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Abstract 

Determination of the effective elastic properties of unidirectional short fiber reinforced composites (SFRCs) is a key 

fundamental requirement which is usually estimated by mean-field homogenization (MFH) methods. Available classical 

MFH methods only account for volume fraction and aspect ratio of the fibers and do not capture the realistic interactions 

between closely spaced short fibers since they cannot consider the physical geometry of the fibers nor their packing 

configurations. In this work, new modified Eshelby tensors associated with an enhanced MFH are developed which 

resolve the mentioned limitations of the available MFH methods and preserve their computational efficiency. While 

classical Eshelby tensors used in MFHs depend only on the aspect ratio of the fictitious ellipsoidal inclusion and material 

properties of the matrix, the introduced modified Eshelby tensors additionally account for physical cylindrical geometry 

as well as interactions of the short fibers with different packing configurations. Moreover, non-uniform homogenizing 

eigenstrains required for accurate homogenization of the short fibers are also incorporated by the proposed analytical 

treatment. Predictions of the developed enhanced MFH for various packing configurations are compared with those 

obtained from Finite Element Method implementing periodic boundary conditions and very good agreements are 

observed. It is shown that packing configuration and geometrical specifications of short fibers can significantly affect the 

effective properties of the SFRC.  

Keywords: Short fiber reinforced composites; Modified Eshelby tensors; Enhanced mean-field homogenization; 

Effective elastic properties; Analytical modelling; Finite element analysis 

 

1. Introduction 

Nowadays, short fiber reinforced composites (SFRCs) are implemented in a large number of industrial applications. 

These cost-effective composites have high strength-to-weight ratio and can be produced by fast and cheap processes in 

large series. SFRCs have become potential replacements for metallic semi-structural parts in automotive industry. For 

most industrial applications, estimating the effective mechanical response of SFRCs is an important engineering 
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requirement that has been studied for many years, Nomura and Chou (1984); Tucker III and Liang (1999); Karsli and 

Aytac (2013).  

Various characteristics of SFRCs have influence on their effective properties which have been investigated in many 

studies. For example, by using Maxwell’s far-field methodology, McCartney and Kelly (2008) and McCartney (2010) 

predicted the effective properties of multi-phase composites reinforced with spherical and aligned transversely isotropic 

spheroidal inclusions and demonstrated the effects of volume fraction of reinforcements upon the effective properties of 

composites. Fu et al. (2000) examined the tensile behavior of various aligned Glass and Carbon SFRCs and showed the 

combined effects of fiber volume fraction, average fiber length, and fiber/matrix stiffness contrast on the elastic axial 

modulus of SFRCs. The effects of fiber length and volume fraction on thermo-elastic properties of Carbon SFRCs were 

investigated in Karsli and Aytac (2013) where it was shown that increasing Carbon fiber content increases tensile strength 

of the composite but decreases the final strain. It should be noted that in SFRCs prepared by extrusion compounding and 

injection molding process, increasing volume/weight fraction of short fibers and processing rate result in decreasing the 

average fiber length due to fiber breakage during the process, Molnár et al. (1999); Fu et al. (2000); Karsli and Aytac 

(2013). For accurate prediction of the effective elastic properties of SFRCs, the main influential parameters are: 1) 

realistic field interactions in fibers and matrix, 2) geometrical specifications of the fibers (e.g., their exact shape, diameter, 

and length), and 3) packing configuration of the fibers. The latter is an important characteristic of SFRCs deserving 

particular attention. From experimental investigations, it is evident that short fibers may have different side-/tip- distances 

(i.e., distinct packing configuration), Sato et al. (1991); Arif et al. (2014).  

The effective properties of SFRCs can be estimated by mean field homogenization (MFH) schemes or full-field 

methods. MFH schemes such as the well-known Mori-Tanaka (MT) approach (Mori and Tanaka (1973); Benveniste 

(1987)) are computationally efficient since they only deal with volume fraction and aspect ratio of the fibers based on 

simple field averaging and classical Eshelby tensors Eshelby (1957). However, only two parameters, namely volume 

fraction and aspect ratio, of the short fibers are clearly not enough for taking into account the distinct configuration and 

interactions between the closely spaced short fibers. In addition, MFHs depend only on the fundamental Eshelby solution 

for a single ellipsoidal inclusion (Eshelby (1957)) and thus, can neither treat the realistic cylindrical geometry of the short 

fibers nor their distinct packing configurations. In contrast, full-field methods such as analytical full-field approaches 

(e.g., Shodja and Roumi (2005); Shodja and Rashidinejad (2014)) and Finite Element Methods (FEMs) (e.g., Jain et al. 

(2013); Gusev (2016); Naili et al. (2020)) can accurately take into account all the interactions between the short fibers 

and provide accurate estimations for the effective properties of SFRCs. However, full-field approaches have to deal with 

intricate mathematical manipulations and high computational costs.  
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The main purpose of the current work is accurate and fast prediction of the effective properties of SFRCs with various 

fiber volume fractions incorporating realistic cylindrical geometry of the short fibers as well as their exact packing 

configuration. The concept of periodic microstructure approach which has been developed by Nemat-Nasser et al. 

(Nemat-Nasser and Taya (1981); Nemat-Nasser et al. (1982); Nemat-Nasser and Hori (2013)) and used by other 

researchers (e.g., Khezrzadeh (2017)) is utilized in the present study for accurate analytical modeling of closely spaced 

short fibers within a multi-fiber periodic representative volume element (RVE). New modified Eshelby tensors 

corresponding to highly interacting aligned short fibers in a multi-fiber RVE are introduced where the non-uniform 

variations of the homogenizing eigenstrains within the interacting short fibers are taken into account in the proposed 

enhanced MFH. The developed model remedies the mentioned limitations of the classical MFH methods, but preserves 

their advantages in terms of computational efficiency and ease-of-use. The current modified Eshelby tensors and the 

associated enhanced MFH approach account for cylindrical geometry of the short fibers and their realistic interactions. 

The effects of different packing configurations of short fibers within the multi-fiber RVE are captured as well. Moreover, 

finite element (FE) simulations are performed to verify the competency of the proposed method for accurate prediction 

of the effective properties of SFRCs. The present study is mainly concerned with accurate prediction of the effective 

elastic moduli of unidirectional SFRCs. However, if the short fibers have misaligned distribution, orientational averaging 

can be applied to the present MFH enhanced by modified Eshelby tensors (in a similar manner as in the classical MFHs, 

see e.g. Pettermann et al. (1997)); therefore, the effective behavior of SFRCs with misaligned fibers can also be predicted 

using the developed method. For demonstrating the capabilities of the proposed analytical MFH approach, the effective 

properties of aligned Glass and Carbon SFRCs with various configurations, volume fractions and aspect ratios are 

predicted. Moreover, these predictions are validated by results of FE simulations and compared with MT predictions. 

The effects of packing configuration of the short fibers in both single-fiber and multi-fiber models are also studied and 

discussed. 

The current paper is organized as follows. In Section 2, the theoretical formulations associated with general multi-

fiber periodic RVE are presented. The newly introduced modified Eshelby tensors corresponding to the multi-fiber RVE 

as well as the associated enhanced MFH are developed in Section 3. Section 4 is devoted to comprehensive examination 

of the effective properties of Glass and Carbon SFRCs composed of aligned cylindrical short fibers with various possible 

packing configurations and results of the introduced enhanced MFH are validated with precise FE simulations as well as 

available data in the literature and also compared with classical MT estimations. Finally, concluding remarks are 

presented in Section 5. 
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2. SFRCs with periodic multi-fiber RVE 

Consider a three-dimensional (3D) anisotropic matrix with elastic moduli tensor 𝑪௠ in which interacting anisotropic 

short fibers with elastic moduli tensor 𝑪௙ are embedded. High interactions between the fibers may arise from their 

moderate/high volume fraction, large stiffness contrast, and large aspect ratios. The SFRC under consideration can be 

constructed by a 3D periodic RVE including any arbitrary number of highly interacting short fibers. The volume of the 

multi-fiber cubic RVE is denoted by 𝑉଴ and its dimensions in 𝑥ଵ-, 𝑥ଶ-, and 𝑥ଷ-directions are considered as 2𝐿ଵ, 2𝐿ଶ, and 

2𝐿ଷ, respectively so that 𝑉଴ = 8𝐿ଵ𝐿ଶ𝐿ଷ (Fig. 1). Moreover, assume that Ω௜ , 𝑖 = 1,2, ⋯ , 𝐾 denotes the volume of each of 

the 𝐾 short fibers fully or partially embedded within the RVE. The fibers’ domain within the multi-fiber RVE is defined 

by Ω = ⋃ Ω௜
௄
௜ୀଵ  so that clearly, the volume fraction of the short fibers is given by 𝑣௙ = Ω/𝑉଴.  

 

Fig. 1. Multi-fiber cubic RVE with volume 𝑉଴ and short fiber volume fraction 𝑣௙ = Ω/𝑉଴ demonstrating mesh details in FE simulation. 

When the composite body is subjected to a far-field strain 𝝐଴ and the corresponding far-field stress 𝝈଴, the 

homogeneous strain, stress, and displacement fields will be perturbed due to the presence, as well as interactions of the 

short fibers. Therefore, the constitutive relations associated to each phase of the so-called multi-fiber composite RVE can 

be expressed as 

𝝈௠(𝒙) = 𝑪௠൫𝝐଴ + 𝝐ௗ(𝒙)൯,       𝒙 ∈ 𝑉଴ − 𝛺,       (1) 

𝝈௙೔(𝒙) = 𝑪௙൫𝝐଴ + 𝝐ௗ(𝒙)൯,       𝒙 ∈ 𝛺௜ , 𝑖 = 1,2, ⋯ , 𝐾,      (2) 

in which 𝝈୫(𝒙) and 𝝈௙೔(𝒙) are the stress fields at point 𝒙 located at the matrix region 𝑉଴ − Ω, and each fiber’s domain Ω௜ , 

𝑖 = 1,2, ⋯ , 𝐾, respectively and 𝝐ௗ(𝒙) is the strain fluctuation (disturbance strain) at any point 𝒙 in the RVE due to the 

presence of interacting short fibers. The strain fluctuation 𝝐ௗ(𝒙) can be written in terms of the derivatives of the 

displacement field 𝒖 (the displacement fluctuation caused by interacting short fibers) as follows 

𝜖௞௟
ௗ (𝒙) =

ଵ

ଶ
ቀ𝑢௞,௟(𝒙) + 𝑢௟,௞(𝒙)ቁ ,       𝑘, 𝑙 = 1,2,3.       (3) 

Following the well-known equivalent inclusion concept and eigenstrain theory (Eshelby (1957); Mura (2013)), the 

original non-homogeneous multi-fiber RVE can be replaced by a homogeneous matrix (with elastic moduli tensor 𝑪௠ 

everywhere) in which, over the fibers’ domain Ω, proper homogenizing eigenstrains are prescribed. Thus, equivalency 
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of the original non-homogeneous multi-fiber RVE and its equivalent homogeneous problem including the so-called 

homogenizing eigenstrains requires the consistency of the stress field at any point 𝒙 ∈ Ω௜ , 𝑖 = 1,2, ⋯ , 𝐾 in the two 

problems. This implies that  

𝝈௙೔(𝒙) = 𝑪௙൫𝝐଴ + 𝝐ௗ(𝒙)൯ = 𝑪௠൫𝝐଴ + 𝝐ௗ(𝒙) − 𝝐∗(𝒙)൯,       ∀𝒙 ∈ 𝛺௜ , 𝑖 = 1,2, ⋯ , 𝐾,   (4) 

where 𝝐∗(𝒙), 𝒙 ∈ Ω denotes the unknown homogenizing eigenstrains prescribed over the fibers’ domain.  

The displacement and homogenizing eigenstrain fields satisfy the following equilibrium equations at any point 𝒙 ∈ 𝑉଴: 

𝜎௜௝,௝ = 𝐶௜௝௞௟
௠ ൫𝑢௞,௟௝ − 𝜖௞௟,௝

∗ ൯ = 0,       𝑖, 𝑗, 𝑘, 𝑙 = 1,2,3.      (5) 

As explained in Appendix A, by using Fourier representation of the periodic displacement and unknown homogenizing 

eigenstrain fields, the set of equilibrium equations (5) can be solved for the Fourier coefficients of the displacement field 

in terms of yet unknown homogenizing eigenstrain Fourier coefficients.  

By substituting Eq. (A.7) into Eq. (3), the strain fluctuation 𝝐ௗ(𝒙) at any point 𝒙 ∈ 𝑉଴ can be obtained as 

𝜖௜௝
ௗ (𝒙) = ∑ 𝑀௜௝௠௡(𝝃) 𝜖௠̅௡

∗ (𝝃) exp(i𝝃. 𝒙)𝝃 ,       (6) 

where   

𝑀௜௝௠௡(𝝃) =
ଵ

ଶ
ൣ𝐶௞௟௠௡

௠ 𝜉௟𝜉௝𝑁௜௞(𝝃) + 𝐶௞௟௠௡
௠ 𝜉௟𝜉௜𝑁௝௞(𝝃)൧𝐷ିଵ(𝝃),     (7) 

and 𝑵(𝝃) and 𝐷(𝝃) are the cofactor and determinant of the matrix 𝑄௜௞(𝝃) = 𝐶௜௝௞௟
௠ 𝜉௝𝜉௟ depending on the material constants 

of the matrix and the dimensions of the RVE in different directions (see Appendix A). Therefore, the homogenizing 

eigenstrain is the only field that is still unknown. Determination of the homogenizing eigenstrain field enables the 

calculation of the strain fluctuation and the stress field via Eqs. (6) and (1)-(2), respectively.  

The unknown homogenizing eigenstrain field can be determined by using different methodologies such as full-field 

approaches (e.g., see Shodja and Rashidinejad (2014)). However, an accurate full-field solution may not be 

computationally efficient enough for engineering purposes. It is much more efficient to establish an enhanced MFH 

scheme based on the aforementioned theoretical framework for accurate prediction of the effective properties of SFRCs. 

The analytical formulations presented in Section 2 will be employed in the next section to develop novel modified 

Eshelby tensors corresponding to the average fields resulting in an enhanced MFH scheme. The introduced modified 

Eshelby tensors account for realistic interactions between the short fibers and therefore provide more realistic predictions 

for the effective properties of SFRCs when comparing with classical MFHs such as the well-known MT estimate.  

 

3. Novel modified Eshelby tensors and associated enhanced MFH  

In the framework of the current enhanced MFH, the multi-fiber RVE may involve any arbitrary number of short fibers 

while interactions between the short fibers with any packing configuration are taken into account. Moreover, the short 
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fibers should not necessarily have same lengths, aspect ratios, or even same geometries and each fiber can generally have 

distinct geometrical specifications. The average strain over the multi-fiber RVE can be written in the form 

〈𝝐〉௏బ
= 𝝐଴ = ൫1 − 𝑣௙൯〈𝝐〉௏బିஐ + 𝑣௙〈𝝐〉ஐ,       (8) 

in which 〈∎〉𝚪 =
ଵ

𝚪
∫ ∎ d𝚪

𝚪
 denotes the average of the quantity ∎ over the region Γ. Following the well-known MFH 

formulation, the effective elastic moduli tensor of the SFRC can be estimated by using the strain concentration tensor 𝐀௙ 

corresponding to the whole short fiber domain Ω as  

𝑪∗ = 𝑪௠ + 𝑣௙(𝑪௙ − 𝑪௠)𝐀௙ .         (9) 

Thus, for accurate prediction of the effective elastic moduli tensor of SFRCs, precise determination of the strain 

concentration tensor 𝐀௙ incorporating the realistic interactions and geometrical specifications of the short fibers would 

be sufficient. For obtaining the unknown tensor 𝐀௙, associated with each of the short fibers Ω௜ , 𝑖 = 1,2, ⋯ , 𝐾, a distinct 

homogenizing eigenstrain distribution 𝜖௠௡
∗(௜)(𝒙) = 𝐻௠௡

(௜)
 𝑓(௠,௡;௜)(𝒙) will be considered where 𝑓(௠,௡;௜)(𝒙) denotes the 

variation of the yet unknown homogenizing eigenstrain component 𝜖௠௡
∗(௜)(𝒙) with respect to the position vector 𝒙 inside 

Ω௜ , and 𝐻௠௡
(௜)  is the unknown constant coefficient of the homogenizing eigenstrain component in Ω௜ . By substituting the 

homogenizing eigenstrains into Eq. (A.4), the corresponding Fourier coefficients associated with the multi-fiber RVE 

can be expressed as 

𝝐ത௠௡
∗ (𝝃) = ∑ 𝑣௙೔

 𝐻௠௡
(௜)

 〈𝑓(௠,௡;௜)(𝒙)exp(−i𝝃. 𝒙)〉ஐ೔

௄
௜ୀଵ ,      (10) 

where 𝑣௙೔
= Ω௜/𝑉଴ is the volume fraction of the 𝑖th short fiber which may be fully or partially embedded within the multi-

fiber RVE. Therefore, substitution of Eq. (10) into Eq. (6) results in the average strain fluctuation over each individual 

short fiber as 

〈𝜖௞௟
ௗ (𝒙)〉ஐ೜

= ∑ 𝒮௞௟௠௡
(௤;௜) 〈𝜖௠௡

∗(௜)
(𝒙)〉ஐ೔

௄
௜ୀଵ ,     𝑞 = 1,2, ⋯ , 𝐾,      (11) 

in which 

𝒮௞௟௠௡
(௤;௜)

= 𝑣௙೔
∑ 𝑀௞௟௠௡(𝝃) 

〈௙(೘,೙;೔)(𝒙)ୣ୶୮(ି୧𝝃.𝒙)〉ಈ೔

〈௙(೘,೙;೔)(𝒙)〉ಈ೔

 〈exp(i𝝃. 𝒙)〉ஐ೜
,     𝑖, 𝑞 = 1,2, ⋯ , 𝐾.𝝃    (12) 

𝓢(௤;௜), 𝑖, 𝑞 = 1,2, ⋯ , 𝐾 are introduced as the novel modified Eshelby tensors which represent the average strain 

fluctuations over the short fiber Ω௤  due to the average homogenizing eigenstrains prescribed over the short fiber Ω௜ . It 

should be noted that classical MFH schemes (e.g., Mori and Tanaka (1973); Benveniste (1987)) deal only with uniform 

homogenizing eigenstrain and the corresponding interior point Eshelby tensor (Eshelby (1957); Mura (2013)) depends 

solely on the material properties of the matrix and aspect ratio of the ellipsoidal inclusions. In contrast, the introduced 

modified Eshelby tensors can incorporate the interactions between the short fibers with cylindrical geometry and thus, 

account for higher-order (non-uniform) distribution of the homogenizing eigenstrains over various short fibers. 
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Furthermore, it can be easily seen that similar to classical MFHs where the unknown constant eigenstrains do not 

contribute to the classical Eshelby tensor, in the current MFH the unknown constants 𝐻௠௡
(௜)  are not contributing to the 

modified Eshelby tensors given by Eq. (12). 

For determination of the strain concentration tensor, the consistency equations for different fibers are written in the 

average form as  

𝑪௙ ቀ𝝐଴ + 〈𝝐ௗ(𝒙)〉ஐ೜
ቁ = 𝑪௠ ቀ𝝐଴ + 〈𝝐ௗ(𝒙)〉ஐ೜

− 〈𝝐∗(𝒙)〉ஐ೜
ቁ ,     𝑞 = 1,2, ⋯ , 𝐾,   (13) 

By substitution of Eq. (11) into the above set of equations and simultaneous solution for 𝐾 unknown tensors 〈𝝐∗(𝒙)〉ஐ೜
, 

𝑞 = 1,2, ⋯ , 𝐾, the average homogenizing eigenstrain field for each short fiber can be obtained in terms of the far-field 

strain 𝝐଴ and can be written in the form 

〈𝝐∗(𝒙)〉ஐ೜
= 𝕬(௤)𝝐଴,     𝑞 = 1,2, ⋯ , 𝐾,        (14) 

where 𝕬(௤) is the average eigenstrain coefficient tensor in terms of the modified Eshelby tensors, 𝓢(௜;௝), 𝑖, 𝑗 = 1,2, ⋯ , 𝐾. 

Subsequently, the strain concentration tensor of the multi-fiber RVE is obtained as 

𝐀௙ = −
ଵ

௩೑
[𝑪௙ − 𝑪௠]ି𝟏𝑪௠ ∑ 𝑣௙೜

𝕬(௤)௄
௤ୀଵ .       (15) 

Now suppose that without loss of generality, the RVE contains two distinct short fiber phases Ωଵ and Ωଶ with different 

fiber lengths and the same material properties. This case is considered in order to investigate the competence of the 

developed formulation in determination of the strain concentration tensor of SFRCs with several distinct short fiber 

phases. By substituting the average strain fluctuation of each short fiber phase (given by Eq. (11)) into the consistency 

equations (13), after some manipulations it can be shown that 

〈𝝐∗(𝒙)〉ஐభ
= 𝕬(ଵ)𝝐଴, 

〈𝝐∗(𝒙)〉ஐమ
= 𝕬(ଶ)𝝐଴,          (16) 

with 

𝕬(ଵ) = − ቂ൫𝓢(ଵ;ଵ) + [𝑪௙ − 𝑪௠]ି𝟏𝑪௠൯ − 𝓢(ଵ;ଶ)ൣ𝓢(ଶ;ଶ) + [𝑪௙ − 𝑪௠]ି𝟏𝑪௠൧
ି𝟏

𝓢(ଶ;ଵ)ቃ
ି𝟏

ቀ𝐈 − 𝓢(ଵ;ଶ)ൣ𝓢(ଶ;ଶ) +

[𝑪௙ − 𝑪௠]ି𝟏𝑪௠൧
ି𝟏

ቁ,  

𝕬(ଶ) = − ቂ൫𝓢(ଶ;ଶ) + [𝑪௙ − 𝑪௠]ି𝟏𝑪௠൯ − 𝓢(ଶ;ଵ)ൣ𝓢(ଵ;ଵ) + [𝑪௙ − 𝑪௠]ି𝟏𝑪௠൧
ି𝟏

𝓢(ଵ;ଶ)ቃ
ି𝟏

ቀ𝐈 − 𝓢(ଶ;ଵ)ൣ𝓢(ଵ;ଵ) +

[𝑪௙ − 𝑪௠]ି𝟏𝑪௠൧
ି𝟏

ቁ.        (17) 

Thus, the total strain concentration tensor of the fibers domain Ω becomes 

𝐀௙ = −[𝑪௙ − 𝑪௠]ି𝟏𝑪௠ ௩೑భ
𝕬(భ)ା௩೑మ

𝕬(మ)

௩೑
,        (18) 

which results in the effective elastic moduli tensor of the SFRC as 
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𝑪∗ = 𝑪௠(𝑰 − 𝑣௙భ
𝕬(ଵ) − 𝑣௙మ

𝕬(ଶ)).        (19) 

If different short fibers within the multi-fiber RVE have approximately similar configurations with respect to the 

nearby fibers, without loss of generality the same homogenizing eigenstrains within different fibers may be considered. 

This simplifying assumption can be made since eigenstrain variations arise from the elastic fields variations in the 

composite and assuming the same form of eigenstrain for all fibers with the same material property, geometry and 

relatively same interactions with adjacent fibers seems to be sufficient. Validity of this assumption for multi-fiber RVEs 

will be examined in Section 4.2 where the predictions of the current MFH approach enhanced by modified Eshelby 

tensors are compared to the accurate FE analyses for various cases, showing very good agreement. Therefore, the same 

variation of the homogenizing eigenstrain with respect to the local coordinates inside different short fibers is assumed 

and denoted by 𝜖௠௡
∗ (𝒙) = 𝐻௠௡𝑓(௠,௡)(𝒙), 𝒙 ∈ Ω. The average strain fluctuation over the whole fiber domain Ω can then 

be expressed as 

〈𝝐ௗ(𝒙)〉ஐ = 𝓢ℳ〈𝝐∗(𝒙)〉ஐ,         (20) 

in which 

𝒮௞௟௠௡
ℳ = 𝑣௙ ∑ 𝑀௞௟௠௡(𝝃)  

〈௙(೘,೙)(𝒙) ୣ୶୮(ି୧𝝃.𝒙)〉ಈ

〈௙(೘,೙)(𝒙)〉ಈ
 〈exp(i𝝃. 𝒙)〉ஐ𝝃 ,     (21) 

is the modified Eshelby tensor corresponding to the multi-fiber RVE. The consistency equation of the multi-fiber RVE 

can be written in an average sense over the whole fiber domain Ω as 

𝑪௙(𝝐଴ + 〈𝝐ௗ(𝒙)〉ஐ) = 𝑪௠(𝝐଴ + 〈𝝐ௗ(𝒙)〉ஐ − 〈𝝐∗(𝒙)〉ஐ).      (22) 

Thus, by substitution of Eq. (20) into Eq. (22), the average eigenstrain over the fiber domain Ω can be obtained as 

〈𝝐∗(𝒙)〉ఆ = 𝕬 𝝐଴,          (23) 

where  

𝕬 = −[𝓢ℳ + [𝑪௙ − 𝑪௠]ି𝟏𝑪௠]ି𝟏.        (24) 

Therefore, the strain concentration tensor 𝐀௙ associated with the multi-fiber RVE becomes 

𝐀௙ = −[𝑪௙ − 𝑪௠]ି𝟏𝑪௠ 𝕬.          (25) 

Eq. (25) can also be retrieved from substitution of Eq. (17) into Eq. (18) by letting 𝑣௙భ
= 𝑣௙, 𝑣௙మ

= 0, 𝓢(ଵ;ଵ) = 𝓢ℳ, and 

𝓢(ଵ;ଶ) = 𝓢(ଶ;ଵ) = 𝓢(ଶ;ଶ) = 0. Consequently, the effective elastic moduli tensor of the SFRC can be given by 

𝑪∗ = 𝑪௠(𝐈 − 𝑣௙  𝕬).          (26) 

It should be noted that Eqs. (24)-(26) result in expressions for the strain concentration tensor and effective elastic moduli 

tensors similar to dilute MT MFH. However, the fundamental distinction of the current formulation and that of MT is 

that the current enhanced MFH incorporates the novel modified Eshelby tensors which accurately account for the 

interaction effects, packing configuration, and realistic cylindrical geometry of the short fibers fully or partially embedded 

in the multi-fiber RVE. Moreover, in the context of classical MFHs the cylindrical geometry of the fibers is approximated 
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by an equivalent ellipsoidal shape (with same fiber length or same fiber aspect ratio) and hence, some physical aspects 

of the SFRCs are neglected. Further discussion on ellipsoidal geometry approximation in classical MFHs is given in 

Section 4 and it will be shown that predictions of classical MT MFH may have considerable difference when the 

cylindrical geometry of short fibers is approximated by different choices of: (i) ellipsoidal fibers with the same lengths, 

or (ii) ellipsoidal fibers with the same aspect ratios. 

It is worth noting that in the context of the presented enhanced MFH, one may simply assume uniform homogenizing 

eigenstrains within the short fibers which is a similar assumption as in classical MFHs. But, in contrast to the classical 

MFHs, by assuming uniform homogenizing eigenstrains the current enhanced MFH still captures the interactions, 

packing configuration, and cylindrical geometry of the short fibers. However, by assuming uniform eigenstrains the 

predicted effective properties of the SFRC will not be as precise as those predicted by using non-uniform eigenstrains. 

In Section 4.1, by assuming both uniform and polynomial homogenizing eigenstrains, predictions of the enhanced MFH 

for effective axial Young’s modulus of certain SFRCs with various packing configurations are compared with the results 

obtained from FE simulations.  

The only yet unidentified requirement of the current enhanced MFH is exact characterization of the variations of 

homogenizing eigenstrain components, i.e., 𝑓(௠,௡;௜)(𝒙) in Eq. (12) and 𝑓(௠,௡)(𝒙) in Eq. (21). From Eqs. (12) and (21) it 

is clearly seen that any function of coordinates for different components of the homogenizing eigenstrain field within the 

short fibers can be considered. However, determination of proper functions for the variation of each component of the 

homogenizing eigenstrain field requires further consideration of strain/stress fields inside interacting fibers which will 

be explained in the next section.  

 

3.1 Homogenizing eigenstrain variations within highly interacting short fibers 

The current MFH enhanced by the introduced modified Eshelby tensors will result in more accurate predictions of the 

effective properties of SFRCs if the assumed variations of homogenizing eigenstrain components are good 

approximations of those obtained from the complete full-field solution. Therefore, in this section a general framework 

for reliable engineering approximation of the non-uniform homogenizing eigenstrain components is presented. 

For rapid yet accurate prediction of the effective properties of SFRCs, variations of the homogenizing eigenstrain 

components can be approximated by proper non-uniform polynomial functions. The elastic field fluctuations induced by 

polynomial eigenstrains prescribed within inclusions have been extensively investigated in previous studies (e.g., Mura 

(2013); Rashidinejad and Shodja (2019, 2020)). Variations of the homogenizing eigenstrains within the inclusions highly 

depend on their geometry. Since the cylindrical short fibers have one axis (axial) much greater than the two others (radial 

and tangential), the elastic field fluctuations within short fibers have much more variations along their axial direction in 
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comparison with the transverse direction (i.e., along their circular cross-section). Thus, for accurate prediction of the 

effective properties of SFRCs, homogenizing eigenstrain components are estimated by polynomial functions along the 

longitudinal axis of the short fibers. The polynomial functions 𝑓(௠,௡;௜)(𝒙) or 𝑓(௠,௡)(𝒙) used in Eqs. (12) or (21) are 

considered as even functions of fibers’ longitudinal axis 𝑥ଵ measured with respect to the center of each fiber. 

Determination of 𝑓(௠,௡)(𝒙) is presented below in details as a typical example and 𝑓(௠,௡;௜)(𝒙) can also be determined by 

the same fashion.  

The even polynomial homogenizing eigenstrains with degree 2𝑁, 𝑁 > 0 used in Eq. (21) can be written as 

𝜖௠௡
∗ (𝒙) = 𝐻௠௡𝑓(௠,௡)(𝒙) = 𝐻௠௡  {1 + 𝛼(௠,௡)𝑥ଵ

ଶ + 𝛽(௠,௡)𝑥ଵ
ସ + ⋯ + 𝛾(௠,௡)𝑥ଵ

ଶே},       𝑚, 𝑛 = 1,2,3, (27) 

consisting of 6(𝑁 + 1) unknown independent constants. By inserting the above polynomial homogenizing eigenstrains 

in Eq. (A.4) and then using Eq. (6), the accurate strain fluctuations at any point 𝒙 can be determined. To get a good 

estimation of the unknown constants of the homogenizing eigenstrains, it is sufficient to evaluate the strain fluctuation 

components at a few points along the axis of the short fibers. Therefore, by using polynomial fitting with the same degree 

(2𝑁) as the homogenizing eigenstrains, the strain fluctuation components can be expressed in the following form: 

 𝜖௠௡
ௗ(௉ி;ଶே)(𝒙) = 𝐹௠௡ {1 + 𝑟(௠,௡)𝑥ଵ

ଶ + 𝑠(௠,௡)𝑥ଵ
ସ + ⋯ + 𝑡(௠,௡)𝑥ଵ

ଶே},       𝑚, 𝑛 = 1,2,3,   (28) 

in which the 6(𝑁 + 1) new constants 𝐹௠௡, 𝑟(௠,௡), 𝑠(௠,௡),…, 𝑡(௠,௡) are linear functions of the 6(𝑁 + 1) unknowns 𝐻௠௡ , 

𝛼(௠,௡), 𝛽(௠,௡),…, 𝛾(௠,௡). Substituting Eqs. (27) and (28) into the consistency equations (4) results in a set of 6 

independent equations each consisting of 𝑁 + 1 distinct powers of the variable 𝑥ଵ (i.e., 0, 2, 4, ⋯ , 2𝑁). For obtaining the 

6(𝑁 + 1) unknown constants 𝐻௠௡ , 𝛼(௠,௡), 𝛽(௠,௡),…, 𝛾(௠,௡), it is then required to equate the coefficients of 𝑁 + 1 

different powers of 𝑥ଵ in the left- and right-hand sides of the resultant set of 6 independent consistency equations.  

It should be noted that for utilizing the polynomial homogenizing eigenstrains in the introduced modified Eshelby 

tensors, knowledge of the ratio between coefficients of higher-degree and uniform terms (i.e., 𝛼(௠,௡), 𝛽(௠,௡),…, 𝛾(௠,௡)) 

is sufficient. It has been realized that even by second-degree polynomial eigenstrain, the enhanced MFH accurately 

predicts the effective properties of SFRCs with various volume fractions, aspect ratios, and packing configurations. 

 

4. Results and discussion 

In this section, the presented modified Eshelby tensors with enhanced MFH are utilized for prediction of the effective 

properties of aligned Glass and Carbon SFRCs. The effects of various parameters such as fibers’ packing configuration, 

volume fraction, aspect ratio, and fiber/matrix stiffness contrast are studied. In Section 4.1, the effective properties of 

aligned SFRCs based on a periodic RVE model with a single short fiber are evaluated using the current modified Eshelby 

tensors and enhanced MFH approach. The aim of considering the single-fiber model is examination of the accuracy of 

the current analytical approach compared to exact FE simulations whilst second-degree homogenizing eigenstrains are 
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used and no additional assumption over the homogenizing eigenstrains are considered. In addition, in studying the single-

fiber model by assuming different packing configurations with too small and too large tip distances of the fibers, 

predictions of the presented analytical approach can be validated for limiting cases of continuous fiber composite and 

composite behaving close to pure matrix, respectively. Section 4.2 is devoted to the multi-fiber RVE model to further 

investigate the capability of the introduced modified Eshelby tensors and the associated enhanced MFH for accurate 

prediction of the effective properties of highly interacting SFRCs. In this section, the effective properties predicted by 

the assumed multi-fiber RVE are compared and validated by those available in the literature for a Polyamide/Glass SFRC. 

Furthermore, in Section 4.2 the remarkable effects of packing configuration and aspect ratio of the short fibers on the 

effective properties of Glass and Carbon SFRCs are investigated and discussed.  

In order to assess the validity of the developed model, FE simulations are performed to extract the effective elastic 

constants of both single- and multi- fiber RVEs. It is assumed that the fibers are fully bonded with the matrix and there 

is no damage in the RVEs. Also, the 8-node brick elements with full integration scheme (C3D8 element in Abaqus) have 

been utilized to mesh the SFRCs. To capture the mechanical characteristics of the RVEs, a very fine mesh has been 

adopted to accurately determine the macroscopic properties. In Fig. 1, a sample of mesh details for multi-fiber RVEs is 

demonstrated. The periodic boundary conditions (PBCs) have been implemented on the RVEs to obtain the in-plane and 

out-of-plane effective properties of SFRCs. To this end, the nodal displacements at the opposite boundaries of the RVE 

are linked using the following equation: 

𝑢௝
௜ା − 𝑢௝

௜ି = 2𝜀௜௝𝐿௜ ,       𝑖, 𝑗 = 1,2,3,  (no sum on 𝑖)      (29) 

where 𝜀௜௝ refers to the macro-strain components which are obtained from the nodal displacements 𝑢 in the opposite 

boundaries (+ and -). Using the reference nodes, six degrees of freedom are considered for the RVEs to apply different 

loading conditions. It is worth mentioning that it is possible to implement the PBCs in Abaqus finite element software 

via *EQUATION command. More details about PBCs can be found in Garoz et al. (2019) and Ahmadi et al. (2020).  

To study the effects of stiffness contrast, Glass and Carbon short fibers are considered as two typical reinforcing 

short fibers. For Glass fibers, the SFRC is composed of isotropic Polyamide matrix with Young’s modulus 𝐸௠ = 2.1 

GPa and Poisson’s ratio 𝜈௠ = 0.3 reinforced with isotropic short Glass fibers with material constants 𝐸௙ = 72 GPa and 

𝜈௙ = 0.22 (Wu et al. (2013)). For Carbon fibers, the SFRC is composed of the same Polyamide matrix but reinforced 

with transversely isotropic short Carbon fibers with axial Young’s modulus 𝐸ଵ
௙

= 230 GPa, transverse Young’s modulus 

𝐸ଶ
௙

= 15 GPa, axial Poisson’s ratio 𝜈ଵଶ
௙

= 0.256, transverse Poisson’s ratio 𝜈ଶଷ
௙

= 0.20, axial shear modulus 𝐺ଵଶ
௙

= 24 

GPa, and transverse shear modulus 𝐺ଶଷ
௙

= 6.25 GPa (Soden et al. (2004); Wu et al. (2015)). For both of the cylindrical 

Glass and Carbon short fibers, the fiber diameter (𝐷௙) is assumed to be 𝐷௙ =10 μm while their lengths are variable; by 

taking the same diameter for Glass and Carbon fibers, the effects of fiber/matrix stiffness contrast and fibers’ aspect ratio 



12 
 

can be studied simultaneously. Two fiber volume fractions 13% and 31% are investigated which correspond to 

approximate mass fractions of 25% and 50% for Glass fibers and 20% and 43% for Carbon fibers, respectively. 

Additionally, the results obtained from the current enhanced MFH and FE analyses are compared to the effective 

properties estimated by classical MT MFH (Benveniste (1987)). 

 

4.1 Single short fiber model with different configurations of interacting cylindrical fibers 

In this section, the SFRC is constructed by a single-fiber periodic RVE with different configurations. The single-fiber 

model is studied prior to the more complicated multi-fiber RVE in order to assess the accuracy of the developed analytical 

method with second-degree homogenization in capturing the effects of volume fraction, packing configuration and 

cylindrical geometry of the fibers by detailed comparison with FE results. In the single-fiber model, no additional 

assumption over the homogenizing eigenstrains are imposed and therefore, studying the single-fiber model can justify 

the developed analytical framework. Furthermore, the limiting cases of continuous fiber composite as well as composite 

response approaching pure matrix behavior can also be achieved from the single-fiber model. As shown schematically in 

Fig. 2, the short fibers with length of 2𝑎ଵ may be packed with different configurations while having the same volume 

fraction. Different packing configurations of short fibers result in distinct effective behavior of the SFRC. Suppose that 

wtip indicates the tip-to-tip distance between the short fibers while the side-by-side distance of the fibers is represented 

by wside (Fig. 2). The effects of packing configuration of the short fibers are also studied thoroughly in this section by 

considering variable tip-to-side distance ratio (wtip/wside) of the short fibers having the same volume fraction. 

 

Fig. 2. Two possible periodic configurations of single short fiber model for highly interacting SFRCs with (a) small tip-distance, and (b) large tip-

distance of the short fibers; different packing configurations of short fibers (with same length and volume fraction) result in significant changes in the 

effective properties of SFRC due to the configuration effects on degree of interactions between the short fibers. 

Cylindrical short fibers with aspect ratio of 20 (length of 200 μm) are examined in this section. In the context of the 

current MFH enhanced by modified Eshelby tensors, the homogenizing eigenstrains associated with the single-fiber 

model can be approximated by uniform eigenstrains or any higher-degree polynomial functions (see Section 3.1). The 

former is referred to as “uniform homogenization” while the latter is referred by the degree of the considered polynomial 

function. It is worth noting that even by using uniform homogenization within the current MFH scheme, the effects of 

(a) (b) 
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realistic geometry, interactions, and packing configuration of the short fibers can be taken into account. However, as it 

will be shown in the following, for accurate prediction of the effective properties of SFRCs non-uniform variations of 

the homogenizing eigenstrains should be considered in the modified Eshelby tensors and enhanced MFH approach. 

For cylindrical short fibers with length of 2𝑎ଵ (𝑎ଵ=100 μm for fibers with aspect ratio of 20), the homogenizing 

eigenstrain components with second-degree polynomial variation are evaluated for the single-fiber as explained in 

Section 3.1. By measuring 𝑥ଵ from the center of the short fibers, the normal components of the second-degree polynomial 

homogenizing eigenstrain field are considered in the form  

𝜖௠௡
∗ (𝒙) = 𝐻௠௡ ൬1 + 𝛼௦௙ ቀ

௫భ

௔భ
ቁ

ଶ

൰ ,     𝑚 = 𝑛,       (30) 

while the shear homogenizing eigenstrain components are still constant. For the single-fiber model with arbitrary 

configuration, the associated average function 〈(1 + 𝛼௦௙(𝑥ଵ/𝑎ଵ)ଶ) exp(−i𝝃. 𝒙)〉ஐ required for determination of the 

modified Eshelby tensor in Eq. (21) is given in Appendix B. Calculated values of the constant 𝛼௦௙ obtained for different 

fiber volume fractions and fiber types are provided in Table 1. It is clear that for each configuration of fibers with distinct 

tip-to-side distance ratio (wtip/wside), coefficient of the second-degree term would be different. While in each certain case 

the coefficient 𝛼௦௙ for Carbon fibers is generally larger than that for Glass fibers, the values of 𝛼௦௙ for 𝑣௙=31% are 

smaller in comparison with the same case in 𝑣௙=13%. 

Table 1. Values of the constant 𝛼௦௙ corresponding to second-degree polynomial homogenizing eigenstrain field (Eq. (30)) obtained for two different 

volume fractions and various tip-to-side distance ratios of Glass and Carbon short fibers. 

 

 

 

 

 

 

 

 

Convergence of the current model is examined for both Glass and Carbon SFRCs with two different fiber volume 

fractions of 13% and 31%. For Glass and Carbon SFRCs with equal tip-to-tip and side-by-side distance of the short fibers, 

the effective axial Young’s moduli predicted by the presented enhanced MFH for various upper/lower limits of the series 

in Eq. (21) are demonstrated in Fig. 3(a). In addition, the computational times (in seconds) required for evaluation of the 

effective elastic moduli tensor of the SFRCs are indicated in Fig. 3(a) for each of the series limits. The indicated 

computational times correspond to calculation of the modified Eshelby tensors and effective moduli tensor on only one 

  

 𝑣௙=13%  𝑣௙=31% 

wtip/wside Carbon fiber Glass fiber  Carbon fiber Glass fiber 

0.25 -0.47 -0.44  -0.15 -0.15 

0.5 -0.62 -0.59  -0.31 -0.29 

1 -0.68 -0.65  -0.45 -0.43 

4 -0.65 -0.62  -0.49 -0.47 

10 -0.58 -0.56  -0.44 -0.42 

𝛼௦௙ 
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core processor of Core i7 CPU and 16 GB of memory, while FE analysis on the same CPU with 4 parallel core processors 

and 16 GB of memory takes 634 seconds; this comparison clearly demonstrates the computational efficiency of the 

present enhanced MFH compared to FE analysis. The results provided in Fig. 3(a) show that the developed MFH 

enhanced by modified Eshelby tensors benefits from the significant advantages of fast convergence of Fourier series 

solution and computational efficiency of MFH approaches. Fig. 3(b) demonstrates the predicted effective Young’s moduli 

of Carbon SFRCs with volume fractions of 13% and 31% for different packing configurations of the fibers (different tip-

to-side distance ratio wtip/wside in logarithmic scale). FE accurate results as well as variations of the predicted axial 

Young’s moduli using both uniform and second-degree polynomial homogenizations are illustrated in Fig. 3(b). Clearly, 

the use of second-degree polynomial homogenizing eigenstrains results in much better agreement with accurate FE 

results. The maximum difference between the effective Young’s moduli predicted via uniform and second-degree 

polynomial homogenizations are 25 and 11 percent for volume fractions of 13% and 31%, respectively. 

        

Fig. 3. (a) Convergence of the predicted effective Young’s modulus 𝐸௫ for Glass and Carbon SFRCs with 13% and 31% volume fractions and 

associated calculation time (in seconds) versus different series limits, and (b) variations of the predicted effective axial Young’s modulus of Carbon 

SFRC with 13% and 31% volume fractions evaluated by uniform and second-degree homogenization for different packing configuration (tip-to-side 

distance ratio) of short fibers in logarithmic scale. 

In Fig. 4, variations of the predicted effective Young’s modulus 𝐸௫ for both Glass and Carbon SFRCs with 13% 

volume fraction calculated by second-degree MFH as well as those obtained from FEM simulations are illustrated. In 

addition, the effective Young’s moduli predicted by the well-known classical MT approach (Benveniste (1987)) are also 

provided; these estimates are in exact agreement with the results of commercial Digimat software (Digimat (2011)). It 

should be noted that since classical MT MFH considers the fibers to have ellipsoidal geometry, the cylindrical short fiber 

may be estimated by (i) the ellipsoidal one with equal volume and the same length, or (ii) an ellipsoidal fiber with equal 

volume and the same aspect ratio meaning that the ellipsoidal fiber would be 14.5% longer than the cylindrical fiber. 

These two different ellipsoidal estimations of classical MT MFH are indicated in Fig. 4. The classical MT MFH cannot 

take into account different configurations of short fibers and provides the same results for different packing 

configurations. However, the current enhanced MFH with the modified Eshelby tensors considers the effects of packing 

(a) (b) 
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configuration and thus, provides accurate predictions when compared to results of refined FEM simulations. It can be 

seen in Fig. 4 that the difference between estimates of the current enhanced MFH and those of FEM is less than 1% for 

all cases. In addition, for the limiting case where wtip/wside→0, the effective Young’s modulus predicted by the current 

enhanced MFH converges to that of unidirectional continuous fiber reinforced composite and therefore, this limiting case 

provides further validation of the present MFH approach. 

 

Fig. 4. Variations of the effective axial Young’s modulus of Glass and Carbon SFRCs with 13% volume fraction for different packing configurations 

of short fibers with: (a) various tip distance of fibers, and (b) various tip-to-side distance ratio in logarithmic scale. 

Next, the results are shown for a much higher volume fraction, where the interaction effects are expected to be much 

higher. The effective axial Young’s modulus 𝐸௫ predicted for Glass and Carbon SFRCs with 31% volume fraction are 

demonstrated in Fig. 5 with respect to tip distance of fibers (Fig. 5(a)) as well as fibers’ tip-to-side distance ratio (Fig. 

5(b)). It is shown that when the fibers have the same side and tip distances (wtip/wside=1), the effective Young’s modulus 

𝐸௫ is in the range between the two different classical MT estimates (i.e., ellipsoidal estimation with same fiber length or 

with same aspect ratio); in contrast, increasing or decreasing of fibers’ tip distance result in, respectively, significant 

decreasing or increasing of the effective axial Young’s modulus of the SFRC. For the same SFRCs, variations of the 

predicted transverse Young’s modulus 𝐸௬ versus fibers’ side distance and tip-to-side distance ratio are illustrated in Figs. 

5(c) and 5(d), respectively. Variations of the effective axial and transverse Poisson’s ratios with respect to fibers’ tip-to-

side distance ratio are also plotted in Figs. 5(e) and 5(f), respectively. It is found that classical MT generally overestimates 

both the axial and transverse Poisson’s ratio’s. The effective properties of the examined SFRCs with 31% fiber volume 

fraction predicted by the enhanced MFH demonstrate very good agreement with the results of FEM simulations. It is 

worth noting that as it can be observed in Figs. 5(a)-(f), for the limiting case of wtip→0 the effective properties of the 

Glass and Carbon SFRCs predicted by the enhanced MFH approach converge to those of continuous fiber composite 

with same volume fraction. Hence, these convergences demonstrate additional verification of the current enhanced MFH 

and reveal that the present MFH approach accurately accounts for realistic specifications and configuration of the short 

fibers which is not incorporated by classical MFHs. 

(a) (b) 
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Fig. 5. Variations of the effective properties of Glass and Carbon SFRC with 31% volume fraction for different fiber packing configurations: (a) axial 

Young’s modulus versus tip distance of fibers, (b) axial Young’s modulus versus fibers’ tip-to-side distance ratio, (c) transverse Young’s modulus 

versus side distance of fibers, (d) transverse Young’s modulus versus fibers’ tip-to-side distance ratio, (e) axial Poisson’s ratio versus fibers’ tip-to-

side distance ratio, and (f) transverse Poisson’s ratio versus fibers’ tip-to-side distance ratio. 

 

4.2 Multi-fiber RVE model with different configurations of interacting cylindrical short fibers 

In this section, the SFRC is composed of a multi-fiber periodic RVE. To this end, a multi-fiber RVE with 17 aligned 

short fibers is considered (see Fig. 1). While the central fiber is fully embedded within the considered RVE, the other 

sixteen fibers are partially embedded and have different lengths inside the RVE such that when the periodic RVE 

constructs the SFRC, all the fibers would have equal lengths. It can be seen in Fig. 1 that in the multi-fiber RVE, fibers 

in different locations have different involving lengths scattered in the RVE: two fibers with 12.5%, two with 25%, two 

(a) (b) 

(c) (d) 

(e) (f) 
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with 37.5%, four with 50%, two with 62.5%, two with 75%, two with 87.5%, and the central one with 100% of the length. 

For the multi-fiber RVE with the ascribed locations of the fibers which may have arbitrary tip/side distance (packing 

configuration), the normal components of the homogenizing eigenstrain are considered as second-degree polynomial of 

the form 𝜖௠௡
∗ (𝒙) = 𝐻௠௡(1 + 𝛼௠௙(𝑥ଵ/𝑎ଵ)ଶ), 𝑚 = 𝑛 (with 𝑥ଵ measured with respect to the center of each fiber) while 

the shear homogenizing eigenstrain components are considered to be uniform. Subsequently, the associated average 

function 〈(1 + 𝛼௠௙(𝑥ଵ/𝑎ଵ)ଶ) exp(−i𝝃. 𝒙)〉ஐ (average over all of the fibers within the multi-fiber RVE) required for 

determination of the modified Eshelby tensor in Eq. (21) is given in Appendix B. In Section 4.2.1, by applying the 

developed analytical method on the assumed multi-fiber RVE the predicted effective properties are compared and 

validated by those available in the literature for a Polyamide/Glass composite. Section 4.2.2 is devoted to studying the 

effects of packing configuration of the Glass and Carbon short fibers in the multi-fiber RVE by considering variable tip 

and side distances of the short fibers. Subsequently, the significant effects of aspect ratio of both Glass and Carbon short 

fibers are investigated in Section 4.2.3 and the predictions of the current enhanced MFH are verified by FE simulations 

and compared with those of MT MFH. 

 

4.2.1 Comparison of the predicted effective properties with available numerical data in Mirkhalaf et al. (2020) 

In this section, the developed enhanced MFH is utilized for prediction of the effective properties of aligned 

Polyamide/Glass composite using the introduced multi-fiber RVE and these predictions are compared with available 

numerical data in the literature for effective properties of the same SFRC. Mirkhalaf et al. (2020) have modeled the SFRC 

in finite elements by various multi-fiber RVEs as well as single-fiber model. Therefore, comparison of the effective 

properties predicted by the current enhanced MFH for both single-fiber and multi-fiber RVEs verifies the implementation 

of the present analytical approach and also validates the assumed configuration in the multi-fiber RVE. The 

Polyamide/Glass composite is composed of unidirectional short glass fibers with aspect ratio of 24 and volume fraction 

of 10%; the Young’s modulus of Glass fibers and Polyamide matrix are 76 GPa and 3.1 GPa while their Poisson’s ratio 

are 0.22 and 0.35, respectively (see Table 4 of Mirkhalaf et al. (2020)). The effective properties of the composite 

evaluated by four different multi-fiber RVEs (using Digimat-FE) are given in Table 1 of Mirkhalaf et al. (2020); the 

effective properties obtained from different RVEs do not have considerable differences and therefore, the average values 

are given in Table 2 below. The effective properties of the same composite are also obtained by the developed enhanced 

MFH for both single-fiber and multi-fiber RVEs. It should be noted that as shown in Section 4.1, the current analytical 

approach is more efficient than FE simulation while it provides accurate predictions for the effective properties of SFRCs. 

By employing the developed enhanced MFH, the effective properties of the composite are obtained for different 

physically possible packing configurations of wtip/wside=1, wtip/wside=4 and wtip/wside=10 (equivalent to tip distance of the 
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fibers in the range of 1.7𝐷௙<wtip<12.7𝐷௙); the latter seems more similar to the fibers’ tip distances in multi-fiber RVEs 

considered by Mirkhalaf et al. (2020). The corresponding effective properties are listed in Table 2. It can be observed 

that the obtained effective properties for the considered packing configurations do not have considerable difference and 

are in very good agreement with those taken from Mirkhalaf et al. (2020). In addition, in Mirkhalaf et al. (2020) it is 

expressed that the effective properties of an aligned single-fiber model with equal side and tip distance are in good 

agreement with those of the aligned multi-fiber RVEs. To check this statement for the considered composite, the effective 

properties of the corresponding single-fiber model with wtip/wside=1 are calculated using the developed enhanced MFH 

approach and compared with those of the multi-fiber RVEs in Table 2. It can be concluded that for the considered 

Polyamide/Glass composite, predictions of the single-fiber model with the assumed configuration (equal side and tip 

distance of the fibers) are also in good agreement with those of multi-fiber models. However, in Mirkhalaf et al. (2020) 

the single-fiber model with equal tip and side distances is examined by FE simulation and only for one composite case 

(Polyamide/Glass composite with fiber aspect ratio of 24 and volume fraction of 10%) the effective properties predicted 

by single-fiber and multi-fiber RVEs are compered. It is worth noting that as shown in Figs. 4 and 5, the effective 

properties of both Glass and Carbon SFRCs obtained from the single-fiber model considerably change with the packing 

configuration of the short fibers while it will be shown in the next section that effective properties predicted by multi-

fiber RVE do not have such variations for the packing configurations of 1<wtip/wside<10. For demonstration of the 

considerable effects of packing configuration in the single-fiber model, the corresponding effective properties evaluated 

by the current enhanced MFH for wtip/wside=4 and wtip/wside=10 are also provided in Table 2. It is clear that the effective 

axial modulus in the single-fiber model is very sensitive to the fiber packing configuration (wtip/wside ratio) and hence, 

this parameter must be carefully determined when modeling the SFRC with the simple single-fiber. In addition, as it will 

be shown in the next section, for higher fiber/matrix stiffness contrast (Carbon fibers instead of Glass fibers) the effective 

axial modulus of the composite obtained from the multi-fiber RVE considerably differs from that of the single-fiber 

model with packing configuration of wtip/wside=1. Consequently, for calibrating a single-fiber model (as in Mirkhalaf et 

al. (2020)) to generate accurate predictions as the multi-fiber RVE, the fiber/matrix stiffness contrast as well as other 

influential parameters such as fiber volume fraction and aspect ratio should be investigated for each SFRC with distinct 

characteristics. Moreover, for such calibrations predicting the effective properties of the SFRC via the multi-fiber RVE 

is always required which can be performed through FE simulation of the multi-fiber RVE (as in Mirkhalaf et al. (2020)) 

or by using the presented efficient analytical approach and enhanced MFH of the multi-fiber RVE with the corresponding 

modified Eshelby tensors. 
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Table 2. Effective elastic properties of Polyamide/Glass SFRC with 10% volume fraction predicted by multi-fiber RVEs and single-fiber model. 

 𝐸ଵଵ (GPa) 𝐸ଷଷ (GPa) 𝐺ଵଷ (GPa) 𝜈ଵଷ 𝜈ଶଷ 

Data from 
Mirkhalaf et al. (2020) 

8.60 3.91 1.40 0.33 0.44 

Multi-fiber RVE 
with wtip/wside=1 

8.89 3.95 1.39 0.34 0.44 

Multi-fiber RVE 
with wtip/wside=4 

8.87 3.94 1.39 0.34 0.44 

Multi-fiber RVE 
with wtip/wside=10 

8.59 3.94 1.39 0.33 0.44 

Single-fiber 
with wtip/wside=1 

8.71 3.94 1.39 0.33 0.44 

Single-fiber 
with wtip/wside=4 

7.78 3.95 1.38 0.33 0.44 

Single-fiber 
with wtip/wside=10 

6.86 3.96 1.37 0.32 0.43 

 

4.2.2 Effects of packing configuration of the short fibers 

In this section, the significant effects of packing configuration of the short fibers within the multi-fiber RVE are studied 

and compared with those in the single-fiber model. As shown in Fig. 6, variations of the predicted effective axial Young’s 

modulus of the SFRC composed of the described multi-fiber RVE with 13% fiber volume fraction and aspect ratio of 20 

are demonstrated for different packing configurations of both Glass and Carbon short fibers. In addition, in Fig. 6 

variations of the same effective property of the SFRCs predicted by the single-fiber model are included for both Glass 

and Carbon short fibers; it is shown that for Carbon fibers when the tip-to-side distance of short fibers is between 0.4 and 

6, the effective Young’s modulus obtained from the multi-fiber model is higher than both the Young’s moduli from the 

single-fiber model and that of the classical MT MFH. 

 

Fig. 6. Variations of the effective axial Young’s modulus of Glass and Carbon SFRC with 13% volume fraction versus tip-to-side distance of short 

fibers in both multi-fiber and single-fiber models. 
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Next, the results are shown again for a much higher volume fraction, where the interaction effects are expected to be 

much higher. Variations of the effective axial and transverse Young’s modulus of both Glass and Carbon SFRCs with 

volume fraction of 31% and aspect ratio of 20 (fiber length of 200 μm) for different packing configurations are illustrated 

in Figs. 7(a) and 7(b), respectively. Moreover, effective Young’s moduli predicted by both single-fiber and multi-fiber 

models are demonstrated. The effective properties predicted by the current enhanced MFH incorporating modified 

Eshelby tensors show very good agreement with the results of FE analyses. It is realized that for both Glass and Carbon 

SFRCs with wtip/wside less than 10, the effective axial modulus of the considered RVE is greater than that estimated by 

classical MT MFH with either the same fiber length or the same aspect ratio of the ellipsoid approximation; for Carbon 

short fibers, when the fibers have almost equal side and tip distances, the effective axial Young’s modulus is 32% and 

20% greater than classical MT estimate with same fiber length and same aspect ratio of the ellipsoid approximations, 

respectively. Furthermore, for lower fiber/matrix stiffness contrast (Glass fibers), the effective axial modulus based on 

the considered multi-fiber RVE with 1<wtip/wside<10 slightly differs from that of the single-fiber model with wtip/wside=1 

while for higher fiber/matrix stiffness contrast (Carbon fibers), there is considerable difference between predictions of 

the multi-fiber RVE with 1<wtip/wside<10 and that of the single-fiber model with wtip/wside=1. On the other hand, the 

effective transverse Young’s modulus of Glass and Carbon SFRCs would be, respectively, around 10% and 7% higher 

than that estimated by classical MT MFH. The predicted effective Poisson’s ratio’s of the Glass and Carbon SFRCs are 

demonstrated in Figs. 7(c) and 7(d) where it has been shown that classical MT overestimates the axial and transverse 

Poisson’s ratios of both Glass and Carbon SFRCs. The transverse Poisson’s ratio of the assumed Glass and Carbon 

SFRCs is at least 12% and 7% smaller than the classical MT estimate, respectively.  

    
(a) (b) 
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Fig. 7. Variations of the effective properties of Glass and Carbon SFRC with 31% volume fraction for single- and multi-fiber models against tip-to-

side distance of fibers: (a) axial Young’s modulus, (b) transverse Young’s modulus, (c) axial Poisson’s ratio, and (d) transverse Poisson’s ratio. 

Results of FEM simulations for several distinct cases pertinent to the multi-fiber model are provided. 

 

4.2.3 Effects of aspect ratio of the short fibers 

In order to study the effects of aspect ratio of short fibers on the effective properties of highly interacting SFRCs, the 

effective longitudinal Young’s moduli corresponding to 31% volume fraction of both Carbon and Glass short fibers with 

different aspect ratios are studied by the introduced enhanced MFH with second-degree homogenization of the multi-

fiber RVE as well as FE simulations. Two different configurations for the short fibers are assumed and results for both 

configurations are compared with those of identical FE simulations and MT predictions. In the first configuration, short 

fibers are considered to have equal side and tip distances (wtip/wside=1). In the second configuration, tip distance of the 

short fibers is supposed to be a relatively large value equal to wtip=6.5𝐷௙ for all of the examined aspect ratios; there are 

lack of information in the literature about fiber distancing in SFRCs and therefore, this value is only chosen as to be 

representative of relatively large tip distance of the fibers. 

In Figs. 8(a) and 8(b), variations of the effective axial Young’s modulus of, respectively, Glass and Carbon SFRCs 

with 31% fiber volume fraction evaluated by the current enhanced MFH for the two different configurations are illustrated 

and compared with estimates of the well-known MT MFH. Results of FEM simulations for the same multi-fiber models 

are also provided for both Glass and Carbon SFRCs in Figs. 8(a) and 8(b), respectively, and good agreement between the 

predictions of enhanced MFH approach using second-degree polynomial homogenization and results of FEM analyses is 

achieved for both Glass and Carbon SFRCs. It can be observed in Fig. 8(a) that for Glass SFRCs and packing 

configuration of wtip=6.5𝐷௙, classical MT with same aspect ratio generally overestimates the effective axial Young’s 

modulus of the considered multi-fiber RVE and, in this configuration, classical MT with same fiber length gives better 

prediction of the effective axial modulus. However, for the packing configuration of wtip=wside classical MT with same 

aspect ratio overestimates the effective axial modulus only for aspect ratios larger than 40 while it underestimates the 

effective axial modulus for aspect ratios between 20 and 40. In contrast, for Carbon short fibers with aspect ratios between 

(c) (d) 



22 
 

20 and 50, for both of the fiber configurations the effective axial modulus of the SFRC is larger than MT estimates. The 

maximum difference between the results of the enhanced higher-order MFH and MT MFH with the same fiber length 

occurs for the aspect ratio of 20 and is around 32% and 25% for the two configurations of wtip/wside=1 and wtip=6.5𝐷௙, 

respectively; the differences are calculated with respect to the accurate result of the enhanced MFH. For the aspect ratios 

larger than 60, the effective axial modulus of the Carbon SFRC lies between the two different MT estimates with the 

same length and same aspect ratio of the fibers. These variations reveal that for Carbon SFRCs when fiber aspect ratio is 

less than 60, classical MT with same aspect ratio can better predict the axial modulus of the composite while for aspect 

ratios more than 70, classical MT with same fiber length gives better prediction of the effective axial modulus.  

   

Fig. 8. Variations of the effective axial modulus versus fiber aspect ratio for (a) Glass SFRC, and (b) Carbon SFRC, with 31% fiber volume fraction 

and different configurations of wtip/wside=1 and wtip=6.5𝐷௙ compared to FE results of identical models as well as classical MT predictions. 

 

5. Conclusions 

The current paper investigates the effective behavior of SFRCs reinforced with highly interacting short fibers. Novel 

modified Eshelby tensors and enhanced MFH associated with multi-fiber RVE are developed and utilized for accurate 

prediction of the effective properties of SFRCs. It is shown that the presented enhanced MFH incorporating the introduced 

modified Eshelby tensors remedies the limitations of classical MFH methods by taking into account the realistic 

characteristics of the SFRC even with highly interacting fibers while preserving the computational efficiency of MFHs. 

Furthermore, the exact cylindrical geometry of the fibers as well as their packing configuration are incorporated. 

Comparisons between the predictions of the current enhanced MFH and precise FEM simulations reveal that the 

developed enhanced MFH provides accurate predictions for the effective properties of SFRCs. By studying both single- 

and multi-fiber models for Glass and Carbon SFRCs with various volume fractions and aspect ratios, it is concluded that 

accurate prediction of the effective properties of SFRCs needs further attention to the fibers’ configuration and that the 

packing configuration of short fibers as well as their interactions have significant effects on the effective properties of 

aligned SFRCs. It is also revealed that for accurate prediction of the effective properties of Glass and Carbon SFRCs, 

(a) (b) 
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non-uniform homogenizing eigenstrains (rather than uniform homogenization) should be taken into account throughout 

the introduced modified Eshelby tensors. In the single-fiber model, effective axial Young’s modulus of aligned SFRCs 

with different volume fractions of 13% and 31% is highly sensitive to the side and tip distance of short fibers. It is shown 

that in the considered multi-fiber RVE with 31% fiber volume fraction and aspect ratio of 20, when the short fibers have 

equal side and tip distances, the effective axial Young’s modulus of Carbon and Glass SFRCs are, respectively, 32% and 

14% larger than the classical Mori-Tanaka (MT) estimate with the same fiber length of the ellipsoid approximations. It 

has been shown that the current enhanced MFH is computationally much more efficient than FE analysis in terms of 

computational time. Therefore, the introduced analytical formulation for the modified Eshelby tensors and the resulting 

enhanced MFH approach provide a robust theoretical framework for accurate and fast prediction of the effective elastic 

properties of SFRCs with any configuration/specification of short fibers which is of particular interest for various 

industrial applications of SFRCs. It is noted that although we have shown that geometrical specifications and packing 

configuration of short fibers can affect the effective elastic properties of the SFRC, they have even more effects on 

composite behavior beyond the elastic regimes. By increasing the load, SFRC shows a highly non-linear behavior which 

is mainly attributed to matrix plasticity and possible fiber matrix debondings. To deal with these inelastic scenarios, one 

may take the advantages of finite element solutions for multi-fiber volume elements which lead to expensive 

computational cost. Another approach which is largely used in practice is to modify MFH methods for matrix plasticity 

simply by enhancing the strain concentration tensor (mainly based on MT approach) of the matrix component. Therefore, 

the current work can still benefit from these modifications while it clearly has a better accuracy in comparison to the 

typical MFH methods. 
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Appendix A. Analytical solution for periodic inclusions with arbitrary eigenstrains 

Associated with a 3D periodic multi-fiber RVE, the displacement and strain fluctuations can be expressed in terms of the 

following Fourier series, respectively (see Shodja and Rashidinejad (2014); Rashidinejad and Naderi (2018)): 
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𝑢௞(𝒙) = ∑ 𝑢ത௞(𝝃) exp(i𝝃. 𝒙)𝝃 ,         (A.1) 

𝜖௞௟
ௗ (𝒙) = ∑ 𝜖௞̅௟

ௗ (𝝃) exp(i𝝃. 𝒙)𝝃 ,         (A.2) 

where 𝝃 is the wave vector of the given periods and 𝑢ത௞(𝝃) and 𝜖௞̅௟
ௗ (𝝃) are the Fourier coefficients corresponding to the 

(yet unknown) displacement and strain fluctuations. Accordingly, the solution for the homogenizing eigenstrains also 

takes on the Fourier series form with the same periods as 

𝜖௞௟
∗ (𝒙) = ∑ 𝜖௞̅௟

∗ (𝝃) exp(i𝝃. 𝒙)𝝃 ,         (A.3) 

where 

𝜖௞̅௟
∗ (𝝃) =

ଵ

଼௅భ௅మ௅య
∫ 𝜖௞௟

∗ (𝒙′) exp(−i𝝃. 𝒙ᇱ) d𝒙′
ஐ

.       (A.4) 

Substitution of Eqs. (A.1) and (A.3) into the equilibrium equation (5) results in the following system of equations for the 

unknowns 𝑢ത௞: 

𝐶௜௝௞௟
௠ 𝜉௟𝜉௝𝑢ത௞(𝝃) = −i𝐶௜௝௞௟

௠ 𝜉௝𝜀௞̅௟
∗ (𝝃).        (A.5) 

By defining the 3×3 symmetric matrix 𝑄௜௞(𝝃) = 𝐶௜௝௞௟
௠ 𝜉௝𝜉௟  and solving the system of equations (A.5), the Fourier 

coefficients 𝑢ത௞(𝝃) can be obtained as 

𝑢ത௞(𝝃) = −i𝐶௣௟௠௡
௠ 𝜉௟𝜀௠̅௡

∗ (𝝃) 𝑁௞௣(𝝃)𝐷ିଵ(𝝃),        (A.6) 

where 𝑵(𝝃) and 𝐷(𝝃) are the cofactor and determinant of the matrix 𝑸(𝝃). Consequently, by substituting (A.6) into (A.1) 

the displacement field is expressed in terms of the Fourier coefficients of the homogenizing eigenstrain field: 

𝑢௜(𝒙) = −i ∑  [𝐶௞௟௠௡
௠ 𝜉௟𝑁௜௞(𝝃)𝐷ିଵ(𝝃)] 𝜀௠̅௡

∗ (𝝃) exp(i𝝃. 𝒙)𝝃 .     (A.7) 

Appendix B. Analytical solution for average functions over the fiber domain for single-fiber 

and multi-fiber RVEs 

For a second-degree polynomial homogenizing eigenstrain of the form 𝜖௠௡
∗ (𝒙) = 𝐻௠௡(1 + 𝛼௦௙(𝑥ଵ/𝑎ଵ)ଶ) within a 

cylindrical fiber with length of 2𝑎ଵ and diameter of 𝐷௙, the average function 〈(1 + 𝛼௦௙(𝑥ଵ/𝑎ଵ)ଶ) exp(−i𝝃. 𝒙)〉ஐ over the 

single-fiber domain required for determination of the modified Eshelby tensor in Eq. (21) can be obtained as 

〈(1 + 𝛼௦௙(𝑥ଵ/𝑎ଵ)ଶ) exp(−i𝝃. 𝒙)〉ஐ =
ଶ ௃భ൬

ವ೑

మ
൫కమ

మାకయ
మ൯

భ/మ
൰

௔భకభ൬
ವ೑

మ
(కమ

మାకయ
మ)భ/మ൰

 Sin[𝑎ଵ𝜉ଵ]  

    +𝛼௦௙
ଶ ௃భ൬

ವ೑

మ
൫కమ

మାకయ
మ൯

భ/మ
൰

௔భ
యకభ

య൬
ವ೑

మ
(కమ

మାకయ
మ)భ/మ൰

(2𝑎ଵ𝜉ଵCos[𝑎ଵ𝜉ଵ] + (−2 + 𝑎ଵ
ଶ𝜉ଵ

ଶ)Sin[𝑎ଵ𝜉ଵ]),  (B.1) 

where 𝐽ଵ represents the Bessel function of the first kind of order 1. It should be noted that the average function 

〈exp(−i𝝃. 𝒙)〉ஐ = 〈exp(i𝝃. 𝒙)〉ஐ associated with a single-fiber can be easily attained by letting 𝛼௦௙=0 in Eq. (B.1). 

For the multi-fiber RVE with the locations and involving lengths of the fibers indicated in Section 4.2, associated 

with the second-degree polynomial homogenizing eigenstrain of the form 𝜖௠௡
∗ (𝒙) = 𝐻௠௡(1 + 𝛼௠௙(𝑥ଵ/𝑎ଵ)ଶ) with 𝑥ଵ 
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measured with respect to the center of each fiber, the average function 〈(1 + 𝛼௠௙(𝑥ଵ/𝑎ଵ)ଶ) exp(−i𝝃. 𝒙)〉ஐ (average over 

all of the fibers within the multi-fiber RVE) required for determination of the modified Eshelby tensor in Eq. (21) is 

derived as 

〈(1 + 𝛼௠௙(𝑥ଵ/𝑎ଵ)ଶ) exp(−i𝝃. 𝒙)〉ஐ = 

ଶ ௃భ൬
ವ೑

మ
൫కమ

మାకయ
మ൯

భ/మ
൰

ଽ௔భకభ൬
ವ೑

మ
(కమ

మାకయ
మ)భ/మ൰

ቀSin[𝑎ଵ𝜉ଵ] + 4Cos ቂ
ଵ

ଶ
(𝑎ଵ − 2𝑡)𝜉ଵቃ Cos[𝑠𝜉ଶ]Sin ቂ

௔భకభ

ଶ
ቃ + Sin ቂቀ

ଷ௔భ

ଶ
− 𝑡ቁ 𝜉ଵ + 𝑠(𝜉ଶ − 𝜉ଷ)ቃ +

Sin ቂቀ
ହ௔భ

ସ
− 𝑡ቁ 𝜉ଵ − 𝑠𝜉ଷቃ + Sin[𝑡𝜉ଵ − 𝑠𝜉ଷ] + Sin[𝑡𝜉ଵ + 𝑠𝜉ଶ − 𝑠𝜉ଷ] + Sin ቂቀ

ଷ௔భ

ସ
− 𝑡ቁ 𝜉ଵ + 𝑠𝜉ଷቃ + Sin[𝑡𝜉ଵ + 𝑠𝜉ଷ] +

Sin[𝑡𝜉ଵ − 𝑠𝜉ଶ + 𝑠𝜉ଷ] + Sin ቂ
ଵ

ଶ
(𝑎ଵ − 2𝑡)𝜉ଵ + 𝑠(−𝜉ଶ + 𝜉ଷ)ቃ + Sin ቂ

ଵ

ସ
(𝑎ଵ − 4𝑡)𝜉ଵ − 𝑠(𝜉ଶ + 𝜉ଷ)ቃ + Sin[𝑡𝜉ଵ −

𝑠(𝜉ଶ + 𝜉ଷ)] + Sin ቂቀ
଻௔భ

ସ
− 𝑡ቁ 𝜉ଵ + 𝑠(𝜉ଶ + 𝜉ଷ)ቃ + Sin[𝑡𝜉ଵ + 𝑠(𝜉ଶ + 𝜉ଷ)]ቁ  
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in which 𝑡 = 𝐿ଵ and 𝑠 = 2𝐿ଶ/3 (note that 𝐿ଶ = 𝐿ଷ for the considered multi-fiber RVE). Subsequently, the average 

function 〈exp(−i𝝃. 𝒙)〉ஐ = 〈exp(i𝝃. 𝒙)〉ஐ associated with the multi-fiber RVE can be attained by letting 𝛼௠௙=0 in Eq. (B.2). 
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