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Abstract

Game-theoretic upper expectations are joint (global) probability models that mathematically describe the beha-
viour of uncertain processes in terms of supermartingales; capital processes corresponding to available betting
strategies. Compared to (the more common) measure-theoretic expectation functionals, they are not bounded
to restrictive assumptions such as measurability or precision, yet succeed in preserving, or even generalising
many of their fundamental properties. We focus on a discrete-time setting where local state spaces are finite and,
in this specific context, build on the existing work of Shafer and Vovk, the main developers of the framework of
game-theoretic upper expectations. In a first part, we study Shafer and Vovk’s characterisation of a local upper
expectation and show how it is related to Walley’s behavioural notion of coherence. The second part consists in a
study of game-theoretic upper expectations on a more global level, where several alternative definitions, as well
as a broad range of properties are derived, e.g. the law of iterated upper expectations, compatibility with local
models, coherence properties, ... Our main contribution, however, concerns the continuity behaviour of these
operators. We prove continuity with respect to non-increasing sequences of so-called lower cuts and continuity
with respect to non-increasing sequences of finitary functions. We moreover show that the game-theoretic upper
expectation is uniquely determined by its values on the domain of bounded below limits of finitary functions,
and show in addition that, for any such limit, the limiting sequence can be constructed in such a way that the
game-theoretic upper expectation is continuous with respect to this particular sequence.
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1. Introduction

We consider sequences X;, Xo, ..., X,,, ... of uncertain states where the state X, at each discrete time k € N
takes values in a fixed finite state space 2. The uncertain evolution of the state X} in such a sequence—which we
will call a discrete-time finite-state uncertain process—can be described mathematically in various ways. Most
authors prefer a measure-theoretic approach, which involves the use of countably additive probability measures.
In this paper, we consider an alternative, game-theoretic approach that uses (super)martingales as a primitive
notion. Probabilities and expectations then only appear as derived, secondary objects. This approach was largely
developed by Shafer and Vovk [12} [13], but some of the essential underlying ideas are due to Ville [22].

Irrespectively of the chosen mathematical framework, the starting point for modelling an uncertain process is
typically a set of assessments about the local uncertain behaviour of the process. Such local assessments represent

our beliefs on how the state X;. of the process will change from one time instant to the next. In a traditional

Email address: natan .t joens@ugent . be (Natan T’Joens)

Preprint submitted to Elsevier 6th September 2021



approach, they are given in the form of probabilities P(X;,; = x;,|X; = X1, -+, Xi = x;) for each possible history
Xi=x1, -, X = x; (with x; € ') and for each possible value x;.,; € Z for the next state X, ;. However, when
information is scarce or when we want to act conservatively, specifying such a single probability measure for each
history might not be appropriate or not even justified. In such cases, our beliefs can be more accurately described
by imprecise probabilities models [1}24], e.g. probability intervals, sets of probability charges (or measures), sets
of desirable gambles or upper and lower expectations. Each of these models allows us to express and incorporate
partial knowledge about the parameters that would normally make up a traditional precise probability model.
We will here focus on one particular—yet general and unifying—such imprecise probabilities model: upper and
lower expectations (or previsions).

Upper and lower expectations generalise traditional expectation operators in the sense that the additivity
property is replaced by the weaker condition of sub- or super-additivity, respectively. A typical interpretation for
them is that they are respective upper and lower bounds on a set of plausible expectations. In fact, it can be shown
that they are in a one-to-one relation with closed, convex sets of linear expectations [24] or, equivalently, closed
convex sets of probability charges or measures. Interval probabilities therefore only correspond to a special
case. Walley [24], on the other hand, uses a behavioural interpretation where bounded real-valued functions
on a non-empty set % represent gambles with an uncertain payoff and where the upper (or lower) expectation
E(f) (or E(f)) of such a gamble f represents a subject’s infimum selling price (or supremum buying price) for
f. By imposing that a subject should gamble rationally—which he calls ‘coherence’—Walley then obtains the
same axioms as those of a sub- or superadditive expectation operator. Walley’s interpretation moreover naturally
connects upper and lower expectations with another type of imprecise probabilities model, called ‘sets of desirable
gambles’, which models uncertainty by considering the gambles a subject finds desirable. Due to its different
interpretations and its connections with various other (imprecise) uncertainty models, the theory of upper and
lower expectations has a unifying role within the field of imprecise probabilities, hence our choice for using them
here to model uncertainty in stochastic processes. More detailed information about lower and upper expectations
can be found in References [7} 24].

So suppose that, for each possible history X; = x;,---, Xy = X, we are given an upper expectation le:k
that expresses our beliefs about the value of the next state X;,;. How can we use these assessments to draw
conclusions about more general behaviour of the process? For instance, what is the probability that the process
state will ever be equal to a particular value x € 2'? When do we expect this to happen for the first time? Such
inferences relate to the value of the process state at multiple time instances. To make statements about them, we
need a global uncertainty model that incorporates and extends the information included in the local uncertainty
models le: .- One particularly interesting way of constructing such a global model was proposed by Shafer and
Vovk [12}13].

They picture a game that consists of a (possibly infinite) series of rounds and three players, called Forecaster,
Skeptic and Reality. In the beginning of each round, Forecaster declares how he is willing to gamble on the
outcome of the current round. Subsequently, Skeptic takes him up on his commitments and chooses a gamble
from the ones offered by Forecaster. At the end of the round, Reality decides the outcome and Forecaster and
Skeptic exchange money accordingly. Now, given Forecaster’s assessments, how should Skeptic determine a

selling (or buying) price for a gamble f whose uncertain payoff depends on an entire realisation w—which may
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take an infinitely long time—of the game? Shafer and Vovk argue that Skeptic should certainly agree on selling
the gamble f for any price a such that there is a gambling strategy for Skeptic that starts with an initial capital a
and allows him to end up with at least as much money as the payoff f(w) corresponding to f, irrespective of
the realisation w of the game. The infimum of all such prices a, which depends entirely on Forecaster’s local
assessments, is then what Shafer and Vovk call the game-theoretic upper expectation of f. Game-theoretic lower
expectations are subsequently defined in an analogous, yet dual way.

In the setting that we consider, Forecaster’s local assessments are modelled by the local upper expectations
th . and the allowed gambles for Skeptic are those functions f on 2 for which 6,51: ()< 0 The evolution
of Skeptic’s capital corresponding with an allowable betting strategy is called a supermartingale. As sketched
above, these supermartingales can be used to define (global) game-theoretic upper and lower expectations.
Mathematically speaking, these operators have the advantage of being very general, in the sense that they do
not rely on an assumption of measurability or on an assumption that uncertainty should be modelled through
traditional (precise) probability models. Despite their generality, they also possess rather strong technical
properties, and therefore maintain great practical usefulness. Though many slightly different definitions of the
game-theoretic upper expectation can be found throughout the literature, the key elements always remain the
same. We consider one particular definition here, since we believe it to have, in our setting, superior mathematical
properties compared to other versions; we will argue so in Section[8] Moreover, the version we consider can also
be elegantly characterised as the most conservative uncertainty model that satisfies a set of intuitive axioms, and
its use can therefore also be motivated without relying on an interpretation in terms of supermartingales or other
game-theoretic concepts [18} [19].

The contribution of this paper is fourfold, yet serves the general aim of strengthening the theory and relevance
of game-theoretic upper expectations for the case where the state space 2’ is finite.

Our first contribution consists in bringing clarity about a number of properties that were already proved
elsewhere for game-theoretic upper expectations, but usually in a slightly other setting or for a slightly other
version of its definition. This concerns in particular the more basic properties (e.g. compatibility with local
models, law of iterated upper expectations, ...) in Section[4} the equivalent definitions given in Section[5]and the
non-decreasing continuity property in Section[6} Since it is our aim to bring clarity concerning these properties,
we give self-contained proofs for these results. We will state explicitly when we borrow ideas from other work.

Our second contribution consists in showing that—for a finite state space 2 —our version of the game-
theoretic upper expectation also satisfies several new continuity properties. Such properties are powerful math-
ematical tools that provide the resulting theory with elegance and also greatly enhance its practical scope. The
continuity of the Lebesgue integral, for instance, is one of the reasons why it is the integral of choice for com-
puting expected values associated with a probability measure [2,[15]. We show in Section|6]that game-theoretic
upper expectations satisfy continuity with respect to non-decreasing sequences (as pointed out in the previous
paragraph, this property is not entirely new), continuity with respect to non-increasing sequences of lower cuts
and a version of Fatou’s lemma. In Section[7] we focus on continuity with respect to sequences of so-called finitary

functions. Such finitary functions only depend on the process state at a finite number of time instances. They can

INote that there is a close relation with Walley’s interpretation for upper expectations here; we refer to [5] for an extensive study.
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be given a clear interpretation [18,19] and their upper expectations can often be calculated in a straightforward
manner [10,21]. And although many practically relevant functions are themselves not finitary, most of them
can still be written as the (pointwise) limit of a sequence of finitary functions [9, 21], e.g. hitting times, hitting
probabilities, ... We prove continuity with respect to non-increasing sequences of finitary functions, and show
that for any bounded below (pointwise) limit of finitary functions, the limiting sequence can be constructed in
such a way that the game-theoretic upper expectation is continuous with respect to this particular sequence.
Finally, we will also show that the game-theoretic upper expectation is uniquely determined by its values on the
domain of all bounded below (pointwise) limits of finitary functions.

Our third contribution—which will be the topic of Sectionand, to a small extent, also of Section@—consists
in bridging part of the gap that currently exists between what Shafer and Vovk do, and the work on upper and
lower expectations (or previsions) in the field of imprecise probabilities. The latter is often based on Walley’s
notion of coherence which only considers upper (and lower) expectations on bounded real-valued functions. In
such a context, the connection with Shafer and Vovk’s earlier work was already studied elaborately in [5]. Here,
we deal with extended real-valued functions and study how both approaches are related on a local level. We first
propose a slightly weaker—and therefore, more general—version of Shafer and Vovk’s axioms for a local upper
expectation and show that, for a finite state space, this weaker version can equivalently be obtained by combining
coherence (on bounded real-valued functions) with an upward continuity axiom. This result shows that the local
upper expectations defined in this way are, on the domain of bounded below extended real-valued functions,
uniquely determined by their values on bounded real-valued functions. This allows us to justify the use of our local
models (on the domain of bounded below functions)—and therefore, also the use of the global game-theoretic
upper expectations that are derived from them—from a more conventional imprecise probabilities point of
view [19]. Moreover, by the end of Section6} it will become clear that a particular downward continuity axiom
needs to be satisfied by the local upper expectations in order for them to be (completely) compatible with the
global game-theoretic upper expectation. This axiom will generally not be satisfied, even if we use the stronger
axiomatisation for local upper expectations proposed by Shafer and Vovk; see Section 2] Hence, if we desire
compatibility of local and global models, we will need to additionally impose the downward continuity axiom.

Our fourth and final contribution can be found in Section|[8} where we compare different definitions of the
game-theoretic upper expectation and argue why we have chosen to work with the particular version considered
here. We take into account not only technical aspects, but also interpretational aspects of the possible definitions.
We feel the need to include such a discussion here, because, as already mentioned, many different definitions have
been used in the literature and it is often unclear—especially for an unexperienced reader—how these different
versions relate to each other. We moreover show there that our particular definition of the game-theoretic upper
expectation can be replaced by a more intuitive one, if we restrict ourselves to bounded real-valued functions.

In short, the outline of the paper is as follows: Section [2|shows how upper expectations on a finite state
space can be equivalently axiomatised, either in a way similar to what Shafer and Vovk propose, or using Walley’s
concept of coherence together with a continuity axiom. In Section[3} we use the upper expectations of Section|2]
as local uncertainty models in a process and show how these can then be used to define supermartingales and a
global game-theoretic upper expectation. Sections[dH7]then focus on the mathematical properties of this global

operator. We conclude the article in Section[8|with a discussion of other possible versions of game-theoretic
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upper expectations.

2. Upper Expectations

We consider and relate two possible approaches to characterising upper expectations on extended real-valued
functions: one similar to Shafer and Vovk’s axiomatisation, and one that uses Walley’s notion of coherence in
combination with an upward continuity axiom. Since we will later on use these characterisations to define local
upper expectations in uncertain processes with a finite state space, we will mainly focus on extended real-valued
functions with finite domain here. We show that, in this case, both characterisations are equivalent. Moreover, it
will turn out that the characterising axioms of an upper expectation are also satisfied by the global game-theoretic
upper expectation that we will consider further on, which indeed allows us to call this global operator an upper
expectation.

We start by introducing some preliminary notions. We denote the set of all natural numbers, without 0, by N,
and let N := NU{0}. The set of extended real numbers is denoted by R := RU {+00,—00}. The set of positive real
numbers is denoted by R, the set of non-negative real numbers by R, and we also let R := R., U {+00} and
Rso :=RsoU{+00}. We extend the total order relation < on R to R by positing that —oo < ¢ <400 forall c €R
and endow R with the associated order topology.

For any non-empty set %, a variable f on % is a map on %. A real(-valued) variable is a variable taking
values in the reals R, and similarly for an extended real(-valued) variable. We say that an extended real variable
f is bounded below if there is an M € R such that f > M—meaning that f(y)> M for all y € % —and bounded
above if —f is bounded below. A gamble on % is a real variable on % that is bounded, meaning that it is both
bounded below and bounded above. The set of all extended real variables on % is denoted by £(%), the set of all
bounded below extended real variables on % by £, (%) and the linear space of all gambles on % by .£(%). For
any f € Z(%)we use sup f and inf f to denote the supremum sup{f(y): y € %} and infimum inf{ f(y): y € ¥}
of the variable f, respectively. We say that a sequence {f, } ey, in (%) is uniformly bounded below if there is
an M € R such that f,, > M for all n €N,. For any sequence {f,} e, in 2L(%), we write lim,,_, .o, f, to mean the
pointwise limit of the functions f,,. For a subset A of %, we define the indicator 1, of A as the gamble on % that

assumes the value 1 on A and 0 elsewhere.

2.1. Upper expectations according to Shafer and Vovk

The following definition of an upper expectation is very similar to what Shafer, Vovk and Takemura call a

‘superexpectation’ in [14] and an ‘upper expectation’ in [lS]E]

Definition 1. Consider any non-empty set % and any £ ,(%)C 9 C £(%). Then we define an upper expectation

E on 2 as an extended real-valued map on % that satisfies the following axioms:
El. E(c)=c forallc €R;

E2. E(f+g)<E(f)+E(g) forall f,g € L ,(¥);

2Their definition is, as far as we know, not based on a single interpretation. Rather, they draw inspiration from various subfields in
probability theory to obtain these axioms.



E3. E(Af)=AE(f) forall A€ Ry and all f € £ ,(¥);
E4. f<g = E(f)<E(g) forallf,g € <L ,(¥).
E5. lim,,_, o E(f,) = E(lim,,wr<>o fn) for any non-decreasing sequence{ f,,} ,en, of non-negative variables in Ly (¥).

Alternatively, we can also consider the so-called conjugate lower expectation E, defined by E(f) := —E(—f)
forall f € -9 = {f € Z(%): — f € 9}. It clearly suffices to focus on only one of the two functionals and we
will work mainly with upper expectations. Furthermore, in the definition above, as well as further on, we adopt
the following conventions: ¢ + 0o = +oo for all real ¢, +00 + 0o = +00, A(+00) = +00 for all A € R, and
0(+00)=0. In addition to we will sometimes also impose ‘continuity with respect to lower cuts’ (also
called ‘bounded-below support’) on an upper expectation. To introduce this property, let V¢ for any f € £(%)
and any c € R be the variable defined by fV¢(y):=max{f(y), c} for all y € %. An upper expectation E on ¥ is

then continuous with respect to lower cuts if
E6. E(f)=lim,__o, E(fV¢)forall f € 2.

The limit on the right hand side exists because V¢ € £ (%) is non-decreasing in ¢ € R and E satisﬁesby
assumption. Axiom|[E6|will play a particularly important role further on, where we will study the compatibility
of local and global game-theoretic upper expectations. Moreover, we will also already use[E6|in this section, to
establish an important relation between our definition of an upper expectation and the one used by Shafer and
Vovk.

The definition of Shafer and Vovk (and Takemura) [13} Section 6.1] only differs from Definition 1] with regard
to the choice of domain and the variables for which axioms[E2] [E3]and[E4]should hold. Their definition is stated
for 9 = £(%) and requires thatshould hold on all of Z(%):

E2. E(f +g)<E(f)+E(g)forall f,g € Z(¥);
E3". E(Af)=AE(f)forall A€ R,y and all f € Z(%);
E4'. f<g = E(f)<E(g)forall f,g € 2(%),

where they use the convention that + 0o —o00 = —00+ 00 =+00. This is a typical choice when working with upper
expectations—also see [4] where they use the dual convention for lower expectations—and we will henceforth use
this convention without mentioning it explicitly. So, for example, a > b implies that a — b > 0, but not necessarily
0> b —a for any two a and b in R. Moreover, we also adopt the conventions that ¢ — oo = —o0 for all real c,
—00 — 00 =—00, A(—00) =—00 and (—1)(+00) = —o0 for all A € R, and 0(—c0) =0.

Now, note that axiomsare weaker than axioms Indeed, any extended real-valued map Eon
9 = % (%) that satisfies automatically satisﬁes simply because .Z,(%) c £(%). The converse is
not necessarily true becausedo notimpose any conditions on the values of E on the domain .Z(%)\ £, (%).
Therefore, and since our domain 2 is not bound to be equal to Z(%), our definition of an upper expectation is
more general than Shafer and Vovk’s. However, if we choose 2 = (%) and, besides additionally impose

on our upper expectations, then we always obtain an upper expectation according to Shafer and Vovk:



Proposition 1. Consider any non-empty set % and any upper expectation E on £(%). ThenE satisfies ifit
satisfies[E6]

Proof. Consider any two f,g € Z(%) and any ¢ € R. Then, since f¥¢ > ¢ and g¥° > ¢, we have that
fYe+gY¢ = 2c. In a similar way, we deduce that f¥° + g¥¢ > f + g. Hence, combining both inequalities, we
obtain that V¢ + gV¢ > max{f + g,2c}=(f + g)'?°. Moreover note that fV¢, g¥¢ and (f + g)"?¢ are all variables
in % ,(%), so we can apply and subsequently to infer that

E((f+8)°) <B(f“+g") <E(f")+E(g"),
The inequality above holds for any ¢ € R, so we have that
E(f+¢) lim E((f+))= lim E((f+g)*)< lim [E(/*)+E(g")]= lim E(f*)+ lim E(g")
TE+Eg),

where the existence of all the limits follows from the monotonicity of E, and where the second to last equality
follows from the fact that E(fV¢) and E(g"¢) are non-decreasing in ¢ and our convention that +00 — 00 = +00.
Consider any f € Z(%). First note that, since multiplication with a positive constant A € R, is order

preserving on R, we have that
max{Af(y), c} =max{Af(y),A5}=Amax{f(y), 7} forall y e # and all c eR.

Hence, (Af)V¢ = AfV*/ for all c € R and all A € R.,. Since moreover fV/* € & (%), we can applyto infer that
E((Af)V¢)=E(AfV/)=AE(fV/)forall c €R and all A € R,. This then implies that

E(1f)Z tim E(Af))= lim AE(f*")=2 lim B(f*")=2 lim E(f'*)EAE(f) forall A€ Rso.

This follows trivially from the monotonicity of E on .Z ,(%) in combination With O

The following counterexample shows that the converse is not necessarily true and hence, that axioms

define a strictly smaller set of upper expectation operators on .2 (%) compared to Shafer and Vovk’s axioms.
Example 1. Consider any set % such that |%|> 1 and the extended real-valued map E: (%) — R defined by

—o0  if f <400 pointwise and f(y)=—00 for somey € ¥;

E(f)= {

supf otherwise,

for all f € Z(%). We show that E satisfies|E1} and|E5| but not|E6}

' This follows trivially from the definition of E.

Consider any two f,g € Z(%). If there is some y € % such that f(y)=+00, then we have thatE(f) = +00
and therefore also that E(f)+E(g) = +00, which implies the desired inequality. Due to symmetry, the inequality
is also satisfied if g(y) = +oo for some y € %. Hence, consider the case where both f < +00 and g < +00
pointwise. Then we clearly also have that f + g < +00 pointwise. If moreover f(y)=—oo for somey € %, then

also f(y)+g(y)=—00 (because g(y) < +00) which, together with the fact that f + g < +00 pointwise, implies
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that E(f + g) = —oo and thus the desired inequality. Once more, the same can be concluded if g(y) = —oo for
some y € % because of symmetry. Hence, we are left with the situation where both f and g—and therefore also
f + g—are real-valued. Then we can immediately infer thatE(f +g) = sup(f +g) < sup f +sup g = E(f)+E(g).

' Consider any 2. € Ry and any f € Z(%). If f < +00 pointwise and f(y) =—oo for somey € ¥, then
also Af < 400 pointwise and Af(y) = —oo, which implies that AE(f) = A—00)=—00 = E(Af). Otherwise, if
f >—00 pointwise or f(y)=+00 for somey € %, then also Af > —00 pointwise or Af(y)=+o00, which implies
that AE(f) = Asup f =supAf =E(Af).

' Consider any f,g € Z(%) such that f < g. If f <400 pointwise and f(y) =—o0 for somey € ¥, then
E(f) = —oo and therefore automatically E(f) < E(g). Otherwise, if f > —oo pointwise or f(y) = +0o for some
y €%, then also g >—00 pointwise or g(y)=+00 for some y € % . Then it follows from the definition of E that
E(f)=sup f <supg =E(g).

' Consider any non-decreasing sequence {f,,} ,en, 0f non-negative variables in Z(¥). Since f,, >0>—00
pointwise, we have thatE(f,) = sup f, for alln € Ny. Clearly, f :=lim,,_,, o f, is non-negative too, so we also have
thatE(f)=sup f. Hence, we infer that

lim E(f,)= lim_ ilel«gf"(y) = sup iggf”(y) = sup sup fy)= iggf (»)=E(f),
where the second and the fourth equality follows from the non-decreasing character of { f, } nen, -

SoE is an upper expectation on (%) that moreover satisfies the additional axioms However, it is
easy to see that it does not satisf_‘y Indeed, consider the extended real variable —ool, wherey € %. Then we
have that E(—ool ) = —c0. On the other hand, E((—ool,)V¢) =E(cI,) =0 for all non-positive ¢ € R (indeed, note
thatsup I, =0 because|%| > 1). SoE(—ool ) =+00 #0=1lim._,_s E(—00l,)"®), which implies that E does not

satisfy[E6] O

Now, our reason for establishing Proposition[1]is not merely because of the result itself, but rather because it
will allow us to draw the following essential conclusion: as far as the global game-theoretic upper expectation—our
main object of interest in this paper—is concerned, it does not matter what 9 is and whether we do, or do not
additionally impose on the local upper expectations. In order to see this, it suffices for now to know that the
global game-theoretic upper expectation—which will only be introduced later on in Section[3}—will only depend
on the values of our local upper expectations on the (sub)domain £, (%) (these local upper expectations are
simply upper expectations on %, with Z (%) C 2 C Z(%), where % is the local state space 2" of the considered
process). So our statement follows if we can show that letting 2 = £(%) and imposing axioms on
(local) upper expectations, does not restrict the possible values that these upper expectations can take on the
subdomain % ,(%). To show this, we consider for any upper expectation E on 7, with £ (%) C 9 C £ (%), the
map E,: Z(%)— R defined by

Eu(f):= CEEnwE(fvc) forall f € Z2(%),

where the right hand side is well-defined because fV¢ € £, (%) forany c € R and E satisﬁes (therefore implying
the existence of the limit). Then it is quite easy to see that E,, coincides with E on % ,(%) and that it is an upper
expectation that furthermore satisfies[E6|and therefore, by Proposition|[l} also satisfies
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Proposition 2. Consider any non-empty set % and any % ,(%)C 9 C £(%). For any upper expectation E on 7,

the associated map E,, is an upper expectation on £ (%) that coincides with E on £ ,,(%)—and hence extendsE if

9 =% ,(¥)—and that moreover satisﬁes and

Proof. The map E,, coincides with E on % ,(%)—and hence extends E if ¥ = ¥ ,(#%)—because, for any f €
Z,(%), we have that fV¢ = f for all c € R such that ¢ <inf f, and hence, E(f)=lim,_,_o, E(f'¢) = E(f). Since
E,, coincides with E on % ,(%) and since E is an upper expectation, it is now immediate that E,, is an upper
expectation as well. Furthermore, again since E,, coincides with E on £, (%), it follows from its definition that
Ey satisﬁesand hence, due to Proposition that it also satisﬁes O

This result, together with the fact that our global game-theoretic upper expectations will only depend on
the restriction of our local models to £, (%), indeed confirms our statement above. For this reason, and since
letting 2 = £(%) and imposing axiomswould only reduce the generality of what we do, we have chosen
to only require that £ ,(%)C % C £(%) and to adoptas our axioms for an upper expectation. In some
cases, however, when we desire compatibility of local and global models, we will let % = £ (%) and imposeon

our local upper expectations, which by Proposition[I]and Example[l]is actually stronger than imposing

2.2. Some Basic Properties of Upper Expectations

We now continue this section with a second part in which we establish various properties of upper expectations
that will prove convenient for the rest of the paper, or, as is for example the case for Proposition[5|below, are just

interesting in their own right.

Proposition 3. Consider any non-empty set %, any £ ,(¥)C 9 C £(%) and any extended real-valued map E on
9 that satisﬁes ‘ and let E be the conjugate map of E defined on—%. Then we have that

E7. —oo <inff <E(f)<supf forall f € L ,(¥);
E8. E(f+u)=§(f)+,uf0rallu eRU{+oo} andall f eZ,(¥);
E9. E(Lf)=AE(f) for ali A€ Rog and all f € Z(¥).
E10. E(f +g)<E(f)+E()<E(f +g) forall f,g € L(¥);
E1l. if lim,_ e sup|f — f,| =0 thenlim, .o |E(f)—E(f;,)| = 0 for any sequence {f, } ,en, in £(%).
If E moreover satisﬁes then we also have that
E12. lim, e E(f,) =E (lim, 00 ;) for any non-decreasing sequence { f,} nen, in £ »(%).

Proof. Consider any f € Z,(%). If sup f = +00, we trivially have that E(f) < sup f. If sup f is real, it follows
immediately fromthat E(f) < E(sup f) and therefore that E(f) < sup f because of That sup f =—o0, is
impossible because f is bounded below. To see that —oo < inf f < E(f), note that inf f is real or equal to +00
[because f is bounded below] and therefore that —oo < inf f is automatically satisfied. Moreover, for any real
a <inf f we clearly have that a < f, implying by and|E1|that a < E(f). Since this holds for any a < inf f we
indeed have that inf f <E(f).



That E(f + u) < E(f) + u for all real u and all f € £ (%), follows directly from and The other

inequality follows from the fact that
_ _ [E2— _ El—=
E(f)=E(f +u—u) <B(f + )+ E(—u) = E(f +u)—u,

for all f € Z,(#%) and all real u. If u = +00, then since E(f) > —oo [because of, it remains to check that
E(+oo) =+o00, which follows trivially from

If A =0, we have to show that E(O) = 0, which follows immediately from Otherwise, if A € R, the
equality follows from|[E3]

For all f, g € £(#%) we have that

_ _ [E2]__ _ _
E(f)=E(f +g—g) <E(f +g)+E(—g)=E(f +g)—E(g),

where the last step follows from the definition of E. Hence, because —E(g) = E(—g) is real by [g is a gamble],
we have that E(f)+E(g) <E(f +g) forall f,g € £(%). The remaining inequality then follows immediately from
conjugacy. Indeed, for any f, g € £(%), we already have that E(—g)+ E(—f) < E(—g + (—f)). By conjugacy, this
implies that —E(g)—E(f) < —E(g + f) and therefore that E(f)+E(g)> E(f + g) forany f,g € Z(%).

It is easy to see that, if lim,,_,, ., sup|f — f,| =0 for some sequence {f},} ey, of gambles, then f is also a
gamble and so is each f — f,,. Hence, it follows from[E10]that

E(f— f,) <E(f)+E(—f,) <E(f — f,) for all n € N, 1)

If we now applyn to E(f — f,,), andn and conjugacy to E( f — f,), it follows from (1) that inf(f — f,) < E(f)+
E(—f,) <sup(f — f,) for all n € N,. Since moreover E(f)+E(—f,,) = E(f)—E(f,) for all n € N,, we then have that
lim,,_, oo [E(f)—E(f,,)| = 0 due to the fact that lim,,_, ., Sup |f —ful=0.

Let {f,}en, be any non-decreasing sequence in Z,(%). Since f; is bounded below and { fa}nen, is non-
decreasing, {f,},en, is uniformly bounded below by some M € R. Therefore, {f,, — M}, ey, is a non-decreasing
sequence of non-negative variables in Z(%). Hence, due to we have that lim,,_,, oo E(f,—M) =E(lim,,_, o0 f,—
M), which is equivalent to lim,,_, . E(f,) = E(lim,,_,, o f,,) due to [which is applicable because lim,,_,,  f,
and all f,, are bounded below]. O

As a consequence of their continuity with respect to non-decreasing sequences [[E5], upper expectations also

satisfy the following countable sub-additivity property.

Proposition 4. Consider any non-empty set %, any £ ,(%) C 9 C £(%) and any upper expectation E on . Then

E (ZneNn fu) < D oneN, E(f,,) for any sequence {f,} ,en, of non-negative variables in £ ,(%).

Proof. Consider the sequence {g,,},en, of non-negative variables defined by g, := Z?:o f; for all n e N,. Then,
{81} 1en, is non-decreasing because { f;, } ey, is non-negative. Moreover, it is clear that {g, } ey, converges point-
wise to ZneNU f»- Hence, we can apply to find that

(an)=nlgr+nooE gn)=ng?mE(if)g lim f,)—ZE(fn

neN, neN,



where the limit on the right hand side of the inequality exists because all E( f,,) are non-negative as a consequence

of[E7 O

Finally, the following proposition shows that for a finite set %, the continuity axiom|[E5|can in fact be replaced
by a much simpler property.

Proposition 5. For any finite non-empty set % and any £ ,(%)C 9 C (%), an extended real-valued map E on
9 is an upper expectation if and only if it satisfies|E1HE4| and

E13. (+00)E(f)=E((+00)f) for all non-negative f € Z ,,(%).

Proof. We first prove the direct implication; that is, we consider any upper expectation E on % and show that it
satisfies Fix any non-negative f € Z,(%) and observe that {n f},cy is a non-decreasing sequence in .Z(%)
that converges pointwise to (+00)f [because of the convention that (+00)0 = 0]. Hence,

E((+o0)f)=E( lim_nf)P lim En/)E lim nE(/)=(+00)E(/)

n—+00

where we once more used the convention that (+00)0 = 0 for the last step, together with the fact that E(f)> 0
because of[E7l

To prove the converse implication, consider any extended real-valued map E on 2 that satisﬁesand
E13| Let {f,},en, be a non-decreasing sequence of non-negative variables in Z,(¥)andlet f:=lim,_ o f,. We
show that lim,,_,, o, E(f,) = E(f). Because { Jn}nen, is non-decreasing, we have that f, < f,,,; < f forall n € N,.
Then it follows from[E4|[which we are allowed to use because f and all f,, are non-negative and therefore bounded
below] that E(f,) < E(f,.1) < E(f) for all n € Ny. Hence, lim,,_, , oo E(f,,) exists and lim,,_, o E(f,,) < E(f). To show
that the converse inequality holds, let A:=={y € % f(y)=+o00} and consider the following two cases.

IfE(I,) = 0, we have that

E(f) = E((+00)u+ f Lie) S E((+00)Ly) + E(F Lye) B+ 00)E(L) + E(f Lpe) = E(F L. 2)

Because f 1. is real-valued [it cannot be —co because it is non-negative] and % is finite, f I, is a gamble
and {f, I, }nen, converges uniformly to f14.. {f, Lac}nen, is moreover also a sequence of gambles because its

elements are non-negative and are bounded from above by the gamble f I,.. Hence, it follows from that

E(f]IAf) = nl_l)I_PooE(fn ]IAC) < nl—1>£—nooi(fn)’

where we used the non-negativity of {f,,} ,en, andin the last step. Together with Equation (2), this then leads
to the desired inequality.
IfE(I4) # 0, we have that E(I4) > 0 because of Furthermore, all f,, are non-negative, and therefore

() 250, 10 S E{[int £,00]1 PE= it £, ()L for all n o ®

Since {f},},en, converges to +00 on A and A is moreover finite [since % is], we have thatlim,,_,, o inf,cs f(y) =

+00. This implies, together with E(I4) > 0 and (3), that lim,,_,,, E(f,) = +00. Hence, the desired inequality
follows. O
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2.3. An Alternative Characterisation using Coherence

The axioms in Definition (1| are rather abstract, particularly because the concept of infinity plays such a
prominent role in them. Walley [24] avoids this issue by only considering upper expectations—which he calls
upper previsions—on gambles, that is, bounded real-valued variables. This allows him to give upper expectations a
clear behavioural interpretation in terms of attitudes towards gambling [11}24]. Concretely, the upper expectation
E(f) for any f € £(%) then represents a subject’s infimum selling price for the gamble f. This interpretation in

turn leads to a notion of rationality that he calls coherence.

Definition 2. Consider any non-empty set % and any map E on the linear space £ (%) of all gambles on % . Then
E is called a coherent upper prevision if it is real-valued and satisfies the following three coherence axioms /24,
Definition 2.3.3]:

Cl. E(f)<supf forall f € L(%);
C2. E(f +g)<E(f)+E(g) forall f,g € L(¥);
C3. E(Af)=AE(f) forall A€ Ry, and f € L(¥).
One can easily show [24] Section 2.6.1] that the coherence axioms imply the following additional
properties, with E(f) :=—E(—f) for all f € £(%):
C4. f<g = E(f)<E(g)forall f,g € L(¥);
C5. inff <E(f)<E(f)<sup f forall f € £(¥);
C6. E(f +u)=E(f)+u for all real u and all f € £(%¥);
C7. lim,,_ ;00 SUP|f — f| =0=>lim,,_, o [E(f) —E(f, )| = 0 for any sequence {f; } ,en, in L(¥).

Now, in order to use coherent upper previsions as local uncertainty models in a game-theoretic framework, we
need to extend their domain to at least the set .Z (%) of all bounded below extended real-valued variables, and
in some cases to all of Z(%). We propose the following step-wise approach.

Consider any non-empty set % and any .¢ (%) C 9 C Z(%). Furthermore, for any f € (%) and any c €R,
let f/° be the variable defined by f"¢(y):=min{f(y), ¢} for all y € . Consider now the following continuity

property for an extended real-valued map E on % whose restriction to £ (%) is a coherent upper prevision:
El4. E(f)=lim,_, o E(f")forall f € 20Z ,(¥).

Axiom is called ‘continuity with respect to upper cuts’ (also called ‘bounded-above support’). The limit on the
right hand side exists, because f"\¢ € £(%) is non-decreasing in ¢ € R and E—or rather, its restriction to £(%)—
satisfies Similar to what we did with[E6} property[E14|can be used to (uniquely) extend a coherent upper
prevision on (%) to £ ,(%). Indeed, let E be any coherent upper prevision on (%) and letE,,,: Z,(#)—R
be defined by

Ew(f) = nglooﬁ( A forall f € £, (%),

where the right hand side is well-defined because ¢ € £ (%) forall c €R and E satisﬁes [which implies the

existence of the limit]. Then E,,, is an extension of E:

12



Proposition 6. Consider any non-empty set % and let E be any coherent upper prevision on £(%). ThenE,,, is
an extension of E that satisfies|E14

Proof. E,, is an extension of E because, for any gamble f € £(%), we have that f"¢ = f for all ¢ € R such that
¢ >sup f, and hence, E,,(f) =lim,_,, E(f"°) = E(f). That E,,, satisfies now follows immediately from its
definition. O

Our next result shows, for finite %, that this extension Em is an upper expectation on gb(@/ ) and, moreover,
that the restriction to %, (%) of any upper expectation is the extension E,,, of some coherent upper prevision E
on Z(%).

Proposition 7. Consider any finite non-empty set % and any extended real-valued mapE on 9, with £ ,(%) C
9 CZL(%). ThenE is an upper expectation if and only if there is some coherent upper prevision E on (%) such

that E,,, coincides withE on % ,(%).
The proof of this result is based on the following two lemmas.

Lemma 8. Consider any finite non-empty set %, any £ ,(¥) C 9 € (%) and any extended real-valued map E on
9 whose restriction to £ (%) is a coherent upper prevision. Then E satisfies[E12|if and only if it satisfies|E14

Proof. In order to prove the direct implication, suppose that E satisﬁesand considerany f € Z,(#)=2n
<,(%) and any non-decreasing sequence {c, }nen, of reals such that lim,,_,, , ¢, =+00. Then clearly {f"“},.cy,
is non-decreasing in .Z (%) and converges to f. Hence, implies that lim,,_, o, E(f"\*) = E(f). Furthermore,
for any n, m € Ny such that m > n, we clearly have that f"% < f¢ < fA% for all ¢ € R such that ¢, < ¢ < ¢,,. Due
to [which we can apply because the restriction of E to (%) is a coherent upper prevision and because f/¢ is
a gamble for all ¢ € R], this also implies that E(f) < E(f"¢) <E(f"») for all ¢ € R such that ¢, < ¢ < c,,. Since
this holds for any 7, m € N, such that m > n, it follows that lim,_,, ., E(f/¢) =1im,,_,,c E(f"") = E(f), where the
last equality follows from our earlier considerations.

To see that the converse implication holds, suppose that E satisfies and fix any non-decreasing sequence
{fi}nen, in Z,(¥). Let f :=lim,,_,, o f, €Z,(#¥). Then, for any c €R, {£°}nen, is a non-decreasing sequence
in (%) that clearly converges pointwise to f¢ € £ (%). Moreover, since f”\° is a real-valued function on a finite

set %, the sequence {f,'°},,cn, converges uniformly to f"°. Hence, we have that

E(f)@ lim E(f“) lim lim E(fn/\c)sup sup E(f*°)=sup supE(fn/\C) lim supE(f/°)

c—+oo €—=+00 n—=+00 ceR neN, neN, ceR N—=+00 ceR

lim lim E(f)

n—+00 ¢c—+00

=

B im E(f,). O

n—+00

Lemma 9. Consider any finite non-empty set %, any £ ,(¥) C 9 € (%) and any extended real-valued map E on
9. If the restriction of E to £(%) is a coherent upper prevision and E satisfies|E12} then E is an upper expectation.

Proof. Assume that the restriction of E to £ (%) is a coherent upper prevision and E satisfies Thatholds,
follows immediately from To prove consider any two f, g € % ,(%) and the corresponding non-decreasing
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sequences { "} ., and {g""} e, in£(#). Then due to[E12} lim,, ;0o E(f"")=E(f)and lim,, ., o, E(g"") = E(g).
Moreover, {f" +g""},,en, is also a non-decreasing sequence in (%) and clearly lim,,_, oo (f"" +g"")=f + g €

Z,(#), which again implies by[E12]that lim,,_, o, E(f"" + g"") = E(f + g). All together, we have that

E(f +g)= lim (/" +g™)'S lim [EF™)+E(g™)]=E(f)+Elg)

which concludes the proof of[E2]
Property can be proved in a similar way. Consider any A € R., and any f € Z,(%). Note that {Af MY en,

is a non-decreasing sequence [because A > 0] in Z(%) that converges pointwise to Af € £ ,(%). Hence,

BN lim B € lim 2B AR,

To prove consider any two f, g € Z,(%)such that f < g, and the corresponding non-decreasing sequences
{f"}nen, and {g""}en, in Z(%). Clearly, f" < g™ for all n € N, and therefore E(f") <E(g"") by Hence,
lim,,_, oo E(f") <lim,,_,, o E(g"") and therefore, because of also E(f) <E(g). Finally, property follows
immediately from[E12] O

Proof of Proposition First assume that E’ is an upper expectation. We then let E be the restriction of E’ to
£(%). E trivially satisfies because E’ is an upper expectation, and E is real-valued because E’ satisfies
Hence, E is a coherent upper prevision. Moreover, since E’ satisfies because of Proposition Lemma
implies that it also satisfies Hence,
E'(f)= lim E(f)= limooﬁ(f“) =E,,(f)forall f e Z,(%),
Cc—>

c—+00

where the second step follows from the fact that E is the restriction of E' to £2(%) and because f’\¢ € £(%) for all
¢ €R, and where the last step follows from the definition of E,,,.

For the converse implication, we assume that there is some coherent upper prevision E on (%) such that
E,,, coincides with E' on % ,(%). Now recall from Proposition@that E,, is an extension of E that satisﬁes
Since E,,, coincides with E' on .Z (%), this implies that E satisfies|E14|and that the restriction of E’ to £(%) is
equal to E and therefore a coherent upper prevision. Then, by Lemma E’ satisfies which by Lemma@

implies that E’ is an upper expectation. O

An important consequence of this alternative characterisation for an upper expectation is that the restriction
of an upper expectation to .Z ,(%) is uniquely determined by its values on the domain .# (%) of all gambles. This
allows us to justify the use of upper expectations on .Z ,(%)—and therefore the use of these as local uncertainty
models further on—from a more conventional imprecise probabilities point of view, by combining coherence on
gambles with[l9]. The same cannot be said about the values of our upper expectations on Z(#%)\ .Z,(%). If
we also want these values to be uniquely determined by the values on the gambles, we can additionally impose
This is made explicit in our next result, where we will use, for any coherent upper prevision E on (%), the
notation E to denote the map [E,,,],, that extends E to £, (%) using and subsequently to Z(%) using
Note that E,y is well-defined because E,,, is an upper expectation according to Proposition It should moreover

be clear that E, is also an extension of E; this can be checked using Propositions@ and
14



Proposition 10. Consider any finite non-empty set %, any extended real-valued map E on £ (%) and let E be

the restriction of E' to £(%). Then the following are equivalent:

i. E is an upper expectation on ¥ (%) that satisﬁes
ii. E isa coherent upper prevision such that E' = Ey.
iii. E is a coherent upper prevision and E’ satisﬁes and|

Proof. :> Assume that E’ is an upper expectation on .Z (%) that satisﬁes Then, according to Proposition
there is a coherent upper prevision E* on £(%) such that E'(f) = Ef ,(f) for all f € £ ,(%). Then, since E},
is an extension of E* [due to Proposition @] and since E’ is an extension of E, we have that E* = E. On the
on hand, this already implies that E is indeed a coherent upper prevision. On the other hand, it implies that
E'(f)=E!,(f) =E..(f) forall f € Z,(#%). Note that E,, is therefore an upper expectation on .Z (%) [because E’
was assumed to be an upper expectation on .Z(%)], which, due to Proposition implies that E,,, is an extension
of By, satisfying[E6] Hence, we have that E'(f) = Ey,,(f) = Eex(f) for all f € Z,(#%). Since both E’ and E,, satisty
it then also follows that E'(f) =lim,,_ E'(f\/c) =lim,, Eext(fvc) = Eext(f) forall f e L().

: Assume that E is a coherent upper prevision such that E’ = E¢y. Then, due to Proposition E,,isan
upper expectation on £, (%), which, by Propositionimplies that E.,,—and therefore, also E’—satisﬁes To
see that E’ moreover satisfies it suffices to recall that E’ = E,,, is an extension of E,, [because of Proposition
and that E,,, satisfies [because of Proposition@].

=> Assume that E is a coherent upper prevision and E’ satisﬁesand Then it suffices to prove that
E’ is an upper expectation on .Z(%), which can readily be inferred by combining Lemmaand Lemma@ O

So if we assume our upper expectations to satisfy we can justify their use on the entire domain £ (%) by
combining Walley’s behavioural interpretation [19] with[E6land[E14] For the local uncertainty models further
on—which will simply be upper expectations on .Z(2°) with 2 a finite state space—, we would therefore typically
be inclined to adopt this assumption, as we do in [19]. Moreover, it will turn out that imposing on the local
models is necessary if we want to guarantee compatibility of local and global models; see Section[] Nonetheless,
we will generally not impose [E6Jon our local models here, because the current paper focusses on the mathematical
properties of global game-theoretic upper expectations, which—apart from the compatibility with local models—
are not affected by this additional continuity axiom. It can easily be seen that this is a consequence of the fact that

the global game-theoretic upper expectation will only depend on the restrictions of the local models to .Z ,(2).

3. Game-theoretic Upper Expectations

When mathematically modelling an uncertain process, one typically starts out with information about its
local behaviour, that is, how its state X; will evolve from one time instant to the next. We will represent this
information using so-called ‘local’ upper expectations; upper expectations on £(2') where 2 is the finite state
space of the process. Most often, one is interested in more general behaviour of the process, though, which

confronts us with the question of how to combine the individual local assessments—represented by local upper
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expectations in our case—to obtain a single global uncertainty model. We consider one possible way of doing
so; using the game-theoretic approach proposed by Shafer and Vovk. We will leave out most of the contextual
discussion surrounding the following definitions. For more details, we refer the interested reader to [5 12,13} [19].

As explained in the introduction, we consider sequences Xj, X5, ..., X, ... of uncertain states that take values
in a finite state space 2. We call any finite string x;.,, == (x1,..., x,) € Z1., = Z" of possible state values a
situation and we denote the set of all situations by 2™ := U,y Z1.,. In particular, the unique empty string x;.o,
denoted by O, is called the initial situation, and ;.o = {O0}. In order to model the local behaviour of an uncertain
process, we attach to each situation x;., € Z* an upper expectation le:n on Z(%). Such an upper expectation
lem—which we will call a local upper expectation—represents a subject’s beliefs about what the next state of the
process will be, given that it was in the states x; - -- x,, at times k = 1 through k = n. For instance, if we adopt a
behavioural interpretation, the upper expectation th” (f) for some f € £(%)is the subject’s infimum selling
price for the gamble f(X,, ;) that takes the value f(x)if X,,,; = x for any x € &, given that he observed the history
X; = x,---X,, = x,,. However, the local upper expectations could equally well be interpreted in terms of upper
envelopes of linear expectations—which may in turn come from a set of probability mass functions. We do not
enforce any interpretation for the local models me; we simply assume that they are maps on .Z(2’) that satisfy
A collection of local upper expectations Q,, one for every s € Z'*, is called an imprecise probabilities tree.
Note that an imprecise Markov chain under epistemic irrelevance [4} 6} [8], for instance, corresponds to a special
type of imprecise probabilities tree where, for any n € N and any x;.,, € 2", the local model lem does not depend
on the previous n — 1 states x;.,_;, nor on the time point n. So, in that case, we would have that axm = an for all
neNand all x;.,, € Z". We refer to [4}, 9, 10] for more details on how the game-theoretic framework presented
here can be implemented in an imprecise Markov chain setting.

In order to describe uncertain processes on a more global level, we will use the notion of a path w; an infinite
sequence of state values. The set of all paths is called the sample space Q:= ZN. For any path w € Q, the initial
sequence that consists of its first n state values is a situation in 7., that is denoted by w”. The n-th state value is
denoted by w,, € Z'. A collection of paths A C Qis called an event. With any situation x;.,,, we associate the cylinder
eventI'(x.,) = {w€Q: 0" = x;.,,}: the set of all paths w €2 that ‘go through'’ the situation x;.,,. Sometimes, when
it is clear from the context, we will also use the notation ‘x;.,” to denote the set I'(x;.,). For example, we will
use I, ~as ashorthand notation for I, ). Moreover, for any two extended real variables g, h € £(9) and any
situation s € Z'*, we use g <; f to denote that g(w) < f(w) for all w €I(s), and similarly for >, >, and <.

We will distinguish between local variables and global variables. Local variables are simply maps on the
state space 2 and are typically interpreted as depending on the value of a single uncertain state X,,. They
were already used before, for instance, when we introduced local upper expectations. In accordance with our
earlier conventions, we use Z(2’) to denote all local extended real variables, and similarly for £ ,,(2’) and £(2).
Global variables, on the other hand, are maps on the sample space (2, and are therefore suitable for representing
inferences that depend on the values of a large—possibly infinite—number of uncertain states. For example, the
hitting time of a subset A C 2 is described by the global (extended real) variable 7, € Z(f) that takes the value
T s(w):=min{n e N: w, € A} forany w €, and clearly depends on the values of an infinite number of subsequent

states. We denote the set of all global extended real variables by V := £(Q), and similarly for V,, := £, (€) and
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V:=2(Q). For any natural k < ¢, a special type of global variable—that is not necessarily extended real-valued—is
the projection map X;..,; for any path w € Q, this variable assumes the value X;.,(w) :=(wy, ..., ;). As such, for any
k €N, X} = X, can also be regarded as a type of global variable. For any m, n €N and any map f: 2" — R, this
allows us to write f(X,,,.,,+n_1) to denote the extended real global variable defined by f(X,,,..n4n-1) = f ¢ Xm-man_1-
In this way, we can elegantly associate a global variable f(X,,) with any local variable f: 2" — R and any discrete
time point n € N.

Our aim now is to combine the local upper expectations Q,—which only tell us something about state
transitions—and construct a global uncertainty model in the form of a single upper expectation on the global
variables V (and conditional on the situations Z*). A crucial tool to do so, is the notion of a supermartingale; a
special type of process.

Any map £ on Z* is called a process. An extended real(-valued) process & is called bounded below if there is
some M €R such that Z(s)> M for all s € Z'*. Furthermore, with any situation s € Z* and any extended real
process 2, we can associate the local variable 2 (s-) € Z(2°) defined by 2 (s -)(x) := 2(sx) for all x € 2. The
extended real variables liminf# €V and limsup 2 €V, will be defined by

liminf 2 (w) = l%rllggofﬁ(w”) and limsup 2 (w):= lirgfipz@(a)”)
for all w € Q. Ifliminf 2 =limsup 22, we denote their common value by lim#.

For a given imprecise probabilities tree, a supermartingale ./ is an extended real process such that Q /(./ (s -)) <
M (s) forall s € 2*. So a supermartingale is an extended real process that, according to the local models Q, is
expected to decrease. When adopting a behavioural interpretation, supermartingales can be seen to represent
betting strategies that are allowed by our subject. Roughly speaking, the condition that Q (. (s -)) < .#(s) with
s = X;., then means that our subject— for the sake of simplicity, we ignore the subtlety about the extended
real-valuedness—is willing to receive the price .#(x;.,,) for giving away the uncertain variable .#(x;., X,,,) that
will be evaluated in the next time instant. Hence, if we take him up on his commitments, we can pay him . (x;.,)
to receive ./ (x;., X,+1)- The next time instant, if the state of the process turns out to be x,.; € 2, we obtain
the—possibly negative—payoff .4 (x;.,,,1). By repeating this procedure, we find that the supermartingale .#
represents a possible evolution of our capital when we would gamble against the subject. We will denote the set
of all bounded below supermartingales for a given imprecise probabilities tree by M.

In the framework of Shafer and Vovk, the role of our subject above is taken up by a player called ‘Forecaster’,
whereas supermartingales represent possible betting strategies for a second player called ‘Skeptic’. Given this
game-theoretic setting, they consider the following question: How can Skeptic use Forecaster’s assessments
to determine selling and buying prices for a gamble f whose uncertain payoff depends on the process state at
multiple or even an infinite number of time instances? Shafer and Vovk argue that Skeptic should certainly agree
on selling f for a price a such that, if Skeptic starts with an initial capital ¢ and gambles in an appropriate way
against Forecaster, he will end up with a higher capital than the payoff f(w) corresponding to f irrespectively of
the path w € X) taken by the process. Indeed, selling f for a price @ means that Skeptic receives a — f. If Skeptic is
then able to turn the initial capital a into a final capital K such that K(w) > f(w) for all paths w €2, his net payoff
K — f is non-negative for all w. Hence, Skeptic should accept the transaction of selling f for ¢. The infimum of

these prices a is what Shafer and Vovk then call the (global) game-theoretic upper expectation of f.
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More formally, given an imprecise probabilities tree consisting of local upper expectations Q; forall s € 2°*, we
use its compatible set of bounded below supermartingales M, to define the corresponding (global) game-theoretic

upper expectation Ey as follows.

Definition 3. For any imprecise probabilities tree, the corresponding (global) game-theoretic upper expectation
Ey(-[): Vx 2* - R is defined by

Ey(fls)=inf{.#(s): M €M, and liminf.# > f} forall f €V andall s € Z*. (4)

The game-theoretic lower expectation Ey(|-): V x 2* — R is defined by the conjugacy relation Ey(f]s) ==
—Ey(—f]s) for all f € V and all s € 27*. We will show later in Corollary 24| that, for any s € 2%, the map
Ey(-|s): V— R satisfies which justifies calling Ey an upper expectation. Mimicking the link between
traditional expectations and probabilities, we call Py(A|s) := Ey(I4|s), for any A C Q and any s € 2%, the game-
theoretic upper probability of the event A conditional on the situation s. Similarly, we call P (A[s) :==E, (I4]s) the
game-theoretic lower probability of A conditional on s. We will also let Ey( fl= Ey( flo)and E,(f) :=E,(f|O) for
all feV.

Note that Ey does not depend on the values of the local models Q, on Z(2')\ Z,(2'), because the infimum in
Definition[3]is taken over supermartingales that are bounded below. This confirms our earlier claim in Section 2}
where we said that, as far as the global upper expectation Ey is concerned, we can assume without loss of generality
that the local models Q, additionally satisfy Shafer and Vovk’s axioms Our reason for adopting this
particular definition, where only bounded below supermartingales are considered, will be discussed in Section|g]
Intuitively, however, one could interpret this assumption as a concretisation of the fact that a subject (e.g. Skeptic)

cannot borrow an infinite or even unbounded amount of money.

4. Basic Properties of Game-Theoretic Upper Expectations

We start by establishing some basic, yet essential properties of game-theoretic upper expectations. The main
ones are an extended version of coherence, partial compatibility with the local upper expectations and a law of
iterated upper expectations. Most of these results are not entirely new and have already been proved in a slightly
different setting; our contribution then consists in adapting their proofs to our setting. We start with the following

two, rather abstract lemmas about supermartingales.

Lemma 11. Consider any .# € My, and any situation s € Z'*. Then

M(s)=> wiel%(fs)lim sup A (w) > wier%(fs)liminf//l(w).
Proof. The proof is similar to that of [4} Lemma 1], where instead real supermartingales were used. Since ./ is a
bounded below supermartingale, we have that Q (.# (s -)) < ./ (s), which byimplies thatinf,cy A (sx) < A(s).
Hence, since & is finite, there is at least one x € & such that .#(sx) < .#(s). Repeating this argument over and
over again, leads us to the conclusion that there is some w € I'(s) such that limsup,,_,, o, # (") < 4 (s) and

therefore also inf,,cr(s)limsup .# (w) < .#(s). The rest of the proof is now trivial. O
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Lemma 12. Consider any countable collection {4}y, of supermartingales that have a common lower bound,

and any countable collection of non-negative real numbers {A,} en, such that), A, is a real number A. Then

neN,
M= ZneNo An M, is again a bounded below supermartingale. If, moreover, all ./, are non-negative, then so

is M.

Proof. We only prove the first statement, as the second is then trivially true. Since all ./, have a common
lower bound, say B €R, the processes .# ,, — B will be non-negative and therefore, because all reals A,, are also
non-negative, the sum ZneNn Al ,(s)— B] exists and is non-negative for all s € Z'*. Then, in order to see that

M is well-defined, note that

ZA [#,(s)=B]+AB=lim (Z)L [ () B]+ZA B)

neN,

= lim > (LLAi($) = BI+AB)= D Ayl ()= A(s) )
i=0 neN,

for all s € Z'*, where the first step takes into account that AB is real and the third step takes into account that all A;
and B are real. The equality above, together with the non-negativity of >, en, Anl#,(s)— B] immediately shows
that ./ is bounded below by the real AB. It also shows that ./ is a supermartingale. Indeed, for any s € '*, we
find that

QN BQ( D 2nltnls)=B1+2B)BQ( D 2,451~ B+ 2B
neNy neN,
< > Qu(Aultta(s )= B+ ABE D" 2,Q(M,(s )~ B)+ 2B
neN, neN,
BN 0 (Qutals D= B)+AB= D" A QM NE  Aetly(s) = M5),
neN, neN, neN,

neNy

where we were allowed to applyﬁ and. because > Wl (s:)—B), all #,(s)— B and all .#,(s-) are
bounded below, where the first inequality followed from Proposmonl 4)and where the last inequality followed

from the non-negativity of all A,, and the fact that all ./ ,, are supermartingales. O

The following result states that Ey satisfies a version of the coherence axioms for global extended real variables.
A first version of the result was stated in [12, Chapter 8], yet, our proof is very similar to that of [4, Prop. 14]: we

adapt it here to the fact that our bounded below supermartingales take values in R rather than R.

Proposition 13. For all extended real variables f,g €V, all A € Rs, all i € R and all situations s € 2*, Ey satisfies
VL. Ey(f1s) < superis) f();

V2. Ey(f +gls) <Ev(fls)+Ev(gls);

V3. Ey(Afls)=AEy(fls).

V4. f <, g=Ey(fls)<Ev(gls);
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V5. infuer(s) f(@) SEy(f1s) SBy(f1s) < supgers) f(@);

V6. Ey(f +pls)=Ev(fls)+p.

Proof. If sup er(5) f (@) = +00, the inequality is trivially satisfied. If this is not the case, consider any real
M > super(y) f (@) and the real process ./ that assumes the constant value M. Then clearly ./ is a bounded
below supermartingale and moreover liminf #(w)= M > f(w) for all w €I(s). Hence, Deﬁnitionimplies that
Ev(fls) < .#(s)= M. Since this is true for every real M > SUP yer(s) f(a)),follows.

If either Ey(f|s) or Ey(g|s) equals +00, then the inequality is trivially true. So suppose that Ey(f|s) < +00
and Ey(g|s) < +oo and consider any real ¢, > Ey(f|s) and any real ¢, > Ey(g|s). Then there are two bounded
below supermartingales ./, and .4, such that .#,(s) < ¢; and .#,(s) < ¢, and moreover liminf.#; >; f and
liminf #, >; g. Now consider the extended real process .# = .#; + .#,. Then ./ is a bounded below su-
permartingale because of Lemma[12] which we can apply because .#, and .#, are both bounded below and
hence have a common lower bound [note that the countable sum in Lemma|12|can be turned into a finite
sum by setting all remaining supermartingales equal to zero]. Moreover, we will show that liminf(.#, + .#,) >
liminf #; +liminf.#, and therefore that liminf.# >; f + g, which, by Deﬁnition implies that Ey(f + g|s) <
M (5)= M\(5)+ M>(s) < ¢ + c,. Since this then holds for any real ¢, > Ey(f|s) and any real ¢, > Ey(g|s), it follows
that Ey(f + g|s) <Ey(f1s)+Ev(gls).

So consider any w € Q2 and any real @; and a, such that liminf.#,(w) > @; and liminf #,(w) > a,. This is
always possible because .#; and ./, are bounded below. Then there are two natural numbers V; and N, such that
AMy(w™) > a; and A,(w™) > a, for all ny > N, and all n, > N,. Hence, we have that 4 (w™)+ (™) > a; + s
for all n > max{N;, N}, implying that liminf(_.#; + #,)(w) > a; + a,. Since this holds for any real a; and a,
such that liminf. #,(w) > a; and liminf.Z,(w) > a,, we indeed find that liminf(.#, + .#,)(w) > liminf #,(w) +
liminf._Z,(w).

For A e R,, it suffices to note that ./ is a bounded below supermartingale such that liminf.# > f if
and only if A./ is a bounded below supermartingale such that liminfA.# >; Af. If A = 0, then AEy(f|s) =0
because (+00)-0=(—00)-0 = 0. To see that also Ey(Af|s) = 0, start by noting that A f =0 and hence, because of
Ev(Af|s) <0. That Ey(Af|s) < 0 is impossible, follows from Lemmaand Deﬁnition Hence, we indeed
have that Ey(Af|s)=0.

Consider any two f,g € V such that f <, g. Then for any .# € M,, such that liminf.# >, g, we also have
that liminf.# >, f, and hence, by Deﬁnition Ev(f|s) <Ey(gls).

The first and third inequality follow trivially from|[V1]and the definition of the conjugate lower expectation
E, . To prove the second inequality, assume ex absurdo that E (f|s) > Ey(f|s). Then 0> Ey(f]s) —Ey(f|s) which,
by and the definition of the conjugate lower expectation E,;, implies that 0 > Ey(f +(—f)|s). Since, according
to our convention, the extended real variable f +(—f) only assumes values in {0, +00}, we have that f +(—f)>0
and therefore, by and that Ey/( f+=fls)=> Ey(0|s)=0. This is a contradiction.

@ For any ./ € M, such that liminf.# > f + u, we have that .# — u € M, because of [E8{and moreover
liminf(.# —u) >; f. Hence, Ev(fls) < . (s)—u and therefore also Ey(f|s)+u < #(s)—u+u = 4#(s). Since
this holds for any ./# € M,, such that liminf.# > f + u, we have that Ey(f|s)+u < Ey(f + uls). By applying this
inequality to f’ = f +u and u’ = —u, we also find that Ey(f +u|s)—u < Ey(f]s). O
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In order to formulate our next result, we require the concept of an n-measurable variable. For a given n € Ny,
we call a global variable f n-measurable if it is constant on the cylinder events I'(x;.,,) for all x;.,, € Z7.,,, that
is, if f = f(X,.,) for some map f on 2°". We will then also use the notation f(x;.,) for its constant value f(w)
on all paths w €I(x;.,). Similarly, for a global variable f that only depends on the n-th state X,,, we will use
f(x,) to denote its constant value on the event {w € Q: w,, = x,,}. We call a global variable f €V finitary if it is
n-measurable for some n € N,. With any situation x,., € Z* and any (n + 1)-measurable extended real variable
f, we now associate a local variable f(x;.,-) defined by f(x1.,,-)(X,11) == f(x1.541) for all x,,,; € Z'. On the other
hand, for any extended real process &2, we will define the global variable 2 (X;.,,) .= £ o X;.,, that only depends of
the first n states, and is therefore finitary.

Our proof of Proposition[14]also requires the following additional notation and terminology. For any two
situations s, t € Z'*, we write that s C ¢, or equivalently that ¢ 3 s, when every path that goes through ¢ also goes
through s. In that case we say that s precedes t or that t follows s. When s C t and s # ¢, we write s C ¢ and

similarly for the relation 3. When neither s C ¢ nor ¢ C s, we say that s and ¢ are incomparable.

Proposition 14 (Partial compatibility with local models). Consider any situation x,., € Z* and any (n + 1)-

measurable extended real variable f that is bounded below. Then,
EV(flxl:n) zaxkn (f(xln))
Proof. Our proof is similar to that of [4, Corollary 3]. Consider any .# € M,, such that liminf.# >y, [- Thenit

follows from Lemmal(l1]that, for all x,,,, € Z,

M(Xy:p1) 2 inf liminf 4 (w)= nf )f(w) = f(x1n41)-

i
WEl(Xy:p41) WEL (X141

Hence, we have that .#(x;.,)> f(x;.,*), which implies by[E4|and the supermartingale character of ./ that
%(xlzn) 2 le:n(//t(xl:n')) 2 me(f(xl:n ))

Since this holds for any .# € M, such that liminf.# 2. [, it follows from Definition (3| that Ev(flx1,) =
lem (f(x1.,°))- To see that the inequality is an equality, consider the extended real process .# defined by ./ (s) :=
th,, (f(xy.,-) forall s A x,.,,, and by A (s) == f(x1.,41) for any s € 27* such that s 3 x;.,,4; for some x,,; € Z. Then
# is bounded below because f is bounded below and Gm satisﬁes It is also a supermartingale because
thn(//l(xl:n-)) = le:n(f(xlzn-)) = _#(xy.,) and, for all s # x,.,,, Q;(.#(s-)) = . (s) because of and the fact that

M (s-) is constant and equal to ./ (s). It is moreover easy to see that liminf.# >, f is guaranteed because f is

(n+ 1)-measurable. O

We will show later on that this compatibility can be extended to the entire domain of the local models Q;
provided that they additionally satisfy[E6]
The following important result is an imprecise generalisation of the well-known ‘law of iterated expectations’.

The idea of the proof goes back to [12} Proposition 8.7], yet, our proof is more similar to that of [4, Theorem 16].

Theorem 15 (Law of iterated upper expectations). Forany f €V and any x,., € 2’*, we have that

xl:n)-

Ev(f|xl:n) = EV(EV (f|x1:an+1)
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Proof. Fix any f €V and any x;.,, € 2*. We first show that Ey(Ey(f|X1.n Xpn11)|X1.n) < Ev(f1X1:0). I Ey(f]%10) =
+00, this s trivially satisfied. If not, then for any fixed real & > Ey/(f|x;.,,) there is a bounded below supermartingale
A such that .#(x,.,) < @ and liminf.# >, f. Thenitis clear that, for all x,,;, € 2, liminf.# >,  f, and
hence Ey(f|X1.p41) < A (X1.041) by Deﬁnition Let .#’ be the process that is equal to ./ for all situations
that precede x;.,, or are incomparable with x;.,,, and that is equal to the constant .#(x;.,,;) for all situations
that follow x;.,,, for some x,,, € Z. Clearly, ./’ is again a bounded below supermartingale and, because of
the reasoning above, Ey(f|x1., Xy41) < A (X1.0 Xp11) =4, iminf.Z’. Hence, it follows from Deﬁnitionthat
Ev(Ev(f1X1:0 X i1 X1:0) < A (X1.) = A (X1.,,) < . Since this holds for any real a > Ey(f|x;.,), we indeed have that
Ev(Ev(f1%1:0 Xps1) X1:n) < By(f1x1:).

We now prove the other inequality. Again, if Ey(Ey(f|X1.n X,41)| X1.) = +00 it trivially holds, so we can assume it
to be real or equal to —oo. Fixany real @ > Ey(Ey(f|*1.n X,i41)| %1.,) and any € € R . Then there must be abounded
below supermartingale .# such that .#(x,.,) < ¢ andliminf.# >, EV( f1x1.2X,41). Consider any such bounded
below supermartingale. Then for any x,,,; € %, we have thatliminf.# >, Ev(f|X1.p41), which by Lemma
implies that ./ (xy.,41) > Ey(f|X1.n41). Fixany x,,.; € 2. Then .#(x,.,41) is either real or equal to +0c0 because .#
is bounded below. If .# (x;.,,.,) is real, then since .# (X;.,,41) > Ev(f|X1:n41), it follows from Deﬁnitionlthat there
(X1:p41) £ A (Xy.pq) + € and liminf #, >, f.
If A(Xy:p41) is +00, let 4,  be the constant supermartingale that is equal to +oo everywhere. So, for all
such that ./, (X1.p41) < A (X1p41) +€
f. Let .#* be the process that is equal to ./ + € for all situations that precede or are

is a bounded below supermartingale .#, . suchthat .Z,
X1 € 2, we have found a bounded below supermartingale ./#
and liminf_#

Xin+1 _xl n+l

Lin+1

incomparable with x;.,, and that is equal to .# for all situations that follow x;.,,,; for some x,,; € 2. Note

liminf # f. We

X+l _xl n+l

X1+l
that liminf.Z* >, f because, for each x,,; € &, we have that liminf.Z* =,
moreover show that .#* is a bounded below supermartingale.

The process .#* is clearly bounded below because .# and all .# , . are bounded below and 2 is fi-
nite. Furthermore, for any x,,; € &, we have that #*(x.,,41) = A

xl:,,ﬂ(xl:n-*—l) < '/ﬂ(xlzn-%—l) +é€, lmplylng that
MH(Xy.n7) S M(x1.-) + € and therefore, by[E4]and[E8} that

me (AM*(x1:7)) < lem (A (x1.7) + €) :6)51:” (M (x1:0))+ € S M(X1.) + € = M (X1:0)

Moreover, for all situations s Z x;.,, we have bythat Q (M5 )N=Q(M(s)+€)=Q(AM(s-))+€e< M(s)+€
M*(s), and for all s € 2* such that s 3 x;.,,, for some x,,,; € Z, we have that Q,(./Z*(s-)) = Q (.« i (8°)) <
My, (s)=M*(s). All together, we have that Q(M*(s-)) < M*(s) for all s € 2%, implying that ./* is a super-
martingale that, as shown before, is bounded below.

Sinceliminf.#* >,  fand #*(x,.,)=.#(x.,)+€<a+e, Deﬁnitionnow implies that Ey(f]x;.,) < a +e€.

This holds for any € € R, and any real a > Ey(Ey(f|X1., X,,11)| X1.,), so we indeed conclude that Ey(f|x;.,) <

EV(Ev(flxl:nXl1+l)|-x:1:n)~ O
Corollary 16. For any f € V,, the process 2, defined by 2(s) = Ey(f|s) for all s € 2%, is a bounded below
supermartingale.

Proof. Considerany f €V,,. Then 2 is bounded below because f is bounded below and Ey satisﬁes Moreover,

if for any s € 2* we let Ey(f|s ) be the (bounded below) local variable that assumes the value Ey(f|sx) for all
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x € Z, then it follows from Proposition[14]and Theorem[15|that

lez,,(g(xlzn'))zaxlm (Ev(flxlzn'))ZEV(EV(flxI:anH—l)lxl:n)
:EV(flxl:n) =P (xy.,) for all x,.,, € 2.

Hence, £ is indeed a supermartingale, and therefore a bounded below supermartingale. O

5. Equivalent definitions for Ey

We start the current section by presenting two technical results that are essential for our further analysis
of Definition 8} Doob’s Convergence Theorem and Lévy’s Zero-one Law. Both of them also hold in a precise
measure-theoretic context, but our results do not require any measurability conditions, nor do they require the
local models to be precise. The game-theoretic versions we present here are due to Shafer, Vovk and Takemura
[13}14}23]. However, since our framework slightly differs from theirs, we have adapted their proofs to our setting.
Some of the involved arguments are rather lengthy and technical, though, so we have chosen to relegate these
proofs to an appendix at the end of the paper.

To state the results, we require the following terminology. For any s € 2, we say that a supermartingale
M €My, is an s-test supermartingale if it is non-negative and ./ (s) = 1. If s = O, we simply say it is a test
supermartingale. For any s € Z'*, we say that an event A C Q is strictly almost sure (s.a.s.) within I'(s) if there is an
s-test supermartingale that converges to +00 on I'(s)\ A. In that case, we call the event A° strictly null within
I(s). If s = 0O, we drop the ‘within’ and simply speak of ‘strictly almost sure’. For any two f, g € V, we will use the
notation f > g s.a.s.—and similarly for <, >; and <;—to indicate that the event {w € Q: f(w) > g(w)} is strictly
almost sure within I'(s).

It can easily be shown that an event A C  is strictly almost sure within I'(s) if and only Py(A°|s) = 0 or,
equivalentlyﬂ if and only if Py(A|s) = 1; we refer to [13} Proposition 8.4] for an illustration in the case where
s =0. This is similar to the traditional measure-theoretic definition of an almost sure event; that is, a measurable
event with (measure-theoretic) probability one. In contrast with the measure-theoretic definition however, the
game-theoretic approach provides a clear behavioural interpretation for strictly null events A C Q: it says that
there is a strategy for Skeptic that allows him to start with a finite capital (in the situation s) and become infinitely
rich on all paths w € A (that moreover go through s) without ever borrowing money.

Theorem[18|below establishes a version of Doob’s convergence law. It states that a bounded below super-
martingale converges to a real number strictly almost surely. This is somewhat intuitive (yet, not trivial at all):
since a supermartingale is bounded below and expected to decrease, one would expect it to converge to a real
number. We precede Theorem[18|with a technical result about the limit behaviour of the test supermartingales
that are involved in Theorem[18|

Proposition 17. Consider any supermartingale ./ € M. If /() is real for some s € Z'*, then there is a s -test
supermartingale ./(* that converges to +00 on all paths w €T(s) where ./ does not converge to an extended real

number, and that converges to an extended real number on all paths w € T(s) where ./ converges to a real number.

3This follows from the fact that Py(A¢|s)=Ey(Lac|s) = Ey(1—I4|s) = 1+Ey(—I4|s)= 1—Ey(Ials) = 1—Py(Als), using@]for the third equality.
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Theorem 18 (Doob’s Convergence Theorem). Consider any supermartingale ./ € My. If 4/ (s) is real for some

S EX*, then M converges to a real number strictly almost surely withinI'(s).

The following result, a version of Lévy’s zero-one law, captures (and extends) yet another intuitive idea: the
upper probability of an event A C €2 conditional on a situation w” should (or, is expected to) converge to 1 as

n—+ooifweA.
Theorem 19 (Lévy’s zero-one law). Forany f €V, and any s € 2°*, the event

A= {w eq: lim}&fﬁv(ﬂw") > f(a))} is strictly almost sure within I'(s).
n—-

One of the major consequences of Doob’s convergence theorem and Lévy’s zero-one law is that they allow
us to draw some interesting conclusions about Definition[3] In particular, we can use them to show that the
resulting game-theoretic upper expectation is not impacted much by changes that concern the limit behaviour
of supermartingales and, more specifically, how this limit behaviour relates to the variable f at hand; see
Proposition[20|and 21 below. As was the case for the previous results in this section, the ideas underlying the
proofs of the following results are due to Shafer, Vovk and Takemura [13} [14]].

Our first result shows that, in Deﬁnition we can restrict ourselves to the bounded below supermartingales

that converge within I'(s). That is, the limit inferior in Definition[3|can be replaced by a limit.

Proposition 20. Forany f €V and any s € Z'*, we have that

Ey(fls)=inf{.#(s): # €M, and lim # >, f},
where the conditionlim # > f is taken to implicitly imply thatlim ./ exists withinT(s).

Proof. The inequality ‘<’ is trivially satisfied since liminf_# =; lim .# for any bounded below supermartingale
 such that the limit lim ./ exists within I'(s). It remains to prove the other inequality. If Ey(f|s) = + 00, this
is trivially satisfied. Otherwise, fix any real a > Ey(f|s). Then, due to Deﬁnition there is a supermartingale
M €M, such that ./ (s) < e and liminf_# >, f. Because ./ is bounded below and « is real, ./ (s) is also real.
So, by Proposition[17] there is an s-test supermartingale ./ * that converges to + 0o on all paths w € I'(s) where
 does not converge in R and converges in R on all paths w € I'(s) where .# converges in R.

Fix any € € R, and consider the process .#’ defined by .#’(t) := .#(t)+ e._#*(t) for all situations ¢ I s and
by #'(t):= M(s)+ e*(s) < a+ ¢ for all situations ¢ Z s. Then .#’ is bounded below because .# and ./ * are
bounded below. Moreover, as we will now show, it is also a supermartingale. On the one hand, for all situations

t Js, we have that
2y ’ _A * @<@]_ ') * * )= /
QA (t)=Q, (Mt )+eM* (1) = QM) +eQ (M () S M)+ e M ()= M (1),

where the second inequality follows from the fact that .# and .#* are bounded below supermartingales, and from
the positivity of €. On the other hand, for all situations ¢ Z s, it can easily be seen that the local variable .#(¢)
is equal to the constant ./ (s)+ e.#*(s) = .#’(t). This constant is furthermore real because .#’(t) is bounded
below and ./ (s)+ e./*(s) < a+ €. Hence, due to Q,('(t))=.#(t). So we can conclude that ./ is indeed

a supermartingale and more specifically, a bounded below supermartingale. We also have that liminf.#’ >, f
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because e./* is non-negative and liminf_# > f. We will now show that, moreover, for all w € I'(s), this process
M’ converges in R.

For any w € I'(s), if .# does not converge in R, .#* converges to +0o and hence also ./’ because ./ is
bounded below and ¢ is positive. If .# does converge in R, it converges either to a real number or to +co
(convergence to —oo is impossible because it is bounded below). If .# converges to a real number, ./ * converges
in R and hence ./ also converges in R. If .# converges to +00, then so does ./’ because €./* is non-negative.
Hence, for all w €I(s), ./’ converges in R and the limit lim ./#’(w) therefore exists.

Now, recall that lim .#’ =liminf.#’ >, f and that .# €M,,. Hence, we have that

inf{ (s): M €My, and lim 4 >, f} < M'(s)=M(s)+eM* < a+e.

This holds for any € € R, and any a > Ey(f|s), which implies that indeed
inf{ #(s): # €My, and lim # > f} <Ey(fs). O

The following result shows that the condition liminf./# > f in Definition[3|should in fact merely hold strictly

almost surely:
Proposition 21. Consider any f €V and any s € 2'*. Then

Ev(fls)zinf{//l(s)://t €M, and liminf. # >, f s.a.s.}. (6)

Proof. Since every supermartingale ./ that satisfies liminf.# > f also satisfies liminf.# >; f s.a.s., we clearly
have that
Ey(fls)> inf{.#(s): # €My and liminf.# 2, f s.a.s.},

so it remains to prove the other inequality. If the right hand side of Equation (@) is equal to +00, then this
inequality is trivially satisfied. So consider the case where it is not. Fix any a € R such that a > inf {//l (s): M €
M, and liminf.# >, f s.a.s.} and any € € R.,. Then there is some bounded below supermartingale .#,, such
thatliminf.#, >, f s.a.s. and

My(s) <L a. (7

Since liminf.#, >, f s.a.s., there is some s-test supermartingale ./ that converges to +00 on A = {w €
I[(s): liminf./,(w) < f(w)}. Consider the extended real process .#, + €.#. This process is again a bounded
below supermartingale because of Lemma [which we can apply because .#, and ./ are both bounded
below and hence have a common lower bound]. Since ./ converges to +00 on A and because .#,, is bounded
below, we have that liminf(.#, + €./ })(w) = +00 > f(w) for all w € A. Moreover, for all w € I'(s)\ A, we also
have that liminf(.#, + €./ )(w) > f(w), because liminf./,(w) > f(w) and because €./ is non-negative. Hence,

liminf(.#, +€.#}) >, f and consequently Ev(fls) < (My+ett 2)(s). It therefore follows from Equation (7) that

Ey(fIs) < (My+eMP)N )= Mo(s)+€<a+e.

As this holds for any € € R.,, we have that Ey(f|s) < a, and since this is true for every a € R such that a >
inf{//l(s): M €M, and liminf_# >, f s.a.s.}, it follows that

Ev(fls) Sinf{//l(s)://l €M, and liminf./Z >, f s.a.s.}. O
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Clearly, the infimum in (6) is taken over a larger set compared to the infimum in Definition[3} Though the
resulting game-theoretic upper expectation is not impacted by this difference, it does make sure that the infimum

in (6) becomes attained:
Proposition 22. Forany f €V, and any s € Z’*, the infimum in Equation (6) is attained.

Proof. Consider any f €V, and any s € 2°*. Let 2 be the extended real process defined by 2(t) := Ey(f|t) for
all r € 2*. Then 2 is a bounded below supermartingale because of Corollary[16] Moreover, because of Theorem
we have that liminf2 > f strictly almost surely. Since 2 (s) = Ey(f|s), this concludes the proof. O

6. Continuity of Ey with respect to monotone sequences

We now turn to the most important subject in this paper: continuity properties of Ey. Apart from their intrinsic
theoretical value, these properties also have great practical relevance, in the sense that they provide possible ways
to calculate (upper) expectations that would otherwise be difficult or even impossible to calculate numerically.
For example, suppose that we have some variable f € V and some situation s € 2°* for which calculating Ey(f|s)
directly is not feasible. If we can find a sequence of simpler functions f, that converges to f in such a way that Ey
is continuous with respect to this convergence, then we can use Ey(f,|s) to approximate Ey(f|s) provided that n
is large enough. If the sequence of functions f,, is moreover simple enough such that all individual Ey(f,|s) can
be calculated directly, then we obtain a practical method for calculating Ey(f|s).

We start by establishing results similar to those presented in an earlier conference paper [20], where we used a
version of Ey with real supermartingales instead of extended real ones. These results mainly concern continuity
with respect to monotone sequences that are bounded below. The first one shows that, similar to the local models
Q,, the global upper expectation Ey also satisfies continuity with respect to non-decreasing sequences that are
bounded below. The idea behind this result goes back to [23, Theorem 6.6], but an updated version can now also
be found in [13} Proposition 8.3]. Once more, the setting for which [13} Proposition 8.3] is stated slightly differs
from ours; the authors do not necessarily consider a finite state space, and we do not impose the additional
axioms|E2’HE4’|on the local models. Moreover, they only give an explicit proof for the case that there is a single,

fixed local model Q in all situations. For these reasons, we provide an independent proof here.

Theorem 23. Consider any s € 2™ and any non-decreasing sequence { f, } ,en, in V,, that converges pointwise to a

variable f €V . Then we have thatEy(f|s)=1im,_, o Ev(f,|$).

Proof. As f, € V,, is bounded below and the sequence { fa}nen, is non-decreasing, there is an M € R such that
f, = M for all n € N, and therefore, f is also bounded below by M. Hence, since Ey is constant additive @], we
can assume without loss of generality that f and all f,, are non-negative.

Thatlim,,_,, o, Ey(f,|s) exists, follows from the non-decreasing character of { f;, nen, and Moreover, we have
that Ey(f|s) > lim,,_,,co Ey(f,|s) because f > f,, [since { fn}nen, is non-decreasing] and because Ev satisﬁes It
remains to prove the converse inequality.

For any n € N,, consider the extended real process S,,, defined by S, () := Ey(f,|t) for all ¢ € 2* and the

extended real process S defined by the limit S(¢) := lim,,_, ., S,(¢) for all ¢ € Z™*. This limit exists because
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{S,(£)}nen, is a non-decreasing sequence for all £ € ™, due to the monotonicity of Ey. As f,, is non-negative
for all n € Ny, S, is non-negative for all n € N, because of[V5|and therefore § is also non-negative. As a result, S
and all S,, are non-negative extended real processes.

It now suffices to prove that S is a bounded below supermartingale such that liminfS >; f s.a.s. because it
will then follow from Proposition[21]that

Ev(fls)zinf{//l(s):% €M, and liminf./Z >, f s.a.s.}

<S(s)= lim Ey(f,ls).

This is what we now set out to do.

We first show that S is a supermartingale; that it is bounded below follows trivially from its non-negativity.
For all situations t € Z™*, we already know that {S,( -)} ,ey, is a non-decreasing sequence that converges to S(z -).
Since S, and S are non-negative, we also have that S, (¢ -), S(t-) € £ ,(2'). Then, due to we have that

Qu(S(t) = lim Qu(S,(¢-) forall ¢ € 2™, ®)

S, is a supermartingale for all n € N, because of Corollary so it follows that Q,(S,(t-)) < S,(t) for all n € N,
and all r € 2*. This implies, together with Equation (8), that

Q,(S(t)< lim_8,(¢)=S(t)forall r e 2.
n—+00
Hence, S is a supermartingale.
To prove that liminfS > f s.a.s., we will use Lévy’s zero-one law. It follows from Theorem [19|that, for all

n € Ny, there is an s-test supermartingale ./, that converges to +00 on the event
Ap={wer(s): liminfEy(/,lo™) < fulw)}.
Now, consider the extended real process ./, defined by

M(1)= Z A, M, (1) forall t € 2%,
neN,
where the coefficients A, > 0 sum to 1. Then it follows from Lemma[12|that ./ is again a non-negative super-
martingale. Moreover, it is clear that .#(s) =1 and hence, ./ is an s-test supermartingale.
We show that .# converges to +00 on all paths w € I'(s) such that liminf,, ,, ., S(w™) < f(w). Clearly, .#
converges to +00 on Uy, A, =t A. Consider now any path w € I'(s) for which liminf,, ,, . S(w™) < f(w). As
explained before, S,(¢) is non-decreasing in n for all £ € %, so we have that sup,,y, Sy(w™)=1lim,,_,; oo Sp(@™) =

S(w™) for all m €Ny. Since liminf,, , ., S(w™) < f(w), this implies that

. . m 3
iminfsup $,(™) < Im_ fu(e).

Since sup,,cy, liminf,; ;00 S;(w™) < liminf, ;o SUP ey, Sp(@™) [because we obviously have that S, (w™) <

SUp ey, Su(w™) for all n, m € Ny, this implies that

. . ol my __ . . m . . m .
SngU HminfEy(f,|w™)= :§£, liminf$, (™) < liminf SngU Sp(@™) < lim _f,(ew). 9)
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Hence, there is some n,, € N, such that

sup hm_&gfﬁv(fﬂa)m) < fnw(w);

neN, M~

and therefore, we see that also

liminfﬁv(fnwla)m) < f, (@)

m—+00
Sow € A, € Aand, as a consequence, ./ converges to +00 on w. Hence, the s-test supermartingale ./
converges to +00 on all paths w €T(s) such that liminf,,_,, ., S(w™) < f(w), and therefore liminfS > f strictly

almost surely. O

The fact that Ey satisfies continuity with respect to non-decreasing sequences, together with the properties in

Proposition immediately implies that Ey is an upper expectation.

Corollary 24. Foranys € 2*, the map Ey(:|s): V — R is an upper expectation on'V.

Proof. [E1]follows from V5] Properties and[E4]respectively follow from and[V4] Finally,[E5|follows
from Theorem O

Another immediate consequence of Theoremis that Ey satisfies a version of Fatou’s lemma:

Corollary 25 (Fatou’s Lemma). For any situation s € ™ and any sequence {f,} ey, in V, that is uniformly

bounded below, we have that Ey(f|s) <liminf,_,, o Ey(f,|s) where f :=liminf,_, o f,.

Proof. Consider any s € 2™ and any sequence { f;, } ,en, in V', that is uniformly bounded below. For all k € N, let
g« be the global variable defined by gi(w) :=inf,5 f,(w) for all w € Q. Then lim;_,, o, g =liminf, , o, f, = f.
Furthermore, {g} } ey, is clearly non-decreasing and it is a sequence in V, because {f, }nen, is uniformly bounded
below. Hence, we can use Theorem[23]to find that

Ev(fls)= lim Ey(ge|s)=liminfEy(gy|s) <liminfEy(f;|s),
k—+00 k—+00 k—+00
where the inequality holds because, for all k € N, g < f; and therefore, because o also Ey(ge|s) < Ey(fils). O

The following result is entirely new and states that Ey is continuous with respect to non-increasing sequences
of lower cuts. So Ey(|s) satisﬁeson V for any s € 2*.

Proposition 26. Forany f €V and any s € Z'*, we have that lim,_,_, Ev(fvals) = Ev(fls).

Proof. Ey(f"%|s)is non-decreasing in a because " is non-decreasing in a and because Ey is monotone ,
and therefore lim,_,_. Ey(f"%|s) exists. Moreover, V¢ > f for all @ € R, implying, by the monotonicity of Ey,
that lim,_,_o, Ev(f"%|s) > Ey(f]s). It therefore only remains to prove the converse inequality.

If Ey(f|s) =400, then lim,_,_o, Ev(f"%|s) < Ey(f|s) holds trivially. If Ey(f|s) < + 00, fix any real ¢ > Ey(f|s).
Then it follows from the definition of Ey(f|s) that there is some supermartingale .# € M, such that ./ (s) < c
and liminf.# >; f. Since .# is bounded below, it immediately follows that there is some B € R such that
liminf./# > a for all @ < B. For such an a < B, we have thatliminf./# > f"*, which by Definition[3|implies that
Ev(fV¥|s) < .#(s) < c. This holds for all @ < B, so we infer that lim,_,_, Ey(f"%|s) < ¢, and since this holds for

any ¢ > Ey(f|s), we conclude that indeed lim,_,_o Ey(f¥?|s) < Ey(f]s). O

28



Proposition [26/shows that Ey on V x 27* is uniquely determined by its values on V,, x Z*. Moreover, by
Theorem [23] its values on V;, x 2°* are on their turn uniquely determined by its values on V x 2°* (for any f €V,
there obviously is at least one sequence in V that converges non-decreasingly to f). Together, these observations
imply that Ey is uniquely determined by its values on the gambles in V.

Proposition 26|also immediately establishes our claim from Section[2} that the (global) game-theoretic upper
expectation is only fully compatible with the local models if the local models additionally satisfy[E6}

Corollary 27 (Compatibility with local models). For any imprecise probabilities tree Q, we have that Ey(f|x,.,)=

lem (f (x1.°)) for all x,.,, € 2 * and all (n+1)-measurable variables f €V, ifand only if the local upper expectations
Q, all satisfj/ on 2(X).

Proof. Consider any x,., € 2* and any (n + 1)-measurable extended real variable f € V. Clearly, fV¢ is bounded
below and remains to be (n + 1)-measurable for any ¢ € R. Due to Proposition we have that Ey(fV¢|x,.,) =
le:n (fV¢(xy.,")) for any ¢ € R. Then, because Ey(-| x;.,,) satisﬁesdue to Proposition we clearly also have that
Ey(f1x1,) = Qy, (f(x1,,°) if Q,,, satisfies[E6]

On the other hand, consider the case that there is some x;., € Z* such that ﬁxl:” does not satisfy meaning
that there is at least a single f € £(2’) such that le;n (f)#lim,__eo lem( fV¢) [the limit on the right hand side
still exists because of monotonicity ]. Let g €V be an (n +1)-measurable variable such that g(x;.,,-)= f. Then,

forall c €R, gV¢ is bounded below and (n + 1)-measurable and we clearly also have that g¥¢(x;.,-)= fV¢. Hence,
6x1;n (g(xln)) = le:n (f) 7£ CEI_IlOO Gxi;n(fvc) = Cli)glooaxlm (gvc(-xl:n')) = CBI_HOO EV(gVC |x1:n) = EV(glxl:n),
where the second to last step follows from Proposition[14]and the last step follows from Proposition O

As we have illustrated in Example[l} an upper expectation—and therefore also any local upper expectation—
does not necessarily satisfy[E6] Hence, if we find compatibility (on the entire domain) between local and global
models desirable, then we will need to impose as an additional axiom on the local models Q,. This is also
the case even when we adopt the stronger axioms[E2’HE4'| (again, this follows from Example[l). We therefore
do not see what advantage could be gained from additionally imposing[E2’HE4"|on the local models: it imposes
constraints on how the values of the local models can be chosen, yet does not imply any additional properties for
the global game-theoretic upper expectation (Ey only depends on the values of the local models on £ ,(2’) and,
on this restricted domain, axioms[E2’HE4'|are as general as[E2HE4]according to Proposition[2). If one moreover
finds it desirable to have complete compatibility with the local models, then one should additionally impose
on the local models, irrespectively of whether he is already imposing[E2’HE4’} at which point[E2’HE4|become
redundant due to Proposition[1}

7. Behaviour of E y with respect to sequences of finitary variables

Even though the upper expectation Ey is continuous with respect to non-decreasing sequences and with

respect to non-increasing sequences of lower cuts, it is not necessarily continuous with respect to general

29



pointwise convergence; see [20, Example 1] for an illustrationE] However, in many cases, the sequence of interest
will be composed out of variables that are finitary; the individual variables then only depend on a finite number of
states. Compared to general sequences, sequences of finitary variables tend to be more well-behaved and therefore
allow us to establish stronger continuity results. Moreover, upper expectations of finitary variables or, more
specifically, finitary gambles can often be computed rather efficiently; see [21]]. If these computational methods
were to be combined with the appropriate continuity properties—which tend to be stronger for sequences of
finitary variables—we would also be able to compute upper expectations of a great deal of non-finitary variables.

Because of their importance in this section, we will denote the set of all bounded below variables f Vb such
that f =lim,,_,, ., f, for some sequence {f, } ey, of finitary variables by beﬁm. Our first result indicates that the
variables in V, i, play a crucial role in the characterisation of game-theoretic upper expectations. It states that
the upper expectation Ey(f|s) of any variable f € V, conditional on any s € 2%, is the lower envelope of the upper
expectations Ey(g|s) of variables g € V1im that dominate f on the domain I'(s). Once more, this result allows us
to conclude that Ey is uniquely characterised by its values on a constrained domain; that of the (bounded below)

limits of finitary variables. We refer to [18}[19] for a more detailed discussion.
Proposition 28. Consider any f €V and any s € 2'*. Then

Ev(f1s)=inf{Ev(gls): § €Vym and g 2, f } =inf{Ey(gls): g €V and g > f }. (10)

Proof. Because Ey is monotone , we have that Ey(f|s) < Ey(g|s) for any g € V}, iy, such that f < g. It therefore

follows immediately that
Ey(fls)<inf{Ey(gls): § €Vyyim and g 2, f } <inf{Ey(gls): § €V mand g = £},

where the last inequality follows from the fact that g > f implies g >, f for any g € V. It remains to prove that
inf{Ey(gls): § € Vym and g > f } <Ey(fls).

Consider any ./’ € M, such that lim ./ exists within I'(s) and such that lim.#’ > f. Let .# be the extended
real process defined by ./ (t):= .#'(t)forall t 3 s,and by .#(t):=+oo forall t Z s. We show that ./ isabounded
below supermartingale such that lim.# > f. The process . is bounded below because ./’ is bounded below.
Moreover, we have, for all ¢ 3's, that Q,(.#(t-) = Q,(.#'(t)) < .M'(t)= 4(t) because ./’ is a supermartingale,
and, for all ¢ Z s, we also have that Q,(.#(t-)) < .#(t) because then ./ (t)=+oco. Hence, ./ is indeed a bounded
below supermartingale. Furthermore, note that lim .# =;lim.#’ > f and, for any path w not going through s,
that lim ./ (w) =400 > f(w), which all together implies that lim.# > f.

Now, let {g, } ,en, be the sequence defined by g, (w) = .#(w") for all n € Ny and all w € Q. Then it is clear that
{81} nen, is a sequence of n-measurable, and therefore finitary, extended real variables that is uniformly bounded
below. Moreover, since lim./# exists everywhere, we have that g(w) :=1lim,,_,, o g,(w) =1lim,,_,, oo A4 (") exists

for all w € Q. Hence, g €V}, ji, and because lim.# > f also g > f. It furthermore follows from Deﬁnitionthat

4The version of the game-theoretic upper expectation used in [20} Example 1] is with real-valued supermartingales instead of extended
real-valued ones. However, this does not make any difference because [20, Example 1] only involves upper expectations of gambles and, on
that domain, both versions of the game-theoretic upper expectation coincide; see Proposition|36|further on.
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Ev(g|s) < .#(s) because lim ./ >, g (since, in fact, lim .# = g). This implies that

inf{EV(gls): g€V, mand g > f} < M(s)=M(5).

Since this holds for any ./’ € Ml such thatlim ./ exists within T'(s)and lim.#’ > f, it follows from Proposition
that

inf{Ey(g]s): § € Vyum and g > f  <Ev(/15) o

The result above is expressed in terms of (bounded below) limits of finitary variables, but we could just as well
have replaced them by (bounded below) limits of n-measurable gambles because, as we intend to prove next,
each f e belim is a pointwise limit of a sequence of n-measurable gambles. As a first step to establish this result,
we aim to transition from any sequence {g,} ey, Of finitary variables to a sequence {gs }nen, of n-measurable
variables, without changing the essential characteristics of the sequence. To this end, let { gf:}neNO and {:N— N,
be defined by the following recursive expressions, where g(f := ¢ €R s a freely chosen extended real number and

£(1):=0:

&(n)+1  if gz(,) is n-measurable;

if g+ i - bl ;
gfl« — {gg(n) 1 gs(”) 1S n-measurabple (11)

g,f_l otherwise,

and E(n+1):= )
&(n) otherwise,

for all n € N. Note that {g,} ey, is a subsequence of {gg }nen, and that the additional terms in {gf; }nen, do not

impact the limit behaviour, nor, for a suitable choice of ¢, the (possibly) monotone character of the original

sequence.

Lemma 29. For any sequence{g,},en, Of finitary variables, the sequence {gg }nen, s a sequence of n-measurable

variables.

Proof. We prove this by induction. gg = c is clearly 0-measurable. To prove the induction step, suppose that
g,f_l is (k —1)-measurable for some k € N. Then either we have that g;(y) is k-measurable, which directly implies
that g,f = gs() is k-measurable. Otherwise, g,f is equal to g,f_l implying that g,f is (k — 1)-measurable and
therefore automatically k-measurable. This concludes the induction step and hence, {gs }nen, is a sequence of

n-measurable variables. O

We now establish our earlier claim that the variables in Vb,lim are essentially limits of n-measurable gambles

and therefore, that Proposition[28|turns out to be stronger than it first appears.

Proposition 30. For any f € Vy,, f is the pointwise limit of a sequence { fatnen, of n-measurable gambles.
Furthermore, we can guarantee that B < f,, <sup f for all n € Ny, where B is any real if inf f =+00 and B=inf f

otherwise.

Proof. Fix any f € \_/b,“m. Then, according to the definition of Vb,lim, f is the pointwise limit of a sequence
{81} nen, of finitary variables. Let { gfl }nen, be the sequence defined by the recursive expression (1), with ¢ =0,
which by Lemma[29)is a sequence of n-measurable variables. As explained in the text that preceeds Lemma

the sequences {g,} ey, and { gf: }nen, have the same limit behaviour, so {g;i }nen, converges pointwise to f. Let
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B be any real if inf f =400 and let B :=inf f if inf f € R [the case where inf f = —00 is impossible because f is
bounded below]. Let {f,} <y, be the sequence defined by bounding each gf: above by min{n, sup f} and below by
B;so f,(w) = max{min{gg(a)), n,sup f}, B} forall w € 2 and all n € N,. Then it is clear that { f;,} ,e, is a sequence
of n-measurable gambles because {gfl }nen, is a sequence of n-measurable (possibly extended real) variables. It

also converges pointwise to f because
_ . _ . . 13 .
flw)= max{ min{f(w),sup f}, B} = max{ min { nl_lgl@ g (w), nllgrnm n,sup f}, B}

= nliI-Poo max{ min{gg(a)), n,sup f}, B} = nliI-Poo fu(w),

for all w €, where the first equality follows from the fact that B <inf f < f. Moreover, for all n € N,, we clearly
have that B < f,,, and also f,, < sup f because rnin{g;’:(a)), n,supf}<supf foralweQand B<inff <supf.

Hence, {f, } v, satisfies all of the conditions in the proposition. O

We now present two main results. The first one states that Ey is continuous with respect to non-increasing
sequences of finitary bounded above variables. The second one says that, for any f € V,, j;,, there is always a
sequence of n-measurable gambles—and therefore also a sequence of finitary gambles—that converges pointwise

to f and for which Ey is continuous.

Theorem 31. Forany s € * and any non-increasing sequence {f,,} ,en, of finitary, bounded above variables that

converges pointwise to a variable f €V, we have thatlim,,_, . o Ey(f,|s)=Ey(f]s).

Theorem 32. Foranys € Z* and any f €V, yn, there is a sequence { fatnen, of n-measurable gambles that is

uniformly bounded below and that converges pointwise to f such that lim,,_,, o Ey(f,|s)=Ey(f]s).

Both of the results above have already led to valuable theoretical insights in the literature: Theorem
was crucial to obtain an equivalence result about hitting times and probabilities in imprecise Markov chains
[9]. Theorem [32]on the other hand, further establishes the importance of finitary variables and their limits
when it comes to characterising Ey [18}19]. In fact, Theoremwas a key result in obtaining our alternative
characterisation presented in [18] (or, more recently, the characterisation presented in [19]). For this reason, a
version of Theorem[32|was also already included in an online report [17] that serves as a technical reference for
[18].

The remainder of this section is devoted to the proofs of Theorem[31]and[32} We start with two technical

lemmas that are key in proving them both.

Lemma 33. Consider any global variable h € V taking values in N,. If h(w) = h(®) for every w € Q and & €
[(w"®), then h is bounded below and above—and therefore a gamble—and h is (sup h)-measurable, withsup h =

SUup ,eq h(w) €Ny.

Proof. h is clearly bounded below because it takes value in Ny. Assume ex absurdo that h is not bounded above;

so sup h =+o00. Then we have that

sup h(w)=sup sup h(w)=+oco.
weN X EX wel(xy)
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Since 2 is finite, there is clearly some x}' € 2" for which sup ,cp,+) h(w) =+00. Similarly, we also find that

sup h(w)=sup sup h(w)=+oo.
wer(x}) XEX weT(x{ X)
Since 2 is finite, there is again some x; € 2’ for which sup ,cp(,+;) (@) =+00. We can continue in this way and
construct a path @ = x;x3...x}... for which
sup h(w')=+oo forall n €N,. (12)
w’el(wn)
However, h takes values in N, so h(w) € N,. This implies, together with the assumption that h(w’) = h(w) for

every o’ € (w"@), that
sup{h(w): ' eT(0"“))} =sup{h(w): o’ eT(w"*))} = h(w) eN,.

This is in contradiction with Equation (I2) [for n = h(w)], so h is bounded above, which together with the fact that
h is bounded below, implies that 7 is a gamble. The fact that & is bounded above and that it takes values in Ny,
also clearly implies that sup i € N,,. To see that & is (sup h)-measurable, consider any w € Q and any & € I'(w"?").

Then & € I'(w"“)) because h(w) < sup h and therefore, by assumption, we have that h(w)= h(®). O

For the following technical lemma, we will associate with any sequence {f;,} ,en, of 7n-measurable gambles
and any global variable h € V taking values in Ny, the global variable f;, € V defined by f},() = fy(s)(w). We will
also need the notion of a cut U ¢ &*: a collection of pairwise incomparable situations. We call a cut U complete
if for all w € Q there is some u € U such that w € T(u). Otherwise, we call U partial. We will also use the simpler
notation s to denote the cut {s} that consists of the single situation s € Z'*. For any situation s and any cut U, we
write sC U if sC u forall u € U. So, if s #0 and s C U, then U must be partial. Conversely, we write U C s if
there is a u € U such that u C s. In a similar way, we extend the relations C, 1 and 3. Analogously to what we did

before for situations, we say that a path w €2 goes through a cut U when there is some n € N, such that 0" € U.

Lemma 34. Consider any s € 2™ and any sequence { f,} ,en, 0f n-measurable gambles that converges pointwise

to a variable f €V that is bounded above. Then, for any m € N, and any a € R such thatEy(f|s) < a, there is a

gamble h: Q — N, that is (sup h)-measurable such that m < h and Ey(f,|s) < a.

Proof. Fix any m € Ny, any a € R such that Ey(f|s) < @ and any € € R.,. According to the definition of Ey(f|s),
there is a supermartingale .# € M, such that ./ (s) < a and liminf.# > f. We start by showing that, for any
w €T(s) and any n* € N, there is a natural number 7 > n* such that .#(w")+ € > f,(w).

So consider any w € I'(s). First note that liminf.# (w)+ € > f(w) because liminf.# >; f, liminf #(w)>—oc0
[# is bounded below] and f(w) < +0o0 [f is bounded above]. This implies that there is a real  such that
liminf.#(w)+e€ > > f(w). Then, since {f,(w)},ey, converges to f(w)and f is a real such that > f(w), there
is an index N(w) € Ny such that 8 > f,,(w) for all n > N(w). Furthermore, by the definition of the limit inferior and
the fact that f is areal such that liminf.# (w)+€ > 3, there is a second index M (w) € N, such that .#Z(w")+€>
forall n > M(w). Combined with the previous, we obtain that .Z (w™)+e€ > B > f,(w) forall n > max{N(w), M(w)}.

Since this holds for all 7 > max{N(w), M(w)}, there is for any n* € N, also an n > n* such that # (w")+€ > f,(w).
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Let ¢ be the length of the string s and consider the variable i € V defined by

h(ew) = {inf{anax{Z,m}://l(a)”)+62f,,(w)} if w eT(s); for all e < .

max{{, m} otherwise,

It clearly follows from the argument above that & takes values in Ny. We will now moreover show that h(w) = h(&®)
for any w € Q2 and any & € [(w"*), implying that h satisfies the conditions in Lemmal33}

Consider any w € 2 and any @ € I'(w"“)). We distinguish two cases: w € I'(s) and w €T (s). If w €I(s), then it
follows from the definition of & that .# (w"®)+€ > fj,(,,)(w). Since 0@ = &) [because & € I(w"*))] and since
fn(w) is h(w)-measurable, this implies that .# (M) 4 e > Jn(w)(®@). Then, according to the definition of & and
since & €I (s) [because h(w)> ¢ and w €I(s), and therefore & € I'(w"®) CI(s)], we have that h(®) < h(w). On
the other hand, since @ €T(s) and w € I'(&"(®)) [because w’(“) = &"“) and h(®) < h(w)], we can infer, in exactly
the same way as before, that h(w) < h(®). So we conclude that h(w) = h(®) in case that w € T(s). If w € I(s),
then & ¢ I'(s) because h(w)> ¢ and therefore I'(w"“)) NI (s) = @. Then it follows immediately from the definition
of h that h(w)= h(®). Hence, h satisfies the conditions in Lemma 33} so we have that sup & € N and that & is a
(sup h)-measurable gamble. Furthermore, we trivially have that h > ¢ and h > m.

Let U = {t € 2*: (Aw € )t = w"®)}. Note that any two (different) situations ¢ and u in U are incomparable.
Indeed, assume ex absurdo that this is not the case. Then there are at least two different situations t,u € U
such that t C u. Let w and & be two paths such that ¢t = ©"® and u = &@"®. Since t C u, we have that
@ € I(t) = T(w")), which due to our previous considerations implies that k(&) = h(w). Hence, taking into

h(®) and therefore that ¢ = u. This is in contradiction with our

account that & € T(w"(®)), we infer that @) = &
assumption that ¢ and u are different, so we conclude that all situations in U are pairwise incomparable and
therefore, that U is a cut. U is also a complete cut. To see why, observe that since / takes values in Ny, it follows
that, for any w € Q, ") is a situation, which by definition is an element of U;; it is moreover clear that for this
situation "), we have that w € I'(w"®)). Hence, U is a complete cut, because for all w € Q, there is a situation
u € U such that w €T (u).

For any situation ¢ 3 U, let us write u(t) to denote the unique situation in U such that u(¢) C ¢. That u(f)
is unique follows from the fact that the situations in U are incomparable. Indeed, if there would be a second
u'(t) € U such that u/(t) E ¢, this would imply that either u(¢)E u/(¢) or u’(t) E u(t), which is impossible since

u(t) and u'(t) are incomparable. Now let ./, be the extended real process defined by

(o(ury UCt .
JZU(I)-—{%(U U, forall t € Z*.

The process .#¢; is bounded below because ./ is bounded below. To see that ./, is a supermartingale, note that

M(u(t) HUCH

) forall t € 2",
(L) ifUZt,

My(t)= {
So for any situation ¢ 3 U, we have that .4y (t) = #(u(t)) and that .#(t-) = #(u(t)), which implies that
Q,(Ay(t-)= My(t) because of On the other hand, for any situation ¢ Z U, we also have that Q, (. (t)) <
My(t)because Q, (. (t-)) < ./ (t) [ is a supermartingale]. As a consequence, ./, is a bounded below super-

martingale.
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For any w € 2, we now let u(w) be the unique situation in U such that w € I'(u(w)). Then clearly u(w)= ")

Moreover, for an m € N, large enough such that U © w™, we also have that .#y;(w™) = A (u(w™)) = M (u(w)).

Hence,

lim . Ay(e™)= lim /(u(w)=4(uw)= M (") for all w € Q.

m—+00
Therefore, by definition of 1, we have that

im _Ay(0™)+e= M)+ €> fiyw(w) =t fi(w) for all w €T(s).

Then by Definition [3|and taking into account that ./, € My, and therefore [/, + €] € M, [because the local
models Q satisfy, it follows that Ey(f},|s) < .4y (s)+ €. Moreover, .4 (s) = .#(s) because h > ¢ and therefore
U i s, so we also have that Ey(f;,|s) < .#(s)+ € < a + €. Since this inequality holds for any € € R., we infer that
Ev(fuls) € a, which together with the fact that / is a (sup /)-measurable gamble such that m < h, establishes the

lemma. O

The idea underlying the proof of Theorem[31originates in a result by some of us [3, Theorem 3], however, once
more, real supermartingales were adopted there. Moreover, our result here considers sequences of (extended

real) finitary variables that are bounded above, instead of sequences of n-measurable gambles.

Proof of Theorem Fix any s € Z* and any non-increasing sequence {f,} ey, of finitary, bounded above
variables that converges pointwise to a variable f € V. Note that f is then also bounded above. Because f,, > f,,4; >
f for all n € Ny and Ey is monotone [V4], the limit lim,,_, , o, Ey(f,|s) exists and we have that lim,,_,., o, By(f,,|s) >
Ev(f]s). So we are left to show that lim,,_,, o, Ev(f,|s) < Ev(f]s).

Consider the sequence {f,” "} ,en, and note that it suffices to show that lim,,_, , o, Ey( £,7s) < Ey(f|s), where
the limitlim,,_, , o Ey( £,/ 7""|s) exists because { f,”"'} ., is clearly non-increasing [since { f;,} ,cy, is non-increasing]
and Ey is monotone . Indeed, it will then follow that lim,,_, o, Ev(f,|s) < Ey(f|s) because f, < V=" for all
n €N, and therefore, by that lim,,_,; o0 Ey(fy|$) <lim,, 100 Ev(fY7"|s) <Ey(f]s).

Since {f, }.en, is @ sequence of finitary variables that converges non-increasingly to f, the same holds for the
sequence {f'""},en, Infact, {f,'~"}, ey, is even a sequence of finitary gambles because each f;, is bounded above.
Now let g, := f,Y" for all n € N, and consider the sequence {gS}neNo defined by the recursive expression (I1),
with ¢ € Rsuch that ¢ > g,. Due to Lemma {g;; }nen, is a sequence of n-measurable variables. Since {g, } e, =
{f,) " }nen, is a sequence of finitary gambles that converges non-increasingly to f, it follows from Equation (1)
and our choice of ¢ that {gs }nen, is a sequence of n-measurable gambles that converges non-increasingly to
f. Indeed, it can easily be checked that the transition from {g,} ey, to { g;f }nen, Preserves limit behaviour, the
non-increasing character and the fact that the individual elements of the sequence are gambles. In the same way;,
we can also see that

nﬁlllooﬁv( £rns)= ngglooﬁv(gnm = nginooﬁv(gj $). (13)

Consider any real a > Ey(f|s), which is guaranteed to exist because f is bounded above and therefore, by

Ev(f]s) < +0o. Then since { g;’: }nen, is a sequence of n-measurable gambles that converges non-increasingly to f,

Lemmaimplies that there is a gamble h: Q2 — N, that is (sup &)-measurable and is such that Ev(g,fls) <alwe
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simply let m = 0 in the lemma]. Since {gg }nen, is non-increasing and Ey is monotone , we have that Ev(gf: |s) >
Ev(gip L18)=1im,, ., o Ey(g$[s), so we infer that lim,,_,,+ Ey(gS|s) < a. Recalling Equation (I3), it follows that

lim,,_, ;00 Ey(fY™"|s) < a. Since this holds for any real & > Ey(f|s), we conclude thatlim,,_,, o, Ev(fY™"|s) <Ey(fls)

as desired. O

For any countable net {c(;;, )} nen, in R, we say that ¢ := limy,; n)—t00 C(m,n) 18 the Moore-Smith limit of
{C(m,m)}m,nen, if, for each neighbourhood A of ¢, there is a couple (m*, n*) € Ng such that ¢, ) € A for all m > m*
and all n > n*. Then, for any countable net { f(, )}, nen, in V such that lim, )—st00 fim,n) (@) exists for all w €,

we write lim, ,)—,+c0 fim,n) to denote the variable in V defined by lim;, y)—t00 fim,n)(@) for all w € 2.

Lemma 35. Consider any sequence {f,},cn, inV that converges pointwise to some variable f € V. Then we have

thatlim(m,n)#,oo fn/\m :f.

Proof. Consider any w € Q. First consider the case that f(w) € R and fix any € € R, ;. Then there is an n* € N
such that | f;,(w)— f(w)| < € for all n > n*. Consider any m* > f(w)+ €. Then for all n > n* and all m > m*, we
have that f,(w) < f(w)+€ < m, so f'"(w) = f,(w) and therefore | (w)— f(w)| = | fu(w)— f(w)] < €. So we
have that lim(,, p)+c0 ;)" (@) = f(w). If f(w)=+00, fix any a > 0. Then there is an n* € N such that f,(w) > a
for all n > n*. If we now take m* > q, then clearly also f"(w) > a for all n > n* and all m > m*. Hence, we

have that lim,, ,)+c0 f,"""(w) = f(w) which, together with our earlier considerations, allows us to conclude that

lim(m,n)—ﬁ—oo fn/\m = f O

Proof of Theorem Fixany s € 2 * and any f € V}, ji,. According to Proposition there is a sequence { f;, } en,
of n-measurable gambles that converges pointwise to f and such that B < f,, <sup f forall n € Ny, where B is any
real if inf f =+o00 and B :=inf f ifinf f € R [inf f =—o00 is impossible because f is bounded below]. Fix any { € N
and note that the sequence { an }nen, is @ sequence of n-measurable gambles that converges pointwise to f e
because {f, } ey, is a sequence of n-measurable gambles that converges pointwise to f. Moreover, f A is bounded
above by /, so Lemmaguarantees that, for any m € N, and any « € R such that Ey(f"¢|s) < a, there is a gamble
h:Q— N, that is (sup h)-measurable such that m < h and Ey/( fh/\’z |s) < a. Since f" is both bounded below and
above and Ey satisfies[V5| we have that Ey(f"¢|s) € R and therefore, that Ey(f*(|s) < Ey(f"|s)+1/£. So in particular,
Lemma[34|guarantees that, for any m € Ny, there is a gamble /1: @ — N, thatis (sup /)-measurable such that m < h
and E,(fh/\éls) <Ey(f|s)+1/¢. This holds for any ¢ € N, so there is a sequence { }¢en, Of (sup hy)-measurable
gambles i, : Q — N, such that li = 0 and, for all £ € N, satisfies i, > sup Iy, + 1 and Ey(f;‘|s) <Ey(f"|s)+1/¢.
We now show that { thf }en, is a sequence of finitary gambles that is uniformly bounded below and that converges
pointwise to f such that lim,_,, Ev( fh’l\zls) =Ey( fls).
Each fh?[ is a gamble because it is bounded above by ¢ and because, since each f;, is bounded below by B,
h’é\"' is bounded below by min{B, ¢}. It then also immediately follows that { fh/;’z }en, is uniformly bounded below
by min{B, 0}. Moreover, each fh’f\f is finitary because Ay is (sup /;)-measurable. Indeed, the latter implies that

hy(w) = hy(®) for any w € 2 and any @ € T(w®"*")), Then we also have that

[l (@)= fir o) (@)= fitts) (@) = fills(@) = (@),
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where the third step follows from the fact that fh?f &) 18 hy(®)-measurable and that & € [Py C T(e(@)
because k(&) < sup k. As a consequence, fh/[‘l is (sup hy)-measurable too and therefore, finitary.

To see that { fh/;’f }ten, converges pointwise to f, recall that { f;,},e, is a sequence of gambles that converges
pointwise to f € V, im. So Lemma implies that lim ;)00 fn/\f = f, meaning that, for any w € Q and any
neighbourhood A of f(w), there is a couple (¢*, n*) € Ng such that an(w) € Aforall{ > ¢* and all n > n*. Then,
since {I}ey, is increasing in ¢ [because iy > sup hy_; + 1 for all £ € NJ, there is an ¢’ € N such that ¢ > ¢* and
hy(w) > n* for all £ > ¢’. Together with the previous, this implies that fh’;f ()= h’;fw)(w) € Aforallf > ¢ Since
there is such an ¢’ € N, for any w € Q and any neighbourhood A of f(w), we have that lim,_, | fh/[\"] =f.

Finally, to see that lim,_, , o, Ev(fh’(\fls) =Ey(f|s), recall that {};cy, is such that Ev(fh?f |s) < Ev(fM)s)+1/¢ for
all £ e N. So we have that

limsupTy(;,‘|s) < limsup (Ev(rs)+1/6)= limsupTy(f"*|s) =Eu(Is),
where the last equality follows from Theoremwhich we can apply because { [\ }ren, 1s @ non-decreasing
sequence in V;, [because f is bounded below] that converges pointwise to f € V,,. On the other hand, we have
that liminf,_, oo Ey( fh’[\f |s) > Ey(f|s) because of Corollary and the fact that { fh’[\[ }ren, is uniformly bounded
below by min{B, 0} and converges pointwise to f. Hence, we conclude that lim,_, , o, Ey( fh’[\f |s)=Evy(f]s).

Our last step of the proof consists in modifying { fh/[\’z }een, such that it becomes a sequence of n-measurable
gambles that still is uniformly bounded below and converges pointwise to f in such a way that it is continuous with
respect to Ey. We consider the sequence { fihen, = {( fh/[\[ )¢ } teN, defined through the recursive expression (I1),
with ¢ =0. Then Lemma guarantees that {f,'},cy, is a sequence of n-measurable variables. Moreover, from
(1), it should be clear that {;'},cy, is also a sequence of gambles that is uniformly bounded below and that
converges pointwise to f such that lim,_, ;o Ey( f/ls)= Ey(f|s). Indeed, in the same way as we have argued in the
proof of Theorem this follows from the fact that { fh’;f }een, 18 @ sequence of gambles that is uniformly bounded
below and that converges pointwise to f such that lim,_, o, Ey( fh’[\fls) =Ey(fs). So we conclude that { '}, is a

sequence of n-measurable gambles that is uniformly bounded below and that converges pointwise to f such
thatlim,_,, o Ev(f/|s) = Ey(f]s). O

8. Discussion and alternative versions of game-theoretic upper expectations

An important contribution of this article is that we provide an overview of the main properties that are satisfied
by a particular game-theoretic upper expectation operator, for the case where state spaces are assumed to be
finite. Some of these properties were already shown to hold in a slightly different setting, and our contribution
consists in adapting them to our setting. Other properties, mainly situated in Section[6|and[7} are entirely new
and create novel insights. Section for example, shows that the game-theoretic upper expectation Ey behaves
in a particularly interesting way with respect to (limits of) finitary variables: Propositionimplies that Ey is
uniquely characterised by its values on the domain Vb,lim: and Theoremsandshow that Ey has rather strong

continuity properties when it comes to sequences of finitary variables.
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These results have already proved useful elsewhere, in showing how game-theoretic upper expectations can
be alternatively characterised without the use of supermartingales [19]. Moreover, in that same paper [19], we
also use these properties to relate the game-theoretic upper expectation to a more traditional measure-theoretic
model. Specifically, we show there that game-theoretic and measure-theoretic upper expectations coincide when
all local models Q, are precise—that is, when they correspond to linear expectations—and that, in a general
imprecise setting, the game-theoretic upper expectation is always more conservative (higher) than the measure-
theoretic one. Recently, we discovered that an even stronger relation exists; game-theoretic and measure-theoretic
upper expectations coincide on a domain that includes all monotone limits of finitary gambles and all bounded
below Borel measurable variables [16]. We also refer to [13} Section 9] for further details on the relation between
game-theoretic and measure-theoretic models.

It also becomes apparent, as a consequence of Proposition[2] that Shafer and Vovk’s axiomatisation for a
local upper expectation can be weakened—and therefore generalised—while leaving the resulting global game-
theoretic upper expectation unaffected. This weaker axiomatisation is moreover equivalent to a particular
extension of coherence to extended real-valued variables; see Proposition Finally, our axiomatisation, and
even Shafer and Vovk’s stronger axiomatisation, do not suffice in order to guarantee compatibility of the local
models with the global game-theoretic upper expectation. Indeed, it follows from Example[l]and Corollary[27]
that such compatibility is only guaranteed if we additionally impose[E6|on the local models.

Now, before we conclude the article, we want to clarify why we have chosen to work with the specific game-
theoretic upper expectation in Definition[3] As already mentioned in the introduction, it seems appropriate
to motivate this, because many slightly different versions of this definition have appeared in the literature
[4}[12} (14} 23]}, and it may perhaps not be entirely clear what these differences entail.

Most of the versions that appear in the literature only differ in how the supermartingales are allowed to
behave. In Section it was shown that the definition of Ey is fairly robust with respect to changes that concern
the limit behaviour of supermartingales and, more specifically, how this limit behaviour relates to the variable f
in consideration: see also [13} Sections 7-8]. However, there are two issues that do impact the resulting game-
theoretic upper expectation, and which were often also considered in the past: whether to define supermartingales
as real processes or as extended real processes, and whether they are required to be bounded below or not. Let us
first focus on the latter issue.

Considering that supermartingales are interpreted as capital processes, we think it is more natural to assume
that they should be bounded below, simply because one cannot borrow an infinite or unbounded amount of
money. But there is more to it than this interpretational argument, because by restricting ourselves to bounded
below supermartingales we avoid the undesirable situation where the upper expectation would be lower than the
lower expectation [4, Example 1]. This would occur irrespectively of whether supermartingales are assumed to be
real-valued or extended real-valued. Indeed, let M be the set of all (not necessarily bounded below) extended
real-valued supermartingales, let M’ C M be the subset of all real-valued supermartingales, and let E;, and E/,
be the game-theoretic upper expectations that are obtained by replacing the set M, in Deﬁnitionwith the
respective sets M and M'. Since M € M, we clearly have that E,,(f|s) < E{;(f|s) and E/, (f|s) <E,,(f1s) for all
fe V and all s € Z*. Now, as was shown in [4] Example 1], there is some f € ¥V and some s € Z* (and some

imprecise probabilities tree) such that E/ (f1s) > E{lb( f1s), which then also implies that E , (f]s) > Ew(fls). In
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order to prevent this from happening, we limit ourselves to bounded below (extended real-valued or real-valued)
supermartingales.

Now we are left with the question of whether to allow supermartingales to become extended real-valued
or not. Let us write R_AIL to denote the set of all real-valued bounded below supermartingales and let Ey, be the

corresponding game-theoretic upper expectation:
E((fls)=inf{.#(s): # €M, and liminf.# > f} forall feVandall s € 2*.

At first sight, we would be inclined to use the game-theoretic upper expectation E{, with real-valued supermartin-
gales, because it allows for a more direct interpretation. Indeed, if we interpret a supermartingale as the possible
evolution of a person’s capital, it is not clear to us what it means if this person’s capital were to become infinite in
value. Moreover, on the domain V x 2°*, the version E{, with real supermartingales has rather desirable properties;
as we will show below with Proposition it coincides with our version Ey on the domain V x 2°*. All things
considered, it ought not to surprise that Ey, was frequently adopted in earlier work by both ourselves [4, [20] and
by Shafer and Vovk [12} 23]. However, as we will soon point out, it has a rather undesirable property once it is
applied to the entire domain V x 2°*.

Before we do so, we want to draw the attention to the fact that there is yet another, maybe even more
intuitive, possible way of defining game-theoretic upper expectations: using bounded (above and below) real-
valued supermartingales. On the one hand, as we already explained, we consider it sensible to assume that
supermartingales should be bounded below because one cannot borrow an infinite or unbounded amount of
money. On the other hand, for similar reasons, we could also impose that supermartingales should be bounded
above; receiving an infinite or unbounded amount of money seems impossible in practice too. We therefore
think it is appropriate to also consider a definition of the game-theoretic upper expectation with bounded (and
hence real-valued) supermartingales. Let N_Alg be the set of all such bounded (real-valued) supermartingales and

let Ey, be the corresponding game-theoretic upper expectation:
EV(fls):=inf{/(s): # €M and liminf# >, f} forall f eV andall s € Z*.

Despite that it allows for a rather direct interpretation, such a version E{, of the game-theoretic upper expectation
has, to the best of our knowledge, never been used in the literature. The reason, presumably, is that for extended
real variables f that are not bounded above, the value of E{/( f) does not provide any information because it will
simply be equal to +00; that is, the infimum over the empty set. However, as our next result shows, this version
E{ coincides with our version Ey—and therefore also with the version E;, that uses real-valued bounded below

supermartingales—on the domain V x 2Z'* of all gambles (and all situations).
Proposition 36. For any gamble f €V and any situation s € 2*, we have that Ey(f|s) = Ey(f|s) = Ev(f]s).
This result relies on the following two lemmas.
Lemma 37. Forany ./ €M, and any B € R, the process ./, defined by M g(s):=min{./ (s), B} for all s € Z'*, is

a bounded real-valued supermartingale.
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Proof. Itis clear that, since ./ is a bounded below extended real process, ./ is a bounded (above and below)
real process. Moreover, .#Z3(s) < #(s) for all s € Z'*, so it follows that #3(s-) < #(s-) for all s € Z'*. Fix any
sex*. If #(s)< B, then

Qq(AMp(s ) S Qu(A(s ) < M (5) = Mpy(5),

where the first equality follows from the monotonicity of 65 (and the fact that . (s -) and .#5(s -) are bounded
below). If ./ (s)> B, it follows from .#(s -) < B and the monotonicity of Q, that

5 5 (o E
Q(Ap(s-) <Q4(B)=B=Mp(s).
So, we conclude that Q,(.#(s -)) < .4 g(s) for all situations s € 2°*. Hence, ./ is a bounded real-valued super-

martingale. O

Lemma 38. For any extended real process & and any path w € X}, we have that
min{B,liminf@(a)”)} — liminfmin{B, 2 (w")} for all B €R.
n—+00 n—+00

Proof. Fix any B € R. It is easy to check that min{B,liminf,_,, ., £ (®")} = liminf,_,, ., min{B, Z(w")}. We

prove the converse inequality by contradiction. Suppose that

min{B,nminf@(w")} > liminfmin{B, 2 (")},
n—

n—+00
or, equivalently, that
min{B,liminf@(w”)} > sup inf min{B, Z(w")}.
n—+0oQ m n=>m

Then there is some € € R, such that
min{B,liminfﬂ(w”)} —e€> inf min{B, Z(w")} = min{B, inf 9(0)”)}
n—+0o n=m n=m
for all m € N,. Since min{B,liminf, ., ., Z(w")}—€ < B, it can only be that
inf 2(w") < min{B,liminf@(w")} — e <liminf% (w")—¢ for all m € N,,
n=m n—+090 n—+0oQo
from which we infer that inf,,,,, Z(w") < sup, inf,,5 Z (w")— € for all m € N,. This contradicts the definition of

the supremum operator. O

Proof of Proposition Since M, € M € M, it is clear that Ey(f|s) < Ey(f|s) < Ev(fls). So it suffices to prove
that EV(f|s) < Ey(f]s). Consider any .# € M,, such that liminf.# >, f. Let B := sup f and let ./ be defined
by #(t) :=min{_#(t), B} for all t € Z'*. Since f is a gamble, sup f is real and hence, due to Lemma My is
a bounded real-valued supermartingale. Moreover, we have that B> f and liminf.# > f, and therefore that
min{B,liminf_#} >, f, which by Lemmaimplies thatliminf./ > f. Together with the fact that ./ 3 e M,
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this implies by the definition of Ey, that E(f|s) < ./ g(s) < .#(s). Since this holds for any .# € M,, such that
liminf.# >, f, we infer from the definition of Ey that E{(f|s) < Ey(f]s). O

So the versions Ey, E{, and Ey; are all mathematically equivalent on V x 2*. We therefore prefer Ey, over both
EV and E{, on 'V x Z* because it can be given a (more) direct interpretation. However, if we consider the entire
domain V x 2°*, then the version Ey, is unsuitable because, as explained above, it assigns +0o to every variable that
is not bounded above. Our remaining two options are then to use either Ey or Ey,. From a purely interpretational
point of view, we prefer Ey,. Unfortunately, the version Ey—and also the version E;—does not satisfy continuity

with respect to non-decreasing sequences, which we consider to be an important mathematical drawback.

Example 2. Consider an uncertain process with state space 2 = {0,1} and let Q5(f) := f(0) for all f € Z(%).
It can easily be checked that Qg satisfies properties For any n € N, the variable nl,(X,) is a gamble, so
Proposition implies that Ey(nl,(X,)) = Ey(nl;(X,)) = E((n],(X,)). Then, taking into account the boundedness of
nl,(X;), it follows from Proposition|14 that Ey(n1,(X;)) = Ey(nl,(X;)) = Ey(nl,(X;)) = Qu(nl,), which by definition
of Qg leads us to conclude that E{(nl,(X;)) = Ey(nl,(X,)) = nI,(0)=0 for all n e N.

On the other hand, consider the upper expectation E{,(+ ool (X )). Itisdefined as the infimum of /4 (Q) over real-
valued supermartingales # € Mfg such that liminf _# > +001,(X;). Any such supermartingale # should converge
to +00 on all paths w € T(1) such that ' = 1. Since # € M;, €M, we can then apply Lemma to infer that
M (1) =+o00. This contradicts the real-valuedness of ./ , which allows us to conclude that there is no M € R_AI[) such
that liminf / > +o00l,(X,). Hence, E(+001,(X,)) = +00 and therefore, because Ey,(+ 001, (X,)) < Ey(+ooI,(X)))
(recall thatM;, €M), also E{( + 0ol (X;)) = +o0.

All together, we have thatlim,,_, | o, nl;(X;) =400l (X;) but

lim_Ey(nl (X)) #By(+0oLi(X))) and  lim_EY(nI,(Xy)) # Ey(+ 0oli(X,)),

which implies that both E\, and E; fail to satisfy continuity with respect to non-decreasing sequences. ¢

We have chosen to work with the version Ey in this paper, and therefore implicitly assumed that global
(game-theoretic) upper expectations satisfy continuity with respect to non-decreasing sequences. This is in line
with how we introduced our local uncertainty models Q,: the continuity propertywas directly adopted as part
of their definition. The fact that our global upper expectation Ey (and each local upper expectation) satisfies this
non-decreasing continuity is mathematically convenient, but it does require a definition that is more abstract
compared to E, or Ey,. Nonetheless, we do not regard this as an issue because, on the domain V x 2°*, our version
Ey is equivalent to the version E{ (or E{). So one could just as well consider it to be defined as E{, (or E{,) on this
restricted domain. Then, as far as the values of Ey on (V\ V) x Z* are concerned, recall that these are uniquely
determined by the values on V x 2°* through the continuity of Ey; see the discussion below Proposition Hence,
we can regard Ey on (V\ V) x 2'* as an extension of Ey on V x 2°*, where the latter is justified by its equivalence

with Ey, and where the extension is motivated by assumptions of continuity.
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Appendix A. Proofs of the results in Section|5|

In the following proofs, we will frequently use the terminology and notations concerning cuts, as introduced in
the paragraph above Lemma[34] Moreover, for any two cuts U and V, we willwrite U © V if(Yv € V)Eu e U)uc v,

and similarly for the relations C, J and 3. We will also consider the following sets:
[U,V]={seZ*:(QueU)dve V)uEsC v},
U, V)={seZX*:(QueU)IveV)uCsc v},
(U, V]={seXx*:(QueU)dveV)uc sC v},
(U, V)={seZX*:(queU)JveV)uc sc v}.

Proof of Proposition[17} Let t € 2* be any fixed situation where ./ (t) is real. We can assume that ./ is non-
negative and that ./ (t)= 1 without loss of generality. Indeed, because the original supermartingale is bounded
below and real in ¢, we can obtain such a process by translating and scaling—by adding a positive constant
and then multiplying the supermartingale by a positive real—the originally considered supermartingale in an
appropriate way. This process will then again be a (bounded below) supermartingale because the local models Q,
satisfy[E8|and[E9] Moreover, the new supermartingale will have the same convergence character as the original
one.

To start, fix any couple of rational numbers 0 < a < b and consider the following recursively constructed
sequences of cuts {Uk“’b}keN and {Vk“’b}kEN. Let ‘/1“’b ={s3dt: M(s)<aand (Vs €[t,s)) #(s’)> a} and, for
k €N,

1. let Uk“’b ={sex*: Vk“'b Cs:.#(s)>band(Vs' e (Vk“’b, S) (s )< b};

2. let Vk’if ={sex*: Uk“’b Cs, . #(s)<aand(Ys’ E(Uk“’b,s)) M(s')= a}.

Note that all Uk“’b and all Vk“’b are indeed (partial or complete) cuts.
Next, consider the extended real process .# “" defined by .# ®?(s):=_#(t) for all s Z t and by

M)+ [ M(sx)—M(s)] ifse [Vk“‘h, Uk“‘b) for some k €N;

. (A.1)
MP(s) otherwise,

//l“’h(sx):z{

for all sx 1 r with x € 2. We prove that .#“" is a non-negative supermartingale that converges to +oo on all
paths w €T (t) such that

liminf Z (w) < a < b <limsup . (w). (A.2)
For any situation s and for any k € N, when Uk“’b C s, we denote by u;, the (necessarily unique) situation in Uk“‘h
such that u; C s. Similarly, for any k €N, when Vk“'b C s, we denote by v/} the (necessarily unique) situation in

V,“"such that v} C s. Note that V;** c U/*? £ "’ £---c V@P £ U®P © ---. Hence, for any situation s we can

distinguish the following three cases:

* The first case is that V;* # s. Then we have that

MOP($)= M ()= M(t)=1. (A.3)
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e The second case is that Vk“’h C s and Uk“’b i s for some k € N. Then by applying Equation (A1) for each
subsequent step and cancelling out the intermediate terms, which is possible because ./ is real for any

situation s’ € Z* such that Vk’f'b C s’ and Uk‘f'b iZ s’ for some k’ € N [this follows readily from the definition of

the cuts Vk‘,"h and Uk‘f‘h ], we have that

k=1
MOV = MO (8= [ (u))— M (V)] + M (5)— M (V). (A.4)
=1
e The third case is that Uk“‘b C s and Vk‘i’f i s for some k € N. Then we have that

MEP(S) =M (1)= ) [ M (u])— M (V)] (A.5)

~
Il =
—

where, again, we used the fact that ./ is real for any situation s’ € Z* such that Vk‘f’b C s’ and Uk‘f'b Z s’ for

some k' €N.

That ./ “"(s) is non-negative, is trivially satisfied in the first case because ./ is non-negative. To see that
this is also true for the third case, observe that 0 < b < .#(u;)and 0 < .#(v;) < a forall £ € {1,..., k}. This implies
that ./ (u;)—.#(v/)>b—a>0forall{ €{l,.., k} and therefore directly that M *“"(s) is non-negative because of
Equation (A5) and the fact that .# “?(t) = ./ (t) is non-negative. In the second case, it follows from Equations

A.3), 3.4 and (A.5) that
MOP($)= M)+ M(s)— M (V). (A.6)

We prove by induction that .# “? (v))=> A (v)) forall£ €{1,..., k}, and therefore, by Equation (A.6) and because
M is non-negative, that ./ “”(s) is non-negative.

If ¢ =1, then either v{ =t or vf # t. If v° = ¢, then A “P(v}) = M (t) = M(t) = M(V}). V5 # 1,
we have, by the definition of Vl"‘h, that .#(vf) < aand a < .#(t) = MPP(t) = //t“'b(vf). Hence, in both
cases, we have that ﬂ“'h(vf) > ./ (v}). Now suppose that %“’h(vzs) > ./ (v;) for some £ € {1,...,k—1}. Then,
MO ()= MO0+ M) — M= M (u))> b > a> (v},,), which concludes our induction step. So
indeed //l“'b(vj) >/ (v/)foralll e{1,..., k}.

Next, we show that Q,(.#“?(s-)) < .#*"(s) for all s € Z'*, and hence, that ./ is a non-negative supermartin-

gale. Consider any s e Z*. If s € [Vk“’b, Uk“’b) for some k €N, it follows from Equation (A.T) that

QA (5 ) = QLA™ (5)+ M (5 )= M) ZQAM (5 )+ M“P(5)— M (5) < M (),

where we were allowed to use|E8|because ./ (s) < +00 as a consequence of s € [Vk“’b , Uk“'b) and the definitions of
Vk“‘h and Uk“‘h , and where the last step follows from ./ being a supermartingale and 0 < ./ (s) < +00. Otherwise,
if s ¢[V?, U®") for all k €N, we have that Q (. “?(s-)) = Q (4" (s)) = M “"(s), where we have usedfor
the last inequality. Hence, we have that 65(//[ ab(s.))< M *P(s) for all s € Z*, and we can therefore infer that

MY is indeed a non-negative supermartingale.
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Let us now show that .# “? converges to +00 on all paths w € I'(¢) for which Equation (A.2) holds. Consider
such a path w. First, it follows from liminf_#(w) < a that there exists some n; € N; such that w™ 3 ¢t and
M (w™) < a. Take the first such n,. Then it follows from the definition of 1/1“’b that w™ € Vla'b. Next, it follows
from limsup .#(w) > b that there exists some m; € N, for which m; > n; and .#(«w™) > b. Take the first such
m,. Then it follows from the definition of U*” that w™ € U"”. Repeating similar arguments over and over

again allows us to conclude that w goes through all the cuts V,*” £ U*” © v,;*”

n > ny, let k, € N be the index such that Vk“‘h C w" and Vk“‘fl

C---C Vk“‘h C Uk“'b C---. Forall
I w". Note that k, — +o0o for n — +00. Now, if
kaf‘h C w" and Uk‘i’b Z w" for some n > n,, then we use Equation to see that .# “?(w™)—.# *"(t)is bounded
below by (k,, —1)(b —a)+ 4 (w")—a > (k,, —1)(b —a)— a [ # is non-negative]. If on the other hand Uk‘:h Cw"

and Vki’fl ¥ w" for some n > n;, then Equation (A.5) implies that ./# “?(w")— .4 “"(t) is bounded below by

k,(b—a)>(k,—1)(b—a)—a. All together, .#**(w")—.#*"(t) is bounded below by (k,, —1)(b —a)— a for all

n > n;, which implies that

lim (4“0~ " (t))> lim (k,—1)(b—a)—a=+0o,
n—+00 n—+0oQ
because lim,,_, o, k,, =+00 and (b —a) > 0. This also implies that lim,,_, , o, .# *” (™) = +00 because .# " (t)=
AM(t)=1.
We now use the countable set of rational couples K :={(a, b) € Q?:0< a < b} to define the process ./ *:

— a,b a,b
M= E w? M7,

(a,b)eK

with coefficients w%? > 0 that sum to 1. Hence, .4 * is a countable convex combination of the non-negative
supermartingales ./Z “". By Lemrna * is then a non-negative supermartingale. It is moreover clear that
M*(t)=(t)=1, implying, together with its non-negativity, that ./ * is a t-test supermartingale. We now show
that ./Z* converges in the desired way as described by the proposition.

If ./ does not converge to an extended real number on some path w €T(t), then liminf_# (w) < limsup . (w).
Since liminf / (w) > inf,c 4+ .4 (s) > 0, there is at least one couple (a’, b’) € K such that liminf #Z(w)< a’ < b’ <
limsup ./ (w), and as a consequence .# %" converges to +00 on w. Then also lim w®"? % *"*' () = +00 since
w??" > 0. For all other couples (a,b) € K \ {(a’, b")}, we have that w®?_#*? is non-negative, so .#* indeed
converges to +00 on w.

Finally, we show that ./#* converges in R on every path w € I'(t) where .# converges to a real number. Fix any
such w €T(t). Then for any € € R., there is an n* € N, such that, for all £ > n > n*, |.# (w')— . #(w")| < € and

therefore ./ (w')— .#(w") > —e. Now fix any couple of rational numbers 0 < a < b and, for any i €N, let v and

u{’ be the situations in respectively Vi“‘b and Ul.“'b where w passes through [if it passes through these cuts]. We

prove that ./ “?(w")— . # *?(w") > —2¢ for any £ > n > n*. To do so, let us distinguish the following four cases:

e VP ¢ w"or Uk“’h Cw' Vk’if for some k € N and moreover, V,*” ¢ o' or Uk‘f'b col A Vk‘f;rbl for some k’ €N.
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Using Equations (A-3) and (A5) for both w” and ', we get that

M ()= M (") =[ M) — ()]~ [ (") =P (1))

K k
= LA (uP)— M (W)= LM ()~ A ()],
i=1 i=1
where we assume k’ =0 if V“’b 7 o' and k=0 if V“’h % w". Since k’ > k [because n < and therefore w” C w']
and /4 (u®)— #(v®’)>b—a >0 forall i €N, we have that #*?(w')— .4 *?(w") > 0> —2¢ [where we also

implicitly use the convention that +00 — 00 =+090].

e VP ¢t " or U”b Cw" 2 V2 b for some k € N and moreover, Vi @b = ot 4 U“b for some k’ € N. Using
Equations (A.3) and (A.5) for w" and Equation (A4) for w', we find that

.//la,b(wf)_%a,b(wn):[%a,h(wf)_'//ta,b(t)]_[%a,b(wn)_%a,b(t)]
kK'—1

:[Z[%(uj")—/ﬂ(ui“’)H//l(we)—//t v)]— Z ()= A (v?)), A7)

ko

where we assume k = 0 if V“’b 7 w". Note that k¥’ > k + 1, because k’ > k [since 0" C w!] and k' = k is
impossible. Indeed, if k = 0, k’ = k is impossible because k’ € N. Otherwise, if k > 0, k' = k would imply
that Uk‘f b~ Uk“ bewn C of, contradicting the assumption that ! 7 Uk‘f b Hence, taking into account that
M(uP)— M (v®)>b—a >0 forall i €N, we infer from (A7) that A4 “"(w")— #“b(w") > M (") — M (V)
[again, also using the convention that +00 — 0o =+00]. Finally, observe that w"” E w" E v C vl Cw {—the

situation vk ., exists because Vk @b C V“ b= w!—and therefore, recalling how n* was chosen,

M (") = M (") M ()= M (1Y) > —€ > —2e.

. Vk“’h Cow"Z Uk“‘h for some k €N and Uk”f’b cCw' 7 Vk’+bl for some k’ € N [we automatically have that \/1“‘b C o'

because Vk“’b C w" C w']. Using Equation (&.4) for " and Equation (&.5) for w!, we get that

k—1

M ()~ M (0 Z[//z )]—[Z[ () — M (0P)]+ M (") M (0]
k' k—1

= L) — W= D Lt (W)~ MW+t (™) + 4 (02)

i=1 i=1
K k=1
=D M) = M) =D [l ()~ M ()]~ M (") + M (v),
i=1 i=1
where the second step follows because .# (v;’) is real [as a consequence of the definition of Vk“’b ] and the

third step follows because Zi.:ll[//l(u;”) —AM(v{°)] = 0 [since all .# (u;’)—.#(v{’) are positive] and .#(w") = 0
[because . is non-negative]. Using the fact that k’ > k and that all .# (u{’)— ./ (v{°) are positive, the equation
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above implies that

1%

M ()= M (") 2D M)~ M (V) — M (") + M ()

= > M) = M)+ M ()= M (") 2 M ()~ M (")

where the equality follows from the fact that .#(v;’) is real-valued and the last inequality follows once more
from the positivity of all .#(u{’)—.#(v{’). Then since w" Cw"C u—the situation uy’ exists because

Uk“'b c Uk‘f‘h C w!—we infer from our assumptions about n* that

MOP (D)= P (0" 2 M (UP)— M (") 2 —€ = —2€.

V& Pewn4 U > for some k €N and |7 P e w! 4UL? for some k’ €N. Using Equation (A.4) for both w”" and
!, we find that

%a,b(wf)_%u,b(wn)
k=1 k-1

=[ D Lawe)— N+ () -t W)= D Lt () — M (0P) + (")~ (02)]

i=1 i=1

K'—1 k=1
= D MU = M (W) + M ()= M (V)= D M ()= M (V)| = M (") + M (V)

i=1 i=1

2 > [l ()= M)+ M) M (V2)— M (") + M (v

i=k

where the two last steps follow in a similar way as before; first using the real-valuedness of ./#(v;’) and the

non-negativity of both .#(w") and Z 1 [//l (u’)— 4 (v{°)], and then using the fact that k’ > k and that all
M(uP)— A (v{°) are positive. If k’ = k, and therefore ./ (v{}) = ./ (v{’) €R, it follows from the expression above
that 4 Y (w")— M P (w™)> M(w")— M (w")>—€ > —2¢. Otherwise, if k’ > k, then we use the real-valuedness
of ./ (v’) to deduce from the expression above that
k=1

M) = MW" 2 Y (M)~ MO+ M)~ M)+ M (u?) M (")

i=k+1

> M) — M)+ MUL)— M (") =26,
where the last inequality follows from our assumptions about n* and the fact that w™ C " C u C v2 C .

Hence, we conclude that for any € € R.,, there is an n* € N, such that .#%?(w')— . .#*"(w™) > —2¢ for all
¢ > n > n* and any couple of rational numbers 0 < a < b.

To see that this implies that .Z* converges to an extended real number on ), assume ex absurdo that it does not.
Then there is some € € R, such that liminf_#*(w) < limsup ./ *(w)—2€. As proved above, there is an n* such that,

for all ¢ > n > n* and any couple of rational numbers 0 < a < b, 4 *?(w")— 4 *?(w") > —2¢ and therefore also
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MY (") > M P (w™)—2€. Then it follows directly from the definition of .#* that also ./Z*(w’) > /4 *(w™)—2¢
for all £ > n > n*. However, this is in contradiction with liminf_#*(w) < limsup .Z*(w)—2¢, because the latter
would require that there is some couple £ > n > n* such that ./#*(w') < .#*(w™)—2€. Hence, ./* converges to an

extended real number on w. O

Proof of Theorem[18} Due to Proposition there is an s-test supermartingale ./ * that converges to +00
on every path w € I'(s) where .# does not converge to an extended real number. Let B € R be a lower bound
for .# andlet .4’ = m(% — B +./*). Since both .#* and ./ — B are supermartingales [because of,
Lemma(12]implies that (.# — B + ./*) is a supermartingale too and therefore, since 1 < .#(s)—B+1 < +00
[ (s)is real], implies that ./’ is a supermartingale. Moreover, ./ is non-negative because both .# — B and
M* are non-negative and .#(s)— B + 1 > 1 which, together with .#’(s) = 1, allows us to conclude that .#" is
an s-test supermartingale. Furthermore, consider any path w €I'(s) such that .# (") does not converge to a
real number. Then either it converges to +oo or it does not converge in R [because ./ is bounded below]. In
the first case, it follows from the non-negativity of .#* and the positivity of Jt(ﬂ+Bﬂ that ./’ also converges to
+00 on w. If ./ (w™) does not converge in R, then ./ * converges to +00 on w and therefore, because .# — B is
non-negative and m is positive, ./’ also converges to +00 on w. All together, we have that .4’ is an s-test

supermartingale that converges to +00 on every path w € I'(s) where .# does not converge to a real number. [

Proof of Theorem Since EV(-| t) satisfies @for any t € Z*, we have, for any ¢ € R and any w € (), that
liminf,_, o Ey(flw”) > f(w) if and only if liminf,_,, ., Ev(f + c|w”) > f(w)+ c. Therefore, and because f is
bounded below, we can assume without loss of generality that f is a global extended real variable such that
inff >0.

We now associate with any couple of rational numbers 0 < a < b the following recursively constructed

sequences of cuts {Uk“'b}keNU and {Vk”'b}keN. Let UO”’b :={s} and, for k €N,
L let V" :={ve2*: U  cv, By(flv)<aand (Vt (UL, v) By(fIt) > a};

2. if Vk“‘b is non-empty, choose a positive supermartingale //l,f’b €M, such that //l,f’b(v) <aand liminf//l,f'b Zy
fforallve v’ andlet U®" ={ue2*: V*’ cu: 4" (u)> b and (Vt € (V" w) 4" (1) < b};

3. if Vk“’b is empty, let Uk“'b =0.

Note that all Uk“’b and all Vka'b are indeed (partial or complete) cuts. We now first show that, if Vk“'b is non-empty,
there always is a supermartingale ./’ ? that satisfies the conditions above. We infer from the definition of the

cut Vk“’b that

inf{//t(v)://t €M, and liminf.# >, f} =Ey(flv)<aforalve Vk“‘h.

So, for all v € Vk“’h, we can choose a supermartingale //l,ff such that J/l,f’lf’(v) < a and liminf//l,f'f >, f.

Consider now the extended real process ./’ " defined, for all r € 2%, by

MEP ()=

//l,f’f(t) ifvC t for some v e Vk“'b;
otherwise.
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It is clear that //lk“’b(v) <a and lim inf//l,f’b >, fforallve Vk“’b. We furthermore show that //l,f’b is a positive
supermartingale.
It follows from Lemmathat, forall v e Vk“’b,

M) inf liminf.#""(w)> inf f(w)>inff>0forall f 3 v. (A.8)
) well(1) ' wel(r)

Since also a > 0, it follows that //t,f‘h is positive. To show that 6,(//[,?‘h(t J) < %f‘h(t) for all t € 2, fix any
t € 2* and consider two cases. If Vk“'b C ¢, then //l,f’b(t) = //l,j’f(t) and //l,f'b(t )= //l,ﬁ'f(t -) for some v € Vk“‘h,
and therefore Gt(//t,f‘h(t J) =6t(//l,?f(t PN //l,j’f(t) = //l,f’b(t). If Vk“’b ¢ t, then for any x € 2 we either have
that tx € Vk“’b, which implies that //l,?’b(tx) <a,or Vk“’b ¥ t x and therefore //l,?’b(tx) = a. Hence, we infer that
//l,f'h(t -) < a, and therefore, byand that Gt(%f‘b(t N<a= //l,f'h(t). So we can conclude that //l,f’b isa
positive supermartingale.

Next, consider the extended real process 7%? defined by 7*?(¢):=1forall ¢ 7 s, and

MEP(E)TO () EP (1) it t e[V, USP) for some k €N;

b . (A.9)
Ta0(t) otherwise,

9“"7(”):{

forall £ O s and all x € . We prove that this process is a positive s-test supermartingale that converges to +00
on all paths w €TI(s) such that
. . = n
lrllI_l’)l_'_lglova(f|w )<a<b< f(w). (A.10)

That 7% is well-defined follows from the fact that, for any k € N and any ¢ € [Vk“'b, Uk“’b), //l,f’b( t) is positive
and moreover real because of the definition of Uka’b. The process 7" is also positive because, for any k € N
andany € [Vk’l’b, Uk“'h), //l,f'h(t) is real and positive and //l,f’b(t -)is positive, and therefore %f’h(t -)/%f’b(t) is

positive. Furthermore, if ¢ € [Vk“'b, Uk“’b) for some k €N, we have that
~ a,b _ A a,b a,b a,b @_@]— a,b a,b a,b a,b
Q (T (e N=Q (A, (£ )TV (1)) M7 (£)" = Qu( My (£ NT 7 (8)] M (8) ST (2),

where the second step also uses the fact that //t,f'b(t -)and ﬂa'b(t)///t,f'b(t) are positive [since, as we have shown
above, /' () is real and positive, and 7" (t) is positive], and where the last step uses the supermartingale
character of //l,f'b together with the fact that ga'b(t)///t,f’b(t) is positive. Otherwise, if t ¢ [Vka'b, Uk“'b) for all
k €N, then Q,(7%(r )= Q, (T (1)) = T*"(r) because of[E7} Hence, we have that Q, (74" (z-)) < 74" (t) for all
t € 2%, which together with the fact that 7%?(s) = 1, allows us to conclude that 7%? is indeed a positive s-test
supermartingale.

Next, we show that 7%? converges to +co on all paths w € I'(s) for which (A.I0) holds. Consider such a

path w. Then w goes through all the cuts U’ c V*’ c U’ £...c Vka'b C Uk“’h C .... Indeed, it is trivial that
w goes through UO“’h = {s}. Furthermore, it follows from liminf,_,, o, Ey(f|w") < a that there is an n, € N such
that w™ 3 s and Ey(f|w™) < a. Take the first such n; € N. Then it follows from the definition of Vla‘b that
wh e Vla’b. Next, it follows from liminf,,_,, o, //lla’b(w") > f(w) > b that there exists some m; € N for which

m, > n, and //lla’b(wml )> b. Take the first such m,. Then it follows from the definition of Ula’b that o™ € Ula’b.
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Repeating similar arguments over and over again allows us to conclude that w indeed goes through all the cuts
uevtteytte..cvtteutte..

In what follows, we use the following notation. For any k € Ny, let u’ be the (necessarily unique) situation
in Uk“'b where w goes through. Similarly, for any k € N, let v;” be the (necessarily unique) situation in Vk“‘h
where w goes through. For all n € Ny, let k,, € Ny be defined by k,, := 0 if Vla‘h 7 w" and otherwise, let k,, be
such that Vk‘:b C " and Vk‘n“fl Z w". Note that k, — +o0o for n — +00 because w goes through all the cuts

vtevtte.e Vk“’b C .... For any n € Nj such that k, > 1, we now have one of the following two cases:

1. Thefirstcaseisthat w” € (Vk‘:’b, Uk‘fl’b ]. Then by applying Equation (A.9) for each subsequent step and cancelling
out the intermediate terms, which is possible because .# Z”’b (s")isreal for any s’ € [Vf’b , Ug“'b) and any/ €N

[this follows readily from the definition of the cuts V,*” and U,"], we find that

%,b(wn):(ﬁ /ftf"’(u;)))%?f(w")
A U O

Since ./"(w") 2 inff > 0 [due to Equation &B)], .#,""(uf’) > b > 0 for all £ € {1,....k, —1} and 0 <

%[“'b(vzw) <aforallf€{l,..,k,}, we get that

b
k-1 A (")

a

=(2) (%)

a n b
7 ("2 (=) p -

a

2. The second case is that w" € (Uk‘z’b, Vki‘fl]. Then, by repeatedly applying Equation (A.9), we have that

ky a, w
9a’b(wn):l_[.%[ b(u[ ).
=1 /ﬂea’h(”zw)

Since //l;’b(ug")> b>0and0< //lf’b(v[”) <aforallle{l,.., k,}, we find that
b kn
7" >(=)"
a

Since inf f > 0, a > 0 and % > 1, and since lim,,_,, o, k,, = +09, it follows from the two expressions above that
indeed lim,,_, 0o 7 %?(w") = +00.

To finish, we use the countable set of rational couples K :={(a, b) € Q?: 0 < a < b} to define the process 7

T = z wst gt

(a,b)ek

with coefficients w®? > 0 that sum to 1. Hence, 7 is a countable convex combination of the positive s-test super-
martingales 7%”. By Lemma 7 is then also a supermartingale. It is also positive, because all w*? 7 *? are pos-
itive. Since it is moreover clear that 7 (s)=1, the process 7 is a positive s-test supermartingale. Furthermore, 7

converges to +00 on the paths w € I'(s)where liminf,,_, , o, Ey(f|w”) < f(w). Indeed, consider such a path . Then
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since f(w) > inf f > 0, thereis atleast one couple (a’, b’) € K such thatliminf,,_,, o, Ey(f|w”) < a’ < b’ < f(w), and
as a consequence lim,,_, . oo 7%"?'(w") =+00. Then also lim,,_,, oo w*"? 7 ¥ (") = +00, and since w*? FT*? is
positive for all other couples (a, b) € K \ (a’, b’), the positive s-test supermartingale 7 indeed converges to +00

on w. O
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