +3((1 = a)a™PE D F)P < Cfllawa).

neN
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Proof. We apply Theorem 3.6 to get the inequality (35) above. The condition (25) for
= 3 by choosing the sequence {fiy, tnen == {(1 — a)a " },eny With g, = 1 turns out to
be

Z kin _ Z (1 — a)2a_2” _ 1 Z ot — 1
B — a)3q-3n _ — )2’
neNg |HX"| neNp (1 (I) a 1 a n€Np (1 a)
which is finite. Therefore, (35) follows from Theorem 3.6. O

The proof of the following corollary is similar to Corollary 5.3 in the previous subsection.
Corollary 5.6. If2 < p < oo and f(0) + ), (1 — a)a‘")p(g%”f(nﬂp < 00, then
f e LP(H,).

Moreover, we have
1 lnay < G (f(O) + (- a)a“)p@—?)\ﬂn)rﬁ) .
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