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Interacting functionally graded quantum wires/
quantum dots with arbitrary shapes and general
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Abstract: An accurate determination of the two- and three-
dimensional electro-elastic fields of periodically as well as
arbitrarily distributed interacting quantum wires (QWRs)
and interacting quantum dots (QDs) of arbitrary shapes
within a piezoelectric matrix is of particular interest. Both
the QWR/QD and the barrier may be made of materials with
distinct general rectilinear anisotropy in elastic, piezoelec-
tric, and dielectric constants. The lattice mismatch between
the QWR/QD and the barrier is accounted by prescribing
an initial misfit strain field within the QWR/QD. Previ-
ous analytical treatments have neglected the distinction
between the electro-mechanical properties of the QWR/
QD and those of the barrier. This simplifying assumption is
circumvented in the present work by using a novel electro-
mechanical equivalent inclusion method in Fourier space
(FEMEIM). Moreover, the theory can readily treat cases
where the QWRs/QDs are multiphase or functionally graded
(FG). It was proven that for two-dimensional problems of
either a periodic or an arbitrary distribution of FG QWRs
in a transversely isotropic piezoelectric barrier, the elastic
and electric fields are electrically and elastically impotent,
respectively, and no electric field would be induced in the
medium provided that the rotational symmetry and polari-
zation axes coincide. Some numerical examples of more
frequent shapes and different distributions of indium
nitride QDs/QWRs within transversely isotropic aluminum
nitride barrier are solved.
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1 Introduction

Currently, the excellent nanotechnological applications of
the group III multifunctional nitrides such as aluminum
nitride (AIN) and indium nitride (InN) have drawn the
attention of the scientific and industrial communities of
diverse disciplines. These materials can be used to grow
quantum structures (QSs) including quantum wires
(QWRs) and quantum dots (QDs), which play a vital role in
the developments of novel devices. Epitaxially grown and
chemically synthesized semiconductor QDs have received
much attention in recent years. Cadmium selenide (CdSe)
and indium arsenide (InAs), which are classified as II-VI
and III-V semiconductors, respectively, are utilized in
the fabrication of core-shell semiconductor nanocrystal
QDs by chemical synthesis. The core-shell semiconduc-
tors consisting of CdSe and zinc selenide (ZnSe) have
immense optoelectronic properties in the blue-green spec-
tral regions. The attractive optical and physical properties
of QDs have made them very valuable, in particular, for
biomedical and bioengineering applications; for example,
for labeling and tracking proteins, genes, and cells of
interest as well as cancer diagnosis and therapy among
other applications. Core-shell QDs are used in solar cells
as absorbing photovoltaic components to enhance the
light absorbance and increase the efficiency of the solar
cells. To further increase the efficiency of the photovoltaic
cells, core-shell QDs with functionally graded (FG) shells
are used; FG shells are used to help remove the interfacial
defects and improve the processes of the charge transfer.
Among other technological applications of QDs, semicon-
ductor memory capacitors, light-emitting diodes (LEDs),
and laser diodes should be mentioned.

QDs range in size anywhere from a few lattice param-
eters to a few micrometers but usually in the nanometer
scale. The fluorescence spectrum of larger dots shifts
toward red, whereas smaller dots emit bluer light spec-
trum. QDs, depending on their particular usages, are
grown, at large, in pyramidal or spherical geometries
having periodic distribution or arbitrary distribution of
several dots. Normally, the spherical core-shell QDs are
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chemically synthesized. The pyramidal shapes of the
self-assembled QDs grown via Stranski-Krastanov growth
mode have been observed by Mo et al. [1] using scanning
tunneling microscopy and by Grundmann et al. [2] using
high-resolution transmission electron microscopy. For-
mation of self-organized Ge QWRs on Si(111) substrate
with the aid of Stranski-Krastanov growth mode has been
reported by Jin et al. [3]. Typical periodic distributions of
pyramidal and spherical QDs over a wetting layer of a few
atomic layers thick, which have been obhserved by electron
scanning microscopy [4], are shown in Figure 1A and B,
respectively. For some applications, as in QD lasers, it is
advantageous to use multilayer rather than single-layer
distribution of QDs; such a substitution may improve the
efficiency of the QS device substantially. Therefore, an
analytical formulation for the electro-elastic fields of a
three-dimensional (3D) periodic distribution of strongly
interacting embedded QDs is of interest; numerous prob-
lems may be treated as special cases of this formulation.
For example, the electro-elastic fields of a single QD, one
or several layers of periodically distributed QDs, two or
more interacting QDs, and as such can be mentioned.

The initial misfit strains within the embedded QDs/
QWRs stemming from the lattice mismatch between the
QDs/QWRs and the surrounding matrix (barrier) lead to
the generation of electro-elastic fields in both the QDs/
QWRs and the barrier due to the intrinsic electro-mechan-
ical interaction exhibited by crystalline materials with
no inversion symmetry. The mentioned lattice mismatch
serves as the driving force for the formation of the self-
organized QDs/QWRs during Stranski-Krastanov growth
mode through molecular beam epitaxy (MBE). This
intrinsic lattice strain, which changes the interatomic dis-
tances and consequently causes the energy levels and the
bonding electrons to change, can have a remarkable effect
on the electronic and optical properties of semiconductor
crystalline QDs/QWRs. Thus, in general, the knowledge of
the strain field associated with QSs is useful not only for
understanding the creation and evolution of the semicon-
ductor QSs but also is of great value in the design of opto-
electronic and microelectronic devices.
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To date, there are no analytical models that fully
account for the electro-mechanical properties of the QD-/
QWR-barrier system as well as the interaction between the
QDs/QWRs. A proper model must (1) treat the QDs/QWRs
and the barrier as piezoelectric materials with distinct
electro-mechanical properties, (2) properly account for the
anisotropic response of the QDs/QWRs and the barrier, and
(3) properly incorporate for the electro-mechanical inter-
action between the QDs/QWRs. The previous analytical
models have resorted to some simplifying assumptions. For
example, Grundmann et al. [5] studied the strain distribu-
tion for InAs/GaAs QD by numerical simulation and also
derived analytical results for the simple case of purely elastic
isotropic QD in which the piezoelectric coupling has been
disregarded. Also, Faux and colleagues [6], based on the
simplifying assumption that the QWR and the surrounding
barrier are made of the same purely elastic isotropic mate-
rial, presented an analytical method for the calculation of
the pertinent strain field by evaluation of certain contour
integrals. Davies [7] accounted for the piezoelectricity of
the QD and the barrier but assumed that both media are
isotropic and possess identical electro-mechanical proper-
ties; Davies addressed the electro-mechanical fields of a
single QD using the Lamé displacement potential. Later,
by neglecting the piezoelectric effects, Faux and Pearson
[8] treated the QD and the barrier as identical anisotropic
elastic media and provided an analysis based on an expan-
sion for the strain Green’s tensor. Pan [9] formulated the
electro-elastic fields around a single anisotropic QD embed-
ded in a barrier with identical electro-mechanical proper-
ties using the pertinent Green’s function but presented
numerical examples for the isotropic case only.

The current work presents an analytical formulation
without resort to any of the above-mentioned simplify-
ing assumptions and yet have the capability of treating
periodic distributions of strongly interacting QDs/QWRs
with arbitrary geometries. Any arbitrary distribution of a
finite number of strongly interacting QDs/QWRs as well
as a single QD/QWR can be treated as special cases of the
current theory. Moreover, the theory is capable of handling
the more complicated case in which the QDs/QWRs have
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Figure1 Two typical semiconductors with periodic distributions of (A) pyramidal and (B) spherical QDs.
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multiple coatings — either homogeneous or FG coatings.
Another attractive feature of the current analytical formu-
lation is that the misfit strain field can have any arbitrary
distribution within the QDs/QWRs and their coatings.
The exact nature of the strain field within an isotropic
ellipsoidal inclusion due to the presence of polynomial
eigenstrain field inside the same ellipsoidal domain has
been given by Eshelby [10]. In the study of the elastic
fields inside an anisotropic ellipsoidal inhomogeneity,
which is surrounded by an unbounded isotropic matrix
under a remote polynomial applied loading, Eshelby
[11] simulated the inhomogeneity by an inclusion with a
properly chosen eigenstrain field; this approach is well
known as the equivalent inclusion method (EIM) in the
literature. When the remote applied loading is a poly-
nomial of degree n>0, then the proper eigenstrain field
inside the equivalent inclusion is also a polynomial of
degree n>0. It should be emphasized that the mentioned
milestone results of Eshelby are bound to a single inho-
mogeneity with rectilinear anisotropy only. Shokrolahi-
Zadeh and Shodja [12] introduced the Eshelby-Fourier
tensor and spectral consistency conditions when study-
ing anisotropic cylindrical multi-inhomogeneities. They
showed that presentation of the consistency equations in
Fourier space leads to an accurate solution in a rigorous
manner for the considered cases. Shodja and Khorshidi
[13] addressed the exact nature of the elastic fields of a
spherically anisotropic multi-inhomogeneous inclusion
and presented the corresponding 3D spectral consist-
ency conditions in the tensor spherical harmonics space.
Except for the works of Shokrolahi-Zadeh and Shodja
[12] and Shodja and Khorshidi [13], all the other studies,
after Eshelby [10, 11], have been customarily developed
with respect to the Cartesian coordinates. Consequently,
the theoretical developments and results presented in
[12, 13] are susceptible to misinterpretation by some inves-
tigators [14]. For example, Shodja and Khorshidi [13], as
one of the rigorous consequences of the derivation of the
closed-form expression of the spectral Eshelby tensors
within tensor spherical harmonics theories, have stated
that the uniform eigenstrain distributions, s*%:s; ,=1 as
well as s;:l, within an isotropic inclusion lead to stress
and strain fields with logarithmic singularities at the
center of the inclusion; an investigator who strictly follows
the line of thought and developments of Eshelby [10, 11]
might strongly disagree with this sound and definitely
correct result as did Markenscoff and Dundurs [14]. Mark-
enscoff and Dundurs [14] go on to disprove the mentioned
result by referring to a very well-known fact. To quote
them, in the first paragraph of the introduction section of
their article, they pointed out that “By the very principles
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of analytic function theory, nite eigenstrain cannot induce
stresses and strain fields with singularities, except at points
of geometric discontinuities, ...”. Obviously, based on this
argument, they expect that the stress and strain fields due
to the prescribed uniform eigenstrain fields egeze; =1
as well as s;=l within a spherical subdomain must be
finite everywhere, including the center of the sphere. Such
a wrong conclusion is reached due to lack of attention to
the fact that these eigenstrain fields are not defined at the
origin, r=0; it should be emphasized that, when switching
to the accustomed Cartesian coordinates after Eshelby [10,
11], only then will the non-analytic nature of these eigen-
strain fields at the origin, r=0, unveil.

In the above-mentioned works of Eshelby as well as
those of Shodja and colleagues, the matrix is isotropic. In
contrast, the present treatment can consider cases where
both the piezoelectric matrix and the piezoelectric inho-
mogeneous inclusion are made of materials with general
rectilinear anisotropy in elastic, piezoelectric, and dielec-
tric constants. The current treatment gives a general formu-
lation to account for such a general rectilinear anisotropy.
To this end, the 3D electro-mechanical consistency condi-
tions are written in the Fourier space. Within this frame-
work, QWRs/QDs would be considered as inhomogeneous
inclusions containing initial misfit strains (eigenstrains).

The current article is organized as follows: Section 2
provides the fundamental equations including the con-
stitutive as well as the governing equations for a piezo-
electric medium with general anisotropy containing an
arbitrary distribution of electro-elastic inclusions. Sub-
sequently, Section 3 presents an analytical formulation
for both cases of periodically and arbitrarily distributed
electro-elastic inclusions, where the inclusions can have
arbitrary geometries. Section 4 is devoted to the novel
electro-mechanical EIM in Fourier space (FEMEIM), which
is an important concept toward the determination of the
electro-elastic fields due to QWRs/QDs with distinct elec-
tro-mechanical properties as compared with the barrier.
Several descriptive examples of practical importance are
stated, solved, and discussed in Section 5. Section 6 is
devoted to the concluding remarks.

2 Electro-elastic medium with
arbitrary distribution of eigen-
strain and eigenelectric fields

Consider an arbitrary distribution of electro-elastic

inclusions within a piezoelectric medium with general
rectilinear anisotropy in elastic, piezoelectric, and
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dielectric constants. Equivalently, consider a distribu-
tion of eigenstrain field, &7, and a distribution of eigen-
electric field, E?, within some subdomains of an infinite
piezoelectric material with elastic modulus C, piezo-
electric tensor e, and dielectric tensor k. The constitutive
relations associated to the medium under consideration
are given by

o,=C. (e, er)e.E , i,j,k1=12,3,

ij ikl Tkl Tkl kij

(1a)

Dj:/ckj(Ek-Ef)+eiklskl , J,k,1=1,2,3, (1b)

where ¢ and ¢ are the stress and strain tensors, respec-
tively. E is the electric field and D is the electric dis-
placement. The tensors C, k, and e have the following
symmetries:

C =C_=C._=C =e K, =K

i~ ik il ki ? ejkl jiis Mg Mo

i,j,k,1=1,2,3. (2)

In addition, for a displacement field, u, and electric poten-
tial, @, the following relations hold:

1
€4 25( U, +ul,k) ’ (3a)

E =&

=Py (3b)
In the absence of body forces and charges, the equations
of equilibrium and charge equation of electrostatics,
respectively, become

o..=0, (4a)

(4b)

By virtue of Egs. (1a), (1b), (3a), (3b), (4a) and (4b),
the following differential equations in terms of u and @
can be obtained:

Cu+ed> =C, ¢?

ikl "kl kij ik~ Kl,j

(5a)

e /cd)

jkl k B

=k EP (5b)

It should be emphasized that Egs. (5a) and (5b) are
valid for the piezoelectric medium with general aniso-
tropy. Because of the intrinsic behavior of piezoelectric
materials in converting mechanical to electrical energy
and vice versa, the initial misfit strains within the electro-
elastic inclusions induce elastic and electric fields at both
interior and exterior points simultaneously.
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3 Analytical formulation for the
electro-elastic fields of peri-
odically or arbitrarily distributed
electro-elastic inclusions within
piezoelectric media

This section is devoted to the analytical solutions of the
system of coupled partial differential Eqs. (5a) and (5b).
It is proposed to obtain expressions for the electro-elastic
fields due to either periodic or arbitrary distributions of
the eigenstrain and eigenelectric fields associated with
the unbounded media containing QWRs or QDs. For the
case of arbitrary distribution, any finite number of inter-
acting QWRs or QDs with arbitrary geometries as well as
arbitrary distance between them may be considered. The
formulations are laid down for both general anisotropic
and transversely isotropic piezoelectric media. It should
be reiterated that the previous analytical works have not
differentiated between the electro-mechanical properties
of QWRs/QDs and those of the barrier. For this reason, in
this section, QWRs/QDs are referred to as electro-elastic
inclusions. In Section 4, the electro-mechanical proper-
ties will be differentiated, and thus, QWRs/QDs will be
treated as electro-elastic inhomogeneous inclusions.

3.1 Periodic distribution

Consider a periodic distribution of QWRs or QDs. If the
corresponding eigenstrain and eigenelectric fields are
quasi differentiable, then they may be expressed in terms
of Fourier series as

e (x)= g/ (&) exp(iE-x), (6a)
3
E}(x)=Y E/(&)exp(i§x), (6h)
3
where
GO J er () exp(-ig-x)dx, (7a)
"’(E)—SLL 7 [ er ) exp(-iE-x)dx, (7b)

i=+/-1, & is the wave vector corresponding to the given
period of distribution, Q is the QD domain in a single
period, and 2L,, 2L, and 2L, are the periods in the x-, X,



DE GRUYTER

and x,-directions, respectively. Subsequently, the solu-
tions to the coupled system of Egs. (5a) and (5b) are taken
in the form:

u (x)=) % (&) exp(i&-x), (8a)
¢

D(x)=Y ®(&)exp(iE-x). (8b)
1

Substitution into Egs. (5a) and (5b) results in the fol-
lowing system of equations for the unknowns u, and ®:

Cob£ T, (8)ve &, & D(E)=-iCy £ E(E), (%)

€, £ T (E)k £.E D) =ix & EI(E). (9b)
Introducing

K, (8)=K(8)=C,E¢&,, 1.j,k,1=1,2,3, (10a)

K, (&)=K,(E)=e,£&, ij,k=1,2,3,  (10b)

K, (&)=«kiEE, J,k=1,2,3, (10¢)

u (&) and 5(5 ) are readily obtained by simultaneous
solution of Egs. (9a) and (9b). Subsequently, it can be
shown that Egs. (8a) and (8b) reduce to

ui(x):-iz[cjklm kgli(E)Nu(E)
3

+i,& EL(EIN, (E)ID'(&)exp(iE-x),  (11a)
D(x)=4Y [C,,EE(EIN, (§)

&

+i,& EL(EIN,, (E)]D'(E)exp(iE-x),  (11b)

where Nij(f,’) and D(&) are the cofactors and the determi-
nant of the matrix K(§) with components KU(L-’), i, j=1, 2,
3, 4. Knowledge of ]\Ii].(E), D), €’ (&), and Ef() fora
piezoelectric medium with a specified material anisotropy
as well as a given periodic distribution of eigenstrain and
eigenelectric fields, which are not necessarily uniform,
leads to the calculations of the displacement and electric
potential fields using Egs. (11a) and (11b).

As it will be seen in Sections 3.1.1 and 3.1.2, for a
transversely isotropic piezoelectric body with peri-
odic distribution of QWRs and QDs, respectively, the
expressions for the electro-mechanical fields simplify
considerably.
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3.1.1 QWRs in a transversely isotropic piezoelectric
medium

For a transversely isotropic piezoelectric medium with x,
as axis of rotational symmetry as well as axis of polariza-
tion, the elastic moduli tensor, C, piezoelectric tensor, e,
and dielectric tensor, k are in the forms

_Cll C12 CB 0 O 0
12 Cll Cl3 0 O 0
Cl3 C13 C33 0 O 0
C<fo o oc, o o | (12a)
0o 00 0C, O
C.-C
O 0 0O 0 O n_1
L 2 ]
k, 0 0
k=0 «, O |, (12b)
0 0 «y
0 0 0 0ce, O
e<0 0 0 e, O O, (12c)
e e e. 0 OO

respectively.

Theorem 1. For two-dimensional (2D) problem of a periodic
distribution of QWRs in a transversely isotropic piezoelec-
tric barrier where the rotational symmetry and polariza-
tion axes coincide, the prescribed initial eigenstrain and
eigenelectric fields are electrically and elastically impotent,
respectively.

Proof. The problem of interest is 2D, and subsequently
the expressions for the determinant D(§) and the cofactors
Nﬁ(g) reduce to

D( 51’ ':Z;:z’ 0)='§8051052a3 ’
N (&, &, 0)=¢"a (& +aé)),
N, (§,&,, 0)=¢"a (et +aE)),
N33(§1, ‘Ez’ 0)=-Icllg6ala2 ’

C. +C
No(E &, 0= a B,
N34(‘§1’ 'gz’ 0)='elsg6a1a2 ’
N, (§,&,,0=¢aa,a,,
N, (&, 0=N, (&, ,, 0)=N (£, £,, 0)
:N24(‘Sls gz: 0):0, (13)

where
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g=E+E2,

alzcll ’
:Cu'Clz

2 2 ’

2
a;=ey +C44K11 ’

a (14)

a,=C,, .

Thus, Egs. (11a) and (11b), which stand for the displace-
ment and electric potential fields, reduce to

u(X) =AY [C,, £,E(E)N,(£)] D' (&) exp(i& x),
3

i’j’k’lymzlyz’ (153)

O(x)=AY [k, & E?(E)N,, ()] D"(&) exp(iE-x), j,k=1,2.
13

(15b)

Thus, the electrical and the mechanical fields become
independent. In other words, the prescribed initial eigen-
strain field and eigenelectric field are electrically and
elastically impotent, respectively. This is clearly seen from
Egs. (15a) and (15b). O

Now, suppose that the QWRs contain dilatational
eigenstrain and constant eigenelectric fields:

sf]?(x)=6i).sp, i,j=1,2, (16a)

EP(x)=E"(x)=E”, (16b)

where 517 is the Kronecker ¢ and ¢? and E” are constants.
Thus, for a periodic distribution of QWRs with periods 2L,
and 2L, in the x;- and x-directions, respectively, the coef-
ficients in the Fourier representations of the eigenstrain
and eigenelectric fields are given by

w(E)=1(8) = (£)= 42; [ exp(iEx)ax,  (7a)
EP _FP _FP — E” GE Ly ’
EO=E(&=F" @)= [_exp(-iEx)dx. (17b)

Subsequently, the displacement field u and the elec-
tric potential ® become

ui(x)z'izgp(g)[(cu"_cu )EIN“(E)
3

+(C,+C,)EN,(E)]D'(&)exp(i&-x), i=1,2, (18a)

D(x)=-1) E”(8)[«,(§,+E,)N,, (E)]D'(&) exp(iE-x).
£

(18b)
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3.1.2 QDs in a transversely isotropic piezoelectric
medium

Consider a periodic distribution of QDs with an arbitrary
geometry throughout a 3D transversely isotropic piezo-
electric medium, for which the elastic moduli tensor, C,
piezoelectric tensor, e, and dielectric tensor, k, are in the
form given by Egs. (12a), (12b), and (12c), respectively.
Under these conditions, the expressions for the determi-
nant, D(§), and components of the cofactor, N(&), defined
in Section 3.1, can be obtained. The components of N(§) are
given in Appendix A, and the determinant is as follows:

D(El’ éz’ ga )Z'%((cu'clz )(5?+§§)+2C44§§)[( C44e§1'C123K11

_2C13( € ( estey ) +CkK )( ‘Sf +‘§§ )Zgi
+(-2( C44es1 +C13( €, te ))eaa

+C ((e,+e, )’ +C, k)
-CB(C13+2C44)’C33)(§f+‘§§)§;
+C,, (e3,+C K, )ES

+C11(§f+g§)((6125+C44K11)(§f+§§)2
+2e e +C Kk, +C, k) (E+E2)E

15733 33711 447733

+ €§3+C33K33)§;‘ P (19)

Substitution of the expressions for D(§) and Nij(E) as well
as the expressions for €’ (&) and E/(&) from Egs. (7a)
and (7b) into Egs. (11a) and (11b) results in the displace-
ment field, u, and the electric potential, ®. In contrast to
the 2D case of periodic distribution of QWRs in a trans-
versely isotropic piezoelectric medium, where the electri-
cal and mechanical fields are decoupled, for the present
case of QDs, these fields are strongly coupled.

3.2 Arbitrary distribution

For an arbitrary distribution of a finite number of QWRs
or QDs, the eigenstrain and eigenelectric fields are repre-
sented by the Fourier integrals:

er(x)=] & (&) exp(i&-x)dE, (20a)
E?(x)=[ E?(&)exp(i&-x)dE, (20b)

where
)= D eExax, (12)
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1 J‘NEf(x’)exp(-ig-x’)dx’.

&)=

(21b)

Likewise, if u_and 5 are the Fourier transforms of the
displacement and electric potential fields, respectively,
then

u,(x)=[ (&) exp(i&-x)dé, (22a)

®(x)=] (&) exp(i& x)dE . (22b)

By applying Fourier transform to Egs. (5a) and (5b), after
some manipulations, it can be shown that

u,(x) :'i.[_:[ Cjklmé:kglﬁl( E)Nii( £)

+e,E ELON, (BN (O exp(E)dE,

(x)=i["[C,, &2 (8N, (&)

+ & ELEN, (END (O expliE ).
The above formulations, which presume nothing about
the elastic moduli, piezoelectric, and dielectric tensors,
are valid for general electro-mechanical properties. The
coupling between the electrical and mechanical fields is
exhibited by these expressions as well.

Additionally, for 2D and 3D problems of arbitrary
distribution of QWRs and QDs in a transversely isotropic
piezoelectric medium with respect to the x,-axis, the solu-
tions obtained in Sections 3.1.1 and 3.1.2, respectively, will
be representable in terms of the Fourier integral. There-
fore, as in the case of periodic distribution of QWRs in
such a medium, for the arbitrary distribution, the initial
eigenstrain field and eigenelectric field would be electri-
cally and elastically impotent, respectively.

It should be noted that the formulations of this
section as well as those of Section 3.1 remain applicable
in the case of strong interaction, i.e., high concentration
of QWRs or QDs.

4 Electro-mechanical EIM for
QWRs/QDs with FG transition
zone in Fourier space

The available works on the subject, for simplicity, have

at large assumed identical elastic and electrical proper-
ties for the QWRs/QDs and those of the barrier. In the
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literature, lattice mismatch between the QWRs/QDs and
the barrier has been accounted for through consideration
of a misfit strain field, whereas neglecting the distinc-
tion between their electro-mechanical properties. Such a
simplifying assumption is physically unrealistic and can
lead to remarkable inaccuracies in the calculated elec-
tro-elastic fields. As will be shown, one of the strengths
of the current theory is its capability to properly account
for the true electro-mechanical properties of each phase
with a little effort. Along this line of thought, a physi-
cally more interesting case in which an FG interfacial
zone is inserted between the QWRs/QDs and the barrier
to remove the interfacial defects and enhance the charge
transfer processes is realized. This section gives a remedy
to treat problems with such complexities by extending
the traditional Eshelby’s EIM in polynomial space [11] to
the FEMEIM. As it will be seen in this section, the new
mathematical formulations in Fourier space can provide
a rather general treatise for a broad range of pertinent
problems taking the interaction between the inhomoge-
neous inclusions (QWRs/QDs) and FG transition zones
as well as the electro-mechanical coupling into account
exactly.

Consider a medium consisting of a periodic distri-
bution of piezoelectric QWRs/QDs with FG transition
layer embedded in a piezoelectric barrier; the mentioned
phases are made of different piezoelectric materials
with distinct electro-mechanical properties. For the time
being, assume that there are no misfit strains within the
QWRs/QDs as well as within the FG coatings. To treat this
problem, the QWRs/QDs and their FG transition layers are
equivalently replaced with islands occupying the same
space and having the same electro-mechanical properties
as those of the barrier but containing eigenstrain field,
€'(x), and eigenelectric field, E'(x), such that the stress
and electric displacement fields of the original problem
are identically equal to those of the homogenized system.
If within the QWRs/QDs and their FG coatings a misfit
strain field, £7(x) is initially present, then &"(x) within the
islands of the homogenized system is simply replaced
with &*(x)+&”(x). It should be emphasized that the homog-
enizing eigenstrain and eigenelectric fields account for
both the inter-inhomogeneity and intra-inhomogeneity
electro-mechanical interactions exactly; the inhomoge-
neity consists of all the phases of QWRs/QDs and their
surrounding FG coatings. Next, by utilizing Egs. (11a) and
(11b), the disturbance strain field, e4(x), and the distur-
bance electric field, E4(x), due to the periodic distribu-
tion of the eigenstrain field, £(x)+&”(x), and eigenelectric
field, E*(x), in the equivalent homogenized problem can
be obtained as
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el(x)=) /(&) exp(if-x)
&

B (Cid (G +ELEIN, (&)
13

+Kkn€n§jEZ(§)Ni4(§)
+CinEiEi (2, (820 (EDN,, (&)

+1,,5,E E(E)N  (£)]D'(&) exp(i&-x), (24a)
E!(x)=)E(&) exp(i§-x)
13
=Y [Conb &, (5 (E)+EL(ENN, (&)
3
+Kk,,§n§jfk*(§)N44(E)]D'I(E)eXp(i§~X), (24b)

in which €7 (&) are the components of the Fourier coef-
ficients pertinent to the initial misfit strain field within
each of the FG coated QWR/QD ensembles and ¥, (&)
and E;( &) are those of the homogenizing eigenstrain and
eigenelectric fields, respectively. It is convenient to define
the elastic moduli tensor, (:'( x) associated with the origi-
nal inhomogeneous inclusion problem as

CQ
C(x)={C"(x),
Cc

(25)

where C?, C%(x), and C are the elastic moduli tensors for
the QWRs/QDs, coating, and barrier, respectively; the
theory does not limit C? to be constant. The piezoelectric
tensor, e(x) and the dielectric tensor, &£(x) for the inho-
mogeneous inclusion problem are defined in a similar
manner as C(x). Then, the equivalency of the original
inhomogeneous inclusion and the equivalent electro-
mechanical inclusion problems at any field point, x leads
to the following consistency conditions:

C oy (X (5 (X)-€7 (x))-€,,, (X)E{(X)

=C,; (£5()-€f (x)-¢,(x))-e, B (X),

mnij jmn"j

(26a)

chm(x)E]‘.’(x)+émij(x)elf]’.(x)::c].m(E]‘.”(x)-E;(x))+emi],e;(x) .
(26b)
Egs. (26a) and (26b) correspond to the equivalency of the

stress and the electric displacement fields, respectively.
Define

AC(x)=C(x)-C, (27a)

Ae(x)=e(x)-e, (27b)

Ax(x)=k(x)k. (27¢)

DE GRUYTER

Next, using the Fourier series expansions of the elec-
tro-mechanical properties and fields, the consistency con-
ditions (26a) and (26b) can be rewritten as

3 S [ACw(1)(E(8)E(E))
£

-Aejm () E¢(&)] expli(£+7) X)

=3, (£) exp(i& ), (282)
3

3 5[ Aim( ) E2(E)+Aemy ()22 (£)] expli(£+7)x)
&

=Y, E; (&) exp(i£-x), (28b)
£

in which ACwii(n), Aejm(n), and Axjx(n) are the
Fourier coefficients corresponding to AC(x), Ae(x), and
Ak(x), respectively. Substitution of the Fourier coefficients
E;’( &) and Ef( &) from Eqs. (24a) and (24b) into Egs. (28a)
and (28b) leads to a system of simultaneous equations for
the unknowns &, (&) and E (£); thus, the Fourier coef-
ficients of the homogenizing eigenstrain and eigenelectric
fields are readily available, and subsequently, the distur-
bance strain and disturbance electric fields can be evalu-
ated from Egs. (24a) and (24b), respectively.

For an arbitrary distribution, ©_, of a finite number of
interacting FG-coated QWRs/QDs, the Fourier series in the
consistency conditions (28a) and (28b) must be replaced
with Fourier integrals accordingly, as discussed in Section
3.2. Alternatively, one may come up with an accurate solu-
tion by working with the Fourier series, where distribution
D, is taken as a unit cell that is distributed periodically
throughout the entire medium with a large enough period
such that the interaction between the unit cells is negligi-
bly small.

Theorem 2. For 2D problems of either a periodic or an arbi-
trary distribution of FG coated inhomogeneous QWRs in a
transversely isotropic piezoelectric barrier where the axes
of the rotational symmetry and polarization coincide, the
initial misfit strain, e?(x) is electrically impotent.

Proof. For plane electro-mechanical problems for which
the axes of the rotational symmetry and polarization of
the piezoelectric medium coincide with the x -axis, the
1,2 components of the piezoelectric tensor are identically
equal to zero, i.e., éjmn=e},mn =0, j,m,n=1,2. Thus, the in-
plane components of the stress and electric displacement
fields given by Egs. (1a) and (1b) are independent of the in-
plane components of the electric and strain fields, respec-
tively. Subsequently, the consistency conditions (28a) and

(28b) will reduce to
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3 ACw(1)(FA(E)E(E)) exp(i( E+17) %)
E 7

Coi&; (&) exp(i&-X), i, j,m,n=1,2,

mnij

(29a)

£

33 Akm() E4(&) exp(i(£+1)x)
En

=2k, E; (£) exp(i&-x), .
4

j,k,m=1,2.

In addition, according to Theorem 1, both the misfit and
homogenizing eigenstrain fields do not disturb the elec-
tric fields. Conversely, the homogenizing eigenelectric
field does not affect the elastic fields. Therefore, from Eq.
(24b)

E/(&)=«,&EN, (E)D'(E)E(E). (30)

It can be clearly seen that the mechanical and electrical
consistency conditions, respectively, given by Egs. (29a)
and (29b) become fully decoupled. Substituting Eq. (30)
into Eq. (29b) immediately results in

E(&)=E,(&)=0.

This implies that Ef(g)zo, and consequently, no
electric field would be induced in the medium. O

Remark 1. Under similar conditions described in Theorem
2, an arbitrary initial eigenelectric field, E*(x), within the
QWRs is mechanically impotent.

Corollary 1. Under the conditions of Theorem 2, the total
strain and total electric fields for a periodic distribution of
QWRs become

100= TCy i (5 (E)+ELEIN, (8)
3

+Cun&i & (8, (E)+En (E))N, (E)I D™ (&) exp(iE-x),
i,j=1,2, (31a)

E]f’( x)=0, j=1,2, (31b)

in which Nij(é) and D(&) are given by Eq. (13), & (&) is
given by Eq. (7a), and 51:"(5 ) are obtained from consist-
ency condition (29a) given in Theorem 2.

Proof. The statement of this corollary is readily verified
as a consequence of Theorem 2 in conjunction with Egs.
(24a) and (24Db). O
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5 Numerical examples

For a demonstration, different examples of periodic and
nonperiodic distributions of QDs and QWRs at high con-
centration are considered; the presented analytical for-
mulations can result in highly accurate results even for
the high concentration cases where the QWRs or QDs are
strongly interacting. Moreover, different shapes and ori-
entations of QWRs or QDs, which are of particular impor-
tance in science and engineering, are considered.

For the sake of verification, the first example is
devoted to the simple problem of an isotropic spheri-
cal inclusion (single isotropic spherical QD), which has
been previously considered in the literature. The second
example addresses the elastic and electric fields due to
a periodic distribution of QWRs with quadrangular cross
section, whereas the third example deals with a periodic
distribution of pyramidal QDs. In the fourth example, the
disturbance in the electro-elastic fields of a single pyrami-
dal QD by a nearby (strongly interacting) pyramidal QD
is studied and discussed. Examples 2—-4 are all pertinent
to the transversely isotropic piezoelectric barrier made
of AIN and transversely isotropic piezoelectric QWRs
and QDs made of InN; the elastic and electrical proper-
ties of the considered piezoelectric materials are given in
Table 1[15, 16].

5.1 Single spherical QD

Previously, Pan [9] has modeled a single spherical QD
with radius of 1 unit within an AIN barrier as an inclusion
problem with dilatational eigenstrain field. More strictly
speaking, Pan [9] considered an unbounded homogene-
ous piezoelectric medium made of AIN within which a
spherical region of radius 1 unit contains a dilatational
eigenstrain field, sf}? :

e?=0.070..
ij ij

Moreover, Pan [9] assumed that the medium is isotropic.
In the context of the current theory, the exact expression

Table1 Elastic constants (in GPa), piezoelectric constants (in C/m?),
and dielectric constants (in F/m) for AIN and InN.

Material ¢, C, C, C, C, e e e K K

12 13 33 44 31 33 15 11 33

AIN 396 137 108 373 116 -0.58 1.55 -0.48 9k, 11k,
InN 223 115 92 224 48 -0.57 0.97 -0.22 15.3k, 15.3k,

K, is the dielectric constant for vacuum, x,=8.854x10".



10 —— H.M. Shodja and E. Rashidinejad: Interacting functionally graded quantum wires/quantum dots

for the corresponding Fourier coefficient, &’ is obtained
as

_p_(ij(Zn)3“13,2((§f+§§+§§)”2)ep
(E+E2+E2) v

For demonstration, the variation of the x,-component
of the electric field, E, along the line 2.5<x,=x,=x,<2.5
is presented in Figure 2. As it is observed, the jumps in
the strain component, ¢ , and in the electric field com-
ponent, E,, across the QD-barrier interface are captured.
The electric field component, E, is vanishingly small
within the QD. Meanwhile, the corresponding plot in [9],
as shown in Figure 2, has been provided over the inter-
val 1<x,=x,=x,<6, which is pertinent to only the exterior
points of the QD; moreover, the plot is not extended to the
close vicinity of the point x,=x,=x,~0.577 located on the
QD-matrix interface. It should be noted that the methodol-
ogy used in [9] is based on obtaining the Green’s function
for the problem by utilization of the Stroh formalism.

5.2 Periodic distribution of quadrangular InN
QWRs within AIN barrier

In contrast to the previous example, in this example,
QWRs are modeled as inhomogeneous inclusions rather
than just inclusions. More strictly speaking, the realisti-
cally distinct electro-mechanical properties of the InN
QWRs from those of the AIN barrier is taken into account
properly. The transversely isotropic nature of the QWRs
and the barrier are also taken into consideration. The elec-
tro-mechanical properties of InN and AIN are provided in
Table 1. Suppose the axes of the rotational symmetry and
polarization of both the QWRs and the barrier coincide
with the x.-axis. According to Theorem 2 given in Section 4,

7
xo_ —— —— —0.06
S5fp—— E|(present theory) |

=== E(ref. [9])
4b.---- &, (present theory)

0.04

70.0230
—10.00
—1F 4
1-0.02
-2 -1 0 1 2
X1 =X2=X3

Figure 2 Variations of the component of the total electric field, £,

and total strain, ¢, along the line x =x,=x..
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the corresponding initial eigenstrain and eigenelectric
field are electrically and mechanically impotent, respec-
tively, and the total strain and total electric fields are given
by Egs. (31a) and (31b) of Corollary 1, respectively. Assume
that the QWRs are distributed with periodicity of 2 units in
the 2D space and their dimensions are 2/3x2/3 as shown
in Figure 3.

Consider the following dilatational eigenstrain field
within the QWRs:

£§=6“ , 1,j=1,2.

L)

The exact expression for the corresponding Fourier
coefficient, E;’ (&) becomes

Ef(&):ésin(&l/B)sin(gz/3)6U, i,j=1,2.

1°2

For a demonstration, the variations of the compo-
nents of the total strain e, with x, (Ix,|<1) along x,=0 and
x,=1are plotted in Figure 4 (Case 1). To examine the effect
of the assumption of identical electro-mechanical proper-
ties for both the QWRs and the barrier, let both regions
be made of AIN; this results in the distributions indicated
as Case 2 in Figure 4. Comparison of the results of Cases 1
and 2 reveals a notable difference, as large as ~8% where
the local maximum and local minimum values of ¢ occur.

5.3 3D periodic distribution of pyramidal InN
QDs in AIN barrier

The formation of self-organized QDs into vertically ori-
ented pyramidal shape has been widely observed through

Figure 3 Periodic distribution of quadrangular InN QWRs within AIN
barrier in the xx-plane.



DE GRUYTER
0.6
[ '*'*Casel,XZ:O:
F NS SO Case 2, x,=0
0-4f \\\\_ ¥ Case 1, x,=1"]
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~0.4f y ¢ ]

-0.5 0.0 0.5 1.0
X1
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Figure 4 Variation of the component of the total strain ¢,  as a func-
tion of x along x,=0 and x,=1.

high-resolution transmission electron microscopy. In this
example, the 3D periodic distribution of pyramidal InN
QDs in an AIN barrier will be studied. The axes of the rota-
tional symmetry and polarization of both the QDs and
the barrier coincide with the x,-axis. The vertical axis of
the pyramidal QDs is parallel to the x-direction and their
quadrangular cross section is parallel to the x,x,-plane as
shown in Figure 5. Assume that the QDs are distributed
with periodicity of 2 units in the x-direction, i=1, 2, 3. The
dimensions of the base and the height of the pyramids are
assumed to be equal to 2/3x2/3 and 1/3, respectively.
Suppose that

eP=0

i~ i

is the prescribed dilatational eigenstrain field within each
of the QDs. Then the expression of the corresponding

A (173,-173,0)
B (1/3,1/3,0)
C (-1/3,13,0)
D (0,0,1/3)
x3
D A>
C
A L
A B
xl
M (2,0,0)
N (0,2,0)
P (0,0,2)

Figure5 3D periodic distribution of pyramidal InN QDs within AIN
barrier.
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Fourier coefficient, Ei)?’ (&) can be calculated exactly using
Eq. (7a):

i,

4ie TEEE,
§§‘+(§§—£2)2—2§f(£§+§2)
g, )}(5 g)sln{‘S ﬂ
(&8, ¢

5 +&, 5, +&,
3 :|+(§ +§, )Sln{ 3 }

5,
(E,+E,-E,)(E +E,+E,) !

511(5) 4§§

iE 3Cos
+

i£ Cos

The variations of ¢ and o, with x, (Ix|<1) in x,=0
plane along x,=0 (x-axis) and along x,=1 are shown in
Figure 6. Along x,=0, while the stress component o, is
continuous across the QD-barrier interface (+1/3, 0, 0), the
strain component ¢, has a jump there. Meanwhile, both
¢, and o, along the line x,=1 (midway between two QDs),
which entirely lies within the barrier are continuous eve-
rywhere. However, as seen from Figure 6, their variations
are more notable in the vicinities of the end points (+1/3,
1, 0) of the zone between the QDs.

The variations of the out-of-plane component of the
electric displacement field, D,, and the in-plane and out-
of-plane electric field, respectively, E, and E, along the
x-axis are shown in Figure 7. As it is seen, in the vicini-
ties of the QD-barrier interface (+1/3, 0, 0), the electric
field component, E, exhibits large variations, and more
severely, the electric field component, E,, and the electric
displacement component, D,, display a jump discontinu-
ously at (£1/3, 0, 0). Although the variations of E, and D,
are moderate along the x;-axis within the base of the QD,
E, shows a notable variation within the mentioned region.

x10°
06— 100

Figure 6 Variations of the total strain component, ¢
component, o
along x,=1.

» and stress

» With x, within the x,=0 plane along x,=0 (x,-axis) and
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x10%

-1.0

0.0
X1

Figure 7 Variations of the total electric field, E, i=1, 3, and electric
displacement component, D, along the x -axis.

5.4 Disturbance of the electro-mechanical
fields of a single pyramidal InN QD in AIN
barrier by another nearby QD

This last example intends to address the fundamental
question of the disturbance in the electro-mechanical
fields of a single QD caused by another nearby QD. The
geometries of the considered single pyramidal InN QD
and two interacting pyramidal InN QDs within AIN barrier
are depicted in Figure 8A and B, respectively. The pyra-
mids’ heights are assumed to be 1/3 and the dimensions
of their quadrangular bases are set equal to 2/3x2/3. The
x,-axis is taken as the vertical axis of the QDs; moreover,
the direction of polarization and the axis of the rotational
symmetry of the QDs and the barrier are all assumed to be
parallel to the x -axis.

The relative difference between the lattice parameters
of InN QD and AIN barrier is about 0.14 [16]. Thus, assum-
ing the dilatational eigenstrain field

e?=0.149.,
ij ij

Rashidinejad: Interacting functionally graded quantum wires/quantum dots
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within the QDs, it can be shown that the exact expression
for the Fourier coefficient, Ef (&), is
5
0.14 4ie 2EE &,

8ij(§)=4ﬂ3§1§2 (B2 (EE)

i& Cos{ (-§,+&, )}+(§ £ )Sln{S < }
(§-6,)-¢&
i§3CosFl; }+(§ +& )Sm{ég ;E }

(§,+8,-E)(§,+&,+E))

+

5

ij?

for the single QD and
014 | =

5
4’k &, [ [

-i& 3Cos{

i€ g
(&,+8,-6,)(& +8,+8,) (£€,))*E

2 gl}(& -§,)S1 F 1
(§,-6,)°¢
i&CosF 52}(5 +& )Sln{

(&,+&,-E,)(5,+5,+E))
S MESE,
E +(E3-82)2-280(&+82)

-i€ Cos{5 52}(5 £, )Sll’l|:§ < }
(§-6,)°-¢
i§3C0${ }(5 +&, )Sm{g +6, }

(§,+8,-6)(§,+&,+E))

&(8)=

)

_e3

5+§}

215
+e 3

£+,

+

ij

A B
P
A (173,-1/3,0) M
B (1/3,1/3,0) V
, C (-1/3,1/3,0) Q .
D (0,0,1/3) I 3
e T
b 2
) s
A
B

M(1/3,-1/3,2/3)
N (1/3,1/3,2/3)
P (-1/3,1/3,2/3)
Q (0,0,13)

A (1732173 ,2/3)
B (1/3,1/3,-2/3)
C (-1/3,13,:2/3)
D (0,0,-1/3)

Figure 8 Geometries of (A) a single InN QD and (B) two interacting InN QDs, within AIN barrier.
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for the two interacting QDs. Figure 9 compares the vari-
ations of the total strain component, ¢, and the stress
component, o, along the vertical axis of the QD (x,-axis)
associated to a single QD with that of two interacting QDs.
In this figure, the regions occupied by the QDs are indi-
cated as QD-1 and QD-2, where their vertical axes are in
the ranges -2/3<x,<-1/3 and 1/3<x,<2/3, respectively. In
the case of a single QD, only QD-1 is considered. As it is
seen, the value of o, is always negative. The value of ¢_,
is always negative in the barrier, whereas it is positive
within the QDs. Inside the barrier in the vicinity of the
QDs, in general, the rate of decrease in e, 1s large, and
becomes infinite at the QD-barrier interface where there is
a significant jump discontinuity in e_.. For the case of the
interacting QDs for which ¢, and o, are symmetric with
respect to x,=0, the values of € and oy become vanish-
ingly small at distances larger than about four times the
height of the QDs (i.e., |x,[>1.8). In the case of a single QD,
within the barrier, ¢, has a larger absolute value at the
QD’s apex than at its quadrangular base; correspondingly,
the maximum absolute value of o, occurs at the apex of
the QD. o0,, is continuous everywhere, and the presence
of the second QD has resulted not only in two equal local
maximum absolute values of o, at their apices but also
larger maximum absolute values of o,. The absolute
values of ¢, everywhere in the region between the two
apices are larger than those of a single QD, whereas the
variation of €, pertinent to a single QD for -1/3SX3S0 is
much larger than that of the interacting QDs.

6 Conclusion

The current study provides an analytical treatment for
the calculation of the electro-elastic fields of a periodic

= 0 —— e e
X o N -7
N AN e
T ~ s -
-10 "\ /
\ ,/ R 'L, 033 (single dot) 10.05
2 033(two dots)

\ A 330
. -20r . I‘ ——— &33(single dot) .
o \ . — = — &33(two dots) w

-0.05

Figure 9 Variations of the total strain component e, and stress
component o, along the x;-axis corresponding to a single QD and
two interacting QDs.
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or an arbitrary distribution of a finite number of interact-
ing piezoelectric QWRs/QDs with arbitrary geometries
within a piezoelectric barrier of yet different electro-
mechanical properties. The QWRs/QDs may contain any
arbitrary misfit strain field, and all piezoelectric media
can have general anisotropy. Furthermore, this work
treats the case where an FG zone is inserted between the
QWRs/QDs and the barrier as well. Interestingly, under
certain conditions, the initial eigenstrain and eigene-
lectric fields are electrically and elastically impotent,
respectively (Theorems 1 and 2 and Remark 1). Proper
account of the difference between the electro-mechani-
cal properties of the QWRs/QDs and those of the barrier
can lead to the improvement of the results by as much as
about 8%. Section 5.1 reconsidered a single spherical QD,
which was previously examined in the literature, merely
for the sake of comparison. Sections 5.2 and 5.3 dem-
onstrated that the theory is conveniently applicable to
2D/3D periodic distributions of interacting QWRs/QDs,
respectively; the high accuracy and the relative ease in
handling such periodic distributions, which are far more
complicated cases than the case of just a single QWR/QD,
is mainly because of the formulation of the consistency
equations in the Fourier space. Finally, the example in
Section 5.4 reveals that the electro-mechanical fields of a
single pyramidal InN QD in AIN barrier are significantly
disturbed by a nearby QD.

Appendix A: Components of the
cofactor, N(&), for 3D transversely
isotropic piezoelectric media

The components of the cofactor, N(§), in 3D space corre-
sponding to transversely isotropic piezoelectric media are

N,(§,8,,8)
=( €5ty )";‘_ié:; (( CuesCues ) ";"f +§§ )+ _C33( €51y )

+( C13 +C44 )633 )§§ )+( 'Ku( Sf +§§ )_K33§§ ) [_( C13 +C44 )252(5;
N LR )|
« 20 ( ‘-{’:f +§§ )+633§§ ) ['( C,+C,, ) este; )E;E;

+(1( C,Cy )Sf +Cug; +C44§§j( 20 ( §f+§§ )+633§§ )]’
“ 32)
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N12(€1,§2,§3) N33(§1, 52, 53)

=%§1§2((Cn+clz)(efs+c44xn)(§f+§§)2 :-%((cn-cu)(gf+§§)+2c44§§)(cnxu(§f+§§)2

-(ZC‘”’( €15 765 ) €15+ €y ) +2C123K“ +2C:“K“ +(( este; )? +C44K11 +C11K33 ) é:f +§§ )-’E; +C44K33§: ), (39)

'(C11+C12)(2615633+C33K11)+4C13(815(e15+e31)+c44K11)

'(C11+C12)C44K33)(§f+§§)§§+( 2C33(e15+e31)2 N34(§1: -’;:2, 53)

+e33(-4(C13+C44)(e15+631)+(cll+clz)e33) 1 2, g2 2 2, £2y2

+(C11+C1z)C33K33'2(C13+C44)2’C33)§g)at (33) :_E((Cu_cu)(gl+§2)+2C44g3)(cue15(§1+‘§2)

_(C4ae31+cl3(els+631)_Cuess)(§f+§§)§§+caaeaagg)’ (40)
N, (§,8,,8)
N ’ ’

EEC,CE+ED 120, (e, e, e, Wi S

H(C,+C, )k, )(E24+E) +((e +e, e, = (€€ (E+E)+2C,8)(C,C, (5467

+( C13 +C44 )’C33 )Ei ); (34) ( C123'C11C33 + 2C13C44 ) Ef +§§ )Eg +C33C44§§ ). (41)
N, (§,&,,8)

=%§1§3((Cll-clz)(§f+€§)+2C44§§)((Cnels-czmen)(gf+§§)

+(-C,,(e 7€, )+(C,+C, )e)ED), G5 References
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