L? — [ ESTIMATES AND HILBERT-SCHMIDT PSEUDO DIFFERENTIAL
OPERATORS ON HEISENBERG MOTION GROUP

VISHVESH KUMAR AND SHYAM SWARUP MONDAL

ABSTRACT. In this paper, we study some operator theoretical properties of pseudo-differential
operators with operator-valued symbols on the Heisenberg motion group. Specifically, we in-
vestigate L?-LP? boundedness of pseudo-differential operators on the Heisenberg motion group
for the range 2 < p < oco. We also provide a necessary and sufficient condition on the operator-
valued symbols in terms of A-Weyl transforms such that the corresponding pseudo-differential
operators on the Heisenberg motion group are in the class of Hilbert—Schmidt operators. As a
consequence, we obtain a characterization of the trace class pseudo-differential operators on the
Heisenberg motion group and provide a trace formula for these trace class operators.

1. INTRODUCTION

The theory of pseudo-differential operators was originated with the works of Kohn and Niren-
berg [20] and Hormander [19]. The study of pseudo-differential operators plays an important
role in modern mathematics due to its applications in various areas of harmonic analysis, ge-
ometry, PDE, mathematical physics, time-frequency analysis, imagin,g and computations, see
[19, 29, 16] and references therein.

Let o be a measurable function on R™ x R™. Then the classical (global) pseudo-differential
operator T, on R™ associated with the symbol o is defined by

(Tof) (@) = @) "2 [ ciola,Of (O, e R
for all f in the Schwartz space S (R™), provided that the integral exists. Here f denotes the
Fuclidean Fourier transform of f and is defined by

f(6) = (2m) 2 / e f(x)dz, € €R™

n

The formation of a pseudo-differential operator on R” is mainly based on the Fourier inversion
formula for the Fourier transform and can be done by inserting a symbol on the phase space
R™ x R™ in the Fourier inversion formula. To extend pseudo-differential operators to other
settings, one observes that the second R™ in the Cartesian product R™ x R" is the dual of the
additive group R™. These observations allow us to extend the definition of pseudo-differential
operators to other groups G, provided we have an explicit formula for the dual of G and an
explicit Fourier inversion formula on G. Using this approach, the global theory of pseudo-
differential operators on other classes of groups, such as S!',Z, affine groups, compact (Lie)
groups, homogeneous spaces of compact (Lie) groups, Heisenberg groups, graded Lie groups,
step two nilpotent Lie groups, and locally compact type I groups has been widely studied by
several researchers [8, 15, 16, 4, 21, 34, 23, 6, 5].

The global theory of pseudo-differential operators on the Heisenberg group was developed by
Ruzhansky and Fischer in [15]. Later, the authors introduced the theory of pseudo-differential
operators in a more general settings, for example on graded Lie groups [16]. Further, the global
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quantization on unimodular type I locally compact groups and on nilpotent Lie groups were
studied by Ruzhansky and Mantoiu in [24] and [25], respectively.

The boundedness and the operator theoretical properties of pseudo-differential play a phe-
nomenal role in the study of partial differential equations and spectral theory. There is a vast
literature available on these topics, which is difficult to mention; we refer to recent papers
[8, 9, 4, 21, 5, 11, 3]. In particular, to mention the operator theoretical properties such as the
belongingness of pseudo-differential operators in the class of Hilbert-Schmidt and more general
Schatten class of operators on compact groups and manifold, we refer to [34, 26, 12, 13, 14, 21].
These types of results have also been extended to non-compact (non-abelian) groups by several
researchers. Dasgupta and Wong [7] obtained necessary and sufficient conditions on symbols
such that the corresponding pseudo-differential operators on the Heisenberg group belong to
the Hilbert-Schmidt class, which was further extended by Dasgupta and the first author for
abstract Heisenberg groups [8]. Such type of properties for pseudo-differential on H-type groups
and on the Affine groups are given in [35] and [10], respectively. Recently, trace class and
Hilbert-Schmidt pseudo differential operators on step two nilpotent Lie groups were discussed
by the authors in [22]. Motivated by these previous studies as well as the recent developments on
A-Weyl transform on the Heisenberg motion group [18, 17], in this paper, we study and extend
some of the aforementioned results to the setting of the Heisenberg motion group. The A-Weyl
transform plays an important role in the proof of our results.

In this paper, we study some operator theoretical properties of pseudo-differential operators
on the Heisenberg motion group G = H" x K, where H" is the Heisenberg group and K = U(n),
the group of n x n complex unitary matrices. One of the main goal of this note is to study
L?— P 2 < p < o0, estimates of pseudo-differential operator on the Heisenberg motion group G.
We also provide sufficient and necessary conditions on the symbol 7 such that the corresponding
pseudo-differential operator T on G is a Hilbert—-Schmidt operator. We give a characterization
of the trace class pseudo-differential operators on G and provide a trace formula for these trace
class operators. The main results of this paper are as follows:

Theorem 1.1. Let 7 be a operator-valued symbol on G x G’ such that

A [
Z R\{0}

/ I7(z,t, k, X 0)||%, |AI™ dX dzdtdk < oo
G P
oceK

for 2 < p < oo with p' being the Lebesque conjugate of p. Then the pseudo-differential operator
T, : L*(G) — LP(G) is a bounded operator. Moreover,

1/2

1T B2 (@),Lr(c)) < Z d“/

- R

2
{/ (0t b X )12, dzdtdk:}p A"
ceK \{0} ¢

The proof of this result can be found in Section 3. We extend the above result for p = oo as
follows.

Theorem 1.2. Let 7 be a operator-valued symbol on G x G’ such that
S o [l A olsi e ) A" A < ox.
vek R\{0}

Then the pseudo-differential operator T, : L*(G) — L™(G) is a bounded operator. Further, we
have 12

2 n
T 526,y < | D da/ H||T(',',',)\,0)||51HL00(G>|>\| dA
vei R\{0}

See Section 3 for the proof of the above theorem. Next, by deriving an equality (Proposition
2.4) for the trace class A&-Weyl transform with symbol in L?(C" x K), we prove the following
result.
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Theorem 1.3. Let 7 be a symbol such that it satisfies the hypotheses of Theorem 3.4. Then the
corresponding pseudo-differential operator T is a Hilbert—Schmidt operator if and only if

Tzt kN o) = p (2, b K)W2 (a(z,t, k:)”‘) ,

where (z,t,k,\,0) € G x G' and o : G — L*(G) is a weakly continuous mapping such that it
satisfies

) [ ot t) G sy bt < o,
G

(ZZ) sup ||.7:Ol(2’,t,k‘)(-,)\, ')||L2(G’><) < 00,
(2,t,k,t)eGXG' xR*
(7'“) H]:O‘(zatak)('a/\v ')HLQ(GX) ‘)\‘nd)‘ < 00, V(z,t,k) €q.
R\{0}

The proof of this theorem can be found in Section 4.

Apart from the introduction, this paper is organized as follows: In Section 2, we recall basic
harmonic analysis on the Heisenberg motion group G and define the pseudo-differential operators
on GG. We note here that our quantization can be seen as a particular case of the quantization
defined by Ruzhansky and Mantoiu in [24]. We also derive some properties of the \-Weyl
transform on G. In Section 3, we investigate L? — LP estimates of pseudo-differential operators
on G for 2 < p < co. We also prove that if two symbols under some suitable conditions give
rise to same pseudo-differential operator then the symbols must be same. In Section 4, we
obtain a necessary and sufficient condition on the symbol 7 such that the corresponding pseudo-
differential operator T on G is a Hilbert—Schmidt operator. We present a characterization for
the trace class pseudo-differential operators on the Heisenberg motion group G and find a trace
formula for these trace class operators. Finally, we end this paper by providing a concluding
remark and future work aspects.

2. PRELIMINARIES

2.1. Harmonic analysis on the Heisenberg motion group. In this subsection, we recall
some basics of harmonic analysis on the Heisenberg motion group to make the paper self-
contained. A complete account of representation theory of the Heisenberg motion group can be
found in [31, 28, 2, 18, 27]. However, we mainly adopt the notation and terminology given in
[18].

We first recall Heisenberg group H". The Heisenberg group H" = C™ x R is a step two
nilpotent Lie group equipped with the group law

(z,t) - (w,s) = <z—|—w,t—|—s+;lm(z~w)>, (z,t), (w,s) € H",

By Stone-von Neumann theorem, the set of infinite dimensional irreducible unitary representa-
tions of H" can be parameterized by R* = R\{0}. For each A € R*, the Schrodinger represen-
tation ) of H" is defined by

(2, 0)0() = €M TE T (e 4 y), 2=+ iy,

where p € L? (R"). For a more detailed study on the Heisenberg group, we refer to [32, 31, 15,
16]. The group U(n) of n x n complex unitary matrices acts on H" by the automorphisms

o(z,t) = (oz,t), oe€U(n).
The Heisenberg motion group G is then the semi direct product of H™ with the unitary group
K = U(n) by the group law

1
(Z,t,kl) . (w, S,kg) = (Z + kiw,t+ s — ilm (kl’w . 5) , k1k2> .
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The functions on H" can be viewed as right K-invariant functions on the Heisenberg motion
group G. Since a right K-invariant function on G can be thought as a function on H", the Haar
measure on G is given by dg = dzdtdk, where dzdt and dk are the normalized Haar measure on
H"™ and K respectively. For k € K, we have another set of representations of the Heisenberg
group H" by 7y 1 (z,t) = mx(kz,t). Since my j agrees with my on the center of H", it follows from
Stone—Von Neumann theorem for the Schrodinger representation that 7y ; is equivalent to my.
This implies that there exists an intertwining operator uy(k) satisfying

ma(kz,t) = px(k)ma(z, 1) pa (k)™

The operator valued function p) can be chosen so that it becomes a unitary representation
of K on L?(R") and is known as metaplectic representation [1]. In general, the metaplectic
representation is a projective representation of the symplectic group but if one restricts the
metaplectic representation to U(n), then the constants can be redefined so that it becomes a
unitary representation of U(n). Let (o,H,) be an irreducible unitary representation of K and
Hy = span{e}-’ :1<j<d,}. For k € K, the matrix coefficients of the representation o € K are
given by

¢%(k) = (o(k)ed,ef), i,j=1,...,d,.
Consider the functions
oA () = [N T da(v/N), €N,

where ¢,’s are the Hermite functions on R™. Then for each A € R*, the set {gf)g‘{ o€ N”}
forms an orthonormal basis for L? (R"). Let Py = span{¢} : o] = m}. Then p, becomes an
irreducible unitary representation of K on P). The action of py can be realized on P by the
following

k) = D & (k)e),

o=l
where féﬁ/’s are the matrix coefficients of (k). Define a bilinear form ¢ ® e7 on L? (R") x H,
by ¢ ® e] = ée;’. Then the set {(bg e raeN"1<j< dg} forms an orthonormal basis

for L? (R") ® H,. Let us write H2 for the space L? (R") ® H,.
For A\ # 0, a representation pé of G on the space H2 defined by the following way

pg(zvt k) = 77/\(2,15)#/\(7‘?) ® U(k)v (Za t k) S G,

Then p) are all possible irreducible unitary representations of G those participate in the Plancherel
formula [28]. We denote the partial dual of the group G as

G ~R* x K.

The group Fourier transform of f € L'(G) is defined by
fn o) = / / f(zt, k) pr(z,t, k) dzdtdk,
K JRJCn
where (\,0) € R* x K. Then f(),0) is a bounded linear operator on H2. Let

A _ 5 em
k) = /Rf( 4 k)eN dt (1)

be the inverse Fourier transform of the function f in the t variable. Then the group Fourier
transform of f can be expressed as

fonor= [ [ Pekpde ) den 2
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where p)(z,k) = pX(2,0,k). Moreover, f(\, o) is a Hilbert-Schmidt operator on H2 and its
satisfies the following versions of Plancherel formula

// |F(z,t, k)|? dzdtdk = (27)~ Zd/ 1F (O 0)|[Z, A" dA
n {0}

for f € L?(G), where Sy represent the space of all Hilbert-Schmidt operators on H2 (see Section
2.2 below for more details on S2).
For f € L' N L?(G), the following Fourier inversion formula on G holds

f(z,t,k) = Zd/

tr ((02) (5L 0) ) I dA, - (2,4,k) € G
R\{0}
Let B (’Hg) denote the C*-algebra of all bounded linear operators on 2. The operator-valued
symbol or simply a symbol 7 is a mapping 7 : G x G’ — B(H2). Then, we define the pseudo-
differential operator T} : L?(G) — L?(G) corresponding to the symbol 7 by

(T f) (2,1 k) = Zd/

o mo

tr ((pg)*(z,t, k)7 (2.t k), 0) f(A,a)) AmdA (3)
for all f € S(G) and (z,t,k) € G.

2.2. Schatten—von Neumann classes. If X is a complex Hilbert space, a linear compact
operator T : X — X belongs to the r-Schatten—von Neumann class S, (X) if

> (sa(1))" < o0,

n=1

where s, (T") denote the singular values of T, i.e. the eigenvalues of |T'| = vT*T with multiplic-
ities counted. For 1 < r < oo, the class S,(X) is a Banach space endowed with the norm

175, = (Z <sn<T>>’“> Ny

n=1

For 0 < r < 1, the || - ||s,. as above only defines a quasi-norm with respect to which S,(X)
is complete. An operator belonging to the class S1(X) (and S2(X)) is known as Trace class
operator (and Hilbert—Schmidt operator).

Another equivalent definition of Hilbert-Schmidt operators also given in terms of orthonormal
basis by the following. Let H be a complex and separable Hilbert space with respect to the inner
product (-,-)3. Also let {¢r, k = 1,2,..} be an orthonormal basis for the Hilbert space H. Then
an operator A € B(H) is a Hilbert-Schmidt operator if for any orthonormal basis {¢ }ro; of H
we have ), || T'¢x|l;, < oo. In this case, the Hilbert-Schmidt norm on S is defined by

|Alls, = (Z(A%Dk,fh!}k)%) :

k=1

For 1 < p < ¢ < oo, from the definition of the Schatten-von Neumann classes, it follows that
Sp € S, and consequently, for all A € S),, we have

1Alls, < [ Alls, -
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2.3. A-Weyl transform. In this subsection, we recall some basic definitions and important
properties of A-Weyl transform associated to a symbol on L?(G*), where G* = C" x K. The
authors in [18] studied unboundedness properties of \-Weyl transforms on G. For a detailed
study on A-Weyl transforms on the Heisenberg motion group, we refer to [2, 17, 28]. We also
refer to the book of Wong [33] for Weyl transform on R™.

~

For (\,0) € G 2 R* x K, the A-Weyl transform W on L' (G*) is defined by (see [2])
WAR) = [ [ Pk dedr,
K JCn
where p2(z,k) = p)(z,0,k). Then by the definition of group Fourier transform (2), we have

f(/\7 J) = Wg\(f)\>v (4)

where f* is defined in (1). Since f(\, o) is a bounded linear operator on H2, WX (F) is a
bounded operator if F' € L' (G*). On the other hand, if F € L? (G*), then W2 (F) becomes a
Hilbert—Schmidt operator satisfying the following Plancherel formula (see [17])

/K/ Bz ) Pdzdb = (2) " Y d,

ceK
For Fy, F, € L' N L? (GX), the A-twisted convolutions of Fy and F; is defined by

FooPao) = [ Fi(og ™) B () ey,

W (F) ()

2
Sy

where g = (2,k) and ¢’ = (w,s) € G*. For X\ = 1, the A-twisted convolutions called twisted
convolutions and denote it by F} x F,. By Proposition 3.1 of [2], we have the following properties
related to the A-Weyl transform W).

Theorem 2.1. Let Fy, Fy € L' N L?(G*). Then
(a) WR(F1)* = W2 (F}), where Ff(2,k) = Fi ((2,k)71),
(b) W (F1 %\ F2) = W2 (F1)W3 (F»).

Using the Plancherel formula (5) and part (b) of Theorem 2.1 with the appropriate use of
Cauchy-Schwarz inequality, the space (LQ(GX), X A) is a Banach x-algebra. Further, using the
relation (4) and Plancherel formula (5), the A-Weyl transform W) is a isomorphism from L2(G*)
onto the space of all Hilbert-Schmidt operators on H#2 denoted by So (H?,) . Therefore, for any

A€ Sy (H2), there exists a unique F € L?(G*) such that A = W) (F).
Let us define a set

Zy :={F € L*(G*):3 F|,F, € L*(G*) such that F = F| x) F }.

Now we present the following theorems on the characterization of trace class A-Weyl transform

on G.

Theorem 2.2. Let W) (F) be the \-Weyl transform associated with F € L*(G*). Then W} (F)
s a trace class operator if and only if F € Z).

Theorem 2.3. 7, is a dense subspace of L*(G*).

The proof of Theorem 2.2 and Theorem 2.3 follows similar line given in section 4 of [8]. The
following estimate will be used in Section 3 to prove one of our main results.

Proposition 2.4. Let F = Fy x) Fy for some Fy, Fy € L>(G*). Then

S dy tr (W2(E)) = (2" A" /G Fy(z k) By (—k 2, k1)) dedh.

UGK
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Proof. Since F' = F} x Fy, from part (b) of Theorem 2.1, we get
W (F) = W (F)Wg (Fy) = W3 (Fy x5 Fy).

Since W (F) is a trace class operator and hence a Hilbert-Schmidt operator on H2. Let {¢ : k € N}
is an orthonormal basis for H2. Then using part (a) of Theorem 2.1, we obtain

> dotr (WAF)) = " do S (W2 (F) ks 1)
ceK cekK keN
=D do Z<W (FOWg F2)¢ka¢k>
ceK keN
= do > (WAE) 6, W F) )
oeK keN
= 3 da 3 (W2E WA )
oek keN
= > o (WRR). W)
oK

= (2m)" AT (F2, FY) 2oy -
Then
Z dg tr (WUA(F)) = (2m)" AT /GX Fo(z,k)F1((z, k) Y dzdk

oeK

= (2m)" AT /G Fy(z, k) Fy(—k 'z, k7Y))dzdk.

3. BOUNDEDNESS

This section is devoted to study the L? — LP boundedness of pseudo-differential operators
on the Heisenberg motion group G. We also prove that if two symbols with some additional
conditions give arise to same pseudo-differential operator then symbol must be same.

The following theorem is about the L?-boundedness of pseudo-differential operators on G. In
fact, a more general result in terms of Schatten—von Neumann class follows from Corollary 3.18
of [24]. Indeed, we have the following property.

Theorem 3.1. Let 1 < p < 2 with Lebesque conjugate p' and let 7 : G x G' — S, be a
operator-valued symbol such that

el

/ I7(e, b,k A o) A" dA dzdtdk < oo.
R\{0} /G P

Then the pseudo-differential operator Tr : L*(G) — L*(G) is in the p'-Schatten class Sy (G). In
particular, the pseudo-differential operator Ty : L? (G) — L? (G) is a bounded operator.

In the next, we investigate a more general result, L? — LP-estimates for pseudo-differential
operators on the Heisenberg motion group G for 2 < p < oo.

Theorem 3.2. Let 7 be a operator-valued symbol on G x G’ such that

> f

/ (2t ko 0, )% AI™ A dedtdk < oo
oek B0} /@ ’
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for 2 < p < oo and p' be the Lebesgque conjugate of p. Then the pseudo-differential operator
T, : L*(G) — LP(G) is a bounded operator. Moreover,

) 1/2
P
||T ||B(L2(G) LP(Q)) Z dy / {/ HT z,t,k, N\, o H Sy dzdtdk} |A|”d)\ .
ek R\{0}

Proof. Let f € L? (G) . Then by Minkowski’s integral inequality, Holder’s inequality and Plancherel
theorem, we have

1/p
1Tl = { /| |<TTf><z,t,k>|pdzdtdk}

s

< (2m)™" de(,/

R\{0}

1/p
dzdtdk}

1/p
dzdtdk:} [A|"dA

/R\{o} (PU) (z,t, k)T (2, t, k, N\, o) )Wnd)\
ro)f

{/G ‘tr ((pé)*(zat» k)7 (z,t,k, A, o)

1/p
@2m) ") d, / {/ 17 (2t k0, 0, IF X o)1, dzdtdk} I\ dA
i IR

1/p
(27)~ Z dy / IF (N 0)lls, {/ (2t k, A o), dzdtdk} IA|"dX
~ IR0
1/p
Z dy / 1N )|, {/ (2t k, 2, 0l dzdtdk:} IA["dA
% R0}

1
2

{Zd / 1F o2, A"dx}
) 1/2

X dg/ {/ Tzt kN o)) dzdtdk}p Al"dA

{Z o) GH ( s, Al

ceK

) 1/2
p
e | o [ A [t a o, s} ra|
o VB0 UG

This shows that T} : L? (G) — LP (G) is a bounded operator. Moreover, we get

2 1/2
p
TTW(G),LP(G)){Z@ [ AL it aer A"dA] .
UGR'

R\{0}

In the next, we study the remaining case when p = co.

Theorem 3.3. Let 7 be a operator-valued symbol on G x G’ such that

Zd/ - 205 [y 1A dA < oc.
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Then the pseudo-differential operator Ty : L*(G) — L*®(G) is a bounded operator. Further, we
have -

7G5 A o)1 || 5o (@ A"

1T sz <> |

S XC)

Proof. Let f € L?(G). Then, using Minkowski’s integral inequality, Holder’s inequality and
Plancherel theorem, we have

1T fll ooy = Z dy /]R\{O} tr< (P (e, )T( -,A,a)f(A,a)) I\ d\
Lo (G)
S [ et naina,. o

27r)_nZdJ/ HHT(-,-,-,)\,J)HSlHf(A,a)HSOOHLOO(G)|)\|nd>\
UGK R\{O}
Zd/ T I 0l A

L Ly 1FO I 0, e 70
1
2
N Lo IFOSIE

1/2

do'/ HT('7'7'7)‘70)HS 200 |>\‘nd)\
ST

1/2
< [1fllzx) {Z i [ T<-7~,-,A,a>sliw(G)A"dA] .
cek TR0

This shows that T : L? (G) — L™ (G) is a bounded operator. Moreover, we have

1/2
HT ||B L2(G |:Z d / HT('a'a'a)\ag)Slioo(G))‘ndA] :

g

In the next theorem we show that if two symbols with some conditions give arise to same
pseudo-differential operator then symbols must be same.

Theorem 3.4. Let 7: G x G' — Sy be a symbol such that it satisfies the following properties:

(i) > dc,/ / I7(2,t, b, A, o) |13, (A" dAdzdtdk < oo.

o S N (U

(ii) Zd / o [FEERA s NPar <0, (1) €@

(iti) sup I7(2,t,k, A, 0)|l5, < 00,
(2,t,k,\,0)EGXG!

(iv) the mapping G x G' > (z,t,k,\, o) = (p2)*(2,t, k)T (2,t,k, \,0) € Sy is weakly continuous.
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Then, Ty f =0 for all f in L*(G) if and only if 7(2,t,k,\,0) = 0 for almost all (z,t,k,\, o) €
G x G

Proof. First assume that T,f = 0 for all f in L?(G). For (2,t,k) € G, let us consider the
function f(, ) € L?*(G) by

Fean(Xo) = 7(z 6, kA, o) p2 (=, 1, k)
for all (A, o) € G’'. Therefore, for all (2/,¢, k') € G, we have
(TTf (2t k)) (Zla t/7 k/)

n Y de [

G NC)

zd/

R\{0}

tr (02)" (5 KT K A, 0) T (0 0) ) A"
tr [(p2)* (2, K (2,1 K N o)

% 1(z, 8, kA, )" pa(z,t,k)} IA["d.
Take (20, to, ko) € G. By the weakly continuous mapping property (iv), we have
tr ((pg)*(z', N T( K N o) (2t kN ) ph (2, t, k:))
— tr ((pg)*(zo, to, ko) (20, to, ko, X, 0)T (2, t, k, X, 0)* (2, 1, k:))

as (2/,t', k") — (z0,to, ko) in G. Now using the property (iii), there exists a constant C' such that
for all (2/,¢', k', \,0) € G x G', we have

tr ((3)" (2, K )T 8 A ) (2t K, A, o) (2,1, ) )|
< Cllr(z,t,k, N o) s,

Since

Zd / 7 (2,8, k, N, o) 5, |AdA < o0
R\{0}

for all (z,t,k) € G, by Lebesgue s dominated convergence theorem, we have

tr ((00)" (= K )7 ( KA 0) iy (0, ) ) (A1

R\{0}
— Z d /R\{O} (pU) (z(]?toﬂkO)T(ZO7t07]{707)\,0-)f(37t7k)()\70')) |)\| d)\

as (2/,t, k') — (zo,to,k’g) in G. This shows that T f(;,..s is continuous on G. Letting
(20, t0, ko) = (2,t, k) and using the property that T, f = 0 for all f in L? (G), we get

(Tsztk ) (thvk)

Z dy / (T(z, 6, k, A, 0)7(2, t, ky A, o)) | A[dA
RO}

Zd/ 7 (2, t, k, X\, 0)|| 5, | A"dX = 0
R\{0}

This implies that ||7(z, ¢, k, X, 0)||s, = 0 for almost all (A, o) € G’. Thus the symbol 7(z, ¢, k, \,0) =
0 for almost all (z,t,k,\,0) € G x G'.
Conversely, if 7(z,t, k, A\, o) = 0 for almost all (z,

t,k,\,0) € G x G, then from the definition
(3) of Ty, it is obvious that T f = 0 for all f in L? (G)

g
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4. HILBERT—SCHMIDT OPERATORS

In this section, we characterize the Hilbert—Schmidt pseudo-differential operators in terms of
their corresponding symbols. We obtain a necessary and sufficient condition on the operator
valued symbols 7 such that the corresponding pseudo-differential operator T, on the Heisenberg
motion group G are in the class of Hilbert—Schmidt operators.

Note that f* defined in (1) is the inverse Fourier transform of f in ¢ variable or Fourier
transform of f with respect to the center of G. Therefore, one can write f* in the following
form:

k) = (FU) (20 k) = (FF) (2, =\ k),
where F denote the Fourier transform with respect to center of G. Now we are ready to state
and prove the following result.

Theorem 4.1. Let 7 be a symbol such that it satisfies the hypotheses of Theorem 3.4. Then the
corresponding pseudo-differential operator T; is a Hilbert—-Schmidt operator if and only if

(2.t k, A, 0) = o (2t W (alz k)7 |

where (z,t,k,\,0) € G x G' and o : G — L?*(G) is a weakly continuous mapping such that it
satisfies

(Z) / ||a(z, t, k) (', ERS) .)HLZ(G) dzdkdt < o0,
G

(’l’l) sup ||fO[(Z,t,k)(’,)\, ')HLQ(GX) < oo,
(2,t,k,t)EGX G’ xR*
(M’Z) ||]:a(z,t,k)(-,)\, ')HLQ(GX) |)“nd)‘ < o0, (Zatv k) €G.
R\{0}

Proof. Let f € S(G). Then for all (z,t,k) € G

T, (2t ) Z d, /R\{O} () (2. F) (2 kAo F(0,0)) A"

Using the expression of 7 and the fact that f(\, ) = W2(f*), we get

Tr(z,t, k) = Zd/

()7 (206, 8) 2 (2,1, 1) W20z, 1, ) 7) WA ) A"

R\{0}
7S de [ (Waae k) W) A
cekc VRO

=(2m)" > dg/

oeic MO

fr (WgA (a(z,t, k)™ %y fA)) I\,
Now, using Theorem 2.4, for all (z,¢,k) € G, we obtain
Tr(z,t, k) = / / oz, t, k) M=k e, k) fA (21, k) dzadkyd)
R\{0} /G
_/ (J—“a(z tE)) (—ky 2, M R Y (FF) (21, = A, k1) dzdkydA
R\{0}

:/ / oz, t, k) (—ky 21, t1, k) (21, t1, k1) dzrdkdty.
R\{0} J G

This shows that T’ is an almost everywhere integral operator with kernel

K (Z,t,k,Zl,tl,k?l) = O[(Z7t7 k)(iklilzlatlvklil)? (6)
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where (z,t, k), (z1,t1, k1) € G. Using Fubini’s theorem and Plancherel theorem, we get

//\K(z,t,k,zl,tl,kl)dezdtdk dzidtidks

GJG

://}a(z,t,k)(—k:l1z1,t1,k11)\2dzdtdk dzdt1dky
GJG

= / HO[(Z,t, k) ('7 ERE) .)”L2(G) dzdkdt < Q.
G

Therefore, T, : L*(G) — L*(G) is a Hilbert-Schmidt operator.
Conversely, suppose that T, : L?(G) — L%*(G) is a Hilbert-Schmidt operator. Then there
exists a function a € L? (G x G) such that for all f € L?(G), we have

TT(Z,t, k‘) = / Oé(Z,t, k:)(zl,tl, k?l)f(zl,tl,kl)dtl, (Z,t, k‘) €Gqd.
G

Let o : G — L%*(G) be the mapping defined by
O[(Z, tv k)(Zl, t17 kl) - Oé(Z, ta k;) 21, tlv kl)a
where (z,t,k), (z1,t1,k1) € G. Then, from (5), we get
D dolm (2t kA 0)llsy = (2m) AT 1 Faz, 6, k) (5 A )l 2 -
oek

Now, reversing the argument for sufficiency and using Theorem 3.4, we get the converse part
and this completes the proof the the theorem. O

As an immediate consequence of the Theorem 4.1 above, in the following corollary, we present
a result related to trace class pseudo-differential operators on G and find its trace formula.

Corollary 4.2. Let a € L? (G x G) such that
/ la(z,t, k)(2,t, k)| dzdtdk < oo.
G

Let 7: G x G" — B(H2) be the symbol defined as in Theorem 4.1. Then T, : L? (G) — L*(G)

s a trace class operator. Moreover, its trace is given by
tr (7)) = / oz, t, k) (—k 1tz t, k7Y dzdtdk
G
Proof. The proof of Corollary 4.2 follows from the formula (6) on the kernel of the pseudo-
differential operator in the proof of the Theorem 4.1. O

Next we obtain a necessary and sufficient condition on the symbol 7 so that the corresponding
pseudo-differential operator T is a trace class operator and we derive the trace formula of the
operator T;. Indeed, we have the following result.

Corollary 4.3. Let 7 : GXG' — Sy be a symbol such that it satisfying the conditions of Theorem
3.4. Then T is a trace class operator if and only if

(2.t k 0, 0) = o (2t W (alz k)7 |

where (z,t,k,\,0) € G x G', a: G — L*(G) is a mapping such that it satisfies the conditions
of Theorem 4.1 and

a(z, t, k)(zl, tl, ]ﬁ) = / al(z, t, k‘)(ZQ, tQ, ]{2)042<22, tQ, kz)(zl, tl, kl)dZthgdkg,
G

for all (z,t,k), (z1,t1,k1) € G, here a1 : G — L*(G) and az : G — L*(G) satisfies the conditions

/ vt (2,t, k) |72 dgdt < oo, / la (2, £, k)|72(r) dgdt < oo,
G G
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Moreover, if T, : L*(G) — L*(G) is a trace class operator, then we have the trace formula

br (T) = / ozt k) (2.1, k) dzdidk
G

:///al(z,t,k)(zg,tg,kz)ag(zz,tg,k:g)(z,t,k:) dzdtdk dzodtodks.
GJGJIG

Proof. The proof follows from the expression of the kernel of pseudo-differential operators in
Theorem 4.1 and the fact that every trace class operator can be written as a product of two
Hilbert—Schmidt operators. n

5. DIscusSION AND CONCLUSIONS

This article takes up the L?-LP boundedness problem of pseudo-differential operators on the
Heisenberg motion group for the range 2 < p < co. Using the A-Weyl transform, we provided
a necessary and sufficient condition on the operator-valued symbols such that the associated
pseudo-differential operators on the Heisenberg motion group are in the class of Hilbert—Schmidt
operators. Further, it will be interesting to investigate LP — L? or LP — LY boundedness of pseudo-
differential operators on the Heisenberg motion group for the range 1 < p, ¢ < oo.
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