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Abstract

In the present work, a numerical investigation based on a modified peridynamic method of 

fracture properties of epoxy resin reinforced by nanoparticles, more specifically hyperbranched 

polyester (HBP), was conducted. Due to the specific features of HBP, certain material nodes in the 

numerical model were constrained to accurately replicate the effect of HBP in pure epoxy resin, and a 

Monte Carlo method was used to simulate the random distribution of HBP. The numerical model was 

validated by fracture tests with single-edge-notched bending (SENB) samples. Moreover, the effect of 

the HBP weight fraction on the fracture properties was analysed. With increaseing HBP weight fraction, 

a three-stage increase of mode-I fracture toughness in a rapid-slow-rapid manner was obtained. Overall, 

the proposed modified peridynamic method provided a macroscale analysis of the fracture behaviour 

of nanocomposites reinforced by HBP in a simulation framework.

Keywords: nanoparticles, reinforced fracture behaviour, Monte Carlo simulation, SENB 

fracture samples

1. Introduction

Epoxy resin, used as a matrix of composite materials, has received great attention due to its 

wide application in the aerospace industry as it allows to enhance the lightweight and anti-corrosion 

features of composite materials. However, epoxy resin is also the possible weak point of composite 

materials, considering its mechanical features, i.e., low strength, poor fracture resistance and brittleness. 

It behaves as the dominant damage location inside composites under some in-service loading conditions 

like impact [1] and fatigue [2]. As a result, improving the fracture resistance of epoxy resin is important, 

and adding particle materials is one of the promising solutions [3]. According to existing investigations, 

introducing polylactide [4], graphene oxides [5], nanoparticles [6] and hyperbranched polyester (HBP) 

[7] to epoxy resin can greatly increase its fracture toughness. In particular, neat epoxy or composites, 

which contain HBP, show not only outstanding fracture properties [7,8] but also excellent thermal 
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properties along with an increased glass transition temperature. Additionally, HBP particles are also a 

low-cost option for industrial applications.

According to the work of Verrey et al. [9], by introducing HBP to the matrix of carbon-fibre-

reinforced polymer (CFRP), double cantilever beam tests presented a higher mode-I fracture toughness 

compared with neat epoxy. In addition, mode-II fracture toughness can also be improved by adding 

HBP to the matrix due to the interaction between the epoxy resin and the HBP particles [10], where a 

perfect interphase can be witnessed between both components [11]. In order to further investigate the 

effect of HBP on the matrix of composites, attention should focus on the structure and properties of the 

pure resin with HBP particles [7,8,12]. It has been reported that HBP increases the fracture toughness 

of epoxy by 60–90% with a HBP weight fraction of 1–5 wt.% [7]. Such an improvement is also affected 

by the type of HBP and the chemical functions carried by the particles [8]. More so, potential 

enhancements on the neat epoxy could also be achieved by mixing HBP with other nanoparticles [13,14]. 

Considering the cost of experimental activities and the various factors (e.g., chemical functions, 

weight fraction, etc.) that can affect the strengthening effect of HBP on the epoxy resin, the development 

of virtual tests to investigate the fracture properties is of great interest. For neat resin, numerical methods 

are capable to provide reliable results of the quasi-static fracture tests for both compact-tension (CT) 

[15] and single-edge-notched bending (SENB) [16] specimens. Nevertheless, it is easier to conduct such 

investigations on neat and typical composite materials than on nanocomposites. The effect of 

nanoparticles like HBP, even under simple loading configurations, including flexure [10] and tension 

[12], leads to the limitation of applying related mechanical properties in fracture simulations, unlike the 

neat material [17]. Furthermore, due to the complex geometries and uncertainty distributions of HBP, 

the modelling process remains challenging and, thus, limited numerical simulations are presented in 

existing studies. However, as far as the interface is concerned, a perfect bond between the HBP and 

epoxy can be assumed in the model [18], and the small size of the HBP allows for the simplification of 

numerical modelling [19].

Generally, replicating the fracture behaviour in a classical numerical environment is not 

straightforward, especially the replication of the random crack path and the generated free surfaces. 

With the recent developments in computational mechanics, new methods have been proposed to address 

the aforementioned numerical issues in fracture simulations. For instance, extended finite element 

modelling is able to produce a crack path in any position of the numerical model without being limited 

by the mesh morphology; however, the analysis requires many parameters [20]. In addition, atomistic 

molecular dynamics (MD) simulation is one of the competitive techniques [21], which builds the model 

based on the molecular structures and bonds between them. MD simulations can endow the free surface 

energy on a molecular scale, and the breaking of the bonds can introduce more freedom for the crack 

path. However, most of the studies employing MD simulations consider unit cells under simple loading 
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conditions instead of fracture of a real component [22]. This choice can mainly be attributed to the time-

consuming calculations, which hinder its application to large structures, including SENB specimens. 

Compared with MD simulations, the cutting-edge method proposed by Silling [23], which employs a 

peridynamic model, is a better choice to model the fracture behaviour of structures. The peridynamic 

theory is based on integral-differential equations. The governing equations are always valid, regardless 

of whether or not there is any discontinuity in the structure. The method is further based on basic 

equations of motion and forces (in Greek, ‘peri’ means ‘horizon’ and ‘dynamics’ means ‘force’). 

Therefore, it can mimic random cracks, and the mechanical behaviour, by setting bonds between 

elements, which helps to easily generate free fracture surfaces. It is capable of providing reliable results 

with only a limited number of required parameters [24,25], especially for linear-elastic/brittle materials 

[26]. Additionally, the peridynamic method has been modified frequently to replicate the mechanical 

behaviour of nanocomposites due to its inherent non-local features [27,28]. However, for these 

materials, an enhanced material model development and a reconstructed stress calculation are required 

based on a strong mathematical basis.

In the present work, a phenomenological modified peridynamic method is proposed to mimic 

the fracture behaviour of nanocomposites reinforced with nanoparticles. The objective of the present 

work is to check the capability of the proposed method to capture experimental data [29] from fracture 

tests [7,8] using SENB samples of HBP-reinforced epoxy resin. The proposed method uses 

peridynamics to simulate the fracture behaviour with randomly constrained nodes mimicking the effect 

of HBP particles. Additionally, the Monte Carlo method has been employed to achieve the random 

distributions of the HBP particles. In comparison with a typical modelling methodology on 

nanocomposites, the proposed modified peridynamic method is not only able to characterise the 

behaviour of nanocomposites at a macroscale, but it also greatly simplifies the modelling process.

2. Modelling methodology

2.1 Background of the peridynamic method

Unlike typical mechanical methods employing spatial differential terms to present deformation, 

the peridynamic method uses non-local nodal integral terms to build the load transformation among the 

material points, which are the basic elements for the peridynamic method. Actually, peridynamics can 

be regarded as an update of MD simulation at a macroscale, which does not consider too many 

parameters of the microstructures [28] and which is also suitable for the non-local replication of 

discontinuous fracture behaviour. The latter is difficult to address in a typical mechanical numerical 

framework.

In the peridynamic environment, mainly two methods are used to reproduce the connection 

among neighbouring material points: bond-based [23] and state-based [30] methods. The bond-based 

peridynamic method typically uses bonds to link a material point with its neighbouring point, and the 
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stretching, and breaking of the bonds describe the deformation and failure of the material. As reported 

in [31], the bond-based peridynamic method is able to capture the tensile behaviour by the stretching 

of bonds, but it cannot be applied to compressive loading. Additionally, due to the sudden breaking of 

bonds without stiffness degradation, bond-based peridynamics are only employed for the simulation of 

the failure of brittle materials. State-based peridynamics on the other hand describes materials with the 

energy absorbed among material points and are designed to address the aforementioned problems, i.e., 

without being limited to the tensile behaviour of brittle materials. Through the use of an energy-updating 

process, state-based peridynamics can be applied to both plastic behaviour [32] and damage behaviour 

under various loading conditions [33].

In the present work, peridynamics was utilised to mimic the fracture tests of SENB specimens 

on HBP/RTM-6 nanocomposites. Based on existing material tests [7], the constitutional behaviour of 

nanocomposites can be regarded as linear with a sudden failure. Furthermore, only a mode-I fracture is 

involved in the fracture tests, which is an open-mode fracture behaviour, purely determined by the 

tensile behaviour of the material [16]. As a result, bond-based peridynamics was used, more specifically 

the method implemented in the commercial finite element modelling (FEM) software LS-DYNA. More 

details about the peridynamic method in LS-DYNA can be found in Section 2.2, while the capability of 

this method was proven by the validation on neat resin in Section 3.1.

2.2 Brief review of the peridynamic method in LS-DYNA

Bond-based peridynamics in LS-DYNA is achieved by the weak-form discontinuous Galerkin 

method. According to the peridynamic theory, the equation of motion for any point (X) at a specific 

time point t can be presented as:

                           Eq. (1)𝜌𝒖 = ∑
𝐻𝑿

𝒇(𝒖(𝑿′,𝑡) ― 𝒖(𝑿,𝑡), (𝑿′ ― 𝑿))𝑑𝑉𝑿′ + 𝒃(𝑿,𝑡)

where  is the horizon, effective region, of point X,  is the body force density and  is the mass 𝐻𝑿 𝒃 𝜌

density of the objective. Additionally,  represents the force function of the interaction between point 𝒇

 and , whose displacement vector field can be expressed by . 𝑿′ 𝑿 𝒖

Following the Galerkin weak form adopted in LS-DYNA, Equation (1) can be written as:

 

∫
𝛺

𝜌𝒖(𝑿) ∙ 𝝊(𝑿)𝑑𝑉𝑿 =
 

∫
𝛺

 

∫
𝐻𝑿

𝒇(𝒖(𝑿′,𝑡) ― 𝒖(𝑿,𝑡), (𝑿′ ― 𝑿))𝑑𝑉𝑿′ ∙ 𝝊(𝑿)𝑑𝑉𝑿 +
 

∫
𝛺

𝒃(𝑿) ∙ 𝝊(𝑿)𝑑𝑉𝑿

                                                          Eq. (2)∀ 𝒖(𝑿)𝜖𝑆(𝛺), 𝝊(𝑿)𝜖𝑆′(𝛺)

where  is the computational domain,  is the solution located in a subspace of Banach space, 𝛺 𝑆(𝛺)

expressed as  where  is the boundary, and  𝑆(𝛺) = {𝒖(𝑿) ∈ 𝐿2(𝛺)│𝒖(𝑿𝒈) = 𝑔(𝑿𝒈) ∀𝑿𝒈 ∈ 𝑆𝐵} 𝑆𝐵 𝑆′(𝛺)

is the space in which the test function  is located. Then, the approximation field for the test function 𝝊(𝑿)
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is constructed based on the shape function of the regular FEM as: , 𝑢𝑖(𝑿) = 𝑢𝐴
𝑖 𝑁𝐴(𝑿), 𝜐𝑖(𝑿) = 𝜐𝐴

𝑖 𝑁𝐴(𝑿)

where  represents the nodal displacement  of node A. Thus, the first-level integration of Equation 𝑢𝐴
𝑖 𝑢𝑖

(2) can be expressed as:

𝑛𝑔

∑
𝑔 = 1

𝜌𝑁𝐵(𝑿𝑔)∆𝑉𝑔𝑢𝐵
𝑖 =

                Eq. (3)∑𝑛𝑔

𝑔 = 1(∫ 
𝐻𝑿

𝑓𝑖(𝜼(𝑿𝑔),𝝃(𝑿𝑔))𝑑𝑉𝑿′) ∙ 𝑁𝐵(𝑿𝑔)∆𝑉𝑔 + ∑𝑛𝑔

𝑔 = 1𝑏𝑖(𝑿)𝑁𝐵(𝑿𝑔)∆𝑉𝑔

Herein,  denotes the total number of Gaussian points in the calculation region with 𝑛𝑔 𝜼 = 𝒖(𝑿′,𝑡) ― 𝒖

 and . Based on the calculation conducted on related Gaussian points in Equation (3), (𝑿,𝑡) 𝝃 = (𝑿′ ― 𝑿)
the bond connection can be defined to represent  and  as:𝜼 𝝃

                                          Eq. (4){𝜼(𝑿𝑔) = 𝑁𝐴(𝑿𝑔)𝒖𝐴 ― 𝑁𝐴′(𝑿𝑔′)𝒖𝐴′

𝝃(𝑿𝑔) = 𝑁𝐴(𝑿𝑔)𝑿𝐴 ― 𝑁𝐴′(𝑿𝑔′)𝑿𝐴′

Considering all the above-mentioned processes, the bond-based explicit peridynamic method 

governing equation can finally be obtained as:

∑𝑛𝑔

𝑔 = 1𝜌𝑁𝐵(𝑿𝑔)∆𝑉𝑔𝑢𝐵
𝑖 = ∑𝑛𝑔

𝑔 = 1(∑𝑛𝑔′
𝑔′ = 1𝑓𝑖(𝜼(𝑿𝑔, 𝑿𝑔′),𝝃(𝑿𝑔, 𝑿𝑔′))∆𝑉𝑔′) ∙ 𝑁𝐵(𝑿𝑔)∆𝑉𝑔 +

                                                Eq. (5)∑𝑛𝑔

𝑔 = 1𝑏𝑖(𝑿𝑔)𝑁𝐵(𝑿𝑔)∆𝑉𝑔

where  is the number of all neighbouring points of ; B loops to cover all Gaussian points in the 𝑛𝑔′ 𝑿𝑔

domain. The calculation based on the peridynamic method can then be carried out. 

As the approximation is carried out based on the regular FEM shape function, detached FEM 

elements are employed in the calculation, and Gaussian points within each element are regarded as 

calculation units for the peridynamic method. As a result, a boundary enforcement can be directly 

applied in the same way of the FEM method, which can avoid the boundary issues of a typical non-

local method. The same peridynamic method implemented into LS-DYNA has been used in the works 

of Ren, et al. [24] and Mehrmashhadi, et al. [34], which can be regarded as a validation of the method.

In bond-based peridynamics, the definition of the properties of the bonds among the material 

points is of great importance as it determines the material behaviour, whereas, in classical mechanical 

methods, the focus lies on the elastic modulus and strength. Therefore, in the present study, the 

microelastic modulus ( ) and the critical bond stretch ( ) are used to describe the bond properties, 𝑐 𝑠𝑐

which are hard to obtain from experiments [24]. However, the prototype microelastic brittle (PMB) 

material model [35] can help to calculate both values, where the bonds are regarded as springs in a 

linear-elastic material. Herein, the force of a bond under loading ( ) can be presented by its stored 𝑓

elastic energy ( ), which is called micropotential in the PMB model, with the relative displacement of 𝑤
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the material point ( ) and the length of the bond ( ) considered. Accordingly, the formula of  is shown 𝑑 𝑙 𝑓

below:

                                                  Eq. (6)𝑓(𝑑,𝑙) = ∂𝑤(𝑑,𝑙) ∂𝑑

Since the bond is regarded as a spring, the energy absorbed, or the micropotential, can be obtained based 

on Hooke’s law from:

                                                   Eq. (7)𝑤(|𝑑|,|𝑙|) =
1
2𝑐𝑠2|𝑙|

where  is the bond-stretch ratio. As a result, the tensile load on the bond under tension can 𝑠 =
|𝑑 + 𝑙| ― |𝑙|

|𝑙|

be derived with a constant c for the existing material by:

                                                              Eq. (8)𝑓(𝑑,𝑙) = 𝑐𝑠

Furthermore, the effect of one material point can be described by a sphere with a radius ( ) instead of 𝛿

just being linked with its closest material points. So, . The assumption of this sphere, 𝑓(𝑑,𝑙) = 0,∀|𝑙| > 𝛿

or the parameter , also known as the normalised horizon size in the numerical environment, makes the 𝛿

peridynamic method non-local. Moreover, failure of the bond, judged by the energy release rate ( ) 𝐺𝑐

can be presented in a 3D geometry with the critical length of bond ( ) through [24]:𝑠𝑐

                                                          Eq. (9)𝐺𝑐 =
𝜋𝑐𝑠2

𝑐𝛿5

10

The information presented above forms the basis of bond-based peridynamics in terms of the 

loading and failure processes. However, other algorithms are also involved to achieve a stable 

calculation, such as the application of the Galerkin weak form for boundaries and the approximation as 

FEM method for the shape function. More details can be found in [24]. Another key challenge is to link 

the parameters involved in peridynamics with those obtained at the macroscale. By bridging the two 

scales using:

                                                  Eq. (10)3𝐸 = ∑
𝑙
1
2𝑐|𝜀|∆𝑉′

                                                         Eq. (11)𝑠𝑐 =
1
𝛿2

10𝐺𝑐

𝜋𝑐𝛿

the microelastic modulus ( ) and the critical bond stretch ( ) can be calculated. Indeed, the relationship 𝑐 𝑠𝑐

between the microelastic modulus and the macroscale elastic modulus (E) is given by Equation (10), 

where  is the related volume difference due to the deformation and rigid movement of the central ∆𝑉′

material point. Equation (10) is proposed with the elastic energy collection on the material points, in 

which the elastic energy density of a Gaussian point (a unit region) in the macroscale is equal to the 

energy density absorbed by all the bonds in this unit region within the peridynamic method. Compared 
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with the typical equation , used to build such relationship, Equation (10) employed in the current 𝑐 =
18𝜅
𝜋𝛿4

work can fix the calculation issues found near the boundary and for non-uniform deformation [24]. 

Equation (11) is derived from Equation (9) and can be used to obtain the critical bond stretch ( ) from 𝑠𝑐

the energy release rate ( ) and the microelastic modulus ( ). As a result, the peridynamic method can 𝐺𝑐 𝑐

be applied to simulate the mechanical response of linear-elastic/brittle materials under tension. The 

elastic modulus and the energy release rate determine the mechanical response and failure process, with 

the failure of the material initiating between each element.

2.3 Assumptions and the method to mimic the effect of nanoparticles

HBP particles are generally used to enhance the fracture toughness of resin materials. The 

particles’ geometrical structure is complex due to the existence of branches [19]. However, due to the 

presence of the branches, the bonds between the HBP particles and resin are generally supposed to act 

as a perfect bond [11]. Usually, nanocomposites with HBP particles are regarded as isotropic materials. 

However, such nanocomposites can be locally anisotropic, depending on the manufacturing process, 

and this behaviour can be considered in modelling approaches at a small scale. More details about the 

HBP particles employed in the present work can be found in [7].

The peridynamics method performs outstandingly in case of rapid failure and, thus, the onset 

of discontinuity inside materials, provided that it is applicable. Indeed, bond-based peridynamics is 

developed for isotropic materials due to the use of the PMB material model. A possible local anisotropy 

in nanocomposites cannot be described by the PMB model and consequently hinders the direct 

application of bond-based peridynamics. In order to apply peridynamics on nanocomposites, 

modifications were introduced at the microscale [28] and multiscale [27], and were combined with other 

methods, such as MD [36] or uncertainty distributions [37]. For nanocomposites, all these modifications 

are necessary, though they require a strong mathematical and programming basis.

For the HBP/RTM-6 nanocomposites of the present work, the complex geometry of HBP, 

especially its branches in the microstructure, hinders a very detailed modelling process. The interface 

between the HBP and epoxy resin, on the contrary, was found to be perfect [11]. The perfect interface 

can be easily captured by a permanent tie or constrained entities in the present numerical framework. 

Additionally, the influential region of HBP is always small inside the epoxy resin and, specifically, the 

radius of the sphere region affected by one HBP particle is ~15 Å, according to MD simulation [19]. If 

modelled at an angstrom-scale/nanoscale, the complicated geometry of HBP cannot be ignored. 

However, with the increase of the modelling scale from nanometre to micrometre or millimetre, as 

shown in Figure 1, the complex geometry of HBP’s branches can be ignored because the nanoparticles 

are concentrated in the centre. HBP particles are thus perfectly incorporated into epoxy resin. From the 

modelling perspective, these features of HBP particles can therefore be considered as the constrainsts 

of material points in the matrix. As a result, it could be feasible to capture the effect of the HBP through 
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constraining the nodes of detached elements in the framework of the peridynamic method in LS-DYNA. 

Additionally, considering that the weight fraction of HBP particles is relatively low (<10 wt.%), the 

case of more than one HBP particle concentrated with another particle in a local region is highly unlikely 

and, thus, this situation was not considered in the analysis. Compared with existing modified 

methodologies on peridynamics for nanocomposites [27,28], the present modification can be regarded 

as a phenomenological one because it can be performed by updating the geometrical mode rather than 

the core algorithm of peridynamics.

Figure 1 Simplification of the hyperbranched polyester (HBP) geometry resulting from an increase of the scale

2.3 Finite element model

The geometry implemented in the finite element model for the SENB fracture tests considered 

in the present work is presented in Figure 2. The model was built based on an experimental setup 

according to [7,8,29]. The sample has a thickness of 3 mm. The model consists of three different parts: 

peridynamic elements in the centre near the crack tip, assigned by ELFORM=48 in LS-DYNA (see 

blue part in Figure 2), constant stress solid elements (see brown part in Figure 2) and rigid bodies to 

mimic the loading and support parts (see grey part in Figure 2). While in the real samples, in line with 

the ASTM D5045 standard [38], the length of the notch before the test varied from 0.45 to 0.55 times 

the height of the sample (6 mm), a fixed length of 3 mm was chosen in the numerical model to reduce 

the modelling complexity.  In order to improve the calculation efficiency, not the entire sample was 

built through peridynamics but only the part which determines the fracture behaviour in such tests, i.e., 

the material adjacent to the crack tip. The remaining part of the sample was modelled by constant stress 

solid elements with a rough mesh to provide an acceptable geometry/deformation but with a reduced 

computational cost.  In order to ensure a smooth stress transfer, the contact between the peridynamic 

and solid elements was modelled by Constrained_FEM_PERI_Tie. With the boundary condition 

constrained in such a way, the information related to stress/force and deformation can be transferred 

between the FEM and peridynamic parts in the form of an all-constrained boundary condition. Figure 

3 shows the stress continuity from the peridynamic elements to solid elements close to two critical 
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positions, i.e., the loading point and crack tip. In Figure 3, state #1 represents the state at the onset of 

the fracture. State #2 is the state when the stress reaches the boundaries between solid elements and 

peridynamic elements, which validates the constrained boundaries. It should be noted that a better 

performance can be achieved with the same mesh size of the peridynamic and solid parts on their 

boundaries (as shown in Figure 3).

Figure 2 Schematic presentation of sample and boundary conditions implemented in the finite element model for 
the single-edge-notched bending (SENB) fracture tests simulation (front view)

Figure 3 von Mises stress continuity at the crack tip (b) and near the puncher (c) at the constrained boundary 
between solid and peridynamic elements with a more accurate location (a). State #1 is at the initiation of the crack, and state 

#2 is the stress reaching the boundary of the peridynamic and solid elements.

During loading in the tests, no deformation of the puncher and supports occurred, and 

consequently, they were set as rigid bodies. Regarding the boundary conditions, the supports were fixed, 

and the puncher was allowed to move in the loading direction. The loading process was replicated 

through the displacement of the puncher with a constant velocity, while the total kinetic energy was 
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kept below 10% of the total energy to guarantee quasi-static loading conditions. Additionally, automatic 

surface-to-surface contact was employed with no friction between the sample and the puncher/supports.

Considering the material, the elastic models Mat_Elastic_Peri (Mat_000) and Mat_Elastic 

(Mat_001) were employed for the peridynamic part and solid part of the sample, respectively. Since the 

density of the material is practically not affected by the addition of nanoparticles [17], a density of 1440 

kg/m3, i.e., the density of pure matrix (RTM-6), was used for all sample materials. For the elastic 

modulus, the experimental values listed in Table 1 were used for the material with different weight 

fractions of the HBP particles [7]. The failure of the material was determined by the mode-I energy 

release rate (GIC), which is equal to 0.113 kJ/m2 for neat epoxy resin, according to fracture tests with 

SENB specimens [7,8]. The Mat_Rigid (Mat_021) model was assigned to the rigid supports and 

puncher.

Table 1 Elastic modulus with different weight fractions of hyperbranched polyester (HBP) particles [7]

Properties Parameters 
Weight fraction (wt.%) 0.0 (neat) 0.1 1.0 5.0
Elastic modulus (MPa) 2558 3300 2992 2980

In view that the results of fracture tests are mainly determined by the material properties near 

the crack tip, the method using constrained nodes to replicate the effect of HBP particles was only 

introduced to the peridynamic region. Considering the perfect interface with the matrix and the limited 

influential region, the HBP particle was not directly created in the numerical model. Instead, all nodes 

sharing the same location with the corresponding HBP particle were constrained to mimic the presence 

of HBP particles in the matrix. Based on the hypothesis that the HBP particles and epoxy resin have a 

similar density, the number of constrained nodes was calculated from the total number of nodes in the 

neat epoxy model and the weight fraction of the nanoparticles, according to Equation (12). In all cases 

for nanocomposites, the energy release rate was 0.113 kJ/m2, the same as the neat epoxy resin rate. This 

choice was made with the aim to check if the output of the stress intensity factor and energy release rate 

can be captured through partially constrained nodes in the model as proposed in the present work. For 

instance, there are 1400 nodes in the peridynamic part of the model with the mesh size of 0.12 mm. As 

a result, the number of constrained nodes for 1.0 wt.% nanocomposite case should be equal to 14, i.e., 

1400 × 1.0%.

                                                       Eq. (12)𝑁𝑐𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑒𝑑 = 𝑁𝑡𝑜𝑡𝑎𝑙 × 𝑤𝑡.%

2.4 Monte Carlo method

Following the determination of the number of constrained nodes according to the weight 

fractions, the distribution/position of these nodes for the replication of the HBP particles should be 

analysed further. Considering that the real distribution of nanoparticles inside the epoxy resin is locally 

random, an arbitrary distribution was employed in the numerical model as shown in Figure 4. The 
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process to automatically achieve the Monte Carlo simulation is briefly introduced here. Firstly, the node 

information at each possible location was collected in a set. During the modelling, some sets were 

selected and constrained according to the amount determined by Equation (12). In this way, the Monte 

Carlo simulation was able to start in the present work to consider the effect of the different distributions. 

Herein, all potential sets were built through Matlab, while the automatic process of the Monte Carlo 

simulations was conducted in LS-OPT, and the calculation was made through the explicit solver of LS-

DYNA. In order to obtain a reliable result and cover sufficient cases, at least 50 Monte Carlo simulations 

were used for each weight fraction. Moreover, the scatter of the fracture toughness observed in the 

experimental activities was also compared to the simulated range, which was determined by the HBP 

distributions. Overall, the constrained nodes can represent the effect of nanoparticles, while the 

peridynamic method works on the resin without modification to achieve the local anisotropy. Compared 

with a typical modification of the peridynamics for nanocomposites, the present method is more 

simplified because the consideration of nanoparticles is achieved on a geometrical instead of a 

theoretical level. The constrained nodes can represent the effect of nanoparticles, while the 

peridynamics method works on the resin without modification to achieve the local anisotropy. 

Figure 4 Schematic presentation of the generation of the random distribution of hyperbranched polyester (HBP) 
particles

2.5 Mesh size sensitivity

Although the peridynamics method has been originally proposed as a meshfree method, the 

peridynamic element implemented in LS-DYNA is transformed from a normal FEM element. As a 

result, it is also necessary to discuss the effect of the mesh size in the present work. Herein, the stress 

intensity factor (SIF, KIC) and energy release rate (GIC) were considered in the investigation of the mesh 

size effect in the simulations of fracture tests. Figure 5(a) presents the mesh size sensitivity of the results 
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obtained for neat resin. Both KIC and GIC started to converge when the size was smaller than 0.12 mm 

with a calculation time of 33 min for the 0.12 mm mesh and 6 hours for the 0.06 mm mesh with 6 CPUs 

(I7–875K 2.93GHz 4 core/8 threads – 16 GB RAM). Therefore, the 0.12 mm mesh was chosen for the 

present work.

                                 (a)                                                                                           (b)

Figure 5 Mesh size sensitivity analysis for neat resin (a) and 1.0 wt.% nanocomposite (b) with the red dashed lines 
presenting rough trends of the parameters

However, the mesh size sensitivity study on the neat case may not be sufficient for the present 

work considering the involved constrained nodes. Indeed, the mesh size determines the total number of 

nodes in the numerical model of the nanocomposites, which affects the number of constrained nodes 

according to Equation (12). As a result, the effect of the mesh size for the nanocomposite simulations 

is potentially different from the neat epoxy case. Taking 1.0 wt.% HBP as an example, the results 

become stable at a mesh size of 0.09 mm as opposed to a value of 0.12 mm for neat epoxy, as can be 

seen from the red dashed lines in Figure 5. 

Since the mesh size required to reach convergence is clearly affected by the fraction of 

nanoparticles, three different mesh sizes, i.e., 0.12, 0.09 and 0.06 mm, were considered in the following 

analyses. However, for the finest-mesh-size model, the Monte Carlo simulation took 300 hours (6 

hours/case × 50 cases). Therefore, attention should be paid to the minimum mesh size required when 

the proposed method is applied, especially if different weight fractions are considered. In section 3, the 

simulation outcome is compared with experimental data. 

3. Results and discussion

3.1 Validation for the neat epoxy

Prior to the application on nanocomposites, the numerical model and the related parameters 

were validated for the neat case. Figure 6 presents the results from the numerical model and its 

comparison with experimental data. The formation of a centre crack from the notch can be witnessed 

in the red-marked region presenting the failure location from the numerical model (see Figure 6(a)), 

owing to the breaking of the bonds among the elements at the crack tip. Additionally, a crack map (see 
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Figure 6(b)) was created with the focus on the peridynamic part, i.e., the main cracking part of the 

numerical model, which clearly shows the crack propagation.

                    (a)                                                 (b)                                                           (c)

Figure 6 The crack propagation (a) and crack path (b) from the numerical model, and comparison between 
experimental [29] and simulated force-displacement curves (c)

As is clearly visible in Figure 6(c), a good agreement was obtained between the force-

displacement curves from the numerical model and the experiments [29]. Additionally, the modelled 

SIF and GIC were also close to the experimental results:  and  from the 0.6𝑀𝑃𝑎 ∙ 𝑚1 2 0.108𝑘𝐽 𝑚2

numerical model compared with  and  from the tests [7]. 0.62 ± 0.06𝑀𝑃𝑎 ∙ 𝑚1 2 0.113 ± 0.01𝑘𝐽 𝑚2

According to the ASTM standard on fracture tests [38], the SIF is determined by the peak force while 

GIC is calculated by both the peak force and the displacement at the peak, meaning that the force-

displacement curves are reflected in the SIF and GIC values. Unlike the force-displacement curves, 

which are significantly affected by the notch size when calculating the SIF and GIC, calibration factors 

can be used, which drastically reduce the effect of the samples’ notch geometry [16]. As a result, in the 

next sections, the SIF and GIC were used to validate the results instead of the force-displacement curves.

3.2 Simulation results of nanocomposites

The SIF and GIC results from the numerical models and experiments are reported in Figure 7 

for the different weight fractions considered. While a single set of values was obtained for the neat 

resin, for the nanocomposite cases, several values were obtained for the fracture parameters, as the 

Monte Carlo approach was used for the particle distributions. The curves obtained from the models are 

reported in Figure 7, showing both average values (identified by the lines) together with the obtained 

range. Again, a good agreement between test and modelling results was obtained. The fracture 

properties were significantly improved when the HBP fraction increased from 0 to 0.1 wt.% and from 

1.0 to 5.0 wt.%, while a tiny increment was present when the weight fraction changed from 0.1 to 1.0 
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wt.%. However, the trend was similar for both the numerical model and experimental data. Figure 7 

also contains the numerical results using the three different mesh sizes. Both SIF and GIC converged 

and approached the experimental data when the mesh size was reduced. However, the mesh size needed 

for convergence depended on the weight fractions: 0.12 mm for 5.0 wt.%, 0.09 mm for 1.0 wt.% and 

0.06 mm for 0.1 wt.%. This led to the important conclusion that the present model more easily reached 

convergence for nanocomposites with a higher weight fraction of HBP. Additionally, for all the results 

presented in Figure 7, the scatter increased with the particle weight fraction. This phenomenon is 

attributed to the fact that a variety of distribution patterns exists for nanoparticles inside the epoxy resin 

and that the possible number of cases assigning a certain number of tied nodes to the model increased 

with the weight fraction.

                                    (a)                                                                                              (b)

Figure 7 Comparison of  stress intensity factor (SIF) (a) and GIC (b) obtained from the numerical models with 
various mesh sizes and experimental data for different hyperbranched polyester (HBP) weight fractions

3.3 Effect of hyperbranched polyester (HBP) on fracture behaviours of nanocomposites

According to Figure 7, both numerical and experimental curves reported the same three-stage 

trend for the fracture properties: a rapid-slow-rapid increase as the weight fraction increased from 0 to 

5.0 wt.%. In order to explore which physical mechanism contributes to this phenomenon, an additional 

investigation into the numerical framework was conducted using the model with a mesh size of 0.12 

mm to reduce the calculation time.

Firstly, the relationship between the HBP distribution and crack propagation path was studied. 

As visible in Figure 8, four special cases, i.e., D1, D2, D3 and D4, of the HBP distributed within the 

cracking region (see blue part in Figure 2) are presented: D1 and D4 gather the constrained nodes at the 

notch tip, while D2 and D3 spread the constrained nodes from the notch tip to the interior. Here, the 

blue dots mark the constrained location, and the red arrows show the paths of the crack propagation, 

according to the simulation results. The total number of constrained nodes was identical in all four 

cases, based on the nanocomposite with a weight fraction of 1.0 wt.%, but a specific condition of 
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gathering all the constrained nodes near the notch tip was adopted. The comparison of D1, D2 and D3 

leads to a substantial improvement of the SIF when the constrained nodes gather near the notch tip, 

while the constrained nodes located far from the notch tip have practically no effect on the SIF. This 

enhancement was caused by the fracture behaviour in the SENB tests, which was mainly dependent on 

the material behaviour at the notch tip, as the reinforcement of HBP can improve the SIF efficiently 

when located near the notch tip. The reinforcement of the constrained nodes for case D4, for which the 

constrained nodes are located close to the external boundary of the peridynamic region, was larger 

compared with D1, for which the constrained nodes are located around the centre (see blue part in 

Figure 2). This can be attributed to the fact that the exterior surface is in a plane-stress state, while the 

centre of the sample can be regarded as a plane-strain state, and the reinforcement of nanoparticles on 

the fracture properties is more significant in the plane-stress state than in the plane-strain state, 

according to the fracture mechanism [39].

Figure 8 Four cases representing the effect of different hyperbranched polyester (HBP) distributions on the 
simulated crack. The red arrows present the crack propagation.
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Figure 9 Three cases of the effect of the number of constrained nodes 

Furthermore, three different numbers of constrained nodes, i.e., A1, A2 and A3, were also 

considered in the D4 case with all the constrained nodes gathered at the notch tip, as shown in Figure 

9. The increment of the number of constrained nodes was identical from A1 to A2 and from A2 to A3. 

The focus is on the notch tip as the constrained nodes located further away from this region do not affect 

the SIF, according to the previous analysis of D1-D4 cases. The increment from A1 to A2 led to a slight 

increase of the SIF with a straight crack found in the centre of the sample initiated inter-surface, while 

the SIF in A3 significantly increased compared with A2 due to the presence of branching cracks from 

the front view (marked by blue arrows in Figure 9, A3), which led to the absorption of more energy and 

an enhancement of the fracture properties. In summary, Figure 10(a) shows the relationship between 

the number of constrained nodes and the SIF. A rapid-slow-rapid increase was also obtained as the 

number of constrained nodes increased. A significant increase occurred when the number of constrained 

nodes near the crack tip became higher than 18. This phenomenon can be explained by the fact that the 

fracture property can be efficiently improved as the reinforcement near the crack tip reaches a level that 

leads to a branching crack and subsequently improves the fracture properties. On the contrary, below 
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this level, the reinforcement is insufficient to trigger a branching crack. Only one single centre crack is 

activated, and the resulting increase of the fracture properties by adding nanoparticles is limited.

Herein, the number of the constrained nodes corresponds to the weight fraction of HBP at a 

macroscale. A larger particle weight fraction produced higher chances of concentrated HBP at the notch 

tip. Based on Figure 10(a), an illustration of the trend of the fracture properties changing with the weight 

fraction is presented in Figure 10(b) to explain why the three-stage increase in a rapid-slow-rapid 

manner was produced with two threshold weight fractions: wft1 and wft2. The rapid increase of stage 1 

was caused by the addition of the nanoparticles. With the reinforcement by nanoparticles at a weight 

fraction up to 0.1 wt.%, according to the experimental activities [7], the mechanical properties of the 

nanocomposite can be enhanced compared with the neat polymer. As the weight fraction continued to 

increase from wft1, the increase of the fracture properties became slower due to the distribution of the 

HBP, which was potentially located far from the notch tip and caused little improvement of the fracture 

properties, marked as stage 2 in Figure 10(b). However, this slow-increase trend started to change after 

the weight fraction reached wft2, indicating the beginning of stage 3 with a rapid increase induced by 

the occurrences of branching cracks. Based on the number of constrained nodes, when the branching 

cracks initiate in the numerical model while considering the negligible effect of HBP far from the crack 

tip, wft2 should be larger than 3.0 wt.%. Hence, wft1 and wft2 are of great importance in the application 

of nanocomposites because guidance can be provided for the material design aiming to improve the 

fracture properties of epoxy resin with nanoparticles involved. It should be noted that the prediction of 

these two thresholds can be affected by the accuracy of the numerical model and the limited gradient of 

the weight fraction in the experiments.

                                                             (a)                                                                                (b)

Figure 10 The relationship between the number of constrained nodes and the fracture behaviour from the 
simulation of the extreme condition (a) and the illustration of the fracture properties changing with the weight fraction (b)

4. Conclusions and future development

A phenomenological modified numerical method in a peridynamic environment was proposed. 

By randomly constraining the nodes, with a certain number based on the weight fraction, and involving 
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statistical calculations using Monte Carlo simulations to cover sufficient possible cases, the 

experimental results from the fracture tests can be successfully captured. Following the validation, the 

present method was utilised to analyse the effect of the HBP distribution on the fracture properties. 

With the presented methodology, the distribution of the nanoparticles can be determined on a large 

scale. Additionally, the numerical procedure provides a more in-depth understanding of the fracture 

behaviour of such nanocomposites. Indeed, the simulation outcome shows that the increasing trend of 

the fracture toughness can be attributed to the distribution of the HBP particles, revealing the 

mechanism behind the observed rapid-slow-rapid increase of fracture properties as a function of particle 

fraction. A certain level of weight fraction was obtained as the threshold for the rapid increase on the 

fracture toughness.

However, the proposed methodology, focused on tension-domain fracture modes, has 

limitations in terms of computational efficiency of the Monte-Carlo simulations and shape of the 

particle-reinforced nanocomposites, i.e., only sphere-like particles can be considered based on the 

modification of constraining nodes. However, the current method can also potentially consider other 

influential factors of such nanocomposites, such as particle-matrix interface property – not only the 

weight fraction as in the present work, with an alternative modelling technology. As a result, further 

developments are still expected to enhance the applicability of the methods proposed in the present 

work.
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