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ABSTRACT. We give formulas and effective sharp bounds for the degree of multi-graded rational
maps and provide some effective and computable criteria for birationality in terms of their
algebraic and geometric properties. We also extend the Jacobian dual criterion to the multi-
graded setting. Our approach is based on the study of blow-up algebras, including syzygies, of
the ideal generated by the defining polynomials of the rational map. A key ingredient is a new
algebra that we call the saturated special fiber ring, which turns out to be a fundamental tool to
analyze the degree of a rational map. We also provide a very effective birationality criterion and
a complete description of the equations of the associated Rees algebra of a particular class of
plane rational maps.

1. INTRODUCTION

Questions and results concerning the degree and birationality of rational maps are classical in
the literature from both an algebraic and geometric point of view. These problems have been
extensively studied since the work of Cremona in 1863 and are still very active research topics (see
e.g. [2,16,17,26,306,54] and the references therein). However, there seems to be very few results and
no general theory available for multi-graded rational maps, i.e. maps that are defined by a collection
of multi-homogeneous polynomials over a subvariety of a product of projective spaces. At the same
time, there is an increasing interest in those maps, for both theoretic and applied purposes (see
e.g. [4,5,34,52,53]). This paper is the first step towards the development of a general theory of
rational and birational multi-graded maps, providing also new insights in the single-graded case.
We give formulas and effective sharp bounds for the degree of multi-graded rational maps and
provide some effective criteria for birationality in terms of their algebraic and geometric properties.
Sometimes we also improve known results in the single-graded case. Our approach is based on the
study of blow-up algebras, including syzygies, of the ideal generated by the defining polynomials of
a rational map, which is called the base ideal of the map. This idea goes back to [36] and since then
a large amount of papers has blossomed in this direction (see e.g. [5,17,19,28,29,43,49,50,54]).

One of our main contributions is the introduction of a new algebra that we call the saturated
special fiber ring (see Definition 2.3). The fact that saturation plays a key role in this kind
of problems has been already observed in previous works in the single-graded setting (see [28],
[38, Theorem 3.1], [48, Proposition 1.2]). Based on that, we define this new algebra by taking
certain multi-graded parts of the saturation of all the powers of the base ideal. It can be seen
as an extension of the more classical special fiber ring. We show that this new algebra turns out
to be a fundamental ingredient for computing the degree of a rational map (see Theorem 2.4),
emphasizing in this way that saturation has actually a prominent role to control the degree and
birationality of a rational map. In particular, it allows us to prove a new general numerical formula
(see Corollary 2.15) from which the degree of a rational map can be extracted.

Next, we refine the above results for rational maps whose base locus is zero-dimensional. We
begin by providing a purely algebraic proof (see Theorem 3.3) of the classical degree formula in
intersection theory (see e.g. [21, Section 4.4]) adapted to our setting. Then, we investigate the
properties that can be extracted if the syzygies of the base ideal of a rational map are used. This
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idea amounts to use the symmetric algebra to approximate the Rees algebra and it allows us to
obtain sharp upper bounds (see Theorem 3.9) for the degree of multi-graded rational maps. Some
applications to the more specific cases of multi-projective rational maps (see Proposition 3.12)
and projective rational maps (see Theorem 3.22) are also discussed, with the goal of providing
efficient birationality criteria in the low-degree cases (see e.g. Proposition 3.15, Theorem 3.16 and
Proposition 3.23).

The problem of detecting whether a rational map is birational has attracted a lot of attention
in the past thirty years. A typical example is the class of Cremona maps (i.e. birational) in the
projective plane that have been studied extensively (see e.g. [2]). Obviously, the computation of
the degree of a rational map yields a way of testing its birationality. Nevertheless, this approach is
not very efficient and various techniques have been developed in order to improve it and to obtain
finer properties of birational maps. Among these specific techniques, the Jacobian dual criterion
introduced and fully developed in [17,50,54] has its own interest. In Section 4 of this paper, we
will extend the theory of the Jacobian dual criterion to the multi-graded setting (see Theorem 4.4)
and will derive some consequences where the syzygies of the base ideal are used instead of the
higher-order equations of the Rees algebra (see Theorem 4.9).

We finish the paper with a study of the particular class of plane rational maps whose base ideal
is saturated and has a syzygy of degree one. In this setting, we provide a very effective birationality
criterion (see Theorem 5.14) and a complete description of the equations of the associated Rees
algebra (see Theorem 5.12). This latter result is of interest on its own because finding the equations
of the Rees algebra is currently a very active research topic (see e.g. [14,35,42 44,45 62]).
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available [10] and included in the last version of Macaulay2. The three authors were supported
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Sktodowska-Curie grant agreement No. 675789. The last two authors also acknowledge financial
support from the Spanish MINECO, through the research project MTM2015-65361-P, and the
“Marfa de Maeztu” Programme for Units of Excellence in R&D (MDM-2014-0445).

2. THE DEGREE OF A MULTI-GRADED RATIONAL MAP

In this section we focus on the degree of a rational map between an integral multi-projective
variety and an integral projective variety. Our main tool is the introduction of a new algebra which
is a saturated version of the special fiber ring. The study of this algebra yields an answer for the
degree of a rational map.

Our main result here is Theorem 2.4 where we show that the saturated special fiber ring
(Definition 2.3) carries very important information of a rational map. Another fundamental result
is Corollary 2.15, which is the main tool for making specific computations.

2.1. Preliminaries on multi-graded rational maps. Let K be a field, X; C P, Xy C
P,..., X, C P and Y C P§ be integral projective varieties over K. For ¢ = 1,...,m, the
homogeneous coordinate ring of X; is denoted by A; = K[x;]/a; = K[z 0,%i1,...,2ir]/0, and
S =Klyo, y1,-- -, Yys)/b stands for the homogeneous coordinate ring of Y. We set R = 4; ®k Az ®«
@ Am 2 K[x]/ (a1,a9,. .., a,). We also assume that the fiber product X = X xgXoXk- Xk Xm
is an integral scheme (a condition that is satisfied, for instance, when K is algebraically closed; see
e.g. [22, Lemma 4.23]).

Since we will always work over the field K, for any two K-schemes W7 and W5 their fiber product
W1 xk Wy will simply be denoted by Wy x Ws. Similarly, for any k& > 1, P* will denote the k-th
dimensional projective space P’,z over K.

Let F: X = Xy xXox---xX,, --+ Y C P?® be arational map defined by s+1 multi-homogeneous
elements f = {fo, f1,..., fs} C R of the same multi-degree. We say that F is birational if it is
dominant and it has an inverse rational map given by a tuple of rational maps

g 1Y --» (Xl,Xg,...,Xm).



DEGREE AND BIRATIONALITY OF MULTI-GRADED RATIONAL MAPS 3

For i = 1,...,m, each rational map Y --+» X; C P" is defined by r; + 1 homogeneous forms
g =1{9:,0,9i.1,-- -5} CS of the same degree.

Definition 2.1. The degree of a dominant rational map F : X = X1 X Xog X -+ X X, -=» Y
is defined as deg(F) = [K(X) : K(Y)], where K(X) and K(Y) represent the fields of rational
functions of X and Y, respectively.

Now, we recall some basic facts about multi-graded rings; we refer the reader to [37], [24] and
[23] for more details.
The ring R = A1 ®k Az ®k - -+ ®k A, has a natural multi-grading given by

R= @ (A); ®(As);, @ @k (Am);, -
(jlv“'ij'ﬂL)eZm
Let 1 be the multi-homogeneous irrelevant ideal of R, that is
N= P B
j1>0;~<-7j'm>0

Similarly to the single-graded case, we can define a multi-projective scheme from R. The multi-

projective scheme MultiProj(R) is given by the set of all multi-homogeneous prime ideals in R which

do not contain I, and its scheme structure is obtained by using multi-homogeneous localizations.
For any vector ¢ = (¢1,...,¢n) of positive integers we can define the multi-Veronese subring

R = é Rj.c,
j=0

which we see as a standard graded K-algebra. The canonical injection R(®) < R induces an
isomorphism of schemes MultiProj(R) — Proj (R®)) (see e.g. [27, Exercise 11.5.11, Exercise
11.5.13]). In particular, if we set A = (1,...,1), then Proj(R(®)) corresponds with the homogeneous
coordinate ring of the image of X under the Segre embedding

P x P2 x ... x P'm — PN,
with N = (r1 +1)(ro+1)--- (rm + 1) — 1. Therefore, for any positive vector ¢ we have the following
isomorphisms

(1) X = MultiProj(R) = Proj(R®)) = Proj(R').

Given a multi-graded R-module M, we get an associated quasi-coherent sheaf M = M of
Ox-modules. We have the following relations between sheaf and local cohomology modules (see
e.g. [37], [18, Appendix A4.1]):

(i) There is an exact sequence of multi-graded R-modules
(2) 0— HR(M) = M — @5 H(X, M(n)) — Hy(M) — 0.
nezZm

(ii) For j > 1, there is an isomorphism of multi-graded R-modules

(3) HE ) 2 @D WX, M(n)).
nezm
Let I be the multi-homogeneous ideal I = (fy, ..., fs). Since F is a dominant rational map, the

homogeneous coordinate ring S is often called the special fiber ring in the literature. Using the
canonical graded morphism associated to F

Klyo, ... ysl/b — R
vi — fi
we classically identify S with the standard graded K-algebra K[I4], which can be decomposed as

oo

S =Kl =P I",q

n=0
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(see the next subsection for more details). For the rest of this section we shall assume the following.

Notation 2.2. Let F : X = X1 X Xo X+ X X, ==+ Y C P® be a dominant rational map defined by
s+ 1 multi-homogeneous forms £ = {fo, f1,..., fs} C R of the same multi-degree d = (dy, ..., dp,).
Let §; be the dimension 0; = dim(X;) of the projective variety X;, and 6 = 61 + «-+ + ,, the
dimension of X. Let I C R be the multi-homogeneous ideal generated by fo, f1,...,fs. Let S be
the homogeneous coordinate ring S = K[fo, f1,..., fs] = K[la] of Y and let T be the multi- Veronese
subring T = RY = K[Rq]. After regrading, we regard S C T as standard graded K-algebras.

2.2. The saturated special fiber ring. In this section, we introduce and study an algebra which
is the saturated version of the special fiber ring. For any ideal J C R, the saturation ideal (J : 91°°)
with respect to 9 will be written as J®2t.

Definition 2.3. The saturated special fiber ring of I is the graded S-algebra

oo
o n\sat

Interestingly, the algebra S turns out to be finitely generated as an S-module (Lemma 2.9(ii)).

The central point of our approach is a comparison between the two algebras S and S. Perhaps
surprisingly, we show that assuming the condition of S being integrally closed, then F is birational
if and only if these two algebras coincide, and more generally, we show that the difference between
them yields the degree of F. In addition, we also prove that the algebra S reduces the study of the
rational map F to the study of a finite morphism.

Theorem 2.4. Let F : X = X1 x Xo X+ -+ X X, ==+ Y be a dominant rational map. If dim(Y') =4,
then we have the following commutative diagram

X ~~
~ \\\\\‘C\F
U \\\\\\\
Proj(T) ---------- AN S Y
Proj(3)

where the maps F' : Proj(T) --» Y, G : Proj(T) --» Proj(S) and H : Proj(S) — Y are induced

from the inclusions S — T, S — T and S — S, respectively.
Also, the statements below are satisfied:

(i) H : Proj(S) — Y is a finite morphism with deg(F) = deg(H).
(ii) G is a birational map.
(iii) e(S) = deg(F) - e(S).
(iv) Under the additional condition of S being integrally closed, then F is birational if and only if
S=S5.

The rest of this section is dedicated to the proof of this theorem. Before, we need some
intermediate results and definitions. We begin with the following lemma that has its roots in a
similar result for the single-graded case (see e.g. [56, Proof of Theorem 6.6], [17, Proof of Proposition
2.11], [13, Remark 2.10]).

Lemma 2.5. The degree of F is given by deg(F) = [T : S].
Proof. By definition we have that deg(F) = [K(X) : K(Y)] = {(R(d))(o) : S’(O)}. Let 0 # f € Iq.

Then, we get
Quot(S) = S(f) and Quot(T) = (R(d))(o)(f).
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Finally, since f is transcendental over (R(d)) and S(g), then it follows that

(0)
deg(F) = [(RY) ) S| = [(BD) oy (1) : S ()] = [T+ 8],
as claimed. 0

Now, we introduce a new multi-graded algebra A defined by A = R[yo, y1,--.,¥s|. By an abuse
of notation, for any multi-homogeneous element g € A we will write bideg(g) = (a,b) if a € Z™
corresponds with the multi-degree part in R and b € Z with the degree part in K[y]. We give
the multi-degrees bideg(z;) = (deg(x;),0), bideg(y;) = (0,1), where 0 € Z™ denotes a vector
0=(0,...,0) of m copies of 0.

Given a multi-graded A-module M and a multi-degree vector ¢ € Z™, then M, will denote the
c-th multi-graded part in R, that is

Me = Me.n.

nezZ

We remark that M, has a natural structure as a graded K[y]-module.
We can present the Rees algebra R(I) = @D, ,I"t" C R[t] as a quotient of the multi-graded
algebra A = R[yo,y1,.-.,Ys] by means of the map

(@) U:A — R(I)C R[]
yi = fit.

We set bideg(t) = (—d, 1), which implies that ¥ is multi-homogeneous of degree zero. Thus, the
multi-graded structure of R(I) is given by

R(I) = @ [R(I)]c,n and [R(I)]c,n = [In]chn-d'
ceZ™ neZ
We shall denote [R(I)], = @,_q [R(])]e.p:
@2, [I"],.q4- We note that each local cohomology module Hi (R(I)) has a natural structure of
multi-graded .A-module (see e.g. [1 1, Lemma 2.1]), and also that [Hi(R(1))]_ = D,cz [an(ln)}ﬂ_nd

has a natural structure as a graded K[y]-module. Let b = Ker(K[y] — K[ft]) be the kernel of the
map

and of particular interest is the case [R(I)], =

Kly] — K[ft] € R(I), yi v fit,

then we have that S = K[y]/b and that for any h € b the multiplication map R(I) hy R(I) is zero.
So the induced map on local cohomology [H?JQ(R(I))}C y [an(R(I))]C is also zero for any h € b.
This implies that [H?ﬁ(R(I ))]c has a natural structure as a graded S-module.

Remark 2.6. The blow-up X = Bl;(X) of X along V(I) is defined as the multi-projective scheme
obtained by considering the Rees algebra R(I) as a multi-graded A-algebra. We shall use the notation

X = MultiProj 4, (R(I)) € X x P*,

where X can be canonically embedded in X x P?.
By considering the Rees algebra R(I) only as a multi-graded R-algebra, then we obtain a multi-
projective scheme which is an “affine version” of the blow-up X, and that we shall denote by

MultiProjp.g, (R(I)) C X x A*H,
where MultiProjp ., (R(I)) can be canonically embedded in X x A*t!.

Proposition 2.7. For each i > 0 and ¢ = (c1,...,¢n), we have the following statements:
(i) [H?JT(R(I))]C is a finitely generated graded S-module.
(ii) H' (MultiPrOjR_gr(R(I)), OMultiprojR_gr(R(I))(c)) is a finitely generated graded S-module.



6 LAURENT BUSE, YAIRON CID-RUIZ, AND CARLOS D’ANDREA

Proof. (i) It is enough to prove that [Hi (R(I )], is a finitely generated K[y]-module. Suppose that
Fy: -+ — Fy —» F; — Fy — 0 represents the minimal free resolution of R(I) as an A-module. Let
Cs; be the Cech complex with respect to the ideal 91. We consider the double complex Fy @ Ch-
Computing cohomology by rows and then by columns, gives us a spectral sequence that collapses
on the first column and the terms are equal to Hiy(R(I)). On the other hand, by computing
cohomology via columns, we get the spectral sequence

By =Hg(F,) = Hy P(R()).
Since each [HY (F},)], is a finitely generated (free) K[y]-module, then it follows that [Hi; 7(R(I))]
is also finitely generated as a K[y]-module.

(#4) When ¢ > 1, we get the result from (3) and the previous part (i). By (2) we have the exact
sequence

0 — [R(I)], — HY (MU1tin0jR-gr(R(I))7 OMultiProjR_gr(R(I))(c)) - [H%"((R(I))]c — 0.

The S-module [R([])], is clearly finitely generated, and from part (i) the S-module [ w(R(I ))]C is
also finitely generated. Therefore, the exact sequence above gives us the result for i = 0. ]

Cc

Remark 2.8. The degree of the generators ofS can be eﬁectwely bounded by means of the argument
given in Proposition 2.7 and using the relations between S and S. Using this idea, an algorithm to
compute the saturated special fiber ring S has been designed and implemented by the second author
[10] in a package included in the latest version of Macaulay?2 [25]. It computes the saturated special
fiber ring of an ideal in a multi-graded setting and provides new algorithms to compute the degree
of a rational map and test birationality.

By Proposition 2.7, the multi-projective scheme MultiProjp ,, (R(1)) yields the following finitely
generated S-algebra

§ = HO (MultiProjR_gr (R(I)), OMultiProjR_gr(R(I))) .

We will see that S carries the same information as S , but has the advantage of having some
geometrical content as the global sections of an “affine version” of the blow-up X, a fact which is
going to be fundamental in the proofs of Theorem 2.4 and Corollary 2.15.

Let {¥1,...,7,} be a set of generators of N, then MultiProjp ,,(R(I)) has an affine open cover

(5) U= (U, Ui = Spec (R(1)y, ) -
where R(I)y,, denotes the graded S-module
R(I)(ﬁi) = [R(I)ﬁi]oy*

obtained by restricting to multi-degree 0 in the multi-grading corresponding with R. Since

I) = @I”(n-d),

then computing Cech cohomology with respect to U gives us the following equality
S = EBHO (I (n-d)).

In the next lemma, with some simple remarks, we show that S and S are almost the same.
Lemma 2.9. The following statements hold:
(i) There is an inclusion S c §, which becomes an equality [g] = [S'\] forn>0.

(i1) S is a finitely generated S-module.
(#ii) The two algebras have the same multiplicity, that is e(S) = e(S).
(iv) Proj(S) = Proj(9S).
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(v) If grade(D) > 2, then S = S.

Proof. (i) Since we have an isomorphism of sheaves (I")™ (n-d) = ((I”)Sat)N(n -d), then from (2)

we get the short exact sequence
n\sat 0 n\~ . 1 n\sat
(6) 0[] S H(X ) (@) = [Hy ()] 0

for each n > 1. The short exact sequence 0 — (I")**" — R — R/(I")**" — 0 yields the long exact
sequence

@ [E% (rray)] = [En (a)] = R, > [He (R0

We always have that HY, (R/ I")sat) 0, and that [Hy(R)] = 0for n>> 0 (see e.g. [1], Lemma
)™

n~d'

). Hence, we get that [an ((I " )} =0 for n > 0, and so the result follows.

1) Straightforward from part (i) and Proposmon 2.7(44).
i#i) It is clear from part ().

4.2]
(
(
(

iv) Follows from part (i) (see e.g. [27, Exercise 11.2.14]).
(v) The condition grade() > 2 implies that Hy,(R) = 0, then the required equality is obtained
from (6) and (7). O

The next example shows that the condition of S being integrally closed cannot be dropped in
Theorem 2.4(iv).

Example 2.10. Let R = K[zg, z1] and consider the parametrization of the rational quartic

F:P! = P3 (o : 1) — (ivé : 903% : T/oﬁ : xil)~

The homogeneous coordinate ring of the rational quartic, i.e. the image of F, is

K[y()v Y1, Y2, y3]
(Y192 — Yoy, y5 — y1y§,y0y§ — Y73, U — y%yz)'
1t is known that S is not normal (i.e, the rational quartic curve is not projectively normal; see e.q.
[27, Exercise 1.3.18], [18, Exercise 18.8]). It then follows that the condition of S being integrally
closed cannot be dropped in Theorem 2.4(iv). Indeed, by setting I = (z3, x3z1, o3, 1), one notices
that I¥** = R and so one obtains that [I%**], # [I], whereas F is birational onto its image Proj(S).

S =

All the rational maps that are considered in specific applications are usually such that grade(‘ﬂ) >

2. So, in practice, we always have S=25. Nevertheless, we give an example where S and S are
different.

Example 2.11. Take again the rational quartic curve C C P3 and consider the map

F:C—P? (wg:xy:a0:x3) > (T0:21:23).
In order to be consistent with our general notation in the section, we now denote the homogeneous
coordinate ring of C by

-~ Klzo, 21, z2, T3]

(v122 — ToT3, 3 — X123, 023 — X33, 23 — T3X0)
and consider the ideal I = (xg,z1,23) C R.
Observe that R is not Cohen-Macaulay with dim(R) = 2 and depth(R) = 1. Moreover, by setting
B = Klzg, 1, 22, 23] and m = (xg, 21,22, x3) C B, computations with Macaulay2 [25] show that
Ext} (R, B(—4)) = (B/m)(1),
and so the graded local duality theorem (see e.g. [7, Theorem 3.6.19]) yields the isomorphism
Hy, (R) = (B/m)(-1).
Since we have I*® = R, it follows that

L (1], = [ ()], = [EA(R)], 2 [(B/m)(-1)], 2K £0.
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Therefore, from (6) we deduce that [g] . #* [g] .

We are now ready to give the proof of the main result of this section.

Proof of Theorem 2.4. From our previous discussions (1), we have the following commutative
diagram

X
~ l [N F
Proj(T) - - T +Y
The rational map F’' can be given by the tuple (fo : f1 : --- : fs) because each f; € T. From a
geometrical point of view, here we are embedding X in the “right” projective space
m
)
PM  of dimension M = H (TZ + z) -1,
L}

i=1
where the f;’s are actually linear forms. Then the rational map F' : Proj(T) --» Y = Proj(95) is

induced from the canonical inclusion .S < T'. Since we have the canonical inclusions § < S — T
then F’ is given by the composition of the rational maps

Proj(T) --» Proj(S) --» Proj(95).
From the condition dim(X) = dim(Y"), we have that

Quot(S) C Quot(S) C Quot(T)

are algebraic extensions. Therefore, by using the same argument of Lemma 2.5, we get the equalities
deg(F) = [T : S], deg(G) = [T : 5] and deg(H) =[S : 5].

(i) First we check that the rational map H : Proj(S) --» Y is actually a finite morphism. Since
S is a finitely generated S-module (Lemma 2.9(ii)), we even have that S is integral over S. By the
Incomparability theorem (see e.g. [18, Corollary 4.18]), the inclusion S < S induces a (well defined
everywhere) morphism

H : Proj(S) — Proj(S).

Indeed, for any q C §+ we necessarily have that NS C S;. The finiteness of S as an S-module
yields that H is a finite morphism.

Next we will prove that deg(H) = deg(F). Let us denote by X = MultiProj 4 o, (R(I)) the
blow-up of X along B =V (I), which can also be seen as the closure of the graph of F. We then
have the commutative diagram

with 71 being an isomorphism outside B (see e.g. [9, Proposition 2.3], [27, Proposition I1.7.13]).

Let £ be the generic point of Y and consider the fiber product W := X xy Spec (Oy¢). Denoting
7 as the generic point of X , since 7y is assumed to be generically finite, then we have the isomorphism
Spec (O?}m) >~ TW; this is a classical result, for a detailed proof see [60, Tag 02NV].

Even though W is just a point, we will consider a convenient (and trivial) affine open cover of
it. The scheme Y has an affine open cover given by Y; = Spec (S’(yj)) for j =0,...,s. The open
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set m, ' (Y;) is isomorphic to MultiProjg_g, (R(I)(yj)>, where R(I)(yj) denotes the multi-graded
R-module

R, = [ROD, ],
defined by restricting to elements of degree zero in the grading corresponding with S. Then W can
be obtained by glueing the open cover

W, = MultiProjp.,, (R(I)(yj)> X spec(s,) TP (Or)

for j=0,...,s.
Fix 0 < j < s. Similarly to (5), the scheme MultiProjp ,, (R(I)(yj)> has an affine open cover

(Spee (R(”wyn))izl,_ K

©

where we are using the similar notation R(I)(ﬂ‘yj) = [R(I)ﬂ,yj] o Now, W; is obtained by glueing
i i,

the affine open cover given by
(8) (Spec (R(I)(ﬁiyj) ®s(,, 0345))

Since Oy¢ = S(g), then we have that the ring R(I)(ﬁiyj) ®s,., Oy, does not depend on j.
Therefore we obtain that W = W;.
Let K be the multiplicative set of homogeneous elements of S and B be the localized ring

i=1,...,r

.....

following isomorphisms of multi-graded .A-modules

R(I)ﬁz‘lﬁiz"'ﬂitw ®s,, B = R(I)'&ilﬁm'“ﬁit ®s B for any 1 <y <ig <--- <14y <1,
the corresponding Cech complex is given by
c*W): 0= PRI, ©s B @RIy, @B == R(I),y, ..y ®sB—0.
i i<k

Using the affine open cover (5) of MultiProjp ., (R(I)), we get the similar Cech complex
cwy:  0-EPRIO)y, > PRIy, = = Ry, .y, — 0.
i i<k
Since B is flat over S, we get the isomorphism of multi-graded .A-modules
H(C*(U)) @5 B = HY(C*(W)),

and restricting to the multi-degree 0 part in R, we get the following isomorphisms of graded
S-modules

S®¢B=H" (MultiPrOjR_gr(R(I))7 OMultiProjR_gr(R(I))) ®s B
= [H(C*(U))], ®s B = [H(C*(W))]

From the fact that S < S is an algebraic extension, we have Quot(§) = S ®g Quot(S). So, by
restricting to the degree zero part, we get the following isomorphisms of rings

o

~

S0y = [§ ®s B}O ~ [[HO(C'(Z/{))]O ®s B]O =~ [HO(C*(W))] , = HO(W. Ow) = O, .
Finally, since  is a birational morphism and 5(0) = §(0) (Lemma 2.9(iv)), we obtain

deg(?—l) = [5(0) : 5(0):| = {S\(O) : S(O)} = {Ogm : Oyﬂg} = deg(7r2) = deg(}").
(74) From part (i) we have deg(F) = deg(H). Then, the equality deg(F) = deg(G) deg(H) gives
us that deg(G) = 1.
(#91) From the associative formula for multiplicity [7, Corollary 4.6.9] and part (i), we get

e(8) = [5: S} e(S) = deg(F)e(S).
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(iv) We only need prove that assuming the birationality of F and that S is integrally closed,
then we get S = S. The equality deg(F) = deg(H) = {g : S] and the birationality of F imply that

Quot(S) = Quot(S). Therefore we have the following canonical inclusions
S C S c Quot(S) = Quot(S),

and so from the fact that S is integrally closed and that S — S is an integral extension, we obtain
S=25. O

We end this subsection by providing a relation between the j-multiplicity of an ideal and
the multiplicity of the corresponding saturated special fiber ring. The j-multiplicity of an ideal
was introduced in [1]. It serves as a generalization of the Hilbert-Samuel multiplicity, and has
applications in intersection theory (see e.g. [20]).

Let A be a standard graded K-algebra of dimension é + 1 which is an integral domain. Let n be
its maximal irrelevant ideal n = A . For a non necessarily n-primary ideal J C A its j-multiplicity
is given by

J(J) = 81 lim O (Ha (7/7"7))

n—oo ’I’L6

Lemma 2.12. Let J C A be a homogeneous ideal equally generated in degree d. Suppose J has
mazimal analytic spread £(J) = § + 1. Then, we have the equality

i(J) =d-e(D),
where D = @, [(J")Sat} . is the saturated special fiber Ting of J.

Proof. We consider the associated dominant rational map G : Proj(A) --+ Proj(K[J4]), that
satisfies dim(A) = dim(K[J4]) because ¢(J) = § + 1. From [13, Theorem 5.3] and Theorem 2.4(ii)
we obtain

J(J) = d-deg(9) -e(K[Ja]) and e(D) = deg(G)-e(K[Jd]),
respectively. So the result follows by comparing both equations. O

As a direct consequence of this lemma we obtain a refined version of [38, Theorem 3.1(i47)].

Corollary 2.13. Let J C A be a homogeneous ideal equally generated in degree d. Suppose J has
mazimal analytic spread ¢(J) =6 + 1. If [(J”)Sat] L= [J™],,a for all n>> 0, then

J(J) = d- e(K[Ja).

Remark 2.14. To emphasize the relevance of Theorem 2.4, we mention that recently the multiplicity
of the saturated special fiber Ting has been computed explicitly for some classes of rational maps,
tllustrating the fact that Theorem 2.4 provides a much better understanding and control of the degree
and birationality of those rational maps.

e In [12], the case of rational maps with perfect base ideals of height two was treated.
e In [13], the case of rational maps with Gorenstein base ideals of height three was treated.

2.3. Formula for the degree of multi-graded rational maps. In this subsection, we prove a
new formula that relates the degree of F with the multiplicity of the S-module [H}m(R(I )] o and
the degree of the image. This result will be our main tool for making specific computations. To
state it, we will need the following additional notation: for any finitely generated graded S-module
N, the (6 4+ 1)-th multiplicity is defined by (see e.g. [7, §4.7])

{e(N) if dim(N) =041,

e N) =
s+1(N) 0 otherwise.

Corollary 2.15. Let F : X = X7 X Xog X -+ X X, -=» Y be a dominant rational map. If
dim(Y') = 6, then the degree of F can be computed by

na)

degp: (Y)(deg(F) — 1) = €541 ([HQ(R(I))]o) _ 51 qim K ([Ha(1")]

n—00 nd
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In particular, we have that F is birational if and only if dimg ([Héz (R(I))}O) <0+1.
Proof. From (2) we have the exact sequence
0= [R(I)], — H° (MultiProj rege(R(D), Ortatiprog. (R( ,))) - [H&(R(I))], = 0
which by using our previous notations can be written as
05— 8 — [HR(R))], — 0.
We clearly have e541(S) = degp:(Y'), then it follows that

-~ ~

es+1(S) = es1(9) (by Lemma 2.9(i))
= deg(F) - es4+1(5) (by Theorem 2.4(iii))
= deg(F) - degp- (Y).

Therefore, the previous exact sequence yields the equality

s ([HR(R(D)],) = €a11(9) = es11(S) = degp. (V) (deg(F) ~ 1),

as claimed. |
Remark 2.16. Let J be an ideal in the polynomial ring K[z, ..., x|, and m the mazimal irrelevant
ideal (x1,...,xp). In [15], it was shown that the limit
A(Hy (J" AHY(R/J"

fo AERGM) A (RLT)

n—oo npb n—oo npbP
always ezists under the assumption that K is a field of characteristic zero, but, interestingly, it is
proved that it is not necessarily a rational number. Later, in [33] it was obtained that when J is a

monomial ideal this limit is a rational number. From the previous Corollary 2.15 we have that a
similar limit obtained by restricting to certain graded strands, is always rational and also can give
valuable information for a (multi-graded) rational map.

3. RATIONAL MAPS WITH ZERO-DIMENSIONAL BASE LOCUS

In this section we restrict ourselves to the case where the base locus B = V(I) has dimension
zero, i.e. that B is finite over K. In this case, we obtain four main different lines of results, that we
gather in four subsections. Firstly, in §3.1, we provide an algebraic proof of the degree formula in
the general multi-graded case. Then, in §3.2, we derive bounds for the degree of a rational map
from Corollary 2.15, in terms of the symmetric algebra. Thirdly, in §3.3, we apply our methods in
the case of rational maps defined over multi-projective spaces. And we conclude by providing an
upper bound for the degree of a single-graded rational map in terms of certain values of the Hilbert
function of the base ideal in §3.4.

We shall see that these upper bounds are sharp in some cases, and also that we obtain new
effective birationality criteria under certain conditions.

3.1. The degree formula. We give a formula for the degree of a multi-graded rational map, which
depends on the degrees of the source and the image, and the multiplicity of the base points. This
known formula can also be obtained with more geometric techniques (see [21, Section 4.4]). It can
be seen as a generalization of the same result in the single-graded case (see [9, Theorem 2.5] and
[56, Theorem 6.6]). Hereafter we use the same notations and conventions of §2.1. We begin with
two preliminary results.

Proposition 3.1. Assume that F : X = Xy X -+ X X;;, -=» Y is generically finite. Then, we have
that dimg ([an(’R(I))]O) < dim(S) for all i > 2.
Proof. We have defined MultiProjp ., (R(I)) by considering R(I) as a multi-graded R-algebra, and
so we have the following morphisms
my : MultiProj 4, (R(I)) C X x P* — Proj(S) C P*
v : MultiProjp . (R(I)) € X x A°t! — Spec(S) C A*H!
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where both 75 and v are determined by the inclusion S = K[y]/b < R(I) that sends y; into f;t,
and the only difference consists on whether we take into account the grading in y or not. Therefore,
we have that v is also generically finite, and there exists some 0 # L € S for which the morphism

vg, : MultiProjp o, (R(I);) — Spec(SL)

is finite (see [27, Exercise 11.3.7]). Thus, it follows that MultiProjz ., (R(I);) is affine (see [27,
Exercise 11.5.17)).
From the vanishing of sheaf cohomology (see [27, II1.3]) and (3), we get

([HR(R(I))],), = HR(R(I))], = H ™! (MultiProjR_gr(R(I )1, OMultipij,gr(na)L>) =0

for all 4 > 2. Since [H?n(R(I )] o is a finitely generated graded S-module then it is annihilated by
some power of L, and the claimed result follows. O

We define the degree of X as the degree of its corresponding projectively embedded variety in
PN by means of the Segre embedding. We have the following relation between the degree of X and
the degrees of the projective varieties X; C P™, i=1,...,m.

Lemma 3.2. The degree of X = X1 x -+ x X,,, can be computed as

5!

38,1 . deeen (X1) degpr, (X2) - - - degpry, (Xim).-

degpn (X) =

Proof. Since the homogeneous coordinate ring of the image of X in the Segre embedding is given
by R®), then we have the following equality

Prea(t) = Pa, (t)Pa,(t) - -+ Pa,, (t)

between the Hilbert polynomials of the standard graded K-algebras Aj,...,A,, and R(®). By
comparing the leading terms of both sides of the equation we get the claimed result. (]

Under the present condition dim(B) = 0, we define the multiplicity of B in X by the following
formula

9) e(B) := 4! lim i <HO <X’ OX/(IR)N)) .

n—00 nd

Since we have the equalities

dimg (HO(X Ox/(I") )) ZdlmK( Ox/(I")7) )

peB

— Z ] - lengthy ((OX/(IH)N);.)
peB

= Z ] -lengthp (Rp/lg)7
peB

the expression dimg (HO (X, OX/(I")N)) becomes a polynomial for n > 0. Also, we can compute
(9) with the following equation

e(B) = [K(p) : K] - er, (Ry),

peB

where er, (R,) denotes the Hilbert-Samuel multiplicity of the local ring R, with respect to the
pR,-primary ideal I, (see [7, Section 4.5]).
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The degree of the base locus B = V(1) is defined in a similar way to its multiplicity (9). When
dim(B) = 0, deg(B) is given by the formula

deg(B) := dimy (HO (X, OX/I”)) = Z dimy ((Ox/IN)p)
= Z ] -lengthe ((Ox/fw)p>

peB

= 3" K(p) : K] - length, (R /1, ).

peEB

The theorem below provides a new algebraic proof of the degree formula for a multi-graded
rational map with finitely many base points.

Theorem 3.3. Let F : X = X7 X Xo X --- X X,;, ==+ Y be a dominant rational map. If dim(Y) = §
and dim(B) = 0, then

A - dPm degpn (X) = degp. (V) deg(F) + e(B),

or equivalently

S
dfl dfn Syl 6,1 degpri (X1) -+ - degpr,, (Xin) = degp: (V) deg(F) + e(B).

Proof. For n > 1 we have the exact sequence of sheaves

= (I")™(n-d) = Ox(n-d) - (fj)am.dHO

that gives us the following equation relating Euler characteristics
) ) +x(X 0 ) = X(X,Ox (0 ).
The term x(X,Ox(n - d)) for sufficiently large n becomes
&%y degon (X)

o!

the Hilbert polynomial of the standard graded K-algebra T'(= R(D) (recall that H (X, Ox (n-d)) = 0
for ¢ > 1 and n > 0; see [37, Theorem 1.6]).

Since dim(B) = 0, the summand X(X (IO,L) (n- d)) for all n > 0 is a polynomial
X(X, (]On))(fv (n- d)) = dimg (HO (X, <?n))(~ )) = 6(6[!3) n® + lower terms
whose leading coefficient is equal to the multiplicity of the base points.

We clearly have that F is a generically finite map, so Proposition 3.1 yields that for any ¢ > 1
and n > 0, the expression

dimg (H' (X, (I")~(n-d))) = dimk ([H " (R(I))]

X(X,0x(n-d)) = dimg (HO(X, Ox(n-d))) = dimk(Rp.a) = n® +lower terms

O,n)
becomes a polynomial of degree strictly less than §. This implies that the leading coefficient of the
polynomial determined by X(X ,(I™) ™ (n - d)) coincides with the one of the polynomial determined
by
dimg (H(X, (") (n - d))).
Therefore, from Theorem 2.4(i43), for n > 0 the function X(X, (I™)~(n-d)) is also a polynomial
that has the form
degp. (V) deg(F)
0!
Finally, comparing the leading coeflicients of these polynomials, the equation
d% - dom degpn (X) = degp. (V) deg(F) + e(B)

follows. The other formula is equivalent from Lemma 3.2. O

x(X,(IM)™(n-d)) = n® + lower terms.
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3.2. Degree and syzygies of the base ideal. In this subsection, using the close link between
the Rees and the symmetric algebras, we derive some consequences of Corollary 2.15 in terms of
the symmetric algebra of the base ideal of a rational map. Under the assumption of having a zero
dimensional base locus, we bound the multiplicity es; ([H&(R(I )] 0) of the Rees algebra with
the corresponding multiplicity esy1 ([Hét (Sym(] ))} 0) of the symmetric algebra, and the later one
is bounded by using the Z, approximation complex.

We keep here similar notations with respect to the previous ones, but we assume that the image
Y is the projective space P®. We take this assumption because in general the symmetric algebra
Sym(]) is only a K[y]-module and not an S-module (Notation 2.2). To be precise, we restate the
notations that we use in this subsection.

Notation 3.4. Let F : X = X; x Xy X --- X X;p, --» P® be a dominant rational map defined by
0 + 1 multi-homogeneous forms £ = {fo, f1,..., fs} C R of the same multi-degree d = (dy, ..., dm),
where § is the dimension of X. Let I C R be the multi-homogeneous ideal generated by fo, f1,..., fs-
Let S be the homogeneous coordinate ring S = K[yo, y1, . .., ys] of P?.

Remark 3.5. Given a finitely generated S-module N, from the associative formula for multiplicity
[7, Corollary 4.6.9], we get
es+1 (N) =rank (N).

The Rees algebra R(I) has a natural structure of multi-graded .A-module by (4). Also, from the
minimal graded presentation of I

Fy i} FO —>(f0 """" fo) I — 0,

the symmetric algebra
Sym(I) 2 A/Ti ((yo, - ,ys) - )

has a natural structure of multi-graded .A-module. Therefore, we have a canonical exact sequence
of multi-graded A-modules relating both algebras

(10) 0— K — Sym(I) = R() — 0.

Remark 3.6. From the pioneering work [17] (see also Lemma 4.10) we have that the torsion
submodule K is given by

K =HY (Sym(I)).

The following result is likely part of the folklore, but we include a proof for the sake of
completeness.

Lemma 3.7. Let M be a multi-graded R-module (not necessarily finitely generated) and Z C X

be a closed subset of dimension zero. If (Suppr(M)NX) C Z, then we have H?ﬁ(M) =0 for any
j>2

Proof. Let i : Z — X be the inclusion of the closed set Z, M the sheafification M = M (n) of M
twisted by n € Z™, and M |, the restriction of M to Z. Since the support of M is contained in Z,
then extending M |, by zero gives the isomorphism M = i, (M |,) (see [27, Exercise I1.1.19(c)]).
Using (3), [27, Lemma I11.2.10] and the Grothendieck vanishing theorem [27, Theorem III.2.7], we
get

[ (M)] = (X M) = T (X i (M) = T (Z,M ) = 0
for any j > 2 and n € Z™. O

Lemma 3.8. The following statements hold:

(i) For each i > 0, [H&(Sym([))]o is a finitely generated graded S-module.
(i) If dim(B) = 0, then

vank [y (Sym(1))] ) = rank ( [Hy(R(D)], ) + rank ( [Hy, (H} (Sym(1))])-
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Proof. (i) The proof of Proposition 2.7(¢) applies verbatim.
(i3) From Remark 3.6, we can make the identification X = HY}(Sym(I)) in the short exact
sequence (10). Hence, we can obtain the following long exact sequence in local cohomology

Hy(R(I)) = Hy (H7(Sym(I))) — Hy(Sym(I)) — Hy(R(1)) — Hg, (H7(Sym(1))).

We clearly have that Hy(R(I)) = 0, and from Lemma 3.7 we get that Hg (H}(Sym(I))) = 0.
Therefore, the assertion follows. O

In the rest of this subsection one of the main tools to be used will be the so-called approximation

complexes. These complexes were introduced in [59], and extensively developed in [30], [31] and [32].
In particular, we will consider the Z, complex in order to obtain an approximation of a resolution
of Sym([).

We fix some notations regarding the approximation complexes, and for more details we refer the
reader to [32]. Let Ko = K(fo,..., fs; R) be the graded Koszul complex of R-modules
d o
Ko:0— Ko~ K5 255 0082 g0 95 Ky 20

associated to the sequence {fo,..., fs}. For each i > 0, let Z; be the i-th Koszul cycle and H;
be the i-th Koszul homology, that is Z; = Ker(d;) and H; = H;(K,). Using the Koszul complex
K(yo,-..,ys;A), one can construct the approximation complexes Z, and M, (see [32, Section 4]).
The Z, complex is given by

Ze: 0= 2541 = 25— =21 = Z9g — 0,

where Z; = [Z; @p A](i-d, —i) for all 1 < < 6+ 1. We have that Ho(Z,) = Sym(I) and Z5;1 = 0.
Similarly, the M, complex is given by

Mg :0—=> Msyg > Ms— - = My — My — 0,
where M; = [H; ® A](i-d,—i) forall 1 <i <4+ 1.
The next theorem contains the main results of this subsection.

Theorem 3.9. Let F : X = X1 x Xo x---x X,,, -+ P% be a dominant rational map. If dim(B) = 0,
then the following statements hold:

(i) deg(F) = rank( [HS (H} (Sym(1)))]y) + 1.
(ii) We have
deg(F) < rank([H}ﬂ(Sym(I))]O) +1,

with equality if I is of linear type.
(iii) In terms of the Koszul cycles Z;, we get the following upper bound

S
deg(F) <1+ dimg ([Hg#(zi)]i_d).
1=0

Proof. (i) We will consider the double complex F** = C% ®r C} ®r Sym(I), where C§, and C}
are the Cech complexes corresponding with 91 and I, respectively. We have the spectral sequence

B} = Hi (H](Sym(1))) == HP*9(Tot(F**)) 2 HE™ (Sym(1)).

From Lemma 3.7 we obtain that E5'? = 0 for p > 2. Therefore, the spectral sequence converges
with EP? = EP4.
The filtration of the term H'(Tot(F**)) = Hy,(Sym(I)) yields the equality

vank ( [Hk (Sym(D))] ) = rank ( [H§, (H} (Sym(D)))] ) + rank ( [H (H} (Sym(D)], )
and assembling with Remark 3.5, Corollary 2.15, and Lemma 3.8(ii) we get
deg(F) = rank  [Hy (H}(Sym(1)))],) + 1.
(ii) Tt follows from Remark 3.5, Corollary 2.15 and Lemma 3.8(i).
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(#i¢) For any i > 0, we have that I - H; = 0 and so the support of H; is contained in B = V(I).
Hence, for any p ¢ B we have (M,), = 0. Applying basic properties of approximation complexes
(see e.g. [32, Corollary 4.6]), we can obtain that H;(Z,), = 0 for any p ¢ B and ¢ > 1. Therefore,
from Lemma 3.7 we get that H&(Hi(Z.)) =0 for any 7 > 2 and i > 1.

Let {¥1,...,9,} be a set of generators of M and G*** be the corresponding double complex

0 — Z5QrCH —> Z5_1QrClH —> -+ —> Zy®r Cl; —> 0
! f f
1 ) )

0 — Z5QpCh —> Z5_1QrCH —> ~+ —> Zg@rChp —> 0

t f f

0 — Z;0pC% — Z51 @p Cf — -+ — Zg@r Cf — 0

given by Z, @ C§;. The double complex above is written in the second quadrant. Then, the
spectral sequence corresponding with the second filtration is given by

HE, (Sym([1)) ifg=0
Upp—a HE, (H,(Z.)) ifp<landg>1
0 otherwise.

Thus, it converges with E5' ¢ = EE;~¢. In particular, we have H' (Tot(G**)) = Hy,(Sym([)).
On the other hand, by computing with the first filtration we get
LB = HY(Z,),
Therefore we obtain the following upper bound
s
rank( [H%(Sym([))] 0) < Z rank( [H}}}H (Z)] 0) .
i=0
For each 0 <i < 4, since Z; = [Z; ®r A] (i - d, —i) then we have that

vank ([ (2:)], ) = rank( [H5(22)], 4 @« S(=i) ) = dim ([H(Z0)],.)-
Finally, the inequality follows from part (ii). |

3.3. Rational maps defined over multi-projective spaces. Here we specialize further our
approach to the case of a multi-graded dominant rational map from a multi-projective space to a
projective space. The main results of this subsection are given in Theorem 3.16 and Theorem 3.18,
where we provide effective criteria for the birationality of a bi-graded rational map of the form
P! x P! ——s P? with low bi-degree. We set the following notation.

Notation 3.10. Let m > 1. For each i =1,...,m, let X; be the projective space X; = P and A;
be its coordinate ring A; = K[x;] = K[zi0, Ti1,- - Tip;]. Let F: X = X1 X Xg X -+ X Xy - P% be
a dominant rational map defined by 6+ 1 multi-homogeneous polynomials £ = { fo, f1,..., fs} C R:=
A1 ®k As ®k -+ - Ay, of the same multi-degree d = (dy, ... ,dy,), where § =11 + 19+ -+ 1y, is the
dimension of X. Let I C R be the multi-homogeneous ideal generated by fo, f1,..., fs. Let S be the
homogeneous coordinate ring S = K[yo,y1, .. .,ys] of P?. Let M be the irrelevant multi-homogeneous
ideal of R, which is given by 9N = P R;

1yeeesJm

J1>0,..,5m >0

First we give a description of the local cohomology modules H&(R), with special attention to its
multi-graded structure. We provide a shorter proof than the one obtained in [4, Section 6.1].
Given any subset o of {1,...,m}, then we define its weight by ||a|| = >, ri. Fori € {1,...,m},
let m; be the maximal irrelevant ideal m; = (x;) = (4,0, Zi1,- - -, Tip, ). We then have that
1 -1 e
, —K][x; ifj=r;+1
ani(Ai)%{xl [x;] i

0 otherwise.
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Proposition 3.11. For any j > 0 we have that

A 1
= ® (@) o (@
ac{l,...,m} \i€a v i€
llol[+1=j
Proof. First we check that HY,(R) = Hy,(R) = 0. It is clear that HY(R) = 0, and using (2) we get
the exact sequence
0—R— @ H(X,0x(n)) — Hy(R) = 0.
neczZm
From the Kiinneth formula (see [60, Tag 0BEC] for a detailed proof) and [27, Proposition I1.5.13]
we obtain

HO(X7 OX(n)) = HO (Xla OXl (nl)) Rk - Ok HO (va OXm (nm)) = [Al]nl @K -+ Ok [Am]nm = an
so we conclude that Hy,(R) = 0.
Let j > 2. Then, the Kiinneth formula and (3) yield the following isomorphisms
Hy(R) = (P H7H(X, Ox(n)
nez’”l
=@ | P HELOx(m) B S H (X, Ox, (1))
nezm \jite+jm=j—1
For each i = 1,...,m we have that
A; ifj; =0
P H (Xi,0x,(n) = < HE T (A) if j; =1
nez 0 otherwise.
Therefore, we get the formula
Hy(R) = P Q i) e | @ A,
Jiteetim=j—1 \{ilji=r:} {ilji=0}
Jji=0 or ji=r;
which is equivalent to the statement of the proposition. O

Now we give a different proof of Theorem 2.4(iv); in this case we recover the equivalence
between the birationality of F and the equality S = S. The following result is a generalization of
[48, Proposition 1.2].

Proposition 3.12. Let F : P X P™ x ... x P™ —-s P9 be a dominant rational map with
r1+ro+ ...+ 1y, =06. Then, the map F is birational if and only if for alln > 1 we have

1) = (]

Proof. From Theorem 2.4(#ii), the equality above implies the birationality of F.

For the other implication, let us assume that F is birational. Since F is dominant, then
S = Klyo, - - -, ys] is isomorphic to the coordinate ring S = K[I4q] = K[fo, ..., fs] of the image. Let
T be the multi-Veronese subring T' = K[Rq], then after regrading we have a canonical inclusion
S 2 K[I4] C T of standard graded K-algebras. From Lemma 2.5 and the assumption of birationality
we get

n-d.

[T: 5] =deg(F)=1.
So we have Quot(S) = Quot(T) and the following canonical inclusions
S CT C Quot(T) = Quot(S).
Let n > 1. It is enough to prove that for any w € [(I")Saq 4 C T, we have that w is integral
over S. Indeed, since S is integrally closed, it will imply that w € S,, = [I"], .
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Let w € [(I ")Sat} . We shall prove the equivalent condition that S[w] is a finitely generated

n-d
S-module (see e.g. [3, Proposition 5.1]). From the condition w € {(I”)Sat] , we can choose some
n-d
r > 0 such that
Trpn-w=Rypa-wC [In](rJrl)n-d-

We claim that for any ¢ > r + 1 we have w? € S - Ryp,.q. If we prove this claim, then it will follow
that Sfw] is a finitely generated S-module.
Let {Fi,..., F.} be a minimal generating set of the ideal I"™. For ¢ = r + 1, since w" € Ryp.q we
can write
U}T+1 =w'w = h,lFl —+ h2F2 + 4 hCFC,
where deg(h;) =rn-d for each i = 1,...,c. For ¢ =7+ 2, since h; € Ryy.a we get

[ c c

wr+2 = U}’LUT+1 = Z (hlw) Fi = Z hiij Fl = Z hijFiFj7
1 9,7

i=1 i=1 \ j=

where each h;; has degree deg(h;;) = rn - d. Following this inductive process, we have that for each

q > r+ 1 we can write
w? =" hsF?,
B

where deg(hg) = rn - d for each multi-index 5. This gives us the claim that w? € S - R,,,.q for each
g>r+1 |

From Proposition 3.12 we deduce that for single-graded birational maps with non saturated base
ideal, the module %2/ is generated by elements of degree > d + 1.

Corollary 3.13. Let F : P" --5 P" be a birational map whose base ideal I = (fo,--- , fr) is given
by r 4+ 1 relatively prime polynomials of the same degree d. Then, we have that

[=/1] _, = 0.

Proof. From Proposition 3.12 we already have [[**], = I;. If we assume that there exists
0 # h € [[*],_,, then we get the contradiction Iy = (xoh,z1h,--- ,x,h). Therefore, we have
[Isat/I]Sd:Q U

For multi-graded birational maps the previous condition must not be necessarily satisfied.
Example 3.14. Let F : P! x P! -5 P2 be the birational map given by
(3?1,0 : 331,1) X ($2,0 : $2,1) — (331,0332,0 cT1,122,0 - 331,1332,1)-
Here, the base ideal I = (x1,0%2,0, T1,1%2,0, T1,1%2,1) is generated by forms of bi-degree (1,1) and
N = (z1,0,21,1)N(22,0,22,1). The map F is birational, but we have that I*** = (I : M) = (21,1, 72,0)

and so

(14 /1] o £0 and [rt/1] ©0.1) # 0.

From now on, we focus on a dominant rational map of the form F : P! x P! --» P2. We shall
adapt our previous results to this case and obtain a general upper bound for the degree of F.
More interestingly, we give a criterion for birationality when the bi-degrees of the f;’s are of the
form d = (dy,ds2) and d; = 1. This result extends the work of [5], where a criterion was given
for the bi-degrees (1,1) and (1,2). Also, in the case d = (d1,d2) = (2,2) we provide a general
characterization for the birationality of F (see [5, Theorem 16] for a more specific result).

Proposition 3.15. Let F : P! x P! ——s P2 be a dominant rational map such that dim(B) = 0.
Then, we have the inequality

deg(F) < 1+ (dy = 1)(da — 1) + dimyc ([1/1],,).
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Proof. From Theorem 3.9(¢i7) we have the inequality

deg(F) < 1+ dimy ([H31(Z2)],,4 ) + dim ([H3(21)] ) + dimc ([HE (Z0)],)-
By Proposition 3.11 and the fact that Zp = R and Z; = R(—3 - d), we obtain the isomorphisms
Hy(Zo) = 0 and

Hi,(Z5) = Hyy(R)(—3 - d) = (xllK[xl_l]) (—3dy) ®k (;K[x;]) (—3dy).

Thus, we get that

ding ([H%(Zmzd) = dimg ([;K[xfl]] e {1K[x2—1]} y ) — (di — 1)(ds — 1).

The exact sequences
0—Z) — R¥(—dy,—dy) =T —=0
0—-1I—-R—R/I—0

and Proposition 3.11 yield the isomorphisms

dimic ([H3,(Z1)] ) = dime ([Hy(D)] ) = dimic ([HG(R/D)] ) = dim ([7/1] )
Therefore, by combining these computations, we get the claimed upper bound. O

Theorem 3.16. Let F : P! x P! ——» P2 be a dominant rational map such that dim(B) = 0 and
d = (1,d2). Then, F is birational if and only if Iq = [I°%*].

Proof. We get one implication from Proposition 3.12 and the other by specializing the data in the
inequality of Proposition 3.15. O

To illustrate this theorem, let F be as above and assume moreover that there exists a nonzero
syzygy of I of bi-degree (0,1). Asin [5, Remark 10], we deduce that xQ’O(Z?ZO Oéifi)*wzJ(Z?:O Bifi) =
0 for some «;’s and f;’s in K and hence we deduce that there exist three polynomials p, q,r of
bi-degree (1,ds — 1) such that I = (z20p, 21D, 22,09 + x2,17). Therefore, the ideal I admits a
Hilbert-Burch presentation of the form

Fo: 0— R(—1,-1—ds) ® R(-2,-2dy + 1) = R(—1,—d2)* = R.

Studying the two spectral sequences coming from the double complex F, ®r Cg,;, together with
Proposition 3.11, it is then easy to see that [I°**/I], = [H&(R/I)]d = 0. Thus, Theorem 3.16
implies that F is birational, a fact that can be deduced more directly and that is the main ingredient
to ensure birationality in [52]. But Theorem 3.16 provides actually a finer result. Indeed, suppose
that the ideal I admits the following more general Hilbert-Burch presentation

0— R(—1,—p —ds) ® R(—2,—2dy + pn) — R(—1,—ds)®> = R

where 1 is a positive integer. Then, a similar computation shows that [Hy (R/I)] g = [H3(R)] ©0— 1)
and from here we deduce that F cannot be a birational map if p > 1.

Lemma 3.17. Let F : P! x P! —=» P2 be a dominant rational map such that dim(B) = 0 and
d = (2,2). Then, Iq = [I**], if and only if deg(B) = 6.

Proof. From (2) we have the short exact sequence
0 [Hy(R/D)], = [R/1]q — B (X, (Ox/17)(d)) — [Hp(R/D)] 4 — 0.
Using [5, Lemma 5] we deduce that [H&(R/I)]d = 0. Therefore, we obtain
deg(B) = dimk (H” (X, (Ox/I7) (d)))
= dimg ([R/1]4) — dimk ([H}(R/1)] ) = 6 — dimk ([Hy(R/1)],)

from the exact sequence above, and so the claimed result follows. (Il
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Theorem 3.18. Let F : P! x P! - P2 be a dominant rational map. Suppose that dim(B) = 0
and d = (2,2). Then, F is birational if and only if the following conditions are satisfied:
(i) Ia = [I**]y.

(ii) I is not locally a complete intersection at its minimal primes.

Proof. The degree formula of Theorem 3.3 applied in our setting gives
deg(F) =8 —e(B).

Hence, we deduce that e(B) < 7 and that F is birational if and only if e(B) = 7. We know that
deg(B) < e(B), and that deg(B) = e(B) if and only if I is locally a complete intersection at its
minimal primes. Moreover, we have already seen that the condition Iq = [I%*] is necessary for
the birationality of F (Proposition 3.12) and that it is equivalent to deg(B) = 6 (Lemma 3.17).
Therefore, assuming Iq = [I°*'] 4, we have that I is not locally a complete intersection at its minimal
primes if and only if

6 =deg(B) <e(B) =1,

and the later one is equivalent to the birationality of F. ]

3.4. An explicit upper bound for the degree of a rational map defined over a projective
space. In this subsection we consider the more specific case of single-graded dominant rational
maps. The main result here is Theorem 3.22 where the upper bound for the degree of a rational
map given in Theorem 3.9(éi7), is expressed solely in terms of the Hilbert functions of R/I and
It /], instead of some local cohomology modules of Koszul cycles. We also show that this bound
is sharp in some cases. We set the following notation.

Notation 3.19. Let R be the standard graded polynomial ring R = K[zg, 1, ...,z,], and m be the
maximal irrelevant ideal m = (xg, ..., x,). Let F : P" == P" be a dominant rational map defined
by r + 1 homogeneous polynomials £ = {fo, f1,..., fr} C R of the same degree d. Let I C R be
the homogeneous ideal generated by fo, f1,..., fr. Let S be the standard graded polynomial ring
S =Klyo,y1,-.-,yr]. Let A be the bigraded polynomial ring A = R ®k S, where bideg(z;) = (1,0)
and bideg(y;) = (0,1). For any graded R-module M, we set M" = *Homg(M,K) to be the graded
Matlis dual of M (see e.g. [7, Section 3.6]).

The following lemma is equivalent to [3, Lemma 1] in our setting; we include a proof for the sake
of completeness and the convenience of the reader.

Lemma 3.20. Let Z; and H; be the cycles and homology modules of the Koszul complex K(f; R),
respectively. Assume that dim(R/I) <1 and let £ = (r +1)(d — 1). Then,
(i) Zri1=0,Z, 2 R(—(r+1)d), Zy =R, H; =0 fori > 1, H =0 if and only if dim(R/I) = 0.
If dim(R/I) = 1, then Hy = wr/(—§).
(ii) If r > 2 and 1 <p < r, then

HY2(R/T) ifp=1landg<r
HR(Zp) = Q H) 1 (=6) if2<p<randg<r
7Y (=& if g =r+1.

Proof. (i) This part follows from well-known properties of the Koszul complex (see e.g. [7, Section
1.6]).

(73) We only need to compute the local cohomology modules of Z,, for 1 < p < r.

Let 2 < ¢ < r. We denote by K. the truncated Koszul complex

K*: 02Ky =K. — - =Ky — Zy —0,
which is exact from the condition dim(R/I) < 1. Let F** be the double complex given by
F** = K;*®@r C%. The exactness of K¢ implies that H® (Tot(F**®)) = 0. Hence computing with

the first filtration we get the spectral sequence 'E; 77 = HY (Kp>£) = 0, which at the first page is
given by
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r+1 r+1 r+1 r+1
Hm (KT+1) Hm (KT) U Hm (KZ+1) Hm (ZZ)

0 0 0 0 (Z,)

0 0 0 HY (Z).

From the graded local duality theorem (see e.g. [7, Theorem 3.6.19]) and the self-duality of the
Koszul complex, we have the following isomorphisms of complexes

HI L (K) & (Homp (Ko, R(—1 — 1)) 2 (KJr + 1] ((r+ 1)d —r = 1)) = (K [r +1]) " (=€),
where [r + 1] denotes homological shift degree. So the top row of the diagram above is given by the
complex

Ky (=€) = K{(=¢) = - — K;/+17([+1)(_€> — HH(Z).
For each ¢ < r, when we compute cohomology in the page r + 3 — ¢, we get the exact sequence

—(l+r+2—q),r —4,
0 — 1B G0t gy, (—€) = HL(Ze) = B, 0.

Since IE;'EthJr27Q)’T+1 _ IE(;O(£+T+27‘I)’T+1 — 0 and IET_-féq—q _ IEO—CK,q — 07 then we get the
isomorphism Hy,(Z,) = H) , ,(—¢) when ¢ <.
In the case of ¢ = r + 1, we have the exact sequence

Krv+1f(e+2)(_f) - Krv+17(e+1)(—§) — HM(Z0) =0,

that induces the isomorphism H, ™ (Z,) = ZY_,(—€).
When ¢ = 1, we consider the truncated Koszul complex

K': 02Ky K, — - —=Ky— Z —0,

that is not exact only at the module Z;. The double complex G** = KJ! @ C% now yields the
spectral sequence

Hy (Hy) if — =0
IE;P#I :H%(Kgl) — gPta (G-,o) _ m( 1) 1 p“'iq
0 otherwise.
Thus again we have the exact sequence
K) (=€) = K (=€) = Hi" (Z1) = 0,

and this gives us the isomorphism H™(Z;) = ZY_,(—£).
Finally, using the following two short exact sequences

021> K —-1—-0
0—-I—-R—-R/I—0
we can obtain the isomorphisms H% (Z;) = H4 (1) = HL 2(R/T) for ¢ < 7. O

Since the linear type condition has almost no geometrical meaning, we briefly restate the equality
of Theorem 3.9(i) in the locally complete intersection case.

Lemma 3.21. Let F : P" --» P" be a dominant rational map with a dimension 1 base ideal I. If I
1s locally a complete intersection at its minimal primes then

deg(F) = rank([H}11 (Sym([))]o) + 1

Proof. From either [32, Section 5] or [59, Proposition 3.7] we get that I is of linear type. Thus, the
assertion follows from Theorem 3.9(ii). O

The next theorem translates Theorem 3.9(4i7) in terms of the Hilbert functions of R/I and
Isat/f.
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Theorem 3.22. Let F : P" --s P" be a dominant rational map with base ideal I. If dim(R/I) <1,
then we have the following upper bound

deg(F) <1+ (d;

1) + dimg ([I%/1],) + idimK ([R/I](r+1—i)d—r—1) :

Proof. Since Zy = R and Z, = R(—(r + 1)d), we have Hy,(Z) = 0 and

a1 ] )= (1)

From Lemma 3.20 we obtain that
i ([W(20)]) = diane (1 (R/1)]) = dimc ([7/1],)
and
dimy ([H5(22)],) = dimi (Y] 1yarr1) = ik ([R/ T2 ipa-r1)

for any 2 < i <r — 1. Finally, by substituting these computations in Theorem 3.9(iii), we obtain
the required upper bound. O

To end this subsection, we show that the above upper bound becomes sharp for dominant plane
rational maps when the base ideal is of linear type and is defined by polynomials degree d < 3.

Proposition 3.23. Let F : P2 ——» P2 be a dominant rational map with a dimension 1 base ideal I.
Then, the following statements hold:

(i) deg(F) < N2 4 dimye ((1924/1], ) +1.

(it) If I is of linear type and is generated in degree d < 3, then
(d—1)(d-2)

deg(F) = 5

+ dim ([1/1,) +1.

Proof. (i) It follows from Theorem 3.22.
(#3) From Theorem 3.9(i), the linear type assumption implies deg(F) = rank( [H}n (Sym(1))] 0) +
1. The spectral sequence 'E; 7Y = HZ (Z,) of the proof of Theorem 3.9(ii4) is given by:

H; (Z2) H (Z1) H;, (Z0)
0 H2(2)) 0
0 0 0
0 0 0

Therefore, if we prove that [Hf;(Zl)] o = 0 then the convergence of this spectral sequence implies
the required equality. Since 2y = [Z; ®g A](d, 1), then it is enough to check that [Hj,(Z1)], = 0.
The short exact sequence

027 = R(—d)—=I1—=0
yields the following exact sequence
0 = Hy(I) = Hy(Z1) — Hy (R%)(~d),
and so we have [H(Z1)], = [HL(I)], = [Hy,(R/I)] . Finally, from [28, Theorem 1.2(ii)] we have
that end(HL (R/I)) < 2d — 4, and so under the assumption d < 3 we have [H;(R/I)]d =0. O
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4. MULTI-GRADED JACOBIAN DUAL CRITERION OF BIRATIONALITY

A rational map is birational if and only if its degree is equal to one, so the results we have
previously developed provide birationality criteria. Nevertheless, because of its theoretical and
practical importance, some more specific techniques have been developed to decide birationality,
mostly for single-graded rational maps. In particular, it has been shown that birationality is
controlled by a single numerical invariant that corresponds to the rank of a certain matrix called
the Jacobian dual matriz (see [55], [54], [17, §2.3 and §2.4] and [5, Section 2.2]). In this section, we
extend this theory to the multi-graded setting. In §4.1, the multi-graded version of the Jacobian
dual matrix is introduced and a general birationality criterion is proved (Theorem 4.4). As an
illustration, a very simple birationality criterion is deduced for certain monomial multi-graded
maps (Corollary 4.6). Then, in §4.2, we investigate how birationality can be detected by using only
the syzygies of the base ideal I of a rational map, instead of the whole collection of equations of
the Rees algebra of I (Proposition 4.8), which are required for the Jacobian dual matrix. Under
the assumption that I is of linear type, we also obtain a syzygy-based birationality criterion
(Theorem 4.9).

In this section we use the same notations and conventions of §2.1. If the dominant rational map
F:X=X; Xx X9 x---x X, --»Y has an inverse, then it is denoted by

G:Y - (X1, Xo,..., Xm).
Each rational map Y --» X; C P" is defined by r;+1 homogeneous polynomials g; = {gi.0,9i.15- - -, Giri } C
S of the same degree. For each i = 1,...,m, we set J; to be the homogeneous ideal generated by
8i-
4.1. Jacobian dual matrices and the main criterion. We begin this section with the following
preliminary lemma which is based on [5, Lemma 1], [54, Proposition 2.1] and [17, Theorem 2.18].

Lemma 4.1. Assume that F is a birational map with inverse G. Let I = (f) and J; =
(81)y.--sJm = (8n). Then, the identity map of K[x,y] induces a K-algebra isomorphism between
the Rees algebra Rr(I) and the multi-graded Rees algebra Rg(J1 ® Jo ® -+ B Jpm)-

Proof. First we note that both algebras can be identified as a quotient of R ®g S = % The
algebra R (I) has a presentation given by
Klx]
Az, ..., 0,
yi — fit.
Let Z= (Z,a1,...,am)/(a1,...,0a,) denote the kernel of this map. Since Y can be identified with
Proj(K[f]) and the two algebras K[f] and K[ft] are isomorphic, then we get b = Ker(K[y] — K[f]) =
Ker(K[y] — K][ft]) C Z, as required.
Similarly, the algebra Rg(J1 @ - -+ @ Jy,) has a presentation

K
%[X] - RS(Jl @@Jm) = S[gltlw-'vgmtm}

Tij = Gigti

Y] — Rgr()= R[f1]

We denote by J = (J,b)/b the kernel of this map. For each i = 1,...,m, we can identify X; with
Proj(K[g;]) and as before we get a; = Ker(K[x;] = K][g;]) = Ker(K[x;] = K|g;t;]) C J.

Since now we can regard Rr(I) and Rg(J; @ --- @ J,,) as quotients of %, then it is
enough to prove that J C (Z,ay,...,a,,) and that Z C (7,b).

Let F(y,x1,...,Xm) € J be multi-homogeneous, then we have

F(yaglth“wgmtm) =0¢ S[gltlv"'agmtm]

and using the multi-homogeneity of F' we get F(y,g1,...,8n) = 0 € S. From the canonical
injection S 2 K[f] — R we make the substitution y; — f;, and we obtain

F(f,g1(f),...,gn(f))=0¢€R.
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By the assumption of F being birational, there exist nonzero multi-homogeneous forms Dy, ..., Dy,
in R, possibly of different multi-degrees, such that
gl(f) = Dlxl, gg(f) = l)ng7 ey gm(f) = Dmxm.

Again, from the multi-homogeneity of F' we get
F(f,g1(f),...,gm(f)=D7"---DpmF(f,x1,...,xm) =0 € R,

and so F(f,x1,...,X,) = 0 because R is an integral domain. From the identification K[f] = K][ft]
we get
F(ft,x1,...,xm) =0 € R[ft],
then by definition we get F' € (Z,a4,...,a,,). Therefore, 7 C (Z,a1,...,a,).
We can prove the other containment with similar arguments. ]

Let (ai,...,amn,Z) C K[x,y] be the defining equations of the Rees algebra Rr(I). We shall
adopt the following notation.

Notation 4.2. For each 1 < i < m, let {h;j1,...,hix,} be a minimal set of generators of the
multi-graded part of (a1,...,0,,Z) of multi-degree
(O,...,\l/,...,(),*),
i-th
where = denotes arbitrary degree in'y. We denote by 1; the Jacobian matriz of the collection of
polynomials {h;1,..., h; i, } with respect to x;, that is

hia hia hi
Oxio  Omy1 0T ,r;
hi2 hiz hi2
Oxzio Oz 0z r;
P =
hi ke hikg Rk,
Oxio  Omy1 0T ,r;
Following [5,17,54], the matriz 1»; will be called the x;-partial Jacobian dual matriz. We note that

its entries are polynomials in Kly]. Finally, the matriz obtained by concatenating all the 1;’s in the
main diagonal

P10 0
0 by 0
Y= ) :
0 0 -

will be called the full Jacobian dual matriz.

The next proposition is based on [17, Proposition 2.15]. It shows that the ranks of the Jacobian
dual matrices are sensitive to the dimensions of the source and the target.

Proposition 4.3. Let F: X; X --- X X;p, --» Y be a dominant rational map. Then, we have the
following inequalities:

(11) dim(Xy) + -+ + dim(X,,) — dim(Y) <) i = > rankg (¢ @yl 9).
i=1 i=1
(12) rankg(1); ®kfy] S) < rj for each i =1,...,m.

Proof. We begin with the first inequality. For each 1 < i < m. Let F; be the S-module E; =
Cokerg (¥} ®x[y] S) with presentation

b, YiOKIS ort1
St ——— 5 ST 5 By — 0.

The direct sum £ = E; ® E> @ --- ® E,, is an S-module with presentation

V' Oy

S . .
Sk Sk gy .o S YT gt gy gretl gy gt s B ).
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By the definition of the Jacobian dual matrices we have that I1(x-1!) C Z, and we saw in the proof
of Lemma 4.1 that b C Z. Hence, we get a canonical surjective homomorphism Symg(E) — Rr(I)
of S-algebras given by

a: Symg(E) = S[x]/Ti(x - (¢ @y 5)) = Klyl[x]/ (b, 11 (x - ¥")) — Rly]/(b, 1 (x - 9"))

Following [57], we have that Rs(E) = Symg(F)/T where T represents the S-torsion submodule
of Symg(E). Let G € T, there exists some s € S\ 0 such that s- G = 0 € Symg(F). By using the
isomorphisms S = K[f] 2 K[ft] C Rr(I), we can see that

0=a(s-G) =a(s)a(G) = s(ft)a(G) € Rr(I)

where s(ft) # 0. Since Rr([) is an integral domain then it follows that a(G) = 0, and so we have
a canonical surjective homomorphism

(13) Rs(E) — Rr(I)

of S-algebras.
Finally, from [57, Proposition 2.2] we get

dim (R (1)) < dim (Rs(E))

dim(R) + 1 < dim(S) + m + Z r; — Z rankg(¢; ®kpy S),
i=1 i=1

and using the equality dim(R) = dim(A;) + - - - + dim(A,,), we substitute

dim(X;) 4+ - +dim(X,,) +m+ 1 <dim(Y) +14+m+ Zri - Zranks(d)i ®K[y] S)
i=1 i=1

dim(Xy) + -+ + dim(X,,,) — dim(Y) <) i = > rankg (¢ @k S)-
i=1 i=1
Now, we turn to the proof of the second claimed inequality. We follow one of the steps in the
proof of [5, Proposition 3]. Fix i = 1,...,m. We have that A; Qk -+ ®k Aj—1 ®k Aij+1 QK * - - Rk A,
is an integral domain, then let us denote by L its quotient field. Let X/ = Proj(L[x;]/(a;)), we
define a rational map

F' X! --»Y' = Proj(S’) C P}
given by the classes of fo, ..., fs inside L[x;]/(a;), and we denote S := L[f]. Using the field inclusion
K — L we can check that any polynomial in the defining equations of the Rees algebra Rr(I) is
also contained in the defining equations of the Rees algebra Ry [x,]/(a;) (I ) In particular, we have
that the row space of 9; ®k[y) S is contained in the row space of 1 @y ', where 1)’ denotes
the Jacobian dual matrix of 7’. Hence, rankg(; ®py) S) < ranks (¢’ @y S’) < 74, and the last
inequality follows from [17, Corollary 2.16] or (11). O

The following birationality criterion is the main result of this section; it is the multi-graded
version of [17, Theorem 2.18] and [5, Theorem 2.

Theorem 4.4. Let F : X1 X -+ X X, -—+ Y be a dominant rational map. Then, the following
three conditions are equivalent:

(i) F is birational.
(ii) ranks(v; @k S) =1i for eachi=1,...,m.
(ZZZ) ranks(z/) ®K[y] S) =ri1+ro+---+1rm,.
In addition, if F is birational then its inverse is of the form G :Y --» X1 x --- X X, where

each map Y --+ X; is given by the signed ordered mazimal minors of an r; X (r; + 1) submatriz of
Vi of rank r;.
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Proof. (i) = (ii). Let us suppose that F is birational. From Lemma 4.1 we get an isomor-
phism Rg(I) 2 Rs(J1 @ - -+ @ Jp,) induced by the identity of K[x,y]. So we obtain the equality
(Z,a1,...,0a,) = (J,b) that in particular gives us

(14) [(Z,ar, - am)0,.. . 1,0 % ) = (T8« 0,...,1,...,0
—_— ~N —————

for each i = 1,...,m. By reducing modulo b, the right hand side of (14) yields a presentation
0—[(J, b)/b](*,o,...,L.._,o) — S[x;] — Symg(gi) = 0

of the symmetric algebra Symg (g;) of (g;). On the other hand, from the definition of Jacobian
dual matrices we have

[(Ia a, .- Clm)/b](0,..4,1,.4.,0,*) = Il (Xi ’ (wf ®K[Y] S))
Let Syzg(gi) be the matrix of syzygies of (g;). By the two previous reductions of (14), we obtain
(15) L (% - (¥f ®kpy) S)) = Ti(xi - Syzs(gi))-

Since both matrices 1} ®k[y) S and Syzg(g;) have entries in S, the column space of Syzg(g;) is equal to
the one of zbf@K[y] S. Finally, the fact that rankg(Syzg(g;)) = r; implies that rankg (¢! ®K[y] S) = Ti-

(ii) = (i). We assume that rankgs(v; ®py) S) = r; for each i = 1,...,m. Fixi = 1,...,m.
Let M; be a r; x (r; + 1) submatrix of v; such that rankg (Mi ®Kly] S) = r;. Denote by
Ao(y), A1(y), -+ , Ay, (y) the ordered signed minors of M. The Hilbert-Koszul lemma ([17, Proposi-
ton 2.1]) implies that the vector e,Ap(y) — epA4(y) belongs to the column space of M/, and
so also to the one of 9. Since by definition I1(x; - ¥7) = [(Z,a1,...,0m)| o 1 0. We get
xl}aAb(Y) - mi,bAa(y) € [(Ia a1,---) am)](o,i..,l,...,o,*)'

Making a substitution via the canonical homomorphism K[x,y] — Rz (I), we automatically get
i o Ap(f) — 2 pA(f) =0 € R, for every pair a,b.
From the inclusion S = K[f] = K[ft] C Rr(I) and the rank assumption, we have that the tuple
(Bo(D), .-, Ay, (£))

does not vanish on R. Let G:Y --+ X; X --- X X,;, where each map Y — X; is given by the tuple
(Ao(¥), -+, Ar(Y)) ®ky) S- We have proven that G is the inverse of F.

(ii) <> (i74). This part follows from the inequalities of (12) and the fact that ranks(¢ @k S) =

O

SOy ranks (i @k S)-

To illustrate this theorem, we provide two corollaries. The first one is a rigorous translation of
birationality in terms of an isomorphism between the corresponding Rees algebras; this result is
the multi-graded version of [54, Proposition 2.1]. The second is a specific birationality criterion
dedicated to some particular monomial maps.

Corollary 4.5. The rational map F : X = X1 X -+ X X, -=» Y is birational with inverse G if
and only if F is dominant, the image of G is X, and the identity map of K[x,y] induces a K-algebra
isomorphism between the Rees algebra Rr(I) and the multi-graded Rees algebra Rs(J1®Jo®- - -BJpm ).

Proof. One implication was proved in Lemma 4.1. Let us assume that 7 and G are dominant and
the identity map of K[x,y] induces an isomorphism between Rz () and Rs(J1 & -+ & Jp).

As in Proposition 4.3, let E = Cokerg (¢ ®k[y)S). Identity (15) gives us a canonical isomorphism
of S-algebras

Symg(E) = Symg(J1 ® -+ @ Jp).
From the assumption Rg(J; @ -+ B Jn) =2 Rr(I), we get the following isomorphisms

which are induced by the identity map on K[x, y].
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Performing the same computation of Proposition 4.3, now we get

dim(S) + Y (ri + 1) — ranks (¢ ®k(y) §) = dim(R) + 1
=1

dim(Y)+m+1+ Zri — rankg () ®kpy) S) = dim(X1) + - -+ + dim(X,,) +m + 1.
i=1
Since F and G are dominant, we have dim(Y) = dim(X;) + - -- + dim(X,,,). So it follows that
rankg (¢ Qkpy] S) = D oiey Ti
Therefore, from Theorem 4.4 we have that F is birational. Let us denote by G’ its inverse. Let

Ji,...,J, be the base ideals of G’. Applying Lemma 4.1, we have that the identity map of K[x,y]
induces the following isomorphisms

Re(Ji@®-dJ )2RrI) X Rs(J1 BB Jn).

In particular, we have an isomorphism between the symmetric algebras of J; & --- @& J,,, and
Ji @ - @ J), over S, which implies an equality between their syzygies. Therefore, the tuples
defining G and G’ are proportional and so they define the same rational map. O

Now, we focus on the case of a monomial multi-graded rational map F : (F’l)S --» P%. We
assume that I = (x®°,x* ... ,x%), where each a; = (. 1,...,Q;25) is a vector of 2s entries, and
x% denotes the monomial

TR e 735 B T2 Q251 0,25

X =Ty Ty " Tso 5,1

In this setting, the presentation (4) of R(I) can be encoded by the following matrix:

€1 €9 e €2 04071 01171 e 04871
(16) M = : . . . ,
®p2s (125 ... Q525
1 1 e 1

where e1, es, . ..eo, are the first 2s unit vectors in Z2**!. For any integer vector 8 € Z3*1, we
denote by xy” the following monomial

B _ B, B2 . Bas—1 Bas  Bast1r, Baste ) Basyr
Xy B =Ty10%11 " Ts0 Ts1 Yo Y Ys .

The ideal of defining equations of R(I) is a toric ideal (see [61, Chapter 4]). It is generated by the
following binomials

(a7 I=(xy"" —xy” |MB=0, B=p"—5", B*.67>0).

The following corollary contains a very effective way of testing the birationality of F, which can
be done for instance by using Hermite normal form algorithms.

Corollary 4.6. Let F : (Pl)s --3 P® be a monomial dominant multi-graded rational map. Let A
be the submatriz of M in (16) given by the last s + 1 columns. Then, F is birational if and only if
the following conditions are satisfied for eachi=1,...,s:

(18) {re Z | Ay =epiq — e2i ) # 0.
Proof. From Theorem 4.4 we only need to check that

0, 1 ”.0*)7&0 foreach ¢=1,...,m.

i-th
By the description of (17), this inequality is equivalent to the solution of the systems of equations
given in (18). O
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4.2. Linear syzygies and some consequences. The birationality criterion provided in Theo-
rem 4.4 requires the computation of the equations of the Rees algebra of the base ideal of a rational
map. In this subsection, we investigate how the syzygies of the base ideal can be used instead in
order to deduce, or to characterize, the birationality of a multi-graded rational map.

Notation 4.7. Let ¢ be the matriz of syzygies of I whose entries are multi-homogeneous polynomials.
We denote by o1 the submatriz of ¢ whose columns are the columns of ¢ corresponding to syzygies
of I of multi-degree (1,...,0), (0,1,0,...), ..., or (0,...,1). The matriz 1 is called the linear part
of the matrixz ¢.

The following proposition is based on [17, Theorem 3.2] and [5, Proposition 3].

Proposition 4.8. Let F : P™t x---xP™ ——» Pt 4"m phe g dominant rational map. If rank(p1) =
r1+ -+ rm, then F is birational.

Proof. We choose a matrix p with entries in S such that y - ¢1 = x - p. Let E = Coker(p), then the
previous equality gives us the isomorphism Symp (Coker(y;)) = Symg (E). We present the Rees
algebras Rp(Coker(p1)) and Rg(E) by

Klx,y] Klx,y]
(L(y - ¥1),Th) (Li(x-p), T2)’

where 77 represents the R-torsion of Symp(Coker(¢;)) and Tz is the S-torsion of Symg(E), both
lifted to K[x,y]. Since S is an integral domain and F has rank, then Rg(E) is an integral domain
and so ([1(x - p),T2) is a prime ideal.

Let G(x,y) € T1. There exists F(x) € K[x]\ 0 such that F(x)G(x,y) € I1(y-¢1) C (I1(x-p), T2).
We assume G(x,y) € (I1(x-p), T2), then it follows that F(x) € T3 due to the fact that (I;(x-p), 72)
is prime and the ideal I (x - p) is generated by multi-homogeneous polynomials with positive degree
on y. Thus, there exists a polynomial H(y) € K[y] \ 0 such that H(y)F(x) € I;(x - p). Since
I (x - p) is generated by syzygies of I, when we substitute y; — f; then we get H(f)F(x) = 0. From
the fact that H(f) # 0 (note that here we have S = K[y]), it follows the contradiction F(x) = 0.

Therefore, we have a surjective R-algebra map Rp(Coker(p1)) - Rs(E), and so we get the
inequality

Rr(Coker(p1)) = and Rg(FE)=

dim(Rs(F)) < dim(Rgr(Coker(y1)))
dim(S) + Z(ri + 1) —rank(p) < dim(R) + 1 + Z r; — rank(p1).

i=1 i=1
Substituting rank(pr) = >0, 75, dim(S) =1+ 31", r; and dim(R) = .0, (r; + 1), we get

m

Z r; < rank(p).
i=1

The inclusion I7 (x - p) C I (x- ") gives us the inequality rank(p) < rank(¢!). Combining this
with Proposition 4.3 we necessarily get rankg (¢ ®xpy S) = Y.~ ri. Therefore, the result follows
from Theorem 4.4. O

The above proposition gives a sufficient syzyzy-based property to ensure birationality. In the
next result we prove that it becomes also a necessary condition under the assumption that the
base ideal is of linear type. This effective birationality criterion is the multi-graded version of
[17, Proposition 3.4].

Theorem 4.9. Let F :P™ X -+ X P'm ——» PT1t+m pe g rational map whose base ideal I = (f)
is of linear type. Then, the following conditions are equivalent:

(i) F is birational.

(i) rank(p1) =11+ -+ T
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To prove this theorem, we will need the following preliminary lemma on the torsion of symmetric
algebras in the multi-graded setting. It is essentially an adaptation of [17] to the multi-graded case.
As we are following the general setup of [57], Rr(I1 @ - & I,,) means Symp(l; @ --- @ I,,) modulo
its R-torsion.

Lemma 4.10. Let R be a Noetherian commutative ring and Iy, ..., I, be ideals having rank one.
Then, we have the following relation between (multi-graded) symmetric and Rees algebras

Symp(l1 & @ I,)
H%---In (Symgp(I1 & --- & I,))

In particular, if R is local with mazimal ideal m and each I; is m-primary then we have

Symp(L & - ®I,)
Re(li ® - @ I,) = .
w(h ) HY, (Symp(L @ -+ @ I,,))

Rr(li®--&l,) =

Proof. As part of the proof of this lemma we shall obtain that Rg(I; & - - @ I,,) coincides with the
usual multi-graded Rees algebra

Re(h,....In)= @ L Lirtl -ty
11 yeeesin
By the assumption that each ideal I; has rank one then we have grade(I;) > 1, and from the
Unmixedness Theorem (see e.g. [7, Exercise 1.2.21], [10, Theorem 125]) we can assume that I; = (f;)
where f; = (fi1,..., fim;) and each f; ; is an R-regular element.
Let A be the polynomial ring A = R[T4,...,T,] where T; = {T}1,...,Tjm,} for each i =
1,...,n. The symmetric algebra Symp(Il; @ --- @ I,,) can easily be presented by

where 77 = (Il (T - Syz(£)),..., (T, - Syz(fn))). On the other hand, the Rees algebra can be
presented by
0—-Z—A—Rg(l,....,I,) >0
T; — fit;,

where Z is the ideal generated by the multi-homogeneous polynomials F'(Ty,...,T,) € A such
that F(fy,...,f,) = 0. Therefore, we want to analyze the canonical exact sequence

0— (Z/Ty) = Symp(Lh @ -+ @ I,,) = Re(l1,...,I,) = 0.
It is clear that the R-torsion submodule of Symp(I; & --- @ I,) is contained in Ker(a), and in

particular, by the assumption on the ideals I;, the elements of Sympg([; @ --- @ I,,) annihilated by

some power (I ---I,,)" are also contained in Ker(a). If we prove that any element in Ker(a) is
contained in the R-torsion submodule of Symp(l; & --- @ I,,) and is annihilated by some power

(I -~ In)l7 then we are done because we get the following equality and isomorphism
Symg(I1 @ --- @ I)
HY . (Symp(l & - & L,))

RR(11®@In): g,R'R(Ila-”ajn)'

By the assumption that all the f; ; are R-regular, the proof of the two previous assertions will
follow from the next claim.
Claim. Let F' € Z. Then, for any element of the form fi j, faj, -+ fnj, (i-e. a generator of
Iy ---I,,), there exists some integer [ > 0 such that (f1j, f2.j, -+ * fnju)'F € Th.
Proof of the claim. Fix any generators fi ;, € I, faj, € I2,..., fnj, € In. Let I’ € T be multi-
homogeneous of multi-degree (dy,ds, . ..,d,) we shall proceed by induction on d = dy + -+ - + d,,.

In the inductive step, it is enough to prove that there exists integers a; >0, ..., a, > 0 such that
ﬁ;& gf?z o fg,;nF €.
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If d =1 then F clearly satisfies the previous condition. So, we assume that d > 1 and by simply
ordering the variables T; we may suppose that d; > 1. We can write F in the following way

F =3 TipHi(Tik o Timys Taoe o, )

Then we define the following polynomial

my

G = ZTLka(ka,uo7f1,m1,f2, . '7fn)
k=1

which belong Z;. We compute the polynomial
fdl' 1f2 2 fn n F— le 1Td2 .. ngnG —

1,51 Lj1 2,52

ZT1k<ff;112h S H(Tiks o Tromy Ty T ) =

T1d211T5132 Td Hk(flk7"'7f1,m17f2a"'7fn)>a
where each polynomial

di—1 dy—1rpd.
g g (T Ty Ty T ) =105 T8, T B (frps oo frams B )

belongs to Z and has total degree smaller than d. Therefore, the proof of the claim follows by
induction. ]

Proof of Theorem 4.9. (i1) = (i) Since I is of linear type then the polynomials of f are algebraically
independent. Therefore, this implication follows from Proposition 4.8.

(i) = (i) From the assumption of F being birational, let g;,...,gm, be a set of representatives
of the inverse map G : P11+ +7m __5 P71 x ... x P™m,

Since I is of linear type, we have Z = I1(y - ) and so we obtain the following equality
(19) Li(y-¢o1) =1 (x-9").

Due to the isomorphism obtained in Lemma 4.1, the module (g1) @ - - - ® (g,,) has the following
presentation

SP w_> gritetrmtm (g1) ®---D (gm) — 0.
We also also consider the module E = Coker(y1) with presentation
RP £ gritermtl L B0,
From the equality (19) we get an isomorphism Symg ((g1) @ - @ (gm)) = Sympg(F) induced by
the identity map of K[x,y]. Then, we have the following
Symg((g1) @ -+ ® (8m)) = Sympg(E) - Rr(I).
Let 7 be the S-torsion of Symg((g1) @ -+~ ® (gn)) and A be the isomorphism

A:Symg((81) @+ @ (gm)) = Symp(E)
If we prove that A(T) is contained in the R-torsion of Symp(F), we will get the following epimorphism

Rs((g1) ® - & (8m)) — Rr(E) - Rr(I).

Therefore, from Lemma 4.1 we get Rs((g1) @ -+ ® (8m)) = Rr(F) = Rr(I) and so rank(E) = 1
which implies the statement.
Thus we shall focus on the claim below:
Claim: A(7) is contained in the R-torsion of Sympg(FE).
Proof of the claim. First, by applying Lemma 4.10 we get that there exists some [ such that

((81) - (8m))'T = 0. Here, we are considering (g1)--- (gn) C 5 C Symg((g1) @ -+~ & (gm)),



DEGREE AND BIRATIONALITY OF MULTI-GRADED RATIONAL MAPS 31

thus ((g1)--- (gm))l lifts to K[x,y] exactly as ((g1)--- (gm))l. We map into Symp(F) using the
canonical map

Klx,y] = Symp(E)
X > Xy, Yi — €4,

where e; are the homogeneous generators of E given by its presentation. Summarizing, we have
that

A((g1) -+ (&) T) = (81(€)) -+ (gm(e)))

We have the canonical surjections

A(T).

Symp(E) 25 Re(E) 2 Re(I) C R[Y.

Also, we can make the identification
02(01(((82(e)) -+ (8m(e))) ) = (&1(F1)) -~ (un(£1)))" € R(D),

and from the birationality assumption we have that ((g:(ft))--- (gm(ft)))l # 0. Hence, it follows
that

61(((81(e) -+ (&n(©)) )1 (A(T)) = 0 € Ra(E)

with ¢1(((g1(e))---(gm(e)))l) # 0. Since Rr(F) is an integral domain, we get our claim
¢1(M(T)) = 0. 0

5. RATIONAL MAPS IN THE PROJECTIVE PLANE WITH SATURATED BASE IDEAL

In this section we focus on dominant rational maps F : P? --» P2 whose base ideal [ is saturated
and has dimension 1. To emphasize our interest in these cases, we recall, for instance, that the base
ideal of plane birational maps of degree d < 4 must be saturated (see [28, Corollary 1.23]).

A straightforward application of the Auslander-Buchsbaum formula yields that the conditions of
I being saturated and perfect are equivalent. Therefore, we will assume that I has a Hilbert-Burch
presentation (see e.g. [18, Theorem 20.15]). We adopt Notation 3.19 with » = 2, and also the
following conditions.

Notation 5.1. Assume that I = (fo, f1, f2) C R(= K[zo,x1,22]) is saturated and dim(R/I) = 1.
The presentation of I is given by

(20) 0— R(—d — 1) ® R(—d — jiz) 2 R(—d)> - 1 — 0,

where I is generated by the maximal minors of @, w1 + e = d and puy < ps. The matriz of ¢,
which we just denote by p, is

ap,1  ap,2
Y= ai1 a2
a1 Qa2

The main result of this section is Theorem 5.14 where we derive a very simple birationality
criterion for rational maps F whose base ideal satisfy (20) with the additional assumption that
p1 = 1. This result is based on a complete description of the equations of the Rees algebra of I in
this setting, which is given in Theorem 5.12.

Before going further, we first notice that the degree of F under our assumptions is connected to
the couple of integers (1, f12) defined in (20).

Proposition 5.2. Let F : P? -——s P2 be a dominant rational map with a dimension 1 base ideal I
that is saturated. Then,
deg(F) < pipe

with equality if and only if I is locally a complete intersection at its minimal primes.
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Proof. The degree formula of Theorem 3.3 gives us deg(F) = d? — e(B). We also know that
deg(B) < e(B) and deg(B) = e(B) if and only if I is locally a complete intersection at its minimal
primes. Now, using the resolution (20) and a simple computation with Hilbert polynomials, we get

t+2 t—d+2 t—d— +2 t—d— + 2
deg(B)ZPR/I(t):(Q)_?’( 2 )+< ) >+( ) ):dQ_’““Q'

Therefore, we deduce that deg(F) < pjpe and deg(F) = pype if and only if I is locally a complete
intersection at its minimal primes. O

5.1. Properties of saturated base ideals. Below, we gather three technical results on some
properties of the base ideal I under our assumptions. We will need them in the sequel.

Lemma 5.3. Assume that dim(R/I) =1 and I is saturated. Then, the following statements hold:

(i) H}(R) # 0 if and only if j = 2.

(i1) Assg (H?(R)) is a finite set and equal to

Assp (H7(R)) = Assg (Exty(R/I,R)) = Assg (R/I).
Proof. (i) From the Grothendieck vanishing theorem [, Theorem 6.1.2] we get that H} (R)=0
for j > 3. The connection of grade(! ) with local cohomology [6, Theorem 6.2.7] implies that
H)(R) = 0 for j < 2 and H3(R) # 0. Finally, a graded version of the Lichtenbaum-Hartshorne
theorem [, Theorem 14.1.16] yields H3(R) = 0.
(i1) From [16, Proposition 1.1(b)] we have that Assg (H7(R)) = Assg (Exth(R/I,R)). The

module Ext%(R/I, R) is the so-called canonical module wp /1, and its associated primes are given
by the unmixed part 1" of I (see [51, page 250, Lemma 1.9(c)]), that is

Assg (Exty(R/I,R)) = {p € Assgp(R/I) | dim(R/p) = 1}.
Since dim(R) = 3, we finally get that I" coincides with I%** = I. O
Using the present hypotheses we would like to better exploit the exact sequence
0— K — Sym(I) - R(I) — 0.

We recall that the symmetric algebra can be easily described with the presentation (20) of I, and
its defining equations are given by

(21) (91,92) = (o, y1,¥2) - -

Hence, we have an isomorphism
Sym(I) = A/ (g1, 92) -

We also have that {g1, g2} is a regular sequence in A (see [58, Corollary 2.2]) and so the corresponding

Koszul complex
g1
e

(22) Le: 0— A(—d,—2) A(=py,—1) & A(—pa, —1) (91,92) A

is exact.

Lemma 5.4. Assume that dim(R/I) =1, and I is saturated. Then, the torsion submodule K is
described by the exact sequence
()

0— K — H} (A)(~d, —2) % H} (A)(—p1,—1) & HF(A)(—pa, —1).

Proof. We consider the double complex L, ® g C7. Computing with the second filtration we obtain
the spectral sequence

I pp—q _ H?(Sym([)) ifg=0
2 = .
0 otherwise.
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On the other hand, by using the first filtration we get that 'E; "% = H%(L,). Hence, from
Lemma 5.3(i), the only row that does not vanish in 1E}*® is given by the complex

HE(LL) s 0 3 (A)(—d, ~2) — B3 (A) (—pig, —1) & H2(A) (—pz, —1) — H3(A) 0.

Thus we obtain

ip-ra _ JHp(Hi(LS))  ifg=2
2 0 otherwise.

Since both spectral sequences collapse, from Remark 3.6 we get
K = HY (Sym(I)) 2 Hy (H(L.)).
and so the assertion follows. a

Notation 5.5. For z = z; or z =y; and F € A, we denote with deg,(F') the maximal degree of
the monomials of F' in terms of z.

Using the presentation matrix ¢ of I, we characterize when I is of linear type.

Lemma 5.6. Assume that dim(R/I) =1 and I is saturated. Then, I is of linear type if and only
if I1 (@) is an m-primary ideal.

Proof. Using Notation 5.1, we have that g1 = ag,1y0+a1,1¥1+a2,1¥2 and g2 = ap,2Y0+a1,2y1+a2,2Y>.

(=) Let us assume that I; () is not m-primary. Then, we have that I1(¢) D I2(p) = I and
ht(I1(¢)) = ht(I) = 2. So the minimal primes of I (¢) are contained in the set of associated primes
of I. In particular, there exists some p € Assg(R/I) with I1(p) C p. From Lemma 5.3(ii) we
have that p € Assg (H%(R)), and this implies the existence of an element 0 # v € H(R) that is
annihilated by I (). Considering v as an element in H7(A), we get g1 - v = go - v = 0. Therefore,
from Lemma 5.4 we obtain IC # 0.

(<) Here we suppose that I (¢) is m-primary. By contradiction, we assume K # 0, and choose
0# w € K. Since H3(A) = H7(R) @k S, w can be written as w = Zfi:l v; @k m; where v; € H3(R)
and m; is a monomial in S. For each 0 < j < 2, we have a unique decomposition

w = wj +wj,
where w; # 0 is obtained by adding all the terms v; ®k m; such that the value of degyj (m;) is
maximal. From the condition g, - w = g2 - w = 0, we automatically get that a;1-w; = a;2-w; = 0.
Therefore, we have obtained that I)(¢) is composed of zero divisors in H(A). By the isomorphism
H7(A) = H}(R)®x S and Lemma 5.3(ii), we have that Assg (H7(A)) = Assg (H}(R)) = Assg(R/I).
Finally, the prime avoidance lemma implies that I;(p) C p for some p € Assp(R/I), and this

contradicts the fact that I is saturated. (]
Remark 5.7. As in [28], an alternative proof of Lemma 5.6 can be obtained from either [32, Section
5] or [59, Proposition 3.7]. Indeed, one can note that I is locally a complete intersection at its

minimal primes if and only if I () is an m-primary ideal. Therefore, the result follows from the
fact that I is an almost complete intersection.

5.2. An effective birationality criterion in the case p; = 1. In this subsection, we focus on
computing the defining equations of the Rees algebra in the case y; = 1 (Notation 5.1). As a
corollary of this computation, we obtain a simple characterization of birationality in the particular
case i1 = 1 (Theorem 5.14) by means of the Jacobian dual criterion (see Section 4, but also [17]).
Our proof is inspired by the method used in [14]. We shall see that it is enough to treat the
following special case.

Notation 5.8. Assume that dim(R/I) = 1 and I is saturated. Suppose that the presentation
matriz in (20) is of the form

To Do
¥ = -1 pP1
0 po

Here we have that g1 = xoyo — T1y1 and g2 = poyo + P1y1 + D2y2-
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We now give a version of Lemma 5.4 that uses the more amenable ideal (z¢,z1) as the support
of the local cohomology modules.

Lemma 5.9. Using Notation 5.8, the following statements hold:

(i1) The torsion submodule K is determined by the following exact sequence

(#ii) Via this identification, we have that K is generated by

0— K — H? (A)(—d,—2)

(zo0,21)

HY,, 2 (A)(—1,-1) @ HY,, o) (A)(—d+1,-1).

(Io,ml) (73075131)

K = A-{wn | 0<n<d-2 and gg-wn:O}

where each wy, is of the form
— & 1 d—2—n—1i,1 H2 A 0 9
W= ) iA1= %0 Y1 € |Hgg,e) (A0, -2)

i=0 To T1 n—d

Proof. (i) From Lemma 5.4 we have that any F' € K can be written as F' = 22:1 a;yV', where
each a; € H?(R), and satisfies g1 - F = go - F' = 0. Since g1 = xoyo — T1y1, we can conclude that
there exists some u > 0 such that 2 F' = 2} F = 0. From the fact that I C (xg, 1), we get a neater
description of K given by

K =H{ (K) = H{ (H? (Sym(I))) = H{ (Sym([)).

(wo,1) (w0,21) (wo,21)
(#4) To obtain the required exact sequence we follow the same arguments as in the proof of
Lemma 5.4. We consider the double complex Ly @z C,, ), where L is the Koszul complex of (22).

Examining the spectral sequences corresponding to the first and second filtrations of Ly ® p C

(zo,21)’
we obtain
K= H?zo,ml)(sym(‘[)) =H, (H%zg,xl)(LC))'
From this isomorphism we get the claimed exact sequence.
(#i7) First we note that H?gco,wl)(.A) = xolxl Klzgt, 21", 2,90, Y1, y2]. In this part, we describe a
set of generators of the kernel of the multiplication map
(23) HE, oy (A)(—d, —2) <5 HE, .y (A) (—d + 1, -1).

Using that g1 = xoyo — x1y1 does not depend on the variables xo and y-, then a set of generators of

the kernel of this map is given by just considering elements inside the subring xolwl Klzg L ml_l, Yo, Y1]-

Let € —2 K[z, 27, 50, y1], then we expand it as follows:

Toxq
m
F=Y"Fuysyt
i=l

where each F; € xolxl Klzg ', 21 ']. The condition (zoyo — z1y1)F = 0 gives the relations

zoFyy Tyl =0, @ Fpyymy? =0,  and (oniyoH_l —~ anFi_lyg“) yi =0 for I+1<i<m.
We can easily conclude that a set of generators of the kernel of (23) is given by elements of the form

1
7m+7m71 ++7m
wo&UTH Yo 3z Yoo 4 x6n+1x1 i
where m > 0. Therefore, to conclude we only need to take into account the shifting of —d in the
grading part corresponding with R, and intersect with the elements that are also annihilated by

the other equation go. O

Now, we describe the process of computing the so-called Sylvester forms that have been success-
fully used in several papers like [14,28,35].
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Algorithm 5.10. Using Notation 5.8, we compute iteratively the set of forms Sylv(mom)(cp), as
follows.

(1) Seti=0, Fo = g2 and Syl () = 0.
(I1) While F; € (x9,x1) we perform the following steps:
(a) Write F; in the convenient form F; = (F;), o + (F}),

(2)-(s, @ ) ()

Then, the (i + 1)-th Sylvester form is computed with the determinant

Yo —Y
F; 1 = det .
i © < (Fi)ﬂlo (Fz)wl )

(b) Set SYlvgy o) () = SYW(gy 1) (0) U{Fis1}-
(c) Seti=i+1.
(1I1) Set m =i and return the set of computed forms Sylvi,, .. (@) = {F1,..., Fn}.

We emphasize for later use that bideg(F;) = (d—1—14,i+ 1) for each 0 < i < m.

1 to get the equation

The next lemma relates the torsion of the symmetric algebra with the Sylvester forms.

Lemma 5.11. In Algorithm 5.10, for each 1 < i < m the following statements hold:
(i) {g1, F;} is a regular sequence.
(i) There is an isomorphism

o, =[]

d—1—i
Proof. The proof is obtained by induction on 1.
Let ¢ = 1. Since {zg,x1} and {g1, g2} are regular sequences, from Wiebe’s lemma (see e.g. [39,
Proposition 3.8.1.6]) we get the following exact sequence
ES)
I @1
(24) 0 — A/(zo,21) = A/(g1,92) —— [A/ (g1, 92))%,
where F is the first Sylvester form. Thus we have F; € (g1,¢2), and since g; is an irreducible
polynomial, we get that {g1, F1} is a regular sequence. From the fact that bideg(g2) = (d — 1, 1),
for any v € A with deg, (v) < d — 2 the exact sequence (24) gives the following equivalences

v E ((91792) : (9007151)) v € (91,92, F1) <= v € (g1, ).
In other words, we obtain the isomorphisms

(O s v )], =[] o [l

Therefore, both conditions hold for ¢ = 1.
Let 2 < i < m. By induction we assume that conditions (i) and (i%) are satisfied for i — 1. Again,
from Weibe’s lemma we get the exact sequence
()
x1

(25) 0 = A/(zo,21) =5 A/ (g1, Fim1) ~——2 [A/ (g1, Fim)]’,

where F; is the i-th Sylvester form. By the same previous argument, it is clear that (gq, F;) is a
regular sequence. Using the exactness of (25) and similar degree considerations, we have that

v e ((ghFi,l) : (LL‘(),LL'l)) v E (gl,Fz;l,Fi) — v E (917F1‘)
for any v € A with deg, (v) < d—1—4. Thus, we also have the isomorphisms

lfoilnel)]  oflfoan) | ofmd)
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Since degy (Fi—1) =d —1— (i —1) and [Sym(I)]_,_, = [A/(g1)]<4_o, We get

e W 0 |

From the inductive hypothesis we already have

{(0 “Sym(1) (xo,xl)“l)} ~ [(glé;})l)

d—1-(i—1) B :|d—1—(z'—1).

By assembling these isomorphisms we conclude that the condition (i)

{(O ‘Sym(I) ($0a$1)i)}d—1—z‘ = [(g(lg’ji)} d—1—i

also holds for the form F;. Therefore, we have that both conditions are satisfied for all the Sylvester
forms. |

The following theorem gives explicit generators for the presentation of R(I). It can be seen as a
natural generalization of both [14, Theorem 2.3] and [28, Theorem 2.7(i)].

Theorem 5.12. Let Sylv(mo’ml)(cp) be the set of Sylvester forms computed in Algorithm 5.10. Then,
the defining equations of R(I) are minimally generated by

{917 92} U Sylv(wo,acl) (SO)

In particular, it is minimally generated in the bi-degrees
(1,1),(d-1,1),(d—2,2),...,(d—1—m,m+1).
Proof. Let e =d —1 —m. In Lemma 5.11(4:) we proved that

{(O “Sym(I) (wo’xl)m)L = {WL

which implies that for any j > 0 we have

m+j ) Fm j
(26) |:(0 *Sym(I) ($0,$1) +J>:| . = |:<(gl) *Sym(I) (‘r07x1)J):| .
€e=J (91) e—j
Since F,, & (xg,21) and g1 € (xo, 1), we deduce that the term on the right is always equal to zero.
From Lemma 5.9(4i), a set of generators for K is given by elements of the form

d—2—n

1 d—2—n—1i, i 2
wn = ) it 1Yo Y1 € [H(wo,a:l)(A)(Oa —2)]

=0 T 1 n—d

Hence, for any j > 0 we have that (zg,21)""’ - w._; = 0. The vanishing of the equation (26)
implies that w._; € K for all j > 0. Therefore, the elements wg_2,w4_1,...,w, generate K. Using
the isomorphisms of Lemma 5.9(¢i¢) and Lemma 5.11(i7), we identify wgy—_1_; as a multiple of
F;, and this implies that Fi, F5, ..., F,, is also a set of generators of K. Finally, simple degree
considerations yield that {g1, g2, F1, Fa, ..., F,,} is a minimal set of generators. O

We are now ready for providing our birationality criterion. We notice that from Proposition 5.2,
we have that the rational map F is birational for d < 2 under our assumptions. Therefore, we only
need to consider the cases d > 3. Before stating the main result we make the following point.

Remark 5.13. In the presentation matriz ¢ of (20), if p1 =1 and ht(I1(p)) = 2 then the vector
space spanned by the linear forms of the first column has dimension 2. Therefore, in this case we
can make a linear change of coordinates and assume that ¢ is given as in Notation 5.8.

The following result covers a family of birational maps that include the classical de Jonquieres
maps (see e.g. [28, §2.1]).
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Theorem 5.14. Let F : P? --s P2 be a dominant rational map with o dimension 1 base ideal I
that is saturated. Suppose that ¢ in (20) satisfies p1 =1 and d > 3. Then, F is birational if and
only if the following conditions are satisfied:

(i) ht(I1(p)) = 2.
(ii) After the linear change of coordinates of Remark 5.13, in Algorithm 5.10 we have m = d — 2.

Proof. After a linear change of coordinates the condition of birationality remains invariant. From

the Jacobian dual criterion ([17, Theorem 2.18] or Theorem 4.4) we have that F is birational if

and only if there is another equation of bi-degree (1, ), and by Theorem 5.12 this is equivalent to

m=d— 2. U
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