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ABSTRACT. We prove the classical Hausdorff-Young inequality for the
Lebesgue spaces on a compact hypergroup using interpolation of sublin-
ear operators. We use this result to prove the Hausdorff-Young inequality
for Orlicz spaces on a compact hypergroup.

1. INTRODUCTION

For a locally compact abelian group G, 1 < p < 2and p' = p%l, the classical
Hausdorff-Young inequality says, “If f € L'(G) N LP(G) then the Fourier
transform f € L¥ (G) and ||, < || f]l,."

This is proved by using Riesz convexity complex interpolation theorem
between p = 1 and p = 2 (the Plancherel theorem).

Hypergroups are probabilistic generalization of locally compact groups
where the convolution of two points is a point mass measure. In the spirit
of locally compact abelian group, Vrem [15] and Degenfeld-Schonburg |3|
proved Hausdorff-Young inequality for compact hypergroups and commu-
tative hypergroups respectively using the complex interpolation technique.

It is well known that between any two Lebesgue spaces there is an Orlicz
space which is not a Lebesgue space. M. M. Rao [8] studied the Hausdorft-
Young inequality for Orlicz spaces on locally compact abelian groups. In
fact, the celebrated work of M. M. Rao in the context of Orlicz spaces on
locally compact groups (see [8, 9, 12, 10]) motivates the authors for study-
ing Orlicz spaces of hypergroups [7]. In this article, we study the classical
Hausdorff-Young inequality with an enlargement of the space, namely, an
Orlicz space on a compact hypergroup. This work can be considered as a
generalization of [8] as well as [15].

It is to be noted that the Riesz convexity theorem is useful to the LP-
spaces only. For Orlicz spaces, results are obtained first by extending a key
inequality of Hausdorff-Young in the form of Hardy-Littlewood [5, pg. 170].
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It is worth mentioning here that we apply the method of Hausdorff-Hardy-
Littlewood [5] which does not require the Plancherel theorem.

In Section 2, we present needful basics of Orlicz spaces and compact
hypergroups in the form we use in the sequel. In Section 3, we prove the
classical Housdorff-Young inequality for compact hypergroups; this proof is
slightly different from that of Vrem [15]. Then we prove a key Lemma which
occupies a major part of this section, and finally, we prove the Hausdorff-
Young inequality for Orlicz spaces on compact hypergroups.

2. PRELIMINARIES

2.1. Basics of Orlics spaces. For basics of Orlicz spaces one can refer to
two excellent monographs by Rao and Ren [11, 12] and articles [8, 9, 10, 7].
However we present a few definitions and results here in the form we need.

A non-zero convex function ® : R — [0, 00| is called a Young function if
it is an even function with ®(0) = 0. For any Young function ®, and y € R,
the complementary function ¥ of ® is given by ,

U(y) = sup{z|y| — ®(z) : © > 0},

which is also a Young function. If ¥ is the complementary function of &
then @ is the complementary function of W; the pair (¥, ®) is called a com-
plementary pair. In fact, a complementary pair of Young functions satisfies

vy < O(x) +¥(y) (z,y >0).

If a complementary pair of Young functions (®, W) satisfies ®(1)+ V(1) =1
then the pair (®, V) called a normalized complementary pair.

Let K be a compact hypergroup with a left Haar measure m. Denote the
set of all complex valued m-measurable functions on K by L°(K). Given
a Young function ®, the modular function ps : L°(K) — R is defined by
pa(f) == [ ®(|f]) dm and the Orlicz space is defined by

L*(K):={f € L%K) : pa(af) < oo for some a > 0} .

Then the Orlicz space is a Banach space with respect to the norm Ng(-)

defined by
No(f) = inf{r >0 /K@ ('4) dm < @(1)}.

Let C.(K) denote the space of complex valued continuous functions with
compact support on K. The closure of C.(K) inside L®(K) is denoted by
M®(K). Another useful description of M?®(K) is that f € M*®(K) if and
only if for every a > 0, af € L*(K).
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An operator T : X — Y, where X is a Banach space and Y is a Banach
lattice, is called sublinear if |T(af)| = |a||T(f)| for a € C, f € X and
T(fi + )] < [T(F)|+ 1T for fi, fo € X (see [12, p. 193] and [2]).

The partial order < on th set of all Young functions is defined as: ®; < &,
whenever &4 (ax) < bPy(x) for |x| > z9 > 0 and Py(cz) < dPy(z) for all
|z| < x1, where a, b, ¢, d, g and x; are fixed positive constants independent
of x. In particular, for LP-spaces p > 1 we can see that a« = b = ¢ =
d=1,z; > 1 and zy > 1. With the help of this ordering we can define
inclusion relation in Orlicz spaces: if &, &5 are continuous Young functions
and ®; < @, then L*2(K) C L* (K) and Ng,(-) < a Ng,(+) for some a > 0.
If K is a discrete space then L?(K) becomes ¢*(K) and in this case ®; < @,
implies that £ C £®2 and Ng,(-) < B Ng,(-) for some 8 > 0. The following
result is well-known (see [12, Lemma 1, p. 209]).

Lemma 2.1. Let (®;,V;), 1 = 1,2 be complementary pairs of continuous
Young functions and ®; < ®5. Then ¥y < WUy,

2.2. Basics of compact hypergroups. For the basics of compact hyper-
groups one can refer to standard books, monographs and research paper
|4, 6, 1, 13, 14, 15, 16]. However we mention here certain results we need.

Let K be a compact hypergroup with the normalized Haar measure m
and let K = {m*}aen, where A is an index set, be the set of irreducible
inequivalent continuous representations of K. The set K equipped with the
discrete topology is called the dual space of K. Vrem [16] showed that
every irreducible representation (7, H o) of a compact hypergroup is finite
dimensional. For any 7 € K, the map z — (7%(z)u,v) for u,v € Hye
is called a matrix coefficient function and is denoted by 75 ,. Let 7%(z) =
[781]d, e xdo be the matrix representation of any (7%, Hga) of dimension
dro with respect to an orthonormal basis {ei}fj of Hra. For each pair
T b e K there exists a constant kra > dre such that

L wheni=k,j=1 anda =
(2.1) / ng(x)ﬂlil(x) dm(x) _ { whnen?e , ] ,anda = f3
K

Fra
0 otherwise.
If K is a compact group then ko = dya [16, Theorem 2.6].

For each 7 € I?, the Fourier transform fof f € LY(K) is defined as
Flre) = [( ,ngﬂz’]’.‘;l. where (-,-) is the inner product on L?*(K). Since
L*(K) c L'(K), the Fourier transform of f € L?(K) is well defined. For
f € L*(K), we have

dra
(2.2) = ke > F(@)imd

ek 1,j=1
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and the series converges in L?(K) [16, Corollary 2.10|. Hence,

dra
LAIS = D kne D 1F(@)igl = D kne |l F(7®)]15.

Wae[? 3,j=1 W‘XEI?
3. THE MAIN RESULT

Throughout this section, we assume that /K is a compact hypergroup and
K= {7m*}aen, where A is an index set, be the set of irreducible inequivalent
continuous representations of K. At times, we also use an element of A
to describe an element of K. From now onwards, we assume that the pair
of complementary continuous Young functions (®, ¥) is a normalized pair.
Note that continuity of a Young function guaranties the existence of its
derivative [11, Corollary 2, p. 10].

For f € L*(K) define Fy : A — Ry by
(3.1) F2a) = dia: \f(za)i,ﬂ? _ Te(f (=) f(7))
ij=1

T k7r°‘

fora € A,

where for a matrix A, A* = A'. Now, the gauge norm of f and F; are
defined as follows:

(3.2) Na(f) = inf {7" >0 /ch (m) dm(z) < @(1)} ,

r

and

F
(3.3) Ng(Fy) := inf {7’ >0:) @ (M) k2. < @(1)} .
r
acA

The space (L*(K), No(-)) and (¢®(K), No(-)) are Orlicz spaces. If ® is con-
tinuous then there exists kg := Ng(Fy) such that inequality in (3.3) is an
equality with r = ko, ie., D> ., @ (FJ;(OO‘)> k2. = ®(1).

The following theorem presents a proof of Hausdorff-Young inequality

moderately different from Vrem’s proof [15, Theorem 3.10].

Theorem 3.1. Let K be a compact hypergroup with the normalized Haar
measure m and let f € LP(K,m) for 1 < p < 2. Suppose % +Z% =1.1If
{Ff(a) : v € A} is as in (3.1) then

1

(3-4) 1f 1l = (Z Ff(a)”/kia> < 1 £1p-

a€EA

Proof. Let 7 (k?) denote the space of p'th summable sequences on K relative
to the weights {k2. : a € }A(} Define the operator T : LP(K) — (7 (k?) by
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T(f) = Fy, where Fy is given by (3.1). It is easy to see that 7" is sub-linear.
Moreover, by Parseval formula,

drox
(3.5) ITFI3 = Frla)kZa = Y 1 (@) Phne = || fII3.

acA ael i,j=1

By definition,

/ L
it = [ o F@ 127 125 <,
V4 Fr(a
Nt Vo
Now,
1
1 dra . 2 1 dra =R
Fi(a) = (k: | (Wa)i,j!2> < | F(m)i5]
T =1 2o ij=1
< DS 17 (0)l e

ﬂ.a 1,j=1

Using Cauchy-Schwarz inequality, we get

(Z |7 ()] ) e dm().

2,j=1

Since 7*(z) is & dya X dra orthogonal matrix and the hyperdimension ko >
de, we get
Frio < (

dye \ 2
=) @l dee i) < e [ 1] (o)
Hence, we have

(3.6) 1T flloe < 111

From (3.5) and (3.6), the required inequality follows by the Riesz-Thorin

theorem for sub-linear operators [2]. O

The proof of our main result depends on the following key lemma which
is an extension of an important inequality in the case of L due to Hardy
and Littlewood [5].

Lemma 3.2. Let K be a compact hypergroup with the normalized Haar mea-
sure m and let (®, V) be a pair of continuous normalized Young functions
such that

(i) ® < Dy, where $o(t) = |t|,

(i1) W'(t) < cotP, Yt >0, for some p > 1, and for some co > 0.
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Suppose Ng is a finite subset of A. Deﬁne fao : K — C by

(3.7) Fao(@) =" ke Z o md(

aElp 1,7=1
where ¢, € C. If Fi, = Fy is as in (3.1) with f = fa,, then
(3-8) Ny (Fy,) < 7o No(fao),

where 7y > 0 depends only on ® and the ordering < .

Proof. Let Ay be a finite subset of A. If f), is as in the statement of
the lemma, fAO(WO‘)M = ¢f'; Xao (). For simplicity of expressions, we set
Sa(fa,) = Na(Fy,, ). For a non-zero f € L*(K), the Fourier coefficients
f(m); of f are denoted by ¢;. Let fy, be the function given by (3.7) with

Q

cf; = ¢¢;. Following an idea of Hardy and Littlwood [5], we define,

(3.9) M = Mg (Ay) :=sup {%{;\f)) cf # O} :

We prove the lemma in three steps.

STEP I. M < cc.

Since M is described by a ratio of norms, without loss of generality we as-
sume that Sy (fa,) = 1 to find a bound on M. It follows by using continuity
of U and the definition of the gauge norm (with ky = 1) that

(3.10) > V(F}, (a))kze = T(1).

aEA

Since kro > 1, Fj (a) =0forae A—Ayand 0 < U(1) < 1, at least one
RIOR

term on the left hand side of (3.10) is greater than or equal to F(Aoy Where
#(Ao) is the cardinality of Ag. If such a term is obtained for o = o € Ay
then we have

P(1)
3.11 1<U | ———L | <F; .
31 < | k] = Fyy ()
Next,

1
Fo = (S ) s
i,j=1 ,,a i,5=1
< )| Z |7 ()5 dm(z).

i,j=1
Using Cauchy-Schwarz inequality, we get

(Z | ( ”12) e dm ().

4,7=1

D=

fAO
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Since 7%(z) i8 & dra X dro orthogonal matrix and the hyperdimension ko >

dz, we get

312) £y, @)= () [ 1@ de dne) < dee [ 1760 dm(a)
Now by Hélder’s inequality
(3.13) Fr (@) < duo No(f).

Now by combining (3.11) and (3.13), we have

1 < d oo
N, - ~1 v(l)
o) 7\t (i)
Since the right hand side of (3.14) is independent of f, we have M < oo.

STEP II. M is independent of A.
For fa, as in (3.7), define g by

(3.15) gla) == 0 (M> sgn(fa ().

Nu(fy,)

(3.14)

< Q.

It is easy to see that Ng(g) = 1. It follows from [11, Proposition 9, p. 80]
and [17, p. 175] that the Holder’s inequality is an equality, that is,

Na(fry) = Na(g)No(fay) = /K 9(2) Fao () dm(z).

Using the Parseval formula, we have

dpo

Nu(fao) = Y. ) 4(x°

aElg i,j=1

< Z k2. F Ia, (@) Fyy (@) (by Cauchy-Schwarz inequality)

a€lg

< So(fao)Sw(gao)-

By STEP I, we know that Sy (g

(fko)

(fA0>

Note that M > 1. In fact, for f = 1, we note that Ng(1) = 1 as the Haar
measure m is normalized. By continuity of @,

Fy, (@)
o () i a0
Now, by choosing oy € Ag such that (3.11) holds, i.e., FJ;AO(QO) > 1, we have

drn,) < M Ng(g) = M and therefore

(3.16) < Sy(fa,) < M.

(3.17) =ro > 1 (say)

. 1
Sulfag) > s
o (7))

k2aqg
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so that M > Sﬁi{’}g) > 19 > 1. By continuity of norms, there is a function

fa, such that M = gi((;:(?)) Consequently, from (3.16) we get Sg(ga,) = M.

We fix this fy, and set g as in (3.15) for the remaining part of this step.

Suppose Sy denotes Sy if ¥(z) = % Using the Bessel inequality, we
get

318) o) = K S 1ar )l < [ Lo dmiz) < Na(g?),

aclg
where the last inequality follows from Hélder’s inequality (since Ng(1) = 1).
Set Wy (t) = ¥(¢t?). Then ¥, is a Young function satisfying ¥ < W;. Since g
is a bounded function, by setting a? = Ng(g?)(< 00), we get

Wy(1) = (1) :/K\p (’i—f) dm(x) :/K\Ill (%) dm(z),

whence a = Ny, (¢g). Thus, by (3.18), we have

(3.19) S2(gne) < N,y (9).

Now, we find an absolute bound for M. If a = Ny, (g) then, by definition,
there exists by > 0 such that

o G e = fon g (i) oo

Since W'(t) < ¢o t? for some p > 1, we get

co [ |fal \* |/l
3.20 1§/\If{—(—°) dm(z) = | Uy |bj——2—| dm(x),
(3:20) k  Lboa \Nu(fa,) (@) kL Nal(fa) (@)
where Wy(t) = Uy (t?) and by = (;}—%)5 > 0. Thus U, is a Young function
satisfying U < W¥; < W,. Then (3.20) gives the following important inequal-
ity: there exists a constant b, depending only on ¥, and independent of fy,,
such that

bifa )
3.21 Ny, [ 2% ) >4, >0,
(321 " (N\I/(on) -
(see [11, Theorem 2, Chapter II1]). Since Ny, (-) is a norm, by the definition
of by, we get

(3:22) %%%%rzﬁ(%)mmwz%MMW

where by = M52, Since we have Wy < ¥ < W; < Uy, by Lemma 2.1,
Dy < Dy < P < D so that £22 C (®1 C ¢® C (P =2 C (Y C (Y C (P2,
Now, for some 5 > 0, we get the following inequalities:

g G T2 N‘I’2(f 0) P N\IJ3(f 0) P
1 (3M23F Mg = Sy(ga,) < 7“252(9Ao)§g[m} Sb_s[_pr(f/i\O)} ’
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where Wy(t) = L[t 50 Wy < Wy, (Since W'(t) < ¢ot?). Let 3 be the
Complementary functlon of Us. Then So,(fa,) < baSa(fa,) for some by > 0
depending only on ®3 and ® only. Therefore, by (3. 23) we have

() M<I>3S<b3(on)} { M<I>3:|
3.24 1< M=My < =|———-2 b
(3:24) - T by [ MsSa(fa,) | — by | Mo

Hence,
(3.25) 1< Myt < B ME

for some positive constant r3 > 0 which depend only on ®, 5, &5 and the
ordering constants. But note that L¥3(K) = L (K), where p' = 2p(p+1) >
2. Tt follows from Theorem 3.1 that Mg, < ry < oo, for a positive constant
r4 depending on ¢y and r. Therefore (3.25) gives

1§M¢§T’5<OO

where r5 = (7“37"4)#, which is independent of A.

STEP III. By setting 7y = r5, equations (3.9) immediately give the required
inequality in (3.8). Since Wy and W3 depend on the complementary Young
function ¥ of @, all the constants involve depend on ® and the ordering ¢ <
®(, and perhaps on ¢y and p. This completes the proof of the lemma. [J

Now, we are ready to prove the Hausdorff-Young inequality for Orlicz
spaces on compact hypergroups.

Main Theorem 3.3. Let K be a compact hypergroup with the normalized
Haar measure m and let (®,V) be a pair of continuous normalized Young
functions such that

(i) ® < Dy, where $o(t) = |t|?,

(ii) W'(t) < cotP, t >0, for some p > 1,
where cq s a positive constant. If f € M®(K) then there is ro > 1 such that

Ny (Fy) <19 No(f).

Proof. Let f € M®(K) and let Ay be finite subset of A. Suppose fa, is given
by (3.7) where cf; = f(x® ). Tt is known that the set {fa, : Ao C A} of such
functions is dense in M‘I’(K) (see [16] and [7]). If {F AO( a) s a € Ao} is

corresponding function in ¢¥(k?), then we have
Alégl/\ Nq)(f — on) = 0, and AléICnA N\I/(Ff-AO) = N\I;(Ff),

where the limit as Ay varies in A is taken using the partial order define
by inclusion of subset of A. Now, by using this with the inequality (3.8),
N‘I/(FfAO) < 79 No(fa,), of Lemma 3.2, we get Ng(Fy) < ro No(f), where
ro = To. This completes the proof. O
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Remark 3.4. (i) Examples of Young functions ® satisfying the condi-
tions in Theorem 3.3 but different from |z|?/p can be found in [12,
p. 226].
(ii) For the Lebesgue space, constant rq is simply 1 (see Theorem 3.1);
however it is clear from the proof of Lemma 3.2 that the constant
ro in Theorem 3.3 is greater or equal to 1.

Remark 3.5. It would be interesting to find whether the Hausdorff-Young
inequlity for Orlicz spaces holds if K is a commutative hypergroup. For a
locally compact abelian group, this inequality was established by M. M. Rao
|8]. An obvious generalization of the techniques does not work as Rao uses
the structure theorem of locally compact abelian groups.
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