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Abstract An inverse source problem for a non-automonous time fractional diffusion
equation of order (0 < 8 < 1) is considered in a bounded Lipschitz domain in R,
The missing solely time-dependent source is recovered from an additional integral
measurement. The existence, uniqueness and regularity of a weak solution is stud-
ied. We design two numerical algorithms based on Rothe’s method over uniform and
graded grids, derive a priori estimates and prove convergence of iterates towards the
exact solution. An essential feature of the fractional subdiffusion problem is that the
solution lacks the smoothness near the initial time, although it would be smooth away
from ¢ = 0. Rothe’s method on a uniform grid addresses the existence of a such a so-
lution (non-smooth with ¢¥ term where 1 > v > ) under low regularity assumptions,
whilst Rothe’s method over graded grids has the advantage to cope better with the
behaviour at 7 = 0 (also here #P is included in the class of admissible solutions) for
the considered problems. The theoretical obtained results are supported by numerical
experiments and stay valid in case of smooth solutions to the problem.
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2 A. S. Hendy and K. Van Bockstal

1 Introduction

Let Q C R? (d € N) be a bounded domain with a Lipschitz continuous boundary
dQ. The outer normal vector on d€2 is denoted by v. The final time is denoted by
T, Qr :=Q x(0,T] and X7 := dQ x (0,T]. Consider a general second-order linear
differential operator given by

L(x,t)u(x,t) = =V - (A(x,1)Vu(x,t)) + c(t)u(x,1), (1)

where ((x,7) € Or)

The goal of this contribution is to determine the couple {A(¢),u} such that

(f@@ﬁ+@@@ﬂ

“HOSW+ [ Fxsuxs) & x0e0n @
(—A(x,1)Vu(x,1)) - v(x) = g(x,1) (x,t) € Xr,
u(x,0) = ip(x) X € Q,

and the following integral measurement are satisfied
/u@ﬂﬂ:m@. 3)
Q

Here, 8,B u denotes the Caputo derivative of order 8 € (0, 1) defined by

B t(t—s)P .
() xn=a [ LoV mulxs) ~ao] &5, (xnEQr, @)
o I'(1-p)
where I denotes the Gamma function. Unlike to the classical diffusion equation, the
model contains a time fractional-order derivative. This is supported by a macro-
scopic level observation, the diffusion process comes from the random motion of in-
dividual particles, and the use of the first-order time derivative in the canonical model
rests on a Brownian motion assumption. It is shown experimentally that anomalous
diffusion in which the mean-square variance grows slower (subdiffusion) than in a
Gaussian process can give a satisfactory fitting to some experimental data [29]]. The
model as in [6] can be used to handle a setup in a microwave heating process
used in various applications in industry, e.g. in ceramics and in food processing. A
supply of external energy is targeted at a controlled level by the microwave generat-
ing equipment. However, a spatial and temporal variation for the dielectric constant
of the target material is leading to spatially heterogeneous conversion of electromag-
netic energy to heat. This can be due to a source term A(t) f(x) in (2), where h(t) is
proportional to the external energy source power and f(x) is the microwave energy
local conversion rate. It is noticed that this spatial variation of absorbing material has
no high effect on the thermal diffusivity, this is reasoned to another material at higher
concentration. There is a high demand to mention that the temperature is not so high
that temperature dependence of the dielectric constant is important, as in thermal run-
away studies [33]). If u(x,7) denotes the concentration of the absorbed energy in this
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model, then its integral over all volume of the material determines the time depen-
dence absorbed energy. The above inverse problem mentioned here for such a model
gives an idea of how total energy content might have an external control. The integral
condition eq. (3)) arises naturally and can be used as supplementary information in the
determination of the source term. Such type of condition can model various physical
phenomena in the context of many fields [3].

Before starting with discussing the most relevant articles concerning this article,
we note some interesting studies about the recognition of the space-dependent part
of the source for fractional equations, e.g. [[17,6,53/150,37,52,149//41]]. Identification
of the time-dependent part of the source term in a fractional diffusion equation as-
suming various boundary conditions and additional measurements has been studied
in [36,51[10,38]. The well-posedness of the problem in a one-dimensional setting
with nonlocal boundary conditions, F' = 0 and a measurement in the form of integral
over the domain is studied in [6]. In [17] the problem is addressed assuming the unit
square domain and a nonlocal boundary condition. In [S3] the authors studied the
recognition of the space-dependent source in a 1D case from final data; a numerical
scheme based on a local discontinuous Galerkin method is investigated. In [50,37] the
problem is assumed for the fractional diffusion equation with only space-dependent
coefficients, uniqueness is proven and a regularization method is applied. In [52]] the
authors proposed the Landweber regularization technique for the backward problem
in a fractional diffusion equation. The Tikhonov regularization method is applied on
the problem considering a simple fractional diffusion equation in the one-dimensional
case in [49]]. In [38] an ISP for a semilinear time-fractional diffusion equation with
a solely time-dependent unknown source was studied. The existence and uniqueness
of a weak solution for the ISP were proved. The missing source term was recovered
from an integral-type measurement over the domain. A numerical algorithm based
on Rothe’s method was established and the convergence of approximations towards
the exact solution was demonstrated. However, the analysis in this paper gives that
the solution is continuously differentiable on the closed time interval. An essential
feature of the time Caputo fractional subdiffusion problem is that the solution lacks
the smoothness near the initial time although it would be smooth away from ¢ = 0.
The related discussions are referred to [418.2813627]]. Stynes et al [43] showed that
under proper regularity and compatibility assumptions, the one-dimensional subdif-

fusion problem O,B u — puyy + c(x)u = f(x,t) with homogeneous Dirichlet boundary
condition has a unique classical solution, and there exists a constant C,, such that

W' (1) < C,(1+1P7%), 0<r<T. (5)

In [18] Section 6.1], this result is generalized to the case  C R? for d € {2,3}. A
rigorous numerical analysis of time fractional nonlinear parabolic partial differen-
tial equations, with fractional derivative of order o € (0,1) in time is presented in
[9]. A complete solution theory is done for the time fractional nonlinear parabolic
partial differential equations with a Lipschitz nonlinear source term. Nonetheless, as
pointed out by [41/8,30,31]], most of existing works on L1 or high order L1-type ap-
proximations of the Caputo fractional derivative assumed that the solution is smooth
at the initial time ¢ = 0. The corresponding error estimates are always restrictive since
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often the solution does not have the required regularity. The Rothe’s method in [38]
was based on a compatibility condition between the initial data, sources and boundary
condition, and so the corresponding error estimates are also restrictive. More recently,
the authors in [8/43]] analyzed the L1-formula on graded time grids by taking into ac-
count the initial singularity in the Caputo’s fractional subdiffusion problems. They
obtained the error estimate under the regularity assumption (3) by using the discrete
maximum principle and direct analysis of the local truncation error with the basic
assumption
T-1 ST, 2<isn,

where n is the number of time discretization intervals. This assumption has a reason-
ableness because graded meshes that concentrate the grid points near ¢ = 0 would be
necessary to recompense the lack of smoothness there. With the aid of the discrete
fractional Gronwall inequality and the global consistency error analysis, a sharp error
estimate reflecting the regularity of solution is obtained for a simple L1-scheme [22].

The added value of this paper focuses on the global (in time) solvability of the
ISP 2)-(3) under low regularity assumptions and in the proposition of two approx-
imation schemes based on different approximations of the Caputo fractional deriva-
tive. We formulate again the ISP for both schemes into an appropriate direct (non-
local) formulation following the approach in [38]] for one of them and graded L1-
approximation in the other scheme. We propose an interesting variational technique
based on elimination of A(¢) from ) by (3). The first proposed numerical scheme
is based on a semi-discretization in time by Rothe’s method (cf. [[11.34]) by follow-
ing the considered uniform mesh approximation in [38]. We show the existence of
approximations at each time step of the time partitioning and we derive suitable sta-
bility results. Using a recent result of Van Bockstal [45,/46] for the forward problem,
we show how to establish the existence of a unique solution under lower regularity
assumptions than in [38]]. We show that the solution is continuous in the time frame,
which takes also into account non-smooth solutions of the form ¥ with y € (8,1).
Afterwards by following the benefits of graded times grids, we also propose a semi
discretization in time by Rothe’s method based on the graded L1-formula. In terms
of the graded Rothe scheme, we derive also the stability results and show the con-
vergence of approximations in suitable function spaces assuming that the solution
satisfies the bounds (3). This approach has the advantage to cope better from numer-
ical viewpoint with the behaviour at # = 0 in case of non-smooth solutions for the
considered problems (d,u blows up as t — 0™). Finally, we present several numerical
examples supporting the obtained convergence results in both uniform and graded
mesh schemes.

Remark 1 (Additional notations) We denote by (-,-) the standard inner product in
L?(Q) and by ||-| its induced norm. The norm |-|, denotes the Euclidian norm. The
space L}, . consists of all functions that are integrable on any compact subset of their
domain of definition. Consider an abstract Banach space X with norm ||-||. Its dual
space is denoted by X*. Let p > 1. The space L” ((0,T),X) consists of measurable
functions u : (0,7) — X such that

T 1/p
||UHLP((O,T),X) = (/0 HM(Z‘)H;} dI) < oo,
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The space C ([0,T],X) consists of continuous functions u : [0,7] — X satisfying

llulleqo,ryx) = max, lu(@®)llx <.
The space L™ ((0,T),X) consists of all measurable functions u : (0,7) — X that are
essentially bounded. The values C, € and C; are considered to be generic and positive
constants (independent of the discretization parameter) throughout the paper, where €
is arbitrarily small and C; arbitrarily large, i.e. C¢ =C (1 +e+ é) . The same notation
for different constants is used, but the meaning should be clear from the context.

Remark 2 (The regularity of m determined in terms of u can be of the assumed regu-
larity (5)) In comparion with [43]], we consider an additional term [ F (u(s)) ds in the
problem (2)). We show that the solution u to the corresponding forward problem has
the assumed regularity (3) in the special case that F is linear in u. We take Q = (0,/)
with 7 > 0 and F(u) = —u, i.e.

(8t5u> (x,2) + (Lu) (x,1) = f/otu(x,s) ds (x,t) € Or,
W (0) = (1) =0 (x,1) € Zp, ©)
u(x,0) = dp(x) XeQ,

where
Lu = —puy+cu, p,c>0.

We use the Fourier method (separation of variables) to construct the solution to @,
cfr. [27]]. Prescribing a particular solution of the form u(x,t) = X (x)T (¢) leads to the
following fractional differential equation

!
(afT) (t)+/1T(z)+/ T(s) ds=0, te(0,T), 7
0
and the eigenvalue problem

(LX) (x) =AX(x) x€(0,0) ®)
X'(0)=X'(I) =0,
where A is the separation constant. Since the operator L is symmetric and elliptic, it
follows from the Sturm-Liouville theory (see e.g. [47]) that there exists a sequence
of eigenvalues {A;} satisfying 0 < A; < Ay < --- with corresponding orthonormal
eigenfunctions {X;} such that the couple {A;,X;} is solving problem (8] for any i € N.
Next, we solve problem (7) for A = A; by using the Laplace transform method. We
obtain that
Zﬁ
P A+
From [16, Lemma 5], it follows for i € N that
= e (AR
T;(t) = ¢ 2
’ ’k§0k§0F(sz+k1(B+1)+1)

Z[T(0)](2) 7;(0), ieN.

tkaB+ki (B+1)
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oo [ LB
= 6551:0;0 P =2t |
[LB+1,B]:;

where S represents a generalization of the Kampé De Fériet series [42]]

[(@),(6), (9)]:[(b), (W)]; [(&'), (¥)]

21,22

[(c),(8), (e)]:[(@),(m)]:[(d"),(n")]
% o T+ k8 + k@) T T(b+ ki y)) B LW +hky)) ik
om0 TI5_1 T(cj+ ki &) +kog)) TI7 T (dj + k) TTZ, T (d) + kam)) K tha!

A:B:B

c:D:D'

Hence, the solution to problem () is given by

N (1,1,1]3;
('Zo,Xi)Xi(x)S:;&Z (Pl QP
[L,B+1.B]::

and it is absolutely convergent as [42] Eq. (3.10)] is satisfied, i.e.

™

Il
=

u(x,t) =

1

lu(x,t)| <C, (x,t) € Or.
Moreover, we have that
o o ki +ko+1
(_)“i)kz( 1k2+21 )
1=0]¢2=0F(kZl3 +k1(.3 + 1) +ﬁ)
2,1,1]3:[1,1]

tk2ﬁ+k1 (ﬁ+1)

du(x,t) = —

™

Il
—

(i1, X;) Xi (x) At P!
k

14

1:0:1
1;0:1

B,B+1,B];::[2,1]

B QP

)

=—1P71Y (0, X) Xi(x) i
i=1

and therefore
|Qu(x,1)| <P, (x,1) € Or.

Repeating this procedure, we conclude that the regularity (5) on the solution to prob-
lem (@) is a reasonable assumption.

2 Weak formulation

First, we state the assumptions on the data functions in the differential operator
eq. (I). The matrix A = (a;;(x,1)) is a d x d matrix-valued function such that A €

L>(Qr):= (L~ (E))dﬂi is uniformly elliptic, i.e. there exists a constant o > 0 such
that

d
Y aij(x,0)&¢&; > o|E[*, foraa. (x,r) € Qr and forall & € RY. )
ij=1
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Moreover, we suppose that ¢ € L*([0,T]) such that
c(t) =20, t€10,7T].

We associate a bilinear form . with the differential operator L defined in eq. as
follows

ZL(1) (ut), @) := (Lu, @) = (A(t)Vu(t), V@) +c(t) (u(1), 9),

with u(t), ¢ € H'(Q). Using the properties above, there exists a positive constant C
such that

f(t) (”7‘!’) < CH””HI(_Q) ||(p||H1(,Q) , Yu,@ € H' (9)7 (10)

and
ZL(1)(9,0) > a|Ve|*, YoeH(Q). (11)

Further, we rewrite the Caputo fractional derivative defined in eq. (4)) as follows

(afu) (x,0) = O (k% (u—i0)) (x,1),  (x,1) € O,

with
k a 0
(t) ra—p) t>0.
The symbol ‘x’ stands for the convolution product defined by (k*z) (t) = [ k(t —
5)z(s) ds. The singular kernel k € L!(0,T) satisfies k() > 0 for ¢ > 0. Moreover,
dk €L} (0,T) with d;k(¢) < O for all # > 0. Finally, we note that k is strongly positive
definite as also dyk(r) > 0 for all > 0 [33] Corollary 2.2].

Now, we want to obtain an expression for the unknown source function 4 in terms
of the unknown function u and the data. Using the measurement (3)), we integrate
the partial differential equation (PDE) in over the domain 2 and we apply the
Divergence Theorem to obtain that

(esm)(0) + fr-g(x.1) c1x+c(t)m(z)—/Q (/()’F(x,s,u(x,s)) ds) dx
)= Jo f ) dx (12

where we have assumed that
| 7% ax 20
Q

and that the measurement m is absolutely continuous in the time-variable. Note that
at this position we need the Neumann boundary condition and the assumption that
the coefficient ¢ in eq. (I)) is solely time-dependent as we are not able to obtain the
uniqueness of a solution to the ISP when u is not integrated over time in the ex-
pression for h. The variational formulation of problem (2)-(3) can now be defined as
follows:
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search {h,u} € L*(0,T) x L* ((0,T),H'(Q)) with
Ay (k* (u— dig)) € L2 ((o,T)7H})(Q)*)
such that for a.a. r € (0,T) it holds that

(@ (kx (= 0)) (1), @ oyt ) +Z 1) (). 9)

(1) (f.0) + ( [ Ftsuts) dw) (gt 9)r, VpeH'(Q), (13)

with A(r) given by (12).

3 Existence of a unique solution

The existence of a solution is shown by the aid of Rothe’s time-discretization method.
The time interval [0,7] is divided into n € N equidistant subintervals [r;,_;,7] with
length 7 = % < 1. The approximation of a function z at time t =1¢;, 0 < i< n, is
denoted by z;. The same notation is also used for any given function. Moreover, we
approximate the time derivative at time #; by the backward Euler difference, i.e.

2 — Zji— .
dz(t;) = 8z == Tl Lo1<ign

Finally, the time discrete convolution is defined as follows
i
(k#z)(t) = (k*2)i ==Y kip112T. (14)
=1
We define
(kxz)p:=0. (15)
From [40, Lemma 3.2], it follows that for a sequence (v;);cy in H' () it holds
that

J
(6(k*v),-,v,->H1<Q)*XH1<Q)T = Z (8(k=*v)i,vi)T

1 i=

o8

1

1J
> (kx|v)?) += Y kilvil*t, jeN, (16
(ke MIP) 3 DIl e, jeN. a0

N —

with

J
(ks IM1P) = Y ks Il .
=1

J

The following crucial relation holds true

S(kxu); = kiiig + (k* du);, i>1. (17)
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We approximate problem (12)-(T3)) at time # = #; as follows: Find #; € H' () and
h; € R such that for all ¢ € H'(Q) it holds that

<(k* 6”)[, (p>Hl(Q)*><Hl(.Q) —‘r.,%(l/li, (P)

(Z (tr,u-1)T (P> — (8, @), (18)

with

=1

Jo f(x) dx

Note that (k+m’); can also be approximated for i > 1 as

(ke )i+ [ gi(x) dx—i—cl-m,»—/g <iF(x,t,,u,_1(x))c> dx
h; = (19)

i i—1
(kxm')i = (kx8m); = Y kip1—16mT = kym; —kimo+ Y 8ki_jsymyT. (20)
=1 =1

The system (I8)-(T9) is decoupled. First, for given i = 1,...,n, we determine /; from
(19) and afterwards we solve the elliptic problem (I8). Using the time discrete con-
volution (T4)), the discrete problem (I8) can be equivalently written as

ai(ui, ) = (F,0), Vo eH'(Q), 1)
with

ai(uia (p) = k(T) (I/li, (P) +‘>§/pi(ui7 (p)
and

]

(Fi,p) = (Z (tr,u—1)T <p> —(89)r

+k(7) (i1, 9 ka 1w —u-1,9). (22)

The uniform boundedness of A; and |[u;|| @) is crucial in the existence proof later.
These results are established in the next lemmas. We need to assume that eq. (I2) is
well-defined at t = 0 and we consider

(kxm')(0) + Jr go(x) dx+como
Jo f(x) dx

Note that (k+m')(0) is not necessarily equal to zero or well-defined for m € C'((0, T])
as the following example shows: when m(t) = ¢¥ with y € (0,0), we get that

ho = cR. (23)

Bty
(k') (1) = {nﬂﬁf 7P
rg+y  r=4
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and
0 v>B,
(k') (0) = lim(k#m') (1) = T (B+1) 7=,
oo Y<B.

In the next lemmas, we put conditions on m such that (k+m’); is uniformly bounded
and (k*m')(0) = 0, respectively. We note that the existence of a unique solution on
every time step follows from the Lax-Milgram lemma and it is stated in the following
lemma.

Lemma 1 Assume that iig € L*(Q), f € L*(Q) with [, f(x) dx # 0, F be globally
Lipschitz continuous in all variables and g € L* ((0,T),L*(I")). Moreover, assume
m € CY((0,T)) satisfying

al
‘&Zl(t) SC(L+1""Y for1=0,1, andfor0<t<T;

withy € (B, 1) fixed. Then, foranyi=1,2,...,n, there exists a unique couple {u;, h;} €

H'(Q) x R solving (T8)-(T9).
Remark 3 Note that under the conditions on m in Lemma 1} we have that (k*m'); is

uniformly bounded as

| (ks m') |<CZk,+1 (14Dt

/ i—s)7P ds—|—C/ ) P51 ds

<C (T"ﬁ +TH*) .
Moreover, we have that

t
lim | (k <Cli t—s) P(1+s7") ds<Clim (' P+ B) =0.
lim|(k«m)(6)] < Clim [ (=) (1457) lim (¢ 4177

The following lemmas are required to ensure the existence of a solution to (12)-
(T3) and to prove the convergence of approximations towards this solution. The first
lemma follows the lines of |38, Lemma 3.3]. Therefore, we omit its proof.

Lemma 2 Let the assumptions of Lemma [l| be fulfilled. Then, positive constants C
and Ty exist such that for and T < 1y and every j = 1,2,...,n, the following relations
hold

J J
2 2 2
(ke llalP) + Yokilll® e+ Y il gy 7< € |l <c
i=1 i=1
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Lemma 3 Let the assumptions of Lemma |l| be fulfilled. Assume that iy € H'(Q),
AT =4, 9A € (L=(07)", (1) = & > 0 fort € [0,T), and dyc € L=(0,T). More-
over, assume that eq. is satisfied with (k*m')(0) = 0, i.e. m € C'((0,T]) and
gecC! ((0,T],L2(F)) satisfying

i
%(,) <C(1447) for1=0,1 andfor0<t<T:  (24)
’(k*m')’(l)’ gC(l+t7—B—1) f0r0<t<T; (25)
i
‘ Lf([) < C(l +t7_l) for [ = 0,1 andforO <t<T,; (26)
ot L2(I')

with v € (B, 1) fixed. Then, there exist positive constants C and Ty such that for every
j=1,2,....,nand T < 19, the followings relations hold true

J
[ e +Z|qu uicilg)<C and Y |ShiT<C

i=1

Proof We set ¢ = 8u;7 in eq. and sum the resultup fori=1,...,jwith I < j <
n. We obtain that

["J\

J
_1 ((k*Ou)i, Oui)y (@) H.(Q)TJrg.,fi(uiﬁui)T

hi (f,8u;) T—i—Z(ZF (t,u-1)7, 5u,>r—

1 i=1 \/=1

M\.
M\.

(gl', 514,')1— T. (27)

i 1

i

The positivity of the first term on the left-hand side (LHS) follows from [39] Eq. 3.2].
Taking into account the symmetry of A, we have that

1
(A;Vu;, Vou;)t =5 (A Vi, Vuj) — > (ApViig, Viig)

M\.

1

N\ —
™M=

(3A Vu, 1,Vu, 1)

i=1

+

N —
™M=

(A,'(VM,' — Vui_1)7Vu,- — Vu,'_l) .

i=1

It follows from Lemma[2] that

™~

(A;Vu;,Vou;)t HVMJH —CH+— ZHVM, Vu;_ 1H
1

I

Analogously, we get that

ci(u;, 0u;) T H”JH —C—I—COZHM, ui ||

'l"l\-
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Note that we don’t obtain information about du; from the terms on the LHS of
eq. (27). The terms on the right-hand side (RHS) of eq. can be estimated by
using the following per partes formula: for any sequences of real numbers {z;}7_,

and {w;}/_,, it holds that
j
ZZi(W:’ — w,-_1) =Zjwj—20wWo — Z W[—I(Zi - Zi—l),
i=1 i=1

Thus for the first term on the RHS of eq. (27), we have that

M\.
M\.

ht(f75u)r_ '(f7uj) hO(fv”O)

1 i

hi (f,ui—1) 7. (28)

1

First, we derive a bound on 8A; by applying the §-operation on eq. (19). We obtain
that

5(k>(<m’),—|—jr Sgi(X) dx + 5(6‘,’]’)1,‘) —jﬂ f(X,l,’,ui_l(X)) dx

Oh; = i > 1.
' T F(x) dx !
We use the mean value theorem and (24126) to obtain for i > 2 that
|8(kxm')i| <C(14+47 P71,
—1
188ill 2y <€ (1+671),
|5(c,-m,-)| = \m,-5c,-+c,-_15m;\ < C(l +tl):1) .
Moreover, we have as 7 < 1 and y € (3, 1) that
Slerm)| = Al 0ty gty < oo,
|8(kxm'),| = [kym]| < C (1*5 +7:7*ﬁ*1> <ct !,
lg1 — 8ol _ _ ~
I1881llp2ry = =—F— <C(z "oy <o
Therefore, we have that
|8h1| < C+Cllio|| +Ct 7, 09)
8| < C+Cllu||+Ci’ )+ P~ iz,

Therefore, using that 1Y~ !,7~F~1 € L1(0,T) and Lemma we see that

J

Z faMIIT

T(Shl f,bt() +Z§h faul l)

i=2

J
<c+Cy (1 i1+ + ) a2
i=2
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j1
<C+CY) (tl-y*l —i—t,-yfﬁfl) i |* 7.
i=1

Hence, from eq. (28), using Lemma 2] we obtain that

J

Z f76ul

j—1
<G+ wP+C X (77 7P il
i=1 i=1

For the second term on the RHS of eq. (27), we deduce by the Lipschitz continuity
of F and Lemma[2] that

i <2F(t17u1_1)1,5u,->

i=1 \I/=1

e

(F(tiui—1),ui-1)7T

(iF(l‘],ul_l)T,uj> —

=1 i=1

< Coy + ol

Using the conditions on g and the mean value theorem, we have that

~.

(gi,6ui)r T

M\.

(gj7 ) gOy“O Z 581,’41 1

i=1 i=1

j
2
<SGt & H”J'HHI(Q) + 161 [l {|uol| 7+ Z‘é||5gi||L2(r) luiallzry T
=

Cg3 +83Hu]||Hl +CZ l+t )”ul IHL2 T

C£%+83HMJHH +CZIY7 H“tHH‘(Q

Collecting all the estimates above, we arrive at
¢o 2 o 2
(§-e-eamen) Jull+ (3 -ex) I
G0 ¢ 2 0y 2
+t> Y llui —uia |7+ 2 Y (IVui — Vi ||
i=1 i=1
o I B-1 2 ot 0
< Cep e +CZ (tzy +tiy ) [ | T"‘Cztiy H”iHHl(_Q)T
i=1 i=1
First, we fix g > 0,i = 1,...,3 and 7 sufficient small such that

j -1
2 2 —1 —B—1 2
HujHHI(Q)—i—ZTHu,-—u,-_1||H1(Q)<C+CZ{(tiy 1) B )HuillHl(mT-

= i=

We apply the discrete Gronwall lemma [2, Corollary 15.5] to conclude the first esti-
mate. The second estimate follows from eq. and the first estimate.
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Corollary 1 Let the assumptions of Lemma 3| be fulfilled. Then, there exist positive
constants C and T such that for every j=1,2,... ,nand T < Ty, the following relation
hold

|| (k* Su); « < C.

HH‘(Q)

Now, we introduce the following Rothe functions

iy t=0,

Uy [0,T] = L2(Q2) : 1+
»: 0.7] (@) {Mil+(t—fi1)5ui te(tiont], 1<i<n

ip t=0
T [0,T] > L2(Q) 115 4™ ’ ,
u te(tio,t], 1<i<m

t€10,1],

_ lip
[0,T] = L*(Q) :1 —
i 0.7] («2) {un(t—r) t€ (tio1,4], 2<i<n.

Similarly, we define kn, L, F, g, My, m', and h,,. Moreover, we define

ol 2 0 1=0
(kxun: [0,7] = L (Q)'tH{(k*u)i1+(t—t,»1)5(k*u),» te(tigt]

Using these so-called Rothe’s functions and eq. (T7), the variational system (I8)-(19)
can be rewritten on the whole time frame as

and
En(t) (f7 1) = (En*ﬁn)(t) ""‘En(t)in(t)

+ (8, (t (/F 8,1y (s dsl) 31

Zn(t) (@n(t),9) = (An(1)Vitn(1), V@) +u(t) (@n(t), @) -

Theorem 1 (Existence)
Suppose that the conditions of LemmaE]are fulfilled. Then there exists a couple {u,h}

to the problem (12)-(13) with

ueC ([o, T],H‘(Q)*) AL= ((0,7),H'(Q)), h € L™(0,T)

Note that

and
I (k* (u— dig)) € L~ ((o,T),Hl(Q)*) :
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Proof The sequence (,)qen is uniformly bounded and 2-mean equicontinuous in
L2(Qr)=L? ((0,T), L? (R2)) by Lemma Hence, from the Riesz-Frechét-Kolmogorov
[20, Theorem 2.13.1], we have the existence of an element

u € L?((0,T),L*(Q)) and a subsequence (iiy, )jen Of (I, )nen such that

@, — uin L? ((0,7),L*(Q)) as [ — oo.

From Lemma [2|and the reflexivity of the space L* ((0,7),H'(2)), we have the ex-
istence of a subsequence (indexed by n; again) such that

#,, —uin L* ((0,7),H'(Q)) as — oo. (32)
From Lemma we obtain that u € L™ ((0,7),H'(2)) and that

T ny
_ ~ 2
/0 [ () — i, ()|t < 5, Y s — 1| < Cy,
i=1
i.e. we have that
iy, — uin L ((0,T),L*(Q)) as [ — oo.

Moreover, Lemma ensures the boundedness of 7, in the reflexive space L(0,T).
Hence, there exists a function /& € L2(07 T) and a subsequence of E,, (denoted by the
same symbol again) such that

By, —h in  L*0,T),
Therefore, for all n € (0,T) it holds that

n_ n
/hn,(t)dt—>/ hi)dr as [ — oo
0 0

This ends the overview of the convergence results that are necessary to prove the
existence of a solution to (12)-(13).

Now, we integrate eq. in time over (0,717) C (0,7) for the resulting subse-
quence to get that

n _
<(k* I/t)nl (n), (P>H1(Q)*><H1(Q) - /0 <ﬁ0kn] (t)3 (P>H1(,Q)*><H1(.Q) dr

[ @0.0a= [0 00w
+/On (/OtFn, (8, 1n,(5)) dS,(P) dtf/on (2, (t)"P)rdt' (33)

We have that ||A,, —Al|_ — 0 a.e. in Or as [ — e and [¢,, —c| — 0 a.e. in [0, 7]
2, —g| — 0 ae. on X7, Fy, = F, ky, — k, m,, — m and
m'y, — m’ in (0,T) as [ — co. It holds that (see [45, Theorem 3.1] by considering
the fol f(t,, B)p(B)dp integrals in the proof as f(1,,,))

as [ — oo. Moreover,

lim
[—yoo

T T
/0 <(k*u)nl(t)’¢>H1(Q)*XH1(Q)C}1_/O <(k*”nz)(t)a(p>H1(Q)*><Hl(.Q)dt‘ =0
(34
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The limit transition of the other terms in eq. is standard and can be done using
the considerations above. Now, we integrate the equation eq. again in time over
n € (0,&) C (0,T). Then, using eq. and eq. , we are allowed to pass to the
limit for [ — oo. We get that

g ¢
| o) ). 0y0 gy 0 = | /"<aok<r>,<p>1 oy a1

+//.$ dtdn//h (f,@)drdn
+// (/Fsu ds(p)drdn // )rdrdn. (35)

Differentiating this relation with respect to £ leads to

£
(ke u)(E), @) et ()" rrt (2) — /0 (@k(2), @)yt () xmt (@) U

¢ ¢
[ 20wn.0a= [C10 G0
o ( [ FGsuts) ds,<p) a- [F0.0pa Go

Hence, as u € L™ ((0,T),H"' (22)), we have that

é{%(k *u)(§), (P>H1(g)*xH1(9) =0,

i.e. (kxu)(0)=0in H'(2)". Moreover, differentiating eq. with respect to & (and
replacing & by ) gives that u is satisfying

(@1 (k% 1) (1) — K(0)ii0, Py ) ) + -2 (1) (ul0), )
= h(r) (f.9) + ( [ st dw) ~(5(0).9)r. VpeH'(Q). (37)

i.e. the couple {h,u} solves eq. (13). Next, we show that u is continuous in the time
variable with values in H' (). Since 9, (k% u) (1) — k(t)ito = 0, (k* (u — iip)) (¢) and

(ks (u—1ip)) (0) = 0 in H'(R)", integrating eq. (37) in time gives that (k * (u —
iio))(1) is absolutely continuous with values in H'(€2)". Note that g(¢) = % sat-

isfies g *k = 1 and thus
(g0 (kx(u—1p)))(t) = (gxkx(u—1ip)) (t) =u(t) —ido in HI(Q)*.

Therefore, applying this convolution operation on eq. implies that u is continuous
in time and thus u € C ([O, T],H! (.Q)*>

Next, we make the limit transition in the measured problem. We integrate eq. (31)
in time over (0,7n) C (0, T) for the resulting subsequence to get that
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m_— n_ -
(f,l)/0 hn,(t)dt:/o (k”[*m/nl)(t)dt—i—/o T, (1) (1) dt
+/On (gn,(t),l)rdz_/on (/(:F,,l(s,lln,(s)) dS,1> dr. (38)

For the first term on the RHS of eq. (38)), we use Young’s inequality for convolutions
to obtain that

n o__ _ _ _
/0 ([kn, —k)*m'nz)(f)df‘ < Hknz _kHL'(O,T) ||m/”lHL'(O,T) S CHknz —kHL‘(o,T) —0

and

! kx [m! ! dt| < Cllm, / 0
) ( *[mﬂlfm])([) \CHmW*mHLl(O,T)H
as [ — oo, Hence, passing to the limit [/ — oo in eq. and differentiating the result
with respect to 1 gives that {h,u} solves problem eq. (12). From eq. it fol-
lows that 2 € L*(0,T) and hence 0, (k* (u—iip)) € L ((0, T),H! (Q)*) considering
eq. (I3). This concludes the proof.

In the next theorem, we establish the uniqueness of a solution under an additional
assumption on F'.

Theorem 2 (Uniqueness)

Suppose that the conditions of Lemma |3| are fulfilled. Moreover, assume that F is
linear in u, i.e. F(x,t,u) =9 (x,t)u with ;4 € L”(Qr). Then there exists a unique
couple {u,h} to the problem (12)-(13)) with

ueC ([o, T],Hl(_(z)*) AL® ((0,7),H'(Q)), h € L*(0,T)
and

ok * (u—iig)) € L™ ((o,T),H'(Q)*) .

Proof The existence of a solution follows from Theorem[2] Now, we prove the unique-
ness of a solution by contradiction. We suppose that two solutions {/;,u;} and
{ha,uz} solve problem (12)-(13). Then, the differences h:=hy —hy and u :=u; —up
are satisfying

(@ (k) (1), @ 0y st ) +Z ) (). 9)

— W) (Fop) + ( [ 6puts) as, <p> . YpeH'(Q). (39)

([ ous) as1)

(f:1)
Integrating eq. with respect to time over ¢ € (0,1) C (0,T), taking ¢ = u(n) and
integrating again over n € (0,&) C (0,T) give us

and

h(r) =

(40)
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/é((k*u) dn+/ / 2 (n))drdn

—/ (/h ) dn+/ (/ /% s) dsdr,u(n ))dn. (A1)

The first term on the LHS of eq. is positive as k is a positive definite kernel.
Using integration by parts and AT = A, we get that

/j (/O"A(t)vu(t)dr,vu(n)> dn—( (&) V Vu(s ]/05 vu(,)d,)
2/ (/ (r)dr, dhA(m )Uonvu<s)ds])dn
([ a0 [ [ vuto) o] a [ vutr 0 ).
Hence, using eq. (TT) and the £-Young inequality, we get that
[ ([ w9t avam ) an
o] | o

>(“ £
) 1

Similarly, we obtain that

[ (" ctomtautm) ) an
> (620—82) /Oéu(t)dt

3
_c, /0
From eq. (0), using partial integration, it follows that

401 = |5 | (= awto) ([ ) a9 [uo) @)

< CH/O u(s) dsH, fort € 10,7T]. (42)

2

8]

/Onu(t)dt‘ dn.

Hence, using the &-Young inequality, we estimate the first term in the RHS of eq. (41)

as follows
()]
=]—/0 win) ([ ) )dn+(/fh<r>dr
<c83/ I \dt+C/ H/

IUA <f,z<r>>dr)\
/5

u(t)dt
0

dn + &
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/Ogu(t)dt

The second term on the RHS of eq. (41) can be handled as follows

([ [ wouts) asavatm) ) an

L asn(fomysosnfars foe)o
</ [ /‘W </ u(t) >ds+§€()/ol (S)ds}dt,/ogu(;)dzﬂ

<cg4/;j 2 /Oéu(t)dt 2

dr+ €4
Therefore, it follows that

(3)—62—83—84> H/ju(t)dtHz—k(;—&) H/jVu(t)dt 2

< C€1.2.3A,4

2

@ ¢ 2
< Cg3/ dt+ &
0

t

u(s) ds
0

Fixing &;,i = 1,2,3,4 sufficiently small such that & < % and &+ &+ & < %0, and

applying the Gronwall argument, we obtain that foé u(t)dt =0ae.in Q forall £ €
(0,T). Differentiating with respect to & gives that u = 0 a.e. in Qr. Moreover, from
eq. (42)), it follows that A =0in (0,7T).

Remark 4 The convergences of Rothe’s functions towards the solution have been
shown for a subsequence in Theorem [I} Taking into account the uniqueness of a
solution, we obtain that the whole sequence of Rothe’s functions converge against
the solution.

Remark 5 The results of Theorem [T]and Theorem [2] stay valid if the conditions (24}
@ are replaced by (with C1,C, > 0 and at least one of these constants non-zero)

al
‘8’?(0 <C +Cot" ! for/=0,1 andforO<t<T;
\(kxm') (1)) < €1+ Cor?7 P! for0 <t <T;
Hatl <C1+C2t7_] for/=0,1 andforO<r<T.

Hence, the obtained results stay valid if the measurement m belongs to C2([0,T]),
which can be possibly caused by the properties of the functional F.

In the next section, we extend the class of admissible solutions to non-smooth
solutions containing a r-term. We here first introduce a novel approach in which we
construct the Rothe discretization based on nonuniform meshes. This novel approach
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will be more adequate to deal with the singularity near (+ = 0) which is the main
theme of time Caputo fractional derivative of order 0 < 8 < 1 due to its singular
kernel.

4 Rothe time discretization based on graded meshes

First, we introduce the L1- approximation of the Caputo fractional derivative. It is
given by

B d -

OD?/M_WZ% k( ”kfl)‘f'Qj (2 ﬁ Zb] kit + 0

where
ai=(i+1)""P—i-P

and

bj=aj—ai—1, by=ay andb;=—a;_;.

If u € C?([0,7]) then max; < j<, |Q/| < CT>7P, see [44, Lemma 4.1] or [23| Eq. 3.3].
Note that the smoothness of the initial condition in (2) and the forcing term F in the
r.h.s. of the governing equation (2)) doesn’t always imply the smoothness of the exact
solution. This leads to some loss of accuracy in the approximation of the Caputo
fractional derivative, that is max;¢j<n |Qj f < ctP [43].

Now, we consider a graded time-partitioning of the time frame [0,7]. We set
tj=T(j/n)" for j=0,1,...,n, where the constant mesh grading r > 1 is chosen by
the user. If » = 1, then the mesh is uniform. We put 7; :=¢; —¢;_ for j=1,...,n
If u is absolutely continuous in the time variable, then the L1-approximation on the
graded meshes to the Caputo fractional derivative of order 8 € (0, 1) at the node #; is
given by [31132/54]

Pu ti Ju(s)
ﬁ l‘*t-i 0 aS glfﬁ(ti_s) ds
Nz“"“’ " i) dst O 43)
11—
Z (w—ur—1)+ Q'

where Q' is the truncation error, the kernel s (t)= %, and the coefficients d;; can
be evaluated by

glti—ti1)—g plti—t
G 2 plti—ti-1) — g p(t 1)7 I<i<i 44)
, Tl
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-B
Note that @; ; = % for i =1,...,n. Further, we define

aﬁu U

D u; . Za,l uy—uj_ 1 Zai715um. (45)
8tﬁ =
These coefficients are also sometimes denoted by d;_; in literature, see e.g. [22]]. The
coefficients d;; are positive for 1 <i < j. The integral mean-value theorem implies
that the non-uniform L1 coefficient satisfies [22] Eq. (2.3)]

dig1 <giplti—t1) <ay, 1<I1<i, (46)

i.e. d;;is increasing for i = 1,..., j, which also implies its concavity. We can rewrite
the discretization eq. (43)) as

i—1
DPu; = ayjui — iy + Y (aig —digen) w. (47
=1

A bound on the truncation error Q' for the graded mesh can be found in the lemma
below, see [43, Lemma 5.1].

Lemma 4 Assume that u € C>((0,T]) and there exists positive constants C such that

<CA+PY for1=0,1,2, andforo<t<T. (48)

al
5

If the nonuniform grid fulfills
Ti-1< 7T, 2<js<n, (49)

then the following inequality is achieved for j > 1,

ﬁ

It can be marked also that the optimal graded mesh is obtained when rqp := (2 —
B)/B, and this gives us the most possible high rate of convergence & (n’{z’ﬁ}).
Additionally, if we choose r > rop, this will increase the temporal mesh near t = T
and so the constant multiplier C will be increased [43} p. 17].

Using the graded mesh, we approximate problem (12)-(T3) at time 7 = ¢; as fol-
lows: Find u; € H!'(2) and ; € R such that for all ¢ € H!() it holds that

B (s
(Dnu”(p)H](Q)*xH](Q) + % (ui, 9)

(Z f[,bl[ 1 Tla >_(gia(p)ra (51)
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and

i
D mi+ (g1, 1)y +cmi — (ZF(tz,uz—l)Th 1>

=1
(f,1) ’

Please note that eq. and eq. are linear in u; and h;, respectively, and both
relations are decoupled. Thus for a given i € {1,---,n}, we first determine #; from
eq. and then we solve (51). Afterwards we increase i to i + 1. The discrete prob-
lem can be equivalently written as

hi = (52)

ai(ui, @) = (F,0), VoeH'(Q), (53)
with
ai(ui, @) = a; i (uj, @) + Zi(ui, @)

and

(Fp) = <Zl: (tr,wi—1) 7, >—(gi"P)r

+all Ui—1,Q Zall ul—la(P)'

We mention a fractional Gronwall lemma [22] Lemma 2.2] related to graded
meshes, which will be used when establishing a priori estimates for u; and A;.

Lemma 5 (Nonuniform discrete fractional Gronwall inequality) For any finite
time t, =T >0, and a given nonnegative sequence (A;);_ 70, assume that there exists
a constant A, independent of time-steps, such that A > Y~ 17Ll and let {u;}?_, and
{Gi g}, be sequences of non-negative numbers that satisfy

Zkz l +”l (Gi+8i)s Vi=1,...,n (54)
=1

If the time grids satisfy @9) with the maximum time grid T, < t° = m, the
following inequality holds

U; <2(uo+g1+ﬁ(t,-) 1n<1}e_1§i(§j+gj)) Eﬁ(le‘iB), 1<i<n, (55)

where Eg denotes the Mittag—Leffler function with parameter B. The estimate B3) is
also valid if the condition (54) is replaced by

1
<Y A +&+g,  Vi=1l,...n
=1
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Lemma 6 Assume that iig € L*(Q), f € L*(Q) with [, f(x) dx #0, ¢(t) = & >0
fort €[0,T), F be globally Llpschltz continuous in all variables and g € L™ ((0 T),L (F))
Moreover, suppose that m € C'((0,T)) is satisfying

By
‘atn;(t) <CA+PY) for1=0,1,2, andfor0<t<T;

Then, foranyi=1,2,...,n, there exists a unique couple {u;, h;} € H! (Q) xR solving
(B1)-(32) and there exist positive constants C such that
max {DF il + [}y g, } <C. - max || < C.

Proof The existence of a unique solution on every time step #; follows from the Lax-
Milgram lemma. We set @ = y; in eq. (51 to get

(Dﬁ3 Mn”i) + & (uiyui) = hi (f,ui) + (Z F(Ua”ll)ﬁa”i) — (g ui)p.  (56)
=

Let us start from eq. (52). From the assumptions on m and by the global Lipschitz
continuity of F, we can deduce that

i < C+CZ||Frz,ul Dla < C+CZ||M1||TZ (57)
= =0

Applying the definition (7)) of DP u; and the monotone property (@6)), we have that

i—1
2 (D,[fui, Mi) =24 (uj,u;) +2 Z (@ij— aij1) (uj,ui) — 241 (o, u;)
=1

i—1
> 24 il|uil|* = Y (@ j1 — @i g) lluil|* — i |||
=1
i—1 ) )
=Y (@1 —aig) lujll* — a@ia ol (58)
=1

i i—1
~ 2 ~ 2 ~ ~ 112
=Y aijllujia P+ Y ajllujll® —aia ol
= =1
l

Z ([l 17 =l %) -

Then, by eq. (@3], we deduce that
1
(DBus ) = S D8 ] (59)
From eq. (9) and ¢(r) > & > 0 for 1 € [0, T], we get that

Zi(ui,ui) > min{ot, &0} uillf g -
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For the first term on the RHS of eq. (56), using the €-Young inequality, we see that

|hi (f,ui)| < Ce, hil* + 1 |(f,ui) [P

5

i1
< Ce +Ce Y, r]|* 7 + &1 fJui*,
=0

For the other terms on the RHS of eq. (56), we use the trace theorem and the property
that k € L!(0,T) in order to obtain that

‘(iF(lhull)Tl,ui)

=1

i—1
<Ce,+Co, ¥ il 7+ &2 ||uil*
=0

2
|(giaui)1"| < Ce+ 83 ||Mi||H1(Q),

Collecting all the previous estimates give
1 ) . 5
5 D8l + (min{ e, 2o} — &1 — &2 — &) il g
i—1
< Ceperes + (Ce, +Ce) Y ||l 7. (60)
1=0
Next, we fix g > 0,i = 1,...,3, sufficient small and we obtain that

i—1
DY uil> <C+CY flul* .
=1

An application of the discrete fractional Gronwall’s lemma 5] gives that

]| < 2 (llio]| +Cerp(8:)) Ep (CiP), 61)

which means that ||u;]| < C, and this implies to |h;| < C by monitoring eq. (57).
Moreover, from eq. 1@} it follows that DP | ||> + || Vui||> < Cforalli=1,...,n.

The Rothe function i, is on the graded mesh defined as

il t€10,7]

i, : O,T —)L29 s
n [ ] ( ) {Mil tE(ti,l,[i], 2<l<n

The other Rothe functions are defined as before. Then, the variational system (51))-
(52)) can be rewritten on the whole time frame as

<D5ﬁn (t)a (p>H1(Q)*><H1(Q) +§”(t)(ﬁ" (t)’ (P)
= (1) (£ ) + ( [ Fats.nts)) as, <p> ~ @09, VoeH Q). ©)
and

Ra() (£, 1) = (D (1) + (1)1 (1)



ISP for non time-fractional diffusion equation 25

+(z (/Fnsun dsl) (63)

In the following theorem we show the existence of a solution for the graded scheme
under appropriate assumptions on the solution. We only explain the differences in
comparison with Theorem T}

Theorem 3 (Existence and uniqueness: graded mesh)
Suppose that the conditions of Lemma @are fulfilled. Moreover, assume that rf3 > 1
and that the solution u of (12)-(13) and the measurement m satisfy the bounds

9!

‘a:(xJ) éC(l—Hﬁ*l) for1=0,1,2, andforaa x€Q and0<t<T; (64)
alm ﬁ—l
W(t) SCA+P7) forl=0,1,2, andfor0<t<T. (65)

Then there exists a unique couple {u,h} to the problem (12)-(13)) with

ue C([0,7],L*(R2))NL” ((0,T),H'(R)), he L™(0,T)

and

k*dueL”((0,T),L*(Q)).

Proof We point out the differences in the limit transitions in comparison with the
proof of Theorem From eq. and the y-Holder continuity of x¥ when y € (0, 1),
we have for |r —s| < 1 that

[u(e) —uls)|| =

[‘95”(5)%” <Cli—sf,

i.e.u € C([0,T],L*(Q)). Hence, we have that
T - 2 S 2 2B v 28 1
/0 g, () — i ) ||t = ;‘L’i i — w1 ||* < CT2 ,;Ti —cref 230
As in Theorem [T} we have that
Uy, — win L? ((0,7),L*(Q)) as [ — oo,
@i, — uin L2 ((0,7),H"(Q)) asl — o,

and
iy, — uin L? ((0,7),L*(Q)) as [ — o.

Finally, we prove that

[—oo

’/ (O u(0), @)1 2yt — /D"t””'()‘P>H‘<9)*le<md’ —0

by showing that
T
/H(),Bu( D, HdtHw (66)
0
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‘We have that
T
J
y [
_i 1/1i-1
n/ t;
<[

i—1
[x
+H— k(t; — s)du(s) dsH
t
t

la,ﬁu( D unl Hdt

u(t) — DB u(t;)

(t; — 5)Au(s) ds— DB u(t;)

ny

2

/0 (k(t — 5) — k(i —5)) Ayus) dsm dr

From Lemma if B > 1, we get that

y /[
i=1"7ti-1

/0 "kt~ 5)aju(s) ds— D u(r)

<CTanl min{rB 2=} < C1,, ¢ (min{rB,2 - B}) =30

i=

where { denotes the Euler-Riemann zeta function. Moreover, for ¢ € (t;,_1,4], we

have that
1
‘/ k(t; — ) Apu(s) dsH
t

gC/tik(t,-fs)(lJrsﬁ_l) ds
(l‘i—l‘)lfﬁ Bl(ﬁ’l_ﬁ)_ (ﬁ 1_ﬁ)
r@-p) Fi—p) ]

ﬁoo
—0

=C

| ekt af

<c/0t (k(t —s) — k(1 —s)) (1+sﬁ—1) ds

B 1P BiBI-B) (4 Pk B:B1-P)
“Clre st Taop) ( re-p) | L0p)
[ BB B Ep
sClre—p " (i) ]‘é’

where By (a,b) is the incomplete beta function. Therefore, eq. is satisfied. Anal-
ogously, using eq. (65), we can show that

i

m(t) — D i, (1 )‘dtH—>°°O.
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Now, we integrate eq. and eq. in time over (0,17) C (0,T) for the resulting
subsequence. Then, we pass to the limit / — oo and afterwards we differentiate the
result with respect to 7). This gives that {h,u} solves problem (12)-(T3). Finally, we
prove the uniqueness of a solution by contradiction. There is a clear difference with
the proof of Theorem@ Here, we have that

mm@mumgcék@_g@+wq)wgcu+ﬂw%

ie.kxdueLl” ((0,7),L3(<)). Similarly, from eq. (12), it follows that h € L*(0, ).
Instead of using the positive definiteness of k as was done in Theorem [2] we can
here use [19, Corollary 2]. As a consequence we will obtain the uniqueness of a
solution without the additional assumption that F is linear in u as it was necessary
in Theorem [2| So we suppose that two solutions {/,u; } and {hy,us} solve problem
eq. @)-eq. @) Then, the differences i := hy — hy and u := u; — uy are satisfying

(ko) (1), 9) +-2 (1) (ulr), )
— 1) (fr0) + ( [ G 0(60) ~ Fls (o) o, «p) . VeeH Q). (67)

and .
( [ 1F G a(6)) ~ Fis ) ds,1>

hi) = 70

(68)

From eq. (68), it follows that
t
HOI <C [ us)] s, forr € (0,7 (69)
0

Taking ¢ = u(t) in eq. (39) and integrating with respect to time over (0,1) C (0,7)
gives

/(@mm ¢+/ u(f))de
0
n
= [ e+ [ / (san(5) = Flsun(o)] dsat) ) at. (70)
where we used Leibniz’s rule for differentiation under the integral sign, i.e.

0 (kxu) = k= dyu+ kiig = k x dyu, a.e.in Or.

Using the £-Young inequality and the global Lipschitz continuity of F, we estimate
the terms in the RHS of eq. (70) as follows

\/{)"h(r) (f,u(t))dt‘ <G [P a+e /” )P
eq.g)c&/ (/ [Ju( )dt+81/ |ue(e)||* dt
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and

'/0'17 </0t [F(s,u1(s)) — F(s,uz(s))] ds7u(t)) dr

<o [ ([ IR o) e [P

Therefore, from eq. (TT) and [19, Corollary 2], it follows that

(k—81—52>/ [ |dt+a/ Va(o)|| de
<Coer [ (/()'u<s)||2 ds) d

Fixing & and &, sufficiently small such that &; + & < @, and applying the Gronwall

argument, we obtain that u = 0 a.e. in Q7. Moreover, from eq. (69), it follows that
h=0ae.in (0,T).

Remark 6 The condition rf3 > 1 in Theoremis satisfied when r equals its optimal

value rop := (2—B)/B.

Remark 7 Theorem |3|also stays valid when the conditions on u and m are replaced
by (see also Remark[5)

al
T:(',I) <C +GCtP! for1=0,1,2, andfor0<t<T;
al
al() <C +GCtP! fori=0,1,2, andfor0<t<T.

Following the proof of Lemma [6] and Theorem [3] we have the following result
concerning the forward problem.

Theorem 4 Consider

(a,ﬁu) (x,1) — V- (A(x,1)Vuu(x, 1))

+e(x,Hu(x,t) = f(x,1) (x,t) € Or,
Vu(x,t)-v=0 (x,1) € Xy,
(X70 =1y ( ) x € Q.

Then this problem has a unique weak solution
u € C ([0,T],L*(2)) NL= ((0,T),H'(Q)) with k= du € L= ((0,T),L*(Q)) if

- g € L2(Q);

- f eL” ((O7T>7H1(Q)*)»

-Ae (L°° (E))dﬂ[ is uniformly elliptic;

- ¢ € L™ (Qr) such that ¢ > & > 0;

du (s H<c (14+81) for 1 =0,1,2, and for 0 <t < T

— u satisfies the bounds ‘

The space H'(Q) is replaced by H}(R) and ¢ > 0 in the case of a homogeneous
Dirichlet boundary condition.
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5 Numerical experiments

In this section, our interest is devoted to quantify how the layer in the solution at
t = 0 and the grading of the mesh influence the convergence of the computed solution
by means of the constructed (non)uniform Rothe scheme. We compare the different
algorithms proposed in the previous sections on the basis of several numerical exper-
iments. In these experiments, we consider 7 = 0.5 and Q = (0,1). We assume that
A =1 and c = 1. We take the number of time discretization intervals equal to n = 200
and we use r = (2 — f3)/J for the graded grid parameter. The source F is defined by

F(t,u) = —tu,

and satisfies the condition in Theorem |2l We consider as exact solution the non-
smooth function (d,u blows up as t — 0) prescribed by

uex (x,) = (£ +1")sin(x),  y€(0,1).

The corresponding exact source is given by

(672 P42 (1"+) T (4—B)) T (=B +y+ 1)+t P (y+1)I" (4—B)

hexlt) = F(—B+7+ DI (—PB)
Py+20 45112 .
W’ fex(x) = sin(x).

The exact measurement is given by
mex(t) = (1 —cos(1)) (P +17),  v€(0,1).

We see immediately that for 1 > ¥ > 8 > 0 the conditions on m in Theorem 3| are
fulfilled.
Moreover, from

7B - 3By
/gy = ) (1 eos (1) Il By 0.y 2 B,
(ks mey ) (1) = C(B+Dr(4—p)+6r>—F

(I—cos(1)) Ta—p) Y=8>0;

it follows that the conditions on m in Lemma are satisfied for 1 > y > f3. Note that
(ksmly)(0) #0if y = .

A randomly generated uncorrelated noise is added to the additional measurement
in order to simulate the inherent errors present in real measurements

me(t) = mex(t) (1 +€%£(1)),

where € represents the percentage of noise, e.g. € = 0.01 for 1% noise, and Z is a
random number in the interval [—1,1] that changes in time. Afterwards, the noisy
data is regularized by using the nonlinear least-squares method to obtain a function
approximating the noisy data. The approximating function has the following form

Mereg () = Ost™ + 038> + 0ot> + ot + o9, 04 € R.
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It consists out of a power function and a polynomial. It is this function that is used in
the computations later.

The solution to the inverse source problem is obtained by applying the algorithms
proposed in Section [3] (uniform scheme based on convolution quadrature) and Sec-
tion[d](graded L1-scheme). We use eq. and eq. (47) for the derivation of (kxm');

and Dg my, respectively. The corresponding forward problems at each time step are
solved numerically by the finite element method (FEM) using the first-order (P1-
FEM) Lagrange polynomials for the space discretization. The number of space dis-
cretization intervals is taken to be equal to 100. The finite element library DOLFIN
[2526] from the FEniCS project [24i[1]] is used to solve the forward problems. In
the following, the exact value for the source is compared to its corresponding numer-
ically retrieved value (for both algorithms) in four experiments. The CPU time (in
seconds, Intel® Core™ i7-1065G7 Processor) for the different experiments is sim-
ilar, and the results are obtained in approximately one minute. Note that at each time
step one has to use the numerical solutions at all preceding time levels, which has as
a consequence that the CPU time is increasing fast when increasing the number of
time discretization intervals.

We consider the following experiments depending on the value of ¥ in ucx and the
order of the fractional derivative:

— Experiment 1: y=0.9 and § =0.5;
— Experiment 2: y= 3 =0.5;
Experiment 3: y=f =0.2;
— Experiment 4: y=f3 =0.8.

In all these experiments, the noise levels are given by € € {0.01,0.03,0.05,0.1}. We
depict the results for four different relations between y and B in Figures [I|to 4} In
Experiment 1, we consider y = 0.9 and 8 = 0.5. We remember that in this situation,
the conditions for the convergence of both algorithms are satisfied. This is reflected
by the numerical results given in Figure

The results for the uniform mesh are depicted in Figure [T(a), whilst the result
for the graded mesh are shown in Figure [T[b). We see from these pictures that both
approximations are accurate but the absolute error is the smallest for the graded L1-
scheme. This is as expected because the L1-approximation of the Caputo derivative
(43) is more accurate than the approximation by the discrete convolution (14).

In the following three experiments (y=f =0.5, y=8=0.2, y= = 0.8, re-
spectively), only the conditions for the convergence of the graded L1-scheme are
satisfied. However, we show also the results obtained via the convolution quadrature.
We may conclude from Figures [2] to [] that for the graded L1-scheme an accurate
numerical approximation for the unknown source is obtained. We note that in Exper-
iment 4 the approximation obtained via the graded L1-scheme is less accurate than
in the previous experiments as the graded grid parameter r becomes closer to 1 for
increasing 3. We see also that for small value of 8 a reasonable approximation via
the uniform scheme can be obtained. It is clear from these experiments that Rothe’s
method over graded meshes copes better with the behaviour at # = 0 of the solution.
As well-known, the graded mesh is coarser near t = 0, which gives an increased accu-
racy around ¢ = O for all experiments in comparison with the uniform mesh. Finally,
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we note that performing the same experiments with ¢ = 0 gives similar results, which
suggests that the condition ¢ > ¢y > 0 made in the analysis can be relaxed.

— exact solution
—— numerical solution £=0.01

— exact solution

—— numerical solution £=0.01
numerical solution £=0.03
201 —-- numerical solution £=0.05
- numerical solution £=0.1

numerical solution £=0.03
20 —:= numerical solution £=0.05
++ numerical solution £=0.1

15 15
g 2
10 10
[ 05
0.0 0o
0.0 01 02 03 04 05 0.0 01 02 03 04 05
¢ t

(@ (b)

Fig. 1 Experiment 1 (y=0.9, 8 = 0.5): The exact source and its numerical approximations using (a) uni-
form mesh and (b) graded mesh, obtained for various levels of noise.

3.0 3.0
— exact solution — exact solution
—— numerical solution £=0.01 —— numerical solution £=0.01
25 -~ numerical solution £=0.03 -~ numerical solution £=0.03

—-- numerical solution £=0.05
numerical solution £=0.1

251 —:- numerical solution £=0.05
numerical solution £=0.1

= - 20
z =
15
15
10
1.0
05
0.0 0.1 0.2 03 0.4 05 0.0 0.1 0.2 0.3 0.4 0.5
t t

(@) (b)

Fig. 2 Experiment 2 (y = 8 = 0.5): The exact source and its numerical approximations using (a) uniform
mesh and (b) graded mesh, obtained for various levels of noise.
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— exact solution
—— numerical solution £=0.01

numerical solution £=0.03
—-- numerical solution £=0.05
numerical solution £=0.1

—— exact solution g
30{ — numerical solution £=0.01
numerical solution £=0.03
—-- numerical solution £=0.05
++ numerical solution €=0.1

(@ (b)

Fig. 3 Experiment 3 (y = f§ = 0.2): The exact source and its numerical approximations using (a) uniform
mesh and (b) graded mesh, obtained for various levels of noise.

— exact solution
—— numerical solution £=0.01
numerical solution £=0.03

25 —-= numerical solution £=0.05
++ numerical solution £=0.1

— exact solution
—— numerical solution £=0.01
25 numerical solution £=0.03
—-- numerical solution £=0.05
numerical solution £=0.1

(@ (b)

Fig. 4 Experiment 4 (y = 8 = 0.8): The exact source and its numerical approximations using (a) uniform
mesh and (b) graded mesh, obtained for various levels of noise.

Remark 8 We have regularized the noisy measurement me by using the nonlinear
least-squares method. We need at least that the non-power function part m, of the
measurement nze belongs to L2(0,T). Then the least square method is sufficient to
determine our goals as for any § > 0 the equality m, = Ps + ¢5 holds true where Ps is
a polynomial and ||¢s ||L2(07T) < 8. We suggest (if needed) to use kriging (which is an
interpolation method used in geostatistics [48]]) to get an idea about the measurement
(and eventually the degree of the polynomial) before using the least-squares method.

Remark 9 In afuture work, it would be interesting to apply other regularization meth-
ods to deal with the noisy measurement m, € L2(0,T), e.g. Tikhonov regularization
[S5L21L7]. The main idea of that approach is turning the inverse source problem to
solve the variational problem

min J(h), (71)
hel2(0,T)
where
1 ? Koy
Jh:f/h ) dx — mg (- 2 n , 7
(1) =5 | Jg i) dx=meO] 45 Ml 72
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where u > 0 is a regularization parameter and m, is a noisy function of m satisfy-
ing ||lme — m||L2((),T) < €. The first term denotes the defect between the exact data
and the noisy data, and the second term is a penalty term for stabilizing the numer-
ical solution. The conjugate gradient method can be used to find the minimizer of
the functional (72)). It is well known that the key work is to find the gradient of the
functional (72)), which can be obtained by constructing a sensitivity problem and an
adjoint problem. In the same manner, a wavelet approach based on Meyer wavelet
theory can be developed to regularize the source inverse problem under considera-
tion. We refer to [12L[13/15,/14] for more details.

Finally, it should be noted that the main purpose of this contribution is to show the-
oretically (based on energy estimates) and numerically (based on a novel formulated
nonuniform Rothe scheme) how to reconstruct a time-dependent source from the
knowledge of an integral measurement for a non-autonomous time Caputo fractional
diffusion equation of order 0 < 8 < 1. The case of considering a noisy n, € L*(0,T)
will be for future consideration by turning the inverse source problem to solve the
variational problem and this can be done by using Tikhonov regularization or by
Meyer wavelet regularization techniques.

6 Conclusion

A theoretical and numerical determination of a time-dependent source from the knowl-
edge of an integral measurement have been studied for a non-autonomous fractional
diffusion equation of order 3. Two convergent and stable algorithms based on Rothe’s
method have been proposed for the recovery of the missing source. More specif-
ically, in the first scheme a standard convolution quadrature for weakly singular
kernels is used (on a uniform time grid), whilst in the second scheme the graded
L1-approximation has been considered. Employing the first approximation, we have
shown the existence of a unique weak solution for a big class of admissible solutions.
The assumptions made on the measurement and data gave us the possibility to deal
with non-smooth solutions containing a ¢? term with ¥ € (f3,1) fixed. The scheme
on the basis of the graded L1-approximation has been shown to be convergent when
the grading grid parameter r is strictly larger than % and when the solution satisfies

the bounds (64) (i.e. also terms P can be considered). The numerical experiments
have been implemented using the FEM. It has been illustrated that the second ap-
proach also for the inverse problem under consideration has the advantage to cope
better from numerical viewpoint with the behaviour at ¢ = 0 for the considered prob-
lems. Future work can be concerned with relaxing the condition on the coefficient ¢
to ¢ > 0, and the convergence of the graded L1-scheme without assuming any bounds
on the solution and/or r > . Future research can also concern the derivation of error
bounds between the exact and numerical solution, the further development of the nu-
merical scheme and experiments, and the validation of the assumed regularity on the
solution (and so the measurement) in the case that F' is nonlinear in u.
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