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1. INTRODUCTION

Probably the most important property of binary relations is the
transitivity property. This classical concept has been generalized in
fuzzy set theory by the *-transitivity property of fuzzy relations,
where * is a t-norm [1]. Using the definition of composition of rela-
tions, the transitivity property can be formulated more concisely,
such that a binary (fuzzy) relation R is transitive if and only if RoR C
R. In addition to its key role as a condition for various important
classes of binary (fuzzy) relations (such as preorder relations, order
relations and equivalence relations), it is an essential tool in many
fields of application, for instance, in the fields of (fuzzy) preference
modelling and multi-criteria decision making [2-4], the study of
indistinguishability/equality relations on the real line [5-7] and in
fuzzy control [8].

In recent years, the interest in ternary relations is on the rise, as they
play an important role in many theoretical and applied areas. From
a theoretical point of view, ternary relations have been studied in
algebra [9,10], (fuzzy) triadic formal concept analysis [11-13] and
logic [14]. In applications, ternary (fuzzy) relations can be encoun-
tered in various areas, such as social sciences (e.g., philosophy [15]),
biology (e.g., modelling of phylogenies [16]) and computer sci-
ence (e.g., the Resource Description Framework (RDF) [17]). Some
classes of ternary relations recently came to play an important role
in specific applications, e.g., betweenness relations in models for
decision making [18] and aggregation [19], ternary order relations
in string matching [20], cyclic orders in qualitative spatial reason-
ing [21] and particular ternary fuzzy relations in models of choice
behavior [22].
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Recently, we have introduced six types of composition of ternary fuzzy relations. These compositions are close in spirit to the
composition of binary fuzzy relations. Based on these types of composition, we have introduced several types of transitivity of a
ternary fuzzy relation and investigated their basic properties. In this paper, we prove additional properties and characterizations
of these types of transitivity of a ternary fuzzy relation. Also, we provide a representation theorem for ternary fuzzy relations
satisfying these types of transitivity. Finally, we focus on the problem of closing a ternary fuzzy relation with respect to the
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In the ternary setting, the notion of transitivity has received far
less attention and has appeared only in a few papers. For instance,
Pitcher and Smiley [23] have defined several notions of four-point
transitivity and five-point transitivity of a betweenness relation.
Also, Novak and Novotny [24], Chajda et al. [9], Barkat et al.
[25] and Zedam et al. [26] have defined other types of transitivity
of a ternary relation.

In practice, however, the transitivity of a (binary or ternary) rela-
tion is quite often violated. The most common repair strategy is
to consider its transitive closure: the smallest transitive relation (if
it exists) that includes the given relation. Such transitive closures
play an important role in many different areas in mathematics and
computer science. Closures (and openings) of ternary relations have
been studied recently by Zedam et al. [27] for a broad range of prop-
erties, including various transitivity properties.

Motivated by the increasing interest in ternary relations and the
usefulness of the transitivity property of binary (fuzzy) relations, in
arecent conference paper [28], we have introduced six types of com-
position of ternary fuzzy relations with the aim of studying the tran-
sitivity of ternary fuzzy relations in a similar way as in the binary
case. The introduced types of composition of ternary fuzzy relations
are generalizations of the types of composition introduced by Bakri
et al. [29] in the crisp case. In this paper, we further extend the study
of the six corresponding types of transitivity of ternary fuzzy rela-
tions. Also, we provide a representation theorem for ternary fuzzy
relations possessing one of these types of transitivity, thus address-
ing one of the recurrent questions in the study of fuzzy relations.
The main contribution of this paper is the study of the problem of
closing a ternary fuzzy relation with respect to the proposed types of
transitivity. It will turn out that such transitive closure always exists
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for the six types of transitivity. However, it can only be written as
the union of powers for the types of transitivity corresponding to
associative compositions.

This paper is organized as follows. In Section 2, we recall some basic
concepts related to residuated lattices and t-norms, as well as binary
and ternary fuzzy relations. In Section 3, we extend the composi-
tions of ternary relations to ternary fuzzy relations and investigate
their basic properties. In Section 4, we introduce several types of
transitivity of a ternary fuzzy relation and show their properties.
Also, we study the interaction of these properties with the binary
projections and cylindrical extensions. In Section 5, we provide a
representation of a given transitive (resp. reflexive and transitive)
ternary fuzzy relation in terms of its binary projections and an
appropriate family of functions. We study the problem of closing a
ternary fuzzy relation with respect to the proposed types of transi-
tivity in Section 6. Finally, we present some concluding remarks in
Section 7.

2. PRELIMINARIES

First, we recall some basic concepts related to residuated lattices.
Second, we present some basic definitions related to binary and
ternary fuzzy relations.

2.1. Complete Residuated Lattices

A poset (L, <) (see, e.g., Davey and Priestley [30]) is called a lattice
if any two elements x and y have a greatest lower bound, denoted
x A y and called the meet (infimum) of x and y, as well as a smallest
upper bound, denoted x Vv y and called the join (supremum) of x
and y. Note that x < yifand onlyif xAy = xifand onlyifxvy = y.

A bounded lattice (L, A, V, 0, 1) is a lattice that has a bottom element
0 and a top element 1, i.e, 0 < x < 1 for any x € L. A lattice
(L, A, V) is called complete if any nonempty subset A of L has an
infimum (i.e., greatest lower bound) and a supremum (i.e., smallest
upper bound), denoted A A and \/ A, respectively. Any complete

lattice is bounded.
A complete residuated lattice (see, e.g., Bélohlavek [31]) is an alge-
bra (L, A, V, %, —,0, 1) such that:

(1) (L,A,V,0,1)is a complete lattice;

(i) (L, =*,1)is a commutative monoid;

(ifi) * and —, called multiplication and residuum, satisfy the
adjointness property: a * ¢ < bifand onlyif c < a — b, for
any a,b,c € L.

The following properties of complete residuated lattices will be used
in this paper without explicit indication (see, e.g., Bélohlavek [31]
and Hajek [32]). For any a, b, c € L and B C L, it holds that

(i) a-»b=\V{ceLl|axc<b};

(i) 1->a=ga
(ili) a<bifandonlyifa - b=1;

(iv) ax(a—=>b)<b;
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axb<axc

(v) b<cimpliesqa—->b<a—c

>

boa>c—a
(vi) ax(\/B)=\{axb|beB}.

From here on, L always denotes a complete residuated lattice
(L$ /\, V, *? q’ 0’ l‘)'

The operation * is also commonly called a triangular norm (t-norm,
for short) and the operation — its residual implication. T-norms
were originally introduced on the real unit interval [0, 1], but are
readily extended to posets and lattices (see Refs. [33,34] for more
details). A t-norm on a bounded lattice L is a binary operation * on
L that is commutative (i.e., x * y = y * x, forany x,y € L) and
associative (i.e., x % (y * 2) = (x * y) % z,foranyx,y,z € L),
has neutral element 1 (i.e, x * 1 = x, for any x € L) and is order-
preserving (i.e,if x < y,thenx % z < y * z, forany x,y,z € L ).
Additionally, in the case of a complete residuated lattice, a t-norm
is supremum-preserving.

2.2. Binary Fuzzy Relations

The notion of an L-fuzzy relation on a set X generalizes the classical
notion of a {0, 1}-relation by expressing degrees of relationship in
some complete residuated lattice (L, A, V, %, —, 0, 1) [35]. A binary
L-fuzzy relation (binary L-relation, for short) R on a set X is a map-
ping R : XX X — L. Obviously, if L = {0, 1}, then binary relations
are retrieved, often referred to as crisp relations.

A binary L-relation R, is said to be included in a binary L-relation
R,, denoted R, C R,, if R;(x,y) < R,(x,y), for any x,y € X. The
intersection of two binary L-relations R, and R, on X is the binary
L-relation R; NR, on X defined by R, NR,(x, ¥) = R, (x, ¥) AR, (x, ¥),
for any x, y € X. Similarly, the union of two binary L-relations R,
and R, on X is the binary L-relation R; U R, on X defined by R, U
R,(x,y) = R (x,y) V Ry(x, y), for any x, y € X. The transpose R’ of
a binary L-relation R is the binary L-relation defined by R'(x, y) =
R(y, x). The composition of two binary L-relations R, and R, on X
is the binary L-relation R, oR, on X defined by:

RyoR(x,2) = \/ R,(x,9) * Ry(,2).
yeX

2.3. Ternary Fuzzy Relations

A ternary (or triadic) L-fuzzy relation (ternary L-relation, for short)
Tonaset XisamappingT : X° - L IfL = {0,1}, then
ternary relations are retrieved. Inclusion, intersection and union are
defined in a similar way as for binary L-relations. For more details
on ternary (fuzzy) relations, we refer to Refs. [9,10,22,36].

A ternary L-relation T is said to be included in a ternary L-relation
T,, denoted T} C T,, if T\(x,y,2) < T,(x,,2), for any x,y,z €
X. The intersection of two ternary L-relations T| and T, on X is
the ternary L-relation T; N T, on X defined by T), N T,(x,y,2) =
T,(x,y,2)AT,(x, y, 2), for any x, y, z € X. Similarly, the union of two
ternary L-relations T, and T, on X is the ternary L-relation T} U T,
on X defined by T, U T,(x,y,2) = T,(x,y,2) V T,(x,y, 2), for any
x,y,z € X.
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As in the crisp case [26], we define the ternary L-relations associated
with a given ternary L-relation T on X obtained by permutation as
follows:

(i) The transpose of T is the ternary L-relation T' on X defined
by T'(x, 3, 2) = T(z, y, x);

(i) The right-converse of T is the ternary L-relation T on X
defined by T(x, y,2) = T(x, z,y);

(iii) The left-converse of T is the ternary L-relation T on X
defined by T (x, y,2) = T(y, x, 2);
(iv) The right-rotation of T is the ternary L-relation Tt on X

defined by T*(x, y, 2) = T(z, x, y);

(v) The left-rotation of T is the ternary L-relation T~ on X
defined by T~ (x, y, z) = T(y, z, x).

3. COMPOSITIONS OF TERNARY FUZZY
RELATIONS

In this section, we extend the types of composition of crisp ternary
relations introduced by Bakri et al. [29] to the fuzzy setting, and
investigate their properties.

Definition 1. [29] Let T and S be two ternary relations on a set X.
The o,-compositions of T'and S, with i € {1, ..., 6}, are defined as:

(i) ToyS={(x,y.2 € X’|(At,s€X)
(x.y,H) ETA(s,1,2) €S}

(i) To,S={(x.y.2) € X*|(3t,s € X)
(.3, ) € TA(t,5,2) €9)};

(ili) TosS={(x.y.2) € X’|(At,s € X)
(5,3, ) € TA(,z,5) €9)};
(iv) To,S={(x,y.2 € X’|(At,s€X)

(s.x,0) € TA(t,y,2) €S}
(v) TosS={(x,y,2) € X}|(At,s € X)
(x.s,) ETA(Ly,2) €S}
(vi) ToeS={(x.y.2) € X*|(3t,s € X)
((x,s,) € TA(s,,2) € 9)}.
The following definition extends the above types of composition to

the fuzzy setting.

Definition 2. Let T and S be two ternary L-relations on a set X.
The o;-compositions of T'and S, with i € {1, ..., 6}, are defined by:

@) ToStxy,2) =\/ T(x,y. ) % S(s. . 2);

steX

(i) To,S(x.y,2) = \/ T(x.y.1) % S(t,5,2);

s,teX

(iii) To;S(x,y,2) = \/ T(x, y,t) = S(t, z, 5);

s,teX
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(iv) To,S(x,y,2) = \/ T(s, x, t) = S(t, y, 2);

s,teX

(v) TosS(x,y,2) = \/ T(x,s,t) = S(t, y, 2);

steX

ToyS(x,y,2) = \/ T(x,s, t) = S(s, y, 2).

s,teX

(vi)

Example 1.

Consider a bounded lattice L = {0, a, 8,1}, with « and f either
being comparable (i.e., L is a chain) or incomparable (ie., L is a
diamond) and let *= A. Let X = {a,b,c,d} and consider the

ternary L-relations T, and T, on X given by:

R

T1 (xs y’ Z) =

° =

and

—_

T,(x,y,2) =

O:mQ

One easily computes the o;-compositions of T} and T,, with i €

{1,...,6}:

a
T0,T,(x,y,2) = {
T0,T,(x,y,2) = 1
T,05T,(x,y,2) =1

T0,T)(x,¥,2) =1

T, 05T, (%, y,2) =4

a,
Tio06T,(x,y,2) =4
0,

if(x,y,2) = (a,a,b)
if(x,y,2) = (a,b,¢)
otherwise

if(x, y,2) = (a,a,a)
if(x,y,2z) = (b,d, a)
if(x,y,2) = (¢, b, b)
otherwise

AP, if(x,y,2) = (a,a,b)

0, otherwise

a, if(x,y,2) = (a,a,a)
g, if(x,y,2) = (a,b,b)

0, otherwise

a, if(x,y,2) = (a,a,d)
B, if(x,y,2) = (a,b,b)
0

, otherwise

a, if(x,y,2) = (a,d,a)
B, if(x,y,2) = (b,b,b)
0

, otherwise

a, if(x,y,2) =(a,d,a)
B, if (x,y,2) = (a,b,b)
0

, otherwise

if (x,y,2) = (a,a,0a)
AP, if(x,y,2) = (a.d,a)
otherwise
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Next, we investigate some properties of the above compositions.
First, the following proposition shows that the o;-composition is
associative for anyi € {1,2,5,6}.

Proposition 1. Let T|, T, and Tj be three ternary L -relations on a
set Xand i € {1,2,5,6}. Then it holds that

(Ty0;Ty)0;T; = Ty0i(Ty0;T5).

Proof. Consider i = 1, the other cases being similar. Let (x, y,z) €
X3, then

(Ty0,Ty)o, T5(x, y,2)

= \/ Ty0, Th(x, y, 1) * T5(s, 1, 2)

s,;teX
=\ ( \/ Tiy.m) = Ty(n,m, t)) s Ty(s, £, 2).
s,teX \ mnex

Since * is associative and supremum-preserving, it follows that

(T1°1T2)°1T3(x7}” z)

\/ (TyGey,m) % Ty(n,m, £) * Ty(s.t,2)

m,n,s,teX
\/ Ty(x,y,m) # (Ty(n,m, 1) % T5(s, t,2))
m,n,s,te€X

\/ T (x,y,m) * T,0,T5(n,m, z)

m,neX

T,0,(Ty0,T5)(x, y, 2).

In the following example, we show that the compositions o5 and o,
are not associative.

Example 2.

Let L(resp. T}, T,) be the lattice (resp. the ternary L-relations on
X = {a, b,c,d}) given in Example 1, *= A and T; be the ternary
L -relation on X given by:

a, if(x,y,2) = (d,d, b)
p, if(x,y,2) = (b,c,a)

0, otherwise

Ts(x,y,2) =

One easily verifies that

R

, if(x,y,2) =(a,a,d)
(Ty03T,) 03T5(x,,2) = | B, if (%, 3,2) = (a,b,0)
otherwise

L

and

p, if (x,y,2) = (a,b,b)
0

Ty0;5 (Ty05Ts) (x,y,2) = { otherwise

It is clear that

(Ty03Ty)03Ts # Ty05(Ty05T5).

Similarly, one can also verify that

(Ty0,T,)0,T5 # Ty0,(Ty0,T;).

The following proposition lists the interaction of the compositions
with inclusion and set-theoretical operations. The proof is straight-
forward.

Proposition 2. Let T, T,, S, S, and S be ternary L-relations on a
set X. Forany i € {1, ..., 6}, the following statements hold:
(i) IfT,CT,andS, CS,,then T,o;S, C T,0,S,;

(i) (TyNnT,)0;S = (Ty0;89N(T,0,8) and So,(T,NT,) = (So,T})N
(SoiT2)§

(ili) (T,UT,)0,8 = (T,0,8)U(T,0,5) and So,(T, UT,) = (So,T,)U
(So,T,).

The following proposition lists the interaction of the compositions
with the permutations. The proofs are again straightforward.
Proposition 3. Let T and S be two ternary L-relations on a set X.
The following equalities hold:

(i) (To,8)" =To,S™, foranyi € {4,5,6};

(i) (To,S)" =T oS, foranyi€ {1,2,3};
(iii) (To;S)* = S*o, ,T*, foranyi€ {5,6};
(iv) (To;S)” =S8 o0,,,T ,foranyie {1,2};

(V) (To,S)' = Sto, ;T foranyi€ {1,...,6}.

4. TRANSITIVITY OF TERNARY FUZZY
RELATIONS

In this section, based on the compositions of ternary fuzzy relations,
we introduce several types of transitivity of a ternary fuzzy relation
and investigate their properties.

4.1. Definitions and Basic Properties

For a given binary L-relation R on a set X, the #-transitivity is
defined as: R(x, ) * R(y, z) < R(x, z), for any x, y, z € X. This prop-
erty is equivalent to the condition that RoR C R, where o denotes
the composition of binary L -relations. Analogously to the binary
case, we introduce the types of transitivity of a ternary fuzzy relation
based on the compositions of ternary fuzzy relations introduced
above.

Definition 3. Leti € {1,...,6}. A ternary L-relation T on a set X
is called o;-transitive if To,T C T. Explicitly:
(i) T is o,-transitive, if, for any x,y,z,5,t € X, it holds that
T(x, y,1) * T(s, £, 2) £ T(x,y,2);

(if) T is o,-transitive, if, for any x,y,z,s,t € X, it holds that
T(x,y,8) * T(s, t,2) < T(x, y, 2);

(iif) T is os-transitive, if, for any x,y,z,s,t € X, it holds that
T(x,y,s) * T(s,t,2) < T(x, y, t);
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(iv) T is o,-transitive, if, for any x,y,z,5,t € X, it holds that
T(x,y,s) * T(s,t,2) < T(y, t, 2);

(v) T is os-transitive, if, for any x,y,z,s,t € X, it holds that
T(x,y,5) * T(s,t,2) < T(x, t, 2);

(vi) T is og4-transitive, if, for any x,y,z,s,t € X, it holds that
T(x,s,1) = T(s, y,2) < T(x, y, 2).

Example 3.

Let L (resp. T}, T, ) be the lattice (resp. the ternary L-relations on
X = {a,b,c,d} ) given in Example 1 and * be a t-norm on L. One
easily verifies that

(i) T, iso,-transitive if and only if & * f = 0;

(if) T, is o;-transitive, foranyi € {2,...,6}.
Also,

(i) T, is o,-transitive;
(if) T, is o;-transitive (withi € {2,3,6}) ifand onlyifa * f = 0;

(iii) T, is o;-transitive (with i € {4,5} ) ifand only if & = 0.

The following proposition discusses the transitivity of the transpose
of a ternary relation.

Proposition 4. Let T be a ternary L-relation on a set X and i €
{1,...,6}. It holds that T is o;-transitive if and only if T' is o,_;-
transitive.

Proof. If T is o,-transitive, then To,T C T. Hence, (ToiT)t C
T'. Proposition 3 implies that T'o,_,T* C T'. Hence, T' is o,_;-
transitive. The converse can be proved similarly.

The following proposition shows that transitivity is preserved under
intersection.

Proposition 5. Let (T));c; be a family of ternary L-relations on a set
Xandi € {1,...,6}. It holds that the o -transitivity of (T));e; implies
the o,-transitivity of ‘n]Tj.

JjE

Proof. It suffices to prove that N T;o; N T; € NT,. Suppose that
el e T e
(T))je; is o;-transitive, i.e., Tjo,T; € T}, for any j € J. This implies
that jrewl(TjoiTj) - JQJTJ' It is clear that ]Q]Tjoi jQ] T, ¢ jrewl(Tjo ;T;) and
hence NT;o; N T; C NT;. Thus, N T, is o;-transitive.
e e T e IS

4.2. Additional Properties

In this subsection, we discuss some additional properties of the
types of transitivity of ternary fuzzy relations introduced above.
More specifically, we investigate the interaction with the binary
projections and the cylindrical extensions. To that end, we first
introduce the binary projections of a ternary fuzzy relation and the
cylindrical extensions of a binary fuzzy relation. They are immedi-
ate generalizations of the corresponding notions in the crisp case.

Definition 4. Let T be a ternary L-relation on a set X.

(i) The left projection of T with respect to z € X is the binary
L-relation ,T on X defined by

TG y) =T(z,x,9);

(ii) Themiddle projection of T with respect to z € Xis the binary
L-relation T, on X defined by

Txy) = T(x,2,y);
(iii) The right projection of T with respect to is the binary
L-relation T, on X defined by

T(xy) = T(x. y,2).
Definition 5. Let T be a ternary L-relation on a set X.

(i) The left projection of T is the binary L-relation P,(T) on X
defined by

P(Dxy) = \/ . TCx )

zeX

(ii) The middle projection of T'is the binary L-relation P, (T) on
X defined by

Po(Dx.y) = \/ Ttx.y):

zeX

(iii)  The right projection of T is the binary L-relation P,(T) on X
defined by

P(T)xy) = \/ T.(x.y).

zeX
Definition 6. Let R be a binary L-relation on a set X.

(i) The left cylindrical extension of R is the ternary L-relation
C,(R) on X defined by

C,(R)(x,y,2) = R(y,2);

(i) The middle cylindrical extension of R is the ternary relation
C,,(R) on X defined by

C,(R)(x,y,2) =R(x,2);

(iii) The right cylindrical extension of R is the ternary relation
C,(R) on X defined by

C.(R)(x,y,2) =R(x,p).

Next, we express the projections of the compositions of ternary
fuzzy relations in terms of the compositions of their binary projec-
tions. This proposition is a natural generalization of that in the crisp
case [29].

Proposition 6. Let T and S be two ternary L-relations on a set X.
The left, middle and right projections of the compositions To,S, for
any i € {1, ...,6}, are listed in the following table:
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Table1 Left, middle and right projections of the

compositions To,S, for any i € {1,...,6}.

Comp. P,(.) Proj. P,,(.) P.(.)
To,S  P,(T)oP,(S)  P,(T)oP,(S) -
To,S P,(T)oP,(S) P, (T)oP,(S) -
TosS P,(T)oP.(S)  P,(T)oP.(S) -
To,S - P,(T)oP,(S) P,(T)oP,(S)
To.S - P,(T)oP,(S) P, (T)oP.(S)
TogS - P.(T)oP,(S)  P.(T)oP.(S)

Similarly, the following proposition expresses the cylindrical exten-
sions of the composition of binary fuzzy relations in terms of the
compositions of their cylindrical extensions.

Proposition 7. Let R, and R, be two binary L-relations on a set X.
The left, middle and right cylindrical extensions of the composition
R, oR, are listed in the following table:

The following proposition expresses the relationship between the
o,-transitivity corresponding to the associative compositions of a
given ternary fuzzy relation and the *-transitivity of its binary pro-
jections.

Proposition 8. Let T be a ternary L-relation on a set X. The follow-
ing implications hold:
(i) If Tis o -transitive, then P,(T) is x-transitive;
(ii) If Tis o,-transitive, then P, (T) is s-transitive;
(iii) If T is o5-transitive, then P, (T) is %-transitive;
(iv)  If Tis og-transitive, then P.(T) is *-transitive.
Proof. We only give the proof for the first implication, the other
ones being similar. Suppose that T'is o, -transitive, i.e., uTo, T C T.

Hence, P,(To,T) C P,(T). It is clear from Table 1 that P,(To,T) =

P,(T)oP,(T). Hence, P,(T)oP,(T) € P,(T). Thus, P,(T) is -
transitive.

The following proposition discusses the relationship between the *-
transitivity of a given binary fuzzy relation and the o;-transitivity
corresponding to the associative compositions of its cylindrical
extensions.

Proposition 9. Let R be a binary L-relation on a set X. The follow-
ing equivalences hold:

(i) Ris =-transitive if and only if C,(R) is o,-transitive;

(ii) R is =-transitive if and only if C,,(R) is o,-transitive;
(iii) R is %-transitive if and only if C,,(R) is o5-transitive;
(iv) R is s-transitive if and only if C,(R) is o¢-transitive.
Proof. We only give the proof for the first equivalence, the other
ones being similar. Suppose that R is %-transitive, i.e., RoR C R.
Hence, C,(RoR) C C,(R). From Table 2, it is clear that C,(RoR) =

C,(R)o,C,(R). Hence, C,(R)o,C,(R) C C,(R). Thus, C,(R) is o, -
transitive.

Conversely, suppose that C,(R) is o, -transitive, then it
holds that C,(R)o,;C,(R) C C,(R). This implies that

P,(C,(R)o,Cy(R)) C Pf(Cf(R_)). From Table 1, we know that
P,(C,(R)o,Cy(R)) = P,(C,(R))oP,(C,(R) and this guarantees
that P,(C,(R))oP,(C,(R)) C P,(C,(R)). Since P,(C,(R)) = R, it

follows that RoR C R. Thus, R is transitive.

O

5. REPRESENTATION OF TRANSITIVE
TERNARY FUZZY RELATIONS

The representability problem in the study of fuzzy relations has a
long history. It was first addressed in the eighties [37,38] for binary
fuzzy relations and is regularly taken up again [39,40]. It primarily
deals with the representation of a transitive fuzzy relation in terms
of a family of score functions. In this section, we provide related
representation theorems for transitive (resp. reflexive and transi-
tive) ternary fuzzy relations in terms of the binary projections and
a related family of (score) functions.

Theorem 10. Let T be a ternary L-relation on a set X. The following

equivalences hold:

(i) T is o,-transitive if and only if there exists a family (f,),cx
of functions from X to L such that T (x,y) < f,(y), for any
x,y,a € X, and

Tx,y,2) = [\ f,(2) = Tu(x.y),

aeX
foranyx,y,z€X;

(ii) T is o,-transitive if and only if there exists a family (f,),ex
of functions from X to L such that T,(x,y) < f,(x), for any
x,y,a € X, and

Tx.y.2) = \f,(2) > T.(x.y),

aeX
forany x,y,z € X;

(iii) T is os-transitive if and only if there exists a family (f,),cx
of functions from X to L such that T(x,y) < f,(y), for any

x,y,a € X, and

Ty, = \f0) = T 2),

aeX
foranyx,y,z € X;

(iv) T is o,-transitive if and only if there exists a family (f,),ex
of functions from X to L such that T(x,y) < f,(x), for any

x,y,a € X, and

Tex.y.2) = [\ ) = T(x.2),

aeX

foranyx,y,z€ X;
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Table 2 Left, middle and right cylindrical extensions of the composition

R oR,.
Comp. Cyl. ext. C.(.) C,() C,.()
Cr(R)o1Cp(Ry) G (Ry)o Cp(Ry)
CK(Rl)ozcm(Rz) Cm(R1)°2Cm(R2)
RyoR, Cr(R)o;C(Ry)  Cu(Ry)o;C(Ry)

Cr(R)o,C(Ry)  Cp(Ry)o CRy)
Cu(Ro5C,(Ry)  Cp(Rp)osC(Ry)
C,(R})osC,,(R,) C.(R))osC,(Ry)

(v) T is og-transitive if and only if there exists a family (f,),ex
of functions from X to L such that ;T(x,y) < f,(»), for any
x,y,a € X, and

Tx.y.2) = \ i@ =, T(.2).

aeX

forany x,y,z € X;

(vi) T is og-transitive if and only if there exists a family (f,),cx
of functions from X to L such that ,T(x,y) < f,(x), for any
x,y,a € X, and

T(y.9) = [\ ¥ =, T0.2),

aeX

foranyx,y,ze X.

Proof. We only give the proof for the first equivalence, the other
ones being similar. First, for any x, y, z € X we show that

T,y 2) = [\ f,(2) = Tu(x.y),

aeX

with f,(z) = /\ T(s,t,z) — T(s,t,a), for any a € X. Note that
(s,H)EeX?
f.(a)=1.

On the one hand, for any x, y, z, a € X, it holds that

T(x, y,2) * f,(2)

=T(y.2)* [\ TG.t.2) = TG t.a)
(s,H)eX?
< Ty, 2) # (T(x, 3, 2) = T(x, y, a)).

The property a * (a — b) < b guarantees that

T(x,y,2) * f,(2) £ T(x,y,a) = T,(x, ).

Hence, by the adjointness property, it holds that T(x, y, z) < f,(z) =
T,(x,y). Thus,

T(x,y,2) < \fi(@) = T,(x.3),

On the other hand, for any x, y, z € X, it holds that

Nfi@ = T,(x.y)
aeX

<f(2) = T(xy)

=1- T(x,y,2) = T(x, y,2).

Thus,

T.y.2) = [\ f,(2) = T.(x.9),

aeX

forany x, y,z € X.

Next, suppose that T is o,-transitive, i.e., for any x,y,a,s,t € X,
it holds that T(s,t,y) % T(x,y,a) < T(s,t, a). By the adjointness

property, it holds that T(x, y, a) < T(s, t,y) — T(s, t, a). Hence,

Txy,a) < J\ Tty — s ta),
(s,H)eX?

forany x,y,a € X,ie, T,(x,y) < f,().

Conversely, suppose that T,(x,y) < f,(y), for any x,y,a € X. Let
X, 9,2,s,t € X, then taking into account that T(x, y, t) = /\ f.0) —

aeX

T, (x,y), it follows that
T(x, y,t) = T(s, t, 2)

= </\fa(t) - Ta(X,)/)) % T(s, t,2)

aeX

L (1) = T,(x, ) * T(s, t, 2).
Since T(s, t,z) = T,(s, 1) < f,(1), it follows that
T(x, y,t) % T(s, t,2) < (f,(t) = T,(x, ) * f,(1).

The property a * (a — b) < b guarantees that

T(x,y,t) * T(s, t,2) < T,(x,y) = T(x,5,2) .

Thus, T is o, -transitive.

O

aex Similarly, we provide representation theorem for reflexive and tran-

sitive ternary fuzzy relations. We recall that a ternary fuzzy relation
forany x,y,z € X. T on a set X is called reflexive if T(x, x, x) = 1, for any x € X.
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Theorem 11. Let T be a ternary L-relation on a set X. The following
equivalences hold:

(i) Tisreflexive and o -transitive if and only if T, (x, y) < T,(y, y),
forany x,y,a € X, and

T(x,,2) = [\ Tu(z2) = T,(x.y),

aeX

foranyx,y,z€ X;

(ii) T is reflexive and o,-transitive if and only if T (x,y) <
T, (x,x), for any x,y,a € X, and

Ty, = \ Ti(z.2) = Tx.9),

aeX

foranyx,y,z€ X;

(iii) T is reflexive and o5-transitive if and only if?;(x, y) < ?;(y, ),
foranyx,y,a € X, and

T(x.y.2) = N\(T(.y) = Tx.2).

aeX

forany x,y,z € X;

(iv) T is reflexive and o,-transitive if and only if T(x,y) < T(x, x),
a a
forany x,y,a € X, and

Txy.2) = \(TG.p) = Tx.2).

aeX

foranyx,y,z€ X;

(v) Tisreflexive and os-transitive ifand only if , T(x, ) <, T(y, y),
forany x,y,a € X, and

Tx,y,2) = \(TC% =, T(,2)),
aeX

foranyx,y,z€ X;

(vi) T is reflexive and og-transitive if and only if ,T(x,y) <,
T(x,x), for any x,y,a € X, and

T(x,y,2) = /\T% =, T(,2)),

aeX

foranyx,y,ze X.

Proof. We only give the proof for the first equivalence, the other
ones being similar. From Theorem 10, it follows that T is o-
transitive if and only if there exists a family (f,) . x of functions from
X to L such that T,(x, y) < f,(), for any x, y,a € X and:

T(x,3,2) = [\ fi(2) = Tu(x.).

aeX

for any x, y, z € X. For the implication from left to right, it suffices
to show that f,(z) = T,(z,2), for any a,z € X, while it suffices to
show that T is reflexive for the converse implication.

Let a,z € X. On the one hand, since T,(x,y) < f,(y), for any
x,y,a € X, it follows that T,(z, z) < f,(2). On the other hand,

f@= )\ (I t.2) - TG t,a))
(s,HEX?
<T1(z,z,2) = 1(z,z,a).

The reflexivity of T guarantees that

fi@ £ T(z,2,0) = T,(2,2).

Thus, f,(z) = T,(z,2), for any a,z € X.

Conversely, the reflexivity of T is obvious from the fact that:

T(x,x,x) = /\ T,(x,x) = T,(x,x) =1,

aeX

forany x € X.

The following example illustrates the above representation
theorem.

Example 4.

Let L = [0,1] and T be the ternary L-relation on the set of real
numbers R given by:

1, ifx<yandz<y
A(z), otherwise

i

T(x,y,2) = {

where 4 : R — L is a decreasing mapping. One easily verifies
that T is reflexive and o, -transitive for any t-norm *. According to
Theorem 11, the ternary L-relation T can be represented as:

Tx,y,2) = \ Tuz2) > Ty(x.),

aeR

where

1, ifx<yanda<y
A(a), otherwise

s

me={
forany x,y,z,a € R.

6. TRANSITIVE CLOSURES

In this section, we focus on the transitive closures of a ternary fuzzy
relation with respect to the types of transitivity introduced above.
We recall that the transitive closure of a ternary fuzzy relation is
the smallest transitive ternary fuzzy relation that includes the given
ternary fuzzy relation.
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6.1. Transitive Closures of a Ternary Fuzzy
Relation

In this subsection, we show that the o;-transitive closures of a
ternary fuzzy relation can be written as the union of o;-powers of
this ternary fuzzy relation. However, this only holds for the associa-
tive compositions. First, we discuss the existence of the o;-transitive
closures of a given ternary fuzzy relation.

In general, for a given property P, the following theorem states the
conditions under which the P-closure exists for all ternary fuzzy
relations. This theorem is obtained in the same way as in Ref. [41]
for binary fuzzy relations.

Theorem 12. A P-closure exists for all ternary L-relations on a set
X if and only if

(i)  The universal relation X> possesses property P;

(ii) The intersection of every (nonempty) family of ternary
L-relations, each of which possesses property P, also possesses
property P.

According to this theorem, Proposition 5 and the fact that the univer-
sal relation is o,-transitive for any i € {1, ..., 6} guarantee the exis-
tence of the o-transitive closures of a given ternary fuzzy relation, for
anyi € {1,...,6}. In order to explicitly describe these o-transitive
closures, we introduce the notion of power of a ternary L-relation.

Definition 7. Let T be a ternary L-relation on a set X and i €
{1,2,5,6}. The (n, i)-th powers T"° of T are recursively defined as

T =T and T =T""%T,

foranyn € N*,n > 1.

Note that for the nonassociative compositions o, and o,, the notion
of powers cannot be defined unambiguously. For instance, one
could imagine right powers being defined as T, = T‘:l_l’°’oiT or
left powers being defined as T;’°‘ = ToiT‘;_l’o", but they would gen-
erally not coincide for i € {3,4}.

As in the case of binary fuzzy relations, the following proposition
shows that the powers of a o;-transitive ternary fuzzy relation are
included in this ternary fuzzy relation, for any i € {1,...,6}. The
proof is straightforward.

Proposition 13. Let T be a ternary L-relation on a set X and i €
{1,2,5,6}. It holds that T is o-transitive if and only if T"* C T, for
any n € N*,

Remark 1. One easily observes that any reflexive ternary
L-relation T is included in its powers, i.e.,

TCT* C...C T,

foranyn > landanyi € {1,2,5,6}.

In the following theorem, we characterize the o;-transitive closures
of a ternary fuzzy relation, for any i € {1, ..., 6}.

Theorem 14. Let T be a ternary L-relation on a set X and
i € {1,2,5,6). The o-transitive closure Tr" (T) of T is given as

T (1) = U ™,

nx1

Proof. First, we prove that U T C Trzl(T). Since T C Trf)l_(T),
nx1
it is easy to verify that T"° C (Tril(ﬂ)n’o’, for any n € N*
Since Tr (T) is o;-transitive, it follows from Proposition 13 that
(Trilv(T))n’o" - Trf)l(T), and hence, T"° C Trzl_(T), for any n € N*,
Thus, U T C Trd(T).
n>1 '
Conversely, to prove that Trgll(T) C U T™%, it suffices to prove
n>1

that § = U T™° is o,-transitive. We only give the proof for i = 1,
n>1

the other cases being similar. Let x, y,z,s,t € X, then S(x, y,t) =*
S(s, t,2) =

J ey )= (| 116,120

nx1 m>1

Since * is supremum-preserving, it follows that S(x,y,f) =*
S(s, t,2) =

U T (x, y, t) * T™%1(s, 1, 2) .

m,n>1

By definition of the composition o, it holds that

S(x, y,t) * S(s, t, 2)

< U "0, T™"1(x, y, 2)

m,n>1

= U T (x, y, Z)

m,n>1

U Tk’°1(x,y, z) = S(x, y, 2).

k>1

IA

Thus, S is o, -transitive. Since Trfl(T) is the smallest o, -transitive
ternary L-relation that includes T, it follows that Trf)1 (T) € U ",
1

n>1
Therefore, Trf’ll(T) = U T,

n>1

O

The following example illustrates the o,-transitive closures of a
ternary fuzzy relation on a finite set, for any i € {1, ..., 6}.
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Example 5. iterative manner without computing a union of powers. This leads
to:

Let L be the lattice given in Example 1, %= A and T be the ternary

L-relation on X = {a, b, c, d} given by: 1, if(x,y,2) = (c,d, b)

a, if(x,y,2) € {(d,a,a),(d,a,d)}

1, if(x,y,2) = (c,d,b) wi(y = 4# &y El@bo)(abd)

Tee.y.z) =4 & if(x,y,2) = (d, a,d) % a A B, if(x,y,2) € {(a,b,a),(a,b,b),
o B, if(x,y,2) = (a,b,¢) (d,a,b)
0, otherwise 0, otherwise

One easily computes the o, -powers of T:

a, if(x,y,2) = (d,a,b)
B, if(x,y,2) = (c,d,c)
0, otherwise

T>°1(x, y,2) =

3,0, _Janp, if(x,y,2) =(d,a,0)
(xy2) = { 0, otherwise

T = 3,

Thus, TrS. () =

1, if(x,y,2) = (¢, d, b)

a, if(x,y,2) € {(d,a,b),(d,a,d)}
B, if(x,y,2) € {(a,b,0),(c,d, )}
aAp, if(x,y,2) =(d, a,c)

0, otherwise

In a similar way, the transitive closures of T corresponding to the
other associative compositions can be written as a union of powers:

1, if(x,y,2) =(c,d,b)

a, if(x,y,2) =(d,a,d)

p, if(x,y,2) € {(a,b,¢),(a,b,b)}
0

, otherwise

TeS () = 4

1, if(x,y,2) =(c,d,b)

a, if(x,y,2) =(d,a,d)

p, if(x,y.2) € {(a,b,c),(a,d, b)}
0, otherwise

1, if(x,y,2) = (c,d,b)
a, if(x,y,2) € {(d,a,d),(c,a,d)}
B, if(x,y,2) = (a,b,c)
aAp, if(x,y,2) € {(b,c),(db,c)}
0

, otherwise

For the nonassociative compositions, i.e., for i € {3,4}, one com-
putes the smallest o;-transitive ternary relation containing T in an

Note that in this case the union of the right powers would have suc-
cessfully yielded the transitive closure, while the union of the left
powers would have missed all triplets with degree of relationship
anp.

Similary, one finds

1, if (x,y,2) = (c,d, b)
a, if(x,y,2) € {(a,a,d),(d,a,d)}

Trcl (rT) = ﬁ’ 1f(x7)’7 Z) € {(a» b’ C)7 (b7 d7 b)?

(d,d, b)
aAp, if(x,y,2) = (a,d,b)
0, otherwise

In this case the union of the left powers would have successfully
yielded the transitive closure, while the union of the right powers
would have missed the triplet (d, d, b) with degree of relationship f
and the triplet (a, d, b) with degree of relationship a A f. <

6.2. Properties of Transitive Closures

In this subsection, we investigate various properties of the transi-
tive closures of a ternary fuzzy relation. The following proposition
expresses the transitive closures of ternary fuzzy relations obtained
by permutation.

Proposition 15. Let T be a ternary L-relation on a set X. It holds
that

i) Trf}‘(TJr) = (Trf}ﬂ(T))tfor anyi€ {1,2};
(i) TN = (Trf,lq(T))_, foranyi€ {5,6);
(i) Trd (1) = (Triii(T))t, foranyi€ {1,2,5,6}.

Proof. We only prove the first equality, the other ones being sim-
ilar. Let i € {1,2}, then it follows from Theorem 14 that

T (1) = | (7)™

n>1

From Proposition 3, it follows that (T+)"* = (T™°+)*. This

implies that
T (1) = [ (et
' n>1
+
= U T”s°:+4
n>1

= (1l ()"

O
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The following proposition expresses the left, middle and right pro-
jections of the transitive closures of a ternary fuzzy relation.

Proposition 16. Let T be a ternary L-relation on a set X. The fol-
lowing equalities hold:
() PA(TxS (1) = Te(P,(T));
(i) P, (Txg (1) = P,,(Trd () = Tr(P,,(T));
(i) PTrS (1)) = Tr(PT)).

Proof. We only prove the first equality, the other ones being sim-
ilar. From Theorem 14, it follows that

P,(Ted (1) = P,(| ] T

n>1

One easily verifies that Pf(U °1) = U P,(T"™°"). From Propo-
n>1 n>1
sition 6, it follows that

p.men = @

nx1 n>1

Thus,

P(Te! () = | (PA(D)" = Tr (P (T)).
nx1
O

Remark 2. For the nonassociative composition o, (resp. o,), the
binary projections of the o,-transitive (resp. o,-transitive) closure
of a ternary fuzzy relation T are in general not equal to the transitive
closure of any projection of T.

The following proposition expresses the transitive closures of the
left, middle and right cylindrical extensions of a binary fuzzy rela-
tion.

Proposition 17. Let R be a binary L-relation on a set X. The fol-
lowing equalities hold:

) TS (C(R) = CATH(R));
(i) e (C,(R) = Trg (C,y(R) = C,y(Tr(R));
(iii) Trf)'s(C,(R)) = C,(Tr'(R)).
Proof. We only prove the first equality, the other ones being sim-

ilar. Since Tr'(R) = U R”, it follows that

n>1

CATER) = Co(| R

n>1

One easily verifies that

Uec.wn=Jc.wy.

nx1 n>1

Thus,

CATE®) = | (€)™ = Tl (C,(R)).

n>1

O

Remark 3. For the nonassociative composition o5 (resp. o,), the
cylindrical extensions of the transitive closure of a binary fuzzy
relation R are in general not equal to the o,-transitive (resp.
o4-transitive) closure of any cylindrical extension of R.

7. CONCLUSION

In this paper, we have extended the types of composition of ternary
relations to the fuzzy setting. We have introduced several types
of transitivity of a ternary fuzzy relation close in spirit to the -
transitivity of a binary fuzzy relation. We have investigated their
basic properties and their interaction with the binary projections of
ternary fuzzy relations and cylindrical extensions of binary fuzzy
relations. Also, we have provided representations of transitive (resp.
reflexive and transitive) ternary fuzzy relations for the four types
of transitivity corresponding to the associative compositions. Fur-
thermore, we have studied the problem of closing a ternary fuzzy
relation with respect to the proposed types of transitivity.

In future work, we intend to exploit the results obtained in this
paper to study some important classes of ternary fuzzy relations,
such as the fuzzy betweenness relations recently introduced by
Zhang et al. [42] and ternary fuzzy equivalence relations.
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