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ON THE BENJAMIN ONO EQUATION IN THE HALF LINE

DUVAN CARDONA AND LILIANA ESQUIVEL

ABSTRACT. We consider the inhomogeneous Dirichlet initial boundary value problem for the
Benjamin-Ono equation formulated on the half line. We study the global in time existence of
solutions to the initial-boundary value problem. This work is a continuation of the ones [15, 16]
by Hayashi and Kaikina where the global in time existence and the asymptotic behaviour of
solutions for large time were considered.
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1. INTRODUCTION

1.1. Outline. When studying dispersive problems on the half line, boundary terms provide
a perturbation to the behaviour of their solutions and the analysis for these problems can be
treated by using techniques of complex analysis, namely, methods of analytic continuation. By
following this philosophy, and by exploiting the Calderén commutator technique, in this work
we shall study the initial-boundary value problem (IBV problem) for the Generalized Dispersive
Benjamin-Ono equation on the half line

(1.1)

Uy + Htgy + ud,u =0, t >0, x>0,
(BO) : { u(x, 0) = o),
u(0,t) = h(t), t >0,
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2 D. CARDONA AND L. ESQUIVEL

where H denotes the Hilbert transform', which, as a (Calderén-Zygmund) singular integral
operator is defined via

(e}

u
(1.2) Hu(x) = PV/ W) gy, e or®?)
-
s Y
For a comprehensive study of this operator on the half-line we refer to the interested reader
to [34]. Between the family of dispersive equations, the Benjamin-Ono equation is a model
describing long internal gravity waves in a stratified fluid with infinite depth (see Benjamin [3]
and Ono [23], for instance) and turns out to be important in other physical phenomena as well
(we refer the reader to Danov and Ruderman [7], Ishimori [27] and Matsuno Kaup [29] and

references therein). In the case of the whole line, for the Benjamin-Ono model are well known
very noticeable properties: it defines a Hamiltonian system, can be solved by an analogue of
the inverse scattering method (see Ablowitz and Fokas[?]), admits (multi-)soliton solutions,
and satisfies infinitely many conserved quantities (see Case [0]). It is worth to mention that,
regarding the IVP associated to the BO equation (in the case of the whole line), local and global
results have been obtained by various authors. Torio [26] showed local well-posedness for data
in H*(R), s > %, and making use of the conserved quantities he extended globally the result
in H*(R), s > 2. L. Abdelouhab et al, in [I] the authors proved the global well-posedness of
the BO equation in H*(R), s > %, improving the LWP result of Iorio for the same value of
s. In Ponce [33], the author extended the local result for data in H%(R) and the global result
for any solution in H*(R), s > %, and further improvements were done by Molinet, Saut, and
Tzvetkov [32]%, Koch and Tzvetkov®, Jinibre and Velo[25], Tao who showed in [35] that the IVP
associated to the BO equation is globally well-posed in H'(R), Ionescu and Kenig [25], Molinet

and Riboud [30, 31] and [21], just to mention a few.

1.2. Benjamin Ono Equation in the Half-line. In the case of the half-line, the BO equation
and other non-linear evolution problems for pseudo-differential operators on the half-line have

been considered by Esquivel, Hayashi and Kaikina |11, 13], Hayashi and Kaikina [15, 16, 17] and
Kaikina [18, 19, 20]. In the homogeneous case of (1.1), with h(t) = 0, or when (1.1) is endowed
with the Neumann condition u,(0,t) = 0, it was proved, among other things, in [15, 16], the well-

posedness for (1.1) if ¢» € L»(R*) N H'(R"), where a € (0,1). As far as we know, the case of
nonhomogenous boundary condition for the initial boundary value problem (1.1) was not studied
previously. The main problem addressed in this paper is to study the global in time existence of
solutions to (1.1) in the case where the initial data ¢ belongs to H'™(R*) N L'?(R*) and the
boundary condition h(t) € H'(RT)NL!(R™"). Under these conditions, in Theorem 2.1 we prove
that there exist an unique global solution u of (1.1) in the space C([0, c0) : HY(RT)NL*>(R™)).
In this result we observe the influence of the boundary data on the behavior of solutions.

The novelty of the present work is that we combine two different approaches between the
real and the complex analysis. First, we start our work by applying the analytic continuation
method by Hayashi and Kaikina (in the aforementioned references) related to the Riemann-
Hilbert problem. Indeed, the construction of the Green operator is based on the introduction of

IThe Hilbert transform has a dispersive effect in the BO equation. Note that the Hilbert transform is a
definite integral, which differs from an integral term that appears in the model equation for shallow-water waves
(see e.g. Hirota and Satsuma[24]), and it makes the properties of these solutions very different from those of the
well-known KdV type.

2Showing; that the Picard iteration process cannot be carry out to prove local results for the BO equation in
H*(R).

#Who established a local result for data in H*(R), s > 3, improving the one given in [33].
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a suitable necessary condition at the singularity points of the symbol, the integral representation
for the sectionally analytic function, and the theory of singular integrodifferential equations with
Hilbert kernels and with discontinuous coefficients, (see [19], [I 1] and Section 3 for details).

Later on, via the contraction principle, in Theorem 2.1 we deduce of global existence of a
solutions u € H'(R™) to (1.1). Finally, using the Calderén commutator technique as developed
by Ponce and Fonseca [10], we prove that u € L>!(R™).

This paper is organised as follows. In Section 2 we present the notation used in our work
and our main result in the form of Theorem 2.1. For the benefit of the reader, in Section 3 we
explain the techniques that we follow in the proof of our main theorem. The linear problem
associated to (1.1) will be analysed in Section 4 and some technical lemmata will be established
in Section 5. We end our work with the proof of Theorem 2.1 in Section 6.

2. NOTATION AND MAIN RESULT

We will introduce the necessary notations and the function spaces used in the formulation of our
main result, and in our further analysis. Let ¢t € R. We denote by (t) := v/1 +t? and {t} := |t‘

We write A < B if there exist a constant C| such that C' does not depend on fundamental
quantities on A and B, such that A < CB.

We denote the usual direct and inverse Laplace transformation by £ and £, which are the
integral operators given by

o0

£ =00 = [ o@dn, £00x) =5 [ a6 de

0 iR

The Fourier transform F is defined as

F(o)(p) = e (x

7l

Let 2 C R be an interval, for s > 0, we define
H*(Q) :={f =Flo: F e H*(R)} and |f]|
Similarly, we have

Hs(Q) :={f = Flg+ : F€e H*(R)} and ||f]

Hs(Q) = inf ||F| Hs(R)

Hs(Q) = i%f | F| Hs(R)

At this point it is important to recall the space H§(R), which is the closure of the class of

functions in H*(R) whose support lies in R*. Recall that H*(R) is the set of distributions f
satisfying (1 + |€])*f(€) € L2, where f denotes the Fourier transform in the z-variables. The

space Hs(R) is the homogeneous analogue consisting of distributions satisfying |¢]*f(€) € L.
On the other hand, if we define
wek@) = {1 O

dmeLQ(Q),Ogmgk},

s = ( 5 ) |
0<m<k L2(Q)

via Calderon’s extension theorem (Theorem 12 in [1]) and the standard Calderén-Zygmund

estimates, one can deduce H¥(R) = W2*(R), for all k non-negative integer, as consequence
HE(Q) — W2H(Q).

with the norm
am f
—f
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For s € R, we define Z*"(Q) := H*(Q) NL>"(Q), here L*"(Q) is the weighted Lebesgue space

L27(9) = {6 6llear = Il - () e < oo},

Now, we state our main result.

Theorem 2.1. For ¢ € Z'YRT) and h € Z"'(R™T), there exists a unique global solution
u € C([0,00) : HY(RT) NL*(RY)),
such that
Sup [u@®)[lear S Mi(lluollz, [[7]lv),

and
Ju(t)||lL2r S Mae™(|Jug|z, [|h]]v)-

3. SKETCH OF THE PROOF

For the convenience of the reader we briefly explain our strategy. First of all, we consider the
linear Benjamin-Ono equation with inhomogenous boundary condition
Uy + Huge =0, t >0, x>0,
(3.1) (LBO) : ¢ u(z,0) =¢(z), >0
u(0,t) = h(t), t > 0.

In Lemma 4.1 we construct the Green function and the boundary operator for Eq. (3.1), indeed
we prove that the solution of this equation can be represented as

u=G (t)yY+ B(t)h,

where
(3.2) G(t) = Gu(t) + Gal),
with
. 1 T K(p)t 2 o 1 = —px
B3)  GOw=5 [ O igp)p, Gty =5 / e Pt (p) dp.
where
(3.4) |
R(60(p) = Le e () (p,i) + 2 e () —i>+VP7O€8”2t—6—<¢>< $)ds
p)i= g pi)+ 5 P, ’ e p, s)ds,
and
(3.5)
o o 1 ico —F(w s) _ e—].“(O,s)Q J 7f(0,s)/\ 0
00) =l o) 0w s — TN (5). ),
Re s1>0
with
Q(’LU,S) = iif((j))ef(_l’S) <(1+k((z )kZ(S o wwi18)>
(3.6) i(s) = 2 c(9) — k(s PN
) =2 [ e o 2L ) = (1~ sign (o),

C
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and the boundary operator is given by

1T . t
(3.7) B(t)h = - /e_p”p(B(t)h)(p)dp = / H(z,t — 7)h(7)dr,
J 0

where
(3.8)

1 | 2t N —ipt N 1 , sth\I/B(S)A 2

B(t)h(p) == | P Up(i)h(ip”) + e~ PV g(—i)h(—ip) + — VP [ e T h(sp”)ds

1 e | 1T s
H(t) = 2—m,/e_pxp P (i) + e Zp2t\IfB(—Z>+VP; / eSPQt%:;ds dp
0 —100
Uy(s) = s 1+ k(f) P 18)-T(0.5)
1+ k(s)A(s)
Finally, the sectionally analytic function I is given by
- 1 K(q) +¢ 1
Nw,,) = —— | In(¢ —w)dIn | =——| dq.
(3.9) (w,§) 2mi | (¢ —w) {K(Q) . q
¢
~ i0 3
C=<¢qg=re’:re(0,00) andO:jzg :

Let K(p) := —plp|, K(p) := —p* and let ©(€), k(€) be the unique solutions of the equations

K(p)+&¢=0, K(p)+£& =0 for Re £ > 0, with Re ¢(§) > 0, Re k(&) > 0.

In order to prove Lemma 4.1 we reduce the linear problem (3.1) to the corresponding Riemann
problem. This Riemann problem has some additional necessary conditions for solvability due
to the growth of the of the non-analytic non-homogeneous symbol K (p) = —p|p|. Therefore, we
will show below that exactly one boundary value is necessary and sufficient in the problem (1.1)
for its solvability and uniqueness. We call this procedure as the analytic continuation method.
Therefore, via the Duhamel principle, the IBV problem (1.1) can be rewritten as the integral
equation

t

u=M(u)=G{t)us+ B(t)h + /e_TK(p)g(t — T)udu(T)dr.

For 1 <r <s, p € [0,1] such that % < %+ pand n=0,1, € € (0, %) we prove the following
estimates

IG @)l + 102G s S Nllzares + 201D ||,

[1B@)h[[er + (|B()h|rzeme) S |7z
Applying these estimates we prove that M is a contraction mapping on a ball C((0, co); H!(RT)).

4. LINEAR PROBLEM

We consider the linearised version of the problem (1.1), that is the initial boundary value
problem in (3.1). We prove the following lemma.



6 D. CARDONA AND L. ESQUIVEL

Lemma 4.1. Suppose that the initial and boundary data ug, h belong to L*(RT). Then, there
exists a unique solution u(x,t) of the initial-boundary value problem (3.1), which has the fol-
lowing integral representation u(x,t) = G(t)y + B(t)h, where the operators G(t) and B(t) were
given in (3.2).

In order to prove Lemma 4.1 we recall some basic results related with the analytic continuation
method.

Lemma 4.2. Let ¢ be a complex function, which obeys the Holder condition for all finite q, and
tends to a definite limit ¢, as |q| — oo, such that for large q, the following inequality holds
0(q) — ¢oo| < Clg|™", > 0. Then

(4.1) Po(z) = % / ji—qldq, Re = # 0,
iR

1s an analytic function in the left and right semiplanes. Here and below these functions will be
denoted by PT¢(z) and P~¢(z), respectively. These functions have the limiting values P+ ¢ (p)
and P~¢(p) at all points of imaginary axis Re p = 0, on approaching the contour from the left
and from the right, respectively. These limiting values are expressed by the Sokhotzki- Plemelj
formula:

7 1
Prol) —_tim Po) = 5V [ XD Jo),

z—p,Re 2<0
(4.2 i
BV 1 ¢(q) 1
P = lm Po) = 5PV [ A0dg o),

Subtracting and adding the formula (4.2) we obtain the following two equivalent formulas

P o(p) — P~ d(p) = ¢(p),
Po) + P o) - oV [ Al

—1300

(4.3)

which will be frequently used hereafter.

Lemma 4.3. An arbitrary function ¢ given on the contour Re p = 0, satisfying the Holder
condition, can be uniquely represented in the form

(4.4) ¢(p) =U"(p) = U (p),
where U~ (p) are the boundary values of the analytic functions U*z and the condition UL = 0

holds. These functions are determined by formula U(z) = P¢(2).

Lemma 4.4 (Index Zero). An arbitrary function ¢ given on the contour Re p = 0, satisfying
the Holder condition, and having zero index, that is

(4.5) ind ¢(t) := QL’/TZ / dln¢(p) =0,

can be written in a unique way as ¢(p) = X (p)/ X (p), where the boundary values of the

functions X=, X*(2) and X~ (2), are analytic functions in the left and right complex semiplane,
and non-vanishing on these domains. These functions are determined by the formula

(4.6) X*(2) =€), T(z) = P(lng)(2).
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The proof of these Lemmas can be found in [I1].

Proof of Lemma j.1. To derive an integral representation for the solution of the problem (3.1),
we adopt the analytic continuation method proposed in [20]. We suppose that there exists a
solution u(x,t) for the problem (3.1), such that u(z,t) = 0, for all x < 0. Note that the Laplace
transform of Hu,, has the form

L(Hugz,) =P {K(p) (alp,t) —pu(0,t) — P2, (0, )},
where the operator P~ was defined by (4.1) and K(p) = —|p|p. Therefore, by applying the
Laplace transform with respect to both, the space and time variables in (3.1), we obtain
= 1 - K (p) K (p) - c

4.7 up7£:— U p+—u 07£+ Uy 075 +\ij7£ )
(4.7) (>K(p)+§°()p()p2() (p,€)
for some complex function ¥ (p, &) = O(p~°), § > 0, such that P~ {¥ (p,&)} = 0. Here, u (0, )
and u, (0, &) are the Laplace transforms of the boundary data u (0,t) , and u, (0,t) respectively.
Note that in (4.7) we have three unknown function u (0,¢), 4, (0,£) and ¥ (p, &), moreover the
function that appears in the right part of this equality is not analytic when Re p > a > 0. To
solve these problems we need to introduce the “analyticity switching” functions Yf.

Let us denote K (p) := —p?. Note that, for Re p > 0 and Re £ > 0, the equality K(p)+& =0
has only one root k(¢), such that Re k(£) > 0. We make a cut along the negative real axis. We

define
00+ (i)' + 00~ (i)

Since for Re & > 0, one has

NI
M

100

w0380 0 1 (K0t 00
mdf((q) +Ewt(q,§) 2mi J ain K(q) + £wt(q,8) b
via Index Zero Lemma in the form of Lemma 4.4, we have
Kp)+¢ _Y'(p.9) o
(48) Rp)re v (e P57
where
(4.9) Y+ = eri(p’ﬁ)wi, ['(z,) =Pln {—28 1§Z—+} )
Via Lemma 4.3 we have
vy e o) K (p)p
(4.10) Ut (p,§) = U (p, ) Y (p.6)’ I (p,;)( | Il(p, §) .6
J+(p7 g) - J_(p7 5) = %7
where
B Yo(p) o (E@p™? o (E@p
ww veo=r(Ai). 10 -r(FE). sea-r (FRY)
Applying (4.8), (4.10) into (4.7) we obtain for p € iR that
" + o+
(@12) B¢ = o)

vt 2y (Jt=J)u0,)+ (I —17)u, (0,5)] .

K(p)+¢ Y
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By the analyticity of the function @ in the right half-plane, we must put the following conditions

~

o
W+U+ J+a(0,f)+[+@x(0,f)20,

and
(4.13) U™ (k(§),&) + J7(k(£),&)u(0,8) + I (k(£), §u, (0,8) =0,

where k(&) is the only one root of the equation K (p) + & = 0 in the right half complex plane.
Because YT (p, £) is analytic for Re p < 0, we have P={®} = 0, moreover from (4.13) we observe
that we need to put in the IBV problem, only one boundary data, and the other unknown
boundary condition will be completely determined by this equality. Thus, if we consider the
Dirichlet boundary condition, u(0,t) = h(t), the other unknown boundary data (0, £) satisfies
that

0. = g (U OO + 7 (OO (©).

where h(€) is the Laplace transform of (). Finally, we obtain for the solution of (3.1) that,

; _ YT (I8 - .
L K<p>+s( (k(g),@U (KOO - U (6))
Pl (s (e~ T (0.9)).
By applying £;'£; " to (4. 14) we get u(x,t) = )1/14—3( )h, where
(4.15)
sv = (5) / / o)
_loo+€ - Iﬁ (p’ 5) — _ —
« (—I_(k(é)’ OO ) - U6 ) d .

and
(4.16) B |

(AN e [ Y 0O (TR .

5o = (5 ) OO/ i) [ i (ot k(6. = 0.9 dp e

Now, our goal is to find a convenient expression for these operators. It follows from the

Sokhotzki-Plemelj formula that U~ (p, &) = U*(p, &) — Y@gg, and also, via Fubini Theorem.

By computing the residue at { = —K(p), we obtain

100+4-€

<27”> / /eprEZ dp d§ :_/ K@)t epai)(p

—i00+€ —1300 —1400

Thus, by using these facts in (4.15) we have
(4.17) G)y =Gy + G(t)us,

where
1 100 R
(4.18) Gty == [ e KWrierr(p)dp,

271

—100
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100+€ 100

o %0 ) T g

—1004-€ —100 I* (p’ é‘) )

Now, by using some analytic properties we will rewrite this operator. We consider an analytic
extension of K(p) = —p|p| = —isign(Im p)p?, in the form

—ip?, Imp >0,
(4.20) K(p) =

ip?, Imp<0.

Using Cauchy Theorem we get

o Kp)+E 1 & 1 i
(4.21) () =~ e S A
where A(£) = Y1(0,£)0 wY+ 3 lw=o. Because K(k(§)) = —¢&, from the last identity we obtain
(4.22) I (K- = gy gl + HOA©L
Therefore, via (4.21) and (4.22) we obtain
Fp8 RO Y08 [ Kp+E | ¢ .
OB ae s ared e T vagt e

By substituting (4.23) into (4.19), we obtain

(4.24)

100-+€

_ &t
G (1) = <2m> [ ae / o VROt
—100+€ —100
kK2(€) U-(k(e),e) | ~K@YT(0,6+¢ ((1 +PAE)Y " (p.€) - Y+(0,£)>
+ = 3 dp.
& (1+E(EAQ)) p
By observing that, for ¢ with Re £ > 0, the function p — m is analytic in the left
half-plane, except when {Re p = 0} for an analytic function ¢(p), the Cauchy Theorem implies
[ R
(4.25) 2m/ K +£ —;/O e +£2¢( p)dp,
1 i
(4.26) 2m Kp P ;/ p? +§2 ap-
Via (4.25), (4.26) and Fubml theorem, we have
1004-€
§t ;€

5-2; 2

(4.27) R / _m/+a P +5
1—pA
| L2220 (he).) - U ()| de

1+ k(€A
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Now, let us simplify the function

100-+¢€

e R k(’?@é)k%s)U—(u&),g) U (. 5)] i
fioo+sioo+€ ‘ R )
I R T W 0) PAQO RO
N 27r2’_ioo/+6 pt+ &2 /ioo Y*(q,€) (1 + k(&A(E) g — k(&) Q+p> dq dt.

For p > 0, via Lemmas 5.4 and 5.5, we know

Y+(_p7 8p2) _ 1+ ()0(8> q— k(S) ef(—Ls)—f(%s)
Y*+(q,sp?) 14 k(s) q— o(s) ’

and B B
pA(sp?) = A(s),
and that k(sp®) = pk(s). Therefore, the change of variables £ = p?s, and ¢ = pw, imply

100+€

1 oy 1 1+¢(s) 5
G t o sp“t I'(—1,s)
(1) = 271 / C Tt+s21+ k(s) ‘
(428) —100+¢€

o T (1 — A(s))k2(s)  w — k(s)
X » ¢(pw)w =) ( 1+ k() A(s) T ) dw ds.

Since @//J\(pw) is an analytic function in the right-half complex plane, by Cauchy Theorem the
following equality

RN e 1O (- AE)K(s) _w k)
270 _m¢< w) —90(5)< 1+ k(s)A(s) w+1 >d
095 sy LT AGDR(S)  els) —k(s)
w(so()p)(Hk()A() ¢(5)+1>,

holds for Re s > 0. As a consequence of this analysis, we can rewrite the function G(p,t) in
(4.28) in the form

100+¢€

_ sp2t —
(4.29) G(p,t) = / e? 1+32€ () (p, s)ds,
—i00+¢€
where
(4.30)
. 1 oo e—F(w s)
E(W)(p,s) = lim i P (pw) Q(w, s)dw
s1—=p(s) Tt J—ico w — 51
Re s1>0
i [ ) = o, sy — e TN G (5), 5
= um o w w, §)dw 5),5),
s1—(s) 21 ) o P w — 81 ¥y
Re s1>0
with
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Now we apply the Sokhotskii-Plemelj formula to get
(4.31)

100+4-€

Glp. )= 2ri (%eiPQtS(w)(p,i) + %e_ip2t€_(w)(p, —i)+ VP / ). s)ds)

14 s2
= 2mi[ ()] (p)-

—i00+€

Consequently,

1

(4.32) Golt)h = / " TR0 () dp.

Finaly, from (4.17), (4.18) and (4.32) we arrive to the representation (3.3) of G(t)ug, as we have
claimed.
Now we simplify B(t) given by (4.16). We rewrite B(t) as follows

(4.33) B(t)h = By(t)h + Ba(t)h,
where

- (&) s [ F28 (08 o)
(4.3) eete

By(t)h = (%) [ e | em%umdp i

—1004¢ —100

Using the Cauchy Theorem, a direct calculation gives

w+g 1 ¢ 1
p YT(p,& pYH(0,8)

Observing that K (k(£)) = —¢, and by using the last identity, we obtain

_ £ 1

J (p,§) = K

Substituting the previous formula into (4.34), we obtain
(4.35)

100+¢€
(LY e O !
Bilt)h = (2m> / he) 14 k(6)A(6) Y*(0,8)

7 (K<p>Y+<p,§>+s(<1+p21<§>>y+<p,s>wm))d .
p ag,

100 . 1
X/e K(p) +¢

—100

p2

100-+¢€ 100

s () [ 40 [ e (505 (76 5) )

—100+4€ —100
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By following a similar procedure to the one, followed in the analysis of G(t), applied to the
previous representation, we obtain

o0

1
th = — o
B(t) on2i | ©
0
e Qg (p, ip?)h(ip?) + e~ (p, —ip?) h(—ip?) VP / eftQB(p’ f)ﬁ

p2

where

Y*(p,§) p+k(E)
YH(0,8) 1 + k(&) A(E)

Via Lemmas 5.4 and 5.5, we have Qg (p, sp?) = p*>WUp(s), where U3 is given by (3.8). Thus, the
change of variables £ := sp? implies
(4.36)

1 o0
th = — P
B(t) Qm./e p
0

QB(p7€> :g

100

. . . . 1
x | €W (i) h(ip®) + e P g (—i)h(—ip?) + VP= / et
m

and moreover

¢
(4.37) B(t)h = / H(t — 7)h(7)dr,
0
where
1 00 ' | § | 1 100 ) \I{ .
H(t) = 2—m./€_pxp €Zp2t\IfB(Z) +e p2t\I/B(—2) + VP; / e th%ds dp,
0 —100

which implies the integral representation (3.7). This analysis completes the proof of Lemma
4.1.
O

5. PRELIMINARIES

In this section we present some essential lemmas for our further analysis. Firstly, we prove
the main properties of the operators G(¢) and B(t) defined in (3.2) and (3.7) respectively.

Lemma 5.1. For ¢ € Z'*%? := H'"(R") NL*(R", |z|*dz), with e € (0,3), n = 0,1, ¥(0) =0,
the estimate || 02G ()Y |lL2mey S (872 FD|[9)]|zi+ez@s) holds,

~

Proof. Let us recall that G(t) = Gi(t) + G2(t), where Gy and G, are defined in (3.3).

Let ©* = 1(9,00)?¥ be an extension of ¢ from R* to R, since ¢(0) = 0. By following [12,
Lemma 2.1, we have that [[¢)*||zi+er) < [[¢)]|z@+), where Z57(Q) := H"(Q) N L*(Q, |z[*"dx).
Then Ggr(t)y* is defined for all x € R and Gy (t)y = Gr(t)Y*|_,. By using Theorem 1 in [10], we
have that Gg(t)y" € C([0,00); Z"?) and also that [|Gr(t))" [ < 197 z12@) S [¥llzr2@e) S
|9]|z1+e.2(r+). This analysis leads us to conclude that G (t)1) € C([0,c0); H').
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Now, we estimate the H'-norm of Gy(t). First, we note that for Re(w) = 0, and Im(w) > 0,
by a slightly abuse of notation,

b(pw) = F{10.00 0} (—plw)),

where F stands for the Fourier transform, and c¢(w) := —sign Im(w). Since ||07e P*||L2@+) S
p”_% for p > 0, we have

[
0

S [0 Lo vd-lulip
0

< |0+ / 0"} F (L 00y} ()| da

ey s
S w2 (110 00) ¥l () + 1L 0,00) U [Er1+e () ) -

It is clear that ||1(oe0)?||L21®) < ||¢||L21@®+). Also, note that ||Lioe)®||mi+em) S ||U|larte@s)s
in view of Lemma 2.1 in [12]. Therefore,

(5.2) ‘ o / P (pw)dp

LI (RT)
(5.1)

< D ||| g1t @

L2 (RT)

On the other hand, the change of variables w = ¢+/|s| applied to the function £, defined in
(3.5), implies the estimate

(5.3) E-(W)(p,s) =& (W)(p, s) + E(P)(p, 5),

where
Vs _

Er (¥)(p, s) =lim —/ Dpa /) Qq/Is]), s

s1—¢(s) q—81| | 2

Re s1>0

£06)(p.5) =~ TONF(ol)pIA4(5) )
Qw, s) = iiﬂi)) et 7t ((llﬁiiif@(f) - w;-ﬁ(f)> .
Since A(s) = O(ﬁ) and k(s) = O(+y/]s]) = ¢(s), we have Q(q\/|s]), s O({s}2(s)). From

which we conclude that

o / PET ()P )dp

L3 (R+) }
S 1 10
(54) S ||’g[)||zl+e,2(R+ { } <l> llm 2—/ WLCZM
|52 sy 270 e [q]" 2 [g — 1
Re s1>0

_1,.\3
S [Pllzrve@n{s} ™5 (s)

A similar argument to the one used above, allows us to show that

55/ e P& (¢)(p, s)dp S W lzrea@e s} 75 (s)1,
0

L2(R+)

(5.5)

3

From (5.3)-(5.4) we conclude the estimate || [ e™P*E~(¥)(p, s)deL2 ') S llziter @y {s} < JES

By combining this inequality with the definition of Gy(t), given by (3.3),zwe have [|07Go ()¢ |2 ) S
||| z1+e2(r+), thus we have

(5.6) 10:G (O lle@mr) S 10l zi+e2@e).
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On the other hand, Hayashi and Kaikina in [15] proved

(5.7) 182G (£)0 ||z S ¢ 20+ 2[4,
since |||l S |||z, from (5.6) and (5.7) we can conclue
(5.8) 182G (£)0 |2y S (872 2|[4h] grsen s

O

Our attention now is turned to the boundary operator B(t), given by (3.7). In the next
Lemma we present an estimation of the H'-norm of B(¢)h.

Lemma 5.2. For h € Z"' := HY(RT) N LY (R™), with h(0) = 0 we have
IB@Ahlle < 65 D|hf 1.

~J

Proof. For any Re(s) = 0, we observe that h(p%s) = F{1seh}(c(s)p?|s]), where F is the
< p"_% for p > 0, we

~Y

clasical Fourier transform and c(s) = sign Im(s). Since ||9}e™"||L2®+)

deduce the estimates
o [ ety S [ L) elopls)ldp
0 Lg(RJr) 0

(5.9) < |s|" G+ / |22 | F{1 0 p0yh} (w) ] dw

_(34n o _(34n
S sl bl my S 18172l

Since Wp(s) = O({s}(s)2), from (3.7) and (5.9) we get

1 {sHs)?
n < )
(5.10)  [|0zB@)hllz@n < [hlla @ (1 +VP /_m 5|53 [T+ o] ds

> S Rl g4y

On the other hand, for ¢ > 1, let us remember the equivalent representation for the operator

B(t)
(5.11) B(t)h = /t H(t — r)h(r)dr.

Via the Cauchy theorem and the change of variables p = t%w, we rewrite the function H, given
by (3.8), as H = Hy + Hy + H3 where

Hi(x,t) —t_1/~ e P2 et gy
c

1 .
Hg(ﬂ?,t) — tl/; e*p:rt ipefzpzdp

0o 3 ' N )
Hg({]j’ t) — t*l / efpa:t ip/ elsp2 B(ZS2) ds
0 c 1—s

[N

where C := {q € C : arg(q) = 6,7 — 6} and Cs := {q € C : arg(q) = +0}. It is important
to observe for p € Cy we have Re(pzt=2) > 0, Re(4ip?) < 0 where § > 0 is sufficiently small.
Moreover for p > 0 and s € C' we note Re(isp*) < 0. Since [|07e " ||r2r+) S lp|"~2 for Rep > 0
we get

(5.12) ||8;LH1||L%(R+) N tig/ ’p|n+%67|p‘2dp§ ti3

Cy
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In an analogous way, we get [|0; Hallp2p+) S t~17%5. To control the L2—norm of 0"H; we

observe
0o 3
/ ﬁe—|s|p2pn+é {S}<S>2d8 dpg 17
o JC

1= s
therefore ||0F Hs||pz gy S t~1~%. From previous inequalities we infer that

3_n

(5.13) 1O H (- Dl zry S T2

We also note that
(5.14)  B{t)h = /t H(z,t — 7)h(r)dr — / H(z,t — 7)h(r)dr + [ H(z, 7)h(t — 7)dr.

Hence, (5.14) and (5.13) imply

2 1 | 0
102 B Rl g2 ey 5/ — nh(T)dT+/ ﬁh(t—T)dT§t_%_§||h||L1(R+),
’ o (t—m7)ate tority

_3_n
172

since |[hllLi@+) S [|h]lz11@+), we have ||OpB(t)h|z @) S ¢ |2]|z1.1(m+)- The proof is com-
plete. O

The following Lemma is used to obtain an estimate in the proof of Proposition 6.2.
Lemma 5.3. For h € Z"' = HY(R') N L*(R™) we have

(5.15) 1Bz S Ihllzes.

Proof. For p > 0, we observe: [le™*[|j2cps) S (p)P "2 So, we can estimate

(5.16)

[ i
0

S [ O 1 e h 0Pl
L2(RT) 0

< / (1w}~ 349 () 0429 | F {1,y o (w)) | dp

S I1F {10} e /
|lw|<1
S llezs@) + (1Rl @+)-

w= Gt dy + HU)f{l(O,oo)h}HLQ/ ]w]_(%“@dw

lw|>1

Now, we focus our attention to the function

200

00 . L isp?t
/0 e”"pF(p)dp, where F(p) := VP /_me s

\I;B—(S)/f;(spQ)ds.

Since W(s) = O({s}(s)?), fix a € (0, 1], the Cauchy-Schwartz inequality implies that

Fols|ve [ id} s |s|2a|ﬁ<sp2>|2dsr

—ioo |S[2[1 4 8|2 i

1 o 1 .
S PPt Um w|? |}—{1(0,oo)h}(w))|2ds} < W—QHHhHHl(Rﬂ,
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This analysis implies the estimate |F(p)| < {p}~422) (p)=3|| k|| r+), where 2a(e) € (0,1 —¢).
Consequently,
(5.17)

/ e ""pF(p)dp
0

o0 125
S [ @ IFe)d
0
< e / ()T
0

From (5.16) and (5.17) the result follows. O

Ly (R*)
D (p)~2dp < 2| exr ety

Finally, we will prove two lemmas that we have used in the estimation of H'-norm of G(t)
and B(t).
Next, we consider the “analyticity switching” function Y *(p,§) = el POyt where

Sro= (p—lk@))%’ o= (; +1k(€))§

L7 K(g) +Ew™ _ =08 _
I'(z,§) = o q_Zln{f((quF}d% K(q) = —dlal, K(q) =—¢"

Lemma 5.4. The following formula is valid for w,& € C, with Re w < 0 and Re £ > 0, and
arg(§) € (F, 157),

(5.18)

_ Jwo = &)
(5.19) YHw, &) =e o ke
where k(€), p(€) are the roots of the equations K(q) +& =0, K(q) + & = 0 respectively, and
2 1 K(q) + }
5.20 r = In(¢ —w)dln | ———| d
(5.20) )= g [l Tt

with C = {q =re? ;7 € (0,00) and 0 = i%}. Moreover,
(qs)q ()0( )
q — k(s)

Proof. Using the analytical properties of the integrand function, after of integrating by parts,
for Re w < 0, we rewrite I'" as

(5.21) Y*(qp, sp?) = p2e’

100

(5.22) I'(w,§) = 271m In(qg — w)dIn {

—100

(q) +€w
K(q) + fw}dq

By taking the residue at the points ¢ = ¢(§) and ¢ = k(£),the Cauchy Theorem implies

I (w,€) = T(w,€) + In(p(€) — w) — W(k(§) —w) — In(w™).

The claim (5.19) follows. In order to prove (5.21), let us note that after of the change of variables
q = pw, we have

[(qp, £sp*) = % / [In(p) + In(g — w)] d1n {{((w) s

m} -

(]
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Since
K 1 K 1 K
ind (M) = —_/dln {M} = —Arg M = —§,
K(w)+ s 2mi ) K(w) + s 2m K(w)+ sla 2
c
the analysis above implies that e@<P") = p3el@9) Since k(sp?) = k(s)p, @(sp?) = ¢(s)p, via
(5.19) we conclude (5.21). O
Lemma 5.5. The function A(s) = Y*(0,¢) wy+—w§)‘ satisfies the identity
i s c(q) p(s) — k(s) N i
5.23 ASI—/ dq + , c(q) = (1 —1)sign Im(q).
O3 AL T @ T g o W s )
¢
Moreover, A(p*s) = % A(s) for all p > 0.
Proof. By a simple calculation, it follows that A(s) = —Z((‘;)) Al (w, s) + %. This
w=0
because of
- s c(q)
awF y =T = — d y
('U} 3) — 1(3) WZ/(K(Q)+S)(—Q2+S> q
¢

where ¢(q) = (1 — i)sign Im(q). Using these identities we conclude (5.23).

In order to prove the second equality, we note that c¢(gp) = ¢(q) for p > 0. Thus, the change
of variables ¢ = pqy, implies that I';(sp?) = éFl(s). Since k(sp?) = k(s)p and p(sp?) = o(s)p,
we conclude that pA(p®s) = A(s). O

Lemma 5.6. For Re(w) < 0 and Re(§) > 0 with arg(§) € (%’r,l%ﬂ), we have the following
estimates:

i) e @8 — L0 < C{w}a™, with v € (0, 1),

dln (%) ' dq

Takin into account that dln ( E ;ig) = O(%), the previous inequality implies the estimate:

N (@+€) _ 1
IT(=1,¢)] < [€]. But, we also can observe that dln( Fla )+£) O(Ié\%\q\‘?’

inequality, |T'(—1,¢)| < |¢|~2. Therefore |F( 1,€)] < {€}{¢)~2. Thus we infer i).
To obtain ii), note that ln(‘”Tw) = O(

Proof. Note that In(q + 1) = O({q}(q)?), therefore

F-1.015 5 [ oo

), which implies the

+
. ) for |w| << 1 with v < 1. Thus, we get

gs| 1
Fw.8) - @5“WW”/HMM+W w Sl

All this implies the estimate |el @€ — el ©8)| < |w|3+7. Moreover, in view of i) we get |el () —
"8 <1 for w >> 1, so we have ii). O

The next inequality will be used to estimate the nonlinear term.
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Lemma 5.7. For a,b € R such that a +b > 1 we have

(5.24) / ! <c—1

J <7' — Cl>a<7' — Cz>b <Cl — 62>6

with 6 = min{a,b,a + b — 1}.

6. PROOF OF THEOREM 2.1

The proof of Theorem 2.1 will be exposed in two propositions. In the first of them, Proposition
6.1, we prove there exist, under certain conditions of the initial and boundary conditions, a
solution in the functional space u € C([0,7] : HY(RT)). On the other hand, in Proposition
(6.2), we show that this solution belongs to C([0,T] : L*}(R™")).

Proposition 6.1. For any ¢ € Z'*? and h € ZY, with ¢ € (0
unique global solution v € C([0,T] : H'(R™)).

1), the IBVP (1.1) has a

72

Proof. By Proposition 4.1 we rewrite the initial-boundary value problem (1.1) as the following
integral equation

(6.1) u(t) tug — / G(t — )N (u(r))dr + B(t)h.
For this, our goal is to prove that the transformation
(6.2) Mo(t) :==G(t uo—/ G(t — )N (v(r))dr + B(t)h,

is a contraction on the ball X, = {v € X : ||v||x < p(|luol| + ||1]|)}, for p > 0, to be determined
later, in the functional space

X i= {v € C([0,00) s H'(R)) : [ollx = sup [(6)}o(8) s + (010,000 2] < o

We first prove that ||[Muv|x < p, where p > 0, is small enough. In view of Lemma 5.1 we
have ||02G (t)uo|lz < (t)~ 1271 ||| . Therefore

(6.3) 1G@)uollx < [luollz.
Similarly, Lemmas 5.2 and 5.3 imply
(6.4) 1B)Alx < [y

Also, note that if v € X, via 5.1, we have

102G(t = DN (0(M)llz < (t = 7) 75 LN (o(7)) s
(6.5) S (¢ = 7)1 o () |z |90 (7) e
S (t— 7)1 |k

As consequence, via Lemma 5.7 we obtain:
o [ 6t - Sl [t ey e
2 0
thus we conclude the uniform estimal’;e
< Jvlls

/gt—f oo 5 vl

Hence, in view of (6.3), (6.4) and (6.7), we deduce the estimate
M)l S Nuollz + IRly + lvlik < p

(6.6)

(6.7)
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for p > 0, small enough. Hence, the mapping M transforms the ball X, into itself. In the same
way, we estimate the difference

1
Mo = Mu] < 5o = wl,

which shows that M is a contraction mapping. Therefore we see that there exists a unique
solution v € C([0, 00) : H(RT)). O

In the next proposition we prove that suitable conditions on the initial and boundary data,
the solution to (1.1) belongs to C([0, 00 : Z). The proof is based in the argument of G. Fonseca

and G. Ponce in [10]. We start it, by defining the truncated weights wy(x) as
_ [ (), itz <N,
(6.8) w () = { ON, if |z] > 3N,

wy () are smooth functions, and they are requested to be non-decreasing in |z| with w)y(z) < 1
for all z > 0. In [10], it was proved that for any 6 € [—1,1], and for any N € ZT, w4 (z) is a
f-weight, i.e. it satisfies that

1 o\ (1 AN
(6.9) Qi?ltlelr)val (\Q| /QwN) (|Q\ /QwN) c(w,0) < 0.

Moreover, the Hilbert transform H on the whole line, which is the singular integral defined by

f(y?ydy, f € C°(R),

xr —

(6.10) Hf(z) = PV /

extends to a bounded operator on L*(w%(x)dx), for any N € N, with the operator norm
bounded by a constant depending on #, but, independent of N € N (see e.g. Proposition 1 in
[10]). Due to the Riesz-Kolmogorov theorem, H extends to a bounded operator on LP(R), for
all 1 < p < oo, (see e.g. Duoandikoetxea [9]). Observe that the Hilbert transform # on the
half line R can be obtained from the Hilbert transform H on the whole line by the identity
Hf=(HRFf)|(0,x), where R is the multiplication operator by the characteristic function 1
of R+, ie. 'R,f = f X 1(0700).

Proposition 6.2. For ug € Z,h € Y, the solution u(t,z) € C([0,00); L>*(R™")).
Proof. Let u = v + 2z be such that z satisfies

2 + Hzac:c = O,
(6.11) 2(z,0) =0,
2(0,t) = h(t), t >0,

and w solves

vy + Huge + ud,u = 0,

(6.12) v(z,0) = ¢(x),
v(0,t) =0,

In Lemma 5.3 we had proved

(6.13) sup [lz(t)|lLze S (1Al
0<t<T
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By multiplying the differential equation (6.12) by w3%v with 0 < # < 1 and integrating it on
[0, 00) we have,

1 d o o0 o0
(6.14) §£/ wNv dx+/w]9\77{8§vw?vvd$+/w?\?vu&vudx = 0.
0 0 0

The previous identity implies that
d
ol < (O] + I (#)],

and consequently

lvwilEeey < lowollame) + |+ 1,

with
e[ F e f F
I=1(t) ::/ /(w%%@ivw?\,v) de | dt, 11 =1I(t) ::/ /(w?\?vuaxu) dx | dt.
* \0 * \o
: Estimation of /. Let us use the Calderén commutator technique, for this we denote
v := E(v), where E is the the extension operator by zero to R, := (—00, 0], (this means,
0(x) = v(z), for > 0 and when = < 0, 9(xz) = 0). Then we have
/ wi HOPvwSvdr

0
[

/wNH82UwNvdx—/H (w,0%) (whv) dx+/7—l (w%0%v) (whv)da

/wN, H]02v XwNvdx—i-/’H (w,02) (wiv)de = Ay + 111,
0 0

with
Ay = /[w%,?—l]@iv x whvdr = /[wN, H](9%%) x wivdzr,
0 —00

where the derivative 920 is understood in the sense of distributions. From [5, &],
Calderén’s commutator theorem allows us to estimate [wf, H| as

I[why, Hloll2m) S 107w [|Loe @ |widllLam)
and consequently,
|As| < I[why, Holleem lwidlliam) S 107wk e @ i ol @ lwivll @+
= |20 [lLe et llw i ol f2 )

Now, let us estimate I11 as follows. Observing that

/7—[ (w4 0%v) (whv)da
0



I
0\8 0\8 0\8

(6.15)

(6.16)

[\]

Ay —
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H(w% 0% — 92 (whv)) (whv)da +/ HO? (whv) (whv)dx
0
H(w?v({)ﬁv)(wfvv)dx—/H@i(w]@vv)(w?vv)dx—i-/ HO? (whv) (wiv)de
0

H(wh0%v) (wiv)d /7—[ x v)(wiv)da
0

[e.e]

H (0w, Opv)whvda — /H (W 02v) (whv)dz +/ HO? (whv) (whv)dx
0

e}

H((O*wh) x v)(whv)dx — 2/ H(O,whOpv)wivde = Ay + Ag + Ay,

0\8

where Ay = [T HOZ(wv)(whv)de and Ay = =2 [[7 0,wldyvdx. Let us study the
terms As, Az and A, as follows.
(i). Estimating A,. Indeed, since H* = —H, (see e.g. Duoandikoetxea [9]), we obtain

:/ HO? (W) (whv)de = /Hag(w?vﬁ)(w?vﬁ)dx
0

- / O (!, ) H (wy ) dr — — / &2 (o) H (wyv)da,

and consequently, since v(t,0) = 0 via integration by parts we conclude that

Ay = %vx(t, 0)H () (1, 0).

Note that [w%v(y)| < (1 +y?)|v(t, y)|. Therefore,

T (1 + ")t
(ko) (e.0)] < tiy [ EEIEDg,
e—0 y
(el Foty)
v(t,y v(t,y
< g / y dy+/ yt=? !
€ 1

1
1 1
<1 1 — 2 To9(1—9)
Sty (ool [yt o0l [
€ 1

S o(®)ee-
On the other hand, since Duhamel’s principle gives us an integral representation of
v, indeed

v(t) = G(t)ug — /0 G(t — )N (u(r))dr,

by combining this integral representation with Lemma 5.1, and the fact that || N (u)||L2 <
lu||ee |0tz < ||ullm < C, where C'is a constant depending on both, the initial
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and boundary data, we have the estimate

(6.17) [02(8,0)] S [[oa(t, )1 S C (t-i + / (t— T)sz) S O{ i

From (6.15)-(6.17) we have

(6.18) 4| S C{t} ()3,

(ii). Estimating Aj. Because

- 7 H((@2wl) x o) (who)ds / H((@2wl) % ) (wld)de,

from the L2-boundedness of the Hilbert transform we obtain,

REIPS / |(O7wi) x vlfwyd)|de S [[9]lea lwi Ol < lwivlim.

(iii). Estimating A4. Finally, using Ponce and Fonseca [10, Page 445], we have the
following estimate for the non-linear term A,. Indeed,

| Ayl 5/ \H(@mw?\fﬁzf})w?\,ﬂdx

—00

S o

HHl(R) + Hw UHL2(R) = HU“Hl ®R+) T ”wNU||L2(R+)

: Estimation of //. Note that we can rewrite 1] as

II:/ wlu? Oy uda
0

From, (3.2) in Ponce and Fonseca |

[e.e]

— / w3 zudyude = I, + 11,
0

, Page 445], we have

(6.19)  [IL] < / Wy @ 0ytldr < || (@)l 2w Wil ey = @) ullz@n lwiullege.

—00

Moreover, via Holder inequality we

get

(6.20) [11] < JJullge@ollwizllee < llullfage)ll2llee.

From (6.19) and (6.20), we deduce the estimate

111] S ullienll2lees + lwivllteme + 2152 @e)-

Summarising, we have proved the inequality

d

Thus, Gronwall’s inequality implies that*

%va?\rui%rm SO+ wivllFems) + “’U”%ﬂ(m)'

sup ||WNU( )||L2 R+) <C€MT

te[0,T7]

Yndeed, for x(t) := ||vw19\,||i2(R+), we have proved that »/(t) < C(t) + »(t) + |[v[|Zn (R+)» from which we
deduce that 3 € C*([0,7]), and by taking M = supg<, < »(t), we have »(t) < C(t) + M + ||v||H1(R+). After of

applying Gronwall’s inequality we obtain s(t) <r

Celi M = CeMT for all T > 0, with € = C (T, [0l s ) -
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where M = sup,c(o 7 [[(z)v(t, -)||iQ(R+), C'is a constant depending on both, the initial and the

boundary condition. This proves that v € L>([0, T, L**(R")) and the previous estimate (6.13)
implies that u € L>([0, T], L>}(R™)). O
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