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Introduction

In this dissertation, I address one of the main methodological chal-
lenges educational sciences deals with. To explore this challenge, I
list below some of the research papers educational researchers have
published in the last couple of years:

e Transformational school leadership as a key factor for teach-
ers’ job attitudes during their first year in the profession
(Thomas, Tuytens, Devos, Kelchtermans, & Vanderlinde,
2018|)

e Identifying student and classroom characteristics related to
primary school students’ listening skills : a systematic review
(Bourdeaud’hui, Aesaert, Van Keer, & van Braak, 2018)

e Effects of immersion in inquiry-based learning on student
teachers’ educational beliefs (Voet & De Wever, 2018)

e The influence of motivation and comfort-level on learning to
program (Bergin & Reilly, 2005)

Many of the concepts that are studied in these papers, e.g school
leadership, job attitude, listening skills, educational beliefs, and
motivation, are very hard or even impossible to measure directly.
Such variables are referred to as latent variables. 1 will use the
concepts from the last paper as a running example throughout this
introduction. This example is depicted in Figure[I.1] How does one
measure motivation or programming skills? And how do you study
the influence of motivation on programming skills? This will be the
core of this dissertation: how to study relationships between latent

1
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i . Programming
skills

Motivation

Figure 1.1 Example: the relationship between motivation and pro-
gramming skills

variables. I am thus mainly interested in the regression parameter
v, which can be seen in Figure [I.I] In this introduction, I first
describe how to measure latent variables, before describing how to
study the relationships between latent variables.

1.1 How to measure latent variables

Latent variables cannot be measured directly, so they are usually
measured by using observed indicators. Motivation, for example,
is often measured by using questionnaires that contain multiple
questions. These questions will be referred to as items. Afterwards,
the information from the different items has to be combined into
one construct. This can be done by using factor analysis (FA).

1.1.1 The model

Assuming y is mean-centered, the measurement model that is used
for a factor analysis with a single factor is the following:

y=An+e. (1.1)

Denote var(e) = O, var(n) = 0'% and assume cov(n, e) = 0. There

are four elements in this equation:

e 7 represents the latent variable that one is trying to measure.
In our example, this is ‘motivation’.
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€1 €2 €3

| Mot1 | | Mot2 | | Mot3 |
A1 )\2* A3

Motivation

()

Figure 1.2 The measurement model for the latent variables ‘motiva-
tion’.

e y is a vector of the observed items that measure the latent
variable 1. The variance-covariance matrix of y is denoted as
3

T=022\"+0

e )\ is a vector containing the factor loadings, which represent
the linear relationships between the items and the latent vari-
able.

e ¢ is a vector containing the residual errors. This is the error
with which the items are measured. All items are measured
with a certain error, meaning they do not measure the true
latent variable exactly. If there was no error, the relationship
between the item indicator and the true latent variable would
be perfect, implying there is no need to measure multiple item
indicators.

This model is depicted in Figure for our example of motivation.
To be able to estimate all the parameters in this model, the metric
scale of the latent variable has to be fixed. This can be done by
fixing one of the factor loadings to 1 or by fixing the variance of the
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latent variable to 1.

1.1.2 Estimation

Different methods can be used to estimate the free parameters
in the factor analysis model, such as Maximum Likelihood Esti-
mation (MLE), Weighted Least Squares (WLS) and Generalized
Least Squares (GLS). When the items are continuous, MLE is the
most commonly used method (Schermelleh-Engel, Moosbrugger, &
Muller, 2003)). Using MLE, the parameters are estimated by mini-
mizing the discrepancy function

Farz = tr(SE7Y) 4 log|3| — log|S| — k, (1.2)

with S the observed variance-covariance matrix, 3 = 3(8) the
model implied variance-covariance matrix, given the vector of free
parameters é, and k the number of observed variables. In other
words, the values of the parameters in @ are chosen in such a way
that the difference between the observed variance-covariance matrix
S and the model implied variance-covariance matrix 3 is as small
as possible.

1.1.3 Factor scores

Once all the parameters are estimated, scores for the latent variable
can be calculated by multiplying a factor score matrix A with the

observed indicators y:
F = Ay. (1.3)

The resulting scores are referred to as factor scores. The computa-
tion of the factor score matrix A depends on the predictor that is
used. There are several predictors and all of them incorporate both
the factor loadings and the residual errors into the factor score ma-
trix one way or another. The most commonly used predictors are
the Regression predictor (Thomson| (1934; |Thurstone, |1935) and
the Bartlett predictor (Bartlett, 1937; Thomson, 1938). A more
detailed description of these predictors will be given in Chapter 2.
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1.1.4 Scale scores

Another, often used, way to obtain scores for the latent variable,
is to simply add up the scores of all indicator items or take the
average. These are referred to as scale scores. The problem with
this approach is that it relies on two underlying assumptions that
are usually violated in reality. First, it assigns equal weights to
all items. This implies that all items are measured on exactly the
same scale. So, every question on the motivation questionnaire has
exactly the same relationship with your true motivation. Secondly,
scale scores assume that the residual errors of the observed item
indicators are all equal (Graham)| 2006). This means that the reli-
ability is the same for every item. Both of these assumptions are
unlikely to be true, implying that scale scores are not an accurate
estimate of your true motivation. Note that if you constrain the
factor loadings and residual errors of a FA to be equal, they are
equivalent to scale scores up to a linear transformation.

1.2 How to study the relationship between the
latent variables

Most often researchers are not really interested in measuring the
latent variable itself. They are mainly interested in the relationships
between the latent variables and the relationships between latent
variables and observed variables. For simplicity reasons, I will refer
to these relationships as regression parameters. Trying to get a
reliable, unbiased estimate for these regression parameters is the
core of this dissertation.

1.2.1 Structural Equation Modeling

Structural Equation modeling (SEM) estimates the parameters of
the measurement model and the regression parameters in one step
(Bollen| [1989). SEM consists of two models, namely the measure-
ment model
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[Mot1]| [Mot2] [Mot3] [ps1| [pPs2| [Ps3]
Motivation 7 . Priiriil;lming

Figure 1.3 Using structural equation modeling to estimate the re-
lationship between motivation and programming skills. Note that the
residual errors were left out of the figure. This is for simplicity reasons
and will be done in all the figures hereafter.

y=An+e, (1.4)

and the structural model

n=vyn+¢, (1.5)

assuming cov(n, ) = 0. Different methods can be used to estimate
the parameters, but in general MLE is used when the items are
continuous. When I refer to SEM in this dissertation, I assume
MLE is used. SEM also minimizes the discrepancy function[I.2] but
the vector of free parameters @ now also includes the parameters
from the structural model. A diagram of the model for the influence
of motivation on programming skills can be found in Figure [T.3]

SEM has several advantages. Firstly, SEM takes the measurement
error into account when estimating the regression parameters, lead-
ing to unbiased results. Secondly, fit measures can be obtained that
give an indication of how well the model fits the data. Most fit
measures are based on the the y2-test statistic. This test statis-
tic is based on the difference between the covariance matrix of the
observed data (S) and the model-implied covariance matrix ().

However, the simultaneous estimation of all parameters also has
some downsides. Because of the large number of parameters that



Introduction 7

have to be estimated at once, a large sample size is needed to ob-
tain these unbiased results. In practice, it is often hard to obtain a
sample size that is sufficiently large to perform SEM, due to time
and financial restrictions. Also, if part of the model is misspeci-
fied, it can potentially affect all parameters. In conclusion, SEM
is considered to be the ‘gold standard’, but it requires a correctly
specified model and a rather large sample size. This makes it rather
impractical for applied researchers.

1.2.2 Naive factor score regression

Applied researchers often turn to a stepwise method, where they
first calculate the factor scores and then simply use them in a sub-
sequent analysis such as linear regression, mediation analysis or
multilevel analysis. This is refered to as factor score regression
(FSR). This procedure has been depicted for our example of the
influence of motivation on programming skills in Figure

When doing this, one actually treats the factor scores as if they
are observed scores. The problem with this approach is that this is
simply not true. In fact, as described above, there are several ways
to compute factor scores, all resulting in different predicted factor
scores that are all equally viable. This is referred to as factor inde-
terminacy (Maraun, 1996} |[Mulaik, [1972; Steiger}, |1979)). The higher
the indeterminacy, the larger the differences in the factor scores of
the different predictors. When the indeterminacy is low, the dif-
ferent predictors will lead to largely the same factor scores. The
indeterminacy will typically be low if the relationship between the
latent variable and the items is strong and will be high if the rela-
tionship is weak. Or in other words: the better the item indicators
measure the latent variable, the better the latent variables scores
can be predicted. However, the factor scores will still be a pre-
diction and not an observation. Factor indeterminacy implies that
it is impossible to obtain an unambiguous prediction for the true
latent variable scores (Lastovicka & Thamodaran| [1991)). There is
always a certain degree of uncertainty. As a consequence, the co-
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Step 1: Use factor analysis to determine factor scores
on each latent variable separately.

| Mot1]| [Mot2| |Mot3| |psi| |[ps2| |Ps3]
Motivati Programming
otivation <kills

Step 2: Use the factor scores in a linear regression.

Y . | Programming

Motivation skills

Figure 1.4 Using factor score regression to estimate the relationship
between motivation and programming skills

variance matrix of the factor scores is never completely the same
as the covariance matrix of the true latent variable scores:

var(F) # var(n) (1.6)

This is completely disregarded when the factor scores are used in a
subsequent analysis, and will often lead to results that are biased.
In chapter 2, an overview of the settings where this leads to bias is
given.

1.2.3 Correction methods

Several researchers have tried to develop a stepwise method, that
also avoids or corrects for the bias that is inherent to FSR.
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Step 1: Use factor analysis to determine factor scores
on each latent variable separately. Use the Regression
predictor for the independent variables and the Bartlett
predictor for the dependent variables.

[Mot1]| [Mot2] [Mot3] |psi| |ps2| |Ps3]
Motivation Prosirizﬁxsnming
(Regression) (Bartlett)

| Step 2: Use the factor scores in a linear regression. |

v . | Programming
skills

Motivation

Figure 1.5 Using factor score regression with bias avoiding to estimate
the relationship between motivation and programming skills

Bias avoiding

Skrondal and Laake (2001)) tried to avoid the bias by using different
predictors for the independent and dependent latent variables. As
depicted in Figure the Regression predictor is used for the
independent latent variables and the Bartlett predictor is used for
the dependent latent variables. This results in an unbiased estimate
for ~.

Bias correcting

A different tactic is to correct for the bias by correcting the variance-
covariance matrix of the factor scores. The regression parameters
in a simple linear regression can be calculated by dividing the co-
variance between the dependent and independent variable by the
variance of the independent variable. In our example, v can be
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Step 1: Use factor analysis to determine factor scores
on each latent variable separately. Use the same predictor
for both the independent variables and dependent variables.

[ Mot1]| [Mot2] [Mot3]

|psi| |[ps2| |[ps3]

Motivation Programming

skills

Step 2: Calculate the covariance matrix of the factor scores:
var(F).

Step 3: Apply a correction to var(F),
to get an unbiased estimate of the covariance matrix:
3,
n

Step 4: Use ﬁ]n to perform a linear regression.

~
Motivation

. | Programming

skills

Figure 1.6 Using factor score regression with bias correcting to esti-
mate the relationship between motivation and programming skills



Introduction 11

calculated as follows:

cov(motivation, programming)
var(motivation)

This means that the raw scores are not needed to perform a lin-
ear regression: having a variance-covariance matrix is sufficient. A
corrected variance-covariance matrix of the factor scores can thus
be used to calculate the regression parameters. An overview of this
strategy can be found in Figure [I.6] There are several methods
that do this, including methods suggested by (Croon (2002) and
Hoshino and Bentler (2013). The exact way these methods correct
the variance-covariance matrix will be discussed in further detail
in chapter 2 and 3. While these methods are very promising, they
remain rather unknown and understudied. The settings that they
are studied in are rather limited, usually using a very simple linear
regression model, so many questions remain unanswered:

e Which of these methods performs the best?

e Can these methods indeed overcome the limitations of SEM
with regard to sample size and model misspecifications?

e Do these methods also work in other settings, such as media-
tional models and multilevel models?

e How does one assess the model fit when using stepwise meth-
ods?

e How to estimate the standard error when using stepwise meth-
ods?

1.3 Objectives

In this dissertation, I will try to give an answer to these ques-
tions. In general, I have three main objectives, namely comparing
methods, expanding stepwise methods to other settings than linear
regression and performing hypothesis and model testing.
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1.3.1 Comparing methods

First of all, it is important to know which of the several stepwise
methods performs the best. In chapter 2, a comparison of naive
factor score regression, one bias avoiding method and one bias cor-
recting method is given. The methods are compared by means
of a simulation study, using several performance criteria such as
convergence rate, bias in the unstandardised setting, bias in the
standardised setting, efficiency, MSE, power and type I-error rate.
At the end of this chapter, it is concluded that the bias correcting
method suggested by |Croon| (2002) is the best stepwise method.
Next to knowing wich stepwise method is best, it is also important
to now how it compares to the ‘gold standard’ SEM. In chapter 2,
SEM is also included in the simulation study to see if the stepwise
methods can perform equally well as SEM in a linear regression
setting. In chapter 3, SEM is compared to the method of Croon to
see if the method of Croon can even outperform SEM, especially
with regard to the main limitations of SEM, namely small sample
sizes and misspecifications.

1.3.2 Expanding the settings
Mediation

In chapter 3, the method of Croon is implemented in mediational
settings. In mediational settings, the influence of one variable on
another can be both direct and indirect through another variable.
For example, the influence of motivation on programming skill could
be mediated by the amount of time a person spends practicing. This
is depicted in Figure So, motivation has a direct influence on
the programming skills, but it also has an influence on the hours of
practice, which in turn also influences the programming skills.

Multilevel regression

In chapter 5, the method of Croon is extended to the multilevel
setting. In educational sciences, the data is often hierarchical in
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| Mot1]| [Mot2| |Mot3| |psi| [ps2| |Ps3]|
Motivati Programming
otivation <kills
— N
Hours
Practicing

|HP1| |HP2| |HP3]

Figure 1.7 A mediational model: the influence of ‘motivation’ on ‘pro-
gramming skills’ is mediated by ‘hours practicing’.

nature. For example, if one studies pupils, these pupils are usually
members of a school. Pupils from the same school tend to be more
alike compared to pupils from different schools. In other words,
pupils are clustered within classes and classes are clustered within
schools. In our motivation example, the pupils can be members of
different schools (see Figure . This means that not all pupils
in our dataset are independent from each other. However, this is
an assumption of single-level linear regression and mediation. The
clustered nature of the data requires specialized techniques.

1.3.3 Performing hypothesis and model testing

Being able to estimate unbiased regression parameters is very im-
portant, but also insufficient. To be able to draw statistical infer-
ence, a reliable standard error is necessary. The stepwise nature of
the Croon method makes this hard to obtain. In chapter 2, an ad-
hoc solution for the linear regression setting is proposed. However,
this solution was not transferable to the mediational and multilevel
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[Mot1]| [Mot2| [Mot3] [psi| [pPs2| [Ps3]
School | Motivation P Progumming

[Mot1]| [Mot2| [Mot3] [psi| [ps2| [Ps3]
T _ | Programming

Pupil N
upils Motivation skills

Figure 1.8 Multilevel model to estimate the relationship between mo-
tivation and programming skills

setting. In chapter 3, the use of bootstrapping to estimate the stan-
dard errors is proposed. In chapter 5, an analytical approach that
was developed by Bakk, Oberski, and Vermunt| (2014) is used.
However, this approach is mainly useful to test single parameters.
It cannot be used to perform a model comparison, nor can it be used
to evaluate the fit of the model. In chapter 4, an approximate y?-
test-statistic is introduced that can be used to construct fit indices
and to perform model comparison tests.

1.4 Overview of the chapters

Chapter 2 In this chapter, several methods in a linear regres-
sion context are compared, to be able to determine which stepwise
method is to be preferred. At the end of this chapter, it is conclude
that the method of Croon is the best of the stepwise methods. The
chapter is published as
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Devlieger, 1., Mayer, A., & Rosseel, Y. (2016). Hypoth-
esis testing using factor score regression: A comparison
of four methods. Fducational and Psychological Mea-
surement, 76, 741-770. doi: 10.1177/0013164415607618

Chapter 3 In the third chapter, the method of Croon is expanded
to the mediational setting. Moreover, it is demonstrated that the
method of Croon can outperform SEM in settings with a complex
model and/or a small sample size. The chapter is published as

Devlieger, 1., & Rosseel, Y. (2017). Factor score path
analysis: An alternative for SEM? Methodology, 13, 31—
38. doi: 10.1027/1614-2241 /2000130

Chapter 4 In the fourth chapter, a way to calculate an approxi-
mate y>-test statistic for the full model is developed. This y2-test
statistic can be used to perform model comparison tests and to cal-
culate fit indices to assess how well the model fits the data. The
chapter is published as

Devlieger, 1., Talloen, W., & Rosseel, Y. (2019). New
Developments in Factor Score Regression: Fit In-
dices and a Model Comparison Test. FEducational
and Psychological Measurement, 79(6), 1017-1037 doi:
10.1177/0013164419844552

Chapter 5 In the fifth chapter the method of Croon is expanded
to the multilevel setting. The chapter is published as

Devlieger, 1., & Rosseel, Y. (2019). Multilevel factor
score regression. Multivariate Behavioral Research, doi:
10.1080/00273171.2019.1661817

Chapter 6 In this chapter, I provide a general discussion of the
findings in this dissertation. I also discuss the limitation and per-
spectives for future research.

Chapter 7 In this chapter I provide a summary of this dissertation.



16 Chapter 1

In chapters 2 to 5 there might be some overlap since these chapters
have been written as articles. As a consequence I introduce for each
chapter notation, which might not be identical across the chapters.
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Hypothesis testing using
factor score regression: A
comparison of four methods

Abstract. In this article, an overview is given of four meth-
ods to perform Factor Score Regression (FSR), namely re-
gression FSR, Bartlett FSR, the bias avoiding method of
Skrondal and Laake (2001) and the bias correcting method
of |Croon| (2002). The bias correcting method is extended
to include a reliable standard error. The four methods are
compared to each other and to SEM by using analytic calcu-
lations and two Monte Carlo simulation studies to examine
their finite sample characteristics. Several performance cri-
teria are used, such as the bias using the unstandardized and
standardized parameterization, efficiency, mean square error,
standard error bias, type I-error rate and power. The results
show that the bias correcting method, with the newly devel-
oped standard error, is the only suitable alternative for SEM.
While it has a higher standard error bias than SEM, it has
a comparable bias, efficiency, MSE, power and type I-error

rate.

This chapter has been published as Devlieger, 1., Mayer, A., &
Rosseel, Y. (2016). Hypothesis testing using factor score regres-
sion: A comparison of four methods. Educational and Psychological
Measurement, 76, 741-770. doi: 10.1177/0013164415607618.
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2.1 Introduction

In the social and behavioral sciences, the aim of applied researchers
is often to examine the relationships between latent variables. La-
tent variables are variables that are not directly observable, such as
intelligence, skill or motivation. To measure these latent variables,
observable indicators are used (Bollen & Hoyle, 2012). Structural
Equation Modeling (SEM) can be used to simultaneously and con-
sistently estimate both the measurement models and the structural
relations between these latent variables (Bentler & Chou, |1987;
Joreskog), |1973).

Despite the increasing popularity of SEM, many applied researchers
prefer to use the Factor Score Regression (FSR) method, which is
more intuitive and consists of two steps. In a first step, the scores
on the latent variables are predicted using factor analysis (FA). In
this paper, we will refer to these predicted scores as factor scores.
In a second step, the factor scores are used in a linear regression
(OLS) (Lu, Thomas, & Zumbol |2005). Unfortunately, there are an
infinite number of ways to compute these factor scores, all of which
are consistent with the FA performed (Grice, 2001), meaning they
are all equally viable. The two most commonly used predictors
are the regression predictor (Thomson, [1934; Thurstone, [1935) and
the Bartlett predictor (Bartlett, 1937; Thomson, [1938). The factor
scores will be different depending on which predictor is used.

This phenomenon is referred to as factor indeterminacy (Maraun)
1996; [Mulaik, 1972 Steiger, 1979). The degree of indeterminacy
is small if the relationship between the indicators and the latent
variable is strong or if the number of indicators is high (Acito &
Anderson, [1986). When there is a high degree of factor indetermi-
nacy, it is even possible for an individual to score high according to
the factor scores calculated by one method and score low according
to the factor scores of another method (Gricel |2001). Lastovicka,
and Thamodaran| (1991)) conclude that indeterminacy implies that
factor scores cannot be measured and researchers have to accept
that factor analysis means it is impossible to obtain an unambigu-
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ous prediction or computation of the latent variable scores. In other
words, a degree of uncertainty is inherent to factor scores, which is
no longer accounted for when using factor scores in linear regression.
This uncertainty causes the regression coefficient to be biased, as
has been discussed extensively in the literature (e.g. Bollen, 1989}
Lastovicka & Thamodaran) (1991} [Lewis, 2005} [Shevlin, Miles, &
Bunting, 1997). Despite its obvious drawbacks, FSR remains a
popular method among applied researchers (Lu & Thomas| 2008)).

For this reason, improved methods to perform FSR have been de-
veloped, which result in an unbiased regression coefficient (Croon),
2002 Skrondal & Laake, [2001). |[Skrondal and Laake (2001) de-
veloped a method which avoids bias altogether, while |Croon (2002)
found a method to correct for the bias. We will refer to these meth-
ods as the bias avoiding and bias correcting method, respectively.
Both methods indeed result in an unbiased parameter estimate, but
are hardly ever used in practice. This is partly due to the highly
technical and mathematical level of the papers describing the meth-
ods. |Lu, Kwan, Thomas, and Cedzynski (2011)) tried to remedy this
by giving an overview of both methods. The statistical performance
of both methods was also compared in a simulation study, with re-
gard to accuracy and power. However, the methods remain unused
by applied researchers. This could be due to some practical issues.
First of all, it is only described how to obtain an unbiased estimate
for the regression coefficient, but for the bias correcting method,
there is no standard error available. This means that this method
cannot be used yet to test hypotheses. Second, the results of the
methods have only been described for the unstandardized param-
eterization. Neither Skrondal and Laake| (2001]), |Croon| (2002) or
Lu et al.| (2011)) describe what happens when the standardized pa-
rameterization is used. In conclusion, the methods are not directly
usable for the applied researchers.

The goal of this paper is to compare various methods for performing
FSR, namely FSR using the regression predictor (regression FSR),
FSR using the Bartlett predictor (Bartlett FSR), the method of
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Skrondal and Laake (2001) (bias avoiding method) and the method
of (Croon (2002) (bias correcting method). For each method we
derive the bias analytically on the population level for both the
standardized and unstandardized parameterization. Next, for the
bias correcting method, a new standard error is developed, making
it possible to use the bias correcting method to test hypotheses.
Finally, two simulation studies are set up to compare the perfor-
mance of the four methods in finite samples, using normal and
non-normal data, respectively. The simulation studies also allow
us to evaluate the performance of the newly developed standard
error. Since SEM is generally considered as the standard method
to examine the regressions between latent variables, SEM is also in-
cluded in the simulation studies. The aim is to be able to compare
the methods on their overall statistical performance and formulate
recommendations for the applied users.

2.2 Setting

To be able to compare the four methods, a simple regression model
with one dependent and one independent variable is used. The
simple regression model is used to reduce the notational complexity
and enhance comprehensibility. However, it can easily be extended
to settings with more than one dependent variable and more than
one independent variable. In fact, a more complex setting is used
in the simulation study.

Within this framework of a simple linear regression, we consider
four possible scenarios, which are visualized in Figure In the
first scenario, both the dependent and independent variable are
measured without error. They are considered observed variables.
In the second scenario, factor scores are used for the independent
variable, while the dependent variable is observed. In the third
scenario, factor scores are used for the dependent variable, while
the independent variable is observed. In the fourth and final sce-
nario, factor scores are used for both variables. In all scenarios, the
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structural equation is:

n=y e+, (2.1)

where 7 is the dependent variable, ¢ is the independent variable, y
is the regression coefficient and ( is the residual error term. When
n and £ are latent, the following measurement models are used

x=A£+9 (2.2)

y=Ayn+e, (2.3)

where x = (X1, ..., Xi, ..., Xp)T and y = (Y1, ..., Y}, ..., Yy)T are vec-
tors of mean-centered observed indicators measuring £ and 7 re-
spectively, A, and A, are vectors of the factor loadings and 4 and
€ are the respective vectors of measurement error variables.

In the first step of factor score regression, we use these measure-
ment models to perform a FA for each latent variable separately
and to calculate the factor scores for £ (F¢) and n (F,). To be able
to perform a FA, the metric scales of the latent variables £ and n
have to be fixed. This can de done in several ways, for example by
fixing one factor loading per latent variable to 1 or by fixing the
variance of the latent variable to 1. We will refer to the latter as
the standardized parameterization, and the former as the unstan-
dardized parameterization. In this paper, we will mainly use the
unstandardized parameterization.

The factor scores are calculated by multiplying a factor score matrix
A with the observed indicators x (or y):

FE,=Ayy
Fr = Agx.
The computation of the factor score matrices A, and A¢ depends

on the method used for the prediction of the factor score. The
different methods and their influence will be discussed in the next
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section.

In the second step of factor score regression, a linear regression is
performed between the factor scores, resulting in a regression coef-
ficient. In a simple linear regression, the true regression coefficient
is defined as the true covariance between the dependent and the
independent variable, divided by the variance of the independent

variable:
_ cov(§,m)

-~ war(§)

When performing the linear regression with factor scores, the re-

(2.6)

gression coefficient becomes

B cov(Fe, Fy)

var(Fy) (2.7)

which is not necessarily the same as the true regression coeflicient.
The relationship between y and 3 can best be understood if we work
out the covariance and variances of the factor scores. In Appendix
Al, we derive the exact relationship between 8 and ~:

_ cov(Fg, Fy) _ AcAgcov(€,n)A A, _ AcAgvar(€,n)AL A,
var(F) AgZ]gcA'E AEZ)QCA'§

(2.8)
From this, it is clear that in most cases the regression coefficient
obtained with factor score regression will not be the same as the true
regression coefficient. It is also possible to calculate the expected
regression coefficients when factor scores are only used for one of
the variables, dependent or independent. The interested reader can
find the calculations in Appendices A2 and A3.

2.3 Methods to perform FSR

To perform FSR, several methods can be used, such as the re-
gression FSR method, the Bartlett FSR method, the bias avoiding
method (Skrondal & Laake, |2001) and the bias correcting method
(Croon, |2002). In this section, these four methods will be discussed.
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In Table 2.1} an overview of this discussion is given.

2.3.1 Regression FSR method

The regression FSR method uses the regression predictor (Thom-
sonl, (1934} 'Thurstone, [1935) to compute the factor scores and then
uses these factor scores in a linear regression. When using the
regression predictor, the factor scoring matrices A? and Aff are
computed as follows:

AR =®A 3" = var(6)A, S, (2.9)
and
Aff = var(n)AyEZ;l. (2.10)

This means the formula for the variance of F¢ can be simplified. In
appendix B, this is done to show that the regression coefficient in
factor score regression is not biased in all cases. When using the
regression FSR method, there is only bias when factor sores are used
for the dependent variable. With regard to bias, it is acceptable to
use the regression FSR method if only the independent variables
are factor scores. When factor sores are used for the dependent
variable, one should not use regression FSR, since the regression
parameter will be biased in most cases.

These results only apply when the unstandardized parameterization
is used (Skrondal & Laake, |2001). The standardized regression coef-
ficient v, is different from the unstandardized regression coefficient
v. The standardized regression coefficient can be calculated from
the unstandardized regression coefficient and standard deviations:

sd(€)
Y27 )

Since sd(F¢) and sd(F,) are biased, the standardized regression

(2.11)

coefficient will be biased too if factor scores are used for any of the
variables.
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2.3.2 Bartlett FSR method

The Bartlett FSR method uses the Bartlett predictor (Bartlett,
1937; [Thomson, [1938)) to compute the factor scores and then uses
these factor scores in a linear regression. The factor scoring matrices
AgB and A§B are calculated as follows:

B
Ag
B __

AP = (A

I
>
2
>

)IALe;! (212)
O.'A,)'A,0 ", (2.13)

with @5 and ©,. the covariance matrices of respectively,  and e.
The Bartlett predictor is less known than the regression predictor,
but has the advantage that

ABA, = (A, 05'A,) A0 'A, = 1.

This implies that the formulas for the covariances can be simplified.
The formula for the variance of ¢ stays the same. Combined, this
gives the regression coefficients as in Appendix C and Table
When using Bartlett FSR, there is no longer bias when factor sores
are used for the dependent variable. However, now there is bias
when factor scores are used for the independent variable. There is
also still bias when factor scores are used for both variables.
Again, these results only apply for the unstandardized parameter-
ization. Since the standard deviations are also biased using this
method, the standardized regression coefficient will be biased if fac-
tor scores are used for any of the variables.

2.3.3 Bias avoiding method

The bias avoiding method was developed by [Skrondal and Laake
(2001). Based on the results discussed in the previous section, they
concluded that one should simply use the regression predictor to
predict the factor scores of the independent variable, while one
should use the Bartlett predictor to predict the factor scores of
the dependent variable. It has already been proven that this works
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for the unstandardized parameterization when factor scores are used
for only one of the variables, but |[Skrondal and Laake| (2001 showed
that this also works when factor scores are used for both variables.
In Appendix D, it is proven that this method results in unbiased
estimates for all settings, but it has some drawbacks. First of all,
one has to determine in advance if a variable will be dependent or
independent. Moreover, a variable can only be dependent or inde-
pendent. Mediational relationships are not possible. Second, this
method only works when the unstandardized parameterization is
used. When using the standardized parameterization, the regres-
sion coefficient estimate will still be biased.

2.3.4 Bias correcting method

The bias correcting method was developed by (Croon| (2002). In
this method, the factor scores are computed using either the re-
gression predictor or the Bartlett predictor. After computing the
factor scores, their variances and covariances are calculated. Next,
these variances and covariances of the factor scores are used to
compute the variances and covariances of the true latent variable
scores. Finally, these estimates are used to calculate the regression
coefficient. In Appendix E, it is shown how the covariance and
variance of the true latent variable scores can be computed. Once

these computations have been made, the regression coefficient can

cov(€,n)
var(§)
are unbiased, this results in an unbiased regression coefficient esti-

mate (see Table [2.1). While this process is more complex than the
bias avoiding method, it does have some advantages over it. First

be computed as = . Since these variances and covariances

of all, it works for both the Bartlett and the regression predictor.
Secondly, since the variances are no longer biased, the standard
deviations necessary to calculate the standardized regression coef-
ficient are also unbiased. This means that the method of [Croon
(2002)) also results in an unbiased regression coefficient when the
standardized parameterization is used.
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2.4 Standard errors

Skrondal and Laake| (2001)), Croon| (2002)) and Lu et al.| (2011) only
describe how to calculate the regression coefficient, just as in the
previous section. To be able to use the methods for hypothesis
testing, it is necessary to have a complementary significance test,
which requires a standard error and a theoretical distribution. For
regression FSR, Bartlett FSR and the bias avoiding method, this is
no problem. All three methods perform a regular linear regression
after calculating the factor scores. This means that the significance
test from the linear regression can be used. This test uses the
following standard error:

55— J s
var(Fe)(n — 1)

where S? is defined as:

T n—1

S? = var(Fy)(1 — 7“2)7” L

EZ@%% n is the sample size and p is the number

of independent variables. A t-statistic is calculated by dividing the

with r = vy, =

regression coefficient by its standard error. Finally, a p-value is
calculated by comparing this t-statistic to a t-distribution with n-
(p+1) degrees of freedom. Note, that when performing hypothesis
tests, we are dealing with finite samples. For this reason, all pop-
ulation parameters are replaced with their corresponding sample
estimates.

For the bias correcting method, the standard error is not so easy
to calculate. If one would use the above standard error, then this
would be the standard error that coincides with the original, un-
corrected regression coefficient. In this case, using the corrected
regression coefficient to calculate the t-value would result in an in-
correct t-value (and p-value). On the other hand, using the uncor-
rected regression coefficient would just result in a significance test
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for the uncorrected regression coefficient and is again not adequate.
Another alternative would be to use the above formula for the
standard error, but replace all variances and standard deviations
with their corrected versions (Croon, 2002). Unfortunately, this
approach implicitly assumes that the true latent scores are directly
observable, resulting in an underestimation of the standard error.
This suggests that the standard error consists of multiple parts,
namely error resulting from the regression itself and error resulting
from the factor scores. One way to calculate the error resulting
from the factor scores, is to first calculate the prediction error in
the factor scores. The prediction error in F¢ and F;, will be denoted
as vare, and vare, respectively. These prediction errors can be cal-
culated for both the regression and Bartlett predictor. Here, we will
only discuss the regression predictor. Skrondal and Rabe-Hesketh
(2004, eq. 7.7) showed that the prediction errors can be calculated
as follows when using the regression predictor:

var,, = ®— NI 'AD (2.14)
= war(§) —var(n). (2.15)

The last equation is derived from Equation [2.31] in Appendix B.
The same derivations can be made for the dependent variable 7:

var., = war(n) —var(F,). (2.16)

The prediction error in the factor scores is thus the difference be-
tween the observed and the corrected variance. Since this is again a
variance, the formula from the regular linear regression can be used
to calculate the corresponding S2. From this, it can be derived that
the total S? consists of three parts:

1. Sfeg =wvar(n)(1 — r2)nf(;i1)

2. 5’5 =vare, (1 — rz)nf(;}rl)

1

2 _ n—
n—(p+1)°

3. 82 = wvare,r
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Note that for S2, r? is used instead of 1 — 2. This is because the
prediction error in the independent variable has more influence on
the standard error, as the relation between the variables increases.
When the independent variable has no influence on the dependent
variable, it also has no influence on the standard error. Now, the
total S? can be calculated by summing up the three parts:

Stotal = Steg+ 52+ 52 (2.17)

Finally, a new adjusted standard error can be calculated as:

2
SE = \/1@)% (2.18)

Using this approximate standard error and the corrected regression
coefficient, an approximate t-statistic can be obtained and com-
pared to the theoretical t-distribution with n-(p+1) degrees of free-
dom. Using this newly developed standard error, the bias correct-
ing method can now be used to perform hypothesis tests about the
regression coefficient .

2.5 Simulation studies

Two simulation studies are conducted to examine the finite sam-
ple performance of these methods and significance tests. In a first
study, the methods are studied using item responses that are nor-
mally distributed. In the second study, non-normal item responses
are used. The results of these studies can be used as guidelines to
determine which method to use, depending on the data and research
questions.

First, an outline of how the data was simulated is given, followed
by a description of the analyses performed on the simulated data
and the results of both studies.
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2.5.1 Data simulation
Study 1

Before the simulation of the data, a ground truth or population
model is defined. The structural model consists of a multivariate
regression between three latent independent variables, &1, &2 and
&3, and two latent dependent variables n; and 72, resulting in the
structural equation:

m =v1& +v28e +v3&s + (i, (2.19)
ne  =v3& +vi1&2 + V283 + (o (2.20)

The model is depicted in Figure

The simulation of the data consists of two steps, which are carried
out using R (R Development Core Team) 2016|). In the first step,
the true latent variable values of &1, &, €3, m1 and 72 are generated.
The variance of the independent variables &1, & and &3 is set at 100,
while the residual variance of the dependent variables 7; and 7y is
set at 400. The covariances between all latent variables are 0. To
generate data that comply with these parameters, the true latent
scores of &1, & and &3 are first generated, followed by the regression
residuals (; and (2. Finally, using the structural equations n; =
Y161 + v2€e + V383 + (1 and ng = v381 + v1€2 + Y283 + (2, the true
latent scores on 7; and 72 are generated.

In the second step, data is generated for each observed item re-
sponse x;; and y;;, using the true latent scores and the measurement
models, with i referring to the latent variables and j to the items.
The measurement models of the latent variables are y;; = Ayij ni+€ij

and x;; = Mg, & + 055 All Ag;; and Ay, are set at 1. The residual

variances @Eij of all y;; are set at @eij = %f@”) and the

var(§;)(1-=CDy,)
CD., ’
with CD,, and C'D,, the respective coeflicients of determination

residual variances O, of all x;; are set at Oy, =

for the measurement models. All CD,, and CD,, are equal and
will thus be referred to as CD. To create item responses that are
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Table 2.2 Summary of the model parameters used in simulation

Model parameter value
Regression coefficients vy 0

Y2 1.5

Y3 0.41
coefficient of determination C'D 0.3, 0.6

0.7, 0.9
0.95, 0.99

The sample size n 300, 500, 800, 2000
The number of items [ 3, 5,10

normally distributed (skewness = 0, kurtosis = 3), €;; and ¢;; are
generated from a univariate normal distribution.

The coefficients of determination C' D, the regression coefficient v;,
the sample size n and the number of items I for the two latent
variables are varied to create 216 experimental conditions. The
sample size is varied to be able to determine the consistency of the
methods, while the coefficient of determination is varied to account
for the degree of factor score indeterminacy. A higher CD implies
a lower degree of factor score indeterminacy (Acito & Anderson,
1986)). The regression coefficient is varied to be able to determine
the power and type I-error rate. The values used for these param-
eters can be found in Table 2.2

Study 2

In the second simulation study, the aim is to compare the meth-
ods when the observed item responses are not normally distributed.
This means the simulation of the data is done in the same way as in
study 1, except for the generation of the ¢;; and d;;. To create non-
normal item responses, the generation of €;; and d;; is done in two
different ways. To create item responses that are symmetrical, but
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have a large kurtosis, €;; and d;; are generated from a t-distribution
with 3 degrees of freedom, multiplied by ,/©

eij OF \/@ , respec-
tively. On average, this results in data with an almost-zero skewness
(=0.001) and a kurtosis of about 10.057. To create item responses
that are skewed and have a non-normal kurtosis, €;; and d;; are gen-
erated from a x?-distributions with 1 degree of freedom, multiplied
by \/@75” or ,/Os,,, respectively. On average, this results in data
with a skewness of 0.693 and a kurtosis of 4.785. Note that the way
the data are simulated implies that the degree of non-normality re-
duces as the coefficient of determination increases. This is due to
the fact that €;; and ¢;; have less influence when the factor loadings

become stronger.

2.5.2 Analyses

The analysis performed on the data is the same in both studies. Five
methods of analyses are performed on the simulated data, namely
regression FSR, Bartlett FSR, the bias avoiding method (Skrondal
& Laake,2001), the bias correcting method (Croon, 2002)) and SEM.
For the SEM analysis, a correctly specified SEM-model is con-
structed, meaning that it corresponds with the population model
used to generate the data. This model is estimated using the sim-
ulated dataset, with a "maximum likelihood" estimator. From the
results, the regression coeflicient vy, and its standard error SE and
p-value p are obtained, as well as the standardized regression co-
efficient y,. This is done for a 1000 simulated datasets for every
simulation condition. Based on all 1000 replications, several per-
formance criteria are calculated, namely the mean regression coef-
ficient estimations y and vy, the bias using the unstandardized and
the bias using standardized parameterization, the empirical stan-
dard deviation, the mean square error, the mean standard error and
the standard error bias for the regression coefficient and the power
of the statistical test. For the conditions with a regression coeffi-
cient of 0, the type I-error rate is calculated instead of the power.
For the four FSR methods, a FA is performed for all latent variables.
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Hereafter, factor scores are calculated, using the Bartlett and the
regression predictor. Next, the regression factor scores are used in
two linear regressions for the regression FSR and the Bartlett factor
scores are used for the Bartlett FSR. For the bias avoiding method,
two linear regressions are performed, using the Bartlett factor scores
for the dependent variables and the regression factor scores for the
independent variables. Finally, for the bias correcting method, the
regression coefficient and standard errors are calculated using the
formulas described above. Again, the regression coefficients y and
Y. and the standard error SE and p-value p for ¥ were retained.
This was repeated 1000 times and the same performance criteria
were calculated. The criteria are summarized in Table 2.3

2.5.3 Analysis of the results
Study 1

To compare the five methods with regard to the bias using the un-
standardized and standardized parameterization, efficiency, MSE,
standard error bias, type I-error rate and power, an ANOVA was
performed for each of these performance measures. The indepen-
dent variables were the design factors, namely the sample size, co-
efficient of determination, method, number of items and the value
of gamma.

All possible two-way interactions were also included in the analyses.
This resulted in 15 predictors for each model. The results of this
ANOVASs can be found in Table[2:4] Due to space constraints, only
the informative effects are discussed in the results section.

Study 2

The same ANOVAs were performed when the data were not nor-
mally distributed. However, one extra independent variable was
added, namely the degree of non-normality. This resulted in 21
predictors. The results can be found in Table [2.6]
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Table 2.3 Summary of the performance criteria, with R the number
of successful replications.

Criteria Formula
Y R Zz 1%

Y2 R Zz 1 'Y,zZ
Bias 112 Zﬁ 1(Vi —v)
Relative bias %

Empirical standard deviation (ESD) \/ = SR —v)?

Mean square error (MSE) }% SR Fi—v)?

Mean standard error (MSTE) % 2 SE

Standard error bias (SEB) + S 2 (MSTE — ESD)
Power/Type I-error L3R (B < 0.05)

2.5.4 Results Study 1

The results are discussed per statistical performance criterion. The
proportion of successful replications, the bias and efficiency results
are discussed first, followed by the MSE, standard error bias, type
I-error rate and power. In Table a comparison between the
methods for all performance criteria is given.

Proportion of successful replications

The first performance measure that was considered was the propor-
tion of successful replications for each method. The proportion of
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Table 2.4 ANOVA-models, using normally distributed data
Effect Df Su(:(.:essful Bias St.andardized Efficiency
replications bias
1 2 1253.97 *** 43.37 *** 105.00 *** 271.22 ***
Y 2 0.00 264.20 *** 722.37 *** 1192.35 ***
CD 5 839.31 *** 154.10 *** 412.64 *** 3131.66 ***
Method 4 48.24 *** 265.33 *** 230.36 *** 310.78 ***
n 3 1.41 0.16 0.18 15202.77 ***
Method*CD 20 43.35 *** 74.21 *** 67.21 *** 127.58 ***
Method*y 8 0.00 131.22 *** 113.74 *** 3.92 **
Method*I 8 40.24 *** 17.73 *** 16.52 *** 32.96 ***
Method*n 12 2.22 * 0.02 0.012 12.15 ***
CD*y 10 0.00 74.66 **¥* 202.22 *** 389.46 ***
CD*I 10 800.24 *** 10.60 *** 26.21 *** 204.36 ***
CD*n 15 7.21 *H* 0.03 0.04 181.63 ***
! 4 0.00 20.55 *** 50.20 *** 0.88
Y *n 6 0.00 0.70 0.33 50.27 ***
T*n 6 3.11 * 0.08 0.08 70.98 ***
Effect Df MSE Standa'rd Type I Power
error bias error rate
1 2 38.98 *** 14.13 *** 47.11 *** 55.84 ***
h% 2 144.13 *** 1122.45 *** / 921.72 **¥*
CD 5 164.28 *** 531.54 *** 2.92 + 177.54 ***
Method 4 40.55 *** 62.15 *** 9.33 *** 0.22
n 3 65.76 *** 79.20 *** 38.13 *** 429.60 ***
Method*CD 20 25.57 *** 32.43 *F** 1.42 0.17
Method*y 8 44 .50 *** 65.25 *** / 0.22
Method*I 8 8.14 *** 1.64 0.16 0.05
Method*n 12 0.37 1.35 0.22 0.04
CD*y 10 8348 %% 35561 *** 177.66 ***
CD*I 10 23.48 *** 12.22 *** 15.40 *** 24.47 *F*
CD*n 15 3.33 F** 28.90 *** 3.41 F** 48.33 ***
Y*1 4 18.90 *** 0.97 / 56.01 ***
Y*n 6 1.01 50.96 *** / 429.17 *¥*
T*n 6 0.65 0.99 5.89 *¥* 13.17 ***
Residuals 2044 634 1339

Note:*** < 0.000, **0.000-0.001, *0.001-0.01, +0.01-0.05
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successful replications is very high for all methods and conditions,
namely 0.989 or higher. The proportion of succesful replications of
SEM is even higher than the proportions of the other four methods,
which all have the same proportions.

Bias

As can be seen in Figure only the regression FSR and the
Bartlett FSR method are biased, while the three remaining meth-
ods are not. More specifically, both methods underestimate the re-
gression coefficient and the Bartlett FSR method is more severely
biased than the regression FSR method. Moreover, the bias is not
influenced by the sample size, implying that both the regression
and Bartlett FSR methods are also inconsistent. The bias does dis-
appear with an increasing factor loading and when vy is equal to 0.
When the number of items goes up, the bias also declines, but has
not disappeared completely when the number of items reaches 10.
The three other methods, namely the bias avoiding, bias correcting
and SEM method, exhibit, as expected, very little bias. The three
methods perform very similar.

Bias using standardized parameterization

The patterns change slightly when the standardized parameteriza-
tion is used (see Figure [2.4a). Now, the bias avoiding method also
underestimates the regression coefficient and is inconsistent. There
is also no longer a difference between the Bartlett FSR, regression
FSR and bias avoiding methods. All other effects can be interpreted
in the same way as in the unstandardized parameterization.

Efficiency

While regression FSR and Bartlett FSR are the most biased meth-
ods, they are also the most efficient methods. The Bartlett FSR
method is even slightly more efficient than the regression FSR
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method. The three other methods have very similar standard er-
rors. However, the bias avoiding method is slightly more efficient
than the other two when the coefficient of determination is low. It
is also important to note that the differences between the methods
disappear as the coefficient of determination increases.

Mean Square Error

The regression and Bartlett FSR methods have a high MSE, as
compared to the other three methods, with the Bartlett FSR having
the worst MSE. The MSE of the other three methods is very similar
to each other. The differences between the five methods disappear
when the CD approaches 1 or when the value of y approaches 0.

Standard error bias

With regard to the standard error bias, there is a large difference be-
tween the methods. In Figure it can be seen that all five meth-
ods show bias in the standard error. However, the SEM method
clearly has the smallest standard error bias. The four alternative
methods are more severely biased with regard to the standard er-
ror. On average, the Bartlett FSR method gives the second best
estimation of the standard error, followed by the bias correcting
and regression FSR methods.

Over all methods, a higher sample size, a higher CD or more items,
lowers the standard error bias, while a larger value of y increases
the standard error bias. When the CD approaches 1, all differences
between the methods disappear and when the value of y increases,
the differences between the methods also increases. It is important
to note that when there is no effect (y = 0), the standard error bias
almost completely disappears for all five methods. This means the
standard error bias will have little effect on the type I-error rate.
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Type l-error

The type I-error rates for the regression FSR, Bartlett FSR and bias
avoiding method are very similar, while SEM has a slightly higher
type I-error rate and the bias correcting method has a slightly lower
type I-error rate. While these differences are statistically signif-
icant, for all five methods the type-I error rates are around the
expected value of 0.05 . In practice, this means these differences
are not really relevant.

Power

All five methods have approximately the same power. There are
only small differences when the coefficient of determination is very
weak. In that case, SEM has the lowest power, followed by the bias
correcting method. The other methods have the same power.

2.5.5 Results Study 2

The results of the second study are described in relation to the first
study. The impact of the kind of non-normality is also discussed.

Proportion of successful replications

When the data are not normally distributed, the proportion of suc-
cessful replications is a lot lower and the differences between the
methods are larger. Especially the proportion of successful replica-
tions of SEM is very low as compared to the other four methods.
This is mostly due to the conditions where the coefficient of deter-
mination is very low (CD=0.3) or the number of items is low (I=3).
The proportion of the bias correcting method is the second lowest,
followed by the bias avoiding method. The regression FSR method
has the highest proportion of successful replications. All these ef-
fects are largely due to the conditions where a t-distribution was
used to simulate the item responses. The y2-distribution seems
to have less effect. This could be due to the fact that the kur-
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Table 2.6 ANOVA-models, using non-normal data

Effect Df Suc&}essful Bias St.andardized Efficiency
replications bias
I 2 124.49 *** 168.59 *** 270.76 *** 240.69 **+*
v 2 0.00 1215.43 ***  2449.80 *** 2074.83 ***
CD 5 1219.83 *** 686.33 *** 1266.31 *** 6770.51 ***
Method 4 183.97 *** 528.00 *** 525.92 *** 190.16 ***
n 3 79.03 *** 4.31 * 4.24 * 2657.27 ***
NN 1 2100.28 *** 209.53 *** 342.32 *** 8044.76 ***
Method*CD 20 121.49 *** 110.43 *** 122.62 *** 15.08 ***
Method*y 8 0.00 262.68 *** 264.49 *** 3.55 **
Method*T 8 28.19 *** 22,15 *** 25.99 *H* 3.15*
Method*n 12 1.83 + 0.55 0.20 0.49
Method*NN 4 153.36 *** 5.82 ** 7.09 ¥ 3.15 *
CD*y 10 0.00 340.41 *** 615.95 *** 644.05 ***
CD*I 10 36.24 *** 33.25 *H* 45.76 *** 32.18 ***
CD*n 15 36.33 *¥** 2.64 ** 1.77 62.45 *¥**
CD*NN 5 1087.06 *** 111.44 *** 92.32 *** 1874.78 ***
v *I 4 0.00 T7.43 FF* 126.66 *** 4.54 *
v *n 6 0.00 1.88 1.33 2.57 +
Y*NN 2 0.00 152.23 *** 165.91 *** 1060.31 ***
T*n 6 3.39 * 1.07 0.42 4.04 **
I*NN 2 61.01 *** 22,12 *** 14.55 *** 8.72 **
n*NN 3 54.25 *H* 7.35 kX 2.89 + 2.53
Effect Df  MSE Standard - Type I Power
error bias error rate
I 2 96.50 *** 4.57 + 3.83 + 321.30 ***
Y 2 824.44 *** 2473.21 *** 3549.41 ***
CD 5 935.59 *** 2733.13 ***  378.18 *** 1307.85 ***
Method 4 48.17 *** 95.91 *** 35.50 *** 0.72
n 3 70.00 *** 4.67 * 31.634 *** 810.00 ***
NN 1 657.45 *** 6300.45 ***  1804.36 *** 365.06 ***
Method*CD 20 20.40 *** 35.43 *** 31.72 *** 1.49
Method*y 8 64.50 *** 70.14 *** / 0.99
Method*T 8 3.88 ** 2.19 + 1.27 0.57
Method*n 12 0.48 0.68 1.21 0.05
Method*NN 4 5.28 ** 22.85 *** 33.79 *** 2.11
CD*y 10 408.33 *** 524.64 *** / 926.40 ***
CD*I 10 38.39 *H* 0.74 15.70 *** 111.62 ***
CD*n 15 16.93 *** 1.48 17.76 *** 114.89 ***
CD*NN 5 308.80 *** 1449.50 ***  340.35 *** 126.93
v *1 4 55.55 *H* 23.48 *F** / 198.07 ***
Y *n 6 4.79 9.81 *** / 662.82 ***
Y*NN 2 265.38 *** 1037.45 *** / 158.74 ***
I*n 6 1.13 0.64 1.36 22,92 HFH*
T*NN 2 3.88 ** 8.01 ** 0.31 26.26 ***
n*NN 3 11.56 *** 0.71 T4.15 *** 13.08
Residuals 4187 1339 2763

Note:*** < 0.000, **0.000-0.001, *0.001-0.01, +0.01-0.05, NN = Non-normality
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tosis is larger when using the t-distribution than when using the
x2-distribution.

Bias

With regard to the bias, there are two main shifts in the patterns
(Figure . Firstly, now, there is a difference between SEM, the
bias avoiding and bias correcting method. SEM still shows almost
no bias, while the bias correcting and bias avoiding method do
show a little bias. The bias avoiding method is more biased than
the bias correcting method. The regression FSR and Bartlett FSR
still show a large amount of bias. Secondly, the sample size does
have an influence for SEM, the bias avoiding and bias correcting
method. Because of the larger bias in these methods, it can now be
seen that these methods are consistent. Again, these patterns are
largely caused by the conditions using the t-distribution.

Bias using standardized parameterization

The patterns with regard to the bias using standardized param-
eterization change in two ways (see Figure . Firstly, both
SEM and the bias correcting method show a small bias in the stan-
dardized regression parameter, with SEM having the smallest bias.
Secondly, the sample size does have an influence on the bias of the
bias correcting and SEM method when the data is not normally
distributed. When the sample size increases, the bias decreases.

Efficiency
The efficiency is a lot lower when the data are not normal, especially
when the t-distribution was used to simulate the data.

Mean Square Error

While the MSE of SEM, bias correcting and bias avoiding method
were very similar to each other when the data was normally dis-
tributed, now there are small differences. SEM has the smallest
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MSE, closely followed by the bias correcting method. This is again
due to the high kurtosis of the conditions simulated with the t-
distribution. All other effects remain the same.

Standard error bias

When the data are not normally distributed, the standard error
bias of the bias correcting method is the worst in some conditions
(see Figure , especially when the CD or the value of vy is very

low.

Type l-error

When the data are not normally distributed, especially when there
is a high kurtosis, the type I-error rate is larger than the expected
value of 0.05 for all methods. Especially the bias correcting method
seems to have a large type I-error rate, when the coefficient of de-
termination is very low, namely 0.30.

Power

As can be expected, the power seems to be lower when the data are
not normally distributed. Table [2.6] shows that the method does
not have a significant influence on the power, when the data are
not normally distributed.

2.6 Discussion

In this paper, an overview was given of four methods for factor score
regression, namely regression FSR, Bartlett FSR, the bias avoiding
method (Skrondal & Laake, |2001) and the bias correcting method
(Croon, 2002). The four methods were described and their statis-
tical properties were discussed on the population level. Since there
was no adequate standard error available for the bias correcting
method, a new standard error was developed. To be able to deter-
mine the statistical properties of the methods in finite samples and
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to evaluate the performance of the newly developed standard error,
two Monte Carlo simulation studies were performed.

The simulation studies showed that the regression FSR method
does not perform well. This confirms the general expectations
found in the literature (e.g. Bollen, [1989; |Croon, 2002; Lastovicka;
& Thamodaranl, [1991}; [Lewis|, 2005 [Shevlin et al., [1997} [Skrondal &
Laakel 2001)). It also complies with the results of [Lu et al| (2011).
The method is biased for both the standardized and unstandard-
ized parameterization and is inconsistent. The method does have
a high efficiency, but it also has a high MSE. This means that the
high efficiency cannot compensate for the high bias. Moreover, the
estimates of the standard error have the second highest bias ob-
served.

The Bartlett FSR method performs even worse than the regres-
sion FSR method, with a comparable bias using the standardized
parameterization, but a higher unstandardized bias and MSE. It
does have a lower standard error bias. It is also the most efficient
method, but at the same time it has the highest bias and MSE of
all methods.

The first corrected method, namely the bias avoiding method of
Skrondal and Laake| (2001)), only performs slightly better than the
regression FSR and Bartlett FSR methods. It is unbiased when us-
ing the unstandardized parameterization, but it is still biased when
using the standardized parameterization. This result highlights the
fact that standardized and unstandardized regression coefficients
do not always behave in the same way (Kim & Mueller, [1976|). The
standard error bias is the largest of all methods and it has the same
power and type l-error rate as regression FSR and Bartlett FSR.
It can be concluded that this method only outperforms regression
FSR and Bartlett FSR with regard to the unstandardized bias and
is outperformed by SEM and the bias correcting method.

The second corrected method, the bias correcting method, per-
forms better than the bias avoiding method. It is unbiased for
both the standardized and unstandardized parameterization and
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has the highest power. When the observed item responses are not
normally distributed, it does show a slightly larger bias than the
SEM method, but its proportion of successful replications is also
much higher.

With regard to the standard error bias, only SEM and Bartlett FSR
do better. This result shows that the newly developed standard
error is reliable and even performs better than the regular standard
error used in the bias avoiding method. However, it is important to
note that when the data are not normally distributed and the factor
loadings are very weak (CD=0.3), the standard error bias goes up,
resulting in a higher type I-error rate. In all other conditions, the
estimate of the standard error is reliable. The method does have
the lowest efficiency, but also has the lowest MSE, meaning that
the low efficiency does not have much influence.

The SEM method performs very similar to the bias correcting
method. When the data are normally distributed, SEM has the
same bias when using the unstandardized and standardized param-
eterization, efficiency, MSE, power and type I-error rate. When the
data are not normally distributed, SEM has a lower bias and MSE,
but also has a very low proportion of successful replications. This
means that, although SEM gives less biased regression coefficients,
the chance that the model will not converge, is also a much larger
for SEM. On the other hand, there is almost no standard error bias
when using the SEM method.

Overall, it can be concluded that only the bias correcting method is
a suitable alternative for SEM. The method performs similar to the
SEM method with regard to bias, efficiency, MSE, power and type
I-error rate. It does have more standard error bias than SEM, but it
has the second lowest standard error bias of the four FSR methods.
It also has more successful replications than SEM when the data
are not normally distributed. The method does have some draw-
backs in comparison to SEM, because of its two-step nature. First,
at this moment, there are no overall fit indices available. Second,
the method cannot be used for all possible structural models. For
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example, the method cannot handle mediational relationships and
is not applicable to non-recursive methods. However, it is the in-
tention of the authors to extend the method to be applicable to the
full SEM-model and to develop a set of fit indices for this method.

A second conclusion that can be made is that factor indeterminacy
plays a great role in deciding which method to use. The simu-
lation study showed that if the factor indeterminacy is low (i.e.
a coefficient of determination of 0.99) the differences between the
methods disappear completely, on all performance criteria. As a
result, there is no longer a problem with performing a conventional
factor score regression. This implies that it is important to first
determine the factor score indeterminacies by use of indeterminacy
indices. If these indices suggest that the indeterminacies are very
low, any of the methods can be used. If these indices suggest the
indeterminacies are moderate or high, one should use SEM or the
bias correcting method.

In this paper it was shown that the bias correcting method of |(Croon
(2002)) is a reliable and unbiased method to perform a factor score
regression. A new and reliable standard error was also developed,
meaning that the bias correcting method can now be used by ap-
plied users to perform significance tests. However, performing the
method is a rather complex and technical process. For this rea-
son, software to perform the method will be developed and made
available for the applied users in the near future.
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Appendices

2.A Regression coefficient in the general case

In this appendix, we derive the relationship between § and -y in the
general case. We make a distinction between three scenarios:

1) both the independent and dependent variable are latent variables
2) only the independent variable is a latent variable

3) only the dependent variable is a latent variable"

2.A.1 Independent and dependent latent variable

When performing the linear regression with factor scores, the re-
cov(Fe, Fy)

var(Fg)
the same as the true regression coefficient. The relationship between

gression coefficient becomes 3 = which is not necessarily

v and B can best be understood if we work out the covariance and
variances of the factor scores. The covariance can be written as :

cov(Fe, Fy) = cov(Aex, Ayy)
= Accov(x, y)A;7
=Accov(AE+0,Ayn +€)A
=AcAcov(E+6,n+ e)A;JA77
- ASA:C[COU(gv 77) + COU(&, €)+
cov(n, €) + cov (8, e)]A;/A;7
= AcAcovu(l, n)A;A;]. (2.21)

’
n
’

The variance can be written as:
var(Fg) = wvar(Agx)

= Agvar(x)Aé
= A3A, (2.22)
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where X, is the variance of x. Based on these calculations, the

regression coefficient becomes:

_ cov(Fg, Fy) AgA:cCOU(@??)A;/A% _ AaA:rvaT(&n)A;A%

var(F) AcS, A AcSAL

(2.23)

2.A.2 Independent latent variable

When factor sores are only used for the independent variable, the
cov(Fe,m)
var(Fg) *
the covariance and variances of the factor scores:

regression coefficient becomes B = Again, we work out

var(Fe) = A¢S,Aq (2.24)
cov(Fe,m) = cov(Agx,n)
Accov(x,n)
= Agcov(Aqg,n)
= A¢A cov(€,n) (2.25)

Based on these calculations, the estimated regression coefficient be-
comes:

cov(Fe,m) B AcAycov(€,n) _ AcAgvar(E,n)

var(Fy) AcS AL A3 AL

(2.26)

2.A.3 Dependent latent variable

When only the dependent variable consists of factor scores, the

regression coefficient becomes p = Covva(fég”). Again, we work out

the covariance and variances of the factor scores:

cov(§, Fy) = cov(& Ayy)

= cov 5,77)Al A (2.27)
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Based on these calculations, the estimated regression coefficient be-

comes:

cov(§, Fy) _ AgAscov(€,n)
var(§) var(§)

= AcALy. (2.28)

2.B Regression coefficient using regression FSR

In this appendix, we derive the relationship between § and v when
we use the regression predictor to calculate the factor scores. When
using the regression predictor, the factor scoring matrices A? and
Aff‘ are computed as follows:

Al = @A =var(A, S, (2.29)
R _ -1
Ay = var(nA,XE, . (2.30)

This means the formula for the variance of F¢ can be simplified:

var(FgR) = A?ZxAgl
var(f)A;EglEfol
var(§)A;IA§,
= var(f)A;Ag/ = NS AP
= A?Axvar(f). (2.31)

The formulas for the covariances stay unchanged. Based on these
calculations, the regression coefficient can be recalculated. When
both variables are latent, the regression coefficient becomes:

cov(Fe, F) _ AgAxcov(§,77)A;/A;7

var(Fe) A?Axvar(f)
_ cov(g,n)A;A;_ ;o
= e = AAY (2.32)

When only the independent variable is latent, the regression coeffi-
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cient becomes:

_ cou(Fe,n) _ AgAgcov(&n) _ cou(€,n)
var(Fy) A?vaar(g) var(§)

=. (2.33)

When only the dependent variable is latent, the regression coeffi-
cient becomes:

cov(&, Fy) _ AgAgcov(§,n)

b= var(§) var(§)

= Afo’Y. (2.34)

2.C Regression coefficient using Bartlett FSR

In this appendix, we derive the relationship between 5 and v when
we use the Bartlett predictor to calculate the factor scores. The
Bartlett predictor has the advantage that A? A, =1and Af Ay, =
1. This implies that the formulas for the covariances can be simpli-
fied:

/

cov(Fg, Fyy) = AgAgcov(§n)A, I A, = cov(&,n)
cov(Fe,m) = A¢Azcov(€,n) = cov(&,n)
cou(§, Fy) = cov(&,mA,A, = cov(é,n) (2.35)

The formula for the variance of £ stays the same. Combined, this
gives the following regression coefficient, when both variables are

latent:
_ cov(Fg, Fy) _ cov(§n) _ war(§)

var(Fe) — AeT,Ap A3, A

(2.36)

When only the independent variable is latent, the regression coeffi-

cient becomes:

_cov(Fg,m) _ cov(§m) _ var(§)
var(Fy) AgZ]IA/5 AgZ]zA'5

(2.37)
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When only the dependent variable is latent, the regression coeffi-
cient becomes:

i

2.D Regression coefficient using the bias avoid-
ing method

In this appendix, we derive the relationship between § and v when
we use the bias avoiding method, which uses the regression pre-
dictor to predict the factor scores of the independent variable and
the Bartlett predictor to predict the factor scores of the dependent
variable. The covariances between the two variables then becomes:

CO’U(FER, Ff) = CO’U(A?X, Afy)
= Agcov(x, y)Afl
= A?COU(Amf +6,Ayn+ e)Af,
= Af A cou(6+8,n+ A AY
= A?Ax [cov(&,m) + cov(€, €)
+ cov(n, €) + cov(d, e)]A;Afl
= A?Axcov(f, n)A;Afl

= A?Axcov(ﬁ, n) (2.39)
cov(FgR, n) = A?‘Axcov(g, n) (2.40)
cov(§, ) = covl§, A AT =cou(& ), (241)

while the variance can be written as:

var(FgR) = A?Axvar(f). (2.42)
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Combined, this gives the following regression coefficient, when both
variables are latent:

var(FgR) - A?vaar(g) — war(

COU(FéR,Ff) - AgA;vCOU(&n) COU(&??) =y (2 43)
) =y. .

When only the independent variable is latent, the regression coeffi-
cient becomes:

cov(FER,n) B AgAxcov(ﬁ,n) ~ cov(&,m) _y (2.44)
=Y :

var(FfR) B A?Axvar(g) — var(

When only the dependent variable is latent, the regression coeffi-
cient becomes:

=. (2.45)

cov(&, FP)  cov(€,n)
var(§) var(§)

2.E Regression coefficient using the bias cor-
recting method

In this appendix, we derive the relationship between § and v when
we use the bias correcting method. To be able to perform the
bias correcting method, the covariance between the true latent vari-
able scores and the variance of the independent true latent variable
scores needs to be calculated. The computation of the covariance
is based on the formula given in equation :

COU(F§7 Fn)

_— 2.4
AcA,ALA (2.46)

cov(&, 1)

When calculating factor scores, As and the As matrices are readily
available and the cov(F¢, F;)) can be calculated. This means that
it is possible to compute the true covariance. Similar calculations
can be made for cov(Fg,n) and cov(&, F,). The calculations for
the variance of £ is slightly more complex. First, we calculate the
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variance of the factor scores:

var(Fg) = Agvar(x)Als
= Acvar(A€+ 5)A;
= A¢var(AzE) + var(&)]Aé
= A¢[Avar(§)A, + O5]A,. (2.47)

Based on this formula, we can derive a formula for the variance of

&

Azvar(€)A, + @5 = var(Fe)(A¢A )
Agvar(€)A, = var r(Fe)(AcA ) — O
Agvar()A;, = (var(Fe) — Ac@5Ag) (AcA) !
var(€) = (var(Fe) — Ac®sA)(AcA  AcA,) ™!

(2.48)

Once the covariance and variance of the true latent variable scores

are computed, the regression coefficient can be computed as =

cov(€,m)
var(€) *



Factor Score Path Analysis:
An alternative for SEM

Abstract. Theoretical researchers consider Structural Equa-
tion Modeling (SEM) to be the preferred method to study the
relationships among latent variables. However, SEM has the
disadvantage of requiring a large sample size, especially if
the model is complex. Furthermore, since SEM estimates all
parameters simultaneously, one misspecification in the model
may influence the whole model. For these reasons, researchers
often use a two step Factor Score Regression (FSR) approach.
In the first step, factor scores are calculated for the latent
variables, which are used to perform a linear regression in
the second step. However, this method results in incorrect re-
gression coefficients. Croon (2002) developed a method that
corrects for this bias. We present an extension on the method
of Croon (2002), namely Factor Score Path Analysis. This
method results in correct padcoefficients and has some advan-
tages over SEM: it requires smaller sample sizes, can handle
more complex models and the method is less sensitive to mis-
specifications, because of its stepwise nature. In conclusion,
this method is a suitable alternative for SEM, when one is

dealing with a complex model and small sample sizes.

This chapter has been published as Devlieger, 1., & Rosseel, Y.
(2017). Factor score path analysis: An alternative for SEM?
Methodology, 13, 31-38. doi: 10.1027/1614-2241/a000130.
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3.1 Introduction

Theoretical researchers consider Structural Equation Modeling
(SEM) to be the preferred method to study the relationships among
latent variables. SEM is a full information method that estimates
all parameters simultaneously and results in unbiased estimates.
In theory, SEM works perfectly. In practice, the method can have
some drawbacks. A first issue is that SEM requires a large sam-
ple size, especially if the model is complex(Schumacker & Lomax,
1996; Valluzzi, Larson, & Miller, [2003)). If the sample size is too
small, the model may simply not converge and if it converges, the
parameter estimations may be biased (Gagne & Hancock, [2006).
A second issue originates from the simultaneous estimation of all
parameters in the model. As a result, a misspecification in one part
of the model may influence other parts of the model. For example,
misspecifications in the structural model may bias the estimates in
the measurement model.

For these reasons, limited information methods have been developed
that attempt to overcome the drawbacks of SEM. For example, to
overcome the misspecification issue, |Bollen| (1996|) proposed the in-
strumental variables approach. This approach reduces the complex-
ity of the model by only using one indicator per latent variable as a
scaling variable. Then, the structural equations are reformulated to
use this scaling variables instead of the latent variables, resulting in
equations with only observed variables. These equations are finally
solved using a two-stage least squares estimator. To overcome the
sample size issue, applied researchers have often used the two step
Factor Score Regression (FSR) approach (Lu, Kwan, Thomas, &
Cedzynskil, |2011)). In this approach, the first step is to perform a
factor analysis and to calculate factor scores for each latent variable.
These factor scores are estimates for the true latent variable scores.
There are several predictors that can be used to compute the factor
scores, but the two most commonly used predictors in the contin-
uous case are the regression predictor (Thomson, 1934; Thurstone,
1935) and the Bartlett predictor (Bartlett] 1937; Thomson, |1938).
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In a second step, the factor scores are used in a linear regression,
as if they were the true latent variable scores. By using FSR, the
number of models that do not converge, is reduced. However, while
this method has less problems with convergence, the use of factor
scores results in biased estimates of the regression parameters, even
when the sample size is large.

Several methods were developed that account for this bias. [Skron-
dal and Laake| (2001) developed a FSR method that avoids the bias
by using the regression predictor for the independent latent vari-
ables and the Bartlett predictor for the dependent latent variables.
However, when there are correlations between the independent vari-
ables, it turns out that this method can no longer be used. |Croon
(2002)) developed a FSR method that corrects for the bias. This
method is based on the premise that there is a difference between
the variances and covariances of the factor scores and the variances
and covariances of the true latent variable scores. (Croon| (2002)
uses an estimation of the variances and covariances of the true la-
tent variable scores, instead of the factor scores, to estimate the
regression parameters. A similar approach had been discussed in
Hoshino and Bentler| (2013). The method of Hoshino and Bentler
(2013) only uses the Bartlett predictor and relies on weighted least
squares (WLS) estimation, while the method of |Croon| (2002) can
be used with any predictor and any estimator. In his paper, |Croon
(2002) only discussed the method from a population point of view
and did not study how the method performs in finite samples. This
was done by [Lu et al. (2011) and by Devlieger, Mayer, and Rosseel
(2016)). Both concluded that the method of |Croon| (2002)) results
in unbiased parameter estimates when finite samples are used. De-
vlieger et al. (2016)) also showed that the method has a comparable
efficiency, mean square error, power and type I-error rate as SEM,
when the sample size is large. However, despite these encouraging
results, many questions about this method still remain. For exam-
ple, how does the method compare to SEM with regard to it’s main
drawbacks, namely settings with small sample sizes and misspeci-
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fications? And can the method be extended to be used with path
analysis? The goal of this paper is to answer these questions.

The rest of the paper is organized as follows. First, we outline
the method of Croon, including a step by step description of how
to perform the method using path analysis. Next, two simulation
studies will be presented. In these studies, the performance of the
method of Croon will be compared to the performance of SEM.
The first study uses a correctly specified and two incorrectly speci-
fied models. The goal of this study is to evaluate the finite sample
performance of the method of Croon using path analysis and to
compare the robustness of SEM and the method of Croon to mis-
specifications in the model. The second study uses a more complex,
but correctly specified model, and smaller sample sizes. The aim
of this study is to compare the performance of both methods when
the sample size is small.

3.2 The method of Croon

3.2.1 The method of Croon using regression analysis

Croon| (2002)) developed the method to be used in general latent
variable models, meaning all models that include latent variables.
He uses univariate and multivariate regression settings with several
latent variables to explain the method. The simple regression model
in Figure [3.1]is an example of this setting.

The first step of the method is to use the measurement models to
perform a factor analysis for each latent variable separately and to
calculate their respective factor scores, F¢ and F),. As we mentioned
before, there are several predictors that can be used to compute
these factor scores, such as the regression predictor and the Bartlett
predictor. In this paper, the regression predictor will be used.

The second step of FSR methods is to perform a linear regression
between the factor scores, resulting in a regression coefficient. In
a simple linear regression, the true regression coefficient is defined
as the true covariance between the dependent and the independent
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Figure 3.1 The simple regression model

variable, multiplied by the inverse of the true variance of the inde-
pendent variable:

v = cov(&,n)var(€) L. (3.1)

When performing the linear regression with factor scores, the re-
gression coefficient is defined as the covariance between the factor
scores of the dependent and the independent variable, multiplied
by the inverse of the variance of the factor scores of independent
variable:

B = cov(F, Fy)var(Fe) ™. (3.2)

Croon/ (2002)) has shown that y and (3 are not equal in all conditions,
since there is a difference between the variances and covariances of
the factor scores (¥ pg) and the variances and covariances of the
true latent variable scores (f}n) For this reason, |Croon (2002)) uses
estimates of the variances and covariances of the true latent variable
scores (ﬁ)n) instead of these of the factor scores in his method. The
variances and covariances of the true latent variable scores can be
estimated as follows:

cov(&,m) = cov(Ff,Fn)(AgAxAlyA;?)_l, (3.3)

var(€) = (var(Fe) — Ac@sA)(AcAAAL) ™Y, (3.4)
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with, A, and A, the factor loadings, A¢ and A, the factor scores
matrices and ®g the covariance matrix of §, with 6 the vector of
measurement errors associated with the indicators Xy, X»,..., X,
of £&. Once the covariance and variance of the true latent variable
scores are computed, the regression coefficient can be computed as

—_— -1

B = cov(&, n)var(€)

For more details on how these formulas were derived, the interested
reader is referred to (Croon, 2002)) and (Devlieger et al., [2016]).

3.2.2 The method of Croon using path analysis

When the model includes a mediational relationship, it is not possi-
ble to perform one single linear regression. For non-recursive models
such as the full mediation model in Figure or the partial me-
diation model in Figure [3.2b] it is possible to perform a series of
linear regression analyses, one per endogeneous variable. The full
mediation model could also be analysed using the method of [Skro-
ndal and Laake| (2001)), while the method would fail for the partial
mediation model, because of the correlation between 7; and n,.
However, this multiple regression strategy can only be used for re-
cursive path models. For nonrecursive path models (having re-
ciprocal effects, loops, or bow-pattern disturbance correlations), a
simultaneous estimation method like maximum likelihood (ML) is
required (Kline, 2015). Therefore, we apply the principle of the
method of Croon to path analysis. When using path analysis, the
method can be summarized as follows:

1. Perform factor analysis for all latent variables separately and
calculate their respective factor scores.

2. Calculate the variance-covariance matrix of the factor scores
(Xrs).

3. Estimate the true variances and covariances for all elements
in this variance-covariance matrix (3,)).
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Figure 3.2 Different kinds of mediation models
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4. Perform a path analysis, using the estimated variances and
covariances f]n as the input covariance matrix for the model.

Combining the method of Croon and path analysis means nonre-
cursive models can be analysed using factor scores, without bias.
An example, using a bow pattern model, is given in Figure [3.3

3.3 Simulation studies

3.3.1 Study 1: Path analysis and misspecifications
Data simulation

The data of the first study was simulated using the ground truth
model depicted in Figure The data was simulated in R (R De-
velopment Core Team, |2016). The true latent variable scores were
generated first. The variances of the exogeneous variables &1, £ and
&3 were set at 100, while the residual variances of the endogeneous
variables n; and 7y were both set at 400. The true latent scores of
&1, & and &3 were generated first, followed by the regression residu-
als (1 and (s, all by drawing from a univariate normal distribution.
Finally, using the structural equations n; = 1€ + 12€2 + (1 and
N2 = v3€3 + 14&1 + 51 + (2, the true latent scores on n; and 72
were generated. 1, 2, 73 and 4 were set at 1.5, while 75 was set
at a value of 0.51.

Then, data for each observed item response x;,, and y;,, was gen-
erated, with the ‘I’ index referring to the latent variables and the
‘m’ index to the items. The measurement models of the latent
variables were Y, = Ay, M + €m and Ty, = Ay, & + O All
factor loadings were set at 1. The residual variances were set at
O, = %j@yl) and O, = %;ZCD’”), with C'D,, and
CD,, the coefficients of determination for the measurement models,
respectively. All CD,, and CD,, are equal and will thus be referred
to as CD. The coefficients of determination CD were varied be-
tween 0.3, 0.6, 0.7 and 0.9. The sample size was set at 500, 1000 or
2000. Together, this created 12 experimental conditions.
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3. Estimate the true variances and covariances for all elements
in this variance-covariance matrix (3,)).

4. Perform a path analysis, using the estimated variances and
covariances X, as the input covariance matrix for the model.

Figure 3.3 The method of Croon using path analysis, for a bow pat-
tern model
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Analyses

For each of the 12 conditions, 1000 datasets were generated and
then analysed with both the method of Croon and SEM, using a
“maximum likelihood” estimator. For the SEM approach, lavaan
(Rosseel, 2012) was used. For the Croon method, lavaan (Rosseel,
2012|) was used to calculate the factor scores and our own written
routines were used to compute the Croon corrections ans the re-
sulting regression coefficients of the structural part of the model.
For both methods, three different models were fitted to the data.
The first model was correctly specified, creating a condition where
SEM works optimally (Model 1). The two other models were mis-
specified models, one misspecification in the structural model and
one misspecification in the measurement model. For the measure-
ment misspecification (Model 2), the item X4 was set to measure
& instead of &;. For the structural misspecification (Model 3), the
regression parameter 74 was fixed to 0. This means there is no
longer a direct effect of £; on 77, but there is still a mediated effect
through n;. For each model, the five regression coefficients ; were
obtained for both methods. Based on the 1000 replications, two
performance criteria were computed, namely the convergence rate
and the bias of each regression coefficient.

Results

Convergence rate

The convergence rate for all three models is depicted in Figure [3.5]
When the model is correctly specified or when there is a struc-
tural misspecification, both the method of Croon and SEM had
a convergence rate of 100 % in every condition. When there is a
measurement misspecification, the convergence rate drops for both
methods, but more severely for SEM. The convergence rate ranges
from 0.701 to 0.911 for the method of Croon, while it ranges from
0.386 to 0.827 for SEM.

In conclusion, the method of Croon does indeed converge more often
than SEM, when there are measurement misspecifications in the
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Convergence rate
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Figure 3.5 The convergence rate for SEM and the Croon method for
the four models

model. It is important to know if the method not only converges,
but also results in reliable parameter estimates. For this reason, we
also study the bias.

Bias When the model is correctly specified, both methods show
almost no bias (Figure [3.6). However, there is a difference between
the two methods. SEM tends to slightly overestimate, while the
method of Croon tends to underestimate the regression coefficient.
The small bias that can be found, disappears with growing sample
size and coefficient of determination.

When looking at Figure [3.7] it is clear that there is a huge bias in
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Figure 3.6 The bias for SEM and the method of Croon for the cor-
rectly specified Model 1. Note the scale of the y-axis.

Bias measurement misspecification
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Figure 3.7 The bias for SEM and the method of Croon for Model 2,
which has a misspecification in the measurement model



76 Chapter 3

regression parameter v when the measurement model is misspeci-
fied. This is true for both methods, but especially for SEM. Only
the parameter estimate that is directly related to the misspecified
latent variable & is affected. This is the latent variable that was
measured by an item that does not really measure this construct.
The latent variable &1, that was measured by one item less than in
the ground truth, is unaffected.

For the structural misspecification, the regression parameter that
was set to 0, y4, was excluded from the graphs (Figure . The
Croon method only shows bias in parameter 75, which is to be
expected given the ground truth model in Figure[3.4] For SEM, all
regression parameters are biased.

It can be concluded that SEM is less robust against misspecifica-
tions. SEM converges considerably less than the Croon method
if there is a measurement misspecification. When the model does
converge, there is also more bias in the estimates of the regression
parameters, both for structural and measurement mispecifications.

3.3.2 Study 2: Small sample size
Data simulation

For this study, a more complex model was used, with three exoge-
neous and three endogeneous variables. The model is depicted in
Figure[3.9] The data was generated in the same manner as in Study
1. The variances of the exogeneous variables &1, & and &3 were set
at 100, while the residual variances of the endogeneous variables 7y,
12 and n3 were set at 400. Different sample sizes, namely 50,100 200
and 300 were used. The coefficient of determination was also varied,
namely 0.3, 0.6, 0.7 and 0.9. Combined, this gave 16 conditions.

Analyses

For each condition, 1000 datasets were generated and then fitted
with a correctly specified model, using both SEM and the method of
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Figure 3.9 The ground truth of Study 2

Croon. Then, two criteria were computed, namely the convergence
rate and the bias in the regression parameters.

Results

Convergence rate The first criterium is the convergence rate. As
can be seen in Figure the proportion is higher for the Croon
method than for SEM. The lowest proportion for the method of
Croon is 0.92 and there are only two conditions in which the method
does not converge every time. These are the conditions with very
weak factor loadings (CD=0.3) and a very small sample size (50
or 100). The lowest proportion for SEM is 0.752. The proportion
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Figure 3.10 The convergence rate for SEM and the method of Croon,
using the model as depicted in Figure 3.9}

does increase as the sample size and coefficient of determination in-
creases, but the proportion does not reach 1, even when the sample
size is 300. To summarize, the method of Croon converges more
often than SEM when the model is complex and the sample size is
small.

Bias

The second criterium is the bias in the regression parameters. Since
there are three endogeneous variables, the regression parameters
were divided into three groups, namely v1_9, v3_5 and ~g—g. The
results are different for the three groups (see Figure .
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Figure 3.11 The bias of both methods per sample size and coefficient
of determination
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For the Croon method, there is almost no bias in all conditions for
all three groups. For the SEM method, different patterns can be
detected. The first group of parameter estimates, v1_9, only shows
bias when the factor loadings are weak (CD=0.3) and the sample
size is lower than 200. The second group of parameter estimates,
v3—5, shows bias when the factor loadings are weak (CD=0.3) and
the sample size is lower than 300. The third group of parameter es-
timates, vs—g, shows bias in almost all conditions. There is only no
bias when the factor loadings are strong (CD=0.9) and the sample
size is higher than 50. The difference between the three groups can
be explained by looking at the model in Figure[3.9] The first endo-
geneous variable 71 is only directly influenced by exogeneous vari-
ables, while the second endogeneous variable 72 is also influenced
by another endogeneous variable (n1) and the third endogeneous
variable n3 is influenced by both 7; and 7. When combining this
information with the results regarding the bias, one could assume
that the more complex the model gets, the larger the sample size
needs to be to be able to get unbiased parameter estimates.

In conclusion, the method of Croon is indeed a better alternative
than SEM when the sample size is rather small or the model rather
complex. The method of Croon has less problems to converge cor-
rectly when the sample size is small and gives less biased estimates
of the regression parameter when the model is complex.

3.4 Discussion

We compared the method of Croon, a factor score regression
method, to SEM using path analysis. The two studies gave us
an overall comparison between the performance of SEM and the
method of Croon, with regard to the bias and convergence rate.
We showed that the method of Croon performs just as well as SEM
with regard to bias and convergence rate when path analysis is
used. It also handles misspecifications better than SEM and re-
quires a smaller sample size. It can be concluded that the method
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of Croon is a suitable alternative for SEM when the researcher
prefers factor score regression over SEM or when the model does
not converge using SEM.

However, there are some settings in which SEM is still the best
alternative. Unless additional restrictions are implemented, factor
score regression methods only work when there are at least three
items per latent variable. For the moment, the method of Croon
also doesn’t work for connected measurement models, such as mod-
els with cross-loadings or correlated residual errors. However, we
are currently extending the method to be able to handle these kinds
of models. We also want to make some extensions to the inference
of the model. In future research, we want to use standard errors
that are suitable for two-step estimation methods, and we want to
develop fit indices, so that the fit of the model can be evaluated,
just as in SEM. Finally, we also plan to implement the method in
lavaan (Rosseel, [2012).
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New developments in FSR:
fit indices and a model
comparison test

Abstract. Factor score regression (FSR) is a popular al-
ternative for structural equation modeling (SEM). Naively
applying FSR induces bias for the estimators of the regres-
sion coefficients. |Croon/ (2002) proposed a method to correct
for this bias. Next to estimating effects without bias, interest
often lies in inference of regression coeflicients or in the fit of
the model. In this paper we propose fit indices for FSR that
can be used to inspect the model fit. We also introduce a
model comparison test based on one of these newly proposed
fit indices that can be used for inference of the estimators on
the regression coeflicients. In a simulation study we compare
FSR with Croon’s corrections and SEM in terms of bias of

the regression coefficients, type I error rate and power.

This chapter has been published as Devlieger, 1., Talloen, W., &
Rosseel, Y. (2019). New Developments in Factor Score Regression:
Fit Indices and a Model Comparison Test Fducational and Psycho-
logical Measurement, doi: 10.1177/0013164419844552.
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4.1 Introduction

In behavioral and social sciences, interest often lies in relationships
between latent variables. Typical examples of such variables are
motivation, self-confidence or positive mood. When the data are
continuous, structural equation modeling (SEM), using maximum
likelihood estimation (MLE), is often considered to be the best
method to analyze the relationships between these latent variables
(Bentler & Chou, 1987} | Joreskog, [1973). However, because MLE
estimates all parameters simultaneously, it is sensitive to misspec-
ifications in the model. Misspecification in one part of the model
(for instance the structural model) may affect parameter estimates
in other parts of the model (for instance the measurement model)
(Bollen, 1996)). A second limitation of MLE are the sample size re-
quirements (McNeish, 2016} |[Nevitt & Hancockl, |2004; [Schumacker
& Lomax, 1996). For example, when the sample size is smaller
than the number of observed variables, MLE will not be able to
estimate any parameters, unless we use a casewise likelihood ap-
proach. When the sample size is larger than the number of obser-
vations, small sample sizes can lead to non-convergence, bias in the
parameters and a lack of power (Gagne & Hancock, 2006). Sam-
ple size can be a serious issue for applied researchers, since a large
sample size is often impossible due to financial, practical or time
restrictions.

These two shortcomings are well known and different solutions have
been proposed, for example two-step SEM (Anderson & Gerbing}
1988; |Bakk & Kuha, 2017)), penalized likelihood estimation (Huang,
Chen, & Weng, 2017} [Jacobucci, Grimm, Brandmaier, Serang, &
Kievit, |2018), the instrumental variable approach (Bollen, 1996])
or using a Bayesian estimation method (Scheines, Hoijtink, &
Boomsmay, [1999). In this paper we will focus on a stepwise alterna-
tive called factor score regression (FSR). FSR proceeds as follows:
First, a factor analysis is conducted to predict scores on latent
variables, hereafter referred to as factor scores. For measurement
models with simple structure, a factor model is fitted for each
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latent variable separately. This prevents possible misspecifications
to spread to other parts of the model. In addition, because only a
small subset of the parameters is involved for each latent variable,
estimation is much more stable. Measurement models are only
jointly estimated when they are linked (by correlated measure-
ment errors, crossloadings or equality constraints), or when data
is incomplete, and more variables are needed to assure the MAR
assumption is valid. In the second step, linear regression or path
analysis is used to estimate the regression coefficients between fac-

tor scores and possibly observed variables (Lu, Thomas, & Zumbo,
. It has been shown that using factor scores in this second
step induces bias in the estimators of the regression coefficients
(e.g. Bollen) [1989; Lastovicka & Thamodaran| [1991; Lewis, [2005;
Shevlin, Miles, & Bunting, [1997). Several methods have been de-
veloped to correct for this bias. corrects for the bias
by adapting the variance-covariance matrix of the factor scores,
while |Skrondal and Laake| (2001) avoids the bias by using two

different methods to predict the factor scores. As
(2017) point out, the method of Skrondal and Laake does

not allow exogenous variables to be correlated. Therefore we will

focus on the bias correcting method of Croon.

Devlieger, Mayer, and Rosseel (2016) and [Lu, Kwan, Thomas, and|
\Cedzynski (2011) showed that FSR with Croon’s corrections and
MLE perform equally well in terms of bias if the sample size is

large. When the sample size is small, FSR with Croon’s corrections
even outperforms MLE, both in terms of bias and convergence rate
(Devlieger & Rosseel, 2017; Lu et al., 2011). In addition, the Croon
method is more robust against misspecifications both in the struc-

tural part and in the measurement part of the model (Devlieger &
2017). Recently, it has been shown that the Croon method

also outperforms MLE in the multilevel setting, in particular when
the number of clusters at the between level is rather small
vlieger & Rosseel, [2019).

Despite these positive results, the method still has its shortcomings.
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In the literature, focus mainly lies on estimating the regression pa-
rameters between variables without bias. How to draw inference,
perform model comparisons and determine fit indices are yet to
be further explored. There are some ways to draw inference, such
as the two-step standard error developed by Rosseel (2019). How-
ever, this focuses on single parameter tests. How to draw inference
for multiple parameters, such as in an omnibus test for categorical
covariates or a model comparison test, has not been studied yet.
When using MLE, a model comparison test is typically based on a
‘Likelihood Ratio Test (LRT)’, which in the SEM context results
in the y2-difference test. This y?-fit index, or other fit indices, are
currently unavailable for the factor score regression method.

In this paper, we propose a newly developed fit index using FSR, x2,
which is an approximation for y?. Based on this x2, several other
approximated fit indices can be calculated. This means that the
global fit of the model can now also be evaluated using FSR. The
newly proposed x2 can also be used to conduct a model comparison
test when the restricted model is nested in the full model.

This paper is organized as follows. We start by introducing struc-
tural equation models, how these can be estimated using MLE and
how the global fit can be evaluated. Next, we show how a structural
equation model can be estimated by the method of Croon, and pro-
pose the following extensions. First, we introduce fit indices for FSR
to inspect the model fit. Secondly, we use one of these fit indices
to conduct a model comparison test, both for continuous and cat-
egorical predictors. To evaluate these newly developed extensions,
we conduct a simulation study where we compare the performance
of SEM and FSR in terms of bias, type I error rate, power and
fit indices. Finally, we illustrate our findings, using a real-world
dataset.
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4.2 Structural equation modeling

4.2.1 The model

A structural equation model often contains a structural and a mea-
surement part. The structural part models the relationship between
the latent variables, while the measurement part indicates how the
latent variables are measured. Ignoring the mean structure, a struc-
tural equation model can be written as:

n = Bn+¢ (4.1)
y = An+e,

with B a matrix of regression coefficients, ¢ a vector of the residual
error terms, A the matrix of factor loadings of the observed vari-
ables on the latent variables, y a vector of indicators measuring the
latent variables m, and € a vector of measurement error variables.
If we assume cov(n, ) = 0 and if we write Var(¢{) = ¥, it follows
that )

,=1-B)'¥I-B) !, (4.3)
with I the identity matrix. If we further assume cov(n, €) = 0 and
write Var(e) = O, it follows that

¥ =AZ,A +0O. (4.4)

4.2.2 Estimation using MLE

Different methods can be used to estimate the parameters of a
structural equation model, such as Maximum Likelihood Estima-
tion (MLE), Weighted Least Squares (WLS) and Generalized Least
Squares (GLS). When y is continuous, MLE is the most commonly
used method in SEM (Schermelleh-Engel, Moosbrugger, & Miller,
2003). Therefore, we will focus on MLE in this paper. Using MLE,
all parameters are estimated simultaneously by minimizing the dis-

crepancy function
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Furr = tr(SE7Y) + log| 2| — log|S| — k, (4.5)

with 3 = 3(0), where 6 is the vector of free parameters, k
the number of observed variables and S the observed variance-
covariance matrix. Note that to be able to minimize this function,
S has to be positive-definite, implying that the sample size cannot
be smaller than the number of observed variables.

4.2.3 Fit indices

To examine the fit between the model and the data, a wide range of
fit indices is used in SEM (Hu & Bentler, |1999; Marsh, Hau, & Wen|
2004)). Most fit indices are a function of the estimated model implied
variance-covariance matrix 3 and the observed variance-covariance
matrix S of the observed variables (Schermelleh-Engel et al., 2003).
S is computed based on the data, while 3 is estimated based on
the parameter estimates of the model (Kaplan), 1955)), using formula
)

We will discuss four of the most commonly used indices, namely the
x2-test statistic, the root mean square error of approximation (RM-
SEA), the standardised root mean squared residual (SRMR) and
the Comparative Fit Index (CFI). The significance test based on
the x2-test statistic yields a decision about the fit of the model and
is well known. However, the y2-value is highly dependent on the
complexity of the model and on the sample size. [Schermelleh-Engel
et al.| (2003)) states that for these reasons, one should not place too
much importance on the significance of this test. The other fit
indices are all rather descriptive. For each of the descriptive fit in-
dices, different cut-off criteria can be found in the literature. Note
that these cut-off criteria are just rules of thumb and that the dif-
ferent fit indices can result in contradicting conclusions concerning
the model fit. Therefore, it is important to use several fit indices
simultaneously. Recently, significance tests for RMSEA and SRMR
were developed (Maydeu-Olivares, [2017)).

The Y>-test statistic is calculated by multiplying the minimum
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fit function Fjp;;, with the sample size n:

X2 = nFML, (4.6)

Under the null hypothesis that the observed variance-covariance
matrix S is equal to the model-implied variance-covariance matrix
3, x2 follows a y2-distribution with df = s-t degrees of freedom. s
is the number of non-redundant elements in the vector of sample
statistics (here S) and t the number of parameters to be estimated.
If the p-value corresponding with the y?-value is larger than the
significance level, the null hypothesis is accepted and the model is
considered to fit the data well.

RMSEA is based on x? and quantifies the approximation error
due to model misspecification , taking the sample size and degrees
of freedom into account:

x2 —df
RMSFEA = \/max(df(n_l),O) (4.7)
A value of 0.06 or below is often considered to indicate a good fit
between the model and the data (Hu & Bentler, 1999).
SRMR is not based on 2, but instead uses the residuals, or the
differences between the elements of 3 and S, scaled by the standard
deviations of the observed variables (= square root of the diagonal

elements of S).

SRMR:L¢Zi12jﬂ@U_6MV@ﬁﬂP (4.8)

k(k+1)/2 ’

with s;; an element of S, 6;; an element of f), 8i = \/Sii, 85 = \/5jj
and k the number of observed variables. A value of 0.08 or below is
often considered to indicate a good fit between the model and the
data (Hu & Bentler} 1999).

CFI is a model comparison between the model of interest and
a baseline model. Often, the independence model is used as the
baseline model (Schermelleh-Engel et al., 2003). The independence
model assumes that all variables are uncorrelated. In this model
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only the variances of the observed variables have to be estimated. In
MLE, the implied variance-covariance matrix of the baseline model
35 is thus a diagonal matrix with the diagonal elements equal to
the variances of the observed Variable Based on f)o, the y2-test
statistic can also be calculated for the baseline model:

Far, = tr(SE5") +log|So| —log|S| — k (4.9)
X% = nFuyr, (4.10)

X2 follows a y2-distribution with dfy = @ degrees of freedom.

mazx[(x? — df), 0]
maz|[(x3 — dfp), 0]

CFI=1- (4.11)

A value of 0.95 or larger is often considered to indicate a good fit
between the model and the data (Hu & Bentler, |1999).

4.3 Factor score regression with Croon’s correc-
tions

4.3.1 Estimation

Instead of estimating all parameters simultaneously, applied re-
searchers often use factor score regression, which estimates the
structural and measurement parts of the model in two separate
steps. The measurement part is estimated first by performing a fac-
tor analysis for each latent variable. Based on these factor analyses,
factor scores are calculated. The structural part is then estimated
next by using these factor scores in a linear regression or a path
analysis.

Using the factor scores naively causes bias, because the variance-
covariance matrix of the factor scores is not the same as the

!Note that for other estimators (GLS, WLS), the estimated values of the
“variances" of the observed variables in this independence model do not neces-
sarily correspond to the observed diagonal elements of S.
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variance-covariance matrix of the true latent variable scores. |(Croon
(2002)) developed formulas that can correct the variance-covariance
matrix. For more details on these correction formulas, the inter-
ested reader is referred to |Croon| (2002)) and |Devlieger et al.| (2016)).
To conduct a factor score regression with Croon’s corrections,
we propose the procedure as presented by |Devlieger and Rosseel
(2017).

1. Conduct a separate factor analysis for each latent variable
and predict factor scores.

2. Calculate the variance-covariance matrix of the predicted fac-
tor scores (Sr).

3. Correct the variance-covariance matrix S, using the formulas
of Croon (Croon, 2002) to obtain an estimator for the true

A

variance-covariance matrix (3,).

4. Perform a path analysis or a linear regression with pre-
dicted factor scores using the estimator for the true variance-

covariance matrix 2,7.

4.3.2 Fit indices using the method of Croon
Global fit indices

We have already discussed four fit indices that are commonly used
in SEM. All four indices are based on & and S. To be able to
determine fit indices for the method of Croon, we need to extract
these two matrices. The observed variance-covariance matrix S can
easily be calculated based on the data. The model implied matrix
is not estimated by the method of Croon. However, 3 can be ap-
proximated by using equation from SEM. Since the method
of Croon does not estimate the parameters by mimimizing the fit
function, we do not have the variance-covariance matrix of the la-
tent variables X,. However, we do have ZAIU, the matrix with the
estimated variances and covariances of the latent variables, based
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on the factor scores. Also, the method of Croon does not estimate
A and O simultaneously. It estimates A; and ®; per variable in the
structural model. Based on these separate A; and ©; matrices, a
single joint A, and ®, matrix can easily be constructed by stacking
the separate matrices into one big matrix.

Now we can calculate an approximate model implied variance-
covariance matrix f]a:

3, = AS, AL+ O, (4.12)

Based on 3, and equation 1’ an approximate Fjsr, -value can
be estimated:
Fuar, = tr(SE;1) +log|S,.| — log|S| — k. (4.13)

Now, four approximate fit indices can be calculated for the method
of Croon:

X2 = nFur,, (4.14)
RMSEA, = \/ma:z((m,m, (4.15)
SRMR, = \/Zl 1221 S” )(A;“Q“)/(Sisj)]z, (4.16)

CFI, = —Z;‘z[g _jioi } (4.17)

with the degrees of freedom df, and the baseline model remaining
the same as in SEM.

As in MLE, S has to be positive-definite to calculate F sz, imply-
ing that the sample size needs to be at least as large as the number
of observed variables to be able to estimate the y2, the RMSEA or
the CFI. However, if we use casewise likelihood, we could compute
the likelihood of the saturated model (LLg) and the model of in-
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terest (LLys). The x? can then be calculated by —2(LLys — LLg).
The SRMR can be estimated even when the sample size is smaller
than the number of observed variables.

Local fit indices

The advantage of using a step-wise method, such as the method
of Croon is that we can also evaluate the local fit indices of the
measurement models of each latent variable and of the structural
model if it is non-saturated. For each factor model that is fitted, the
x2-value and the other fit indices described above can be calculated.
The local fit of the structural model can only be determined if the
model is non-saturated. When the model is saturated, the local
fit cannot be determined, while the global fit indices are mainly
reflections of the local fit indices of the measurement models. In
case of misfit, the local fit indices can help us to determine where
the problem is situated in the model, while global fit indices only
tell us there is a problem. Therefore, we recommend to first look
at the global fit of the model. If the global fit is not satisfactory,
the local fit indices can be used to localize the problem.

4.3.3 Model comparison test

In SEM, one would typically use a LRT or equivalently a ‘difference
in y2-test’ to compare the full model to a restricted model. The
only condition is that the restricted model is nested in the full
model. This includes models containing restrictions such as equality
constraints.

Hereafter, we propose a ‘difference in x2-test’ for factor score re-
gression. FSR does not give us a direct estimator for y2. However,
in section 3.2.1 of this paper, we introduced x2 for the full model.
We can use the same rationale to determine a 2, for the restricted
model. However, we need to adjust some of the matrices used.
First, the regression coefficients from the restricted model (B,) need
to be estimated using the method of Croon. Note that only the
structural model needs to be respecified and estimated. There is no
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need to re-estimate the measurement models, unless there are extra
restrictions set on the measurement models. Then, we can calcu-
late the restricted approximated model implied variance-covariance
matrix 3, as follows:

Sor = A AL + O, (4.18)

with

S = (1-B,) "0, (1-B,)"". (4.19)

Using 3. in formula |) instead of 2(1, results in the restricted
fit function Fysr,, which can be used to calculate x2,:

X2, = nFyp, (4.20)

The test statistic for the difference in x2 between the full and the
reduced model can be calculated as follows:

Xor —Xa = nFyir—nFur

= n[Fyrr — Fuirl

L a(tr(SS0) + log S| — l0g]S| — B)
—(tr(SE;") + log|£a| — log|S| — k)]

= ntr(SE;}) + log|Ear| — log|S| — k
—tr(SE1) — log|Ea| + log|S| + k]

= nftr(S2g)) + log|Ear|
—tr(SE1) — log| 4] (4.21)

Note that log|S| cancels out, which implies that the requirement
that S is positive definite no longer holds. As a consequence the
difference between x2 and x2, can, in principle, be estimated when
the sample size is smaller than the number of observed variables.

The difference x2,. — x2 follows a distribution that closely approx-
imates a x2-distribution with the degrees of freedom equal to the
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number of regression coefficients that are restricted to 0. Conse-
quently, we use this distribution to test if the difference score is
significantly different from 0. A significant test yields evidence that
the variable has significant effect and that the full model should be
preferred.

One of the advantages of using a model comparison test, is that it
can also be used for categorical variables. It is widely known that a
categorical variable with d classes can be recoded into a set of d —1
dummy (0/1) variables. The covariances between factor scores and
dummy-coded predictor variables can be corrected by using Croon’s
formulas in the same manner as continuous variables. The main
issue with using these dummy variables is that an omnibus test
is needed to test the significance of the categorical variable, if d
is larger than 2. Using an omnibus test, we can evaluate if all
regression coefficients of all d — 1 dummy variables are 0. This can
be done by using the ‘difference in x?-test’ that we have proposed,
but now the regression coefficients of all dummy variable are set
to 0 in the reduced model. The test statistic then follows a x?2-
distributions with d — 1 degrees of freedom.

4.4 Simulation study

In this section, we conduct a simulation study to compare the new
fit indices of FSR with their counterparts obtained by SEM us-
ing MLE and study the performance of our newly proposed model
comparison test in terms of type I error rate and power. We expect
that our fit indices will closely resemble the fit indices obtained by
using MLE. Further, we evaluate the performance of the method of
Croon for models with categorical predictors in terms of bias of the
regression coefficients.

4.4.1 Data generating mechanism

The model in Figure (4.1)) was used to simulate the data in R (R
Core Team, 2016)). First the four predictor variables were generated
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Figure 4.1 The ground truth model for the simulation study.
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from a multivariate normal distribution:

X1 0] [10 50 .10 .30
Yol pyn | (0] ]50 100 252
3 0|"1.10 .25 1.00 .50
m 0| .30 25 .50 1.00

The variable correlations were chosen to range from strong (.5),
moderate (.25-.30) and weak (.1) correlations. Variable X; and X5
are considered as categorical with three and four categories respec-
tively. Variables X3 and n; are considered as continuous, where
m is a latent variable measured by four indicators. To create the
categories for variables X; and X, we select two (three for Xs)
cut-off points. For X; these cut-off points are quantile 25 and 65,
which implies an unbalanced design with on average 25% in the
first category, 40% in the second and 35% in the third. The cut-off
points for the second categorical variable are the 35", 70" and 85"
quantile.

Using the structural equation

m = y11X1pv; + 712X10v, + Y21 Xopv, + Y22 Xopv, + Y23 X2pvs +
v3X3 +yam + C1

the true latent scores on 7; were generated. The following param-
eter settings were used: 11 = .3,712 = .7 and y4 = .5. To control
the type I error rate we assume no effect of the second categorical
variable and the first continuous variable. Therefore the parameters
which belong to the dummy- variables used to code this categorical
variable and the first categorical variables X3 were set to 0 (i.e.
Vo1 = Y22 = Y23 = 73 = 0)

The indicator variables for the latent variables n; and 72 were gen-
erated using the measurement models:

y =An+e,

where € was generated from a multivariate normal distribution with
means 0 and variance-covariance matrix @. O is a diagonal matrix



100 Chapter 4

with the residual variances 6;; on the diagonal. The index ‘i’ is used
to refer to the items, while index ‘I’ refers to the latent variables.
The 6;-values are calculated as follows:

var () (1 — CDy)

91': )
: CDy;

(4.22)

with CDy; the coefficients of determination, which give us an in-
dication of the reliability of the factor loadings. All CDy; are set
to be equal and are varied between 0.5, 0.7 and 0.9. The sample
size is varied between 50,100, 200, 500 and 1000, resulting in 15
different conditions in this simulation study. For each condition we
generated 2000 datasets.

4.4.2 Analysis

Each of the 30 000 datasets were analyzed with three methods: the
uncorrected FSR, FSR with Croon’s corrections, and SEM using
MLE. The significance level (a) was set to .05. For each data set,
five models were fitted for each method. To compare the power of
the three methods, a reduced model without the first categorical
predictor (i.e. without the set of all X7 dummy-coded variables,
further referred to as Redx,) and a reduced model without the
second continuous variable are fitted and compared to the full model
with all exogenous variables. Further, we study the Type I error
rate by fitting a model without the second categorical variable ((i.e.
without the set of all X9 dummy-coded variables, further referred
to as Redx,) and a model without the first continuous variable
(further referred to as Redx,). Since the regression coefficients for
these variables are set to 0 in the data generating mechanism, the
full model should be preferred in only five percent of the cases.

For conducting the uncorrected FSR, a factor analysis was per-
formed for the latent variables with the cfa-function of the lavaan-
package in R (Rosseel, 2012). Then factor scores were calculated
using the regression predictor. Next the predicted factor scores are
used in a linear regression using the lm-function to regress the pre-
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dicted factor scores of Y on the exogenous variables. For FSR with
Croon’s corrections, the same cfa-function and factor scores were
used, but Croon’s corrections were applied to address the bias in
the variance-covariance matrix of the factor scores. Estimators for
the regression coefficients were obtained directly from the corrected
variance-covariance matrix. Finally, a MLE analysis was conducted
with the sem-function in lavaan.

For each method, we consider the bias in the regression coefficients,
the power and type I-error rate of the model comparison test and
the different fit indices. Four fit indices were considered, namely
the y2-value, RMSEA, SRMR and CFI.

4.4.3 Results

Bias Figure shows the results for the estimators of the
regression coefficients for each method averaged over 2000 simula-
tions. The findings are in line with the expectations. More specif-
ically, MLE shows no bias while the uncorrected FSR shows bias.
This bias is independent of sample size, but is influenced by the co-
efficient of determination (CD). The FSR with Croon’s corrections
corrects for the bias and thus shows results in line with MLE.
x2-value Table shows the x2-values and x2-values for each
model. We can see that the newly proposed x2-value approximates
the original x? calculated by MLE rather well. The deviations are
in the same direction and have the same magnitude for all models.
Consequentially, the test statistic to test if the categorical variable
is significant, i.e. the difference in y2-values, is almost identical as
the observed x?- test statistic in SEM, i.e. the difference in y*-
values. Based on these results, it can be expected that the power
of both methods will be very similar.

Fit indices The results of the other three fit indices for the full
model are shown in Table (Results for other models are simi-
lar, but not shown). These results show that the approximated fit
indices obtained by the FSR approach are similar to the fit indices
estimated by MLE.
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Bias in the regression parameters
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Figure 4.2 The influence of sample size, coeflicient of determination
and measurement scale on the bias in the regression coefficients. Un-
corrected denotes the latent approach without bias correction, Croon
denotes the latent approach with Croon’s corrections and MLE denotes
the results when data is analyzed with maximimum likelihood estima-
tion. The black horizontal line denotes a bias of 0.
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Table 4.2 Results for the test statistics obtained by FSR and SEM
using MLE averaged over 2000 simulations. Redx, (Redx,) denotes dif-
ferences in x2 and x? for the reduced model without the first (second)
categorical variable in comparison with the full model. Redx, (Red,,)
denotes the differences between the reduced model without the first (sec-
ond) continuous variable and the full model.

Redx, Redx, Redx, Red,,
Ch N lexg Dif,2 szxg Dif,» lexg Dif,» lexg Dif,»

5 50 6.77 6.86 3.49  3.57 1.24 1.26 3.08 3.21
5 100 8.77 8.95 3.28  3.35 1.09 1.09 459 4.79
S5 200 14.02 14.09  3.06 3.08 1.07  1.07 8.54 8.72
S5 500 3094 3094 3.06 3.06 1.02 1.01 17.29 17.41
51000 6298 62.89  3.08 3.07 1.01  0.99 3234 3245
7 50 5.61 5.72 3.54 361 1.18 1.20 4.31 4.46
.7 100 8.24 832 3.26  3.29 1.08 1.08 5.41  5.50
27200 16.13 16.19  3.25 3.26 1.08 1.08 10.59 10.66
.7 500 39.85 39.89  3.07 3.08 1.07  1.06  21.99 22.06
.7 1000 73.68 73.67  3.00 3.00 1.04 1.04 43.58 43.64

50 6.41 6.43 3.52  3.54 1.17  1.18 4.85 4.89
100 9.04  9.06 3.25  3.26 1.08 1.08 6.47  6.50
200 18.81 18.83 3.05 3.05 1.05  1.05 11.78 11.80
500  42.27 4229  3.09 3.09 0.99 099  29.55 29.57
1000 80.79 80.79  2.95 295 1.03 1.03 54.66 54.66

o o oo
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Power Table shows the results of the model comparisons
between the full model and the four reduced models. As mentioned
before, the power can only be compared for models Redy, and
Red,,,. Since the full model should be preferred, the number of
p-values smaller than .05 gives an indication of the power of each
method. As expected, we see that there is almost no difference
between MLE and the method of Croon. The power is similar for
both methods.

Type I error rate The results in Table shows that MLE
and the method of Croon perform similar in terms of type I error
rate. They both approximate the true level of 0.05, when the sample
size is at least 100. When the sample size drops below 100, the type
I error rate is inflated. The inflation is worse for MLE than for the
method of Croon and is also worse for the categorical variables than
for continuous variables.

4.5 [llustration

We use data from the 4AYMonitoring ICT integration in Flem-
ish Education 20124AZ (MICTIVO2) to illustrate the method of
Croon, with the newly developed fit indices and model comparison
tests. This study assesses the impact of ICT at all levels of formal
education |Goeman, Elen, Pynoo, and van Braak! (2015). The latent
constructs in the study were all measured using several indicator
variables, using Likert scales, ranging from 5-point to 7-point scales.

Data was collected by using several surveys, from 4887 students,
2585 teachers and 723 principals from 729 schools. Only pupils
from primary education and their principals were used in this pa-
per. The pupils were only selected if their respective principal also
participated in the study. This resulted in 2033 pupils and 47 prin-
cipals.
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Table 4.3 Fit indices for the Full model estimated by FSR and MLE
over 2000 simulations.

CFI SRMR RMSEA
CD N Croon MLE Croon MLE Croon MLE
.5 50 .964 .966 .058 .058 .055 .052
.5 100 .980 .983 .050 .049 .028 .026
.5 200 .993 .994 .035 .034 .016 .015
.5 500 998 .998 .022 .022 .010 .009
.5 1000 .999 .999 .016 .015 .006 .006
7 50 973 974 .051 .050 .053 .050
7 100 .990 .990 .037 .037 .029 .028
7 200 .996 .996 .027 .027 .016 .016
7 500 .998 .999 .017 .017 .009 .009
7 1000 .999 .999 .012 .012 .006 .006
.9 50 .983 .983 .032 .032 .053 .052
9 100 .995 .995 .021 .021 .029 .028
.9 200 .998 .998 .016 .016 .016 .016
.9 500 .999 .999 .010 .010 .009 .009
.9 1000 1 1 .007 .007 .006 .006
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4.5.1 Model 1

For the first model, we only use the data from the pupils. We con-
sider two latent variables, ICT-skills of the pupils and ICT-use by
the pupils. Both variables were measured using 6 indicator items.
We are interested in the relationship between both variables, while
controlling for the variables gender and language (mother tongue).
Both covariates are considered as categorical. Gender consists of
two categories, with female used as the reference level. Language
consists of three categories, namely speaking a Dutch dialect, Dutch
or another language. Two dummy variables were created. Lan-
guagel represents speaking a dialect, while language2 represents
speaking Dutch. Speaking another language is the reference level.
The model is depicted in Figure and the results can be found in
table It can be seen that the Croon estimates are close to the
MLE-estimates for the regression parameters of both the continuous
and categorical variables. Even more importantly, the p-values and
fit indices are also close together and result in the same conclusions.

4.5.2 Model 2

For the second model, we use the data from the 47 principals. We
consider four latent variables, namely ICT-use of the teachers, the
pedagogical ICT-competencies of the teachers, the quality of the
ICT-policy of the school and the ICT-professionalization of the
teachers. All variables are assessed by the principals. All variables
were measured using several indicator items. In total, there are 49
indicators. We are interested in the influence of the competencies,
ICT-policy and professionalization on the ICT-use of the teachers.
The model is depicted in Figure {4 Since there are more ob-
served variables (p=49), than observations (N=47), standard MLE
based on Eq. could not estimate the regression parameters.
The method of Croon was able to estimate the parameters of in-
terest, as can be seen in Table [£.6] Further, the test statistic for
model comparisons and an estimate for SRMR. can be obtained us-
ing FSR. An estimator for x2 for the full or a reduced model is not
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Table 4.5 The estimated parameters and their standard errors for the
first illustration, both for the Croon method and MLE. The p-values
that are estimated using a model comparison test are indicated with
an asterisk. Note that the parameter estimates and standard errors of
the measurement models result from the separate factor analyses for the

Croon method.

Croon MLE
Parameter Est. (SE) p-value Est. (SE) p-value
Parameter estimates
Measurement models
1CT-skills
A1 1 1
A2 1.020 0.026  0.000 1.026 0.027  0.000
A3 0.962 0.030 0.000 0.973 0.030 0.000
A4 0.900 0.030 0.000 0.908 0.030 0.000
A5 0.606 0.023  0.000 0.612 0.023  0.000
A6 0.562 0.022 0.000 0.566 0.021  0.000
ICT-use
A7 1 1
As 0.693 0.040 0.000 0.725 0.040  0.000
A9 0.831 0.048 0.000 0.862 0.047 0.000
Ao 0.893 0.046  0.000 0.906 0.050 0.000
A1l 0.549 0.039 0.000 0.570 0.038 0.000
A12 0.747 0.061 0.000 0.833 0.061  0.000
Regressions
ICT-use 0.405 0.000* 0.422 0.035 0.000
gender 0.139 0.001* 0.141 0.044 0.001
languagel 0.187 0.014* 0.183 0.076 0.015
language2 0.080 0.200* 0.082 0.062 0.191
Omnibus test language
language 0.042%* 0.049%*
fit indices
X2 491.522 0.038 488.435 0.039
RMSEA 0.049 0.049
SRMR 0.038 0.036
TLI 0.934 0.935
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language2

ICT-Skills

ICT-Use
pupils

Figure 4.3 The first model used in the illustration.

possible since S is not positive definite.

4.6 Discussion

While it has been shown that FSR without correction yields biased
estimators for the regression coefficients, this method remains often
used by applied researchers. A correction for this bias was devel-
oped by (Croon| 2002). Devlieger and Rosseel (2017)) and Lu et al.
(2011) have shown for continuous variables that FSR with Croon’s
corrections performs at least as well as MLE. In several settings FSR
with Croon’s corrections even outperforms MLE, such as small to
moderate sample sizes, models with misspecifications and multilevel
settings with a small number of clusters.

In this paper, we introduced two extensions to this method. First,
we introduced fit indices for FSR that approximate their counter-
parts that are typically reported in SEM using MLE. Consequently,
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Figure 4.4 The second model used in the illustration.

Table 4.6 The estimated regression parameters and their p-values for
the second illustration, for the Croon method. The p-values that are
estimated using a model comparison test are indicated with an asterisk.

Parameter Est. p-value
Parameter estimates

Regressions

Pedagogical ICT-competencies 0.639  0.632*
ICT-policy -0.010 0.952*
Professionalisation 0.228  0.650*
fit indices

SRMR 0.185
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the global fit of the model can now be assessed. Note that the local
fit of the different parts of the model can also be evaluated when
using FSR. In a simulation study, we have shown that the newly de-
veloped fit indices are very similar to their counterparts estimated
using MLE.

Secondly, we proposed a model comparison test based on the new fit
index x?2 for FSR, which can be used to compare two nested models.
We have shown that this test for FSR performs well in terms of
type I error rate and power. The model comparison test can also
be used to draw inference for a single continuous predictor, without
the need for a standard error. Derivations for the standard errors
are not yet available in the current literature about FSR. However,
an analytical solution is under development (Rosseel, 2019)).

A major advantage of the Croon-based model comparison over MLE
is that the method of Croon can also estimate models where the
sample size is smaller than the number of observed variables. How-
ever, since we approximate the “classic” x? from MLE, we also
inherit the problems that come with it. More specifically, it is
widely known that the chi-square test leads to inflated type I error
rates when the sample size is small (Nevitt & Hancock, 2004)). Our
simulation study did indeed show an inflated type I error rate when
the sample size is small. In the literature, several corrections have
been proposed to improve the performance of the y2- test statis-
tic, such as the Bartlett correction (Bartlettl 1937 1954; Savalei,
2010) and the Swain correction (Swain, 1975). More research is
needed to determine if these corrections could also be applied to
the approximated x2 for FSR.

To evaluate the fit of a SEM-model, an alternative to the y?- test
has recently been proposed by Maydeu-Olivares| (2017). He pro-
poses to use a significance test that is based on the SRMR, (Maydeu-
Olivares, 2017; Maydeu-Olivares, Shi, & Rosseel, 2018)). Since we
also proposed an approximate SRMR, this method could possibly
also be applied to FSR. More research is needed to evaluate the
performance of this SRMR significance test in FSR. Finally, the
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performance of all proposed fit indices should be further studied to
determine how they behave in case of model misspecification, low
sample sizes, non-normal data or missing data.
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Multilevel factor score
regression

Abstract. Multilevel SEM is an increasingly popular tech-
nique to analyze data that are both hierarchical and con-
tain latent variables. The parameters are usually jointly es-
timated using a maximum likelihood estimator (MLE). This
has the disadvantage that a large sample size is needed and
misspecifications in one part of the model may influence the
whole model. We propose an alternative stepwise estimation
method, which is an extension of the Croon method for factor
score regression (Croon, 2002). In this paper, we extend this
method to the multilevel setting. A simulation study was
used to compare this new estimation method to the standard
MLE. The Croon method outperformed MLE with regard
to convergence rate, bias, MSE, and coverage, in particu-
lar when models contained a structural misspecification. In
conclusion, the Croon method seems to be a promising alter-
native to MLE.

This chapter has been published as Devlieger, & Rosseel, Y. (2019).
Multilevel factor score regression, Multivariate Behavioral Esearch,
doi: 10.1080/00273171.2019.1661817.
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5.1 Introduction

In the social and behavioral sciences, data often have a hierarchical
structure. A common example is the clustering of pupils within
schools. Many of the variables of interest are also latent, which
means they cannot be measured directly. Examples are reading
ability, intelligence, motivation, etc. These latent variables are
usually measured using observed indicators. Although these in-
dicators can be continuous or categorical, this paper will only focus
on latent variables with continuous indicators. Multilevel Struc-
tural Equation Modeling is often used to study the relationships
between latent variables with a hierarchical structure. Over the
years, many approaches to multilevel SEM have been developed
(e.g. |Goldstein & McDonald) [1988; [Lee, 1990; McDonald & Gold-|
steinl, [1989; [B. Muthén| [1989, [1994; B. Muthén & Asparouhov, 2009}
Rabe-hesketh, Skrondal, & Andrew, |2004) resulting in several mod-
eling frameworks, such as the within-between framework
& McDonald, [1988) and the generalized linear latent and mixed
(GLLAMM)-framework. Regardless of the framework, several es-
timators can be used. For continuous data, maximum likelihood

estimation (MLE) is most commonly used. MLE has two main
drawbacks. First, misspecifications in one part of the model could
influence the whole model . For example, misspeci-
fications in the measurement model may bias the estimates in the
structural model. Second, a large sample size is required to obtain

unbiased estimators (Schumacker & Lomax, |1996; Valluzzi, Larson,|

& Milles, 2003).

In the single level context, several alternative methods have been
developed to overcome these limitations. Bollen| (1996 2018) devel-
oped the instrumental variables approach, which overcomes the mis-

specification issue. A second alternative is a two-step SEM method,
where the measurement models are estimated independently in a
first step. In a second step the full SEM-model is estimated with the
parameters from the measurement models fixed to the values ob-
tained in the first step (Hunter & Gerbing), [1982; |[Lance, Cornwell |
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& Mulaikl 1988)). As a result, misspecifications in the measurement
model no longer propagate to the structural model. A third al-
ternative that is often used by applied researchers is “factor score
regression”. In a first step, the measurement models are estimated
and factor scores are computed. Subsequently, these factor scores
are used in a linear regression analysis. Factor score regression
has one major disadvantage, namely it results in biased estimates
of the regression parameters. This is caused by the discrepancy
between the (co)variances of the computed factor scores and the
(co)variances of the true latent variable scores (Croon, [2002; Dijk-
stral, 2010)).

Several methods were developed that avoid or correct for this bias.
When using factor analysis to estimate the measurement model,
three main approaches can be used. A first approach was developed
by Skrondal and Laake (2001). They avoided the bias by using dif-
ferent predictors to compute the factor scores. For independent la-
tent variables, they used the Regression predictor (Thomson, (1934;
Thurstone, [1935) and for dependent variables they used the Bartlett
predictor (Bartlett, 1937; |Thomson, 1938). While this method re-
sulted in unbiased unstandardised regression parameters, the stan-
dardised regression parameters were still biased (Devlieger, Mayer,
& Rosseel, 2016). A second approach was developed by Croon
(2002)). He estimated the (co)variances of the true latent variable
scores, and used these to calculate the regression parameters. The
method of Croon could be performed using any predictor or estima-
tion method. Hoshino and Bentler| (2013|) proposed a very similar
approach. A disadvantage of their method is that it only works with
the Bartlett predictor and relies on weighted least squares (WLS)
estimation (Devlieger & Rosseel, [2017). In addition, their method
cannot easily be extended to the multilevel setting. When using
partial least squares (PLS) to estimate the measurement model,
Dijkstral (2010) proposed consistent PLS (PLSc), which uses an al-
gorithm that performs a correction of the correlations between the
latent constructs to make results consistent with a factor-model.
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Both |Lu, Kwan, Thomas, and Cedzynski| (2011) and Devlieger et
al.| (2016) compared the method of Croon, the method of Skrondal
and Laake, and MLE to each other using linear regression. [Lu et al.
(2011)) concluded that the Croon method showed relative bias, mean
absolute deviation, coverage, and power that is at least comparable
to those of the other methods and often much better. Especially in
terms of bias, the Croon method outperformed the other methods,
when the sample size is small. |Devlieger et al.| (2016]) concluded
that the Croon method was the best suitable alternative to MLE,
based on the bias, efficiency, mean square error, power, and type
I-error rate. |Takane and Hwang] (2018) compared the performance
of the method of Croon, the method of Skrondal and Laake, and
PLSc. With regard to the bias for the regression parameters, the
method of Skrondal and Laake was outperformed by the other two
methods, which gave very similar results. However, the method of
Croon clearly outperformed PLSc when it came to estimating the
measurement model. |Devlieger and Rosseel (2017)) showed that the
method of Croon indeed outperforms MLE with regard to its two
main issues; in terms of bias and convergence rate, it handles small
sample sizes and misspecifications better than MLE. Clearly, the
method of Croon is a good alternative to SEM in the single level
setting. Therefore, we will focus on this method.

The goal of this paper is to extend the method of Croon to the
multilevel setting, since the issues in single-level SEM using MLE
translate to the multilevel setting. [Ludtke, Marsh, Robitzsch, and
Trautwein| (2011]) stated that the parameters at the between level
tend to be biased when only limited information on the between
level is available (e.g low intra-class correlations (ICC), small num-
ber of clusters, and small number of elements within groups.) Based
on a simulation study, Meuleman and Billiet| (2009) suggested that
at least 60 groups are needed at the between level if one is interested
in large effects and at least 100 groups are needed if one is interested
in smaller effect sizes. Hox, Maas, and Brinkhuis (2010) also sug-
gested at least 100 groups. Small sample sizes on the between level
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not only pose problems with regard to bias, |Li and Beretvas (2013
also found serious convergence issues when there were fewer than 80
clusters. Recently, Bayesian approaches have been explored to ad-
dress these sample size issues (Depaoli & Clifton, 2015; Zitzmann,
Lidtke, Robitzsch, & Marsh) |2016)). However, the use of inaccurate
priors may have an adverse effect, especially in small samples (Holt-
mann et al., 2016; van Erp, Mulder, & Oberski, 2018]). [Holtmann
et al| (2016) compared MLE, weighted least squares, mean and
variance adjusted (WLSMYV), and Bayesian methods for multilevel
SEM in small sample sizes. When using continuous indicators, no
performance advantages of the Bayesion estimation methods over
MLE were found. When using categorical indicators, severe bias
was found when strong informative inaccurate priors were used.

Since all parameters are still estimated simultaneously, now across
different levels, the misspecification issue also holds. It has been
shown that stepwise estimation methods can overcome these issues
in the multilevel setting. |Goldstein (1987) used multivariate multi-
level modeling to estimate the between—group and the within—group
covariance matrix. In the second stage, a structural equation model
was fitted to each covariance matrix separately. (Chou, Bentler, and
Pentz (2000), on the other hand, estimated a structural equation
model for each cluster separately. The estimates were then used
as response values in a between model. [Asparouhov and Muthén
(2010) implemented a stepwise approach based on plausible values.
Zitzmann| (2018) proposed a multilevel factor scores analysis using
expected a posteriori (EAP) estimates of factor scores. However, in
the current state of development, his method relies on rather strict
assumptions, such as all factor loadings need to be equal to each
other and all error variances at the within and between level need
to be equal.

The approach of Zitzmann| (2018)) was based on a method suggested
by (Croon and van Veldhoven (2007), where EAP-estimates were
used instead of group means to aggregate scores measured at the
within level to the between level. Using these EAP-estimates made



124 Chapter 5

it possible to use variables measured at the within level to predict
variables measured at the between level. While the method is also
suggested by Croon, it differs from the method we are suggest-
ing in several ways. First, |Croon and van Veldhoven| (2007)) limited
themselves to micro-macro settings, where variables from the within
level are used to predict variables from the between level. This also
means their illustrations were limited to linear regression settings
with only one dependent variable. However, whether the Croon
and van Veldhoven method itself can be extended to multivariate
settings (i.e., two or more dependent variables) remains subject to
future research. Our method is general and can be used for all set-
tings, including the macro-micro setting, where variables measured
at the between level are used to predict variables at the within
level, multivariate regressions, and path analyses. Second, in the
approach of (Croon and van Veldhoven! (2007), the variables were
observed variables at the within level. Only the group averages at
the between level were considered to be latent. Their method can-
not deal with latent variables at the within level, while our method
can. In this paper, we propose a corrected multilevel factor score
analysis, that is more flexible than the method of |Croon and van
Veldhoven| (2007) and its extension by |Zitzmann| (2018).

While stepwise estimation methods have many advantages, as dis-
cussed above, they are also often critized for potentially being less
efficient than MLE, since they are limited information approaches
(e.g.|Wooldridge, [2002). However, for the single level setting, it was
shown that the Croon method is just as efficient as MLE (Devlieger
et al., [2016]). |Croon and van Veldhoven (2007) also expected that
their approach would probably not be much less efficient than MLE.
Ludtke et al. (2008) tested this expectation in a simulation study
and found almost identical root means squared errors (RMSE) for
MLE and the method of |Croon and van Veldhoven! (2007). They
only found a difference in one condition, namely the condition with
small sample sizes at both the between (50 clusters) and within
level (10 individuals per cluster), and a small intraclass correlation
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coefficient (ICC). We would expect similar results for our method.
The outline of the paper is as follows. First, we will give an overview
of the within-between framework and of the method of Croon in
the single-level setting. Next, we will propose a new statistical
procedure that applies the method of Croon to the within-between
framework. This will enable us to perform multilevel factor score
regressions and multilevel factor score path analyses. Then, a sim-
ulation study will be presented to compare the performance of the
extended Croon method to standard multilevel SEM using MLE.
Finally, the method will be applied to data from a Flemish research
project conducted in 2012, named MICTIVO.

5.2 The within-between framework

To extend the method of Croon to the multilevel setting, we will
use the within-between framework. For notational simplicity, we
will assume centered data and ignore the mean structure, but our
method is not restricted to this setting. In the within-between
framework for the two-level setting with subjects within clusters,
the data are orthogonally decomposed into a within—group and a
between—group component:

YT =Yuw + Yo, (51)

with yp equal to the cluster mean and y,, equal to the individual
deviation of a subject from the cluster mean. Both components
are assumed to follow a normal distribution with mean zero and a
covariance matrix:

Yuw ~ N(0,Xy)
yo ~ N(0,3),
where X, represents the (co)variation within the clusters, while

3, represents the (co)variation between the clusters. In multilevel
SEM, two structural equation models, one within model and one
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between model, are jointly estimated for respectively 3, and 3.
The within model, containing a structural and a measurement part,
can be written as

Nw = BuNw+ Cu (5-4)
Yw = Aw'r]w+€w-

The between model, also containing a structural and measurement
part, can be written as

m = Bym+ G (5.6)
Yo = Aynp+ €,

with subscripts ‘w’ and ‘b’ denoting the within and between level
respectively, B,, and Bj are the matrices of regression coefficients,
Cw and ¢, the residual error terms, A, and A contain the factor
loadings, y., a vector of indicators measuring 7, y; a random
cluster-specific intercept, and €, and €, the vectors of measurement
error variables.

The formulas for the respective model-implied covariance matrices
are:

Sw = Al —By) "Wy (I — B,) YA, +O,, (58)
2, = Ap(I—By) ' Wy (I — By) YAy + O, (5.9)

with I the identity matrix, ¥,, and W, are matrices containing

the variances of the latent variables, while ®,, and ©®; contain the
residual variances of the indicators.

5.3 The Croon method in the single-level set-
ting
The method of Croon uses the variances and covariances of factor

scores to estimate the variances and covariances of the true latent
variable scores. Consider measurement block ‘k’:
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Vi = Apmi + € (5.10)

where y}, are vectors of mean-centered observed indicators measur-
ing n, A are matrices containing the factor loadings and € are the
vectors of measurement error variables. In many cases, a measure-
ment block contains only a single latent variable. In that case, Ay
is a one-column matrix. However, when latent variables are some-
how linked (e.g equality constraints, correlated error terms,...), a
measurement block can contain multiple latent variables.

After fitting the measurement block using confirmatory factor anal-
yses (CFA), the factor scores can be calculated as follows:

Fk = Akyk (5.11)

with Aj the factor score matrix. Several predictors can be used to
compute the factor score matrices. Our method will work with ev-
ery predictor, but in this paper the Regression predictor (Thomson),
1934; Thurstone, [1935)) is used.

Croon established that one can estimate the variances and covari-
ances of the true latent variable scores as follows:

@) = (ApAy) var(Fy) — ArOrA,] (ALAL)(B.12)
cov(Ni, Mm) = (AkAk)*lcov(Fk,Fm) (A;nA;n)fl, (5.13)

where the indices ‘k’ and ‘m’ indicate two different measurement
blocks with ®;, the covariance matrix of the measurement errors.
For more details on the derivation of these correction formulas, the
interested reader is referred to (Croon| (2002)) and Devlieger et al.
(2016). These formulas can be used to perform factor score regres-
sion or factor score path analysis. Devlieger and Rosseel (2017)
suggested the following procedure:

1. Perform a separate factor analysis for each measurement block
in the model and calculate the respective factor scores.
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2. Calculate the variance—covariance matrix of the factor scores
(var(Fy)).

3. Estimate the true variances and covariances for all elements

A

in this matrix (3,) using the formulas of Croon.

4. Perform the analysis of interest, either linear regression (a) or

path analysis (b).

(a)

In linear regression, regression parameters (y) can be de-
fined as the covariance between the dependent and the
independent variables, multiplied by the inverse of the
true variance of the independent variable(s). Thus, the
regression parameters can be calculated using the ele-
ments of interest from the estimated covariance matrix
27,. When 7, is a vector containing the independent
variables and 7 a vector with the dependent variables,
the regression parameters can be estimated as follows:

— — -1

Y = COU(TM, nm)var(nm) . (5'14)

Path analysis is based on the covariance matrix of all
variables. Thus, 277 can be used as the input covariance
matrix.

5. Standard errors of the parameters of interest can be obtained

by an analytical approach where we take the stepwise nature

of the procedure into account (Bakk, Oberski, & Vermunt,
2014).

5.4 The Croon method in the multilevel setting

The same principle can be used to perform a multilevel factor score

analysis. This analysis can be a multilevel regression or a multilevel

path analysis, depending on the structural part of the multilevel

SEM. When using factor scores to represent the latent variables,
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Figure 5.1 Multilevel SEM model that reduces to a multilevel regres-
sion with a random intercept, when using factor scores.

the model can either reduce to the multilevel regression setting or
reduce to a multilevel path analysis. Figure[5.1]is an example of a
multilevel SEM model that reduces to a multilevel regression with
a fixed slope and a random intercept. Figure [5.2]is an example of
a multilevel SEM model that reduces to a multilevel path analysis
with three regressions on the between level and three regressions on
the within level. Our procedure is based on the procedure for single
level FSR or path analysis. However, some steps are adjusted to
the multilevel setting.

1. The first step is to perform a multilevel CFA for each measure-
ment block separately and calculate the within factor scores.
The measurement models are

Yw = AN+ €y (5.15)
Yo = Ay + €. (5.16)

Based on this factor model, the within factor scores F,, and
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Figure 5.2 Multilevel SEM model that reduces to a multilevel path
analysis when using factor scores.



Multilevel factor score regression. 131

the between factor scores F; can be calculated as follows

Fo, = Auyw (5.17)
Fb = Abyb. (518)

with A, and A, the within and between factor score matrix,
yw the observed mean-centered within data and y; the ob-
served cluster means. The exact computation of A, and Ay
depends on the predictor that is used. Note that the observed
cluster means are usually considered unreliable (Liidtke et al.,
2008). However, the bias that would normally be caused by
using aggregated means is taken into account by the bias for-
mulas in step 3.

2. In the second step, two covariance matrices of the factor scores
need to be calculated, namely the between cluster covariance

matrix Spp and the pooled within cluster covariance matrix
SFwa

1 _ _
Sk = T Yi(Fy — B)(F, — Fy) (5.19)
1 . ,
Spw = ﬁzj=12?;l(Fwij - Fbj)(Fwij - Fbj)(5‘20)
with subscripts ¢ and j denoting the subjects and clusters,
N the total sample size, J the number of clusters and n; the

cluster size of cluster j.

3. The elements in both Sg, and Sp, are biased. Thus, in
this third step, all elements need to be corrected using the
formulas of Croon. For the within level, the formulas are the
same as for the single-level setting:

var(nw) = (AwAy) Hvar(Fy) — AwGwA;U](A;UA;U)_l
(5.21)
cov(Nwk, Mwm) = (Awk‘Awk)ilcOU(ka, me)(AlwmA;um)ilv
(5.22)
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However, for the between level, the formulas need to be ad-
justed. In Appendix A and B, we derive the following formu-

las:
var(my) = (AyAy) " var(Fy) — Ay©yA,
1 * ’ ’ ’N—1 (523)
- ;Abwr(}’w)Ab] (ApA,) 7,
J
and

cov (M, Mom) = (AprApi) ™ cov(Fog, Fom)

1 * * ! ! ’ _
- ;Abkcov(ywk?ywm)Abm](AbmAbm> 17
J
(5.24)

This results in two new estimated covariance matrices, respec-
tively X, and X,,.

4. In the fourth step, the two new estimated covariance matrices
can be used as input for two separate structural equation
models, one for the within level and one for the between level.
If the structural models of the within and between levels are
linked (e.g. equality constraints across levels), the covariance
matrices can be used as input for a multigroup SEM.

5. Standard errors of the parameters of interest can be obtained
by an analytical approach that takes the stepwise nature of
the procedure into account (Bakk et al. 2014).

There are three aspects concerning this procedure that are impor-
tant to highlight. Firstly, step 4 can only be performed if the
software accepts sample statistics as input. This is true for most
SEM packages. However, regression based software (such as ML-
wiN (Rasbash, Charlton, Browne, Healy, & Cameron, [2005)) or the
R-package ‘lme4’ (Bates, Maechler, Bolker, & Walker| |2015)) only
accepts raw data. In appendix C, it is described how these data
can be obtained. Secondly, as is shown in appendices A en B, the
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formulas can be rewritten to avoid calculating the factor scores and
their covariance matrices explicitly. Note that this is also true for
the within formulas. The covariance matrices of the latent variables
can be estimated using only the covariance matrices of the indicator
items, the factor score matrices, and the factor loadings and error
terms of the items. Thirdly, all formulas above are formulated at
the population level. This implies that the method will certainly
work with large samples. To evaluate the finite sample performance
of the new estimation method, a simulation study was used.

5.5 Simulation study

The first goal of this study was to see if the new method results in
unbiased estimates of the regression parameters and variance terms.
The second goal was to compare the method to standard multilevel
SEM. We studied which method performs better when there are a
small number of clusters or when there are misspecifications in the
model with regard to bias, MSE, and coverage.

5.5.1 Data generation

The model in Figure was used to simulate the data in R (R
Core Team) 2016|) using the MASS-package (Venables & Ripley,
2002). The between—cluster data were simulated first, by drawing
from a multivariate normal distribution with all means 0 and a
covariance matrix Y. X was calculated using formula . All
four latent variables were measured using 5 indicators with factor
loadings 1, 0.8, 0.9, 0.85, and 0.75. The regression parameters were
set to v1 = 0.7, 9 = 0.5,93 = 0.4, 74 = 0.5, and 75 = 0.8. The
between variances of 11 and the residual between variance of s,
13, and 1y were all set to 0.9. The residual between variances of
the indicator items were set to Oy, = %&;CW with CDy;
the coefficients of determination. The index ‘i’ is used to refer to
the items, while index ‘k’ refers to the latent variables. All CDy;
were set to be equal and were varied between 0.5,0.7, and 0.9. The
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Figure 5.3 The ground truth model for the simulation study.
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number of clusters was set to 50 or 100. These can be considered as
small sample sizes for the between level. We chose these to be able
to evaluate if the method of Croon can handle these low number of
clusters better than MLE.

Then, the within data were simulated per cluster, by drawing from
a multivariate normal distribution using the between data as the
mean of the cluster and a covariance matrix X,,. >, was calculated
using formula . The within factor loadings were set to be equal
to the between factor loadings. The regression parameters were
set to 5 = 0.7, v7 = 0.5, 73 = 0.4, 79 = 0.5, and ~v;0 = 0.8.
The within variances of 11 and the residual within variance of 19,

13, and n4 were all set to Uar(m”“}ééflco) with ICC the intraclass

correlation coefficient, which indicates the amount of variability on

the between level. The ICC was varied between 0.10 and 0.25.

Uf“"(nwk)él—CDki) )
ki

Since all C'Dy; were set to be equal, they will be referred to as

The within residual variances were set to O,,, =

CD. The cluster sizes were randomly drawn with replacement from
a uniform distribution between 5 and 15, 25 and 35, or 100 and
110, resulting in unbalanced data. All together, this created 36
experimental conditions.

5.56.2 Analysis

For each experimental condition, 1000 datasets were generated. All
datasets were analyzed using three methods, namely uncorrected
multilevel factor score path analysis, multilevel factor score path
analysis with Croon corrections and Multilevel SEM using MLE.
Multilevel SEM using MLE was performed using Mplus, version
8 (L. Muthén & Muthén, [2017), which uses the EM algorithm by
default. For the two multilevel factor scores path analyses, Mplus
(L. Muthén & Muthén, 2017) was used to perform the CFAs, calcu-
late the factor scores and perform the multilevel path analyses. The
Croon corrections were done using our own written routines and the
MASS-package (Venables & Ripley,, 2002]) was used to generate the
corrected datasets.
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For each method, three models were analysed, namely a correctly
specified model, a model containing a misspecification in the struc-
tural part of the model, and a model containing a misspecification
in the measurement part of the model. For the misspecification
in the structural part of the model, regression parameters 3 and
~vg were left out of the model. This should only have an effect on
~v4 and 9. The other parameters should remain unaffected. For
the misspecification of the measurement model, indicator y21 was
loaded on variable 73 instead of 772, both at the within and between
level.

For each experimental condition, four performance criteria per
method were calculated, namely the proportion of successful repli-
cations, the relative bias, MSE, and coverage rate. The latter three
criteria were calculated for each regression coefficient and variance
term, both at the within and the between level.

5.5.3 Results
Proportion of successful replications

Figure [5.4] shows us that the number of successful replications was
the highest for the uncorrected factor score path analysis (FSPA).
There were mainly unsuccessful replications in the weaker condi-
tions, such as small number of clusters, small cluster sizes, or a
small ICC. In Table 5.I} an overview of the error and warning mes-
sages from Mplus is given for the three methods in the weakest
condition (nb=>50, cluster size = 5-15, CD=0.5 and ICC = 0.10) in
the correctly specified model. It can be seen that the problems were
mainly due to one of the factor models having a residual covariance
matrix or a latent variable covariance matrix that was not positive
definite.

Of course, the method of Croon suffered from exactly the same
problems, but also had another problem: additional replications
did not converge due to covariance matrices at the between level
that were not positive definite after the correction was applied.
When comparing the Croon method with MLE, it is striking that
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the Croon method had higher or at least equal proportions of suc-
cessful replications in all of the 36 conditions for all three mod-
els. This includes the correctly specified model, indicating that the
non-convergence of MLE was not always an indication of misspeci-
fication. For MLE, unsuccessful replications were mainly caused by
the latent variable covariance matrix not being positive definite or
the first-order derivative product matrix being non-positive definite.
Some additional replications were unsuccessful due to the residual
covariance matrix not being positive definite or an ill-conditioned
fisher information matrix. Note that none of the unsuccessful repli-
cations were due to the model not converging because the number
of iterations was exceeded. Also note that the Croon method al-
most always converged when the number of clusters reached 100 or
when the clusters consisted of at least 25 elements, while MLE still
had convergence problems in these settings.

Bias

Only the results of the correct model and the model with structural
misspecifications are discussed, because no interesting differences
were found between the Croon method and MLE in the model with
a misspecification in the measurement model. This will also be the
case in the following sections.

Regression parameters: Figure shows the results for the bias
of the regression parameters on the within level, while Figure [5.5b]

shows the bias on the between level. For the model with a structural
misspecification, regression paramaters 3 and 74 were left out of
the figure, since the first was not included in the model and the
latter is expected to be biased for all methods. The full results for
this model can be found in Tables [5.21 and [5.3]

As expected, the uncorrected multilevel FSPA resulted in biased
regression parameters on the within and between level, for all con-
ditions and models (Figure[5.5). The Croon method showed no bias
when the correctly specified model is used, both on the within and
between level. It did show a slight bias on the between level when
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Table 5.1 An overview of the error and warning messages, for the
correctly specified model with 50 clusters, a cluster size between 5 and
15, a coefficient of determination of 0.5, and a intra-class correlation
of 0.10. An overview is given for the three methods, namely factor
score path analysis (FSPA), the Croon method (Croon), and maximum
likelihood estimation (MLE)

FSPA | Croon | MLE
157 157 80

Warning: the residual covariance matrix
(theta) is not positive definite.

Warning: th? lfttcnt variz.ll?lc covar%ancc matrix 46 16 287

(psi) is not positive definite.

The corrected between covariance matrix / 394 /
is not positive definite.

Warning: the model estimation had reached

a saddle point or a point where the observed and 17 1 0

the expected information matrices do not match.

The standard errors of the model parameter estimates may
not be trustworthy for some parameters due to a non-positive 3 0 260

definite first-order derivative product matrix.

The model estimation did not terminate normally

due to an ill-conditioned fisher information matrix. ! ! a7

The model estimation did not terminate normally 5
due to an error in the computation.

The loglikelihood decreased in the last EM iteration. 4

Total 224 529 683
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Figure 5.4 The influence of the number of clusters, the cluster sizes,
the coeflicient of determination (CD), the intra-class correlation (ICC)
and the model specification on the proportion of successful replications
for the three methods; factor score path analysis (FSPA), the Croon
method (Croon), and maximum likelihood estimation (MLE).
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there is a misspecification in the structural model. However, this
bias was only found in the weakest condition with only 50 clusters,
a cluster size between 5 and 15, CD of 0.5, and ICC of 0.10. MLE,
on the other hand was only unbiased on the within level, when a
correctly specified model was used. On the between level, MLE
was biased, even when the model was correctly specified. A mis-
specification in the model lead to bias on the within and between
level.

Variance terms: Figure [5.6] shows the bias in the variance terms of

the endogeneous variables. The residual variance of 74 was expected
to be biased, since the regression of 75 on 714 was dropped from the
model. Therefore the results of this parameters were again left out
of the figure. The full results can be found in Tables and
The estimated residual within and between variances of the endo-
geneous latent variables (72, 13, and 74) were highly biased for the
uncorrected FSPA. The within variance of the Croon method was
unbiased in all settings. On the between level, there was a small bias
that disappeared when the coefficient of determination increased.
For MLE, the within variance was almost unbiased when the model
was correctly specified, but was biased when the model was mis-
specified. MLE also had a bias in the between variance terms that
was larger than the bias of the Croon method.

MSE

Overall, the Croon method clearly outperformed MLE with regard
to bias in the regression parameters and variance terms. However,
it is imporant to also take the efficiency of methods into account.
For this reason, we will also look at the MSE of all methods.

Regression parameters: The results with regard to MSE were very
similar to the results found with regard to the bias (Figure. The
high bias of the uncorrected multilevel FSPA also resulted in a high
MSE. When a correctly specified model was used, the MSE of the
Croon method, and MLE was very similar on the within level, but
higher for MLE on the between level. When the model contained a
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Table 5.2 The estimated within regression parameters for the model
with a misspecification in the structural part. Results are given for differ-
ent values of intra-class correlations (ICC), cluster sizes (nw), number of
clusters (nb), coefficient of determination (CD), and the three methods,
namely factor score path analysis (FSPA), the Croon method (Croon),
and maximum likelihood estimation (MLE).

7 =0.7 Y2 =0.5 74 =05 75 =0.8
ICC nw nb  CD | FSPA Croon MLE | FSPA Croon MLE | FSPA Croon MLE | FSPA Croon MLE
0.10 5— 50 0.5 055 0.70 0.74 | 040 0.50 0.51 | 0.67 069 075 |0.75 0.80  0.77
15 0.7 | 0.63 0.70 0.72 | 0.45 0.50 0.50 | 0.68 0.69 0.72 | 0.78 0.80 0.78

09 068 070 0.71 | 048 050 0.50 | 0.69 0.69 070 | 0.80 0.80  0.80
100 0.5 | 056 070 0.74 | 0.40 0.50 0.51 | 0.67 0.69 0.75 | 0.75 080 0.77
0.7 1063 070 0.72 | 045 050 0.50 | 0.68 069 072 | 078 0.80 0.79
09 [ 068 070 0.71 | 049 050 0.50 {0.69 0.69 0.70 | 0.80 0.80  0.80

25— 50 0.5 055 070 074 | 039 050 050 | 0.67 0.69 0.75 | 0.75 0.80  0.77
35 0.7 1063 070 0.72 | 045 050 0.50 | 0.68 0.69 0.72 |0.78 080 0.79

09 068 070 0.71 | 049 050 0.50 | 0.69 069 070 | 0.80 0.80  0.80
100 0.5 | 0.55 0.70 0.74 | 039 050 051 | 066 0.69 0.75 | 0.75 0.80  0.77
0.7 {063 070 0.72 | 045 0.50 0.50 | 0.68 069 072|078 0.80 0.79
09 068 070 071 | 049 050 050 |0.69 069 0.70 | 0.80 0.80  0.80

100— 50 0.5 |0.55 0.70 0.74 | 0.40 0.50 0.51 | 0.66 0.69 075 | 0.75 0.80 0.77
110 0.7 1063 070 0.72 | 045 050 050 |0.68 0.69 072|078 0.80 0.79
09 {068 070 071 | 049 050 0.50 |0.69 069 070 | 0.80 0.80 0.80

100 0.5 | 055 070 0.74 | 039 050 0.50 [ 0.66 0.69 0.75 | 0.75 080  0.77

0.7 | 063 070 0.72 | 0.45 0.50 0.50 | 0.68 0.69 072 |0.78 0.80 0.79

09 068 070 0.71 | 049 050 0.50 | 0.69 0.69 070 | 0.79 0.80  0.80

0.25 5— 50 0.5 | 0.55  0.70 0.74 | 0.40  0.50 0.51 | 0.67  0.69 0.75 1 0.75  0.80 0.77

09 068 070 0.71 | 049 050 0.50 | 0.69 0.69 0.70 | 0.80 0.80  0.80
100 0.5 | 0.55 070 0.74 | 040 0.50 0.51 [ 0.67 0.69 0.75 |0.75 080 0.77
0.7 1063 070 0.72 | 045 0.50 0.50 | 0.68 0.69 072 |0.78 080 0.79
09 068 070 0.71 | 049 050 0.50 | 0.69 069 070 | 0.80 0.80  0.80

055 070 0.74 | 040 050 051 | 066 069 075 |0.75 080 0.77
063 070 0.72 | 045 0.50 0.50 | 0.68 0.69 072 | 078 0.80 0.79
09 068 070 0.71 | 049 050 0.50 {0.69 0.69 0.70 | 0.80 0.80  0.80
100 0.5 | 0.55 070 0.74 | 040 0.50 0.51 [0.66 0.69 0.75 |0.75 080 0.77
0.7 1063 070 0.72 | 045 050 050 | 0.68 0.69 072 | 078 0.80 0.79
09 068 070 071 | 049 050 0.50 |0.69 069 070 | 0.80 0.80  0.80

100—- 50 0.5 | 055 0.70 0.74 | 0.40 0.50 0.51 | 0.66 0.69 075 | 075 0.80 0.77
110 0.7 {063 070 0.72 | 045 0.50 0.50 | 0.68 069 072 | 078 0.80 0.79
09 068 070 071 | 049 050 0.50 |0.69 0.69 070 | 0.80 0.80  0.80

100 0.5 | 0.55 070 0.74 | 039 0.50 0.50 [0.66 0.69 0.75 |0.75 080  0.77

0.7 1063 070 0.72 | 045 050 0.50 | 0.68 0.69 072 | 078 0.80 0.79

09 | 068 070 071 |049 050 0.50 |0.69 069 070 | 079 0.80 0.80
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Table 5.3 The estimated between regression parameters for the model
with a misspecification in the structural part. Results are given for differ-
ent values of intra-class correlations (ICC), cluster sizes (nw), number of
clusters (nb), coefficient of determination (CD), and the three methods,
namely factor score path analysis (FSPA), the Croon method (Croon),

and maximum likelihood estimation (MLE).

y = 0.7 yy = 0.5 =05 ys = 0.8
ICC  nw nb  CD | FSPA Croon MLE | FSPA Croon MLE | FSPA Croon MLE | FSPA Croon MLE
0.10 5-— 50 0.5 | 0.57  0.67 0.74 | 0.50 0.49 0.51 0.82 0.68 0.69 |0.76 0.79 0.80
15 0.7 | 0.59  0.69 0.71 048 049 0.52 | 0.77  0.68 0.67 | 0.78  0.81 0.83

0.9 | 0.63 0.70 0.69 | 0.51 0.50 0.52 | 0.64 0.68 0.71 | 0.78  0.80 0.79

100 0.5 | 0.53  0.70 0.72 | 0.42 0.50 0.561 | 0.74  0.70 0.76 | 0.69 0.78 0.76

0.7 1058 0.69 071 | 045 049 050 |0.70 069 073 |[0.76 0.80  0.80

09 063 071 068 |048 050 050 |0.70 069 069 |079 080 0.81

25— 50 0.5 | 057 0.69 0.75 | 0.41 0.49 0.52 | 0.66 0.66 0.73 | 0.75 0.80 0.80

35 0.7 | 0.63  0.69 0.72 | 0.45 0.50 0.51 | 0.67 0.69 0.74 |0.76  0.80 0.79

0.9 | 0.68 0.70 0.71 0.48  0.50 0.50 | 0.67 0.68 0.69 | 0.80 0.81 0.80

100 0.5 | 0.56  0.70 0.75 | 040 049 0.51 | 0.65 0.69 0.76 | 0.72 0.79 0.77

0.7 | 0.62  0.69 0.72 | 0.45 0.50 0.51 0.68  0.70 0.74 |0.76  0.80 0.78

0.9 |0.69 0.71 0.72 | 049 0.50 0.50 | 0.68  0.69 0.69 |0.79 0.80 0.80

100— 50 0.5 | 0.56  0.69 0.74 | 040  0.50 0.51 | 0.63 0.68 0.74 | 0.74 081 0.80

110 0.7 1063 070 0.72 | 045 050 051 |0.67 069 074 [0.76 080 0.78

09 |068 070 0.72 | 049 050 051 |0.68 069 069 [079 080 0.80

100 0.5 | 0.56 070 0.74 |0.40 050 051 |065 070 075 |0.72 0.79 0.77

0.7 1063 070 0.72 | 044 049 050 |0.67 069 072 |[0.77 080 0.80

09 069 071 073 | 048 050 050 |0.69 069 070 [0.79 080 0.80

0.25 5— 50 0.5 | 0.57 0.67 0.75 | 0.42 0.49 0.53 | 0.65 0.68 0.76 | 0.73 0.79 0.78
15 0.7 | 0.63  0.69 0.73 | 0.45 0.49 0.51 0.67  0.68 0.73 1 0.77 0.81 0.80

0.9 | 0.69 0.70 0.71 049  0.50 0.51 0.67  0.68 0.69 |0.79 0.80 0.80

100 0.5 | 0.56  0.70 0.75 | 040 0.50 0.52 | 0.65 0.70 0.77 ] 0.71 0.78 0.77

0.7 | 0.63  0.69 0.72 | 044 049 0.50 | 0.68  0.69 0.73 | 0.77  0.80 0.80

0.9 {069 0.71 0.72 | 048 0.50 0.50 | 0.69 0.69 0.70 | 0.79  0.80 0.80

25— 50 0.5 |0.56 0.69 075 |040 050 052 |0.63 066 074 |0.73 0.82 0.80

35 0.7 1063 070 0.73 | 045 050 051 |0.67 069 073 |[0.76 079 0.79

09 | 068 070 0.71 | 049 050 050 |0.68 068 069 |[079 080 0.80

100 0.5 | 0.56  0.70 0.75 | 040 0.50 0.51 | 0.64 0.69 0.76 | 0.72 0.79 0.77

0.7 | 0.63 0.70 0.72 | 0.45 0.50 0.50 | 0.68 0.70 0.73 |0.76  0.80 0.79

0.9 {069 0.71 0.72 | 048  0.50 0.50 | 0.68  0.69 0.70 | 0.79  0.80 0.80

100—- 50 0.5 | 0.56  0.69 0.74 0.40  0.50 0.51 0.63  0.68 0.74 0.73  0.81 0.79

110 0.7 | 0.63 0.70 0.73 | 0.45 0.50 0.51 0.67  0.69 0.73 |0.76 0.80 0.79

0.9 | 0.68 0.70 0.71 0.49  0.50 0.50 | 0.68  0.69 0.70 | 0.79  0.80 0.80

100 0.5 | 0.56  0.70 0.74 | 040 0.50 0.51 0.65 0.70 0.76 | 0.72 0.79 0.77

0.7 | 0.63 0.70 0.72 | 045 0.49 0.50 | 0.67  0.69 0.72 | 0.77  0.80 0.79

09 069 071 0.71 048  0.50 0.50 | 0.69  0.69 0.70 | 0.79  0.80 0.79
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Table 5.4 The estimated residual within variances of the endogeneous
variables for the model with a misspecification in the structural part.
Results are given for different values of intra-class correlations (ICC),
cluster sizes (nw), number of clusters (nb), coefficient of determination
(CD), and the three methods, namely factor score path analysis (FSPA),
the Croon method (Croon), and maximum likelihood estimation (MLE).
The true values are 8.1 (ICC=0.10) and 2.7 (ICC=0.25).

m 03 72
ICC nw nb CD | FSPA  Croon MLE FSPA  Croon MLE FSPA  Croon MLE
0.10 5— 50 0.5 | 12.12 8.89 8.11 7.31 8.06 8.10 7.62 8.15 7.45
15 0.7 | 10.63 8.87 8.51 7.81 8.05 8.05 8.03 8.12 7.7

0.9 9.44 8.93 8.81 8.02 8.07 8.07 8.07 8.05 7.96

100 0.5 | 12.24 8.99 8.26 7.30 8.11 8.08 7.59 8.08 7.38

0.7 | 10.72 9.00 8.63 7.7 8.07 8.06 7.94 8.06 7.74

0.9 9.45 8.95 8.85 8.03 8.10 8.09 8.10 8.09 8.03

25— 50 0.5 | 12.22 8.98 8.30 7.29 8.08 8.05 7.58 8.10 7.43

35 0.7 | 10.70 8.98 8.64 7.7 8.07 8.07 7.95 8.09 7.7

0.9 9.47 8.96 8.86 8.03 8.10 8.09 8.08 8.09 8.01

100 0.5 | 12.19 8.96 8.29 7.29 8.10 8.09 7.59 8.12 7.44

0.7 | 10.69 8.95 8.62 7.78 8.08 8.08 7.97 8.10 7.79

0.9 9.47 8.96 8.87 8.03 8.09 8.09 8.07 8.09 8.00

100— 50 0.5 | 12.20 8.97 8.32 7.29 8.11 8.10 7.58 8.11 7.46

110 0.7 | 10.70 8.96 8.64 7.80 8.10 8.10 7.96 8.10 7.78

0.9 9.49 8.97 8.88 8.03 8.10 8.11 8.08 8.09 8.00

100 0.5 | 12.21 8.98 8.33 7.29 8.10 8.09 7.59 8.11 7.46

0.7 | 10.70 8.97 8.64 7.81 8.11 8.11 7.97 8.10 7.79

0.9 9.48 8.97 8.88 8.03 8.10 8.10 8.09 8.10 8.01

0.25 5— 50 0.5 4.05 2.97 2.72 2.45 2.72 2.70 2.54 2.72 2.48
15 0.7 3.55 2.97 2.86 2.60 2.70 2.70 2.66 2.71 2.60

0.9 3.15 2.98 2.94 2.67 2.70 2.70 2.68 2.69 2.66

100 0.5 4.08 3.01 2.77 2.43 2.70 2.69 2.52 2.70 2.47

0.7 3.57 3.00 2.88 2.59 2.69 2.69 2.65 2.70 2.59

0.9 3.15 2.98 2.95 2.67 2.69 2.69 2.69 2.70 2.67

25— 50 0.5 4.07 3.00 2.77 2.44 2.71 2.70 2.53 2.70 2.48

35 0.7 3.57 2.99 2.88 2.60 2.70 2.70 2.65 2.69 2.59

0.9 3.16 2.99 2.96 2.67 2.69 2.69 2.69 2.70 2.67

100 0.5 4.07 2.99 2.77 2.43 2.70 2.70 2.53 2.70 2.48

0.7 3.56 2.98 2.88 2.60 2.70 2.70 2.66 2.70 2.60

0.9 3.16 2.99 2.96 2.67 2.70 2.70 2.69 2.70 2.67

100— 50 0.5 4.06 2.99 2.77 2.43 2.70 2.70 2.52 2.70 2.48

110 0.7 3.56 2.99 2.88 2.60 2.70 2.70 2.65 2.70 2.60

0.9 3.16 2.99 2.96 2.68 2.70 2.70 2.69 2.70 2.67

100 0.5 4.07 2.99 2.78 2.43 2.70 2.70 2.53 2.70 2.48

0.7 3.57 2.99 2.88 2.60 2.70 2.70 2.66 2.70 2.60

0.9 3.16 2.99 2.96 2.68 2.70 2.70 2.70 2.70 2.67
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Table 5.5 The estimated residual between variances of the endoge-
neous variables for the model with a misspecification in the structural
part. Results are given for different values of intra-class correlations
(ICCQC), cluster sizes (nw), number of clusters (nb), coefficient of determi-
nation (CD), and the three methods, namely factor score path analysis
(FSPA), the Croon method (Croon), and maximum likelihood estima-
tion (MLE). The true value is 0.9.

4 3 2
ICC nw nb CD | FSPA Croon MLE | FSPA Croon MLE | FSPA Croon MLE
0.10 5— 50 0.5 | 099 1.26 0.79 | 0.75  1.09 0.86 | 0.76  1.16 0.94
15 0.7 | 0.84 1.09 0.72 | 0.79 0.99 0.81 | 0.75 1.01 0.84

09 1074 09 070 |079 092 078 |07 093 0.78
100 05 |1.15 115 079 |0.77 1.00 084 |0.78 1.04 0.84
0.7 1099 103 077 |08 09 083 |[081 098 0.81
09 |09 102 08 |08 094 083 [079 094 0.79

25— 50 0.5 | 121 093 076 |[0.78 087 084 |08 087 0.78
35 0.7 | 1.11  0.92 0.83 1083 0.85 0.84 083 084 0.80
0.9 1095 0.89 0.87 1085 0.85 0.86 | 0.85 0.85 0.84

100 0.5 | 1.32  0.98 0.84 |0.80 0.88 0.87 1083 0.88 0.80

0.7 | 1.15  0.95 0.88 084 087 087 | 087 0.88 0.84

0.9 | 1.02 0.95 094 | 087 087 088 |08 087 087

100—- 50 05 | 129 094 083 |08 087 089 |0.83 087 0.78
110 0.7 1114 093 087 |08 08 086 |08 08  0.81
09 099 091 091 |08 08 087 |087 085 0.88

100 0.5 | 133 097 089 | 080 087 0.89 |084 0.88 0.82

0.7 | 117 096 091 |08 08 088 |08 089 0.85

09 103 09 09 |08 087 0.89 |088 0.88 0.89

0.25 5— 50 0.5 123 100 077 | 080 092 085 |0.83 094 0.81
15 0.7 |1.09 096 081 |083 089 084 |08 089 081

09 109 094 087 |08 08 085 |08 087 0.84

100 05 | 1.32 1.02 083 |0.79 0091 0.86 | 0.83 092 0.80

07 115 099 088 |084 090 086 |087 092 0.84

09 |1.02 099 094 |08 089 087 |[087 090 0.86

25— 50 0.5 |1.28 0.93 0.78 10.80 0.86 085 | 0.83 087 0.7
35 0.7 | 1.14 094 0.87 10.84 0.85 0.86 |0.84 084 0.81
09 1098 091 0.90 | 0.86 0.85 0.86 | 0.87  0.85 0.85

100 0.5 | 1.33  0.98 0.87 10.80 0.88 0.87 10.84 0.88 0.81

0.7 | 1.17  0.96 091 |08 087 088 | 087 0.88 0.85

0.9 | 1.03  0.96 095 | 087 087 0.88 | 0.88 0.88 0.87

100—- 50 0.5 |1.30 093 081 |080 087 087 |0.83 087 0.80
110 07 1115 094 08 |08 08 086 |08 08  0.82
09 1099 092 091 |08 08 086 |087 086 0.86

100 0.5 | 134 097 087 | 080 087 087 |084 088 0.82

0.7 | 117 096 092 |08 08 088 |08 089 0.86

09 |1.04 097 09 |08 088 088 |08 0.88 0.87
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structural misspecification, the MSE was always slightly higher for
MLE.

Variance terms: The MSE of the within variance term was very
similar for MLE and the Croon method with the correct model,
but lower for the Croon method for the structural misspecification
(see Figure . On the between level, the MSE of the Croon
method was slightly higher for the correct model, but slightly lower
for the structural misspecification. The higher MSE in the correct
model was caused by one condition, namely the weakest.

In conclusion, the Croon methods performed just as well as MLE or
even outperformed MLE with regard to the MSE with an exception
for the MSE of the between variance term in the correctly specified
model in the weakest condition.

Coverage

The final performance criterium that we will discuss is the coverage.
Regression parameters The coverage of the Croon methods was the
best out of the three methods. On both the within and between
level, the coverage was always around 95%, as it should be. The

coverage of MLE was sligthly below 95% in most settings, but was
still acceptable in most settings. However, when there was a mis-
specification in the model, the coverage rate drops below 93% on
the within level. Remember that these were parameters that should
be unaffected by the misspecification.

Variance terms A similar pattern could be found for the coverage
of the variance terms. The coverage of the within variance lied
perfectly around 95% for the Croon method in all settings. The
coverage of MLE dropped severely below 93 % when there was a
structural misspecification. For the between level, the coverage of
the Croon method also slightly dropped below 93%, but it was still
much higher than the coverage rate of MLE.

In conclusion, the method of Croon was a viable estimation method
for multilevel SEM. The method of Croon performed just as well
as MLE in almost all conditions. Firstly, it had fewer convergence
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issues than MLE. It was less biased, both in the regression param-
eters as the variance terms. In most settings, the MSE was also
lower, and the coverage rate was better in all settings. Our simu-
lation study has also shown that the method of Croon can handle
structural misspecifications better. The misspecification had less
influence on the bias, MSE, and coverage rate of the other param-
eters in the model. In the next section, we illustrate the method of
Croon with a real-world example.

5.6 llustration

We applied the method of Croon to data from the ‘Monitoring In-
formation and Communications Technology (ICT) in Flemish Ed-
ucation 2012" (MICTIVO2). This is an educational policy- and
practice-oriented scientific research project, set up to assess the
impact of ICT at all levels of formal education (Goeman, Elen,
Pynoo, & van Braak, 2015). The model for ICT-integration that
was used, consists of four components, namely ICT-infrastructure
and -policy, ICT-perception, ICT-compentencies, and ICT-use at
the micro-level. Each component was measured by several vari-
ables. We only used the variables that are latent constructs, which
were measured using Likert scales, ranging from 5-point to 7-point
scales. Data were collected using several surveys, filled in by stu-
dents, teachers, and principals. In total 723 principals, 2585 teach-
ers, and 4887 pupils from 729 schools participated in the study. We
only used a subset of the data, namely pupils from primary edu-
cation and their principals. The pupils were only selected if their
respective principal also participated in the study. This resulted in
2033 pupils and 47 principals, from 47 schools. We tested two mod-
els using MLE and the Croon method. For both estimation meth-
ods, the software package Mplus, version 8 was used (L. Muthén &
Muthén) [2017)).



Multilevel factor score regression. 153

FFL_ 01b
FFL_03b
FFL_04b

b -
School ICT-Skills ~———— IiTﬂgse
[P FFL_05b
FFL_06b
Pupils 1CT-Skills ~— - [CT-Use
pupils
Figure 5.11 The first model used in the illustration.
5.6.1 Model 1

In the first model, we considered two latent variables, namely ICT-
skills of the pupils and ICT-use by the pupils. Both variables were
measured using 6 indicator items. We were interested in the rela-
tionship between both variables on the within and between level.
The model is depicted in Figure[5.11} For the method of Croon, the
procedure as described above was used. The results of this analy-
sis, both the estimated parameters and their standard error, can be
found in Table For comparison reasons, the results when using
SEM with MLE are also given. It can be seen that the results of
both methods were very similar, including the standard errors.

5.6.2 Model 2

In the second model, we removed ICT-use by the pupils on the
between level and also added two latent variables to the between
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Table 5.6 The estimated parameters and their standard errors for the

first illustration, both for the Croon method and MLE.

Croon MLE
Parameter Est. (SE) Est. (SE)
Level 1 (pupils)
Measurement models
ICT-skills
A1 1 1
Ao 1.010 0.026 1.013 0.026
A3 0.964 0.030 0.973 0.031
A 0.901 0.030 0.909 0.030
A5 0.610 0.023 0.616 0.024
A6 0.564 0.022 0.569 0.022
ICT-use
M7 1 1
A 0.722 0.042 0.741 0.042
Ag 0.878 0.052 0.895 0.052
A10 0.887 0.049 0.895 0.049
A1 0.571 0.040 0.577 0.040
A2 0.786 0.065 0.844 0.066
Regressions
Y1 0.389 0.037 0.398 0.037
Variance
ICT-skills 0.767 0.038 0.758 0.037
Level 2 (schools)
Measurement model
ICT-skills
A1 1 1
Ao 1.010 0.026 1.013  0.026
A3 0.964 0.030 0.973 0.031
A 0.901 0.030 0.909 0.030
A5 0.610 0.023 0.616 0.024
A6 0.564 0.022 0.569 0.022
ICT-use
A7 1 1
g 0.722 0.042 0.741 0.042
A9 0.878 0.052 0.895 0.052
A10 0.887 0.049 0.895 0.049
A1 0.571 0.040 0.577 0.040
A12 0.786 0.065 0.844 0.066
Regressions
2 0.907 0.234 0.856 0.215
Variance
ICT-skills 0.024 0.016 0.019 0.013
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Didactic
compenten-
cies teacher

School ICT-Skills

IFLES_03

ICT-Use
teacher

ICT-Use

ICT-Skills ~————
pupils

Pupils

Figure 5.12 The second model used in the illustration.

level, namely the didactic competencies of the teacher and the ICT-
use of the teacher during the class (see Figure. The former was
measured by 26 items, while the latter was measured using 9 items.
This model could not be estimated using MLE, due to convergence
problems. However, the model could be estimated using the method
of Croon. The results can be found in Table

5.7 Discussion

In this paper, we proposed an alternative method to estimate mul-
tilevel structural equation models in a within-between framework.
This method is an extension of the Croon method (Croon, 2002)
for single-level factor score regression. A step-by-step procedure
on how to perform the method was given. Then, a simulation
study was used to assess the finite sample performance of the pro-
posed method. For comparison purposes, naive multilevel factor
score path analysis and maximum likelihood estimation were also
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Table 5.7 The estimated parameters and their standard errors for the
second illustration for the Croon method. The model could not be fitted

for SEM using MLE.

Croon
Parameter Est. (SE)
Level 1 (pupils)
Regressions
" 0.385 0.024
Variance
ICT-skills 0.760  0.024
Level 2 (schools)
Regressions
ICT-skills
Y2 -0.036 0.070
3 -0.015 0.091
Variance
ICT-skills 0.039 0.013
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included.

The simulation study showed that naive multilevel factor score path
analysis does not perform well. All parameters that were considered
showed bias, a high MSE, and a low coverage rate. This confirmed
the results that were found in the single-level setting (Devlieger et
al., 2016, |[Lu et al) [2011). When using the Croon method, the
bias tends to disappear in the regression parameters, both at the
within and the between level. At the within level, MLE also resulted
in unbiased estimations. However, at the between level, bias was
found in the regression parameters. This can be explained by the
fact that the sample size is large enough at the within level, but
the number of clusters was rather low at the between level. This
confirmed previous results from the single level setting showing that
the method of Croon can handle small sample sizes, here a small
number of clusters, better than MLE (Devlieger & Rosseel, [2017; Lu
et al. 2011). We also looked at the MSE, to evaluate if the Croon
method is indeed less efficient than MLE, as could be expected from
a step—wise method (Ludtke et al., 2008; |Wooldridge|, 2002). We
confirmed the results of Ludtke et al| (2008) by finding that the
MSE of the Croon method was larger than the MSE of MLE in the
weakest condition, but similar or even lower in all other settings.
The coverage rate of the Croon method was also similar or better
than the coverage rate of MLE.

The simulation study also confirmed the results from the single
level setting that the Croon method had fewer convergence issues
than MLE. Note that this was also the case for settings where the
model was correctly specified, so the non-convergence of MLE was
not always an indication of misspecification. We also illustrated the
convergence issues using an educational dataset, where MLE did not
converge, while the Croon method experienced no problems. We
consider this to be a major advantage of the Croon method over
MLE. The number of successful replications could be increased for
all three methods by using different estimators, changing the con-
vergence criteria using different starting values or employing mul-
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tiple starts. To avoid the covariance matrices being non-positive
at the between level, stabilization techniques as suggested by [Zitz-
mann| (2018) could be used. However, in this paper, we chose to
compare the basic methods.

In models that had misspecifications, it was found that a misspeci-
fication in the structural part had more influence on the regression
parameters for MLE than for the method of Croon. No differences
were found with regard to misspecifications in the measurement
models. However, an advantage of step—wise methods over MLE, is
that problems in the measurement model can be discovered more
easily, since local fit indices for every measurement model can be
obtained, while traditional SEM only gives global fit indices for the
whole model.

Finally, some challenges still remain. Firstly, the procedure is rather
complex and technical for an applied user to perform. However,
the method is currently been implemented in the software pack-
age ‘lavaan’ (Rosseel, [2012). The fsr-function can be found in the
development version of lavaan. Secondly, the Croon method can
currently not handle random slopes. Future research should focus
on developing a way to incorporate these random slopes. Thirdly,
there are other alternatives for MLE that have been suggested in the
past, such as the plausible values approach (Asparouhov & Muthén)
2010)), Bayesian approaches discussed by |Depaoli and Clifton, (2015)
and |Zitzmann et al.| (2016), and the method developed by Zitzmann
(2018)). Future research should compare all these methods to each
other and to the method of Croon to determine which method is
most suited for which settings.
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Appendices

5.A Variance of the between latent variable

In this appendix, we derive the variance of the between latent vari-
able 1. First, we note that the observed cluster means y; can also
be written as:

Yo = ypt+ - > Ui (5.25)
J 4
= ¥y + Yy (5.26)

To calculate the variance of n;, we use equation (5.18)).

var(Fp) = wvar(Apyy)
Abvar(yb)A;
Agvar(yh + o)Ay
= Asfvar(y}) + var(yi,)| Ay

1 o
= Ap[var(yy) + ;Uar(yw)]Ab
j

1 o
= Ap[var(Apmp + €) + ;UGT(Yw)]Ab
]

1 /
= Ayfvar(Apmy) + var(e) + ;UGT(YTU)}Ab
J
, 1 o
= Ap[Ayvar(mp)Ay + Op + ;var(yw)]Ab
J

! I i ]_ i
= AbAbvaT‘(’l’]b)AbAb + AbG)bAb + ;Abvar(yz‘u)Ab
J

From this, we derive that

var(my) =(ApAp) " Hvar(Fy) — Ay©pA,

1 * ’ ’ ! _1 (5-27)
- ;Abvar(Yw)Ab] (AbAb) )
J
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An estimate of var(m,) can be found by replacing the population
values of the right-hand side elements of equation (5.27)) by its
sample-based estimates. The cluster-specific n; is replaced by 7,

defined as ) P
N= = X5 n;

N(J—1)
(Searle, Casella, & McCullouch, |1992).
Since var(Fy) = Ayvar(yy)A,, we can rewrite this as:

n =

var(m) = (ApAp) " [Apvar(yy) A, — Ay@yA,

]_ « / / o
_;Abvar(Yw)Ab](AbAb) !
J
= (ApAp) T Apfvar(ys) — Oy

1 % ’ ror
= var(yy)|Ap(AyAy) '
J

_ 1 N
= (ApAyp) 1Ab[var(yb) — ;var(yw)
j

— O A, (ALA,)
= (ApAy) T Ayvar(y)) — ©p]AL(ALA,) ! (5.28)

Therefore, there is no need to actually calculate the factor scores
and their covariance matrix explicitly. All we need are the factor
score matrices Ay and the parameters from the measurement blocks
in Ay and Oy,
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5.B Covariance between latent variables

In this appendix, we derive the covariance between two between
latent variables 1, and mps.

cov(Fy1, Fya) = cov(Apypt, Apyn)
= Apicov(yh, yin) A
Aprcov(ypy + Y Yo + S’Zﬂj)A;Q
= Api[cov(yp1; Vi) + cov(Yir, Yuz;)
+cov(¥r155 Yi2) + cov(Yi1; yqt;Qj)]A;ﬂ

1 ,
= Abl[COU(YZ1»Y;2)+;COU(y;hy*wQ)]Aw
J

= Api[cov(Apimp1 + €p1, Apamp2 + €42)

1 Y
+fCOU(yw1, YwQ)]AbQ
1

1 s
= Api[cov(Apimpr, Avame2) + ;COU(}’M, Yio2)] Ape
J

/ 1 * * /
= Api[Apicov(nyr, My2) Ay + ;Cov(ywb Yiw2) | Ape
]

= Ay Apicov(myr, M) Ay Ay

1 ’
+ ;Abl coV(Yip1s Yew) Apa
j

From this, we derive that

cov(nyy, My2) =(Ap1 Apy) ™ eov(Fyr, Fyo)

]_ * * i i ! _
- FAblCOU(y’wl’ Yiw2) Apa] (ApaAp) 17
J

(5.29)

An estimate of cov(mp1, M2) can again be found by replacing the
population values of the right-hand side elements of equation (5.29))
by its sample-based estimates. The cluster-specific n; is replaced
by 7.
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Since cov(Fp1, Fp2) = Apicov(yi, yZz)A;I, we can rewrite this as:

cov(mp, m2) = (ApiAp) " [Aprcov(yi, yie)Ap

1 % ’ ’ ro._
- ;Am cov(Yi1s Vi) Apa) (Ao Agy) ™!
]

= (ApAp) P Ay [cov(yi, vin)
1 * * ’ ’ ! _
_;COU(leaYwQ)]AbQ(AbQAbQ) !
J
(5.30)

So, similar to the variance expression, there is no need to compute
the factor scores and their covariances explicitly.

5.C Simulating raw data

step 4 can only be performed if the software accepts sample statis-
tics as input. This is true for most SEM packages. However, re-
gression based software (such as MLwiN (Rasbash et al., 2005) or
the R-package ‘lmed’ (Bates et al., 2015)) only accepts raw data.
These data can be generated by using f}nw and f]nb and the original
factor scores. The within and between factor scores are transformed
separately, each with their own method:

e The between factor scores F} are transformed to have the
corrected covariance matrix. This is done using the following
formula:

A L
Fy = var(F,) "2 Fy, 2. (5.31)

This formula rescales the variables, so that their covariance

A

matrix corresponds to the corrected covariance matrix (3, ).

e For each cluster, the within factor scores F; are simulated
from a multivariate normal distribution with the means equal
to zero and the covariance matrix equal to the estimated
within covariance matrix. The simulated data F,,; are then
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transformed to fit the given parameters (means and covari-

ance matrix) exactly using the following formula:

-
=

A

Foij = [var(Fuwsj) 2 Fusj 35, — mean(Fyyy).  (5.32)

S

e Finally, the between and within factor scores are combined
by adding the cluster means Fy;; to all the elements of the
respective F,;;. The separate clusters are then stacked to-
gether, creating one big dataset.

Note that Formula [5.32] implies that every cluster size has to be
at least as large as the number of variables in ﬁ)nw, otherwise
var(Fij)_% cannot be calculated. However, when the cluster size
is too small to be able to transform the simulated data using for-
mula [5.32] the original factor scores can be transformed using the
following formula:

1 1

Fuij = Spy Fuj 35 (5.33)

w

_1
In contrast to var(Fwsj)fé, Sy is based on all the clusters and

can thus be calculated. Note that this will not affect the estimates
of the regression parameters or the estimate of the within variance.
However, it will have a slight influence on the between variance, if

many such small clusters occur in the data.






General discussion

At the beginning of this dissertation, I had three main objectives.
In this discussion, I will review the progress that has been made
and the challenges that remain for each of these objectives.

6.1 Comparing methods

My first objective was to compare stepwise methods to each other
and to SEM, using MLE. In chapter 2, a simulation study showed
that the bias correcting method is to be preferred over the bias
avoiding method, because the latter still results in bias when the
regression parameters are standardized. It was also not possible to
extend the bias avoiding method to the mediational setting. Then,
the best bias correcting method had to be chosen. In chapter 3, it is
argued that the method of Croon is to be prefered over the method
of Hoshino and Bentler, because the former is more general, in the
sense that it works with any predictor and any estimator. The
first conclusion of this dissertation was thus that the method of
Croon is the best of the stepwise methods. This conclusion was also
confirmed by Takane and Hwang (2018)), who compared the bias
avoiding method of Skrondal and Laake, the method of Croon and
consistent partial least squares (PLSc). PLSc is a bias correcting
method proposed by Dijkstra (2010).

After chosing the method of Croon as the best stepwise method,
the focus was shifted to comparing this method to the ‘gold stan-
dard‘ of simultaneously estimating all parameters using MLE. It
was shown that in ideal circumstances (large sample sizes, normal
data, correctly specified model), the method of Croon performs just
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as well as MLE. In less ideal circumstances the method of Croon
can even outperform MLE. Both in the single level (chapter 3) and
the multilevel (chapter 5) setting, it was shown that the method of
Croon handles small sample sizes and misspecifications better than
MLE. The method more often results in succesful replications and
shows less bias.

While the comparison of MLE and the method of Croon was quite
extensive and spread out over all four empirical chapters, there are
still some possibilities for future research. First of all, in all four
studies, there was no missing data in the datasets. Further research
is necessary to find out how the method of Croon should best handle
missing data and how it’s performance compares to MLE in the
presence of missing data. Second, there are other alternatives to
MLE, such as the instrumental variables approach Bollen (1996),
the plausible values approach (Asparouhov & Muthén, 2010) and
different Bayesian approaches. A large-scale study is needed to
compare all these methods to the method of Croon and to MLE to
determine which methods perform best in specific settings.

6.2 Expanding settings

The second objective of this dissertation was to expand the method
of Croon to other settings. The method was successfully expanded
to mediational settings in chapter 3 and to the within-between mul-
tilevel framework in chapter 5. These were important advances for
the method of Croon, but there is still a lot of room for improve-
ment, especially in the multilevel setting. In chapter 5, we limited
ourself to the two-level within-between framework. The method
should also be expanded to three-level settings (or more) and should
be able to handle random slopes. One way to do this would be to
use the generalized linear latent and mixed (GLLAMM)-framework
developed by |Rabe-Hesketh, Skrondal, and Zheng (2012). This
framework extended multilevel regression models or generalized lin-
ear mixed models (GLMM) to include latent variables. The advan-
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tage of this framework over the within-between framework is that it
can handle several outcome types, including ordered and unordered
categorical outcomes, and a wide range of models, including mod-
els with random slopes. If the method of Croon could somehow
be combined with the GLLAMM-framework, the flexibility of the
method would be greatly enhanced.

Another setting where the method of Croon does not work yet,
is models where the matrix with the factor loadings is not of full
column rank. If this matrix is not of full column rank, the correction
factor of Croon (AgAmAlyA;?) will be singular and non-invertible.
Since the inverse of this factor is needed, the correction of Croon
can no longer be applied. One example of such a model is the Social
Relations Model (SRM). In this model each item loads on one of the
latent variables, called the family effect, but also loads on another
more specific latent variable. This means that the family effect can
be expressed in terms of all the other effects, resulting in a factor
loading matrix that is not of full column rank. Loncke et al. (2018]).

6.3 Performing hypothesis testing and model
testing

The last objective of this dissertation was to also focus on statistical
testing, such as drawing inference and model testing. In chapter 4,
approximate fit indices and a model comparison test were devel-
opped, making it possible to both draw inference and evaluate the
fit of the model. In chapter 5, an analytical standard error devel-
opped by [Bakk, Oberski, and Vermunt| (2014) was used. Both the
model comparison test and analytical standard errors seemed to
work well in the simulation studies. However, an inflated type I-
error rate was found for the model comparison test when the sample
size was low. Further research is needed to investigate how bad this
inflation gets when the sample sizes become even smaller and more
importantly on how this can be corrected. Existing corrections for
small sample sizes, such as the Bartlett correction (Bartlett, (1937,
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1954; |Savaleil 2010) and the Swain correction (Swain, |1975) could
be used.

In general, it was extensively tested how the point estimate of the
regression parameter behaves in specific conditions, such as non-
normality, small sample sizes and model misspecifications. It would
be interesting to do the same for the standard errors and fit indices
of the model.

6.4 Conclusion

In conclusion, the method of Croon was extended in several ways.
It is now available in more settings, such as mediational settings and
multilevel settings, can be used to draw inference, to perform model
comparisons and to evaluate the global fit of the data. The method
evolved from a way to get an accurate point estimate for a regression
paramater to a full-fledged method to estimate structural equation
models. This has some practical consequences for applied users.
Models that can’t be estimated using maximum likelihood, because
there are more parameters to be estimated than the sample size or
because the model simply does not converge, can now be estimated
using the method of Croon. This implies that more information
can be drawn from existing datasets, but also that the sample size
requirements for new research projects can possibly be lowered,
saving time and resources. In this way, I hope to have contributed to
research in educational sciences specifically, but also to the broader
social sciences. While great progress has been made regarding the
method of Croon, there are still some opportunities left to further
develop the method, which have been discussed above. I hope that
the suggestions that have been made, lead to exciting new research
in the future.
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English summary

In educational research and other social sciences, the variables of
interest are often latent, meaning they cannot be measured directly.
Studying the relationships between these latent variables requires
specialised techniques. In theory, the best technique is Structural
Equation Modelling (SEM), using Maximum Likelihood Estimation
(MLE). Using MLE, all parameters are estimated simultaneously,
resulting in reliable and unbiased estimates of the regression pa-
rameters. While SEM is the ‘gold standard’ in theory, in reality
it is not always very practical. The simultaneous estimation of all
parameters requires large sample sizes. Smaller sample sizes lead
to bias or even non-convergence, meaning that no solution is found.
Therefore applied reseachers often use factor score regression in-
stead. They first perform a FA for the separate latent variables,
calculate factor scores and use these in a subsequent analysis, such
as linear regression. However, this results in biased regression pa-
rameters. In general, there are two ways to eliminate this bias. A
first strategy is to avoid the bias by using the Regression predic-
tor for the independent variables and the Bartlett predictor for the
dependent variables. A second strategy is to correct the bias, by
correcting the variance-covariance matrix of the factor scores. In
this dissertation, I tried to find out which strategy is best and then
expanded this strategy.

In chapter 2, five methods to estimate the regression parameter
between two latent variables were compared, namely naive factor
score regression using the Regression predictor, naive factor score
regression using the Bartlett predictor, factor score regression with
bias avoiding, factor score regression with bias correcting and MLE.
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For the bias correcting, the correcting formulas developed by |Croon
(2002) were used. The five methods were compared using analytical
calculations and two simulation studies. The results showed that
the two naive FSR techniques indeed resulted in biased regression
parameters. The three other methods were unbiased, if the un-
standardized parameterization was used. When the standardized
parameterization was used, the bias avoiding method was also bi-
ased. This meant that only the bias correcting method of Croon
could be a suitable alternative to SEM. It had a comparable bias,
efficiency, MSE, power and type I-error rate as MLE.

It was already established that the method of Croon could perform
equally wel as SEM, but in Chapter 3 it was examined if it could
even outperform MLE. To do this, the method was first extended
to the mediational setting. Then two simulation studies were set
up. The first study showed that the method of Croon is more ro-
bust against misspecifications than MLE. The second study showed
that the method of Croon can also handle small sample sizes better.
MLE converges less and shows more bias in the regression parame-
ters if there is a misspecification in the model or if the sample size
is too small.

In Chapter 4, the focus was shifted from the point estimation of
the regression parameters to the inference of the regression param-
eters and to the evaluation of the models. An approximated x?-test
statistic for the method of Croon was introduced. This test statistic
can be used to calculate several approximated fit indices, meaning
that the global fit of the model can now be evaluated when using
FSR. The test statistic can also be used to conduct model com-
parison tests. These new extensions were evaluated by comparing
them to MLE in a simulation study and were illustrated using a
real-world dataset.

Finally, in Chapter 5, the method of Croon was extended to the
multilevel setting. In this study an analytical standard error that
takes the stepwise nature of the procedure into account was used
(Bakk, Oberski, & Vermunt, [2014). In a simulation study, the new
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multilevel Croon method and its standard errors were compared to
multilevel SEM using maximum likelihood estimation (MLE). The
Croon method outperformed MLE with regard to convergence rate,
bias, MSE, and coverage.

In conclusion, it was determined that the bias correcting method
of Croon was the best way to eliminate the bias inherent to FSR.
Then, this method was extended to mediational and multilevel set-
tings, and fit indices and model comparison tests were developped.
Using simulation studies, it was shown that the method of Croon
performs at least equally well to MLE and even outperforms MLE
in specific settings, such as small sample sizes and modelmisspeci-
fications.
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Nederlandse samenvatting

In de onderwijskunde en andere sociale wetenschappen zijn de on-
derzochte variabelen vaak latent. Dit wil zeggen dat ze niet recht-
streeks gemeten kunnen worden, zoals motivatie of intelligentie.
Deze variabelen worden gemeten aan de hand van geobserveerde
items, bijvoorbeeld door gebruik te maken van een vragenlijst. Het
onderzoeken van verbanden tussen dergelijke latente variabelen ver-
eist gespecialiseerde technieken, zoals structurele vergelijkingsmo-
dellen (SEM), gebruik makend van een ‘maximum likelhood’ schat-
ter (MLE). MLE schat alle parameters simultaan en onvertekend.
Dit houdt in dat niet alleen de latente variabelen zelf geschat wor-
den aan de hand van de geobserveerde items, maar ook meteen
de verbanden tussen de latente variabelen. Theoretisch gezien is
deze techniek de standaard, alleen is het in de realiteit niet altijd
even praktisch. De simultane schatting van alle parameters vereist
grote steekproefgroottes en een volledig correct gespecifieerd mo-
del. Kleinere steekproefgroottes leiden tot vertekende schatters of
soms kan er zelf geen oplossing gevonden worden. Daarom gebrui-
ken toegepaste onderzoekers vaak factorscore regressie (FSR) als
alternatief. Eerst voeren ze een aparte factoranalyse (FA) uit om
de latente variabelen zelf te meten. Op basis van de FA worden fac-
torscores berekend, die een schatting zijn van de latente variabele.
Ten slotte worden deze factorscores gebruikt in een vervolganalyse,
zoals lineare regressie. Dit leidt echter tot vertekende regressiepa-
rameters. Er zijn twee manieren om deze vertekening te elimineren.
Een eerste strategie probeert de vertekening te vermijden door twee
verschillende predictoren te gebruiken voor de afhankelijke en on-
afhankelijke variabelen. De regressie predictor wordt gebruikt voor
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de onafhankelijke variabele, terwijl de Bartlett predictor gebruikt
wordt voor de afhankelijke variabele. De tweede strategie corrigeert
de vertekening door de variantie-covariantie matrix van de factor-
scores te corrigeren. In deze thesis zocht ik uit welke strategie de
beste is, en deze daarna heb ik deze uitgebreid.

In hoofdstuk 2 werden vijf methoden vergeleken om het verband
tussen twee latente variabelen te schatten, namelijk naieve factor-
score regressie met een Regressie predictor, naieve factorscore re-
gressie met een Bartlett predictor, factorscore regressie die verte-
kening vermijdt, factorscore regressie die vertekening corrigeert en
MLE. Voor het corrigeren van de vertekening werd gebruik gemaakt
van de formules ontwikkeld door |Croon (2002). De vijf methodes
werden vergeleken aan de hand van analytische berekeningen en
twee simulatiestudies. Hieruit bleek dat naieve factorscore regres-
sie inderdaad tot vertekende parameters leidde. De andere drie
methodes waren onvertekend, zolang de parameters ongestandaar-
diseerd waren. Bij het standaardiseren van de parameters kon de
vertekening niet langer vermeden worden, maar wel nog gecorri-
geerd. De correctiemethode van Croon was dus het enige mogelijke
alternatief voor MLE: de vertekening, efficiéntie, MSE, onderschei-
dingsvermogen en type I-fout waren gelijkaardig als die van SEM.

Nadat in hoofdstuk 2 vastgesteld werd dat de methode van Croon
even goed kon presteren als MLE, werd in hoofdstuk 3 nagegaan of
de methode zelfs beter kon zijn in bepaalde settings. Hiervoor werd
de methode uitgebreid naar de mediatiesetting en voerden we twee
simulatiestudies uit. De eerste studie toonde aan dat de methode
van Croon beter om kan gaan met modelmisspecificaties dan MLE.
Uit de tweede studie bleek dat hetzelfde geldt voor kleine steek-
proefgroottes. MLE bereikt minder vaak een oplossing en vertoont
meer vertekening in de parameters als er een modelmisspecificatie
is of als de steekproefgrootte te klein is.

In hoofstuk 4 werd de aandacht verlegd van de puntschatting van
de parameters naar de inferentie van de regressieparameters en mo-
delevaluatie. Een y2-teststatistiek voor de methode van Croon werd
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ontwikkeld. Deze toetsingsgrootheid kan gebruikt worden om ver-
schillende fitmaten te berekenen, waardoor de globale fit van een
model nu geévalueerd kan worden. De toetsingsgrootheid kan ook
gebruikt om modelvergelijkingen uit te voeren. Deze nieuwe ont-
wikkelingen werden geévalueerd door ze te vergelijken met MLE in
een simulatiestudie en werden ook geillustreerd aan de hand van
een onderwijskundige dataset.

In hoofdstuk 5 werd de methode van Croon uitgebreid naar de mul-
tilevel setting. In deze studie werd ook voor de eerste keer een ana-
lytische standaardfout gebruikt die het stapsgewijze karakter van
de procedure in rekening brengt (Bakk, Oberski, & Vermunt), 2014]).
Aan de hand van een simulatiestudie werden de nieuwe multilevel
Croon methode en zijn standaardfouten vergeleken met multilevel
SEM met MLE. De Croon methode presteerde beter dan MLE met
betrekking tot convergentie, vertekening, MSE en coverage.

Kort samengevat werd vastgesteld dat de correctiemethode van
Croon de beste manier is om de vertekening die inherent is aan
FSR te elimineren. Daarna werd deze methode uitgebreid naar de
mediatie en multilevel setting en werden fit indices en modelver-
gelijkingstoetsten ontwikkeld. Aan de hand van simulatiestudies
werd getoond dat de methode van Croon minstens even goed en
vaak zelfs beter dan MLE presteerde, vooral in settings met kleine

steekproefgroottes en modelmisspecificaties.
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- [ ] other (specify):

4. Reproduction

* Have the results been reproduced independently?: [ ] YES / [X] NO

* If yes, by whom (add if multiple):
- name:
- address:
- affiliation:

- e-mail:
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1. Contact details
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la. Main researcher

- name: Ines Devlieger
- address: H. Dunantlaan 2, 9000 Gent

- e-mail: ines.devlieger@ugent.be

1b. Responsible Staff Member (ZAP)

- name: Prof. dr. Yves Rosseel
- address: H. Dunantlaan 2, 9000 Gent
- e-mail: Yves.RosseelQugent.be

If a response is not received when using the above contact details,
please send an email to data.pp@ugent.be or contact Data
Management, Faculty of Psychology and Educational Sciences,

Henri Dunantlaan 2, 9000 Ghent, Belgium.

2. Information about the datasets to which this sheet applies

* Reference of the publication in which the datasets are reported:
Devlieger, I., & Rosseel, Y. (2019). Multilevel factor score
regression. Multivariate Behavioral Research,

doi: 10.1080/00273171.2019.1661817

* Which datasets in that publication does this sheet apply to?:
Scripts for data generation + raw data from illustration in paper

3. Information about the files that have been stored

3a. Raw data

* Have the raw data been stored by the main researcher?
[X]1 YES / [ 1 NO
If NO, please justify:

* On which platform are the raw data stored?
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- [X] researcher PC

- [X] research group file server

- [X] other (specify): The raw data was provided by Johan

van Braak, Jan Elen en Katie Goeman, who conducted the original
study. As such, they also possess the raw data.

* Who has direct access to the raw data (i.e., without intervention
of another person)?

- [X] main researcher

- [X] responsible ZAP

- [X] all members of the research group

- [ ] all members of UGent

- [X] other (specify): The raw data was provided by Johan

van Braak, Jan Elen en Katie Goeman, who conducted the original
study. As such, they also possess the raw data.

3b. Other files

* Which other files have been stored?

- [ ] file(s) describing the transition from raw data to reported
results. Specify:

- [ ] file(s) containing processed data. Specify:

- [X] file(s) containing analyses. Specify: R scripts to generate
the data, R scripts to analyze the raw and generated data.

- [ ] files(s) containing information about informed consent

- [ ] a file specifying legal and ethical provisions

- [ ] file(s) that describe the content of the stored files and
how this content should be interpreted. Specify:

- [ ] other files. Specify:

* On which platform are these other files stored?
- [X] individual PC

- [X] research group file server

- [ ] other:

* Who has direct access to these other files (i.e., without
intervention of another person)?

- [X] main researcher

- [X] responsible ZAP

- [X] all members of the research group
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[ ] all members of UGent
[ 1 other (specify):

4. Reproduction

* Have the results been reproduced independently?: [ ] YES / [X] NO

x If yes, by whom (add if multiple):
- name:

- address:

- affiliation:

- e-mail:



