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Abstract. We discuss Petrov type D Einstein-Maxwell fields in which both
double null eigenvectors of the Weyl tensor are non-aligned with the eigenvectors
of a non-null electromagnetic field and are assumed to be geodesic, shear-free,
diverging and non-twisting. We obtain the general solution of the Einstein-
Maxwell equations under the extra condition that the complex null vectors of
the Weyl canonical tetrad are hypersurface orthogonal. The corresponding space-
times are all conformally related to a Killing-Yano space and are described by
a b-parameter family of metrics, admitting two commuting Killing vectors and
having the C-metric as a possible vacuum limit.

1. Introduction

In the quest for exact solutions of the Einstein-Maxwell (EM) equations considerable
research has been devoted to the study of aligned EM fields, in which at least one
of the principal null directions (PNDs) of the electromagnetic field F is parallel to a
PND of the Weyl tensor, a so called Debever-Penrose (DP) direction. One of the main
triumphs of this effort, spread outi between 1960 and 1980, has been the complete
integration of the field equations (with a possible nonzero cosmological constant A), for
the Petrov type D doubly aligned non-null EM fields, in which both real PNDs of F are
parallel to a corresponding double DP vector and are geodesic as well as shear-free, the
so called[3] class D metricgf] In a recent study[I4] of non-aligned algebraically special
EM fields it was noted that, at least for nonzero cosmological constant A, the double
alignment condition of the class D metrics is actually a consequence of their multiple
DP vectors being geodesic and shear-free. Therefore this is also a necessary condition
for the existence of a 2-index Killing spinor, with the consequence of enabling[18]
to completely integrate the null geodesic equation for the whole class D. A natural
question therefore arises as to whether EM solutions exist which are of Petrov type D,
have A = 0 and in which the two real DP vectors k, 1 are geodesic and shear-free, but
are both non-alignedf] with the PND’s of a non-null electromagnetic field F. While
the “Kundt” case of vanishing divergence of either k or 1 (i.e. p or p = 0) can be

xsee for example the reviews in [8] [13]

tthis class contains famous examples such as the Reissner-Nordstrom and Kerr-Newman solutions
and, together with the Plebanski-Hacyan space-times[I2] and Garcia-Plebanski space-times[6],
represents the general solution for the doubly aligned Petrov type D EM fields

fa related question for Petrov type III was dealt with recently in [I5]
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dismissed, as it immediately implies at least half-alignmentls] the general case with
pp # 0 remained elusive, even under the simplifying “double Robinson-Trautman”
(RT) assumption that k and 1 are both non-twisting.

In this paper we give an affirmative answer to the above question. We present all
corresponding double RT space-times satisfying the extra condition that the complex
null vectors of the Weyl canonical tetrad are hypersurface orthogonal and discuss some
of their properties.

The structure of the paper is as follows: in §2) we set up a suitable null tetrad,
present the relevant Geroch-Held-Penrose[7] (GHP) equations and show that the
“normalised” Maxwell components % and E—; are opposite complex numbers, allowing
us to write ¢ = pCo f, P2 = —punCo f with f and Cy (0, 0)-weighted GHP Variables
A completely integrable system is then constructed for the GHP variables describing
the situation at hand. In §3] we translate this into the corresponding Newman-Penrose
(NP) variables. We then obtain a final system of partial differential equations and
construct its general solution. In §4] some properties of the resulting metrics are
discussed.

Throughout we assume that the reader is familiar with the GHP and NP formalisms,
but for convenience a short overview of GHP is presented in the Appendix.
For notations and sign conventions we refer to [13].

2. Main equations

Investigating non-aligned Einstein-Maxwell fields first requires choosing an appropri-
ate null tetrad, either adapting it to the Weyl tensor or to the electromagnetic field.
Both approaches can have their advantages, but here, as we aim to study non-null
Einstein-Maxwell fields of Petrov type D, with an additional assumption on the DP
vectors (namely their being geodesic and shear-free), it appears preferable to use a
canonical Weyl tetrad. The relevant equations are then obtained by substituting
Uy = ¥y = U3 = Uy =0, together with k =v =0=A=p—p=np—pn=20
(k,1 are assumed to be geodesic, shear-free and non-twisting) into equations
131)) of the Appendix. Note that we also impose the assumption 7 + 7 = 0, which
guarantees that the complex null vectors m and @ of the Weyl canonical tetrad
are hypersurface orthogonal (m A dm = 0) Next we define extension variables
R = P®y, S = 005, T = —P'p (R,S complex and T real), after which the Ricci,
Bianchi and Maxwell equations are solve to yield the following system:

Op  =PoP1, Pp=p° + By, P'p=-T, (1)
on = -—aT—pu+T — Uy, 01 =—-0y0) — 7%, P'r = 0,01, (2)
0Py = udy — 270, — R/, p/@1 = 2ud; + 7P + S, (3)
5@2 == S, EY@Q == 0, P(I>2 == R, IDI(I)2 == 07 (4)
6\1/2 = 2p‘b1@ + 2?‘1)151 - @Sl + ER/ - 37\1’2,

xone can also prove that “half-Kundt” necessarily implies "double Kundt” and hence double

alignment
tf positive and |Co| =1
tsome preliminary work shows that large classes of solutions may exist when m A dm # 0

8to solve the Bianchi identities for the variables P’ ®5,0'®5 it is essential that the electromagnetic
field is non-null: ®gPy — @% #0
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DUy =2pP D + 27D Dy — ©1S" + PR’ + 3pUo,

DUy = —2u®; Py + 2P Py + 1S — 2R — 3uVs, (5)
with, by (125)' — (I25), 7 — 7" = W5 — W5 and hence (7, 7" being real) 7— 7" = 0 and
Wy = Uy, The equations for 4 and ® have been omitted, as they can be obtained by
“priming” equations and . Similarly &'p, Pm, 8'®,, P&y, 3'¥y and P, can be
obtained by the prime and complex conjugation of (1H5)). This will hold throughout
this section and results in a significant reduction of the computational effort.
Note that if p, u or m = 0, then by (L}2]) it immediately implies half-alignmentj+
We now apply the [0,0], [5, P’] ,[0",P] commutators to ® and the |¥, P’}
commutator to ®; to obtain the following derivatives of R and S,

5/8 = 2(\112 — @131 — pu)q)27

p/S = Q(ILLW — @1@)@2 — ,uS,

R = —2(®1P¢ + 7p) Py — 7R,

P'R = (207 — 28,®; + Uy)®y — 3(uR — 7S),

~ o~ o~
o g D

©
= D —

after which the [ID/, ID] commutator applied to ®5 results in an algebraic relation
(I)Q\I/Q —/LR+7T8:O. (10)

We will use to express R and S in terms of the (0, 0)-weighted quantity w = S/pu.
Evaluating the combination of commutators, [0/, 3]®; — [0/, P'|®q + [0, P]®2, we obtain
the relation

7w +7TO'w' = (W' +w)(2pp — 77 — T) + 2®omp + 2Po7p
d — — d - —
+ 70(2@1 —w)(Dop — Bym) — 72(2@1 +w')(Bap + B17)

d Oy D1 PgD; PPy
o | 2o 210 1P2P

+ o= p 2 ) (11)
which can be used to simplify the expression
P[0, P)S' + 7[5, 0)S' + S'[, 3 — ‘I“‘I’Q:T‘S/[a’, 3o
to yield
ot — B0’ = (24 ) o — ) (P — P232) 440, (s + 7

+ (W' + w)(Prup + 177 + ©1PoDy) + 201 (up — 77) (W + w')

+ 1p®@a (3w’ + w) — Tud (3w + w')

+ 77 (ww — w'w') + pp(w'w — ww'). (12)
One can show that, when (11Ji12), considered as a system for dw and &'w’, is non-
singular, solutions are necessarily doubly-aligned or conformally flat. We omit the
tedious and lengthy proof of this property: the proof (in which the earlier derived

reality of Uy plays an essential role) is available from the authors, either by email
to the second author for a semi-automated version, using the algebraic computing

xone can show that also double-alignment follows, i.e. half-aligned Petrov type D Einstein-
Maxwell-Kundt solutions with geodesic and shear-free DP vectors do not exist
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package STEM, or, via a more manual approach, from [16]. When this system is
singular, i.e. when

ur®o + prPe =0, (13)
we can write

Oy = prCo f, P2 = —pumCof, (14)

with (0,0)-weighted quantities f and Cp, such that f is real positive and |Cp| = 1.
Acting now on with the operators 70 + 70’ and 70 + pP’ results in

w+w =0 (15)
and

Rejecting the case pu+77 = 0 (acting on this with the & and P’ operators immediately
leads to conformal flatness), we have

7B, — 7P By = 0. (17)
This allows us to define a (real positive) (0,0)-weighted function g by

¢, = Cog, (18)
which combining with the @' derivative of and yields

T = Uy + pp(l + f207) — 00%. (19)
Finally, acting on or leads to
dw = 2C f7(g* + ppu — 2W5) — wTfy. (20)

We also note that shows that Cyw is real, so that we can write w = Cywgy with
wp real and (0, 0)-weighted. Application of 8,0, P, P’ to the (0,0)-weighted quantity
Cy all return 0 and hence Cj is a constant. The only remaining variables are then
f,g,UJ(),\IIQ,p and 7 (Wlth f/ = fag/ = g,UJE) = w07\1ﬂ2 = Uy, p/ = —H, = f)a which
satisfy the completely integrable system

of =-7f(fPup+fg—1), Pf=—fp(f*r7 — fg+1),

09 =7(fpp— f¥2—2g9+wo), Pg= p(fn7 + 29 — wo),

or = ,/Tﬁ(plj’fa - 1) - %7 br = _P7ng7

dp =prfg, 0'p=prfy,
Pp = p*(1+ f*n7), P'p = —pu(f*n7 +1) + % -V,
Owg = Wf(292 — gwp + 2pp — 2¥s), bwy = famp(2fg — fwo + 2),

0y = —7(29fpp — fprwo — fg¥a — 2g° + gwo + 3Wy),
PUy = p(f2n7Wy + 2fgnT — frmwo + 29° — gwo + 3V3). (21)
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3. General solution of the double RT-case

We now use the previous results to set up an NP null tetrad (e,) = (m,m,l, k)
with dual basis w?), construct an appropriate coordinate system and solve the field
equations. All results from the previous sections can be translated to the NP formalism
by means of the relations . In particular all relations involving only derivatives
of the (0, 0)-weighted GHP quantities carry over without modification. In order to fix
the null tetrad we use the fact that p and p are real and 7 + 7 = 0, allowing one to
specify a boost and spatial rotation such that = and 7 are real as well and

pw=-ep, (e==1), (22)
T=—T. (23)
D, Am being real implies € and v are real, while 6(%) = 0 implies 8 + @ = 0.

From D(%) = A(%) = 0 and 7 = én it follows then that the spin coefficients o, 3, €, v
are given by

a=—f=mwo/(4rf), (24)
v =ee=(f¥2—wo)/(4pf). (25)
Consequently the Cartan equations become
dw! = W' A (—epw?® + pw* + ﬂw 2, (26)
dw? = W? A (—epw?® + pw* + — 2 f wh), (27)
— fo
dw?® = W3 A (—7w! — Tw? + 607f2w‘1 , 28
( ) (25)
—fo
dw? = W' A (—rw! — Tw? — L“ws , 29
( ) (29)

showing that the basis vectors are all hypersurface—orthogonal From (126] .i 1t is
clear that this also holds for the basis dual to the one-forms ew? + w?, w! — w?
ewd — w?*, 02 = w! + w?, the latter two of which satisfy

dQ! = —7Q' A Q2, dQ2? = pQ* A Q2. (30)

Next we introduce new variables h = wg — 2g and j = fUs + 29 — wp, which simplifyf]
the system (21)) to

df = fI(f*x*p — fap + p)Q' + (—ef*mp? — fgm + m)Q%], (31)
dg = —Q(fr% — h)p + nl(efp? — )22, (32)
dh = h[(f*7°p = 2p)Q" — (fg + 2)7Q?], (33)
dj = j[=(fg+2)pQ" + (—ef*mp? — 21)Q%, (34)
dp = —%(261‘37r +2efp? — 29 + )@ + Q* fgmp, (35)
dr = ;f (2ef3n?p? — 2fn? — 29 — h)Q? + Q' fgmp. (36)

The null tetrad being fixed and f, g, h, j, p, ™ being the remaining (non-constant) spin
coefficients and (suitably transformed) Maxwell and curvature components, (31H36))

xusing, for example, df = w6 f + w20 f + W3Af + wWiDFf etc.
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show that this set contains at most two functionally independent functions and hence
the corresponding space-times will admit at least two Killing vectors. One can actually
show that this is the maximally allowed number, as the vanishing of all double wedge
products would lead to an inconsistency (this will be obvious from the explicit solutions

as well).
Introducing coordinates t, z, u, v such that
wh — w? = iPdz, ew® +w' = Qdt, (37)
Q' = Bdu, Q2 = Cdv, (38)

(t and z clearly then being the ignorable coordinates corresponding to the two Killing
vectors) it follows from that
B.=mBC, C,=pBC, (39)

after which a linear combination of (35)and shows that (log(B/C)) 4w = 0. Hence
B/C is separable in v and v and a coordinate transformation exists such that (re-
defining B and C) B = C. The exterior derivatives of lead then to two partial
differential equations for P and Q,

dlog(PPy) = —%(h +2g)du + Bpdv, (40)
dlog(Q0y) %(29 ~ j)dv + Brdu, (41)

with Py = Po(z) and Qg = Qp(t). Without loss of generality one can put Py = Qp = 1,
such that, by (3536)), the previous relations can be rewritten as

dlog( ) = Bfelprmfdo = gdu), (12)
d log(%) = —Bfplepr fdu + gdv). (43)

At this point we will make a distinction between the cases hj # 0 (i.e.

(5@2 — M(bl)(6¢2 — /1,@1 — QF%\IJQQQ) 7& 0) and h = 0 (5(1)2 — M(I)l = 0) OI'j =0

0Dy — pudy — 2#\112@) = 0). Only the first two will be treated in detail below, as

the analysis of the case j = 0 is essentially identical to that of h = 0, since the
transformation

(f7ga hvjaﬂ—vp) — (faga 7].7 7h5 ZP/\/Ea iﬂ\/g)a
(@LQ%) s (1Q2/ e, —iQ'Ve), (44)

leaves the system (31H36) invariant. Note that h = j = 0 is excluded, as it would
imply either conformal flatness (Vs = 0) or double alignment (f = 0).

3.1. The case hj # 0

When hj # 0 one can use (33i34) for integrating and (42}43) to obtain
P = jnB%, Q= hpB® (45)
and

f = fohjB®. (46)
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Here fy is an integration constant, which we will put = 1 by a global re-scaling of the
metridd

Now (33}i34) imply
29 — j — 2ehjB®p?
dlog(hpB?) = 47
og(hpB?) 2ehiBy v, (47)
. 29 + h + 2hjB>7?
1 2)y = — 4
dlog(jmB~) 2B du, (48)
showing that functions ¢ = ¢(u), £ = £(v) exist such that
S £
T T B (49)
and
g=ejB*¢ + e% +3j (50)
hBg?
= —hB% — "= 1p, (51)
where we have written &’,¢’,£”, ... for the derivatives of £ and ¢ w.r.t. v and wv.

Subtracting from reveals the following key algebraic relation between j and
h,

B(h*¢? +ej?e?) + (B2 + §)jh? + (B¢ + 3)hj* =0, (52)
while the expressions for reduce to
P =B, Q=DB¢. (53)
The metric then becomes
BQ
ds? = 7(du2 +edv? — e€2dt? + ¢2d2?). (54)

With the introduction of new variables N, J, H by
j=J/B, h=H/B, B=N"Y2
equations and (33l34) simplify to

HJ(H + J)N 4 2eHJ?*¢ + 2eJ%¢? + 2H?J¢' + 2H*¢* = 0, (55)
o 21 202 2 2 S 242 2
dJ = SN2 £(2eHJ?E + 2eJ* + HJ°N + 2N=)dv NQ(eJ& + N*)du, (56)
S 21 202 2 2 S 2.2 ar2
dH = 2N2JH(26HJ & +2eJ°¢" + HJ°N + 2N )du+—N2(H ¢ = N*)dv, (57)
whereas (39) implies
§ S
N =-2N(= —du).
d 2N( dv—i—Jdu) (58)

A second algebraic equation is now obtained from and ,
(4eH2J?E" + 16eH J?¢€' + 12eJ%€3 — H2J*¢ + 8H?JES + 12H?E¢%)N?
—AHJ*e€(HE + )N — AJ2¢(eH2E2® + H2J2E? + 2HJ?E2¢ + J%¢Y =0 (59)

*we note that the system (31}f36) is invariant under the transformation ds? — a2ds? (and hence
w? — aw? for the dual basis vectors of the NP null tetrad), as this implies f — af, B — a3 and

(7,03, 0y g) = a1 (7, p, 4, h, 9)
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or, using instead of (50)),
(4H?J*¢" + 16 H? Jo' + 12H?*¢*)N? + H*J? + 8eH J?¢'s + 12eJ%¢%¢s
+AHY (IS + PN + dcH?(eJ2€22 + H2J%? + 2H?JS + H%Y) = 0, (60)
an equation which also can be obtained by taking the exterior derivative of .
Eliminating the first derivatives of &, ¢ from (5960]) yields
é—// // 1
=~ + — =3N 61
e+ S =N+ ) (61)

Taking the exterior derlvatlve of this equation leads to one more algebraic relation
between J, H and N,

1 1 1, _

(ﬁ — ﬁ)NQ — g(:e +X)N —et? -2 =0, (62)
where we have defined

_ é‘/// glé‘// g/// g_Ig_//

:—5—2— 53,andZ:g—2—g—3. (63)
The exterior derivative of now yields two ODE’s,

Ee—3=0=% +3q, (64)
first integrals of which are given by

I/:7%22+3EO§ and S//: g.—‘2+3\_‘0§ (65)

(30, 2o constants). Taking succesive derivatives of the components of and using
(56l57), we obtain two linear equations for N, and N,

1 ¢ ¢’
N i = —N,u(gz2 - 3%+ 3—) + 3N7uu?, (66)
=2 5’2 ¢
N yow = N, (6 +3u0—3€—2)+3Nw5, (67)
the general solutions of which are given by
N, = Fi(v)s + Fa(v)ss, (68)
Ny = F3(w)€ + Fy(u)z &, (69)
with Fy, ... Fy being arbitrary functions of u or v and where we have defined s and x
by
c=4, =1 (70)

The integrability conditions for (68J69) then show that Fy,...F; must be quadratic
functions of u or v. Herewith (68J69) can be integrated to yield

N = c1228% + cows® + c3x?s + 48 + c505 + cox” + 75 + cgx 4 c9.(T1)
Substituting this into gives expressions for J and H,

J = —2N(2c12%s + 2cows + 32 4 2¢45 + csx 4+ ¢7) L, (72)

H = —2N(2c125% 4 co5% + 2c325 + 55 + 2c62 + cg) 77, (73)
which, together with , imply ¢; =0,¢c0 = 1,¢3 = —1, and

E:3e(x—06—%5), and 22—3(8—&—044—%5),
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together with

[322 — 3(cs 4 2c6)x + 10 — 3c7)€ — 2e€” =0, (75)

[3s® + 3(cs + 2¢4)s + c10 + 3es]s + 26" = 0. (76)
Combining (74l[75][76) with (56]57) leads to

c10 = —2c4ce + %cg + 2¢7 — 2cg, (77)

and two quadratures determining ¢, ¢ as functions of u and v:

4e€? = 2t — 2(cs5 + 2c6)2® — (deacs — 2 + 2c7 + 4eg)a?

— 2(2c4c8 — 567 + 2¢9)x — degeg + 2, (78)
462 = —s* = 2(c5 + 2¢4)s + (degcg — 2 — 2cg — 4er)s?
+2(2c6c7 — cgcs — 2¢9)s 4 4cgeg — Cp. (79)

One can adjust the constants ¢4 and c¢g by means of a translation of s and =.
Specifically we can choose —2c4 = —2¢g = ¢5 = p and ¢g = ¢, so that reduces to

= = 3ex, and ¥ = —3s. (80)
Replacing c7, cg by
3Yo = —058 —c7, 3eZy = —% + csg, (81)

the relations (71)78lI79) simplify to
N = 5% — sz — g(w —5)2 —2e(2x — 8)Z + 2(x — 25)%0 +¢q, (82)

&= cat + 3502% — (p(eXo + o) + eq)z + (250 — Zo)? + epq,(83)
¢ = *%84 +3%0s% + (p(eZo + Xo) — q)s — (2Zg — €X9)? — %pq, (84)
D,q, %0, =0 being independent constants of integration, where X, =, are the two
conserved quantities introduced in . Using s and z as coordinates instead of

u and v and re-introducing a global scale-factor k2 (which we used in to put the
integration constant fy = 1), the metric finally reads

2
= ﬁ(qﬁds2 + e 2da? — e€2dt? + ¢2d2?), (85)

with N given by and &, < by (83l84).

3.2. The case h =0

When h = 0 the expressions for P and 7 in ({#5[49[53)) and for ¢ in are obtained
as in the previous section, but ([34436)) now provide the following algebraic restriction
on f,j and B,

ds?

(2Bjs’ +263) f2 + B*j3(2eB%¢’ + 1) f 4+ 2eBYj4¢* = 0. (86)
-Hovv(.ever, instead of ), we use the condition %x —% x—% ><, which now
implies

p= 5—363. (87)

f



Non-aligned Einstein-Mazwell Robinson-Trautman fields of Petrov type D 10

In this case reduces to dlog [Q/(B¢)] = 0, so that again holds.
Two more algebraic relations between f, 7 and B are obtained by substituting in
and into the exterior derivative of , thereby leading to

[—845(4845,2 + 4B2€fl + 1).74 o 4B2€(B4§3§2 o f//)j2 +4§2£]f2

+ [-4B1E (282 + €)% + 4BYE(2B%e€’ — 1)5°]f — 4B + 4B"ej ¢ = 0, (88)
(62j2§§l2 + 26j§3§, + §5)f4 4 [BG(B4€£2§3 4 §”)j4 + 285j3§§/ + B4j2§3]f2

— B fj% + B*ejb¢* s = 0. (89)
Again we introduce new variables N,.J,F by B = N~'/2 j = J/B3 f = JF/B and
combine (86U88l89) to obtain

J?FN? 4 2F J(eJ€¢ + FJ)N 4 2eJ%¢% + 2F%¢% = 0, (90)
F3£</2 _ GFE'/ + 25
2 2 I 2 242 2.2\ _
J°F Pl N? +2J'FPEN + E(eJ?E% + F¢?) = 0,(91)
ef”g _|_§g// 3
- - = =0, 92
139 F 92)
while the partial differential equations for B, f, j become
£ S
N =-2=dv—2=
il de Jdu7 (93)
F
dF = ———¢(2FJ?Net' + FJ*N? + 2J%e£? — 2)du
2JN
+ %(21«1}21\1@5’ +2F2JN¢' + FJ?N? + 2J%e£? + 4F%% 4+ 2)dv (94)
— S (1202 _ IR S AP ——— 2 772 2 ;2
dJ = N(J e£” — 1)du SFN (2TFJ*Net' + FJ*N* +2J%e£” — 2)dw. (95)

Herewith (and with the quantities =, % defined by ), the exterior derivatives of
(91}92) yield
3e(F%2 +1)

N=- =2 ) (96)
eF'=
T2 (97)

While the exterior derivative of becomes an identity under (90{97)), the exterior
derivative of (97)) results in (compare with (64))
¥ +3¢=0and = = 0. (98)

One therefore again obtains the first integral for ¢ as in , but now this is
complemented by = = =y, where Z; is an integration constant (with Zy # 0 by

(96) )-
As in section [3.1] one simplifies with and (97)), to obtain a partial differential
equation for N, which can be integrated to yield (with s,z defined as in (70]))

12eEgN = —(3s5% — 2eEgz)? + (—6cre + 36%0)s? — 4Z0(6eZg — ¢1)z

— 3667 4 12eXpc; — 3653 — c3, (99)
together with the condition
—Zox? 4+ 1z + o+ 28" = 0. (100)

Now (94)95)) determine F, J and by substituting these into the equations (90H95]) one
further obtains restrictions on the functions ¢ and ¢. Using a translation of = to put
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the integration constant ¢; = 0, together with some tedious algebra, eventually leads
to the following relations:
EO 3 3e

=0

¢? = —L¢t 435052 — BE — gs + 352, (102)

where p, ¢ are new constants of integration.
Using s,z as coordinates instead of u,v the metric remains as given by (85]), but now

¢ is given by (101]), while reduces to

5 = Zop — 1252
N=(z—6e=2)s2+34,_ %{»ﬂ — 9%z + e =T 220 (q03)
=0 =0 =0

3.83. The case j =0

As the analysis of the case j = 0 is almost identical to that of h = 0 (cf. the
invariance of the system under the transformation ), we limit ourselves
to only presenting the results.

The metric is still given by , but now £ and ¢ read

€ = 2a* + 3502% + L% + gz — 3eE3, (104)
o 3 -
2= ?33 —eps + E(8:020p — 96eZ3 — 3¢%), (105)
while (103 is replaced by
= by Yop — 1222
N = (662—2 —s)x? — ?052 + 3;—((1310 —2eZps + 60?&3700. (106)

4. Discussion

We have constructed all Petrov type D Einstein-Maxwell fields of Robinson-Trautman
type (i.e. with expanding but non-twisting DP vectors) in which the Maxwell field is
totally non-aligned with the DP vectors and in which the latter are assumed to be
geodesic and shear-free, with m being hypersurface orthogonal. All these solutions
necessarily have a vanishing cosmological constant and are given by the metric (85).
Three different 5-parameter classes exist:

o hj #0 with N, £ given by (EEIE3),
L4 h:(]v.] #0 with Nagaf given by '. 3
e j=0,h# 0 with N,q,¢& given by (106]105]104)),

In all cases the electromagnetic field is given by

1
g = —Py = CoésN 2k, &1 = Cogk™"

with ¢ a not very illuminating expression obtainable from or .

We note that all solutions with e = +1 are static in the domain where N, ¢, ¢ are
positive, with time-like Killing vector 9;. The Einstein-Maxwell equations for static
space-times in which both electrostatic and magnetostatic fields are present have been
investigated in [2], where it was proved that the electric and magnetic field vectors
E and B (evaluated w.r.t. the time-like Killing vector) must be parallel. This is
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consistent with our results, as E, + iB, = V2[®amg — ®oi, + D1 (ke — l4)], with
Dy, Py, P, all having the same (constant) phase factor.

From the general expression of the metric , with N, ¢, & given by (71I79178)),
a limiting procedure, consisting of a coordinate transformation [t, 2, s, 2] —

(V247 a2, V247 2072, (mAs + Dat, (mAz — $)at], (107)
together with a redefinition of the constants ¢;, [e4, 5, ¢6, 7, 8, Co] —
1 2 1
[ -0 £a767 a'767 07 _%a’87 (i - m2A2)a12], (108)

a” ", —
m\/i m m\/§
reduces, after performing the limit a — 0, both cases e = +1 of to the vacuum
C-metric[5] 9, 19 [§],

B 1

o A2(z 4 5)2
with F = —14+ 22 — 2Ama® and G =1 — 52 — 24ms3.

Whether, in addition, a non-trivial sub-case of the charged C-metric can be obtained
by a limiting procedure (including a singular coordinate transformation, as discussed

in [I1]) is not clear, since any attempts at removing the 2s?> — sz? term from N tend
to switch off the Maxwell field.

1 1
ds? (—Fdt? + Gdz* + Fde + =ds?), (109)

G

From the GHP equations obtained for p, u, 7 and 7 in §2 it is clear[I0] that a
valence 2 Killing spinor|[I8] exists. There is more: the form of suggests that one
should have a closer look at the metric when N = k = 1, with ¢ = ¢(s) and & = £(z).
It is easy to verify that for this metric all (0,0)-weighted GHP spin coefficients vanish,

while the only non-0 curvature components are R, ®1; and Uy, with ¥y = _TRQ and
R
e(§aw +€5) + 5 — P11 =0, (110)
9 R
(§§,ss + §’5) + - + q)ll - 0, (111)

8
showing that this is one of the Killing-Yano spaces studied in [4].
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of the Killing-Yano space, obtained by putting N = 1, were checked with Maple’s
DifferentialGeometry package[I].

6. Appendix: Ricci, Maxwell and Bianchi equations in the GHP
formalism

Below we list some relevant information from the Geroch-Held-Penrose formalism
(weights, commutators and prime operation and Ricci-Maxwell and Bianchi equatioE)
for the special case of vanishing cosmological constant (A = 0). Note that ®;; = ®;®;.

*note that this is less obvious when using the simplified form given by (82l83|l84), as there the
required 3d degree terms have been removed from N by translations of s and =
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Weights [+| of the spin-coefficients, the Maxwell and Weyl spinor components and the

GHP operators:
k:(3,1),v:(=3,-1),0:(3,—1),A:(=3,1),
p: (L, ), p: (=1, -1),7:(1,-1),m:(—1,1),
D ¢ (2,0), P : (0,0), Dy : (—2,0),
Uy :(4,0),9q :(2,0),Ps: (0,0), P35 : (—2,0), Py : (—4,0),
0:(1,-1),0 : (—1,1),p" : (—1,-1),P: (1,1).
The GHP operators are related to the NP operators by
Py = (D —pe — ge)n, P'n = (A —py—q7)n,
an = (8 —pB — qa)n, 3'n= (3 —pa—qB)n.
for any (p, q)-weighted scalar 7.

The prime operation is an involution with

/ / / /
K = —V,0 :_Aap =T = -7,

Vo' =y, Uy = U3, Uy = Uy,
D) = —By, T, = — .
and satisfies 0 = 9.

The GHP commutators acting on (p, ¢)-weighted quantities are given by:
[b,P']| = (r+7)0+ (F+7)0 + (kv — 77 — By — Yo)p
+ (F7 — 7T — @11 — Wy)q,
(0,0 =(u—mP+(p—0)P + (Ao —pp— P11+ Ta)p
— (Ag —ip — @11 + Uy)q,
[P,0] =7P — kP +p0+ 00 + (kpu — o — Uq)p + (kX — 7p — Po1)q.

Ricci equations:

bPp— 0k = p? + 00 — Rr + k7 + Doy,
bPo -0k =(p+p)o+ (T—7)k+ Py,
br—Pk =(r+7T)p+ (F+ 7)o+ Po1 + Uy,
Py —DPr=(r+7)u+ (FT+7)A+ U3+ 01Dy,
0p—00c =(p—p)T7+ (u—1)k+ Po1 — ¥y,
Plo—0r = —op—Ap— 712+ K7 — D,
Pp—01=—fip— Ao — 77 + kv — Uy,
Maxwell equations:

P®, — Py = 7Dy + 2pP1 — KDy,
DDy — D = —ADg + 27D, + pbo.

pta ,;p—dq

*Objects = transforming under boosts and rotations as x — A" 2 ‘e
of type (p, q)-

(112)

(113)
(114)
(115)

2 7z are called well-weighted
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Bianchi equations:

5/\110 —DPU; + PPy —0Pgg = -7V —4pVU1 +3cVs + TPy + 29Pp1 + 20 Py

72/&@11 7E@02, (128)
P'WUy — W, +DPdpy — 0Py = —pu W — 47V +30 Wy — APy + 27TPg; + 20 Oy
+ ﬁ‘bog -2 H(I)127 (129)

30U, —3PWy + 2P —20P g+ 0 Pg; — PPy =3AVg—9p Wy —67W; + 6k V3 + (1 —2pu)Pgo
+2(m+7)Po1 +2(7+7) P10 +2(2p — p)P11 + 20 Pog — P2 — 2KP12 — 2K Py, (130)
3P'U; — 300y 4+ 2P0y — 2081 + 0 Ppo —P'Pp1 =30 Vg —6uT; —97 Uy +60 Uy — Dy
+2 (1 — p)Po1 — 2AP10 + 2 (7 +27)P11 + 27+ T)Po2 + 2 (P — p) P12 + 20 Pog — 2K Poo. (131)
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