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A B S T R A C T
Nonlinear matrices employed in asphalt-based composites exhibit a prominent nonlinear e
viscoplastic-viscodamageable mechanical response. The constitutive model for this type o
trices requires a significant experimental effort to identify the material constants. To a
ate the characterization effort without losing reliability in the mechanical prediction, this
presents a fast procedure decoupling the elasto-viscoplastic response from the viscodamag
one and facilitating the identification of the material constants via efficient optimization
procedure relies on a combined experimental-numerical also applicable to other rheolog
complex materials like polyurea, thermoplastics or elasto-viscoplastic polycrystals. The e
mental part is deliberately designed to only conduct cost- and time-effective monotonic lo
different strain rates in tension and compression. These pure monotonic results are used
constitutive model to predict more complex loading conditions such as multiple load-un
reload (LUR) cycles. To do this, an elasto-viscoplastic constitutive model suitable to de
creep-like phenomena and large irreversible deformations is proposed. This model incorp
pressure and strain rate sensitivity, which is essential to capture the compression-tension
metry in asphalt-based composites. A rate-dependent damage model is proposed to descri
degradation rate of the elasto-viscoplastic part. The stress and the consistent tangent mo
are derived. The model implementation for user-defined finite element subroutines are giv
explicit or implicit solvers. The proposed decoupling facilitates an efficient identification
constant parameters via an in-house Nelder-Mead-based optimization method. To accelera
identification, all the stress-strain curves, either in tension or compression, are simultane
used with applying physically-based constrains. The framework is validated with asphalt m
at room temperature (24◦C) and verified under LUR conditions at different rates. The iden
model predicts correctly the experimental observations, proving its applicability to inves
particle-based composites with highly nonlinear matrices.

troduction
omposites are widely used in different fields such as automobile, aerospace, medical, energy, civil or road e
ng. Composites provide outstanding performance by combining several constituent materials with differen
lementary mechanical behaviors.
or example, in sectors like aerospace or medicine, Fiber-Reinforced Polymers (FRP) are employed in lightw
ures like aero-elastic components or limb prostheses, respectively. They typically consist in glass or ca
embedded in a polymer resin. This type of composites receives prominent attention due to its inherent

ological value. Therefore, these sectors heavily invest in computational methods like multiscale simula
eed reliable and efficient constitutive material models [1–4]. Another example can be found in a very diff
trial sector such as road engineering, where asphalt concrete is used in pavement design. This composite
-phase composite consisting of asphalt matrix, coarse aggregate and air voids.

the above examples, the properties of the constituent materials have in common many aspects, namely, very
rittle reinforcement inclusions (fibers or stone aggregates) embedded in a highly nonlinear matrix (polym
lt). This matrix is greatly affected by the loading and environmental conditions. It is worth mentioning tha
orresponding author. Tel.: +32 9 331 04 19.
fran.gilabert@ugent.be ( F. A. Gilabert)
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Fast nonlinear mechanical decoupling for asphalt-based composites

menclature
time

time increment

Stress tensor

Strain tensor

ak Strain occurring at peak stress value

Strain at peak index

Load direction dependent material coe�cient

Coe�cient of determination

Hydrostatic pressure

Deviatoric stress tensor

Strain rate tensor

Strain increment tensor

Equivalent strain rate

E�ective strain rate

Equivalent shear stress

2nd order identity tensor

Total deformation gradient tensor

Elastic deformation gradient tensor

Inelastic deformation gradient tensor

Rate of deformation tensor

Spin tensor

Velocity gradient tensor

Direction tensor

Hencky strain tensor

Left Cauchy-Green deformation tensor

𝑸 Eigen-decomposition transformation matrix

𝕀 4th order identity tensor

ℙ 4th order projection tensor

ℂ𝑒 Consistent elastic tangent modulus

ℂ𝑒𝑝 Consistent elastic-viscoplastic tangent modulu

𝐶1 Reference e�ective creep rate

𝐶2 Relaxation kinetics coe�cient

𝑚 Inelastic �ow coe�cient

𝜏𝐵 Reference shear stress coe�cient

𝜆chain Inelastic network stretch

𝜉 Pressure sensitivity coe�cient

𝜓 Helmholtz free energy density

𝜙 Yield function

𝜆 Lamé's �rst parameter

𝜇 Lamé's second parameter

Λ Lagrange multiplier

𝐸 Young's modulus

𝑐𝑠 Speed of stress waves

𝑙𝑒𝑙𝑒 Characteristic length

𝑑 Damage variable

�̇� Instantaneous damage rate

�̇�∞ Damage rate at in�nity strain rate

𝜌 Density

𝜂 Dimensionless damping coe�cient

T Temperature

ological level and costs involved for pavement design in road engineering differ substantially from those invo
ospace or medical applications. Nevertheless, asphalt concrete is perhaps the most common composite in
eering being absolutely crucial in the transportation infrastructures worldwide. Thus, this sector is also inc
demanding simulation-based techniques to design new advanced and more efficient Asphalt-Based Compo
).
ompared to FRP, the development of ABC involve more stringent conditions bounded by aspects like lower
’s added value, simpler production technologies and cheaper costs of raw materials. In other words, the mod
must be even lower than that used in FRP composites. This means that, road engineering sector demands

ery cost-effective numerical approaches in terms of easiness material parameter identification and reliabilit
ring complex combinations of mechanical features. However, it must be noted that there is still a lack of un
ing and efficient characterization of the asphalt matrix adapted to the requirements from this sector. On to
he asphalt matrix is, in turn, another composite material consisting of asphalt binder, fine aggregates and v

matrix is essentially the main source of nonlinearities in asphalt concrete, namely, rate- and pressure-depen
o-sensitive, plastic, damageable and self-healable.
terms of experimental characterization, researches usually study different loading conditions requiring

g campaigns using complex instrumentation and specimen preparation. Additionally, it is common that t
aim at researching the material response assuming non-coupled nonlinearities. For example, setups like Ind
on (IDT) [5], Semi-Circular Bending (SCB) [6] or Single-Edge Notched Beam (SENB) [7] are employ to stud
re behavior of asphalt matrix similarly prepared and tested as asphalt concrete to visualize the fracture respo
t al.: Preprint submitted to Elsevier Page 2 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

ver, from these tests is hard to quantify, for instance plasticity, load direction effects or rate-dependency. O
s like Split Hopkinson Pressure Bar (SHPB) [8], Bending Beam Rheometer (BBR) [9], or modified Binder B
gth (BBS) [10] are used to study dynamic failure, matrix-aggregate interface adhesion-decohesion, micro-c
tion or moisture damage. Again, these tests pose experimental difficulties to reveal the nonlinear role o
x in the overall ABC response. Recent research relied on Dynamic Mechanical Analyzer (DMA) [11] sho
rong rate-dependency and compression-tension asymmetry of asphalt matrix under quasi-static and dyn
tions, although none damage effect was reported.
rom the simulation point of view, once a constitutive material model is formulated based on experimenta
tions, test data are required to identify the model parameters. After that, the model must demonstrate to cap
ctly the response under conditions not used during the identification. Considering the complex nonlinear
nt in materials like ABC, the time and costs required for a full testing campaign in road engineering woul
eptable. Thus, this research has selected the asphalt matrix to develop a pragmatic and cost-effective framew
rcome this situation. This approach might shed some inspiration to be applicable to other composites exhib
ing of similar nonlinearities. The novelties of the proposed approach rely on fulfilling the following requirem
e specimens and test type must be easy to obtain and perform in an industrial environment, (ii) the constit
l must be sufficiently realist without resorting to large and nonphysically-based parameters, (iii) the model
ion allows the parameter identification process by decoupling nonlinearities, (iv) the identification process is
onsistent with physical constrains and (v) the resulting identified model must be capable to predict more ge
g scenarios not considered during identification.

long with selecting the more convenient test typology for ABC, the modeling approach has to be chosen acc
In terms of asphalt-based constitutive modeling, three approaches can be adopted [12]. The first approach r

e Boltzmann superposition integral mainly using the Schapery viscoelastic model [13, 14]. This consists i
ral-based form material model [15, 16] that can be enriched with nonlinear response like viscoplasticity
ing [18, 19]. The second approach formulates the constitutive model considering the polymeric nature u
romolecular description. Neilsen model [20, 21] and Lodge model [22] describe the deformation of poly
ials using the cross-linking, sliding, loosing and rearrangement behavior of the molecular network. Other
ities like shear rate-dependent viscoelasticity [23–26], hydrolytic aging [27] or hardening [28] have also
d. The third approach is termed as differential constitutive model consisting in assembling several rheolo
onents such as Hookean springs (linear elasticity), Newtonian dashpot (linear viscosity), friction slider (
), among many others. The way to assemble and activate the components give a wide flexibility to cap
different nonlinear response. Common examples used to predict viscoelastic response in asphalt-based ma
e the Burgers model [29, 30], the three-element model [31], the generalized Maxwell model [11, 32, 33] o
alized Kelvin-Voigt model [34]. Some researchers also added a rate-dependent plastic component to gen
elasto-plasticity [35–38]. The differential approach makes it possible to intuitively incorporate selected rheo
omponents according to the observed tests results, therefore it is utilized in this work.
crucial component to be used in this rheological assembly is damage. Continuum Damage Mechanics (C
ell-established approach commonly used to describe material degradation in different simulation techniques
Element Analysis (FEA), Discrete Element Method (DEM) [39, 40] or even Molecular Dynamics (MD) [41,
quantifies the effective surface of micro-cracks to degrade the material stiffness [43–45]. This approach ca
rate other effects such as moisture damage [46, 47] and combined with other nonlinearities like viscoelast
iscoplasticity [48–50]. Based on CDM, the Cohesive Zone Model (CZM) also enables to explicitly represent
discontinuities by using a traction-separation law at the crack lips [51–54]. More particularly, in ABC mate
framework has been employed to develop the Fatigue damage theory [55–57], Glover-Rowe parameter [5

r’s rule [59, 60]. In this work a specific rheological model based on CDM will be proposed, which is constru
ding to the experimental observations. This component will be coupled to the other rheological componen
ve mechanical consistency.
his paper presents a pragmatic framework combining an easy-to-test experimental setup with a flexible co
model providing reliable mechanical predictions for different loading scenarios. A novel optimization me
on the Nelder-Mead algorithm is developed to identify the model parameters using a minimum set of m

uniaxial tests. This algorithm fulfills physically-based user-defined constraints and uses a fast FEA-based s
nt test. The model construction along with the proposed identification process demonstrate that complex L
d-Reload conditions can be accurately predicted. Although the constitutive model targets to ABC mate
model variations could cover other materials exhibiting asymmetric creep-like behavior such as polyurea
t al.: Preprint submitted to Elsevier Page 3 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

1

basic indices of asphalt binder.

Index Test result Grade

Penetration (×10−1 mm) 60 ± 0.3 60 - 80
Softening point (◦C) 48.5 ± 0.25 44 - 54
Ductility at 10◦C (cm) > 150 >100

Density (g/cm3) 1.02 ± 0.03 -

2

tion and aggregate density.

Aggregate size (mm)
Coarse aggregates Fine aggregates

16 13.2 9.5 4.75 2.36 1.18 0.6 0.3 0.15 0.

Gradation (Retained percentage %) 0 4 23.1 32.31 9.84 8.04 7.35 4.1 3.54 2
Aggregate density (g/cm3) - 2.68 2.64 2.63 2.63 2

oplastics [62] or polycrystals [63].
his paper is organized as follows. In Section 2, the material composition, the specimen preparation and the
are described in detail. Section 3 introduces the experimental analysis of asphalt matrix. Section 4 and Sect
nt the proposed constitutive model and optimization method to identify its parameters, respectively, wher
element software Abaqus [64] is used for the numerical simulations during optimization and verification.
ssion and conclusion of this study are finally summarized in the last two sections.

xperimental preparation
his section exposes the composition of the asphalt matrix and the fabrication process of the specimen for diff
as well as the instrumentation and test setup.
Material composition
EN 70 Asphalt binder and limestone aggregates are used to prepare the asphalt matrix in this study. The t
indices and the density of the asphalt binder are tested and listed in Table 1.

ine aggregates are defined by the Asphalt Institute (2001) [65] as the aggregates passing the 2.36 mm (No. 8) s
otal aggregates consist of 30.75 wt% fine aggregates (<= 2.36 mm) and 69.25 wt% coarse aggregates (> 2.36 m
ptimum asphalt-aggregate ratio of 4.5 wt% for AC-13 asphalt concrete is firstly obtained following the stan

hall tests [66]. Based on that, the optimum asphalt-fine aggregate ratio is determined as 4.5∕30.75×100% = 1
phalt matrix.
he gradation and the density of fine aggregates are given in Table 2.
Specimen preparation and test setup
aking into account the maximum aggregate size, the diameter of the specimen is determined as 10 mm. To pre
uckling and barreling effects, the length of the specimen is determined as 20 mm and 40 mm for compres
ension tests, respectively. The cylindrical sample of asphalt matrix with the dimension of 𝜙150 mm × 60
tly prepared using a Superpave gyratory compactor (SGC, TIPTOP ICT-250) following the standard proce
SHTO T312 [67]. The upper and lower part of the sample are cut to ensure parallel and smooth surfaces.
ned cylindrical blocks with thicknesses of 20 mm and 40 mm for the compression and tension tests, respecti
rther processed. Small cylinder-shaped specimens with the aimed dimension of 𝜙10 mm × 20 mm and 𝜙10
mm are cored out from the cylindrical blocks using a water-cooled drilling machine at the speed of 480
ver, the top and bottom surfaces of the cored specimens are not perfectly smooth due to operator error durin
g. Therefore, every specimen is processed using a sanding machine and further polished (see Fig. 1).

he asphalt matrix is tested on a Dynamic Mechanical Analyzer instrument (NL-DMA-002) with a displace
ion of 0.001 mm, which is equipped with a thermal chamber to control the temperature. A loading cell w
t al.: Preprint submitted to Elsevier Page 4 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

e 1: Specimen preparation: after coring the specimen from the big cylidrical block, both sides of every specimen
�atten and polished, in order to facilitate the gluing of the caps and the alignment required by the DMA mach

um force of 500 N and accuracy of 0.1 N is mounted. As Fig. 2a shows, two disks are used for the compres
For the test conducting the tensile load shown in Fig. 2b, a pair of clamps are specially designed to attach
le to the machine. In the compression tests, a lubricant compatible with asphalt is added between the spec
he steel disks to reduce the friction between the surfaces with the aim of minimizing the barreling effect,
n in Fig. 2a. For the tensile test, the specimen is too soft to be tightly clamped to the machine without cau
mation. Thus, a pair of aluminum caps are designed and glued to the two ends of the specimen using an e
with a curing time of 12 h, which allows the specimen to fit well in the clamps, as Fig. 1 and Fig. 2b illust
e tests are conducted in the thermal chamber with a constant temperature of 24 ± 0.1 ◦C.

e 2: Experimental setups to determine the uniaxial response of the material: (a) short specimen designe
ression placed between the steel disks installed in the DMA machine; (b) long specimen designed for tension clam
DMA �xations.

xperimental campaign
series of quasi-static tests under different strain rates are conducted to investigate the mechanical nonlinear
elastic, plastic, viscous and damage response of the asphalt matrix. These tests are further used to identify
aterial properties to achieve the constitutive model. For each loading condition, 3 specimens are used to en
peatability and reliability of the test results.
ue to the size limitations and material’s nature, strain gauge and extensometer cannot be easily applied on
men. To obtain the true stress-strain response, full volume preservation hypothesis of the specimen is assu
fore, the true stress and true strain can be expressed as 𝜎𝑡𝑟𝑢𝑒 = (1 + 𝛿∕𝐿0)𝐹∕𝐴0 and 𝜀𝑡𝑟𝑢𝑒 = ln(1 + 𝛿∕
ctively, where 𝐹 is the applied force, 𝐴0 is the original cross-section area, 𝐿0 is the initial length of the spec
is the displacement recorded by the machine sensor.
Rate-dependent monotonic loading
o better understand the rate-dependency of the material, five strain rates, 0.5, 1, 2, 3 and 5 (×10−3 s−1), are ch
duct the uniaxial monotonic test in both compression and tension. The stress-strain behavior at different s

t al.: Preprint submitted to Elsevier Page 5 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

is shown in Fig. 3.

(a) (b)

e 3: Rate-dependent stress-strain response of asphalt matrix under uniaxial monotonic loading: (a) compression
n. The solid curves and the shaded area represent the average result and the error band of each case, respectiv

ig. 3 clearly shows the compression-tension (C-T) asymmetric behavior of the asphalt matrix under uniaxial m
loading. These results reveal that both the stiffness and strength of asphalt matrix are strongly rate-depen
n a narrow range of applied strain rate, varying more than 3 and 5 times in different loading directions, res
. The softening curves in Fig. 3b indicate that the damage process is rate-dependent, and therefore, it shou
dered in the constitutive model.
should be noticed that compared to the tension test, the compression one involves additional technical difficu
ed with intrinsic material uncertainties. For example, the contact between the specimen and the compres
generates friction difficult to fully eliminate, although it was greatly reduced by adding lubricant as menti

e. Some slight shape instabilities during loading due to misalignment of the deformed specimen were obser
caused by the lack of strict parallelism between the upper and the lower specimen surfaces. During the in
f the loading, the specimen has to settle until these surfaces are in full contact with the compression d
ugh it could have been minimized by applying a slight pre-load on the specimen, the high compliance of as
ncontrollably accelerate the plastic yielding. As a consequence, this settlement process might underestimat
l stiffness, which explains the irregular tendency of the curve at the beginning of the load.

 0
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 0.4

 0  1  2  3  4  5
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�
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C: Exp data

T: Exp data

C: Fitted curve

T: Fitted curve

e 4: 𝜀peak at di�erent strain rates in compression (C) and tension (T)

ig. 4 shows the relationship between the strain (𝜀peak) at the peak stress and the strain rate (�̇�) in compression
nsion (T), where, as a first approximation, a logarithm relationship can be proposed in the following way
t al.: Preprint submitted to Elsevier Page 6 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

3

coe�cients.

Coe�cients a Ω 𝑅2

Compression -0.025 0.98 ×104 0.9403
Tension -0.029 1.11 ×107 0.9127

𝜀peak = 𝑎 ln
(
Ω �̇�
�̇�𝑠

)

𝑎 is a material constant, �̇�𝑠 = 𝑐𝑠∕𝑙𝑒𝑙𝑒 is the propagation rate of stress waves in the material, 𝑐𝑠 =
√
(𝜆 + 2𝜇)

ave speed, and 𝑙𝑒𝑙𝑒 is the characteristic length. The propagation rate of stress wave in asphalt matrix is calcu
= 3.7 × 105 s−1. The proposed material constant Ω depends on the loading mode, which is further explain
llowing paragraphs.
should be noted that this first peak value is clear in case of tension, but less obvious in compression, wh
ss of apparent strain hardening takes place. By fitting Eq. 1 to the experimental curves, the coefficients 𝑎 a
e obtained, which are listed in Table 3. The determined function of 𝜀peak is further used in the rate-depen
ge initiation criterion in the following constitutive analysis of Sec.4.3.
he basic constituents of the asphalt matrix are the aggregates (agg) and the asphalt binder (bin), therefore assum
ule of Mixtures (ROM), Eq. 1 can be further extended to specify the C-T asymmetry:

𝜀peak = 𝑎 ln
(

ΩC⟨−�̇�⟩ + ΩT⟨�̇�⟩
Φ�̇�agg

𝑠 + (1 − Φ)�̇�bin
𝑠
�̇�

)

the operator “⟨ ⟩” represents the Macaulay brackets defined as ⟨�̇�⟩ = (�̇� + |�̇�|)∕2 and Φ stands for the vo
on of aggregates in the matrix. The characteristics strain rates given by �̇�agg

𝑠 and �̇�bin
𝑠 are proportional to

of stress wave in the aggregate and asphalt binder, respectively. It is important to notice that Eq. 2 applie
hesis of homogenization to the speed of stress waves, which is proportional to the elastic modulus.
order to illustrate the consistency of Eq. 2, the analysis of the order of magnitude is conducted. Knowing

ess (𝐸agg ≈ 34 GPa, 𝐸bin ≈ 10 kPa at 24◦C [68]), the volume fraction of aggregates (Φ = 0.896) and
ties (𝜌agg = 2700 kg/m3, 𝜌bin = 1020 kg/m3), the wave speed in each constituent yields 𝑐agg

𝑠 = 3.5 × 106 m
bin
𝑠 = 3.1 × 103 mm/s, respectively. As a result, the follow relationship can be obtained:

ΩT
ΩC ≈

�̇�agg
𝑠

�̇�bin
𝑠

=
𝑐agg
𝑠

𝑐bin
𝑠

≈ 103

the ratio Ω𝑇 ∕Ω𝐶 indicates the proportional factor of stress wave speed in each material phase. It is w
oning that due to the high value of volume fraction of aggregates, during compression they tend to approach
into contact, leading to the interlocking effect. This inter-aggregate interaction establishes a contact netwo
the stress waves can travel more efficiently according to the speed of sound in the aggregates, which is ex

er of magnitude larger than that in the binder. On the contrary, in case of tension, the aggregates tend to sep
, therefore the stress waves are preferably transmitted through the soft asphalt binder [69, 70].
s Fig. 3a shows, when the material is compressed beyond around 30%, the softening curves start to incr
o the aforementioned interlocking process. This process occurs when the aggregates move slowly and sta
each other when the specimen reaches a high level of internal compaction as it is schematically represent
[71]. Under this situation, the mechanical contribution of the asphalt binder is negligible because, as mentio
ad is essentially bear by the aggregates contact network. This can explain the visible stiffening effect obse
stress-strain curves of Fig. 3a. The level of confinement in tension is much less than that in compression an
lt matrix fails earlier before the interlocking effect shows up.
he damage patterns of the tested specimens are shown in Fig. 6. Fig. 6a shows the specimen fully compa
t al.: Preprint submitted to Elsevier Page 7 of 32



Journal Pre-proof

Figur

under d by
the h , the
micro men.
When until
total

Figur g at
the m

T ss of
the sp rms
durin ation
of da long
the lo hich
the m and
DE(D cture
afterw gher
strain at a
highe e in
aspha

Dai e
Jo
ur

na
l P

re
-p

ro
of

Fast nonlinear mechanical decoupling for asphalt-based composites

Original sample Interlocking during compression

e 5: Schematic diagram of aggregate interlocking.

compression. The cracks show up on the side surface of the specimen along the loading direction cause
igh circumferential tensile stresses, while there is no obvious crack in the center part. In the tension test
-cracks and debonding firstly show up homogeneously distributed along the longitudinal axis of the speci
the micro-damage is accumulated to a certain degree, a visible macro-crack starts to initiate and propagate

specimen breakage.

e 6: Damaged specimen after loading: (a) compression; (b) tension. The crack in the matrix and the debondin
atrix-aggregate interface are highlighted in yellow and red, respectively.

o have a clearer overview of the damage evolution, an experimental observation of the degradation proce
ecimen at two representative strain rates is represented in Fig. 7. First, the material homogeneously defo

g AB(A’B’). Then, microdamage starts to appear at the peak load, where Point B(B’) indicates the initi
mage. After that, more microcracks are observed on the specimen, which are homogeneously distributed a
ading direction as Point C(C’) indicates. Stage BD(B’D’) corresponds to the softening process during w
icrocracks accumulates along the specimen. The difference between the curvature of the curves BD(B’D’)
’E’) indicates that a macro crack is formed and starts to propagate at Point D(D’), which leads to the final fra
ard. By comparing the two strain rates cases, it can be found that the softening curve drops faster at the hi
rate. Specifically, both the accumulation of microdamage and the propagation of macrocracks are faster

r strain rate, namely slope BD > slope B’D’ and slope DE > slope D’E’, which suggests that the damag
lt matrix is rate-dependent.
t al.: Preprint submitted to Elsevier Page 8 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites
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e 7: Damage evolution at di�erent strain rates: (a) stress-strain curves; (b) snapshots of specimen degradatio
× 10−3s−1; (c) snapshots of specimen degradation at 5 × 10−3s−1.

Rate-dependent Loading-Unloading-Reloading
o better understand the viscous and plastic behaviors of asphalt matrix, cyclic Loading-Unloading-Reloa
) test is conducted, where the permanent and recoverable strain can be quantified. It is important to clarify
cycles are used to characterize inelastic strains, but not for assessing cyclic behavior with a high number of cy
fatigue load. In each cycle, the specimen is firstly loaded at a constant strain rate to the aimed strain, unlo
same strain rate till zero force and then reloaded. Five strain rates, 0.5, 1, 2, 3 and 5 (× 10−3 s−1), are chose

compression and tension. Typical results from the cyclic LUR test results are shown in Figure 8, on the rig
one LUR cycle is zoomed.

a) (b) (c)

(d)

e 8: Stress-strain behavior in LUR tests at di�erent strain rates: (a) compression; (b) tension; (c) zoomed LUR
pression; (d) zoomed LUR path in tension.

he LUR test result illustrates that the material mainly shows viscoplastic behavior. As is shown in Fig. 9
c strain is observed in the beginning of the loading, and it accumulates linearly with the increase of the
. Moreover, the plastic strain-total strain curves essentially overlap for different strain rates in both compres
nsion.

he tensile LUR result is further used to extract more information on the damage evolution since it cover
degradation process of the material until the final failure. To do this, the procedure explained in Append

een developed to compute objectively and systematically the magnitude of the material stiffness degrad
t al.: Preprint submitted to Elsevier Page 9 of 32
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e 9: Relationship between viscoplastic strain and total strain at di�erent strain rates in compression (C) and te

g the unloading and reloading process. This procedure detects the number of LUR events in every stress-s
corresponding to all tested strain rates. Every LUR loop is determined by detecting the self-intersection pre
curve. Two numbers are obtained from each loop: the secant slope and the enclosed area. The secant repre
erage stiffness in such a loop, which provides a direct measure of the material stiffness after reaching ce

of damage. Fig. 10 shows that the unloading slope decreases as the accumulation of the plastic strain incre
ling the evolution of damage. The difference among the decreasing curves at different strain rates indicates
mage evolution is rate dependent.
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e 10: Evolution of the sti�ness degradation as a function of the viscoplastic strain at di�erent strain rates from
e LUR test. This sti�ness is obtained from the unloading path using the algorithm described in Appendix A.

onstitutive material model
n elasto-viscoplastic-viscodamage (E-VP-VD) model is proposed to describe the mechanical behavior of as
x based on the experimental observations. This section introduces first the basic definitions in the finite s
atic formulation, which is suitable to describe large deformations due to material’s flow and it is very conve

orporate rate effects. After that, the components of the model, namely, elasto-viscoplastic and visco-damag
ibed.
t al.: Preprint submitted to Elsevier Page 10 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

Finite strain kinematic framework and thermodynamics in brief
he material model based on the kinematic formulation rely on the fact that the total deformation gradient ca
plicatively decomposed into elastic and inelastic parts [72] as follows:
𝑭 = 𝑭 𝑒𝑭 𝑖

the subscript 𝑒 and 𝑖 denote the elastic and inelastic part, respectively.
he total deformation gradient 𝑭 is related to the rate of the deformation gradient �̇� via the velocity gradie
by
𝑳 = �̇� 𝑭 −1 = �̇� 𝑒𝑭 −1

𝑒 + 𝑭 𝑒𝑳𝑖𝑭 −1
𝑒

𝑳𝑖 is the inelastic velocity gradient expressed in the relaxed configuration. Thus, if the elastic stresse
ed, the body will retain only the inelastic contribution, therefore this inelastic velocity gradient can be writte

𝑳𝑖 = �̇� 𝑖𝑭 −1
𝑖 = 𝑫𝑖 +𝑾 𝑖

𝑾 𝑖 is the inelastic spin tensor. Considering an isotropic material, it leads to a spin-free inelastic velocity gra
ermits to assume that 𝑾 𝑖 = 0 [73]. Therefore, the time derivative of the inelastic deformation gradient is fi
by
�̇� 𝑖 = 𝑫𝑖𝑭 𝑖

o approximately preserve the inelastic incompressibility condition, the midpoint scheme is adopted [74,
the inelastic evolution can be integrated as follows
𝑭 𝑖(𝑡 + Δ𝑡) = 𝑭 𝑖(𝑡) + 𝑘2Δ𝑡
𝑘1 = �̇� 𝑖(𝑡,𝑭 𝑖(𝑡))

𝑘2 = �̇� 𝑖

(
𝑡 + 1

2
Δ𝑡,𝑭 𝑖(𝑡) +

1
2
𝑘1Δ𝑡

)

, the elastic deformation gradient is updated from
𝑭 𝑒 = 𝑭𝑭 −1

𝑖

he rate of inelastic deformation is expressed as
𝑫𝑖 = ̇̄𝜀𝑵

̇̄𝜀 represents the prescribed inelastic equivalent strain rate. Depending on the constitutive model, �̇� ca
ion of shear stress, hydrostatic pressure, temperature, crystallization or humidity. The 2nd order tensor 𝑵 prov
irection of the driving stress indicating the direction where the inelastic deformation yields and evolves
[76]. This direction tensor is defined in this work as follows

𝑵 = 𝜕𝜙
𝜕𝝈

example, in case of assuming a Von Mises yield function and associated plastic flow, this direction tenso
itten ad follows

𝑵 = 1√
2
𝝈′

𝜏

t al.: Preprint submitted to Elsevier Page 11 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

𝝈′ is the deviatoric stress tensor defined as
𝝈′ = 𝝈 − 1

3
tr[𝝈]𝑰

𝝈 the stress tensor and 𝜏 the equivalent shear stress expressed as

𝜏 =
√

1
2
𝝈′ ∶ 𝝈′

se expressions, the symbol tr[] represent the trace operation, 𝑰 is the 2nd order identity tensor and “:” ope
s for the scalar product of 2nd order tensors, also referred as the double contraction or double inner product w
en by 𝑿 ∶ 𝒀 = 𝑋𝑖𝑗𝑌𝑖𝑗 with 𝑿 and 𝒀 two generic 2nd order tensors with indices 𝑖 and 𝑗 along the Carte
inate axes.
his paper studies the mechanical response at room temperature, therefore from the thermodynamic point of v
lausius-Duhem inequality for an isothermal process is given as follows
𝝈 ∶ 𝑳 − �̇� ≥ 0

�̇� is the time derivative of the Helmholtz free energy density. In the context of irreversible thermodynam
nstitutive equations and the evolutions laws of the variables can be obtained from Helmholtz energy which
mally expressed as
𝜓 = 𝜓(𝒉𝑒, 𝑑, 𝑞) = 𝜓𝑒(𝒉𝑒, 𝑑) + 𝜓𝑝(𝑞)

𝑑 is an internal damage variable and 𝑞 is a strain-like internal variable whose time derivative is related to
tic rate of deformation expressed by Eq. 10. The elastic Hencky strain tensor 𝒉𝑒 = ln√𝑩𝑒 is calculated u
ft Cauchy Green deformation tensor 𝑩𝑒 = 𝑭 𝑒𝑭 ⊤

𝑒 (i.e., 𝐵𝑒,𝑖𝑗 = 𝐹𝑒,𝑖𝑘𝐹𝑒,𝑗𝑘). It can be noticed that Eq. 16 has
ioned into elastic and plastic components by assuming the hypothesis of decoupling between the elastic-dam
lastic responses. The first part assumes that a growing damage will lead to release the elastic strain energy, w
cond part accounts for the plastic dissipation. After decomposing the strain into elastic and plastic parts an

ing the variable 𝜁 = 𝜕𝜓𝑝∕𝜕𝑞, the reduced internal dissipation can be written as
𝝈 ∶ �̇�𝑝 − 𝜁 �̇� + 𝑌𝑑 �̇� ≥ 0

𝑌𝑝 is the thermodynamic force associated with the damage process which is defined as 𝑌𝑑 = −𝜕𝜓𝑒∕𝜕𝑑e fully decoupling, this work assumes that plastic flow can take place without damage, and similarly, any dam
can happen without appreciable plastic flow. As a consequence, the second principle of thermodynamics u
conditions can be expressed separately as
𝝈 ∶ �̇�𝑝 − 𝜁 �̇� ≥ 0 𝑌𝑑 �̇� ≥ 0

lating the shape of Eq. 16 and imposing a constrain to the yield function 𝜙 via the Lagrange multiplier Λ
ule and evolution of the plastic strain and strain-like variable are obtained according to the principle of minim
y dissipation, namely
𝜕Π
𝜕𝝈

= 0 𝜕Π
𝜕𝜁

= 0 with Π = 𝝈 ∶ �̇�𝑝 − 𝜁 �̇� − Λ𝜙

e-independent plasticity theory, the plastic multiplier Λ is not material function and, after solving the optimiz
em of Eq. 19 it provides the plastic strain rate tensor and equivalent plastic strain rate, respectively, as it foll

𝒉𝑝 = Λ𝜕𝜙
𝜕𝝈

�̇� = Λ𝜕𝜙
𝜕𝜁

ver, in rate-dependent plasticity, the quantity Λ can be prescribed by defining a constitutive model. A sim
t al.: Preprint submitted to Elsevier Page 12 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

ent holds for the damage-related part. In that sense, this paper makes use of the Eq. 10 to equivalently im
as constitutive model, as it will presented in the next section. Nevertheless, by prescribing directly the rate
viscoplastic multiplier does not prevent to find the corresponding rate-dependent yield funtion 𝜙.

Elasto-ViscoPlastic component
o precisely describe the nonlinear behavior of the asphalt matrix prior to any damage event, an elasto-viscopl
) model is proposed first. This part of the model is represented in a rheological form in Fig. 11 consisting

near dashpot and a linear spring connected in series. The nonlinear dashpot model provides a viscous compo
ing to incorporate rate-dependency and relaxation behavior of materials experiencing creep effects.

Elasticity (E)

Viscoplasticity (VP) 

Viscodamage (VD)

Nonlinear Dashpot

Linear Spring

Nonlinear Damage

e 11: Schematic representation of the E-VP-VD constitutive model, consisting of three rheological elements conne
ies.

this work, this component is formulated using as a base the constitutive model devised by Bergström and B
[77]. Their initial model was formulated to describe the rate- and time-dependent behavior of highly dissip
ials and it consisted in a dashpot connected to two hyperelastic springs in order to reproduce the respon
elastomers like neoprene. This model can be physically comprehended by resorting on the micromechani
acromolecular polymer network deformation. In that case, the material could be seen as a network with
ular chains and superimposed entanglements consisting of free molecular chains. Apart from the deform
cross-linking network, the free chains contribute with additional deformation. The dangling chain ends sta
combining Brownian and reptational motions during continuous stretching, which causes the creep-like eff
owever, to represent ABC in this research, the proposed model makes use only of the viscous compone
B model. Based the experimental observations, this component permits to describe the viscous-based inel
anism in pure asphalt matrix because it can capture well the inelastic response when it is connected to a l
c element.
he original viscoplastic strain increment deduced by Bergström and Boyce is devoid of the mechanical resp

pressure. However, this is a crucial feature in ABC materials to explain the Compression-Tension (C-T) a
[11, 78]. Therefore, the modified expression captures the tension-compression asymmetry by incorporati

ure-dependent term. It is given by

̇̄𝜀𝐵 = 𝐶1
(
𝜆chain − 1

)𝐶2 ||||
𝜏 − 𝜉𝑃
𝜏𝐵

||||
𝑚

the constant 𝐶1 is a reference effective creep rate and 𝐶2 controls the kinetics of relaxation (𝐶2 ≤ 0).
n-compression asymmetry is controlled b the hydrostatic pressure 𝑃 = − 1

3 tr[𝝈] term by a pressure sensit
cient 𝜉. The coefficient 𝜉 is a function of the ratio between plastic yield stresses in tension and compression a
onsidered a material parameter. The ratio |(𝜏−𝜉𝑃 )∕𝜏𝐵|𝑚 indicates the stress dependency on the energy-activ
behavior, where 𝑚 controls the inelastic flow and 𝜏𝐵 is considered as a material constant. The coefficient

ction of the ratio between plastic yield in compression and tension. The specific shape of this function is u
nt research and it is left out of the scope of this paper. The sensitivity analysis of the parameters 𝐶1, 𝐶2, 𝑚,
t al.: Preprint submitted to Elsevier Page 13 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

arized in Appendix B, which illustrates the rate-dependency and their effects on the general behavior, e.g.
curvature, the slope of unloading path, permanent strain or hysteresis effects.
Eq. 21, the inelastic network stretch 𝜆chain is obtained as the principal macroscopic stretch state from the e
model by Arruda and Boyce [79]. It is expressed in terms of left Cauchy-Green strain tensor 𝑩𝑖 = 𝑭 𝑖𝑭 ⊤

𝑖 (𝐵𝑖
𝑖,𝑘𝑗), given by

𝜆chain =
√

1
3
tr
[
𝑩i

]

e the deviatoric part governed by equivalent shear stress 𝜏 defined in Eq. 14.
his viscous element is connected in series with a linear elastic spring providing the following elastic stress te

𝝈𝑒 =
1

det[𝑭 𝑒]
(
𝜆tr[𝒉𝒆]𝐈 + 2𝜇𝒉𝒆

)

𝜆 and 𝜇 are the Lamé coefficients. At this step of the calculation, the elastic part of the deformation gradien
ained from Eq. 9, or in other words, the elastic stress is obtained after updating 𝑭 𝑖 (Eq. 8) as a result of inse
1 in Eq. 10, namely, setting ̇̄𝜀 = ̇̄𝜀𝐵 .
should be noted that in case of implicit calculation, the consistent tangent modulus is required, which is der
lows.
the continuum framework, the effective stress in an elastic-viscoplastic system is computed using the el

, which is obtained by eliminating the viscoplastic part from the total strain increment (Δ𝜺𝑒 = Δ𝜺−Δ𝜺𝑖). A
ce of the time-step 𝑡 + Δ𝑡, the stress is computed as
𝝈𝑒(𝑡 + Δ𝑡) = 𝝈𝑒(𝑡) + ℂ𝑒 ∶ Δ𝜺𝑒 = (𝝈𝑒(𝑡) + ℂ𝑒 ∶ Δ𝜺) − ℂ𝑒 ∶ Δ𝜺𝑖.

the above equation, 𝝈𝑒(𝑡)+ℂ𝑒 ∶ Δ𝜺 constitutes to the predicted (trial) stress 𝝈𝑡𝑟, and therefore it can be rewr

𝝈𝑒(𝑡 + Δ𝑡) = 𝝈𝑡𝑟 − ℂ𝑒 ∶ Δ𝜺𝑖.

he elimination process of the viscoplastic part in the above stress relation (Eq. 24) is representative of the imp
c predictor method. The implicit elastic predictor (radial return mapping) method is a conventional appr
p the excessively predicted stress along the normal to the yield surface and the magnitude of inealstic s
ent (Eq. 21). The inealstic strain increment is, therefore expressed as
Δ𝜺𝑖 = Δ�̄�𝐵𝑵 = ( ̇̄𝜀𝐵Δ𝑡)𝑵 .

sing the potential function 𝑔(𝜏, 𝜎𝑦) =
√
2𝜏 − 𝜏𝑦 similar to von Mises yield theory and based on 𝜏 and arbi

stress in shear 𝜏𝑦 whose value is dependent on the mode of loading, the yield surface normal tensor follo
ssociated flow rule can be derived as
𝑵 = 𝜕𝑔

𝜕𝝈
= 1√

2
𝝈′

𝜏
.

he consistent elastic-viscoplastic tangent modulus is derived using the stress update equation (Eq. 25) by co
the trial stress as elastic. It is given by

ℂ𝑒𝑝 = ℂ𝑒 − 2𝜇Δ�̄�𝐵
𝜕𝑵
𝜕𝜺

− (ℂ𝑒 ∶ 𝑵)⊗
𝜕Δ�̄�𝐵
𝜕𝜺

.

dividual terms of tangent modulus (Eq. 28) require rigourous tensorial calculus derivation processes and
t al.: Preprint submitted to Elsevier Page 14 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

be expanded individually. The elastic jacobian ℂ𝑒 is expressed as

ℂ𝑒 =
𝜕𝝈𝑡𝑟𝑒
𝜕𝜺

= 2𝜇ℙ + 𝜅 �̄�

the 4th order tensors: ℙ = 𝕀 − 1
3 �̄� is the projection tensor (or deviatoric operator), �̄� = 𝐈⊗ 𝐈 is the hydros

tor and 𝕀 = (𝐈 ⊗ 𝐈)
23
⊤ is the identity tensor. They respectively cause to reduce an arbitrary tensor of 2nd o

on double contraction to its deviatoric form ℙ∶ 𝐀 = 𝐀′, hydrostatic form �̄�∶ 𝐀 = tr[𝐀]𝐈 and its original
= 𝐀.
the second term, the partial derivative of the surface normal 𝑵 with respect to strain tensor 𝜺 is a 4th o

r, derived as
𝜕𝑵
𝜕𝜺

= 2𝜇√
2𝜏

(ℙ −𝑵 ⊗𝑵)

𝜇 is the shear modulus.
he last term includes a partial differentiation of equivalent inelastic strain increment Δ�̄�𝐵 with respect to s
r. It yields a 2nd order tensor given by
𝜕Δ�̄�𝐵
𝜕𝜺

= Δ�̄�𝐵
(

𝐶2
𝜆chain − 1

𝜕𝜆chain
𝜕𝜺

+ 𝑚
|𝜏 − 𝜉𝑃 |

𝜕|𝜏 − 𝜉𝑃 |
𝜕𝜺

)
.

of the terms containing partial differentiations from Eq. 31 can be further expanded as
𝜕𝜆chain
𝜕𝜺

=
( 𝜕𝜺
𝜕𝑭

)−1
∶
𝜕𝜆chain
𝜕𝑭

=
{1
2
(
𝕀⊤𝑭 + 𝑭 ⊤𝕀

)}−1
∶ 1
3

𝑭
𝜆chain

.

𝜕|𝜏 − 𝜉𝑃 |
𝜕𝜺

= 𝜇𝝈
′

𝜏
+ 𝜅𝜉𝐈

𝕀⊤ = (𝐈⊗ 𝐈)
24
⊤ in Eq. 32 is a transpose operator causing transpose of a 2nd order tensor upon double contrac

= 𝐀⊤. However, the 4th order tensor (𝕀⊤𝑭 + 𝑭 ⊤𝕀
) is non-invertible due to singularity (i.e., det[𝕀⊤𝑭 + 𝑭 ⊤

d shall be ignored.
he consistent elastic-viscoplastic tangent modulus in Eq. 28 can be collectively reordered as

ℂ𝑒𝑝 = (2𝜇ℙ + 𝜅 �̄�) −

[
4𝜇2√
2𝜏

(ℙ −𝑵 ⊗𝑵) − (ℂ𝑒 ∶ 𝑵)⊗ 𝑚
|𝜏 − 𝜉𝑃 |

(
𝜇𝝈

′

𝜏
+ 𝜅𝜉𝐈

)]
Δ�̄�𝐵.

ViscoDamage component
viscodamage (VD) model is proposed to capture the rate-dependent softening behavior of asphalt matrix, whi
atically represented in the lowest block of Figure 11. The damage process generally affects the elastic prope
e plastic deformation as they are inherently coupled. However, the present damage approach consists in a
process (initiation and further propagation) affecting the resulting elastic stress of the E-VP part by mean
isotropic degradation process. Here it is assumed that smeared cracks and voids are homogeneously and eq

buted in the sample along all directions. This fact has been experimentally observed in the current sam
en points B and C from Fig. 7. Small defects grow creating irregular but randomly oriented voids that fi
to coalescence in multiple directions (no a clear crack plane is observed).
. Damage initiation criterion
ased on the experimental results, the strain-based criterion is chosen to determine the damage initiation tim
is to say, damage initiates when the principal value of the current strain is larger than the experimentally d

strain at loading peak (𝜀peak). This means that the initiation of damage depends on the different level of s
t al.: Preprint submitted to Elsevier Page 15 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

erent loading rate. As it is mentioned in Section 3.1, 𝜀peak is determined as a function of �̇�peakin Eq. 1, which
implemented in the VD model as the rate-dependent damage initiation criterion. This is a practical approac
elatively straightforward to determine the peak stress from the proposed testing procedure.
. Rate-dependent damage evolution law
he rate-dependent damage rate evolution law is defined in this work as

�̇� = �̇�∞

(
1 − 𝑒−

�̇�eff
�̇�𝑠
𝜂
)

�̇�eff =
√

2
3 �̇� ∶ �̇�) is the effective strain rate, �̇� is the calculated Hecky-based strain rate tensor, �̇�𝑠 is the p

n rate of stress waves (see Section 3.1), 𝜂 is a dimensionless damping coefficient which is a material con
olling the ratio between the effective strain rate and intrinsic material strain rate, and �̇�∞ is the damage evolu
t �̇�eff = ∞, which indicates the fastest damage propagation process.
o better understand the effect of each damage parameter, a sensitivity analysis of �̇�∞ and 𝜂 is conducted a
rate of 0.5×10−3. Here, �̇�∞ = 106 s−1 and 𝜂 = 2.064 are used as the reference values, which are obtained
timization process explained in Section 5.4. The propagation rate of stress wave in asphalt matrix �̇�𝑠 = 3.7×
calculated and used in this sensitivity analysis. As Fig. 12a shows, the increase of �̇�∞ can cause a decrea
mage rate. The optimal �̇�∞ is one order of magnitude larger than �̇�𝑠. When �̇�∞ ≫ �̇�𝑠, the material shows a
behavior since a sudden fracture is observed after damage initiation. When �̇�∞ ≪ �̇�𝑠 there is barely dam
observed as the softening and the undamaged curves almost overlap. Fig. 12b illustrates that 𝜂 has the opp
on the damage rate. When 𝜂 > 50, namely �̇�eff

�̇�𝑠
𝜂 > 102, the material shows pure brittle behavior. When 𝜂 <

ly �̇�eff
�̇�𝑠
𝜂 < 10−1, the material almost produces a non-damage response.

(a) (b)

e 12: Sensitivity analysis of the damage parameters: (a) e�ect of �̇�∞ (𝜂=2.064); (b) e�ect of 𝜂 (�̇�∞=1.0×106).

t every time increment Δ𝑡, the evolution of the damage variable is explicitly integrated over the time using Eq
pdated damage variable 𝑑(𝑡 + Δ𝑡) is employed to degrade the resulting stress tensor generated by the E
onent by making use of the effective stress concept proposed by Kachanov [80].
fully coupled description of the model involves damage affecting both the elastic and the viscoplastic reg
yclic LUR test was designed to quantify the variations of stiffness. Based on the experimental observation
ess degradation was found before the peak stress after performing LUR tests. The specimens only produced s
anent strain without quantifiable change in the slope of the unloading-reloading path. Therefore, it is assu
amage is mainly initiated after reaching the peak stress thus essentially affecting the viscoplastic part. It is w
g that this assumption might oversimplify the true effect of damage on the whole loading history. But it is
hat, before the peak stress, damage is entangled with the plastic yielding, being the latter much more dom
material at that loading moment.

ollowing this hypothesis, the proposed model applies the degradation factor (1-d) on the overall response, w

t al.: Preprint submitted to Elsevier Page 16 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

ivalent to mapping the pristine E-VP part to the softening curve according to the damage evolution in Eq. 35
is, the elasto-viscoplastic stress is transformed as
𝝈 = 𝑸(diag[𝝈𝑒](1 − 𝑑))𝑸⊤

𝑸 is the eigen-decomposition transformation matrix for 2nd order tensor. It should be noted that the tan
lus is needed in case of implicit calculations since Abaqus/Standard requires this tensor to internally solv
ion system via Newton-Raphson method. Thus, the consistent tangent modulus considering damage is give
ℂ = ℚ(diag[ℂ𝑒𝑝](1 − 𝑑))ℚ⊤

ℚ is the eigen-decomposition transformation matrix for 4th order tensor. The practical implementation is sh
following.

Numerical implementation
lgorithm 1 presents the general functioning of the proposed E-VP-VD model. This scheme can be straigh
y implemented as a user-defined subroutine (V)UMAT for the solvers available in the Finite Element soft
us [64]. The algorithm consists of three basic stages, (i) in lines 1-4, the stress, strain increment and tota
tion gradients are retrieved from previous time increment, as well as the deformation gradient for the cu
t, (ii) lines 5-11 are used to update the inelastic part of the deformation gradient of the viscoplastic elemen

sociated stress and consistent tangent modulus, and (iii) lines 12-21 are used to evaluate if the damage initi
tion is met, in which case, the damage variable is updated and applied to the previous stress tensor. It is w
g that in case of using an implicit solver (UMAT), lines 11, 18 and 21 must be provided.

ulti-constrain-based material parameter identification
his section describes the material parameters identification (MPI) procedure that allows for determining the co
material constants using the experimental results under different loading conditions simultaneously. An in-h
ved multidimensional Nelder-Mead gradient-less algorithm is developed and integrated in the FEM framew
e MPI. The proposed approach is designed to incorporate multiple user-defined and physical-based const
g to approach highly non-linear functions in an efficient way.
Modified Nelder-Mead optimization
s one of the gradient-less downhill simplex methods, Nelder-Mead (N-M) algorithm is commonly adopte
near optimization in material parameter identification [81–83]. The original N-M method is based on the iter
e of an n-dimensional analogue figure of triangles consisting of 𝑛+1 points in an 𝑛-dimensional space [84]:
{𝒙𝑖} =

[
𝒙1 𝒙2 ... 𝒙𝑛+1

]

each point is an array 𝒙𝑖 consisting of 𝑛 parameters to be identified:

𝒙𝑖 =

⎡⎢⎢⎢⎢⎣

𝑥(1)𝑖
𝑥(2)𝑖
...
𝑥(𝑛)𝑖

⎤⎥⎥⎥⎥⎦
g the optimization, each point is updated following a set of operations and the old one is replaced with a b
to minimize the objective function 𝑓 (𝒙). Fig. 13 shows the geometric operations in the N-M method, whic
lized as a set of tentative movements on top of a complex surface, aiming at finding the local minimum. The
s are firstly ordered as:
𝑓 (𝒙1) ≤ 𝑓 (𝒙2) ≤ ... ≤ 𝑓 (𝒙𝑛+1)
t al.: Preprint submitted to Elsevier Page 17 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

orithm 1: Stress update integration scheme
Get stress and deformation tensors:
𝝈𝑒(𝑡) ← stress tensor at 𝑡
Δ𝜺 ← strain increment at 𝑡
𝑭 (𝑡) ← deformation gradient tensor at the beginning of the step
𝑭 (𝑡 + Δ𝑡) ← deformation gradient tensor at the end of the step

Calculation of the non-linear dashpot:
⊳ Compute: 𝜆chain ← Eq. 22
⊳ Compute: �̇�← Eq. 21
⊳ Compute: �̇� 𝑖 ←Eq. 7
⊳ Compute: 𝑭 𝑖(𝑡 + Δ𝑡) ←Eq. 8
/* Integrating Eq. 7 over time using explicit midpoint integration scheme*/

Elastic stress calculation:
⊳ Update elastic deformation gradient:

𝑭 𝑒(𝑡 + Δ𝑡) ← Eq. 9
⊳ Update elastic stress tensor:

𝝈𝑡𝑟𝑒 (𝑡 + Δ𝑡) ← Eq. 23
Consistent tangent modulus calculation: /*Implicit*/

ℂ𝑡𝑟𝑒𝑝(𝑡 + Δ𝑡) ← Eq. 34
Strain-based damage initiation criterion:

𝜀peak ← Eq. 1
Determine damage initiation and evolution:
𝜀 > 𝜀peak 𝐚𝐧𝐝 Δ𝜀 > 0 𝐚𝐧𝐝 Δ𝜎 < 0 then
⊳ Compute: �̇�eff
⊳ Compute: �̇� ← Eq. 35
⊳ Compute: 𝑑+ = �̇�Δ𝑡
⊳ Result:

𝝈(𝑡 + Δ𝑡) ← Eq. 36
ℂ(𝑡 + Δ𝑡) ← Eq. 37 /*Implicit*/

se
⊳ Result:

𝝈(𝑡 + Δ𝑡) ← 𝝈𝑡𝑟𝑒 (𝑡 + Δ𝑡)
ℂ(𝑡 + Δ𝑡) ← ℂ𝑡𝑟𝑒𝑝(𝑡 + Δ𝑡) /*Implicit*/

d
turn

𝒙1 and 𝒙𝑛+1 indicate the best and worst points, respectively. Then, 𝒙0 is calculated as the centroid point o
s except 𝒙𝑛+1. The reflection 𝒙𝑟 of the current worst point 𝒙𝑛+1 is given by
𝒙𝑟 = 𝒙0 + 𝛼(𝒙0 − 𝒙𝑛+1) (𝛼 > 0)

𝛼 is the reflection coefficient and it must be positive. Once the updated point 𝒙𝑟 fulfills 𝑓 (𝒙1) ≤ 𝑓 (𝒙𝑟) < 𝑓rrent worst point will be replaced by 𝒙𝑟 for the new iteration until the termination criteria are met. In ca
< 𝑓 (𝒙1), the current best point 𝒙𝑟 will be expanded as
𝒙𝑒 = 𝒙0 + 𝛽(𝒙𝑟 − 𝒙0) (𝛽 > 1)

ise, 𝒙𝑛+1 will be replaced by 𝒙𝑒 if 𝑓 (𝒙𝑒) < 𝑓 (𝒙𝑟). However, if 𝑓 (𝒙𝑟) ≥ 𝑓 (𝒙𝑛), the expansion will be ski
e point will be contracted as
𝒙𝑐 = 𝒙0 + 𝜒(𝒙𝑛+1 − 𝒙0) (0 < 𝜒 ≤ 0.5)
t al.: Preprint submitted to Elsevier Page 18 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

e 13: Geometric operations in Nelder-Mead (N-M) model, i.e., re�ection, expansion, contraction and reduction, w
sualized as a set of tentative movements (in red) used to be mapped on top of the optimization space paramet

orst point is replaced with 𝒙𝑐 when 𝑓 (𝒙𝑐) < 𝒙𝑛+1. Otherwise, the reduction operation will be conducted, w
e points ({𝒙𝑖}, 𝑖=2, . . . , 𝑛+1) except 𝒙1 are reduced and a new iteration begins afterward:
{𝒙𝑖}𝑛+1𝑖=2 = {𝒙1} + 𝜃

(
{𝒙𝑖}𝑛+1𝑖=2 − {𝒙1}

)
(0 < 𝜃 < 1)

rding to the standard N-M algorithm, the coefficients of each tentative movement, namely reflection (𝛼), expan
ontraction (𝜒) and reduction (𝜃) are set as 1, 2, 0.5 and 0.5, respectively. It should be noted that a serie
tions must be fulfilled during the optimization to ensure the physical meaning of the parameters. Thus, th
del is enriched with constraints by setting additional rules on the parameters. The pseudocode of this in-h

-constrained implementation is given in Algorithm 2. After the operation of each movement, “Check_Condi
to check if the physical meaning of each updated parameter can be fulfilled, the pseudocode of which is giv
ithm 3. It should be noted that the algorithm will reduce the coefficient by 1/ndiv within the current move
the physical conditions cannot be met. Here, ndiv is the maximum number of trials in each operation, whi
10 in this study. After ndiv failed trials, the algorithm will skip the current operation and move to the next
n the other hand, it is expected that the constitutive model using the optimized material parameters was ab
re the features of the stress-strain response under different loading conditions. Therefore, the algorithm has
ned to make use all the experimental monotonic stress-strain curves at different strain rates in both compres
nsion. To do this, the objective function is expanded as a result of multiple functions with user-defined wei
ame set of updated parameters are then used to get the numerical results under 𝑚 loading conditions simult
. The comparison between the experimental and numerical results under different conditions is conducted in
ment to evaluate the suitability of the parameters. The termination criteria is defined as no improvement
r-defined number of iterations with a tolerance 𝛿. The modified N-M model is developed in the programm
age Python and it is fully compatible to be executed in Abaqus/CAE environment [64].
MPI execution
single element (SE) test using the E-VP-VD model of sec. 4 is developed for the MPI using FEM. With

e geometry of a unit cube, the intrinsic material response can be studied reliably and efficiently. The detai
undary conditions are illustrated in Fig. 14, where the displacement of the bottom surface (Sbot) is only restr
loading direction along the y-axis. A uniaxial compressive or tensile load is applied on the reference point
is connected to the upper surface of the specimen (Stop) by an equation constraint as it is detailed on the

f Fig. 14. To allow transverse deformations due to Poisson effect, only the displacements of the edges labele
nd Eoz are restricted along the directions OZ and OX, respectively. In every iteration, the optimization algor
res to run the finite element calculation of this SE test under different loading conditions simultaneously. A
zing the FEM calculation, stress-strain curve is post-processed from the simulation and it is compared with
sults for each iteration. The average area difference between the experimental and numerical stress-strain cu
t al.: Preprint submitted to Elsevier Page 19 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

orithm 2: Modified N-M model with multi-constraints for simultaneous optimization.
Initialization:
⊳ Generate the initial simplex: 𝒙𝑖, 𝑖 ∈ [1, 𝑛 + 1]
⊳ Compute the multiple objective functions:

𝑓 (𝒙) ←Eq. 45
hile termination criteria not fulfilled do
▶ Sort solution:

𝑓 (𝒙𝑖) ← Eq. 40
▶ Centroid:

Compute: 𝒙0
▶ Reflection:

𝒙𝑟 ← Eq. 41
𝑓 (𝒙𝑟) ← Check_Condition(𝛼,𝒙𝑟)

if 𝑓 (𝒙1) ≤ 𝑓 (𝒙𝑟) < 𝑓 (𝒙𝑛) then
𝒙𝑛+1 ← 𝒙𝑟

else if 𝑓 (𝒙𝑟) < 𝑓 (𝒙1) then
▶ Expansion:

𝒙𝑒 ← Eq. 42
𝑓 (𝒙𝑒) ← Check_Condition(𝛽 − 1,𝒙𝑒)

if 𝑓 (𝒙𝑒) < 𝑓 (𝒙𝑟) then
𝒙𝑛+1 ← 𝒙𝑒

else
𝒙𝑛+1 ← 𝒙𝑟

end
else

▶ Contraction:
𝒙𝑐 ← Eq. 43
𝑓 (𝒙𝑐) ← Check_Condition(𝜒,𝒙𝑐)

if 𝑓 (𝒙𝑐) < 𝑓 (𝒙𝑛+1) then
𝒙𝑛+1 ← 𝒙𝑐

else
▶ Reduction:

{𝒙𝑖}𝑛+1𝑖=2 ← Eq. 44
for 𝑖← 2 to 𝑛 + 1 do

𝑓 (𝒙𝑖) ← Check_Condition(𝜃,𝒙𝑖)
end

end
end

d

ed as the evaluation criterion of the optimization, which is defined as

𝑓 (𝒙) =
∑𝑚
𝑘=1 𝑓𝑘(𝒙)𝑤𝑘∑𝑚

𝑘=1𝑤𝑘

𝑓𝑘(𝒙) = ∫ |ℎ𝑘(𝒙, 𝜀) − 𝑔𝑘(𝒙, 𝜀)|𝑑𝜀

ℎ𝑘 and 𝑔𝑘 are the 𝑘-th numerical and experimental curves, respectively, and 𝑚 is the total number of loa
tions (i.e., 𝑚=10 in this study). Here, all the conditions are considered having the same weight (𝑤𝑘 = 1).
ithm terminates automatically when 𝑓 (𝒙) no longer improve for 20 iterations with a tolerance of 10−6.
t al.: Preprint submitted to Elsevier Page 20 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

orithm 3: Check_Condition.
Input: 𝑧,𝒙

hile 𝑧 > 0 do
▶ Check condition:
⊳ Physical condition of parameters

// if VP: 𝐸 ≥ 0, 𝐶1 ≥ 0, 𝐶2 ≤ 0, 𝑚 > 0, 𝜏𝐵 ≥ 0
// if VD: �̇�∞ > 0, 𝜂 > 0
if fulfill condition then

Simultaneous Simulation: 𝑓 (𝒙) ← Eq. 45
break

else
𝑧 = 𝑧 − 𝑧∕ndiv

end
d
turn 𝑓 (𝒙)

e 14: Schematic representation of the Single Element (SE) model to be run in the FEM solver Abaqus. The refer
(RP), the surfaces (Stop and Sbot) and the edges (Eox and Eoz) where the boundary conditions are applied
ghted. The restricted boundary element and the equation constraint connecting RP to Stop are given on the

Stage I: Identification of Elastic-ViscoPlastic Parameters
he pre-peak part (𝜀 < 𝜀peak) of the stress-strain curve from the monotonic test is selected for the MPI o
model. It is worth mentioning that the compression and tension test results at different strain rates are

taneously during the MPI. To be specific, the updated parameters are used to run the simulations in conditio
ent strain rates and different loading directions at the same time in each iteration, and then the average differ
𝑓 (𝒙) is calculated by comparing the numerical and experimental results in each loading condition. There
nal optimized parameters are more general since they cover all the loading conditions studied in the experim
sis.
fter some trials, the initial values of the parameters are firstly determined as 𝐸=300 MPa, 𝐶1=0.01, 𝐶2=-
.4 MPa,𝑚=1.5 and 𝜉=0.7. It takes 123 s to run 10 simulations in each iteration on a workstation DELL PowerE
equipped with 2 Intel Xeon CPU without parallelization. The change of diff with iterations is given in Fig
shows a good convergence ratio. The optimal values of the E-VP parameters are obtained at the 364th iter
is listed in Table 4. The optimization result is shown in Fig. 16 together with the error band of the experim

s represented in shadow.
general, the numerical results using the optimized material parameters show consistency with the experim

s. The model is able to capture the rate-dependent and C-T asymmetric behavior. Albeit the model predic
tensile load are more conformal to the experimental tensile results, the compressive ones seem to show

ment with the real test. The mismatch can be caused by the underestimation of the experimental uncertainti
t al.: Preprint submitted to Elsevier Page 21 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

4

ts of the Modi�ed N-M Optimization.

Parameters 𝐸 (MPa) 𝐶1 𝐶2 𝜏𝐵 (MPa) 𝑚 𝜉 di�

Optimal values 293.8 0.01 -0.36 1.58 1.68 0.84 0.14

 0.1

 1

 10

 1  10  100

d
if
f

Iteration number

E-VP

VD

e 15: History of the average di�erence (di� ) between the experimental and numerical stress-strain curves d
ization. For a better visualization of the convergence rate, a log-log representation is provided. The optimal v
E-VP (in black) and VD (in gray) parameters are obtained at the 364th and 69th iteration, respectively.

(a) (b)

e 16: Numerical results (SIM) of the pre-peak part (𝜀 < 𝜀peak) at di�erent strain rates using the optimized E
ial parameters: (a) compression; (b) tension. The shaded area represents the experimental error band obtained
sting campaign. Please note that the legend is valid for both plots.

ssed in Section 3.1.
espite the experimental difficulties to adjust the model parameters under low compressive strain rate, the
ion result reveals that the proposed modified N-M method can efficiently and decently identify multiple mat
eters with constraints.

Stage II: Identification of ViscoDamage Parameters
ith the determined EVP parameters, the VD parameters can be identified based on the post-peak part (𝜀 > 𝜀
stress-strain curve from the monotonic tensile test. The initial values of the damage parameters are fi
t al.: Preprint submitted to Elsevier Page 22 of 32
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5

ts of the Modi�ed N-M Optimization.

Parameters �̇�∞ (s−1) 𝜂 di�

Optimal values 106 2.064 0.155

mined as �̇�∞=106 s−1 and 𝜂=1.85 based on some trials. It takes 78.5 s to run 5 simulations for each itera
istory of diff is shown in Fig. 15. The optimal values of the VD parameters are obtained at the 69th iteration

isted in Table 5. The numerical and experimental results are presented in Fig. 17.

(a) (b)

e 17: Numerical results (SIM) at di�erent strain rates using the full set of the optimized parameters of the E-VP
l: (a) compression; (b) tension. The shaded area represents the experimental error band obtained from the te
aign. Please note that the legend is valid for both plots.

ig. 17 shows the comparison between the numerical and experimental results. The rate-dependency and
metry can be satisfactorily captured by the proposed full E-VP-VD model. The peak stress is positively corre
the strain rate, while the strain at the peak shows the opposite. Besides, the rate-dependent damage initiation
tion are properly predicted. When the strain rate is higher, the softening curve is steeper, indicating a m
unced damage evolution.
Verification via LUR test result
ue to the uncertainties like friction and aggregate interlocking during the compressive loading, only the te
test results are adopted for the verification of the proposed model.
he virtual tensile LUR test at two representative (the lowest and the highest) strain rates, 0.5 and 5 (×10−3
nducted using the validated material model, where the user-defined subroutine VUAMP is developed to appl
cyclic LUR load according to the experiment. The comparison between the numerical and experimental re
wn in Fig. 18. The overlapping of the unloading-reloading curves suggests that the accumulation of plastic s
he softening process can be well predicted by the model. It should be noted that the disagreement of the in
etween the numerical and experimental curves is within the acceptable error band, which is mainly cause
s like temperature difference, operation error and initial material defects.
addition, the comparison of the stress-strain response between the monotonic and the LUR loading is giv

9. Fig. 19a shows that the numerical softening curves of the LUR results are lower than those of the mono
s, which agrees well with the experimental results shown in Fig. 19b. The difference between the softening cu
tes more energy dissipation under LUR loading during the damage process when the strain rate is larger, w

o captured by the numerical model. It has been checked that larger number of the LUR cycles (𝑁LUR) leads
amount of dissipated energy accelerating the degradation process in the material, as shown in Fig. 20. Wit
se of 𝑁LUR, the average brittleness increases, leading to a faster failure. Therefore, the model has the pote
extended to understand the correlation between the cyclic frequency and the intrinsic degradation underwen
aterial in a fatigue scenario.

t al.: Preprint submitted to Elsevier Page 23 of 32
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(a) (b)

e 18: Comparison between numerical and experimental LUR tensile test results at the lowest and highest strain r
0.5×10−3 s−1; (b) �̇�=5×10−3 s−1. The shaded error band of the experimental results (MONO) is provided
comparison.

e 19: Comparison between monotonic and LUR test results at the lowest (0.5 ×10−3 s−1) and highest (5 ×10−3
rates: (a) simulation; (b) experiment. The zoomed area shows the di�erence of softening curves between the
onotonic results.

he above results show that the proposed material model can provide good quantitative and qualitative predic
stress-strain behavior under cyclic LUR loading conditions. In that sense, it is important to highlight tha

l parameters require only simple monotonic uniaxial tests in compression and tension, which makes it prac
uitable from the experimental point of view. The consistency between the experimental and numerical
s provides a good validation and verification of the constitutive model and the optimization algorithm prop
t al.: Preprint submitted to Elsevier Page 24 of 32
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0PYV @ ��]��o�v���

e 20: E�ect of LUR cycles on the stress-strain response at a representative strain rate (5 ×10−3 s−1).

s study.

iscussion
his research proposes a comprehensive and fast modeling approach by combining and modifying key exi
ls but aiming at simplifying and minimizing the cost of experimental testing and without losing reliability o
s. Unlike other more sophisticated constitutive modeling approaches, the present reduces the number of mat
eter to be characterized without losing sight on their physical interpretation. This feature is essential to m

pproach practical in realistic industrial scenarios, where the access to advanced testing instruments or assum
computational costs can seriously affect the productivity.
sphalt matrix results as a very suitable candidate to demonstrate the capabilities of the framework. The c
n between the numerical and experimental results suggests that features such as rate-dependency, pressure
ncy (compression-tension asymmetry), and the slope during unloading can be well captured by the prop
ial model. Moreover, the model can capture the energy dissipation during LUR loading, which is consistent
perimental observations. To sum up, the proposed constitutive model is able to capture the material beha
atively and quantitatively. Nevertheless, although the proposed model and the parameter identification proce
lidated against uniaxial loading-unloading-reloading tests, the validity for more complex multiaxial stress s
rently under investigation in order to conclude whether monotonic uniaxial tests could be truly sufficient to
cterize materials with these type of mechanical features. For instance, the damage initiation and evolution la
is by far out of the scope of this paper but still remains to be studied. The current model allows for an extensio
ge in shear, which can be coupled with the developed damage model in extension. In that sense, the test camp
sion will be useful to verify this approach.
n the other hand, the proposed model only aims at solving an isothermal problem at 24◦C, which canno
d for now in a non-steady thermal condition. A preliminary experimental analysis is done to check the the
ivity of the asphalt material under this research. The stress-strain responses at a strain rate of 3×10−3 s−
ent thermal conditions (T=21,23,24 and 27◦C) are shown in Fig. 21.
is found that when the temperature changes in 1◦C the slope and the peak of the stress-strain curves can
kably. In other words, temperature difference can cause a certain amount of variation in the experimental res
fore, it is of great importance to extend the current constitutive model to incorporate the thermomecha
ing. A modified model considering thermal effects on the stiffness, creep rate and damage evolution is curr
development and it will be presented in a forthcoming work.

his study is currently being extended to include thermal effects and incorporated in multiscale analysis.
sed framework proves its value suitable to fulfill several important industrial demands, such as (i) low num
t al.: Preprint submitted to Elsevier Page 25 of 32
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e 21: Stress-strain curves at di�erent temperature (21, 23, 24, 27◦C). The specimens are all tested at �̇�=3×10−3

st-effective experimental tests, (ii) minimum number of parameters, (iii) model modularity allowing for
omprehensive way to add new mechanic features, and (iv) objective and efficient quantification of the mat
eters that improves industrial competitiveness in developing new materials.

onclusions
his study develops a combined experimental-numerical framework to identify and to efficiently capture the

global mechanical response of materials composed of stiff inclusions embedded in a soft matrix. A hi
near asphalt matrix used in road engineering is chosen to prove the feasibility of the framework. This wor
tes an experimental setup, a flexible constitutive model and an efficient MPI method. Based on this study

ing conclusions can be drawn.
notorious nonlinear mechanical behavior is experimentally observed within the strain rate ranging from 0
0−3 s−1) under both compression and tension. In particular, the stiffness and strength of the asphalt matr
ression are around 3 and 5 times more than those in tension, respectively. The proposed pressure-depen
plastic component and the damage evolution law successfully capture the rate-dependency and the compres
n asymmetry in the mechanical response and failure mode. The model can be implemented for any FEM-b
are using implicit or explicit solver. The damage initiation shows a logarithmic dependency of the strain at
and the strain rate. The extended definition of 𝜀peak indirectly proves the hypothesis of interlocking and rev

tributory cause of the compression-tension asymmetry.
he gradient-less-based MPI algorithm allows for approaching highly non-linear functions with multiple varia
ser-defined constrains. Most importantly, the MPI process only requires a minimum set of monotonic

mpression and tension and can satisfactorily predict the cyclic loading-unloading-reloading response using
ved parameters. This outcome proves the robustness of the approach to predict the mechanical behavior u
lex loads and shows the potential of the model to be extended to understand the intrinsic degradation in a fa
rio.

endices
tiffness degradation calculation from LUR tests

he procedure to calculate the stiffness change and the enclosed area in every LUR loop consists of three b
ions. For the sake of completeness, the pseudo code of the procedure is provided, which can be straightforwa
ribed in Python programming language. The fragment of Algorithm 4 describes the function of the main

. The list 𝑑𝑎𝑡𝑎 stores all the file names containing the true stress-strain curve in a simple two column format
t al.: Preprint submitted to Elsevier Page 26 of 32
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his list is looped, where the every stress-strain is extracted and stored in 𝑐𝑢𝑟𝑣𝑒 (line 2). For every curve,
ng self-intersection is detected and stored in two lists, 𝑐𝑖𝑝 and 𝑖𝑠𝑠 (line 4). The list 𝑐𝑖𝑝 records the coordinat
tersection points for the current curve, whilst 𝑖𝑠𝑠 records the indexes of the intersecting segment in that cu
ize of 𝑖𝑠𝑠 provides the number of LUR cycles in 𝑐𝑢𝑟𝑣𝑒 (line 6). After that, every LUR cycle of 𝑐𝑢𝑟𝑣𝑒 is ite
7). Within this loop, using the indexes recorded by 𝑖𝑠𝑠, the piece of 𝑐𝑢𝑟𝑣𝑒 corresponding to every LUR cyc
e in 𝑙𝑜𝑜𝑝. Then, the area enclosed by the cycle, its slope and the lower strain value are easily retrieved.

orithm 4: Main function to analyze LUR 𝜎 − 𝜀 curves.
Input: file names list of 𝜎 − 𝜀 curves
𝑑𝑎𝑡𝑎← [“test1.dat”,...,“test𝑛.dat”]

Sweep all files
r 𝑖 ← 1 to 𝑛 do
⊳ Read file and load 𝜎 − 𝜀 curve:
𝑐𝑢𝑟𝑣𝑒← get_curve(𝑑𝑎𝑡𝑎[𝑖])
⊳ Detect existing self-intersections:
𝑐𝑖𝑝, 𝑖𝑠𝑠← Compute_Self_Intersections(𝑐𝑢𝑟𝑣𝑒)
▶ Create empty array to store results:

𝑟𝑒𝑠𝑢𝑙𝑡𝑠← []
▶ Sweep along the detected LUR loops

⊳ Number of detected loops:
𝑛loop ← size(𝑖𝑠𝑠)

for 𝑘← 1 to 𝑛loop do
⊳ Extract index interval of 𝑘-th LUR loop:
𝑘ini = 𝑖𝑠𝑠[𝑘][0]
𝑘fin = 𝑖𝑠𝑠[𝑘][1]
⊳ Extract piece of 𝜎 − 𝜀 curve corresponding to the 𝑘-th loop:
𝑙𝑜𝑜𝑝← [𝑐𝑢𝑟𝑣𝑒[𝑘ini] ∶ [𝑘fin]]
⊳ Enclosed area: integral Simpson Rule
⊳ Plastic strain: lowest 𝜀 value
⊳ LUR stiffness: slope formed by highest and lowest points
⊳ Store in 𝑟𝑒𝑠𝑢𝑙𝑡𝑠

end
d
Save 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 in text file

he fragment of Algorithm 5 describes the procedure to detect a self-intersection in the curve. Every pa
ents is extracted from 𝑐𝑢𝑟𝑣𝑒 (lines 2, 3 and 5, 6) and it is checked whether they intersect or not (line 7). In
ersecting, the coordinates of the crossing point and the segment’s indexes are stored in 𝑐𝑖𝑝 and 𝑖𝑠𝑠, respect
8, 9). Algorithm 6 performs the calculation of the segments intersection. This procedure is based on expli

ructing the equations of both segments and determine if a common point exists. If the segments are parallel
or the intersecting point lays outside the minimum bounding box defined by them (line 12), this function ret
al (line 15) to force Algorithm 5 to start a new iteration by using two new pair of segments. Otherwise
inates of the intersecting point are returned to Algorithm 5 (line 13).

arameter sensitivity study
he parameter sensitivity analysis of E-VP model under LUR loading is summarized in Fig 22, where the pres
dency is not included (𝜉=0) for the sake of simplicity. The results show that the general slope (stiffness) o
-strain curve is sensitive to all the parameters, whereas the dispassion area is controlled by 𝜏𝐵 and 𝑚. More
te-dependency can be captured by this model, as is shown in Fig 23.
t al.: Preprint submitted to Elsevier Page 27 of 32
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Fast nonlinear mechanical decoupling for asphalt-based composites

orithm 5: Compute_Self_Intersections. This function returns the intersecting segments to each other in
rve.
Input: curve ← [𝑝1, ..., 𝑝𝑁 ] with 𝑝𝑘 = [𝑥𝑘, 𝑦𝑘]Output: 𝑐𝑖𝑝, 𝑖𝑖𝑠
𝑐𝑖𝑝: coordinates of intersection points
𝑖𝑖𝑠: indexes of intersecting segments

Initialization: create empty arrays
𝑐𝑖𝑝← []
𝑖𝑖𝑠 ← []

r 𝑖 ← 1 to 𝑁 do
𝑝𝐴 ← curve[𝑖]
𝑝𝐵 ← curve[𝑖 + 1]
for 𝑗 ← 𝑖 + 2 to 𝑁 do

𝑝𝐶 ← curve[𝑗]
𝑝𝐷 ← curve[𝑗 + 1]
𝑝𝐼 ← Compute_Intersection(𝑝𝐴, 𝑝𝐵 , 𝑝𝐶 , 𝑝𝐷) if 𝑝𝐼 ≠ False then

𝑐𝑖𝑝.append(𝑝𝐼 )
𝑖𝑖𝑠.append([𝑖 + 1, 𝑗 + 1])
𝑖 = 𝑗 + 2
𝑗 = 𝑁

end
end

d
turn 𝑐𝑖𝑝, 𝑖𝑖𝑠

orithm 6: Compute_Intersection. This function returns coordinate of two intersecting segments.
Input: 𝑝𝐴, 𝑝𝐵 , 𝑝𝐶 , 𝑝𝐷Define two segments:
𝑆𝐴𝐵 ← [𝑝𝐴, 𝑝𝐵]
𝑆𝐶𝐷 ← [𝑝𝐶 , 𝑝𝐷]Construct equation of segments, 𝑆𝐴𝐵 , 𝑆𝐶𝐷:
𝑆𝐴𝐵(𝑡) ←𝑀𝐴𝐵 𝑡 + 𝑌𝐴𝐵
𝑆𝐶𝐷(𝑡) ←𝑀𝐶𝐷 𝑡 + 𝑌𝐶𝐷Check segments no parallel:

|𝑀𝐴𝐵 −𝑀𝐶𝐷| < 10−8 then
return False

d
Compute intersection point 𝑝𝐼 = [𝑥𝐼 , 𝑦𝐼 ]:
𝑥𝐼 ← (𝑌𝐶𝐷 − 𝑌𝐴𝐵)∕(𝑀𝐶𝐷 −𝑀𝐴𝐵)
𝑦𝐼 ←𝑀𝐴𝐵 𝑥𝐼 + 𝑌𝐴𝐵Compute bounding box formed by 𝑆𝐴𝐵 , 𝑆𝐶𝐷:
𝐵𝐵 ← [[𝑚𝑖𝑛{𝑥𝑖}, 𝑚𝑖𝑛{𝑦𝑖}], [𝑚𝑎𝑥{𝑥𝑖}, 𝑚𝑎𝑥{𝑦𝑖}]]
𝑥𝑖, 𝑦𝑖 ∈ {𝑝𝑘}with𝑘 = 𝐴,𝐵, 𝐶,𝐷

Check intersection inside bounding box:
𝑝𝐼 ⊂ 𝐵𝐵 then
return 𝑝𝐼

se
return False

d

t al.: Preprint submitted to Elsevier Page 28 of 32
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(a) (b)

(c) (d)

e 22: Sensitivity analysis of elasto-viscoplastic parameters on the stress-strain response: (a) e�ect of 𝐶1; (b) e
; (c) e�ect of 𝜏𝐵; (d) e�ect of 𝑚. It should be noted that the pressure-dependency is not included (𝜉=0).
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