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Abstract Given a compact Lie group G, in this paper we establish L”-bounds for pseudo-differential
operators in LP(G). The criteria here are given in terms of the concept of matrix symbols defined on
the noncommutative analogue of the phase space G x 6, where G is the unitary dual of G. We obtain
two different types of L” bounds: first for finite regularity symbols and second for smooth symbols. The
conditions for smooth symbols are formulated using y’;}jg(G) classes which are a suitable extension of the
well-known (p, §) ones on the Euclidean space. The results herein extend classical L? bounds established
by C. Fefferman on R". While Fefferman’s results have immediate consequences on general manifolds
for p > max{é, 1 — 8}, our results do not require the condition p > 1 —3§. Moreover, one of our results also
does not require p > §. Examples are given for the case of SU(2) = S3 and vector fields/sub-Laplacian
operators when operators in the classes Y(TO and 5’1"0 naturally appear, and where conditions p > § and
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p > 1 —§ fail, respectively.
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1. Introduction

In this work, we study the L? boundedness of pseudo-differential operators on compact
Lie groups. The investigation of the behaviour of pseudo-differential operators of
Hoérmander’s class S’” 5 In L? is a fundamental problem in the theory of pseudo-differential

operators. The fact that the class S? s begets bounded operators on L? for every
l <p<oo is well known (e.g. [34, Ch. 13]). The boundedness on LP(R") for all
1 < p <oo fails for general operators with symbols in Sg’a(R” x R") with p < 1.
Furthermore, when m > 0 is small, for operators with symbols in S;"g‘ (R" x R") with
p < 1 one can only get L?(R") boundedness for finite intervals centred at p = 2, which
is a consequence of C. Fefferman’s estimates (cf. [7]) and the work on multipliers of
Hirschman (e.g. [16]) and Wainger (cf. [35]). The obstruction for the boundedness on
LP(R") for all 1 < p < oo of operators in OpSgya(R” x R") with p < 1 is explained in
a more general setting by the works of Beals [2] and [3]. The C. Fefferman’s results
were extended to symbols with finite regularity by Li and Wang in [19]. A version of L?
Fefferman type bounds in the setting of S(m, g) classes has been established in [6].

The L? boundedness on compact groups for invariant operators (Fourier multipliers)
with symbols of finite regularity has been studied in [26, 28]. The case of the circle has
been considered in [20].

The (p, §) classes 5”"5 (G) on compact Lie groups with 0 < < 1( < 1) have been
introduced in [23] and then in [24] motivated by the study of sharp Gardmg inequalities,
and subsequently developed in [9, 26-29].

In this paper, we first establish L? bounds for finite regularity symbols by applying
multiplier results of [26] and [28]. Secondly, we extend Fefferman’s bounds to compact
Lie groups obtaining some improvement with respect to the range of (p,§) from the
point of view of pseudo-differential operators on compact manifolds. Our analysis will
be based on the global quantisation developed in [23] and [25] as a noncommutative
analogue of the Kohn—Nirenberg quantisation of operators on R". The classes .7 ;”'5 (G)
on a compact Lie group G extend the corresponding Hormander ones when G is viewed
as a manifold. The advantage here is that we will not impose the usual restriction
1 — 6 < p when dealing with those classes on manifolds. Thus, here we allow p < % and
p=34.

In order to illustrate our main results we first recall the L?(R") bounds obtained by
Fefferman [7]. In the following theorem, we denote by o(x, D) the pseudo-differential
operator with symbol o (x, &), i.e.

o, D) = [ a0 Fe)de.

Theorem A. (a)Let0< 8§ <p <landv <n(l—p)/2.Leto =o0(x,§) € S;,”(S(R”). Then
o(x, D) is a bounded operator from L”(R") to L?(R") for

‘1 1‘ v

N I Q—

2 pl n(l-—p)
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(b) If ‘% - %‘ > ﬁ, then the operator o (x, D) associated to the symbol

o, §) = 0pu @) = (E) " e s, (1.1)

is not bounded from L?(R") to L?(R").
(c) Let 0 =0o(x,§) € S;’g(l_p)ﬂ(R"). Then o(x, D) does not have to be bounded on

L'(R"™) but is bounded from the Hardy space H'(R") to L'(R").

The part (a) can be deduced from (c) by complex interpolation. The part (b)
corresponds to the classical counter-example due to Hardy-Littlewood—Hirschman—
Wainger (cf. [16, 35, 36]). The complex interpolation and the duality (H') = BMO
obtained by Stein and Fefferman in [8] reduce the proof of (¢) to the estimation of
L% — BMO bounds. We note that the conditions on the symbol in Theorem A restrict the
choice of the parameter p depending on the order of the symbol. Part (b) shows that part
(a) is sharp with respect to the size of the interval around p = 2. Moreover, the sharpness
of the choice of the value p is explained by an estimate due to Hérmander [17]. In this
paper, one of our main results will give an analogue of Theorem A on compact Lie groups.

In § 2, we recall basic elements of the theory of pseudo-differential operators on compact
Lie groups. In § 3, we establish our main results on L?” boundedness, we consider two types
of conditions, the first ones imposing finite regularity on the symbol and the second ones
for C*°-smooth symbols.

To give a taste of our results we state two of our main theorems. Here, we rely on the
global noncommutative analogue of the Kohn—Nirenberg quantisation (3.7) on a compact
Lie group G developed in [23, 25] providing a one-to-one correspondence between matrix
symbols ¢ on the noncommutative phase space G X G and the corresponding operators
A =o(x, D) given by

Af@) =@, D)f(@) = Y. di TrE ()0 (x.6) F(&)). (1.2)

[£1eG

We refer to § 3 for the precise definitions of the appearing objects.
The following limited regularity result corresponds to Theorem 4.8. The notation D¢
will indicate a suitable difference operator with respect to the discrete unitary dual.

Theorem 1.1. Let G be a compact Lie group of dimension n, and let 0 < §, p < 1. Denote

by « the smallest even integer larger than %. Let 1 < p < oo and £ > % with £ € N.

5
Let A : C*®(G) — D'(G) be a linear continuous operator such that its matriz symbol o
satisfies

188 DE0 (x, £)llop < Captg) 0PI+ (1.3)
with

1 1 n
m0>/c(1—p)'———‘+5<|:—i|+l),
p 2 p

for all multi-indices a, B with || < «, |B] < £ and for oll x € G and [£] € G. Then the
operator A is bounded from LP(G) to LP(G).
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Here [2] denotes the integer part of 2.

For smooth symbols we prove the following theorem which corresponds to
Theorem 4.15. In particular, we will not impose the well-known restrictions p > % or
p =2 1—6§ when dealing with pseudo-differential operators on closed manifolds as an
advantage of the global calculus employed here.

Theorem 1.2. Let G be a compact Lie group of dimension n. Let 0 <8 < p < 1 and

n(l—p)
—

Leto € Ypf(‘g’(G). Then o (x, D) extends to a bounded operator from LP(G) to L?(G) for

0<v <

1 1 < v
o3l s

Let us compare the statement of Theorem 1.2 on compact Lie groups with Theorem
A on R". First we can observe that Theorem A readily yields the corresponding
L?-boundedness result on a general compact manifold M for pseudo-differential operators
with symbols in class S 5. However, for these classes to be invariantly defined on M one
needs the condition p > 1-35 (see e.g. [30]). Together with condition p > § this implies, in
particular, that p > % Therefore, Theorem A implies the statement of Theorem 1.2 under
the additional assumption that p > 1 —3§ (and hence also p > %), see also Remark 3.3
for the relation between operators in these symbol classes. Thus, the main point of
Theorem 1.2 is to establish the L?-boundedness without this restriction. This is possible
due to the global symbolic calculus available thanks to G being a group. We point out that
the condition § < p has been also removed for the L2-boundedness on R" by Hounie [18].

2. Motivation and applications

Let us give several examples of one type of applications and relevance of the obtained
results. Let G = SU(2) ~ S® be equipped with the usual matrix multiplication of SU(2),
or with the quaternionic product on S3. Let X, ¥, Z be three left-invariant vector fields,
orthonormal with respect to the Killing form. Then we have the following properties,
established in [29]:

(i) Let Ly = X2+ 7Y? be the sub-Laplacian (hypoelliptic by Hormander’s sum of
squares theorem). Then its parametrix Liu » has symbol in the symbol class . (I)(G).
2

(ii) Let H = X?4+Y?2—2Z, it is also hypoelliptic by Hoérmander’s sum of squares
theorem. Then its parametrix H* has symbol in the symbol class .7 (1) (G).
2

(iii) The operator Z + ¢ is globally hypoelliptic if and only if ic ¢ %Z. In this case its
inverse (Z +c¢)~! exists and has symbol in the symbol class 5’0(?0(G).

We note that especially in the case (iii), the class LS”OO,O(G) is not invariantly defined in

local coordinates while our global definition makes sense. For examples (i) and (ii), the

class .7 (])(G) in local coordinates gives the Hormander class . 11 (R3). Consequently,
2 22

Downloaded from https://www.cambridge.org/core. Universiteit Gent, on 23 Nov 2019 at 16:15:59, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/51474748017000123


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S1474748017000123
https://www.cambridge.org/core

LP-bounds for pseudo-differential operators 535

Theorem A cannot be applied since the condition p > § is not satisfied in this case.
Nevertheless, the results obtained in this paper apply, for example Theorem 1.1 works
for the class YOOO(G), and both Theorems 1.1 and 1.2 for the class Y (G) Thus, this

can be used to derive a priori estimates in L? Sobolev spaces W»>* for example

1 lzr sy S CplliZ+O I, 25413y’ Il <p<oo,
or
”f”LP(S3) < CpllLul] p‘,,, I3 I <p<oo,
and
I sy < CpllHull 111 L)’ I <p<oo.

The above examples show that similar to the introduction of the classes S’” by
Hormander in the analysis of hypoelliptic operators on R”, the classes ymS(G) also
appear in the analysis of (already) Fourier multipliers on Lie groups. Moreover, if a Lie
group is acting on a homogeneous manifolds G/K, the Fourier analysis on G gives rise
to the Fourier analysis on G/K in terms of class I representations of G.

We refer to [29] and [28] for other examples of the appearance of the globally defined
classes 5’;(‘; (G) in the context of compact Lie groups, also for noninvariant operators,
but let us give one explicit example here.

Let f € C°°(G) be a smooth function on G and let £ be the Laplacian on G. Consider
the (Schrodinger type) evolution problem

{iatu + fx)(1=L)%%u =0,

u) =1. (2.1)

Then, modulo lower-order terms, the main term of its solution operator can be seen as a
pseudo-differential operator with symbol

o1 (x, &) = L (0(E)

where (&) stands for the eigenvalue of the elliptic operator (1 — £)!/? corresponding to
the representation &. One can check, for example using the functional calculus from [27],
that o € Yoa(G), with p = 1 —4§. In particular, we may have p < §, depending on the
range of § in (2.1).

This example can be extended further if we take £ in (2.1) to be a sub-Laplacian, since
the matrix symbol of the sub-Laplacian can be also effectively controlled, see e.g. [13],
with further dependence on indices, as already in the case of S in (i) above.

There are other examples of problems that can be effectively treated by the global
calculus rather than by localisations of the classical Hormander calculus. For example, let
Lsup be a sub-Laplacian on G, i.e. a sum of squares of left-invariant vector fields satisfying
Hoérmander’s commutator condition of order r. If we consider the Cauchy problem for
the corresponding wave equation

82u —a(t) Lyypu = 0, (2.2)

even with smooth function a > 0, it is weakly hyperbolic and its local analysis,
while involving the microlocal structure of the sub-Laplacian, is rather complicated.
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However, the problem (2.2) can be effectively analysed using the global techniques of
pseudo-differential operators on groups. Thus, such results have been obtained in [13]
with sharp regularity estimates (depending on the Hérmander commutation order r)
for the solutions of the Cauchy problem for (2.2) allowing a > 0 to be also of Holder
regularity. The x-dependent pseudo-differential operators would appear if we allow a to
also depend on x.

There is a variety of other problems in analysis that require the control of
lower-order terms of the operator which are not provided by the classical theory of
pseudo-differential operators using localisations but can be controlled using the global
theory of pseudo-differential operators on groups or on homogeneous spaces. For example,
using such techniques, estimates for the essential spectrum of operators on compact
homogeneous manifolds have been obtained in [5], spaces of Gevrey functions and
ultradistributions have been described in [4] relating them with the representation theory
of the group acting on the space, Besov and other function spaces have been related to
the representation theory of groups in [21]. It should be noted that many of the developed
techniques work not only on groups but also on compact homogeneous manifolds G/K
via class I representations of the compact Lie group G, thus covering the cases of real,
complex or quaternionic spheres, projective spaces, and many other settings.

Furthermore, many techniques can be extended to noncompact situations, notably
those of nilpotent Lie groups; see [12]. Nilpotent Lie groups, in turn, have a wide range
of applications to various problems involving differential operators and equations on
general manifolds due to the celebrated lifting techniques of Rothschild and Stein [22].
We refer to [12] for further explanations and examples of this (nilpotent) setting.

3. Preliminaries

In this section, we recall some basic facts about the theory of pseudo-differential operators
on compact Lie groups and we refer to [23] and [25] for a comprehensive account of such
topics.

Given a compact Lie group G, we equip it with the normalised Haar measure u = dx
on the Borel o-algebra associated to the topology of the smooth manifold G. The Lie
algebra of G will be denoted by g. We also denote by G the set of equivalence classes
of continuous irreducible unitary representations of G and by Rep(G) the set of all such
representations. Since G is compact, the set G is discrete. For [£] € 6, by choosing
a basis in the representation space of &, we can view & as a matrix-valued function
£:G — C%*d  where de is the dimension of the representation space of &. By the
Peter—Weyl theorem the collection

(Vs & - 1<, j <ds, [£] € G}

is an orthonormal basis of L2(G). If f € L'(G) we define its global Fourier transform at
§ by

Fe &) = &) 2=/Gf(X)E(X)*dX- (3.1)
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Thus, if £ is a matrix representation, we have f(é) € C%>*4s  The Fourier inversion
formula is a consequence of the Peter—Weyl theorem, so that

F@ =Y de T () F16)). (3.2)

[£1eG

Given a sequence of matrices a(§) € C%*% we can define

(Fola)x) = Y de TeE(x)a(®)), (3.3)

[£1G

where the series can be interpreted in a distributional sense or absolutely depending on
the growth of (the Hilbert—Schmidt norms of) a(£). For a further discussion we refer the
reader to [23].

For each [£] € 6, the matrix elements of & are the eigenfunctions for the Laplacian Lg
(or the Casimir element of the universal enveloping algebra), with the same eigenvalue
which we denote by —)»[25], so that

—LgEj(x) = Mpj&ij(x) forall 1 <, j < d. (3.4)

The weight for measuring the decay or growth of Fourier coefficients in this setting is
&):=( +A[ZE])%, the eigenvalues of the elliptic first-order pseudo-differential operator
- ﬁg)%‘ The Parseval identity takes the form

1/2

1f 26 = | D 2l F© s where || f(€)I17s = Tr(f(€) F€)), (3.5)

[£1eG

which gives the norm on 62(6).
For a linear continuous operator A from C*®(G) to D'(G) we define its matriz-valued
symbol o (x, &) € C%*4 by

o (x, &) == E(x)*(AE)(x) € Cex%, (3.6)
where A&(x) € C%*% i understood as
(A&(x))ij = (A&;)(x),

i.e. by applying A to each component of the matrix &(x). Then one has [23, 25] the global
quantisation
Af(x) = Z d: Tr(§(x)o (x,8) f(§)) = o (x, D) f(x), (3.7)

[£1€G

in the sense of distributions, and the sum is independent of the choice of a representation
& from each equivalence class [€] € G. If A is a linear continuous operator from C*®(G) to
C®°(G), the series (3.7) is absolutely convergent and can be interpreted in the pointwise
sense. The symbol o can be interpreted as a matrix-valued function on G x G. We refer
to [23, 25] for the consistent development of this quantisation and the corresponding
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symbolic calculus. If the operator A is left-invariant then its symbol ¢ does not depend
on x. We often call such operators simply invariant.
The following inequality will be useful (e.g. [23, Theorem 12.6.1]): For A, B € C"*" we
have
IABllus < [[Allopll Bllgs, (3.8)

where || - ||lop denotes the operator norm of the matrix A.

Our criteria will be formulated in terms of norms of the matrix-valued symbols. In order
to justify their appearance, we recall that if A € \Il/’)'” 5(G) on a compact Lie group G is a
pseudo-differential operator in Héormander’s class ‘-Ifl’)'f 5(G), i.e. if all of its localisations to
R" are pseudo-differential operators with symbols in the class S/T’ s(R™), then the matrix
symbol of A satisfies

llo(x, &)llop < CEY™ forallxeG, [£]€e G.

Here | -|lop denotes the operator norm of the matrix multiplication by the matrix
o(x,€). For this fact, see e.g. [23, Lemma 10.9.1] or [25] in the (1,0) case. For the
complete characterisation of Hoérmander classes ‘I'??O(G) in terms of matrix-valued
symbols, see also [29]. In particular, this motivates the usage of the operator norms
of the matrix-valued symbols.

We say that Q¢ is a difference operator of order k if it is given by

0 F(&) = 4o f (&)
for a function ¢ = gg € C*°(G) vanishing of order k at the identity e € G, i.e.,

(Pxqg)(e) =0

for all left-invariant differential operators Py € Diff*~!(G) of order k — 1. We denote the
set of all difference operators of order k by diffk(a). For a given function ¢ € C*°(G) it be
will convenient to denote the associated difference operator, acting on Fourier coefficients,
by R .

AT &) = qf @), (3.9)

Definition 3.1. A collection of k first-order difference operators
Ar, ..., A € diff (G)
is called admissible, if the corresponding functions qi, ..., gr € C*°(G) satisfy

Vgjle) #0, j=1,....k,

and
rank(Vgi(e), ..., Vgi(e)) = dim G.

In particular, the group unit element e is an isolated common zero of the family {g j}];: 1
An admissible collection is called strongly admissible if

k
({x € G :qj(x) =0} ={e).

Jj=1
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For a given admissible selection of difference operators on a compact Lie group G we
use the multi-index notation

=AY A7 and ¢f() =g (0 - gr(0)™.

Definition 3.2. Let {Yj}‘}i:mlc be a basis for the Lie algebra of G, and let d; be the
left-invariant first-order differential operators corresponding to Y;. For a € Njj, we denote

% =9y .95,
We use the notation 9y for 9%.

Let Aq, ..., Ay € diff 1(’G\) be a strongly admissible collection of first-order difference
operators.

Let 0<8<p<1 (8 <1). We say that a matrix-valued symbol o(x, &) belongs to

/;f’é (G) if it is smooth in x, and for all multi-indices «, B there exists a constant Cy g > 0
such that

1A% 6 (x, €)llop < Cap(E)mPIFIBI

holds uniformly in x and & € Rep(G). If § < p, this class is independent of a strongly
admissible collection Ay, ..., Ag € diff ! (G) of difference operators. Given a non-negative
integer | we associate a seminorm ||o ;. s defined by

1A¢0E 0 (x, £)llop
(g)ym—plal+3|B|

ol zm = sup
' la|+IBISL, (x.8)

Remark 3.3. If the group G is viewed as a manifold, the localised Hormander class of
operators is denoted by \IJ:}"’(S(G, loc). In [29] for (p, 8) = (1, 0), and then in [9, Corollary
8.13] for more general p and 8, it has been shown that the class of operators \I//’J’" s generated
by the symbol class 5’;{’8 (G), for 0 <8 < p <1 (8 <1) coincides with the Hormander
class of operators \IJ”)’”B(G, loc)for0<S§<p<land1-68<p.

There is also a particular family of difference operators associated to representations
that we need and that we now describe following [26, 28]. Such difference operators play
an important role in the Mikhlin multiplier theorem proved in the above papers.

For a fixed irreducible representation & let us define the (matrix-valued) difference
operator

gD = (5Dij)i j=1,....d5,
corresponding to the matrix elements of the matrix-valued function £y(x) —I. In other
words, if we set

qij (x) := &o(x)ij — dij
with &;; the Kronecker delta, and use the definition in (3.9), then

5Dij = Ag;-
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If the representation is fixed, we may omit the index &y for brevity. For a sequence of
difference operators of this type,

Di=gDij, D2 = 5Dijps oo, D = gD

i2j2r+ ik Jk o

with [£,] € G, 1 <im, jm < ds,, 1 <m <k, we define
o o
D* =D ... Df*.

Let us now fix a particular collection A of representations: Let &) be the collection of
the irreducible components of the adjoint representation, so that

Ad=dimZ(G)1® P &

tely

where £ are irreducible representations and 1 is the trivial one-dimensional representation.
In the case when the centre Z(G) of the group is nontrivial, we extend the collection Ao
to some collection Ag by adding to Ao a family of irreducible representations such that
their direct sum is nontrivial on Z(G), and such that the function

p*(x) = Y (de —trace£(x)) >0

[1leA

(which vanishes only in x = ¢) would define the square of some distance function on G
near the identity element. Such an extension is always possible, and we denote by Ay any
such extension; in the case of the trivial centre we do not have to take an extension and
we set Ag = Ag. We denote further by & the second-order difference operator associated
to p*(x),

A= Fprx)F .

In the sequel, when we write D%, we can always assume that it is composed only of
£, With [§,] € Ag.

Such difference operators D¥ enjoy a number of additional algebraic properties
compared to arbitrary difference operators, for example they satisfy the Leibniz formula,
and lead to the distance function p(x) that gives rise to the Calderon-Zygmund theory
in the spirit of Coifman and Weiss; see [28] for the details.

4. LP-boundedness

In this section, we establish the main results on the boundedness of operators on L?(G).
We observe that from Theorem A by Fefferman and the equivalence of classes described
in Remark 3.3, one can extend the Fefferman bounds to compact Lie groups for symbols
in y;fs(G) as an immediate consequence, but assuming that § < p and 1 -8 < p. In
particular, this type of argument leads to the restriction p > % So the case of interest to
us will be the one allowing p < % and p = 8. Moreover, we also obtain some L” bounds
for symbols with finite regularity, which cannot be deduced from the aforementioned
equivalence of classes for smooth symbols. In the latter case we even allow § > p.
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4.1. Symbols of finite regularity

In order to deduce some consequences the following lemma proved in [4] will be of
importance to us.

Lemma 4.1. Let G be a compact Lie group. Then we have
> ditE) ™ < o0
[£1eG
if and only if s > dim G.
In the next lemma we deduce a sufficient condition for the L°°(G)-boundedness.

Lemma 4.2. Let G be a compact Lie group. Let o be the symbol of a linear continuous
operator A : C*°(G) — D'(G) such that

ess sup ||]-"51cf(x, Mg < oo (4.1)
xeG

Then A extends to a bounded operator from L*°(G) to L*°(G), and

IAf Iz < esssup | Fg'o(x, Mer I fliee,  Yf e L¥(G).
xeG

Proof. We first observe that

Af(x) =) de Tr(E(x)o (x, §) F(£))

[£1eG

= [ 3 @ Treo . £)600 £ ) dy

Y e1ec

= / > & TrEW W (. ) F () dy

e

- / > de TrE( T 00 (0, 8) £ () dy

‘16
=/G]-‘6]U(x, VT f () dy
=(f*F5'o(x, )@).

Hence
[Af(x)] < IIF{;lG(x, MNrrlfllLe@e) < ClfllL=@),

for almost every x € G.
Therefore,

IAf ll(6) < esssup [ Fg o (e, )l Il £ L)
xeG

completing the proof. O
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The next statement gives a sufficient condition for an operator to be Hilbert—Schmidt
on L?(G) and bounded on L?(G) for 2 < p < oo. It also shows an example of when the
condition (4.1) is satisfied; see also Corollary 4.5. It will also imply further results on the
L?-boundedness. This is a particular feature of the compact situation.

Proposition 4.3. Let G be a compact Lie group. Let o be the symbol of a linear continuous
operator A : C*°(G) — D'(G) such that

ess sup Z d,g||o(x,“§)||%S < 0. (4.2)
xeG -~
[£]eG

Then (4.1) holds and A extends to a Hilbert-Schmidt bounded operator from L?*(G) to
L%(G), and to a bounded operator from LP(G) to LP(G) for all2 < p < oo.
The Hilbert—Schmidt norm of A is given by

1AI3s =/ > dello(x. §)Fs dx. (4.3)
[£1€G
Proof. We observe that the Cauchy—Schwarz inequality and the Parseval identity (3.5)

imply
1

[ 17t owamiay < (/G |fG‘o<x,.>(y>|2dy)2

2

= > dllo:. £)l3g

[€1eG

< | esssup E dgllo(x,é)”%ls < 0. (4.4)
xeG ~
[leG

Hence by Lemma 4.2 the operator A is bounded from L*°(G) to L*°(G).
Now, from the proof of Lemma 4.2 we see that the kernel K4 of A is given by

Ka(x,y) = Fglo(x, )y o).

We observe that, by integrating (4.4) over G we get

//|K(x,y)|2dydx=//|fgla(x,-><y*‘x>|2dydx
GJIG GJG

:/ / \Fglo(x, )(2)* dzdx
GJG

=/ Z d§||0(x,§)||%s dx < oo.
Y e1eC

Hence A is a Hilbert-Schmidt operator on L?(G), (4.3) holds and in particular A
is bounded on L2(G). By interpolating between p =2 and p = +o0, we conclude
the proof. O
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Remark 4.4. (i) The esssup,.; in the condition (4.2) can be removed if the symbol
o (x, &) is continuous on G for all [£] € G.

(ii) It is not hard to see that an analogous condition to (4.2) does not hold in the case of
noncompact groups. Indeed, for G = R” consider a symbol o of the form

o(x,§) = Bx)a)
with g € L®(R")\ L2(R"), « € L2(R")\ {0}. Then,

ess sup/ |<7(x,§)|2 d¢ < 00,

xeR"

but o ¢ L2(R"” x R") and ¢ does not beget a Hilbert-Schmidt operator on LZ(R").

As a consequence we obtain the next corollary with a condition in terms of the size of
the symbol measured with the operator norm.

Corollary 4.5. Let G be a compact Lie group and let m be a real number such that m >
_d11r21 G, Let o be the symbol of a linear continuous operator A : C*(G) — D'(G) such that
loa(x. ©)llop < CE) ™, (x,6) € GxG. (4.5)

Then A extends to a Hilbert-Schmidt bounded operator from L*(G) to L*(G), and to a
bounded operator from LP(G) to LP(G) for all2 < p < o0.

Proof. By applying (3.8) to the decomposition o (x,§) = o (x,§)l4,, where I, is the
identity matrix in C%*% _Lemma 4.1 and the assumption on the symbol, we obtain for
every x € G:

> dello@.6)lEs < Y dElox. O,

[£1eG [£1eG

<C DY diE) " < oo
[£1€G

Then, sup, g Z[g]e@ dello(x,§) ||ﬁS < 00, and an application of Proposition 4.3 concludes
the proof. O

Remark 4.6. (i) The condition (4.5) on the order of the symbol, m > dimTM, is well known
(cf. [30]) in the context of compact manifolds M as a sharp order to ensure that a
pseudo-differential operator is Hilbert—Schmidt. Here, in contrast, we do not assume any
smoothness on the symbol nor do we require it to satisfy inequalities for the derivatives.
(ii) We observe that in the case of the torus T”, if the symbol o only depends on & and

for k > 5, k € N, satisfies the inequalities

|Afo (&) < CE)* for all & € Z", (4.6)

and all multi-indices o such that || < k, then the operator A is bounded on L?(T") for
all 1 < p < oco. Here

o __ (23] Qp
H _A%-l ...Agn
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are the usual partial difference operators on the lattice Z". This classical result has been
extended to noninvariant operators on the torus, replacing (4.6) by

0/ Afo(x. &) < C(E)T for all £ € 2", (4.7)

and all multi-indices «, 8 such that |«| <k, || < k.

(iii) Moreover, recently in [28, Theorem 2.1] a version of the condition (4.6) has been
obtained for compact Lie groups. Let x be the smallest even integer larger than di%c. Let
A : C*®(G) — D'(G) be a left-invariant linear continuous operator. Among other things
it was shown in [28] that if its matrix symbol o satisfies

IDEo () llop < Co (€)™ (4.8)

for all multi-indices o with || < x and for all [£] € 6, then the operator A is of weak
type (1, 1) and LP-bounded for all 1 < p < oc.

(iv) Further, a condition of type (p, 0) has been also obtained in [28, Corollary 5.1]. Let
p €0, 1] and let ¥ be as above. If A : C®°(G) — D/'(G) is left-invariant and its matrix
symbol o satisfies

IDEo (&) llop < Co (€)1 (4.9)

for all multi-indices « with |a| < « and for all [£] € 6, then the operator A is bounded
from the Sobolev space WP (G) to LP(G) for 1 < p < oo and

1 1
rzk(l—p)y|——=].
p 2

Here the Sobolev space WP-"(G) consists of all the distributions f such that (I — [,G)%f €
L?(G).

(v) Lemma 4.2, Proposition 4.3 and Corollary 4.5 admit suitable extensions to general
compact topological groups and nilpotent groups; see e.g. [11].

As a consequence of [28, Corollary 5.1] (or Remark 4.6(iv)), we obtain:

Theorem 4.7. Let p € [0, 1] and let k be the smallest even integer larger than % If
A : C®(G) — D/'(G) is left-invariant and its matriz symbol o satisfies

Do (€)llop < Co (€)1 (4.10)
with

’

(1 ) 1 1
= _ —__
* P p 2

for all multi-indices a with |a| < k and for all [E] € 6, 1 < p < 00, then the operator A
s bounded from LP(G) to LP(G).
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Proof. We observe that the symbol
L'E) =a()E)

satisfies
IDET E)llop < Cal€) ™1,
for all multi-indices @ with |a| < « and for all [£] € G. Then, the left-invariant operator
Op(I") corresponding to I' is bounded from W#'"(G) into L?(G) with r = k(1 — p) )% — %‘
But
Op(I') = A(I — Lg)?

and (I — Lg)% is an isomorphism between W?:"(G) and L?(G). Therefore, A is bounded
from L?(G) into L?(G). O

We note that if the condition (4.10) holds for p = 1, then r = 0, and A is bounded on
L?(G) for every 1 < p < co. Hence, Theorem 4.7 absorbs the condition (4.10). We now
derive a (p, 8)-type condition following the main idea in the proof of Theorem 5.2 in [28]
and using Theorem 4.7.

Theorem 4.8. Let 0 < 6§, 0 <1 and dimG = n. Denote by k the smallest even integer
larger than 5. Let 1 < p < oo and let £ > % be an integer. If A : C®°(G) — D'(G) is a
linear continuous operator such that its matriz symbol o satisfies

192DE o (x, &) llop < Cap(g) M0~ PlalHIA] (4.11)

1 1 n
mo=2k(l—p)|——=|+6(|—|[+1]),
p 2 P
for all multi-indices a, B with |a| < «, |B] < £ and for all [§] € @, then the operator A is

bounded from LP(G) to LP(G).
Proof. We first write

for all x, with

Af(x) = (f *xra(x))(x),
where
ra(x)(y) = Ra(x,y)
denotes the right-convolution kernel of A. Let
Ay f(x) == (fxra(y)(x),
so that Ay f(x) = Af(x).

Now we see that

IAFIL gy = / |Ax f I dx < / sup | A, f ()| dx.
G G yeG
By applying the Sobolev embedding theorem, we obtain
sup |4, fFOI? <€ 30 /GwaAyf(x)V’dy.

yeG lyl<¢
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Now, by Fubini Theorem we have

1471 <€ 3 [ [ 1074, axay

lyl<e
<C sup/ 103 Ay £ (0|7 dx
lyl<e €0
=C > sup 0] Ay £l 0
yI<eY€o
<C Y supllf e £ raWI 2oy F 1)
lyl<e €0

Thus, the operator A will be bounded on L?(G) provided that the left-invariant operators
f fxoyra®y)

are uniformly bounded on L?(G) with respect to y € G, |y| < £. We shall now estimate for
each y € G, the conditions under which such operators are bounded on L?(G) according
to Theorem 4.7. The symbol of the left-invariant operator Dy ,, : f > f*3ra(y) is given
by

op,,(§) =0]0(y,§).

From (4.11) we have
IDEop,, E)lop < Caple) motolVI=rlel, (4.12)

for all multi-indices «, 8 with |a| < x, |y| < £ and for all [£] € G.
Hence Dy, is bounded on L?(G) provided that

1 1
—mo+8ly| < —r = —x(1 - p) ‘———‘
p 2

and |y| < £. But this follows from the condition

waco-afs-oi ().

since £ > [%]+1 and (4.12) holds for |y| < [;]+1. Then, the operators D, , are
uniformly bounded on LP(G) with respect to y € G,|y| < £, which concludes the
proof. O

Remark 4.9. (i) If in Theorem 4.8 the operator A is left-invariant, then the symbol o
depends only on & and the conditions of the theorem recover those of Theorem 4.7.

(ii) In Theorem 4.8 the usual condition § < p is not imposed, and in particular § > p is
allowed.

(iii) For relatively large values of p, for instance if p > n, the Theorem 4.8 only requires
smoothness of the first order with respect to x for the symbol o, i.e. reduces to conditions
on first-order derivatives only.
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(iv) By (ii) and (iii), in the extreme situation p = 0,8 = 1, and for p > n, the condition
(4.11) with mg = k(1 — p) )% — %‘ +8([%] + 1) takes the form

i1 -1
198DE0 (e, £)lop < Co oty I FAID (4.13)

for all multi-indices «, B with |«| < k, |8] < 1 and for all [£] € G.

We note that in such situation, the required regularity (= 1) is independent of the
dimension dim G = n, which is in contrast to the situation in the Euclidean setting. In
particular, that is the case of the finite regularity improved version of Fefferman’s bounds
obtained by Li and Wang in [19].

For values near p = 2 the situation is opposite and the condition in Theorem 4.8 does
not improve C. Fefferman’s type conditions that can be obtained for C*°-smooth symbols.
We obtain sharper conditions on the symbol but requiring C°°-smoothness. In particular,
the usual restriction p > % for (p, &) classes on manifolds will not be imposed here as an
advantageous consequence of the global symbolic calculus on compact Lie groups at our
disposal.

Remark 4.10. Recently, the Mikhlin multiplier theorem obtained by the second author
and Wirth in [26, 28] has been reobtained by Fischer in [10] using different collections
of difference operators. If the integer part of n/2 is odd, the orders of required difference
operators coincide, while if it is even, the order is improved by one. However, at the
same time, the collections of difference operators one has to work with are different: the
difference operators in [10] come from fundamental representations of the group, while
our collection D¥ comes from the finite decomposition of the adjoint representation into
irreducible components. However, since they are related, it is probable that the evenness
of k¥ can be removed for our collection of difference operators D¥.

In any case, if in (4.11) one replaces the collection D* of difference operators by the
collection of difference operators associated to fundamental representations of the group,
a simple modification of the proof yields the statement of Theorem 4.8 with « being the
smallest integer larger than 5 without requiring its evenness, giving an improvement of
the order by one for half of the dimensions.

4.2. C*°-smooth symbols

We turn now to a different perspective by looking for conditions for C*°-smooth symbols.
We employ the geodesic distance on the group G and it will be denoted by d. For the
distances from the unit element e we write |y| = d(y, ¢). The corresponding BMO space
with respect to this distance will be denoted by BMO(G). The following lemma will be
useful to obtain L* — BMO(G) bounds by applying partitions of unity.

Here and in the sequel it will be also useful to introduce the number

a=1—p

that we use everywhere without special notice. Before formulating the following lemma
we record asymptotic properties that will be of use on several occasions: asymptotically
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as A — 0o we have

DA E) ™ =< At for o > 1, (4.14)
(&)<

and
Z dZ (§)*" =< 1@t for o < —1. (4.15)

We refer to [1] for their proof.

Lemma 4.11. Let G be a compact Lie group of dimension n and let 0 <a < 1.
Let0<éd < 1—a. Leto € 5”1 —a S(G) be supported in

{(x,€) € GxG : R < () <3R},

for some R > 0. Then o(x, D) extends to a bounded operator from L°°(G) to L*°(G),
and for 1 > 5 we have

lo(x, D) fliL=G) < CIIUII ~a | fll 6y
—05

with C independent of o, f and R.
Proof. Let o € ypfg” (G) be supported in

{(x,£) e Gx G : R < (&) <3R), (4.16)

for some fixed R > 0. In order to prove Lemma (4.11) we apply Lemma 4.2. We split G
into the form
G={yeG:|yl<blU{yeG:|yl> Db},
where b = R,
By applying Cauchy—Schwarz inequality, Parseval identity and the inequality (3.8) to
the decomposition

o(x,8) =o(x,8)lg

we obtain
1

/ |fc‘o<x,-)<y>|dy<(u({|y|<b})>%(/ F5 o, ~>(y>|2dy)2
ly|<b G

0=

1
= (AT < RD)T Y dellox 91

[£1eG
1
2
n(a—1)
SCR™T | Y dillox. )3
{R<(§)<3R}
1
2
n(a—1)
SCR™T | Y dlox. 91,

{RS(E)3R)
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1
2

na—1) 2 _
< Cllo _na R™2 d na
<Cloll, - > diE)

@ {R<(E)<3R}

na—1) n(l—a)

< Cllol|l _na R™2 R 2 (4.17)
‘Z—az,s

< Clo _na < 00, 4.18
<C ”05’1_}5 (4.18)

with C independent of R and o. For the inequality (4.17) we have applied the estimate
(4.14).

We now consider the integral f|y|>b |.7-'C_;la(x, ) |dy. To analyse it we take the
difference operator A, associated to g that vanishes at e of order / and e is its isolated
zero, i.e., there exist constants Cy, C> > 0 such that

Cilyl' < lgl < Gyl

We first note that |g(y)| < Cly|’, for small |y|, e.g. lg(y)| < Cd', for |y| < d for some
suitable d. We have, using the boundedness of r,

Folox, -
/ |Fg‘a(x,-)(y)|dy=/ lg(»(Fg o(x, )W)
lyl=b lyl=b lg (y)I

<(/ |q<y>|—2dy)2</ |q<y><fc‘o<x,~>><y>|2dy)2
{ly|=b} G

1
1 2

2
<c(/ |y|—”dy) Y dellAgo(x,E)lIEs
{lyl=b}

{R<(E)3R}

1

2

_9 1
<cehrl DY dEllage k.8,
{R<(§)<3R}

D=

2

< C”U”1 o R@=D(5-D Z dé?(é)—na—ZI(l—a)

imad {R<(8)}

<Cloll - R@DG=D) pU-a)(5=D) (4.19)
Y 1—a,d

<Cloll, - <os,

*1-a,é

with C independent of R and o. For the estimation of the integral f“y|>b} ly|=2 dy we
note that the essential case is b small, and so the bound can be reduced to a local
estimation. O

We now establish a L°°(G) — BMO(G) estimate which will have as a consequence the
main results for smooth symbols. The space BMO(G) correspond to the system of balls
B(x, r) determined by the geodesic distance d.
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Theorem 4.12. Let G be a compact Lie group of dimension n and let 0 < p < 1. Let
n(1—p)

0<é§<pando € 5” . 2 (G). Then o (x, D) extends to a bounded operator from L (G)

to BMO(G) and moreover forl > ﬂ we have

llo(x, D) fllamoG) < C||U|| _n0-p) I fllLooG),

[ 0,8
with C independent of o and f.

Proof. Here and everywhere we write a:=1—p. Let us fix f € L®(G) and B =
B(xp,r) C G. We show that there exist an integer k and a constant C > 0 independent
of f and B such that

/ lo(x, D) f(x) —gpldx < Cllo|| e I fllzoe, (4.20)

lazS

M(B(x()v r)

: 1
where we hav.e written g = o (x, D) f and g = TEoeT) fB gdx.
We also write
Ro = sup{R : 3x € G such that B(x, R) C G}.

We split o (x, &) into two symbols,
o= 00 —i—al,

with ¢® supported in (€) <2Ror~!' and o' supported in (&) > %Ror’]7 satisfying the
following estimates

”60”17 wa | ol o < Cloll % for every [ > 1. (4.21)

la6 la8 1—-a,s

In order to establish the existence of the above splitting (4.21) one can counsider a
function 0 < y € C*®(R) which equals to 1 if [¢] < and with suppy = {|f] < 1}. We set

v(E) =y )

and
o'(x,8) = o (x, £)7(&).

Moreover, the seminorms of ¢® can be controlled by those of o by

0
lo°ll, 2 < Cillol oo for all 1 > 1. (4.22)

1— a6 > 1-a,é

Now, by taking o! = o — ¥, the estimate (4.22) is still valid for o!.
Now we note that for a left-invariant vector field X on G we have

X(EM()o(x,8) = X(EW)o(x, §) +5(x) Xo(x, §)
=&W)ox(§)o(x, §) +5() Xo(x, §),
where we have used the fact that
E(x)ox(§) = (X&)(x)
from (3.6) applied to A = X.
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Hence
XAf(x) = Z ds Tr (E(x) (ox (§)o (x, &) + Xo (x, £)) [ (£)) .
[§1€G
In particular, with X = X3 = 9y, being a left-invariant vector field we obtain
05, 0°(x, D) f(x) = o' (x, D) f (%), (4.23)
where

o'(x,8) = ox, ()0 (x, §) + Xpo (x, £).
By using a suitable partition of unity we write

o'(x, &) =Y pjx,£),
j=1

with p; supported in (§) ~ 2 Jr=1 and such that
i _na < C2 jr 1 o _na 4.24
”:0] ”l o3 l ”l > ( )

2
s 1—a,8 *1—-a,é

In order to construct such partition of unity, we consider n : R — R defined by
o if e <,
() = { 1if e > 2.
We put p(t) = n(t) —n(2~'¢). Then
supp p = {1 < [t] < 4}.
One can see that
0 .
L=n0+Y p@/n) forallreR.

j=l1
Indeed,

4
N+ Y pQ71) = @) +nQ2) =) +nQ*) —n@)+---+nQ2'0H -2
j=1

=nQ2%) > 1 ast— oo.

In particular, we can write t = r(£) and then

L=n(rEN+Y_ pr2! ).
j=l1
The support of n is {|t| > 1} and if r(€) < 1, then
nr{E) =0

and hence

L=Y p@r2/ (&)
j=1

for {(&) <r !}
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Now, since supp o’ = supp o in view of (4.23), we have
s .
o'(x.&) = p(r2/(£))-o'(x. §).
j=1

We set '
pj(x, &) =p@r2/ (&)o' (x,§) = aj(§)o’(x,§).

The estimate (4.24) for the seminorms of p; now follows from the relation between o and
o’ as well as from the fact that p;(x, §) = «;(§)o’(x, §).
We now apply Lemma 4.11 to the pieces p; obtaining

o]

192,0°Ce, D) fllzoe < D llpj(x, D) f o
Jj=0
o0
-1 —j

<Crmty 27Nl Sl
A':O ' 1—a,8

<Cr Yo _na [oo.

<cr | ”z,fl,f,a”f”

An application of the Mean Value Theorem gives us
0°Ce, D) f(x) =gl < Cllo|l  _ma |l fllze.
' 1—a,d
Hence
m./zs 0°(x, D) f(x) — gpldx < CIIGIII o I fllzee, (4.25)

* 1—a,d

which gives (4.20) for o°.
We now consider the term o', we recall that we fixed a ball B(xg,r) C G. We now
also fix a cut-off function ¢ over G, with 0 < ¢ < 10, ¢ > 1 on B(xop, r) and such that its
<

(C~'r)T ). Let us write

1

Fourier transform a verifies supp(a) C {(&)

()0 (5, D) f(x) = o', DY@ND) + (9,0 e, D) | ey =1 +11. (4:26)

For the estimation of I we begin by factorising it in a suitable way. Let L be the
following power of the Laplacian on G, L = (1 —Lg)? . By [27, Theorem 4.2] we have
L € Op#7'((G) and it is known that L~ is a positive operator (cf. [14, 15, 33]), i.e.,
L~ (g) > 0if g > 0. We write

o' (x, D)(@f) = (o' (x, D)o L) (L™ (1)) (4.27)

na na

Since Opfﬁ (G) C Opyza’a(G), we note that o'(x, D)oL is a pseudo-differential
operator in Opylo_ 2.5- We also have
L' HT — 12 (4.28)
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By the L? boundedness for operators of order 0 (cf. [9, Proposition 8.1]), applied to
the operator o!(x, D) o L, we deduce the existence of a constant C and an integer ly such
that

lo'(x, DY@ < Clloal®  _wa - IL7H @7 (4.29)

lo;~ lazS

On the other hand, by (4.28) we have
IL7' @72 < ClOfI? g

We also observe that ||$(E ) ||ZIS < C'de. Indeed, by the definition of the Fourier transform
on compact groups, since £(x) is unitary and 0 < ¢ < 10 we have

13E)ls < fG 6% () s | (0l dx < 10/,
where we have used the identities

I1E* (0 15g = TrE*()EX)) = Tr(ly,) = de.

Since L is a positive operator, we obtain

1L @D <IfI3<IL7 @2,
SCUflixlDl?
< Cillfll=(C )"
< CI IR |Bxo, 7).

For the estimation of ||¢||12T% we have used the following inequalities:

1611 e D deE) T E) s

For the last inequality we have applied the estimate (4.14).
Thus

lo! (v, DY@OIT> < Cllo'IP g | 7o B(xo, 7). (4.30)

lo; la(S

By the Cauchy—Schwarz inequality we get

1

/I '(x, D)(¢f)(x)ldx < ( /IG (x, D)(9)(x)] dX)
)l |B|

<C = . 4.31
ot || P /1l (4.31)

01aa

IB(XO,

This proves the desired estimated for I.
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For the estimation of 17, we begin by writing [¢>, ol(x, D)]f(x) in the form
0(x, D) f(x),

where 0(x, £) is a suitable symbol. To calculate 8(x, £) we write B := o' (x, D), consider
the convolution kernel k, of B and observe that

[6,0'(x, D)]f(x) = ¢(x)Bf (x) — B(¢f)(x)
= ¢(X)(f k) (x) = (@) * ki) (x)

= fG ¢ (x) f(xy™ ke (y)dy — /G P (xy™ ) £y Dke(y) dy

= /G Fy (@ () = (xy Dk (1)) dy.

Hence, 0(x, &) is given by
O(x,§) = /G(¢(X)kx(y) —p(xy Dk (M)EM)* dy.

On the other hand, by using Taylor expansions on compact Lie groups (see e.g. [23]
or [29]), we can write

Py =)+ D Yalx, ¥)qa(y),
lae|=1

where ¥, € C®(G x G), g4 € C*°(G), qg4(e) = 0. Hence

06,6 = 3 [ Ve Dk dy

loe|=1
= D ApBgo @, §).
la|=1
Thus
16(x, &)llop < C(&)~ 2 179, (4.32)

For the last inequality we have used the following estimate:

SUP ([ Ay (x,)T(E)llop < CllYa(x, ek sup_ [I7(E)llop.
[£1eG [E]leG

for k > % We now write

0(x. &)=Y 0j(x,8),
=0

with 6;(x, ) supported in (§) ~2/r~1.
By (4.32) and from the inequalities for the support of 6; one has

(5)7(17”) < co—i(-a)

and
—j(l—a)
101l —ne <C277 ol na,
1;%_&5 l;yl—az,é
for all /.
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n

According to Lemma 4.11 applied to the symbols 6; and I > 5 we have

[[#.0' . D) ] 1o < le@ (x, D) 1~

< Zcz Tl 1l

]0 la6

<C _na 0. 4.33
ol /]azallfllL (4.33)

Since ¢ > 1 on B(xg, §), by using (4.31) and (4.33) into (4.26) we have

fld (x, D) f(x)dx < Blx 0,8)| f 6 (x)-o'(x, D) f(x)|dx

X C 10 o0,
/l —a,s

IB(XO,S)I

which concludes the proof. O

We now establish a theorem for symbols in . ;’”6 (G). We recall that the L? boundedness
holds for operators with symbols in 5’/?75(G) (cf. [9, Proposition 8.1]). As a consequence

of real interpolation between L? boundedness and the previous L> — BMO boundedness
we have:

Theorem 4.13. Let G be a compact Lie group of dimension n and let 0 < p < 1. Let
_n(d—p)

0<éd<pando € Y - 2 (G). Then o(x, D) extends to a bounded operator from LP(G)
to LP(G) for1 < p < oo

Proof. We write A = o(x, D). The symbol o satisfies the condition of Theorem 4.12.
Hence A is bounded from L*®(G) to BMO(G). Moreover, A is bounded from L%(G) to
L?(G). This implies the boundedness of A from L?(G) to L?(G) for 2 < p < 0co. On the
other hand, since o4+ € y/?,a(G) then A* : LP(G) — LP(G) is bounded for 2 < p < o0
and hence by duality we get that A : L?(G) — L?(G) is bounded also for 1 < p <2. O

Remark 4.14. The index Lz—p) in Theorem 4.13 cannot be improved, i.e., if one takes

instead an index vy < "(];p)

,one only gets L? boundedness for some finite interval around
p =2 and not for any p outside that interval. This situation will be explained in more
detail by the next theorem and Remark 4.16.

We now apply the complex interpolation for an analytic family of operators (cf. [31, 32])
to obtain L? bounds for orders v with 0 < v < @:

Theorem 4.15. Let G be a compact Lie group of dimension n and let 0 < p < 1. Let
0<8s<p andaeyp_,; with
n(l—p)

0<
V< 5
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Then o (x, D) extends to a bounded operator from LP(G) to LP(G) for

’ 1 1 ‘ v

R P (L —

p 2 n(l—p)
Proof. Let 0 € yl_:;,a(G)' We consider the family of operators {T;}ogre ;<1 defined by
the symbols

yo(x. ) = e o (x, £)(E) TEED,

where the operators T, are defined via the global quantisation (3.7). One can verify that
for every z =t +1is such that 0 <r < 1, s € R and k € N, we have

12

2
—S
Welle.sp , <€ pzDlioll g

where p()) is a polynomial of degree k.
Since0 < <1, —00 <5 < oo0and es2 dominates |z|k for z € {0 < Rez < 1}, there exists
a constant C; > 0 independent of z such that

2 g2
e p(z]) < Ck.
Hence
”yZ”k,eVlO_a s < Ck”G”k,yliVa 5’ (4.34)

with Cy > 0 independent of z. More precisely, C; only depends on finitely many
seminorms of o.

By the L? boundedness for 5”;3 s classes there exist a constant C > 0 and an integer N
such that ’

1Tz f N2y < C||Vz||1v’y107a,6”f”LZ(G)- (4.35)

From (4.34) and (4.35) we obtain
1T f N2y < Cl||0||N,yliva_5||f||L2(G),

for a suitable constant C; > 0.
It is clear that the family {7 }ogre ;<1 is analytic in the strip

S={z=x4+iyeC:0<x <1}

and continuous in S. Thus, the family {T;}ogre <1 defines an analytic family of operators
uniformly bounded on £(L?*(G), L*(G)). In order to apply the complex interpolation we
observe that

sup 1 T14is fll2G) < Cillolly v 1fliz@y | € LAG),

—o0<s <O

where Cj is independent of f.
On the other hand

nef = [ 3 de e e ot 6 F ) fo ay.

[£1eG
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Since , '
vis(x,§) = e o (x, §)()"(§) 2 (€)' 27,
and
€Ty € A
(see [28]), we have

na

Vis € S a5
Moreover,
s, < Clloll e,

with C > 0 independent of s.
An application of Theorem 4.12 to the operator T;s gives

175 Fllawo) < Clloll v 1 fll=)-
The complex interpolation for an analytic family of operators gives us
IT: flir ) < Cp||U||k,ylf_‘;6||f||LP(G),
where p = %, 0 <t < 1. The corresponding symbol of the operator T; is given by
2 na
v, §) =e o, H)EMTTID.
Since 0 < v < %, there exists ¢, 0 <t < 1 such that
na
v=—(1—-1).
5 (1—1)
Hence the operator A = o (x, D) is bounded from L?(G) into L?(G) for p = 2 and

t
lo(x, D) fllLrc) < Cp”G”kﬂjfT_”a’a||f||LP(G)~

na 2 1 1
v=—|1—=)=nal=-——|.
2 P 2 p

By interpolation between p =2 and p =% we obtain the L?(G) boundedness for p
verifying

‘We note that

1 1 v
——— < —.

2 p " na
We can now apply a duality argument for the case 1 < p < 2. Since the symbol of
the operator A* = o (x, D)* also belongs to 5”1__”“’5 we have A* : LP(G) — LP(G), for
% —L <2 Then

P na
A:LP(G)— LP(G)

for % —% < ;. Therefore, A : LP(G) — L?(G) is bounded for

1 1 v

<
p 2

Remark 4.16. The index @ in Theorem 4.15 is sharp. Indeed, for G = T!, if vy < I—Tp

one only gets boundedness on finite intervals around p = 2. This is a consequence of
the well-known classical multiplier theory on the torus (cf. [16]) and Wainger (cf. [35]).
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Indeed, let G = T! and 0 < p<1,0<yy< I_Tp and consider
o (E)
o) = ;
(&)vo

for £ € Z. Then o € Yp_’go('ﬂ‘l) and the corresponding operator o (D) is bounded on

LP(T") for the interval
Vo
< —
a

p 2
and is not bounded for p outside that interval. The L? boundedness inside the interval
with centre at p = 2 can also be obtained from the general result in Theorem 4.15.

‘11
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