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Abstract

We study uniqueness of a solution for an inverse source problem aris-
ing in linear time-fractional diffusion equations with time-dependent coef-
ficients. We consider source term in a separated form h(t)f(x). The un-
known source f(x) is recovered from the final time measurement u(x, T ). A
new uniqueness result is formulated in Theorem 3.1 under the assumption
that h ∈ C([0, T ]) and 0 �≡ h ≥ 0. No monotonicity in time for h(t) and for
coefficients of the differential operator is required.
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1. Introduction

Inverse source problems (ISPs) in evolutionary (parabolic or hyperbolic)
partial differential equations (PDEs), attracted a lot of interest among re-
searchers, which can be documented by many papers, see e.g. [1, 2, 3, 4, 5].
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Typical situation in the parabolic case is to find (u, F ) obeying

∂tu+Au = F,

along with an additional suitable measurement, where A is a general second
order linear partial differential operator. There is no general closed theory
for abstract case of F (x, t). Known results deal with separated source
term F (x, t) = h(t)f(x). The appropriate choice of the overdetermination
depends on the choice whether the unknown is h(t) or f(x).

When the f(x) has to be recovered, then the commonly used additional
observation is the final time measurement u(x, T ). In a case of a self-adjoint
operator A with time-independent coefficients it is known that uniqueness
can be established for h(t) > 0. This can be shown using the semigroup
theory [6] and the closed formula for the solution

u(t) = eAtu(0) +

∫ t

0
eA(t−s)h(s)f.

Once considering non-autonomous (time-dependent) operator A(t) we do
not have such a nice expression for the solution as for time-independent
operators. Isakov [7, Theorem 2.1] showed the uniqueness result under
some monotonic in time assumptions on h(t) and on the coefficients of
A(t). Paper [8] considered also a time-dependent operator A(t) and de-
rived uniqueness result under some monotonic assumptions (different to [7,
Theorem 2.1]). Article [9] established uniqueness result for the ISP without
monotonicity requirements (considering transient operator A(t)).

Identification of f(x) in fractional diffusion equations

Dβ
t u+Au = h(t)f(x), (1.1)

with Caputo derivative for 0 < β < 1 has been studied in some articles,
e.g. [10, 11, 12, 13, 14, 15]. Paper [16] shows the uniqueness result for f(x)
if h(t) > 0 in a case of a self-adjoint operator A with time-independent
coefficients. In this case the solution u can be expressed in terms of the
Mittag-Leffler function, which was crucial in the proofs. It would be nice
to have a similar result for time-dependent operator A(t). Article [17,
Example 3.1] shows the non-uniqueness result if h(t) changes its sign. Time-
dependent operator A(t) has been considered in [17, Theorem 3.1], where
uniqueness was established under some monotonic in time assumptions on
h(t),A(t).

We study a general multi-dimensional case for a linear time-fractional
PDE with time-dependent coefficients. We use separation of variable tech-
nique combined with the maximum principle to derive the uniqueness result
assuming h ∈ C([0, T ]) and 0 �≡ h ≥ 0. We do not need any monotonic
premises on h(t) and/or the coefficients of A(t), which is the new aspect
(and highlight) in this area of inverse problems.
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2. Mathematical setting

Let Ω ⊂ R
d, d ∈ N be a bounded domain with a Lipschitz continuous

boundary ∂Ω. The final time is denoted by T and QT := Ω × (0, T ] and
ΣT := ∂Ω × (0, T ]. Consider the following second-order linear differential
operator given by

A(t)u(x, t) = p(t) [∇ · (−A(x)∇u(x, t)) + a(x)u(x, t)] + q(t)u(x, t), (2.1)

where p, q ∈ C([0, T ]) and⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A(x) = (ai,j(x))i,j=1,...,d , x ∈ Ω, A = AT,

ai,j ∈ L∞ (Ω) , i, j = 1, . . . , d,

ξT ·Aξ =

d∑
i,j=1

ai,j(x)ξiξj � ν |ξ|2e , ∀ξ ∈ R
d,

0 ≤ a(x) ≤ C, x ∈ Ω,
0 < p(t), t ∈ [0, T ],
0 ≤ q(t), t ∈ [0, T ].

(2.2)

The ISP here is to reconstruct f(x) for given h(t), F, uD and u0 such
that

(g1−β ∗ ∂tu(x)) (t) +A(t)u(x, t) = f(x)h(t) + F (x, t) (x, t) ∈ QT ,
u(x, t) = uD(x, t) (x, t) ∈ ΣT ,
u(x, 0) = u0(x) x ∈ Ω

(2.3)

along with given final time measurement

u(x, T ) = ψT (x), x ∈ Ω. (2.4)

The symbol ‘∗’ stands for the convolution product defined by(
Dβ

t u(x
)
(t) := (g1−β ∗ ut(x)) (t) =

∫ t

0
g1−β(t− s)ut(x, s) ds

for (x, t) ∈ QT , where the kernel g1−β is defined by

g1−β(t) =
t−β

Γ(1− β)
, t > 0, 0 < β < 1,

where Γ denotes the Gamma function.

The convolution term is the Caputo fractional derivative of order β ∈
(0, 1). The kernel g1−β ∈ L1

loc(0,∞) satisfies

(−1)jg
(j)
1−β(t) � 0, ∀t � 0, j = 0, 1, 2; g′1−β �≡ 0,

and thus it is strongly positive definite by [18, Corollary 2.2].

Remark 2.1 (Additional notations). Denote by (·, ·) the standard
inner product in L2(Ω) and by ‖·‖ its induced norm. The norm |·|e is
the Euclidian norm. Consider an abstract Banach space X with norm
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‖·‖X . Let p � 1. The space Lp ((0, T ),X) consists of measurable functions
u : [0, T ] → X such that

‖u‖Lp((0,T ),X) =

(∫ T

0
‖u(t)‖pX dt

)1/p

<∞.

The space C ([0, T ],X) consists of continuous functions u : [0, T ] → X
satisfying

‖u‖C([0,T ],X) = max
t∈[0,T ]

‖u(t)‖X <∞.

3. Uniqueness of a solution to the ISP

The well-posedness of a direct problem can be shown my means of
standard techniques under appropriate conditions on data, cf. eg. [17,
Theorem 2.1].

We start with the following lemma, which will be useful in the proof of
the ISP.

Lemma 3.1 (maximum principle). Assume 0 < β < 1 and T > 0.
Suppose that v, r ∈ C([0, T ]), α ∈ C1((0, T ]) and α′ is Lebesgue integrable
on (0, T ). Presume that the function α solves the following time-fractional
differential equation(

Dβα
)
(t) + r(t)α(t) = v(t) for t ∈ [0, T ] (3.1)

along with

α(0) = α(T ) = 0, 0 ≤ r(t), for t ∈ [0, T ].
Then:

(i) If v(t) ≤ 0 for t ∈ [0.T ], then α(t) ≤ 0 for t ∈ [0, T ].
(ii) If v(t) ≥ 0 for t ∈ [0.T ], then α(t) ≥ 0 for t ∈ [0, T ].

P r o o f. (i) Assume that there exists an interior point t0 ∈ (0, T ) such
that α(t0) > 0. Let us introduce an auxiliary function

w(t) := α(t) +
α(t0)

2

T − t

T
.

We can easily see that

w(T ) = 0, w(0) =
α(t0)

2
, w(t0) = α(t0) +

α(t0)

2

T − t0
T

>
α(t0)

2
.

So, the function w(t) cannot attain its maximum at t = 0 or at t = T ,
because of w(t0) > max{w(0), w(T )}. Let us denote by t1 a maximum
point of w(t) on [0, T ]. We can write

w(t1) ≥ w(t0) >
α(t0)

2
. (3.2)
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1706 M. Slodička

Following [19, Theorem 1] we have that
(
Dβw

)
(t1) ≥ 0. Applying the

fractional derivative to the definition of the function w(t) we get

(
Dβα

)
(t) =

(
Dβw

)
(t) +

α(t0)

2T

(
Dβt

)
(t) =

(
Dβw

)
(t) +

α(t0)

2T

t1−β

Γ(2− β)
.

Thus, we are allowed to write(
Dβα

)
(t1) =

(
Dβw

)
(t1) +

α(t0)

2T

t1−β
1

Γ(2− β)
> 0.

Let us check the validity of the time-fractional differential equation (3.1)
at the point t1:(

Dβα
)
(t1) + r(t1)α(t1)− v(t1) =

(
Dβα

)
(t1)

+r(t1)

[
w(t1)− α(t0)

2

T − t1
T

]
− v(t1)

(3.2)
>

(
Dβα

)
(t1)

+r(t1)
α(t0)

2

[
1− T − t1

T

]
− v(t1)

=
(
Dβα

)
(t1) + r(t1)

α(t0)

2

t1
T

− v(t1)

> 0.

This is a contradiction, which means that our assumption about the exis-
tence of t0 ∈ (0, T ) such that α(t0) > 0 was wrong and therefore we have
proved that α(t) ≤ 0 for all t ∈ [0, T ].

(ii) This part follows directly from just proved (i) by replacing v by −v
and α by −α. �

In the following theorem, the uniqueness of a solution to the ISP is
stated.

Theorem 3.1 (Uniqueness). Suppose (2.1), (2.2). Assume that h ∈
C([0, T ]) and 0 �≡ h ≥ 0. Then, there exists at most one couple 〈u, f〉 ∈
C
(
[0, T ],H1

0(Ω)
)×L2(Ω) with ∂tu ∈ L2

(
(0, T ),L2(Ω)

)
solving the ISP (2.3)

and (2.4).

P r o o f. Suppose that there are two solutions 〈u1, f1〉 and 〈u2, f2〉.
Then u = u1 − u2 and f = f1 − f2 satisfy

(g1−β ∗ ∂tu(x)) (t) +A(t)u(x, t) = f(x)h(t) (x, t) ∈ QT ,
u(x, t) = 0 (x, t) ∈ ΣT ,
u(x, 0) = 0 x ∈ Ω.

(3.3)

We have to show that if u(x, T ) = 0, then u = 0 = f . The weak formulation
reads as
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((g1−β ∗ ∂tu) (t), ϕ) + p(t) [(A∇u(t),∇ϕ) + (au(t), ϕ)]
+q(t) (u(t), ϕ) = h(t) (f, ϕ) ,

(3.4)

for all ϕ ∈ H1
0(Ω) with u(·, 0) = 0 and u(·, T ) = 0.

The structure of the partial differential equation allows us to use the
separation of variables technique. Consider the self-adjoint and positive-
definite differential operator Bv := ∇ · (−A∇v) + av acting on H1

0(Ω).
It has a real discrete spectrum 0 < λn with corresponding eigenfunctions
en ∈ H1

0(Ω), which create an orthonormal basis in L2(Ω) and Aen = λnen.
We can write f =

∑∞
n=0 (f, en) en and u(t) =

∑∞
n=0 αn(t)en with αn(0) = 0

for all n.
Without loss of generality we may assume that (f, en) ≥ 0 for all n,

because if not then we just replace en by −en. The relation (3.4) gives

∞∑
n=0

[(
g1−β ∗ α′

n

)
(t) + αn(t) (p(t)λn + q(t))

]
(en, ϕ)

= h(t)

∞∑
n=0

(f, en) (en, ϕ) .

Putting ϕ = ej (for any j) we obtain(
Dβαj

)
(t) + αj(t) (p(t)λj + q(t)) = h(t) (f, ej) (3.5)

along with αj(0) = 0 = αj(T ).

The Mittag-Leffler function defined (for μ > 0, γ ∈ R) as

Eμ,β(z) =

∞∑
k=0

zk

Γ(μk + β)

plays an important role in the analysis of fractional differential equations.
Consider for a while the following temporary time-fractional equation with
a constant λ ∈ R+,(

Dβv
)
(t) + λv(t) = σ(t), v(0) = 0. (3.6)

Then the solution is given as (see eg. [20, (13)])

v(t) =

∫ t

0
(t− s)β−1Eβ,β

(
−λ(t− s)β

)
σ(s) ds.

We would like to get an interpretation of the solution in a case when λ =
λ(t). Assume

λ(t) < λ, ∀t ∈ [0, T ].
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1708 M. Slodička

Therefore we rewrite (3.6) for λ = λ(t) as(
Dβv

)
(t) + λv(t) = σ(t) + (λ− λ(t))v(t), v(0) = 0.

Its solution can be interpreted as

v(t) =

∫ t

0
(t− s)β−1Eβ,β

(
−λ(t− s)β

){
σ(s) + (λ− λ(s))v(s)

}
ds. (3.7)

In light of this consideration, we rewrite (3.5) as follows(
Dβαj

)
(t) + αj(t) (pλj + q)

= h(t) (f, ej) + αj(t) ([p− p(t)]λj + [q − q(t)]) ,
(3.8)

where

p(t) < p, q(t) < q, ∀t ∈ [0, T ],

along with αj(0) = 0 = αj(T ).

According to the interpretation formula (3.7) we may write

αj(t) =

∫ t

0
(t− s)β−1Eβ,β

(
− (pλj + q) (t− s)β

)

×{h(s) (f, ej) + αj(s) ([p− p(s)]λj + [q − q(s)])} ds.

(3.9)

In virtue of [21, Lemma 3.2], the function

t �→ Eβ,1(−t)
is completely monotonic and for λ > 0 we have

d

dt
Eβ,1(−λtβ) = −λtβ−1Eβ,β(−λtβ) < 0.

Therefore

(t− s)β−1Eβ,β

(
− (pλj + q) (t− s)β

)
> 0 for 0 < s < t.

We know that (f, ej) ≥ 0 and h(s) ≥ 0. Then Lemma 3.1 implies that
αj(s) ≥ 0. Clearly [p− p(s)]λj + [q − q(s)] > 0. Thus, if we set t = T at
(3.9) we get

0 = αj(T )

=

∫ T

0
(T − s)β−1Eβ,β

(
− (pλj + q) (T − s)β

)

×{h(s) (f, ej) + αj(s) ([p− p(s)]λj + [q − q(s)])} ds,

which implies that

αj(s) = 0 = h(s) (f, ej) in [0, T ].

Due to the fact that h �≡ 0 we get 0 = (f, ej). This is valid for any j, so we
deduce that u = 0 = f , which concludes the proof. �
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4. Conclusion

An ISP for a linear time-fractional diffusion equation with a solely
space-dependent unknown source is studied. The coefficients of the differ-
ential operator are supposed to be time-dependent. New uniqueness results
are derived in Theorem (3.1) under the assumption that h ∈ C([0, T ]) and
0 �≡ h ≥ 0.

It would be nice to establish an uniqueness result for f(x) considering
a more general right-hand side of the form f(x)h(x, t). Un-fortunately the
proof-technique presented here is just partially applicable in this situation.
If we assume that the given function h can be written as h(x, t) = g(x)h(t),
then our technique can be used. First, we can derive the uniqueness result
for g(x)f(x). This together with the condition that g(x) �= 0 implies the
uniqueness of f(x).
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