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1. Introduction

The aim of this paper is to develop a calculus of pseudo-differential operators suitable
for the applications to solving difference equations on the lattice Z™. Such equations
naturally appear in various problems of modelling and in the discretisation of continuous
problems. We call the appearing operators pseudo-difference operators.

As a simple motivating example, consider the equation

(FOk+v5) = £ = v))) +af (k) = g(k), keZm, (1.1)

1

j=
with v; = (0,...,0,1,0,...,0) € Z™, where the jth element of v; is 1, and all other
elements are 0. The idea of this paper is to use the suitable Fourier analysis for solving
difference equations of this type. Thus, if, for example, Re a # 0, this equation is solvable
for any g € £2(Z") and the solution can be given by the formula

1
£ = [ e G(a)d, (12)
i 2i) 5, sin(27z;) +a
where
G@)= 3 e mheg(), pe T, (1.3)

keZn
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is the Fourier transform of g. Formula (1.2) also extends to give solutions to (1.1) for
any tempered growth function g € 8’(Z"). In particular, if g € £2(Z™) then the solution
f to the difference equation (1.1) given by (1.2) satisfies f € £*(Z"™) and, more generally,
if g satisfies

Y L+ kD lg(k) < oo

keZn

for some s € R, then the solution f to the difference equation (1.1) given by (1.2) also
satisfies

L+ KD (R)? < oo,

keZn

see Example (3) in Section 6.

From the point of view of the theory of pseudo-differential operators the operators
of the form (1.2) extend the usual difference operators on the lattice, thus we feel that
the term pseudo-difference operators may be justified to emphasise that they extend the
class of difference operators into a %-algebra. This agrees with the terminology already
existing in the literature (see e.g. [29]).

The theory of pseudo-differential operators is usually effective in answering a number
of questions such as:

o What kind of difference equations, similar to (1.1), are solvable in this way?

o Given g(k), what are properties of f(k) given the representation formula (1.2)?

« What about variable coefficient versions of difference equations, where the coefficients
of the equations may also depend on k7

It is the purpose of this paper to answer these and other questions by developing
a suitable theory of pseudo-differential operators on the lattice Z™. There are several
interesting features of this theory making it essentially different from the classical theory
of pseudo-differential operators on R™, such as

e The phase space is Z™ x T™ with the frequencies being elements of the compact space
T™ (the torus T™ := R™/Z™). The usual theory of pseudo-differential operators works
with symbol classes with increasing decay of symbols after taking their derivatives
in the frequency variable. Here we can not expect any improving decay properties in
frequency since the frequency space is compact.

e We can not work with derivatives with respect to the space variable k € Z". There-
fore, this needs to be replaced by working with appropriate difference operators on
the lattice.
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The developed theory is similar in spirit to the global theory of (toroidal) pseudo-
differential operators on the torus T™ consistently developed in [35], see also [1-3] as
well as [32,33] for earlier works. In particular, symbol classes in this paper will coincide
with symbol classes developed in [35,34] but with a twist, swapping the order of the
space and frequency variables. As a result, we can draw on properties of these symbol
classes developed in the above works. Several attempts of developing a suitable theory
of pseudo-differential operators on the lattice Z™ have been done in the literature, see
e.g. [25,29], but with no symbolic calculus. Operators on the one-dimensional lattice Z
have been considered in [18,11,12], but again with no symbolic calculus, and ¢P estimates
were considered in [30] and [5]. There are numerous physical models realised as difference
equations, see e.g. [28,29,26] for the analysis of Schrodinger, Dirac, and other operators
on lattices, and their spectral properties.

Our symbol classes exhibit improvement when differences are taken with respect
to the space (lattice) variable, thus resembling in their behaviour the so-called SG
pseudo-differential operators in R™, developed by Cordes [6], but again with a twist
in variables.

In the recent work [17], a framework has been developed for the theory of pseudo-
differential operators on general locally compact type I groups, with application to
spectral properties of operators. The Kohn-Nirenberg type quantization formula that
the analysis of this paper relies on makes a special case of the construction of [17], but
there is only limited symbolic calculus available there due to the generality of the set-
ting. Thus, here we are able to provide much deeper analysis in terms of the asymptotic
expansions and formulae for the appearing symbols and kernels.

Compared to situations when the state space is compact (for example, [37] on compact
groups or [31] on compact manifolds) the calculus here is essentially different since we can
not construct it using standard methods relying on the decay properties in the frequency
component of the phase space since the frequency space is our case is the torus T™ which
is compact, so no improvement with respect to the decay of the frequency variable is
possible.

To give some further details, the Fourier transform of f € ¢1(Z") is defined by

Foof(@) = @)= 3 e 2 f(R), (1.4)

keZn

for z € T™ = R"/Z", where we will be denoting, throughout the paper,

k-x= zn:ijj,
j=1
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where k = (k1,...,k,) and = (21,...,7,). The Fourier transform extends to ¢?(Z")
and the constants are normalised in such a way that we have the Plancherel formula

S ) = / )P (15)
Tn

keZn

The Fourier inversion formula takes the form

f(k) = /e%ik-wf(z)dz, keZm (1.6)

Tn

For a measurable function o : Z" x T™ — C, we define the sequence Op(c)f by

Op(o)f(k) := /eQﬂk‘xo(k,x)f(x)dm, keZ". (1.7)
Tn

The operator defined by equation (1.7) will be called the pseudo-differential operator on
Z™ corresponding to the symbol o = o(k,z), (k,z) € Z™ x T™. We will also call it a
pseudo-difference operator and the quantization o — Op(o) the lattice quantization.

The Schwartz space S(Z™) on the lattice Z" is the space of rapidly decreasing functions
@ Z™ — C, that is, ¢ € S(Z") if for any M < oo there exists a constant Cy, ps such
that

lp(k)| < Cpar(1+ k)™, for all k € Z".

The topology on S(Z™) is given by the seminorms p;, where j € Ny and p;(p) :=
sup (1 + |k|)?|o(k)|. The space of tempered distributions S’(Z™) is the topological dual
keZn

to S(Z™), i.e. the space of all linear continuous functionals on S(Z™).

As usual, the theory of pseudo-differential operators applies not only to specific class
of operators but to general linear continuous operators on the space. Indeed, let A :
02°(Z™) — S'(Z™) be a continuous linear operator. Then it can be shown that A can be
written in the form A = Op(o) with the symbol o = o(k, z) defined by

o(k,x) :=e_,(k)Ae,y (k) = e*%ikwA(e%rik»m)’

where e, (k) = 2™ for all k € Z™ and x € T™. Indeed, using the Fourier inversion
formula (1.6) in the usual way one can justify the simple calculation
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Af(k) = A< / ke A(x)dx)

Tn

— / A (7 Fla)da

’]I‘n

_ / ke (k. 2) f(x)da = Op(o) f (k).

Tn

We also present the following applications of the developed calculus:

« conditions for £2(Z")-boundedness, compactness, and membership in Schatten-von
Neumann classes for operators in terms of their symbols; Gohberg lemma and esti-
mates for the essential spectrum of operators;

« conditions for weighted ¢?(Z")-boundedness and weighted a-priori estimates for dif-
ference equations;

« Fourier series operators and their £2(Z")-boundedness;

e Garding and sharp Garding inequalities, with an application to the unique solvability
of parabolic equations on the lattice Z™.

We also present conditions for ¢2(Z™)-boundedness and compactness, extending results
of [18] and [30]. We can note that compared to the existing literature on £2-boundedness,
our results do not require any decay properties of the symbol, thus also leading to a-priori
estimates for elliptic difference equations without any loss of decay.

In Section 2 we introduce symbol classes and discuss the kernels of the corresponding
pseudo-difference operators. An interesting difference with the usual theory of pseudo-
differential operators is that since the space Z™ is discrete, the Schwartz kernels of the
corresponding pseudo-difference operators do not have singularity at the diagonal.

The plan of the paper is as follows. We study the properties of pseudo-difference
operator on Z" by first discussing in Section 2 their symbols and kernels, as well as
amplitudes. The symbolic calculus is developed in Section 3. In Section 4 we establish
the link between the quantizations on the lattice Z™ and the torus T™. In Section 5 we
investigate the boundedness on ¢2(Z"), weighted ¢?(Z"), £P(Z™), compactness on (P (Z™),
and give conditions for the membership in Schatten-von Neumann classes. Finally, in
Section 6 we give some examples.

Throughout the paper we will use the notation Nog = N U {0}.

Acknowledgments

The authors would like to thank AIMS Ghana and its academic director Emmanuel
Essel for the hospitality during the first two authors’ study there and during the third
author’s visits to Ghana and to the African Institute for Mathematical Sciences (AIMS)
when this work was carried out. The authors would also like to thank Julio Delgado for
discussions and valuable remarks.
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2. Symbols, kernels, and amplitudes

For the developing of the symbolic calculus and for the definition of the symbol classes
we need to have some analogues of derivatives in the space variable. For this purpose,
we will be using the following difference operators.

Definition 2.1 (Difference operators). We define A acting on functions 7 : Z™ — C by
the formula

AT (k) = /ezmk'y(ezﬂy — 1)*7(y)dy, (2.1)
’]I‘n

where a = (aq,...,a,) and
(€™ — 1) = (&2™W1 — 1)1 ... (e2™Wn _ ])on,
It is easy to see that we have the decomposition
A% = AT AN (2.2)

where denoting v; = (0,---,0,1,0,---,0) with 1 at the jth position, we have

Ayt = [ emirvzy) dy - [ i)y
T T»
=7(k+v;) —71(k) (2.3)

are the usual difference operators on Z". Therefore, formulae (2.2)-(2.3) give the equiv-
alent characterisation to (2.1), and can be taken as the definition of difference operators
A,

At the same time, the representation (2.1) becomes useful for comparing operators
(2.2)-(2.3) to more general difference operators that will be introduced in Definition 2.6.

The formula (2.1) makes sense for 7 € §'(Z"). Indeed, in this case we have 7 € D'(T™)
and the formula (2.1) can be interpreted in terms of the distributional duality on T",

AT (k) = (7, 2TV (2T _ 1)) (2.4)

acting on the y-variable. These operators have been introduced, analysed and shown to
satisfy many useful properties, such as the Leibniz formula, summation by parts formula,
Taylor expansion formula, and many others, in [35] and [34, Section 3.3] to which we
refer for detailed discussions.
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As usual, we will be using the notation

1
D =D%...D% D, = _i
1 n 7 2miOxy
In the sequel we will be also using the multi-index notation a! = aq!--- ;!
It will be also convenient to use operators
/100
(@) — plea) .. plom) (0 — -z
D =Dl ...plew) . DI = T] (m o, m) , LEN. (2.5)

m=0
As usual, DY = Dg(co) = I. The operators D§:°‘> become very useful in the analysis related
to the torus as they appear in the periodic Taylor expansion, see (2.21). Their precise
form in (2.5) is related to properties of Stirling numbers, see [34, Section 3.4].

Definition 2.2 (Symbol classes S,‘;(S(Z” x T™)). Let p,6 € R. We say that a function
0 :Z" x T"™ — C belongs to S} ;(Z" x T") if o(k,-) € C*°(T") for all k € Z", and for
all multi-indices a, 8 there exists a positive constant C, g such that we have

DY ARo(k, )| < Cap(L+ [K])#—P1eoV (2.6)

forall k € Z" and x € T".
If p=1and ¢ =0, we will denote simply S*(Z" x T") := S{'((Z™ x T").
We denote by Op(o) the operator with symbol o given by

~

Op(o)f(k) := /ezmk'mo(k,x)f(x)dx, kez", (2.7)
']I‘n

and by Op(Sg,é(Z” x T™)) the collection of operators Op(o) as o varies over the symbol
class S} 5(Z™ x T™).

Here and everywhere we may often write A® = A{ to emphasise that the difference
operators are acting on functions with respect to the variable k. We note that these sym-
bol classes, modulo swapping the order of the variables z and k, have been extensively
analysed and used in [35] for the development of the global toroidal calculus of pseudo-
differential operators on the torus T™. We also refer to [34, Chapter 4] for a thorough
presentation of their properties.

The classes on the torus, similar to Definition 2.2, were analysed in [34], and their
equivalence (also on general compact Lie groups) to the usual Hormander classes was
shown in [38].

Pseudo-differential operator can be represented in various forms. For example, for
suitable functions f, using formula (1.4) we can write
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~

Op(o)f (k) = / a0 (k3 fla)da

Tn
:/ Z eQ”i(k_m)“o(hm)f(m)dx
Tn MEL™

= Z e2mik=m) 2o (L 2) f(m)da

MEZL™

-y /62”i1'$a(k,as)f(k—l)dx
lEZ"Tn

= >kl D) f(k—1)
lezZn

= Y K(km)f(m),
mezn

with kernels
K(k,m)=rk(k,k—m) and &k(k,l)= /e2ml‘xa(k,x)dx. (2.8)

Tn

We now establish some properties of the kernels of pseudo-difference operators on Z™
with symbols o € S7' 5(Z" x T™).

Theorem 2.3. Let 0 € Sﬁ,a(Z" x T™) and let § > 0. Then for every N € Ny there exists
a positive constant C'y > 0 such that we have

[K (k,m)| < On(1+ k)P (1 + [k —m]) 72N, (2.9)
forall k,m € Z™.

In particular we note that in comparison to pseudo-differential operators on R™ or on
T™, the kernel K (k,m) is well defined for k = m and has no singularity at the diagonal
since the space Z"™ x Z" is discrete. We also note that we do not need any further
restrictions on p and J in Theorem 2.3.

Proof of Theorem 2.3. We note that for k = m we have, using (2.8), that

Kk, k) = r(k,0) = / o(k, z)dz, (2.10)

Tn

satisfying (2.9) in this case.
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Let us now assume that k # m, so that also [ = kK — m # 0. Denoting the Laplacian
2

"0
on T" by L, := ; 8—33?’ we have

2mil-x 21712\ 2wl . 2mil-x _ (1 — EIE) 27il-x
(]. — ﬁm)e = (1 + 47'(' |l| )6 3 e = 1—}—4771'2“‘26 5 (211)
so that for [ # 0 we can write
k(k, 1) = /62”“'10(16, x)dx
Tn
1—
= / ( (1 - L) e2mi: ””)U(k,x)dx
P (1 + 4m2|1]? )
= (1 +473*)” / ik (] — )Na(kr,x)dac.

T

Therefore, for all N > 0 we have
[k (k, D) < On(1+4m2|11%) 7N (1 + k[P0
It follows then from (2.8) that K (k,m) satisfies (2.9). O

Similar to the classical cases, we have the formula extracting the symbol from an
operator.

Proposition 2.4. The symbol of a pseudo-difference operator A is given by
o(k,z) = e 2T Ae, (K), (2.12)
where e, (k) = €% for allk € Z" and x € T™.

Proof. For the function e,(l) = €2y jts Fourier transform is given formally by

_ E 67271'21-1627r1l-y7

lezZnr

with the usual justification in terms of limits or distributions. Plugging this into the
formula

Op(o)f (k) = / ik (1, 2) o) da

Tn

it follows that
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Op(a)ey(k) - Z 62’”]”0(16, x)e—eril-reQﬂ'il-ydx
Tn lezm™

— Z e—2‘rri(l—k)~aca_(k7 x)eQﬂ-il-ydx

Tn lEZ™

=Y Gkl — k)Y
lezZn

= Z G (k,m)e?mimy2miky (where l — k = m)
mezZm

_ 0’(/{, y)eQTrilvy,

where ¢ stands for the Fourier transform on T™ in the second variable, and where we
used the toroidal Fourier inversion formula by a standard distributional interpretation.
This gives formula (2.12). O

From the definition (1.7) of pseudo-differential operators and writing out the Fourier
transform of f using formula (1.4) gives the amplitude representation of pseudo-difference
operators as

Op(o)f(k) = Z 2= 2o (k) f(m)da. (2.13)

MEL T n

This motivates analysing amplitude operators of the form

Af(k) = Z e2mik=m)e ok om, x) f(m)de, (2.14)
MEL T n

with amplitudes a : Z™ x Z™ x T™ — C. We may still denote such operators by Op(a),
which is consistent with (2.13).

Definition 2.5 (Amplitude classes AJ's"*(Z™ x T™)). Let p,d € R. A function a : Z" x
Z"xT"™ — C is said to belong to the amplitude class AJ's#*(Z" x 2" x T") if a(k, m, ) €
C>®(T™) for all k,m € Z", and if for all multi-indices «, 3, there exists a positive
constant Cy g4 > 0 such that for some J € Ny with J < || we have

|DYARAL alk,m, y)| < Capy (1 k)71 (1 fmlyreelflHohI=D - (2.15)

We note that clearly SV 5(Z" x T") C A’;y’g(Z" X Z™ x T™). The space of ampli-
tude operators Op(a) with amplitudes a € A‘;’%’“Q (Z™ x Z™ x T™) will be denoted by
Op(AJS"(Z" x Z™ x T™)).

The definition above is motivated by properties of symbols in Definition 2.2, by the
property that the amplitude of the operator adjoint to Op(o) will be given by a(k, m, z) =
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o(m,z), and in order to have Theorem 2.8. Here, for the inclusion S;i(;(Z" x T™) C
Aﬁ,’g(Z” x Z"™ x T™) we may take J = || in (2.15), while for the amplitude a(k, m,z) =
o(m,z) we may take J = 0.

We now aim to show that

Op(AL"2(Z" x ™ x T™)) C Op(ShyH2(Z" x T™)).
For this, we establish a useful property of more general difference operators.

Definition 2.6 (Generalised difference operators). Let g € C°°(T™). Then for 7 : Z™ — C
we define the ¢-difference operator by

AgT(k) == /ezmk'wq(x)?(x)dx. (2.16)
Tn

While the integral formula above makes sense for suitable functions 7, similar to (2.4) it
can be extended to all 7 € §'(Z™) by the distributional duality

Ag7(k) = (7, %q(x)) (2.17)

acting on the z-variable. At the same time, formula (2.16) also extends to non-smooth
functions ¢: for example, (2.16) makes sense for 7 € £2(Z™) and q € L?(T"), or for other
choices of matching conditions on 7 and ¢, for (2.16) to make sense.

Expanding 7(z) we can also note the useful formula

Agr(k)= > [ 2 Dog(z)r(l)dx
lEZ"Tn

= Z T()Fyiq(k —1) = (7 + Fplq) (k). (2.18)
VAL

We record the following property of generalised difference operators acting on symbols.

Lemma 2.7. Let 0 < § < 1 and let 0 € S/‘;(;(Z” x T™), p € R. Then for any g € C>*(T™)
and any f € N we have

18D (k)] < Cqp(1+ kI, (2.19)
forallk e Z™ and x € T™.

Proof. It is enough to prove this for 5 = 0. Using (2.18), we write A,o(k, z) as

Ago(k,z) = Y [ ™ FDvg(y)o(l, )dy
l€Z7LT'rL
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= o(k,x / y)dy + Z/ 2mi(k— l)y Yo (1, z)dy

n lEZ™
T i T

= Il +127
where in the first term we set { = k. Then we have
|| < (1+ |k])H.

On the other hand, for x > 0, integrating by parts with the operator (2.11), we have

27rz(k 1)y v
2l =] > /W Ly q(y) Jo(l,z)dy
lEZ”
<C l|2M (1 + 2~
"
(2.20)
Z ‘ ‘2M (L4 |k —m|)*
m##0
<C ‘2M < (1+ [k)" + |m|”>
m;ﬁO
C(1+ [K])",

where we used that g > 0 in the last lines and that if we take M > %7 then

2M — p > n, and the series in the last lines of (2.20) converges.
If p < 0, we will use the Peetre inequality which says that for all s € R and &, 7 € R™
we have

(L€ +n)” < 2P+ 1) (1 + )
see [34, Proposition 3.3.31]. Applying this with s = u, we have
(1+ [k —m|)* < 2L+ k) (1 + [m])¥.
Applying this to the third line of (2.20) we get that
L] < C(1+ [k,

provided that we take M such that 2M — |u| > n, so that the series in m converges. So
we obtain (2.19) in all the cases. O
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Before proving that amplitude operators are pseudo-difference operators and are given
by symbols, let us recall the periodic Taylor expansion formula from [34, Theorem 3.4.4].
It says that if h € C*°(T") then we have the periodic Taylor expansion for h given by

h(%): Z %(627”@, )O‘D a)h ‘Z o+ Z 271-7;:671)&, (2.21)

(&%)
|a|<N la|=N
where h, € C*°(T"), with D! given by (2.5), and
(6271-1'95 _ l)a — (627\'1'901 _ l)al . (6271-2'90,,, _ 1)047,,.

The functions h, € C*°(T™) are products of one-dimensional functions h;(y), y € T,
defined inductively by hg = h and then by

hj(y) = hi0) . Y40
hjti(y) == e2miy _ | (2.22)
Dyh;(y) if y = 0.

In particular, we have
h(y) — h(0) .
M) =10 iy 20,
hi(y)=q "7~
Dyh(0) it y =0,

h
Mily) ~m(0) _ SR~ DhO)
hQ(y) — e2miy _ 1 - e2miy _ ] Y ?

Dyhy(0) if y =0,

and so on. It can be shown that these functions are smooth everywhere, including at
y = 0, and that h; depends on the jth order derivative of h. We refer to [34, Section 3.4]
for the proof as well as for the expressions and analysis for the remainder functions h,,.

Theorem 2.8. Let0 < § < p< 1. Leta € AZ’%’”Q (Z™ xZ™ xT™) and let the corresponding
amplitude operator A be given by

Af) =Y / e2mith=D-2g (s | 2 F(1)da. (2.23)

lEZ"Tn
Then we have A = Op(oa) for some o4 € ng;r”z (Z™ x T™). Moreover, o4 has the

following asymptotic expansion

1 [ [e3
x) ~ Z aAl DWa(k,1,z) l:k, (2.24)



L.N.A. Botchway et al. / Journal of Functional Analysis 278 (2020) 108473 15
which means that for all N € N we have

1 _N(p—
oAy aAf‘D;“)a(k,l,:c) L€ S A N (2.25)
laj<N B

From now on we will always understand asymptotic sums of type (2.24) in the sense
of (2.25).

Proof of Theorem 2.8. Using formula (2.12) from Proposition 2.4, the symbol of the
operator A in (2.23) is given by

O'A(k, .73) _ 6727rik.z Z e2’n’i(lcfl)~ya(k7 l,y)ezﬂ—il.zdy

lEZ"Tn
_ Z 27rz(k 1)-(y—=x) (k‘ I y)d
lEZ"Tn
=/ ik m0G(k, y — ,y)dy,
T'n.

where @ denotes the Fourier transform of a with respect to the second variable. Replacing
y by y + x, we obtain

oalk,x) = /egmk'ya(k‘,y,y + x)dy. (2.26)
Tn

Taking the Taylor expansion of a(k,y,y + z) in the third variable at x as in (2.21), we
have

~ 1 g )
lo|<N 7

where Ry is a remainder that we will study later. Substituting (2.27) into (2.26) gives

oalk,x) = [ e2miky 1 > — 1) DG (k, y, z)dy + R, 2.28)
al

Tn |D“SN

with the remainder R that can be expressed in terms of Ry. Since by (2.1) we have

AFT(R) = [ U - 1) 7y)dy,

Tn
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the formula (2.28) becomes

1
oalk,z)= > JA;*Dg@a(k,z,gc) TR
la]<N B

giving the terms in the sum in (2.24).
Let us now analyse the remainder R. It is the sum of terms of the form

Ry(ka) = [ 0@~ 1), k. y. )
Tn
with || = N and some b; containing the terms which are combination of functions

DgOfZG‘(kayvir) for |OZ0| < Na

where F5 means the Fourier transform with respect to the second variable, multiplied
by some smooth functions, using the expressions (2.22). It follows that for any g the
functions DY’ )Rj (k,x) are the sums of terms of the form

/ezmk'yaj(y)(e%iy — 1)“Dg(f)D3(c°‘°)f2a(k,y,:r)dy = Ay A?D;O‘“Jrﬁ)a(k, l,x) I
T'n.

for some smooth functions a; € C°°(T™). Since a € AZ%’M, by Lemma 2.7 we obtain
that R;(k,x) satisfies the estimate

|Rj(k,x)| < C(1+ k)" (1+ |k‘)#2—ﬂ|a|+5\ao\+5|ﬁ\7
for any value of J in (2.15). Using that |a| = N and |ag| < N we get that
|R;j(k,x)| < C(1+ |k|)#1+ﬂ2—(/’—5)N+5|ﬂ\.
Also, for the terms A}f R;(k,x) we can express them as sums of terms of the form
/eZﬂik-z(eZﬂiz _ 1)5aj(z)(e27riz _ 1)abj(]€, z, ZI))dZ,
’]rn
with similar b; and a; as above. An argument similar to the one above shows the estimate

|A£Rj(kax)| <C(1+ |k‘)“1+”2fﬂ|5\*(p76)N'

By choosing N large enough, arguments like in the classical pseudo-differential calculus
imply that we have (2.24). O
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3. Symbolic calculus

In this section we develop elements of the symbolic calculus of pseudo-differential
operators on Z"™ by deriving formulae for the composition, adjoint, transpose, as well as
for the parametrix for elliptic operators.

Theorem 3.1 (Composition formula). Let 0 < § < p < 1. Let 0 € S;“&(Z" x T™) and
T € S)5(Z" < T™). Then the composition Op(c) o Op(7) is a pseudo-differential operator

with symbol ¢ € 55?“2 (Z™ x T™), which can be given as an asymptotic sum
1 (0% «
s(kyz) ~> &Dﬂ(c Vo(k,z) AT (k, ). (3.1)

We note that the order of taking differences and derivatives in (3.1) changes in com-
parison to the analogous composition formulae on R™ and T", see [35,34].

Proof of Theorem 3.1. Let f,g € S(Z™). The pseudo-differential operators with symbols
o and T are given by

Op(o)f(k)= > [ ™" 2o (k,2)f(m)da, (3.2)
meLn gy

Op(r)g(m) = Y [ ™ D¥r(m, y)g(1)dy. (3.3)
leZnTn

The composition of (3.2) and (3.3) gives

Op(e)(Op(r)g) (k) = D > / T T g (e, 1) P T (m, ) g (1) dyda
1€Z" MEL r, im

=, / TGk y)g(1)dy,

€L

where

k)= Y [ a2y, y)ds

mEZ"Tn

_ Z egﬂik.(zfy) 672wim-(w*y)g(k, ;L')’j'(TrL7 y)d.T
mEZ"Tn
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= /e%ik'(“_y)a(k/‘,x)?(x —y,y)dz
'H"n,

- / oy 4 2)F(, y)de,
’]I‘n

where 7 is the Fourier transform of 7(m, y) in the first variable. Using the periodic Taylor
expansion (2.21) we have

o(k,z) = / Yk, 1 4 )Ry, 2)dy

Tn
mik- 1 T « -~
:/62 By (@ = 1) Dok, 2)7(y, x)dy + R,
T» |OL‘<N

1
= > SDWo(ka)ARr(k,a) + R,
(e}

la|<N

where R is a remainder coming from the Taylor expansion formula. We observe that
since the difference operators satisfy the Leibniz rule we have

Do (k,x)ApT(k,x) € by @=lelgn .

The remainder R can be treated along the lines of the remainder treatment in the proof
of Theorem 2.8. O

The adjoint T* of the operator T on ¢2(Z") is defined by
(Tfa g)gz(zn) = (fv T*g>22(Zn)' (34)
We now derive the asymptotic formula for its symbol.
Theorem 3.2 (Adjoint operators). Let 0 < 6 < p < 1. Let o € S} ;(Z™ x T™). Then

there exists a symbol o* € Szg(Z" x T™) such that the adjoint operator Op(o)* is a
pseudo-difference operator with symbol o*, i.e. Op(c)* = Op(c*), and we have

1 -
o*(k,x) ~ Y aAgD;‘l)a(k, ). (3.5)

Proof. Since

(Op(J)f, g)gz(zn) = (fa Op(o')*g>€2(Zn)

and
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(0P(0)1,9) iz, = 32 3 [ 0ok f(DigThIy

keZ”leZnTn

—2with=0ug (, y)g(k)d )
leZ" < Z / e !

keZmpn

we have

Op(o)*g(l) = > [ e > DY (k, y)g(k)dy.
kEZnTn

Swapping k and [, we can write it as

Op(o)*g(k) = Y [ ™ D¥a(l,y)g(1)dy,
k€Zmpn

which is an amplitude operator with amplitude a(k,l,y) = o(l,y) € Ag:g‘(Z" XZ"xT™).
Then by Theorem 2.8 we have Op(c)* = Op(c*) with

1 o a) (1
x) ~ Z aAl DWo(l, x) -

yielding (3.5) and completing the proof. O

For f,g € S(Z™) we recall that the transpose T* of a linear operator T is given by
the distributional duality

(T'f,g) = (f,Tg),

which means that for all £k € Z™ we have

(T Hk)gk) =D f(k)(Tg)(k

keZn keZn

Theorem 3.3 (Transpose operators). Let 0 < § < p < 1. Let 0 € Sgé(Z” x T™). Then
there exists a symbol ot € Sgé(Z” x T™) such that the transpose operator Op(o)t is a
pseudo-differential operator with symbol o', i.e. Op(c)t = Op(o?), and we have

1
t ~ ap(a) _
o'(k,x) E a!Ak D¥o(k,—x). (3.6)

Proof. By the definition of transpose, we have

Yo (T Hk)gk) =Y f(k)(Tg)(k)

kezZn keZn



20 L.N.A. Botchway et al. / Journal of Functional Analysis 278 (2020) 108473

Then we can calculate

S Tk =3 Y / 00 () 1) g(1)da

keZ™ keZm™ yeZ n
< Z / 2mi(k— l)a: k x)f(k)d >
leZn kEZ

Therefore

Tq(l) = Z /eQm(k D2 (k, x)g(k)de.

k}EZ"Tn

We can rewrite this, changing x to —z, as

T'g(l) = Z =R 2o (k) g(k)da.
k€EZ™pn

This is an amplitude operator with amplitude a(l, k,z) = o(k, —z). Since o € S} 5(Z" x
T™), we have a € AS:’;(Z” x T™). Applying Theorem 2.8 we get that T* = Op(a’) with
ot € 8 5(Z™ x T") given by

1
o' (k,x) E a!A%D“"a o(k,—x),

[e4

yielding (3.6) and completing the proof. O
We now record the useful statement on the asymptotic sum of symbols.

Lemma 3.4 (Asymptotic sums of symbols). Let 1 > p > > 0. Let {uj} be a sequence
of uj € R such that p1j > pjy1 and p; — —oo as j — oo. Let 0 € SZ’ (Z” x T™) for all
j € Ng. Then there exits SZV%(Z” x T™) such that for all N € Ny we have

S,
=0
that is,
o— ZO'J € S5 (Z" x T"), forall N € N.

This statement immediately follows from [34, Theorem 4.4.1] since the symbol classes
are the same modulo swapping the order of the variables.
We now define elliptic operators in the symbol classes 55’5(2" x T™).
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Definition 3.5 (Elliptic operators). A symbol o € S}/ 5(Z" x T™) will be called elliptic (of
order p) if there exist C' > 0 and M > 0 such that

|o(k, z)| = C(1 + [k])"

holds for all € T™ and all ¥ € Z™ such that |k| > M. The corresponding pseudo-
difference operator Op(c) is then also called elliptic.

Theorem 3.6 (Ellipticity and parametriz). Let 0 < § < p < 1. An operator A €
Op(Sg’é(Z" x T™)) is elliptic if and only if there exists B € Op(S, S(Z™ x T™)) such
that

BA ~ I« AB modulo Op(S™>(Z" x T™)),

where I is the identity operator.
oo

Moreover, let A ~ ZAZ be an expansion, where A; € Op(Sg;(p_é)l(Z" x T™)).
=0

Then an asymptotic expansion B ~ ZBj with B; € Op(Sp_,gb_(p_é)j (Z™ x T™)) can be
=0

1
obtained by setting op, := —, and then recursively
9 0

—1N-1
1
— 1 pM ¥
opy (k,x) UAo k p g E ~ [Dw'y 0B, (kgx)} Ajoa,(k,x). (3.7)

§=0 1=0 |y|=N—j~i

Here, for example, by AB «~ I we mean that

I—ABe€S™(Z" xT") = (1] Sy 5(Z" x T™),

veR

is the class of ‘smoothing’ operators, independent of p and §. We will still call such
operators ‘smoothing’ although the smoothness does not make sense on the lattice Z".

Proof. “If part”. We want to show that A € Op(S} 5(Z" x T")) is elliptic and we are
given that

I—-AB=T¢e€ S Z"xT").
Hence by Theorem 3.1 we have, in particular, that

1—oa(k,z)op(k,x) € Spiép*é)(Z" x T™),
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implying that there exists a constant C' > 0 such that
11— oalk,2)op(k,2)] < C(1+ [k|)~¢~.

Take M such that C(1 + |M|[)~(P=9 < . It then follows that

loa(k,x)op(k,x)| > for all |k| > M,

)

N | =

and hence

1
k > > 1+ |k)H

since
lop(k,z)| < Cp(1+[k[)™"

Hence o4 is elliptic of order u.
“Only if part”. We can restrict to |k| > M. Take

1

O'BO(]C7$) = m

By [34, Lemma 4.9.4] we have o, € 5§ L(Z™ x T™). Also by the composition formula
in Theorem 3.1 we have

OByA = 0B,0A — 0T v 1 —o07,

for some T € S;gpfd)(Z" x T™), hence ByA = I — T. The rest of the “only if” proof
follows by the composition formula and a functional analytic argument similar to the
proof of [34, Theorem 4.9.6], so we omit it.

We will now show formula (3.7). We have I «~ BA which means that 1 «~ opa(k, ).
Then by Theorem 3.1 we have

1 Z [DWUB (k x)} Ao a(k, )
=07

“- Z [Dév) igBJ_(l@x)} A} iam(k, x).

0! 3=0 1=0

The rest follows by using a similar argument to the proof of [34, Theorem 4.9.13], com-
pleting the proof. O
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4. Relation between lattice and toroidal quantizations

We will now discuss the relation between the lattice quantization analysed so far and
the toroidal quantization developed in [35,32]. The toroidal quantization has since led to
many further developments and applications, see e.g. [15,22,21,4], to mention a few. So,
the described link leads to a way of transferring results from the toroidal setting to the
lattice. We will give such an example in the derivation of #?-estimates in Theorem 5.2,
as well as apply it in Corollary 5.3 to give a characterisation of compact operators on
¢2(Z™), in Corollary 5.4 for a version of the Gohberg lemma, and in Theorem 5.5 to give
a condition for the membership in the Schatten-von Neumann classes.

To distinguish between these two quantizations, here we will use the notation Opyn
for the toroidal quantization with symbol 7: T™ x Z™ — C, for v € C>°(T") yielding

Oppn (T)v(x) = Z X R (2, k) (Frnv) (k). (4.1)
kezZn

To contrast it with the lattice quantization (1.7), we will denote it here by
Opzn(0)f(k) = /ezmk'xa(k,x)(}"znf)(x)dx, keZ". (4.2)
']1‘71
The lattice Fourier transform Fz» in (1.4) is related to the toroidal Fourier transform
by
Frav(k) = /efzﬂiw'kv(x)dx = Fziv(—k), (4.3)
Tn

since ! has the form (1.6).

Theorem 4.1. For a function o : Z" x T™ — C define 7(x, k) := o(—k,x). Then we have
Opgz(0) = Fz.\ 0 Opya(r)* 0 Fzn, (4.4)

where Opyn (T)* is the adjoint of the toroidal pseudo-differential operator Opp. (7). We
also have

Oprn () = Fzn 0 Opga(0)* 0 Fyot, (4.5)
where Opygn (0)* is the adjoint of the pseudo-difference operator Opyg. (o).
Formulae (4.4) and (4.5) allow one to reduce certain problems for Opyn. to the cor-

responding problems for Opy., at least when one is working in the £2-framework. In
Theorem 5.2 we show this in the case of finding conditions for Opy. (o) to be bounded
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on ¢*(Z™) in terms of o. Moreover, we can conclude that Opg. (o) is in the p-Schatten
class on ¢2(Z") if the operator Opy.(7) is in the p-Schatten class on L?(T™), and con-
ditions for toroidal pseudo-differential operators to be in the p-Schatten classes or to be
r-nuclear on L?(T™) in terms of their toroidal symbols were given in [9] and also in [8].
We will give such an application in Theorem 5.5.

Proof of Theorem 4.1. For g € C*°(T™), consider the operator

Ty(k) := /eka'Icr(k,x)g(x)dx.
Tn

Then by (4.2) we have the relation
Opgn (o) =T o Fzn. (4.6)
Let us calculate the adjoint operator T* determined by the relation
(Tg,h)e2(zny = (9, T"h)L2(Tn)-

We have

(Tg:h)ezzny =y Tg(k)h(k) = > /SQ’Tik'"”J(k,I)g(I)h(k)dx

keZn kEZ
_ / (@) (Z em%(k,x)h(k)) dz.
Tn keZn

Consequently, we have

T*h(zx) = Z e 2™k (k) h(k)
kezZn
= Z ¥ (—k, x)h(—k) (4.7)
keZn
= Z ¥R Tr (g k) Frnv(k) = Oppa (T)v(2),
keZn

with v such that Frnv(k) = h(—k). It then follows from (4.3) that h(k) = Frnv(—k) =
Fzav(k). This and (4.7) imply that

T* = Oprpa(7) 0 Fyn. (4.8)
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Consequently, we also have
T = Fpu 0 Opra(7)" = Fza 0 Oppa(7)*, (4.9)

in view of the unitarity of all the Fourier transforms. And now, combining (4.9) with
(4.6), we obtain (4.4). Finally, (4.5) follows form (4.4) by taking adjoint and using the
unitarity of the Fourier transform. 0O

5. Applications

In this section we give conditions for the boundedness of pseudo-difference operators
on (2(Z"), weighted ¢%(Z™), ¢P(Z™). We also discuss a condition for Hilbert-Schmidt
operators and its implication for the oepp’ boundedness, and give conditions for the
membership in Schatten classes. Finally, we discuss a version of Fourier integral operators
on the lattice Z™.

5.1. Boundedness on (?(Z™)

We recall that if H be a complex separable Hilbert space then a bounded linear
operator on H is said to be a Hilbert-Schmidt operator if there exists an orthonormal
basis {wy, }oe_; in H such that > °_, ||Awy,||3 < co. If A € Z(H) is a Hilbert-Schmidt
operator then its norm is given by

oo
I1AllEs = > IlAwn |3,
m=1

where {wp, }oo_; is any orthonormal basis in H. The following is a natural condition for
an operator on (%(Z™) to be Hilbert-Schmidt in terms of the symbol. Interestingly, it
implies that Hilbert-Schmidt operators are ¢r-¢?" bounded for all 1 < p<2.

Proposition 5.1. The pseudo-difference operator Op(c) : £2(Z") — (?(Z") is a Hilbert-
Schmidt operator if and only if o € L*(Z™ x T™), in which case we have

10p(0)lss = llollL2znwrry = | Y [ lo(k,2)Pde | . (5.1)
k’EZ"Tn

Moreover, if o € L?>(Z™ xT™) then Op(c) : £P(Z™) — €4(Z™) is bounded for all1 < p < 2
and % + % =1, and we have

||Op(0')||$(Z})(Zn)ﬁlq(2n)) S HUHLQ(Zn X’]I‘n). (52)
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The Hilbert-Schmidt part follows directly by the Plancherel formula and will be used
in Theorem 5.5 to imply Schatten properties of operators. The boundedness part was
shown in [30]. We will give simple proofs for completeness, to show formulae (5.1) and
(5.2). In the case p = 2 it implies the ¢?-boundedness result in [18] (where n = 1 was
considered).

Proof of Proposition 5.1. Let {w,, },nez» be the standard orthonormal basis for £2(Z")
which is defined by w,, (k) = dmi being the Kronecker delta. By (1.3) the Fourier trans-
form of w,, is given by W, (y) = e =27 ¥, Then we have

Op(o)wn(k) = [ T Vo(ky)e ™y = (Frao)kom — b (53)
TTL

We then have

10p()llis = D I0p(@)wmlfazey= D D [(Frno)(k,m— k)

mez™ meZ™ keZmn
- Y (Fro)EmiE= Y / o (k) Py
ke€Z™ meZ™ keZ”Tn

= ||U||%2(an1rn)a

completing the proof of the Hilbert-Schmidt part.
Furthermore, under the condition o € L?(Z"™ x T™) we have the ¢! — /> boundedness

in view of

0p(0) /()] < [ otk D)\F@)de < | Fliwcre) [ lotha)lds
Tn Tn

2

<1 llexzm / ok, 2)2dz | < ([ fller@m ol sz zn -
’]I‘n

We also have the £2 — (2 boundedness if we apply the Cauchy-Schwartz inequality to the
first line above:

b)) < | [lathopas | | [ 1f)Pds) .
Tn Tn

so that the result follows by interpolation. O

We now improve the statement of Proposition 5.1 in the case of p = 2 showing that
actually no decay is needed for the £2-boundedness provided that finitely many deriva-
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tives are bounded, yielding a Mikhlin type theorem, but for general pseudo-differential
operators.

Theorem 5.2. Let » € N and » > n/2. Assume that the symbol o : Z™ x T™ — C
satisfies

050 (k,z)| < C,  forall (k,x) € Z"™ x T", (5.4)
for all |8| < ». Then Op(o) extends to a bounded operator on (?(Z™").

Proof. Using the equality (4.4) in Theorem 4.1 and the fact that the Fourier transform
Fzn is an isometry from ¢2(Z") to L?(T"), it follows that Op(c) = Opy. (o) is bounded
on (2(Z™) if and only if Opy.(7) is bounded on L?(T™) for the toroidal symbol 7(z, k) =

o(—k,z). But Opy.(7) is bounded on L?*(T™) under conditions (5.4) in view of [34,
Theorem 4.8.1]. O

5.2. Compactness, Gohberg lemma, and Schatten-von Neumann classes

In this section we give applications of the developed calculus to presenting conditions
ensuring that the corresponding operators belong to Schatten classes. As usual, an oper-
ator is in the p-Schatten class if it is compact and if the sequence of its singular numbers
is in /P.

We start by giving a criterium for compactness of pseudo-differential operators acting
on (?(Z™) and an estimate for their essential spectrum. We recall that for a closed linear
operator A on a complex Hilbert space, its essential spectrum is defined as

Yess(A) = C\{\ € C: A— A is Fredholm and its index is 0}. (5.5)

Then, since the compactness, Fredhomlness, and the index are preserved by unitary
operators, as a consequence of (4.4) in Theorem 4.1 and [7, Theorem 3.2] we obtain

Corollary 5.3. Let 0 € S°(Z"™ x T™). Define

d :=limsup sup |o(k,x)|. (5.6)
|k|—oc z€Tn

Then
Opy. (o) is compact on £2(Z™) if and only if d = 0.
Moreover, we have

Yess(Opza(0)) C {A e C: |\ <d}.
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We also have the following estimates for the distance between a given operator and
the space of compact operators on ¢£2(Z™). In view of [13], such a statement is often called
Gohberg lemma in the literature, and see e.g. [19,24] also for the results on the circle
T!, and [7] for the Gohberg lemma on general compact Lie groups. For the following
statement we may recall the notions of generalised difference operators A, from (2.16).
As a consequence of (4.4) in Theorem 4.1 and [7, Theorem 3.1] we have

Corollary 5.4. Let 0 : Z™ x T™ — C be such that
lo(k,z)| <C,  |Veo(k,z)| <C,  |Ago(k,z)| < C(1+ [k])77, (5.7)

for some p > 0, for all g € C*°(T™) with ¢(0) =0 and all (k,z) € Z™ x T™. Then for
all compact operators K on (?(Z™) we have

10pz~ (0) — K||£(e2(zny) > limsup sup |o(k, z)|.

[k| 0o zeTn
In particular, this conclusion holds for any o € S°(Z™ x T™).

The starting point for the analysis of the Schatten classes is the following condition
ensuring the membership in p-Schatten classes for 2 < p < co. Thus for 2 < p < co and
zl? + ]% =1 we have

Z o (ks )Y, (Tny <00 = Opyn () is p-Schatten operator on £2(Z™).  (5.8)
kezZn

In fact, (5.8) holds in much greater generality, in particular, on all locally compact
separable unimodular groups of Type I, see [17, Corollary 3.18]. Essentially, it follows
by complex interpolation between the Hilbert-Schmidt condition in Proposition 5.1 and
the fact that operators with symbols satisfying Y, .z [[o(k,-)||L1(Tn) < 00 are bounded
on (2(Z").

For 0 < p < 2, the membership of operators in p-Schatten classes is more difficult to
ensure. However, as a consequence of (4.4) in Theorem 4.1 and [8, Corollary 3.12] we
obtain the following statement.

Theorem 5.5. Let 0 < p < 2. Then we have

Z llo(k HLQ(T ny <00 = Opg. (o) is p-Schatten operator on (*(Z™). (5.9)
kezn

In particular, if

Z lo(k, )2 (Tn) < 00, (5.10)
keZn»
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then Opgn (o) is a trace class operator on (2(Z™), and in this case we have

Tr (Opza (o)) = Y /a(k,x)dx: ZA]-, (5.11)

kEZ"’I[‘n
where {\;}; are the eigenvalues of Opgn (o) counted with multiplicities.

Proof of Theorem 5.5. The conclusion (5.9) for 0 < p <1 is an immediate consequence
of (4.4) and [8, Corollary 3.12], which shows the p-nuclearity of Opg.(c) on ¢(?(Z").
Since the notions of p-nuclearity and p-Schatten classes coincide for Hilbert space (see
Oloft [20] or Pietsch [23, Section 6.3.2.11]) we get (5.9) for 0 < p < 1.

As a special case with p = 1, the operators satisfying (5.10) are trace class. The first
equality in (5.11) follows from the expression for the kernel at the diagonal given in
(2.10), and the second equality in (5.11) is the famous Lidskii formula [16].

Consequently, (5.9) for 1 < p < 2 follows by interpolation between (5.10) and the
Hilbert-Schmidt condition (5.1). O

The notion of r-nuclearity was introduced and developed by Grothedieck in [14]. We
can refer e.g. to [8] for the discussion of r-nuclearity and its meaning and consequences,
and to [23] for an extensive presentation and the history. The direct r-nuclearity consid-
erations in our setting appear to be more difficult than those when the space is compact
([10]) because the kernel does not allow for a natural discrete tensor product decompo-
sition.

5.3. Weighted £?-boundedness

For s € R and 1 < p < oo let us define the weighted space ¢(£(Z™) as the space of all
f:+Z™ — C such that

1/p
1fllez(zny == ( doa+ Ikl)splf(k)|p> < 0. (5.12)

kezZ™

We observe that the symbol as(k) = (1 + [k[)® belongs to S7 o(Z" x T"), and we have
f e &(Z™) if and only if Op(as)f € ¢P(Z™). Consequently, we have

t5(2") = Op(a—s)(£7(2")). (5.13)

S

Then Theorem 5.2 and Theorem 3.1 imply the following boundedness results.

Corollary 5.6. Let yn € R and let o € S o(Z™ x T™). Then Op(o) is bounded from (%(Z™)
to (2_,(Z™) for all s € R.
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Proof. If A € Op(Sf(Z"™ x T™)) then by using Theorem 3.1 the operator
B = Op(as—,)AOp(a—s)

has symbol in 5870(2” x T™). Here we observe that we can also include the case p = =0
in the statement of Theorem 3.1 since actually a, € S§ o(Z" xT™") so that the asymptotic
formulae work also in this case.

Let f € ¢2(Z™). Then g := Op(as)f € ¢*(Z"™). By Theorem 5.2 the operator B is
bounded on ¢?(Z"), so that Bg € ¢?(Z™). Now, writing

Af = Op(a,—s)Op(as—,)AOp(a—s)Op(as)f = Op(a,—s) By,

we get that Af € Op(a,—)*(Z") = £?_,(Z") in view of (5.13). Consequently, A is
bounded from (3(Z") to (7_,(Z"). O

5.4. Garding and sharp Garding inequalities on Z™

First, let us recall a special case of the Garding inequality on compact Lie groups, in
the special case of the torus T", as in [39, Corollary 6.2], stating:

Corollary 5.7. Let 0 < 6 < p <1 and m > 0. Let B € OanS%jg‘(T” X Z™) be elliptic

such that og(xz, k) > 0, for all x and co-finitely many k. Then there exist Cy,Cq > 0
such that for all f € H™(T™) we have

Re(Bf, f)r2(rn) = Collfl|3mwny — Coll 172 (1n)-

Let us show that Corollary 5.7 implies the corresponding Garding inequality on Z™. As
there is no regularity concept on the lattice, the statement is given in terms of weighted
£?-spaces.

Theorem 5.8 (Garding inequality on Z™). Let 0 < 6 < p < 1 and m > 0. Let A €

OpZnSﬁ’gL(Z" x T™) be elliptic such that o4(k,x) > 0 for all x and for co-finitely many
k. Then there exist C1,Co > 0 such that for all f € ¢2 (T™) we have

Re(Af, f)e@ry = Collfllz: zny — Cillfll7zzny- (5.14)
Proof. Let 7(z,k) = 0a(—k,x). Then we have
A =O0pga(ca)=Fz! 0Opr.(r)* 0 Fzn, (5.15)

by Theorem 4.1, and if o4 is elliptic on T™, then 7 is elliptic on Z™. Also, if 04 > 0,
then 7 > 0. Then by Corollary 5.7, for all g € H™(T™) we have
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Re(Opr(7)*9,9)2(T7) = Re(Opra(7)g, 9)£2(T™)
> Col|gl|Fmrny = Cillgl|72(Tn)- (5.16)

Let g be the Fourier transform of the function f, that is g = Fz~ f. If f € H™(T™) then
g €2 (Z™) and

I fllzm ey = I1fllez, zy  and ([ fllzzcTn) = |1 flle2(zn)- (5.17)
By Theorem 4.1,
Af = Fg. 0 Oppa(7)* 0 Fgn f = Fgut 0 Oppa (1), (5.18)
so that Fzn Af = Oppa(7)*g. Substituting (5.17) into (5.16) we get

Re(Opr~ ()9, 9)r2(Tn) = COHfH?gn(Zn) - Cl||f||32(zn)7

Re(Fzn Af, Fzn f)r2crny > Collfl|2 20y — CillfllZ2zny»

Re(FznFzn Af, [lez@ny = Collfll zny) — Cillfll72zny  since Fz. Fzn = Id,
Re(Af, fle@zny 2 Collfllze, zny — Cill Fllzz(zny-

This completes the proof. O

We now proceed by establishing the sharp Garding inequality on Z™. Let us recall a
special case of the sharp Garding inequality on compact Lie groups, in the setting of the
torus, see [36, Theorem 2.1]:

Theorem 5.9 (Sharp Garding inequality on T™). Let B € Opp.S™(T™ x Z™) be such
that its symbol o(x, k) > 0 for all (x,k) € T™ x Z™. Then there exists C < oo such that
we have

Re(Bg, 9)r2(rm) = =Cligll , m (T’

forallg e H™z (T™).
Similarly, extending this theorem to the lattice we have the corresponding result:

Theorem 5.10 (Sharp Gdrding inequality on Z"™). Let A € Opgn S™(Z™ x T™) be such
that its symbol satisfies o4(k,x) > 0 for all (k,z) € Z™ x T™. Then there exists C < 0o
such that we have

Re(Af, flee@ny = =Cl flle,_, @)

2

for all f € 6, (Z").



32 L.N.A. Botchway et al. / Journal of Functional Analysis 278 (2020) 108473

Proof. Let 7(x,k) = 0a(—k,x). Then by Theorem 4.1 we have
A =O0pg.(0a) =Fg. 0Opya(r)* 0 Fzn. (5.19)

Employing the same argument and notation as in the proof of Theorem 5.8, using The-
orem 5.9, we get

Re(Af, f)ez(zny = Re(FzaOppn (1) 9, Ft 9)e2(zn)
= Re(Opyn(7)"9; 9) L2(T")
= Re(Oprn(7)g, 9) L2 (1)
z =Cllgll mz2 .,
= —C||flle 1(Z")7

finishing the proof. O
5.5. Well-posedness of the parabolic equations

As a consequence of Garding inequalities on the lattice, we obtain the existence and
uniqueness of solutions of the parabolic equation on the lattice.

Theorem 5.11. Let A € Opyn ST (Z™ x T™), m > 0. Assume that there exist Cy > 0 and
dy > 0 such that for all x € T", we have

—oa(k,x) > Colk|™ for |k| > do. (5.20)

Let T > 0. Then for every ug € ¢*(Z") and f € L*([0,T),¢*(Z")), the equation
U Au = tel0,T
o —Au =1, 0,7}, (5.21)
u(0)

has a unique solution u € C([0,T],(*(Z™)). Moreover, there exists C > 0 such that for
all t € [0,T] we have

01z < ©(ollzny + [ 1 nyr). (5:22)
0

Proof. Suppose that u satisfies the condition (5.21). We first observe that (5.20) implies
that there exists Cj > 0 such that

| = (0a+ o) (k, )| > Colk|™  for [k] > do.
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Then by the Garding inequality in Theorem 5.8 and Theorem 3.2 about adjoint operators,

we have
~((A+ayuu),, > Cllully g~ Collullfazn- (5.23)
Then by (5.21) we have
d d
Sl = 5 (0.00)
eI gy 2@
(@) e ()
=|—,u u, —
dt EQ(ZH) dt EZ(ZH)
= (Au+f,u> + <u,Au+f)
e2(zm) 02(Zm)
= <(A + A*)u,u) + 2Re(u, f)e2(zn) by (5.23) we have
02(Zm)

IN

—Cil[u®)l|Zz, zny + Collu®)l|Zzny + [u®)|Zzny + |1 f1[22zn
2
< (Co + Dfu(t)l|F2(zny + 1 f172z0):

Thus by Gronwall’s lemma we have that there exists C' > 0 such that
T
Uy < C (Il + [ 170 znydr).
0

This proves (5.22).
By the standard Picard iteration scheme it the follows that (5.21) has a solution

u e C(0,T), (Z)).
Next we prove the uniqueness. For this, let u, v be two solutions of (5.21), that is

%—Au =f, te€0,T],
u(0) = ug,

% —Av =f, te|0,T],
v(0) = ug.

By this, setting w := u — v, we have

9w Aw =0, te0,T],
w(0) =0.
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According to (5.22), we then must have ||w(t)|s2(zn) = 0 for all t € [0, T]. Therefore this
implies

0= [w(®)le@n = lu(t) — o) ey = u(t) = o(t) for allte [0,T),
completing the proof. O
5.6. Boundedness and compactness on £P(Z™)

The following statement gives a condition for the ¢P(Z™)-boundedness of pseudo-
differential operators on Z" in terms of their symbols: here one asks for decay of irregular
symbol; the regular case is given in (5.25) below. Let

(Frno)(k,m) = [ e 2™ %5 (k, z)dx. (5.24)
/

We note that it was shown in [30] that if Frro € £9(Z™ x Z™) then Op(c) : P(Z™) —
¢P(Z™) is bounded provided that 2 < p < co and ;1) + % =1

Moreover, if, in general, Op(o) : ¢P(Z™) — £"(Z™) is bounded, then for every m € Z"
the function (Frno)(k,m — k) must be in ¢"(Z™) as a function of k. This follows since
the latter condition is equivalent to saying that Op(c)w,, € ¢"(Z™) for all m € Z", for
functions w,, such that wy, () = 6, in view of (Frno)(k,m — k) = Op(c)wm,(k), see
(5.3).

Also, it is known that for 1 < p < oo, for amplitude operators with amplitude a, we
have the following analogue of the Calderon-Vaillancourt theorem:

|Op(a)|l #@rzny) < C sup |0z a(k,1,2)|, (5.25)
(k,2)€Z" XZ" xT™,|a|<n+1

see [27, Theorem 2.8].

Proposition 5.12. Let 1 < p < oco. Let 0 : Z™ x T™ — C be a measurable function.
Assume that there is a positive constant C > 0 and a function w € (*(Z™) such that

(Fpao)(k,m)| < Clw(m)l,  for all k,m € Z",

where Frno is the Fourier transform of o in the second variable. Then Op(o) : ¢P(Z™) —
P(Z™) is a bounded linear operator and

10p(0)|| £ (er(z7)) < Cllwller(zny-

The proof of this result is straightforward once we observe that the assumption means
that the convolution kernel of Op(c) is in ¢, and then the statement follows by the
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Young inequality. We give a simple argument for completeness and also to prepare for
Theorem 5.13.

Proof of Proposition 5.12. Let f € /1(Z"). We can write the operator Op(o) as

Op(0)f(K) = 3 flm) [ &7 (k2
mezZm Tn
= > f(m)(Fr-o)(k,m —k).
mezZm™

Let us define (Fpno)™ by
(Frno)™(k,m) = (Fpeo)(k, —m).
It follows that we can write Op(o)f as a convolution

= > f(m)(Frro)~(kk—m)

mezZm

= ((Frno)~(k,-) = f) (k).

Taking absolute value to the power p and the sum of both sides, we obtain

1OD() f11f zny = Y [(Frno)™ (k,-) * f)(R)[P

keZn
< 3 ((Fre0) (b, ) £ ()
kezZm
<or 3 (ol 11nk)”
kezZn

< Cp”w”i?l(zn)Hf”?p(zn)a

using Young’s inequality for convolution in the last line. The fact that ¢1(Z™) is dense
in (P(Z™) completes the proof for all 1 <p < oo. O

For n = 1, these statements were established in [18].

One condition for compactness of operators appeared in Corollary 5.3. Now we record
another condition, strengthening the condition of Theorem 5.12 on the symbol o to
guarantee that the corresponding pseudo-difference operator is compact on ¢?(Z").

Theorem 5.13. Let 0 : Z™ x T™ — C be a measurable function such that there exist a
positive function X : Z™ — R and a function w € (*(Z™) such that

[(Frao)(k,m)| < X(k)lw(m)|, for all m, ke Z",
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and such that

lim A(k) = 0.

|k]— o0

Then the pseudo-difference operator Op(o) : (P(Z™) — (P(Z™) is a compact operator for
all1 <p<oo.

Proof. Let us consider the sequence of functions

o(k,x), |k[ <N,
0, |k|> N.

Then we have

(Op(0) — Oplow)) f(k) = / ik (g — ) (k,z) fla)dz

Tn

=3 fm / 2mim—R)e (g Y(ka)de (5.26)

mezm™ Tn
= > f(m)(Fre(o —on))(k,m —k).
mezZm

Taking the fP-norm and writing this using the representation as a convolution we get

1(0p(@) = Ob(oN)) ) < 3 ((\ (Fre(o —on)) " (k)] = 1] <k>>

keZn

S (CREROTE

|k|>N

By hypothesis we have that for every e > 0 there exists some Ny such that |[A(k)| < e,
for all k > Ny, and hence also

[(Frno)™ (k,m)[" < ePlw(m)]".
Using this and the Young inequality for convolutions for N > Ny we obtain

1(0p(e) — Op(an) Ilzny < 3 ((slw|*}f|)(k)>

|k|>N
= EPHW * f“?p Zn)

< fp”WH?l(zn)Hngp(Zn
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Using the density of ¢1(Z") in ¢P(Z") we obtain

|0Op(a) — Op(on)|l 2w zn)) < ellwlle(zny-

It implies that Op(c) is the limit in norm of a sequence of compact operator on ¢P(Z"),
therefore Op(o) is £P-compact. O

5.7. Fourier series operators

The same argument as in the proof of Theorem 5.2 allows one to extend it to a more
general setting of Fourier series operators. Before we formulate a result let us introduce
some notation.

Let ¢ : R® x Z™ — R be a real-valued function such that function z — e¥(®*) ig
1-periodic for every k € Z". In this case, by abuse of notation, we can still write x € T™.
For 7: T™ x Z™ — C and v € C*°(T") let us define the operator T« (1, 7) by

Tre (b, T)v(@) = Y V@R r(z, k) (Fpav) (k). (5.27)

kezZnr

Properties of such operators and their extensions have been extensively analysed in [35,
Section 9] and in [34, Sections 4.13-4.15], to which we refer for their calculus, boundedness
properties, and applications to hyperbolic equations.

Analogously, let ¢ : Z™ x R™ — R be a real-valued function such that function
x + e?(5:2) s I-periodic for every k € Z". For o : Z™ x T™ — C and f € S(Z") let us
define the operator Tzx (¢, o) by

Tyn (6, 0) (k) = / 90 o (1, ) (Fgn f) () (5.28)
’]I‘n

In the special case of ¢(k,z) = 27k - © we have Tz (¢,0) = Opgn(0), so in analogy to
Tt (¢, T) we may call operators Tz~ (¢, o) Fourier series operators.

Theorem 5.14. Let ¢ : Z™ x R™ — R be a real-valued function such that function x —
e'?(k:%) s 1-periodic for every k € Z"™, and let o : Z™ x T™ — C.

(i) Define 1(x,k) :== o(—k,x) and ¥(x,k) := —¢(—k,xz). Then we have
Tzn($,0) = Fgu 0 Trn (1, 7)" © Fzn, (5.29)

where Trn (Y, 7)* is the adjoint of the operator T (¢, T).
(ii) Assume that for all |a| < 2n+ 1 and |G| = 1 we have

0% (k,x)| < C and |02 p(k,x)| < C  for all (k,x) € Z" x T™.  (5.30)
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Assume also that
|Vaopp(k,z) — Veo(l,z)| > Clk —=1| forallzeT", k,leZ". (5.31)
Then Tzn (¢, 0) extends to a bounded operator on (2(Z™).

Part (i) follows by the same argument as that in the proof of Theorem 4.1, so we omit
the details. Part (ii) follows by the same argument as that in the proof of Theorem 5.2,
with the exception that instead of the L?-boundedness of toroidal pseudo-differential
operators we use the L2-boundedness of the toroidal Fourier series operators as in [34,
Theorem 9.2], see also [34, Theorem 4.14.2].

6. Examples

Let us give some examples of operators and their symbols as well as applications to
solutions of difference equations, as an example of applications of our constructions.
Let v; = (0,...,0,1,0,...,0) € Z™, where 1 is the jth element of v,.

(1) Consider the operator A; defined by
Ajf(k) = fk+v;) = f(K).
Defining e, (k) = €2™* for all k € Z™ and x € T", we have
Ajeq(k) = e2milthtvi)a _ g2nika,
hence by Proposition 2.4 the symbol of A; is given by
oa,;(k,x) = e2mivi T ] = 2Tz _
The symbol 04, is independent of k and 04, € SO(Z™ x T™). Moreover, the symbol

o4, is not elliptic.
(2) The operator B; defined by

Bjf(k) = [k[*(f(k +v5) + 1) = [k["(f(k = v;) + 2)
has symbol
01, (k) = [P (€277 4 1) — k] (e=27% 4 2) € gmmcliwd(zm x T,

which is elliptic of order v if, for example, v > p. It is not elliptic if > v. It follows
from Corollary 5.6 that if

kM (f(k+v)+1) = |k|"(f(k —v;) +2) = g(k), forall ke Z™,
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as well as v > p and g € (2(Z") then f € (2, (Z") for all s € R, where (2(Z") is
the weighted space defined in (5.13).
(3) Let us define the operator T' by

n

TR = Y (fl+v5) = (k=) +af (k).
j=1
It has symbol
or(k,x) = Zn: (627”'%' - 6—27”'9”1‘) +a=2i 2": sin(2mz;) +a
Jj=1 j=1

in S°(Z™ x T™), which is elliptic if Rea # 0 or if Ima ¢ [—2n, 2n]. Consequently, in
these cases the operator inverse 7! € Op(S(Z™ x T™)) has symbol

1
20y sin(2may) +a

op-1(z) , xeT™

Hence the inverse operator of T is given by

1 .
Tl = [ (e)ds,

Z iy sin(2ma;) 4+ a

solving the equation

n

> (flle ) = flk =) +af(k) = (k). (6.1)

Jj=1

By Corollary 5.6 the operator T~ is bounded from ¢2(Z") to (?(Z™) for any s € R
that is, if g € £2(Z") then the solution f to (6.1) satisfies f € (2(Z").
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