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Abstract
In this paper, we classify all homogeneous pseudo-embeddings of the point-line
geometry defined by the points and k-dimensional subspaces of PG(n,2), and use
this to study the local structure of homogeneous full projective embeddings of the
dual polar space DW (2n — 1,2). Our investigation allows us to distinguish n pos-
sible types for such homogeneous embeddings. For each of these n types, we shall
construct a homogeneous full projective embedding of DW (2n — 1, 2).
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1 Introduction

In [15], we introduced pseudo-hyperplanes and pseudo-embeddings of point-line geometries.
For geometries with three points per line, these notions coincide with the notions of
hyperplanes and full projective embeddings. If pseudo-embeddings exist, then there exists
a largest one which is called the universal pseudo-embedding. The vector dimension of
the universal pseudo-embedding space will be called the pseudo-embedding rank. As we
will see in Section 2.1 (Proposition 2.4), an important tool for determining whether a
pseudo-embedding is universal is the notion of pseudo-generating rank.

If all automorphisms of the geometry lift to automorphisms of the pseudo-embedding
space, then the pseudo-embedding is called homogeneous. In [14, 16], we classified all
homogeneous pseudo-embeddings of the affine spaces AG(n,4), the projective spaces
PG(n,4) and all generalized quadrangles of order (3,¢). The present paper achieves
this goal for another family of geometries. The classification of the homogeneous pseudo-
embeddings of these geometries will have implications for projective embeddings of sym-
plectic dual polar spaces. In fact, this was also our initial motivation for studying this
problem. Let us first define the geometries whose pseudo-embeddings will be investigated.
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For all n,k € Nwith 1 <k <n+1, let S, be the point-line geometry whose points
and lines are the points and k-dimensional subspaces of PG(n,2), with incidence being
the one induced by PG(n,2). If k = 1, then the geometry S, x is just PG(n,2) (regarded
as a point-line geometry). If k = n + 1, then S, has 2" — 1 points, but no lines.

With n and k as above, let €,x be the map from PG(n,2) to PG(N,,2), where
Npjp:=-1+ Zle ("*'), mapping the point (Xo, Xi,...,X,) of PG(n,2) to the point
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(Xo, X1y ooy Xy Xo X1, XoXo, oo, X1 X, Xo X0 Xo, oo, X ko1 X g - Xin)
of PG(N,,,2). The following is our first main result of this paper.

Theorem 1.1 (1) The pseudo-generating and pseudo-embedding ranks of S, i, are equal
to Zf:l (njl)

(2) eny is tsomorphic to the universal pseudo-embedding of Sy .

(3) If k < n, then every homogeneous pseudo-embedding of S,y is isomorphic to €.
The fact that the pseudo-embedding rank of S, is equal to Zle (njl) implies (see
Section 2.1) that the binary code of the points and k-dimensional subspaces of PG(n, 2)
has dimension [PG(n,2)| — 35, (") = S0 (") = S5 (1Y), This is precisely
Corollary 5.3.2 of Assmus and Key [1]. General formulas for the dimension of the p-
ary code of the points and k-dimensional subspaces of PG(n,q), ¢ = p" with p prime
and h € N\ {0}, can be found in Hamada [17, Theorem 1] or Inamdar and Sastry
[19, Theorem 2.13]. These formulas are usually more complex. E.g., Theorem 2.13 of
[19] tells us that the dimension of the above-mentioned binary code is also equal to
L+ 0 S (0 (T ()

Let A = DW(2n — 1,2) with n € N\ {0,1} denote the symplectic dual polar space
associated with a symplectic polarity of PG(2n — 1, 2).

Let x denote a point of A. For every convex subspace F' through z, we denote by Lg
the set of lines through = contained in F'. Let S, denote the point-line geometry whose
points and lines are the lines and quads through x, with incidence being containment.
Then S, = PG(n — 1,2). The k-dimensional subspaces of S, are then the sets Lp for
convex subspaces F' of diameter k£ + 1 through x. After having introduced coordinates
in S, we may identify PG(n — 1,2) with S, and assume that the map €, (as defined
above) maps lines of A through z to points of PG(N,,—1 4, 2).

Suppose now that € is a full projective embedding of DW (2n — 1,2) into a projective
space Y. The image of #+ (i.e. the set of points collinear with z) generates a subspace
>z of ¥. The map € naturally induces a map ¢, from the points of S, to the points of the
quotient space ¥, /e(z). The following is our second main result of this paper.

Theorem 1.2 Suppose € is a homogeneous full embedding of DW (2n—1,2) in a projective
space ¥ and x is a point of DW (2n — 1,2). Then there exists a unique k € {1,2,...,n}
such that the maps €, and €,_1) are isomorphic. For this value of k, we thus have

dim(2,) = Y0, (7).



A homogeneous full projective embedding € of DW (2n — 1,2) is said to be of type k €
{1,2,...,n} if the maps €, and €,_1 are isomorphic. The fact that e is homogeneous
implies that this definition is independent of the considered point x. Homogeneous full
projective embeddings of DWW (2n — 1,2) have not yet been intensively studied. Up to
now, four such embeddings were known, the spin-embedding, the Grassmann embedding,
the universal embedding and the full projective embedding of DW (2n — 1,2) induced
by the universal embedding of the Hermitian dual polar space DH (2n — 1,4) into which
DW (2n — 1,2) is fully and isometrically embeddable. We also prove the following.

Theorem 1.3 (1) Foreveryi € {1,2,...,n}, there exists a homogeneous full projective
embedding of DW (2n — 1,2) that has type i.

(2) Every homogeneous full projective embedding of DW (2n — 1,2) that has type 1 is
1somorphic to the spin-embedding.

(3) The Grassmann embedding of DW (2n — 1,2) has type 2.

(4) The full projective embedding of DW (2n — 1,2) induced by the universal embedding
of DH(2n — 1,4) has type 2 if n =2 and type 3 if n > 3.

(5) The universal embedding of DW (2n — 1,2) has type n.

We also show that among the homogeneous full projective embeddings of type ¢ of
DW (2n — 1, 2), there exists a universal one from which all others of type i can be derived
(by means of quotients).

In the area of full projective embeddings of geometries, there are several results of the
following form:

If §; and Ss are two point-line geometries admitting universal full projective
embeddings €; and € such that S; is a full subgeometry of S;, then the full
projective embedding of S; induced by €; is isomorphic to €.

E.g., it is known that the full projective embedding of Q(4,2) = DW(3,2) induced by
the universal embedding of Q= (5,2) = DH(3,4) is also universal. In [10, Theorem 1.8],
we showed that the full projective embedding of DW (5,2) induced by the universal em-
bedding of DH(5,4) is also universal. Invoking parts (4) and (5) of Theorem 1.3, we now
see that the above statement is false in case S = DW(2n —1,2) and So = DH(2n —1,4)
with n > 4. Summarizing, we then have:

Corollary 1.4 Let n € N\ {0,1}. Then the full projective embedding of DW (2n — 1,2)
induced by the universal embedding of DH (2n — 1,4) is itself also universal if and only if
n € {2,3}.



2 Preliminaries

2.1 Pseudo-embeddings and pseudo-hyperplanes

Suppose § = (P, L,1) is a point-line geometry having the property that the number of
points on each line is finite and at least three. If X7, X5 C P, then X7 * Xy = X1 xp X5
denotes the complement P\ (X;AX5) of the symmetric difference X;AX5 of X7 and Xs.
The operator * on the set 27 of all subsets of P is commutative and associative. Moreover,
X*X =Pand X *P = X for every X € 27. A map ¢ from P to the point set of a
projective space X will often be denoted by € : & — ¥. Two such maps ¢; : S — ¥; and
€y 1 § — X, are called isomorphic if there exists an isomorphism ¢ : 3; — 5 such that
€x = QO €.

Let V' be a (possibly infinite-dimensional) vector space over the finite field Fy of order
2. If W is a k-dimensional subspace of V with 2 < k < oo, then a frame of PG(W) is any
set of points of the form {(e1), (é2),..., (éx), (€1 + & + --- + €x)}, where {é},¢6s,..., 6}
is a basis of W. A pseudo-embedding of S into the projective space PG(V') is a mapping
€: S — PG(V) for which the following hold:

(PE1) The image of € generates the projective space PG(V).
(PE2) e maps every line of S to a frame of some subspace of PG(V).

If € is moreover injective, then the pseudo-embedding is called faithful. A pseudo-embed-
ding € : S — PG(V) is called G-homogeneous, where G is a group of automorphisms of S,
if for every § € G, there exists a (necessarily unique) projectivity 6 of PG(V') such that
e(x?%) = e(x)? for every point x of S. In case G consists of all automorphisms of S, we
will also talk about a homogeneous pseudo-embedding.

If e : § — ¥ is a pseudo-embedding and 7 is a subspace of ¥ that is disjoint from the
image of € and every subspace of the form (e(xy),€e(xs),...,e(zy)), where xq, 2o, ..., 7y
are all the points of a line of S, then a new pseudo-embedding ¢/ : & — ¥ /7 can be
defined which maps each point z of S to the point (m,€(x)) of the quotient projective
space ¥/m. This pseudo-embedding ¢/7 is called a quotient of e. We will write €; > € if
€2 is isomorphic to a quotient of €;. A pseudo-embedding € : S — S is called universal
if € > € for any pseudo-embedding € of S. If this is the case, then there exists a unique
subspace 7 of ¥ for which € is isomorphic to €/m. If S has a pseudo-embedding, then by
[15, Theorem 1.2(1)] we know that S has a universal pseudo-embedding, which is moreover
unique (up to isomorphism) and homogeneous (|16, Theorem 2.4]). If S has a faithful

pseudo-embedding, then its universal pseudo-embedding is also faithful. If€: S — PG(V)
is the universal pseudo-embedding of S, then the dimension of the Fy-vector space V is
called the pseudo-embedding rank of S and denoted by er(S). In case S is finite, we know
from [15, Theorem 1.2(2)] that er(S) = |P| — rankg,(M), where M is any point-line
incidence matrix of S.

A pseudo-hyperplane of S is a proper subset H of P such that every line of S contains

an even number of points of P\ H. Note that if all lines have even size, then ) is a



pseudo-hyperplane. If H; and H, are two distinct pseudo-hyperplanes of S, then H; * Ho
is again a pseudo-hyperplane of S. If € : § — PG(V) is a pseudo-embedding, then H.
denotes the set of all subsets of the form ¢~!(e(P)NII), where II is a hyperplane of PG(V).
By [15, Theorem 1.1] every element of H, is a pseudo-hyperplane of S, a so-called pseudo-
hyperplane arising from e. By [15] (Theorem 1.3 and page 79, part (d)), we know the
following.

Proposition 2.1 ([15]) IfS has a pseudo-embedding and € : S — 3 denotes its universal
pseudo-embedding, then Hz is the set of all pseudo-hyperplanes of S. Moreover, if € is a
pseudo-embedding of S such that H. coincides with the set of all pseudo-hyperplanes of
S, then € is isomorphic to €.

The following result is a special case of Lemma 2.2 of [15].

Proposition 2.2 ([15]) Let € be a pseudo-embedding of S, L a line of S and x1, xo two
distinct points of L. Then there exists a pseudo-hyperplane H € H. containing all points
of L, except x1 and x-.

The following result is precisely Corollary 2.7 of [16].

Proposition 2.3 ([16]) Let G be a group of automorphisms of S.

o If e is a G-homogeneous pseudo-embedding of S, then the set H = H. satisfies the
following:

(a) H can be written as a disjoint union | J,.; Hi, where each H;, i € I, is a G-orbit
of pseudo-hyperplanes of S.

(b) If Hy, Hy € H with Hy, # Hs, then Hy x Hy € H.

(¢) If L is a line of S containing an odd number of points, then for every point x
of L, there exists a pseudo-hyperplane of H having only the point x in common
with L.

(d) If L is a line of S containing an even number of points, then for every two
distinct points x1 and xo of L, there exists a pseudo-hyperplane of H having
only the points x1 and x4 1n common with L.

(e) For every point x of S, there exists a pseudo-hyperplane of H not containing
x.

o Conversely, if H is a finite set of pseudo-hyperplanes of S satisfying the conditions
(a), (b), (c), (d) and (e) above, then there exists a pseudo-embedding € of S such
that H = H.. The pseudo-embedding € is uniquely determined, up to isomorphism,
and is G-homogeneous.



Observe that condition (e) in Proposition 2.3 follows from conditions (c¢) and (d) if there
is at least one line incident with x.

A pseudo-subspace of S is a set X of points of § such that no line of § has a unique
point in common with P\ X. Every set X of points of S is contained in a unique smallest
pseudo-subspace, namely the intersection of all pseudo-subspaces of S containing the set
X. If this smallest pseudo-subspace coincides with P, then X is called a pseudo-generating
set. The smallest size of a pseudo-generating set of S is called the pseudo-generating rank
of § and denoted by gr(S). The following proposition is precisely Theorem 1.5 of [15].
This proposition often allows to determine whether a given pseudo-embedding is universal.

Proposition 2.4 ([15]) If S has a pseudo-embedding, then the following hold:
(1) er(S) < gr(S).

(2) If there exists a pseudo-embedding € : S — PG(V) and a pseudo-generating set X
such that | X| = dim(V) < oo, then er(S) = gr(S) = dim(V) and € is isomorphic
to the universal pseudo-embedding of S.

2.2 The symplectic dual polar space DW (2n — 1, 2)

Let ¢ be a symplectic polarity of the projective space PG(2n — 1,2), n > 2. Then
associated with ¢, there is the following point-line geometry DW (2n — 1,2):

e The points of DW (2n — 1,2) are the (n — 1)-dimensional subspaces that are totally
isotropic with respect to (.

e The lines of DW (2n — 1,2) are the (n — 2)-dimensional subspaces that are totally
isotropic with respect to (,

e Incidence is reverse containment.

The point-line geometry DW (2n — 1,2) belongs to the family of dual polar spaces. Every
line of DW (2n — 1,2) is incident with precisely three points. If z and y are two points
of DW(2n — 1,2), then d(z,y) denotes the distance between z and y in the collinearity
graph I' of DW(2n — 1,2). This collinearity graph I" has diameter n. The dual polar
space DW (2n — 1,2) is a near polygon, meaning that for every point = and every line L,
there exists a unique point on L nearest to x.

If o is a totally isotropic subspace of PG(2n — 1,2) of dimension n — 1 — k, k €
{0,1,...,n}, then the set of all (n — 1)-dimensional totally isotropic subspaces containing
a is a convex subspace of diameter k of DW (2n — 1,2), and every convex subspace of
diameter k of DW (2n — 1,2) is obtained in this way. Convex subspaces of diameter 2 are
also called quads. If F'is a convex subspace of diameter k& > 2 of DW (2n — 1,2), then
the point-line geometry F induced on F by those lines that have all their points in F' is
isomorphic to DW (2k — 1,2). If z and y are two points of DW (2n — 1,2) at distance
k€ {0,1,...,n} from each other, then x and y are contained in a unique convex subspace
(z,y) of diameter k. The maximal distance of a point of DW (2n — 1, 2) to a given convex
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subspace of diameter k is equal to n—k. If x is a point of DW (2n—1, 2) at distance [ from
a convex subspace F' of diameter k, then the smallest convex subspace (x, F) containing
x and F has diameter k+1[. If F'is a convex subspace and x is a point, then F' contains a
unique point 7p(z) nearest to z, and d(z,y) = d(x, 7p(z)) + d(7r(x),y) for every point
yer.

Since every line of DW (2n—1, 2) has three points, the pseudo-hyperplanes of DW (2n—
1,2) are precisely the hyperplanes of DW(2n — 1,2), i.e. the proper sets of points of
DW (2n —1,2) intersecting each line in either one or three points. We give two construc-
tions for hyperplanes of DW (2n — 1, 2).

e For every point x of DW (2n — 1,2), the set H, of points at distance at most n — 1
from x is a hyperplane of DW (2n — 1,2), called a singular hyperplane with center
x.

e Suppose F'is a convex subspace of diameter § > 1 of DW (2n — 1,2) and G is a
hyperplane of F. Denote by G the set of points at distance at most n — & — 1 from
F, together with all points z at distance n — § from F for which 7r(z) € G. Then
G is a hyperplane of DW (2n — 1,2), called the extension of G.

Since every line of DW (2n—1, 2) has three points, the pseudo-embeddings of DW (2n—
1,2) are precisely the (possibly non-injective) full projective embeddings (meaning that
lines are mapped to lines). The universal pseudo-embedding will then also be called the
universal embedding. A full projective embedding of DW (2n — 1,2) is called polarized
if every singular hyperplane arises from it. Up to now, four homogeneous full projective
embeddings of DW (2n — 1,2) were known.

e The Grassmann embedding of DW (2n — 1,2) is a homogeneous full embedding in
the projective space PG((QS) — ( 2n ) —1,2), see Cooperstein [8, Proposition 5.1].

n—2

e The spin-embedding of DW(2n — 1,2) is a homogeneous full embedding in the
projective space PG(2" — 1,2), see Buekenhout & Cameron [5, Section 7).

e The universal embedding of DW (2n — 1,2) is homogeneous. This embedding is
not so well-understood but its vector dimension (i.e. (pseudo-)embedding rank of
DW (2n—1,2)) has been determined. This embedding rank is equal to %
as was proved by Yoshiara [28] for n = 3, by Cooperstein [7] for n € {4,5} and for
general n independently by Blokhuis & Brouwer [4] and Li [20].

e Similarly as a symplectic polarity of PG(2n — 1,2) defines the dual polar space
DW (2n — 1,2), a unitary polarity of PG(2n — 1,4) will define a dual polar space
DH(2n — 1,4) with three points per line. By De Bruyn [9], we know that the
dual polar space DW (2n — 1,2) can be fully and isometrically embedded into
DH(2n —1,4) such that every automorphism of DW (2n — 1, 2) lifts to an automor-
phism of DH (2n — 1,4). The latter implies that every homogeneous full projective



embedding, in particular' the universal embedding, of DH(2n — 1,4) will induce a
homogeneous full projective embedding of DW (2n — 1,2). Also the universal em-
bedding of DH (2n — 1,4) is not so well-understood. Its vector dimension % has
been determined by Yoshiara [28] for n = 3 and by Li [21] for general n.

3 A pseudo-generating set of the geometry S,

The proof of the following lemma provides an inductive way to construct pseudo-generating
sets of S, . Later, we shall see that the pseudo-generating sets that arise in this way have
the smallest possible size.

Lemma 3.1 For all k,n € N\ {0} with k < n + 1, the geometry S, has a pseudo-
generating set of size (”Jlrl) + (";rl) +ee (nz1)'

Proof. We first prove the claim in the case k = 1. If K = 1, then S, is isomorphic to
the point-line system of PG(n,2) and in this case a pseudo-generating set of S, is just
a generating set of PG(n,2). The smallest size of such a generating set is n + 1 = (”Jlrl)

Next, we prove the claim in the cases where k = nor k =n+1. If k =n+1,
then S, contains 2" — 1 points but no lines, and so S, has a pseudo-generating set
of size 2"t — 1 = ("Tl) + (";1) + -4 (ZE) If £k = n, then S, is isomorphic to
a line of size 2" — 1 and such a line has a pseudo-generating set of size 27! — 2 =

(") + () e ),

Let us now turn to the general case. We shall prove the claim by induction on n. The
base case is the case where n =1 (and so k € {1,2}), but then we already know that the
claim is valid. We may therefore suppose that n > 2 and 1 < k < n. (In fact, we then
have that n > 3 since n > k > 2.)

Let (p,7) be a non-incident point-hyperplane pair of PG(n,2). The points of 7 and
the k-dimensional subspaces contained in 7 define a subgeometry S; of S, 5 isomorphic
to S,—1%. By the induction hypothesis, the geometry S; has a pseudo-generating set X
of size () + (5) + -+ (}). The points of = and the (k — 1)-dimensional subspaces
contained in 7 define a point-line geometry S, isomorphic to S,,—1 ;—1. By the induction
hypothesis, the geometry S, has a pseudo-generating set Y» of size (7) 4+ (5) +---+ (.",)-
For every y € m, let 4/ denote the unique point on the line py distinct from p and y, and
put Xp :={y'|y € Ya}. o

We claim that the set X := {p} U X; U X, is a pseudo-generating set of S, ;. Let X
denote the smallest pseudo-subspace containing X. Since X; is a pseudo-generating set
of 81, we have 7 C X and hence {p} Um C X. Let 7’ denote the set of points of PG(n, 2)
not contained in 7U{p}. Let S5 be the subgeometry of S, ; determined by the points of 7/
and the k-dimensional subspaces through p. The map y + 1’ determines an isomorphism

between Sy and Sz, implying that X5 is a pseudo-generating set of the geometry Ss.

! Another homogeneous full projective embedding of DH (2n — 1,4) is known, namely the Grassmann
embedding, but the induced embedding is the Grassmann embedding of DW (2n —1, 2), see [12, Theorem
1.1].



We claim that X N7’ is a pseudo-subspace of S3. Suppose that this is not the case.
Then there exists a k-dimensional subspace o through p such that all but one point of
ann belong to X Na’. As {p} Un C X, this implies that all but one point of a belong
to X, in contradiction with the fact that X is a pseudo-subspace of S, .

As X N7’ is a pseudo-subspace of S; containing the pseudo-generating set X, of Ss,
we have that the point set 7’ of S3 is contained in X N7’. Hence, X contains {p} Ur U7,
i.e. all points of PG(n,2). So, X = {p} U X; U X, is a pseudo-generating set. Applying
Pascal’s rule a number of times, we find that its size is equal to

1+(7;)+(g)+...+(Z)+(T)+(g)+...+(kﬁ1) ) <nTl>+(ngl)+..+(ﬂ;1)

4 A 2"*l.dimensional GL(n + 1,2)-module

In this section, we define a 2""!-dimensional module for the group GL(n+1,2), n € N\ {0},
and classify all its submodules. This will be useful later when we want to classify all
homogeneous pseudo-embeddings of S, i, k € {1,2,...,n+ 1}.

Consider the polynomial ring Fo[ Xy, X1, ..., X,] and let Z be the ideal (X2 — X, X7 —
Xy, ..., X2 — X)) of Fo[Xo, X1,...,X,,]. Put ff :=1and f5 :=>,,., M, where M
denotes the set of all monomials of the form X; X;,---X; where | € {1,2,...,n +
1} and dy,49,...,9 € {0,1,...,n} with i < i3 < --- < 4. The polynomial ring
Fy[Xo, X1, ..., X,] can be regarded as an infinite-dimensional vector space over Fy. For ev-
ery k € {1,2,...,n+1}, let F; denote the subspace of dimension ("Tl) + (”;1) +-t ("‘kfl)
generated by all monomials of M having degree at most k. Also, put Fy := {0} and
F = (Fns1, fT). We note the following.

(P1) If f € F and every element of F5 ™! is a root of f, then f = 0.
(P2) For every f € Fyo[Xo, X1, ..., X,], there exists a unique g € F such that f —g € Z.

(P3) T consists of those elements of Fy[Xg, X1, ..., X,] for which each element of F5™! is
a root.

Consider the group GL(n + 1,2) whose elements are the nonsingular (n + 1) x (n + 1)
matrices over the field Fy. Every A € GL(n + 1,2) determines a permutation ¢4 of
Fy[Xo, X1, ..., X,] if one performs the following substitutions to the elements of Fo[ Xy, X7,
Xl
[X07X17 e 7Xn]T = A [X07X17 e 7Xn]T-

Then the following hold:
(1) (fi+ f2)o4 = fP4 4 f4 for all fi, fo € Fo[Xo, X1, ..., X,] and all A € GL(n+1,2).

(2) Forall A,B € GL(n+1,2), pap = ¢a¢p (where permutations are composed from
left to right).



(3) If A € GL(n + 1,2), then ¢4 is the identical permutation if and only if A is the
identity matrix.

So, we obtain a faithful representation A +— ¢4 of the group GL(n+1,2) on the Fy-vector
space Fo[Xo, X1,...,X,], allowing us to regard Fy[Xy, Xi,...,X,] as a GL(n + 1,2)-
module.

Let A€ GL(n+1,2) and f € F. Then f®4 not necessarily belongs to F. (E.g., the
element X X5 is mapped to X1.X, + X22 by the substitutions X; — X; + Xo, Xy — X5).
By Property (P2) however, there exists a unique g € F such that f4 — g € Z. We define
f% = g. By Property (P3), the element ¢4 stabilizes the ideal Z and so permutes the
elements of the quotient space Fo[Xo, X1,...,X,]/Z. We thus see that ¢/, permutes the
elements of F. We obtain a faithful representation A — ¢, of the group GL(n + 1,2) on
the Fo-vector space F, allowing us to regard the 2"*!-dimensional vector space F as a
GL(n+ 1,2)-module. Our aim is now to determine all submodules of this GL(n + 1, 2)-
module.

A coordinate transformation cannot increase the degree of a polynomial f € F, nor
introduce a constant term that was not originally there, implying that the subspaces
{0} = Fo, F1,- - Fns P <f0afik> = <f1*>a <‘Flvfik>7 T <"T_-nafik>7 <‘Fn+1vfik> = F are

submodules.

Lemma 4.1 (f5) is also a submodule.

Proof. In order to show that (fJ) is a submodule, we need to show that the polynomial
f5 = > mem M remains invariant under the following coordinate transformations:

(i) Xo = Xo), X1 = Xo), - - -, Xn = Xy(n), where o is a permutation of {0, 1,...,n};
(11) X() — X(] +X1, X = Xl, R X, — X,.

Then f5 = >, M remains invariant under all coordinate transformations. Obviously,
f5 = > mem M remains invariant under the coordinate transformations mentioned in (i).
Under the coordinate transformations mentioned in (ii), the polynomial f5 =", .M
becomes Yy, c v M+ e M, where M’ with M € M is the following monomial:

e If the variable X, does not occur in M, then M’ = 0.

e If the variable X, occurs in M, but not X, then M’ is the monomial obtained from
M by replacing Xy by Xj.

e If both the variables Xy, X; occur in M, then M’ is obtained from M by removing
the variable Xj.

Obviously, every M’ with M € M is either zero or is nonzero with degree contained in

the set {1,2,...,n}. In the latter case, the variable X; occurs in M’ but the variable X
does not.

Now, let X;, X;, - -+ X;, be a monomial of M with [ € {1,2,...,n} and 1 =iy < iy <

- < 4;. Then there are precisely two M € M for which M’ = X, X;, --- X;,, namely
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M = XoX,, --X;, and M = XX, X, - X,;,. We conclude that ZMeM M = 0. So,
under the coordinate transformation mentioned in (ii), the polynomial f5 = >, .\ M
remains invariant. n

As also (f{) is a submodule, we thus have:
Corollary 4.2 FEach subspace of {0, f1, f5, fi + f3} is a submodule.

Theorem 4.3 Fvery submodule of F has the form Vi & Va,, where Vi is a submodule of
{Oafik7f2*7f1* +f2*} and ‘/2 is one Off07f17"‘7]:n'

Proof. Let B be a submodule of the GL(n + 1,2)-module F. If all polynomials of B are
constants, then B is equal to either {0} or (f). So, we may suppose that B contains a
polynomial f; that is not a constant. We choose this nonconstant f; such that its degree
de{1,2,...,n+ 1} is as big as possible. We distinguish two cases.

Casel: 1 <d<n

Let X;, X, ... X, with 41 < iy < --- < i4 be a monomial occurring in f;. As d < n, there
exists a 71 € {0,1,...,n}\ {i1,42,...,44}. The substitutions X;, — X;, + X;,, X; = X;
for all © € {0,1,...,n}\ {i1} turn f; in another polynomial g that must belong to B.
The difference g — fi also belongs to B and has the form X, fo, where f; is a polynomial
of degree d — 1 in the variables of the set {Xo, X1,..., X} \ {Xi,, X, }. In fact, fo is
obtained as follows:

e Remove in f; all monomials that do not contain the variable X, .
e In all monomials of f; where the variables X;, and X, occur, remove the factor X, .

e In all monomials of f; where the variable X; occurs but not X , replace X; by
X,

In case d > 2, we can apply the above reasoning on f5 to see that B contains an element
of the form X X, f3, with ji, jo distinct elements of {0, 1,...,n} and f5 a polynomial of
degree d — 2 in the set {Xo, X1, ..., X, } \ {Xj,, X}, } of variables. An inductive argument
then shows that B contains a monomial of the form X; X, ---X;, with ji,72,..., /a4
distinct elements of {0,1,...,n}. Further substitutions then show that B contains all
monomials of degree d.

We now show by downwards induction on ¢ € {1,2,...,d} that B contains all mono-
mials of degree i. As we have shown above, this is true for ¢ = d. Consider now an
i € {1,2,...,d — 1} and suppose the claim is valid for ¢ + 1. Let ji,jo,...,J; be dis-
tinct elements of {0,1,...,n} and let j;;; be still another element of this set. By the
induction hypothesis, the monomial f = Xj; ---X; X, | belongs to B. The substi-
tutions X; — X;,....X; — X, X;,, — X, ., + X turn f into the polynomial
Xj, - X5, X5, + Xj, -~ Xj,. This polynomial as well as f belong to B, implying that
also X;, Xj, --- X;, belongs to B. Further substitutions then show that B contains all
monomials of degree 7.

11



By the above, we then have that F; C B C (Fy, f7), implying that either B = F; or
B = <~Fd7 fik>

CaseIl: d=n+1

Since F,, N B is a submodule, we know from Case I that F, " B = JF; for some [ €
{0,1,2,...,n}. If | = n, then since F = F,, @ Va2, B must be among the possibilities that
have been listed.

Suppose therefore that [ < n —1. Let f be an element of B of degree d =n+ 1. Then
XoXj ... X, is amonomial occurring in f. We show that for every m € {I+1,14+2,... ,n+
1}, all monomials of degree m occur in f. We prove this by downwards induction on m,
the case m = n + 1 being obvious as Xy X --- X,, is a monomial occurring in f. Before
we proceed, we note the following: if f’ is a polynomial obtained from f by permuting
the variables Xg, X1,...,X,, then f — f' € F, N B belongs to F;, implying that if a
monomial of degree m € {l + 1,1+ 2,...,n+ 1} occurs in f, then all monomials of that
degree occur in f. Suppose now that the monomial XX - - X,, occurs in f for a certain
me{l+1,l4+2,...,n}. Let f' be the polynomial obtained from f after performing the
substitutions:

X0|—>X0+X1, X1|—>X1, XQHXQ,...,XTLI—)Xn.

As f — ' € F, N B belongs to F;, the monomial X;X5---X,, cannot occur in f — f’.
This is only possible if the monomial Xy X5 ---X,, occurs in f. Hence, all monomials of
degree m occur in f. As F; C B and all monomials of degree m € {{+1,1+2,...,n+ 1}
occur in f, we see that at least one of the following occurs:

o f5 €Band (F, f3) CBC (F, f{, f3).
o fi+fseBand (F, fi+f3) SBC (A, [1,[5)
So, B is equal to either (F;, f5), (Fi, fi + f3) or (Fi, [T, f5)- .

5 The universal pseudo-embedding of S, ;.

Let n,k € N\ {0} with £ < n + 1. Choose a basis (é,€i,...,€,) in PG(n,2) such
that (Xoeo + X161 + -+ + X,€,) is the point (Xo, Xi,...,X,) of PG(n,2). The num-
ber of nonzero X;’s is called the weight of the point (Xo, Xi,...,X,). Choose a basis
(fo, fi,---, fv) in PG(N,2) with N := N, such that (Yofo + Yifi +---+ Yy fy) is the
point (Yo, Y1, ..., Yy) of PG(N,2). The base vector f; with i € {0,1,..., N} is said to be
of type j € {1,2,...,k} if

The corresponding 1-space (f;) will be called a point of type j of PG(N,2).
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Lemma 5.1 (a) The image of the map €, generates PG(N,2).

(b) For every projectivity 6 of PG(n,2), there exists a projectivity 0 of PG(N,2) such
that €, 1(2%) = lenr(2)]? for every point x of PG(n,2).

(¢) €nk is a homogeneous pseudo-embedding of Sy, .

Proof. (a) Let X denote the subspace of PG(XV,2) generated by the image of €, . It
easily follows by induction on j € {1,2,...,k} that all points of type j belong to X:

e By considering the images of the points of weight 1 of PG(n,2), we see that all
points of type 1 of PG(N,2) are contained in X.

e By considering the images of the points of weight w € {2,3, ... k} of PG(n,2) and
invoking the fact that all points of type [ € {1,2,...,w — 1} of PG(N, 2) belong to
Y., we see that also all points of type w of PG(N, 2) belong to X.

Claim (a) of the lemma then follows from the fact that PG(N,2) is generated by the
points of types 1, 2, ..., k.

(b) Claim (b) of the lemma follows from the definition of the map €, and the fact that
A — ¢4 defines a faithful representation of GL(n + 1,2) on F.

(¢) In order to prove (c), it suffices by (a) and (b) to show that for any m = 2**! —1 points
D1, D2, - - -, P forming a k-dimensional subspace 7 of PG(n, 2), the points €, x(p1), €nx(P2),
ooy €nk(Pm—1) are linearly independent, and €, x(pm) € (€nk(P1), €nk(D2)s - - - s €nk(Pm—1))-
By part (b), we may assume that 7 has equation X;,1 = X0 =--- = X,, = 0 and that
pm = (1,1,...,1,0,0,...,0) has weight £ + 1. Let 2 denote the subspace of dimension
281 — 3 of PG(N,2) determined by the 2**! —2 coordinate positions corresponding to the
monomials M that involve only the variables Xy, X7, ..., X} and for which 1 < deg(M) <
k. Obviously, €, x(p;) € Q for every i € {1,2,...,m}. By a similar reasoning as in (a), we
can see that all m — 1 = 2¥+1 —2 points of weight 1 of 2 are all contained in the subspace
(€nk(D1)s €nk(D2)s - - - €nk(Pm—1)), implying that the points €, x(p1), €nx(P2), - - -, €nk(Pm—1)
are linearly independent and €, x(pm) € Q = (6,4 (P1), €nk(D2)s - - s €n ke (Prm—-1))- n

Parts (1) and (2) of Theorem 1.1 are now immediate consequences of Proposition 2.4 and
Lemmas 3.1, 5.1. We now also see that the pseudo-generating set constructed in Lemma
3.1 has the smallest possible size.

For every f € F, we denote by X; the set of all points (Xo, X1,...,X,) of PG(n,2)
for which f(Xo, Xi,...,X,) = 0. Theorem 1.1(2) and Proposition 2.1 then imply the
following.

Theorem 5.2 The pseudo-hyperplanes of S, i are precisely the sets Xy for elements f €
Fi \ {0}. The map f — Xy defines a bijective correspondence between Fy, \ {0} and the
set of pseudo-hyperplanes of S, k.
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6 The homogeneous pseudo-embeddings of S, ;

In this section, we classify all homogeneous pseudo-embeddings of S, i, where n,k €
N\ {0} with & < n + 1. The case k = n + 1 is straightforward. In this case, the
geometry S, = Spn41 has no lines and so the automorphism group is the symmetric
group on 2"t — 1 letters. It is then easily seen that there are up to isomorphism three
homogeneous pseudo-embeddings, the universal one whose image is a basis in a projective
space of dimension 2"™! —2, the pseudo-embedding whose image is a frame in a projective
space of dimension 2"*! — 3, and an unfaithful pseudo-embedding where all points have
the same image. In the sequel, we suppose that £ < n.

Lemma 6.1 If fi and fy are two elements of Fy, then Xy s, = Xy, * Xy, .

Proof. Ifp = (Xo, X1, ..., X,) is a point of PG(n, 2), then (fi+f2)(Xo, X1, ..., X,) = 0if
and only if f1(Xo, X1,...,X,) = fo(Xo, X1,...,X,), i.e. if and only if either p € Xy NXy,
or p & Xy, U Xy,. This happens precisely when p € Xy * Xy,. "

Lemma 6.2 Let A be a nonsingular (n + 1) X (n + 1) matriz over Fy and let f € Fy \
{0}. Put g = f% and let 1 be the projectivity of PG(n,2) mapping (Xo, X1,...,X,) to
(Yo, Y1,...,Y,), where [Yo Y1 --- Yo]" = A7H - [Xo Xy - X, |7, Then X, = X7,

Proof. Let g denote the polynomial obtained from f by performing the substitu-
tions [Xo, X1, -+, X,]T — A - [Xo, X1, -+, X,]T. By definition of ¢, we know that
g— g € I. So, the set X; consisting of all points (Xo, X1,...,X,) of PG(n,2) sat-
isfying ¢(Xo, X1, ..., X,) coincides with X,. Suppose Yy, Yi,...,Y,, X0, Xq,..., X, are
variables related by the equation [Yp, Yy, -, Y, |7 = A7 [Xg, Xy, -+, X,)]7, then A -
Yo, Vi, -, YT = [Xo, X1, Xa|T and f(Xo, X1,...,Xn) = §(Yo,Vis...,Y,), from
which it follows that X7 = X7. .

Now, suppose € : S, — X is a homogeneous pseudo-embedding of S, ;. Let F. denote
the set of all polynomials f € Fj such that either f # 0 and X; € H,, or f = 0, see
Theorem 5.2. By Proposition 2.3(a)+(b) and Lemmas 6.1, 6.2, the following properties
hold:

(1) If fl, f2 € fe, then f1 + fz S ]:e'
(2) If f € F.and A € GL(n +1,2), then f% € F,.

We conclude that F. is a submodule of the GL(n+1, 2)-module Fj. From the classification
of the submodules of the GL(n + 1,2)-module F, see Theorem 4.3, it then follows that
F.=F for somel € {1,2,...,k}.

We show that [ = k. Suppose to the contrary that [ < k. Consider the k-dimensional
subspace « of PG(n,2) with equations Xy11 = Xpio = -+- = X,, = 0, and consider the
following points of a:

p=(1,1,...,1,0,0,...,0),  py=(1,1,...,1,1,0,...,0),
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where p; has weight k£ and ps has weight k + 1. By Proposition 2.2, there exists an
f e F.\ {0} such that X; contains all points of «, except for p; and ps.

Put f =", ;ea kar- M, where M’ is the set of all monomials of degree at most & of M
and ky; € Fy for all M € M. As all points of a with weight w € {1,2,...,k—1} belong to
X, an inductive argument easily shows that ky, = 0 for all M € M'NFy[Xo, X1, ..., Xi]
for which deg(M) € {1,2,...,k — 1}. Since the point p; = (1,1,...,1,0,...,0) does not
belong to Xy, this then implies that ky, = 1 if M = XoX; ..., Xy_1. As f € F, this
implies that [ > k, i.e. [ = k.

So, F. = Fj, and H, consists of all pseudo-hyperplanes of S,, ;, by Theorem 5.2. Propo-
sition 2.1 then implies that € is isomorphic to the universal pseudo-embedding of S, j.
This finishes the proof of Theorem 1.1(3).

7 Application to homogeneous full projective embed-
dings of DW(2n — 1,2)

7.1 Proof of Theorem 1.2

Suppose € : DW(2n — 1,2) — ¥ is a homogeneous full embedding of DW (2n — 1,2)
in a projective space 3. Let G = Sp(2n,2) denote the full automorphism group of
DW (2n — 1,2). For every point  of DW(2n — 1,2), S, = PG(n — 1,2) and so we may
identify PG(n — 1,2) with S,. Every element of the stabilizer G, of x inside G then
determines an automorphism of S, = PG(n — 1,2), and every automorphism of S, is
induced by an element of G,. Let £ denote the set of all lines through z, and for every
convex subspace F' through z, let Lr denote the set of lines through x contained in F.
Then e defines a map ¢, from the point set £ of S, = PG(n — 1,2) to the set of points
of the quotient space 3, /e(x). If the image of L is a collection of linearly independent
points of ¥, /e(x), then €, defines a pseudo-embedding of S,_;, into 3,/e(x) which is
isomorphic to the universal pseudo-embedding €,,_; ,. Suppose therefore that the image
of L is not a collection of linearly independent points of ¥, /e(x). Then let § > 2 be the
smallest positive integer such that there exists a convex subspace F' of diameter ¢ through
x for which the image of L is not a linearly independent set of points of 3, /e(x). As ¢
is the smallest diameter for which this is possible, we then know that €,(Lr) is a frame
of a subspace of ¥, /e(x). Since € is homogeneous and G, acts transitively on the set of
subspaces of dimension § — 1 of S, = PG(n — 1,2), we then see that for every convex
subspace F’ of diameter § through x, the set €, (L) is a frame of a subspace X, /¢(z). So,
€, defines a pseudo-embedding of the geometry S, ;1. Since G, induces the full group of
automorphisms of S, = PG(n — 1,2) and € is homogeneous, the pseudo-embedding €, of
S, 5-1 should also be homogeneous, i.e. isomorphic to €,-15-1 by Theorem 1.1(3).

7.2 Homogeneous full projective embeddings of types 1 and n

Proposition 7.1 The universal embedding of DW (2n — 1,2) has type n.
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Proof. Let z be a point of DW(2n —1,2) and ¢ : DW(2n — 1,2) — % the universal
embedding of DW (2n—1,2). By McClurg [22] and Li [20], we then know that dim(X,) =
2 —1=>" (?) This implies by Theorem 1.2 that € has type n. u

Proposition 7.2 Suppose € is a homogeneous full projective embedding of DW (2n—1,2)
of type 1. Then € is isomorphic to the spin-embedding of DW (2n — 1, 2).

Proof. As € is homogeneous, we know from Blok et al. [3, Theorem 1.1] that € is
polarized.

Suppose now that () is a quad, z a point of () and L1, Ly, L3 three lines of () through
x. Since € has type 1, there exists a plane a of the embedding space that contains €(x)
such that e(L;), (L), €(L3) are the three lines of o through e(z). Note that Q =
DW(3,2) = Q(4,2) = W(2). From the classification of the full projective embeddings
of the generalized quadrangle Q(4,2) = W (2), it then follows that (e(Q)) should have
dimension 3. Together with the fact that € is polarized, it then follows from [11, Theorem
1.6] that € is isomorphic to the spin-embedding of DW (2n — 1,2). n

7.3 The existence of homogeneous embeddings for each type
ie{l,2,...,n}

Let x be a point of DW (2n—1,2). Then S, = PG(n—1,2) and as before we may identify
PG(n—1,2) with S,. The points of PG(n—1, 2) are then the lines of DW (2n—1, 2) through
x. For every hyperplane H containing x, let Lz denote the set of lines through z contained
in H. The hyperplane H arises from the universal embedding ¢ : DW(2n — 1,2) — X
of DW(2n — 1,2), implying by Proposition 7.1 and Theorem 1.2 that Ly is either the
whole set of lines through = or a pseudo-hyperplane of S,,_;,, arising from its universal
pseudo-embedding €,_1,. Let fy be the unique element of F, such that Ly = X, (see
Theorem 5.2). We say that H has type i € {—00,1,2,...,n} with respect to x if i is
the degree of fy. A collection H of hyperplanes of DW (2n — 1,2) is said to be of type
i € {—00,1,2,...,n} with respect to x if there exists a hyperplane H of #H containing
x and if 7 is the maximal degree of the polynomials fg, where H is a hyperplane of H
through z. The following is an immediate consequence of Theorems 1.1(2), 1.2, 5.2 and
Proposition 2.1.

Proposition 7.3 A homogeneous full projective embedding e of DW (2n — 1,2) has type
i€{1,2,...,n} if and only if H. has type i with respect to one (and hence all) points of
DW (2n —1,2).

We shall use Proposition 7.3 to prove that homogeneous full projective embeddings of
DW (2n — 1, 2) exist for all types ¢ € {1,2,...,n}. To achieve this goal, we shall need the
following notion and invoke the following two lemmas.

A set H of hyperplanes of DW(2n — 1,2) is called complete if Hy x Hy € H for all
H,, Hy € H with H; # H,. For every set ‘H of hyperplanes of DW (2n — 1,2), we denote
by (#H) the smallest complete set of hyperplanes containing H.
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Lemma 7.4 Let Fy and Fy be two conver subspaces of diameter § € {1,2,...,n} of
DW(2n —1,2). Let H; with i € {1,2} be a hyperplane of]:;i and let H; be the hyperplane
of DW (2n — 1,2) that arises by extending H;. If x is a point of DW(2n — 1,2) contained
m E « Hy but not in Hy U Hy, then there exists a hyperplane G of }*:1, a hyperplane G
of Fy and points yi,ys, ..., yx of DW(2n — 1,2) for some k € N such that

e v € G NGy, where G; with i € {1,2} denotes the extension of G;;
o d(z,y;) =n—1 for everyi € {1,2,... k};
° E*E:G_l*G_Q*HyI*HyQ*-u*Hyk.

Proof. Asx ¢ H;, we have d(z, F;) = n—4 for every i € {1,2} and so there exists a point
u; € F; not contained in H,. As H,NFE; is the singular hyperplane of F} with center F (),
and every subspace containing F; \ (F; N H,) contains the whole of F;, we can take u; in
such a way that u; ¢ H, UH;. Put G; :== H;+'(H)), where H;_is the singular hyperplane
of E with center u;, and the operator % is defined on the subsets of F;. As H; # Hl’”, the

set Gi; is a hyperplane of }NQ Moreover, H; = G; %' (H{LZ) By the definition of extensions of
hyperplanes, we then know that H; = G, * H,, and G, = H, * H,,. Hence, H,x Hy = Gy %
GoxH, +H,,, v ¢ H, UH,, and x € G1NGy. If u; = uy, then Hy*Hy = G1%G and we are
done. We suppose therefore that u; # uy. By Shult [25, Lemma 6.1] or Blok and Brouwer
[2, Theorem 7.3|, there exists a path u; = 29, 21,..., 2 = uy in the complement of H,
that connects u; with uy. For every i € {1,2,...,k}, let y; be the unique point of the line
zi_12; distinct from z;_; and z;. Since d(z, z;_1) = d(z, z;) = n, we have d(z,y;) =n — 1.
Also, Hy, * H,, = (H,yx H,,)* (H,, «H,,)*---x(H,,_, *H,, )= H, *Hy,x---xH, and

E*E:G_l*G_Q*HyI*HyQ*-~*Hyk. n

Lemma 7.5 Let G be a hyperplane of a convex subspace F' of diameter 6 > 1 of DW (2n—
1,2). Let x be a point of DW (2n — 1,2) at distance n — 0 from F such that mp(x) € G.
Then x belongs to the hyperplane G of DW (2n —1,2) that extends G, and the type of the
hyperplane G of DW (2n — 1,2) with respect to = equals the type of the hyperplane G of

F with respect to mp(x).

Proof. Let F” be the convex subspace (x,np(x)) of diameter n — ¢, and let F’ be a
convex subspace of diameter ¢ through z such that F'NF” = {z}. In S, = PG(n —1,2),
let o and o” be the complementary subspaces corresponding to respectively F’ and F”.
Let £ denote the set of lines through = contained in G, and let £’ denote the set of
lines through z contained in F N G. Let X, respectively X', denote the set of points of
S, = PG(n — 1,2) corresponding to £, respectively £'. Then L is the cone with vertex
o and basis X’ C o/. With respect to a suitable basis of S, = PG(n — 1,2), we thus
have fm = fanp- S0, the type of the hyperplane G of DW(2n — 1,2) with respect to
coincides with the type of the hyperplane G N F’ of F' with respect to x. Now, every
point of F’ has distance n — ¢ from F' and the map y +— 7r(y) defines an isomorphism
between F’ and F mapping G N F’ to G. So, the type of the hyperplane GNF' of F' with
respect to x coincides with the type of the hyperplane G of F' with respect to mp(z). =
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Now, for every i € {1,2,...,n}, let H; denote the set of hyperplanes of DW (2n—1,2) that
arise by extending a hyperplane of a convex subspace of diameter i of DW (2n — 1,2).
Then H; contains all singular hyperplanes (as extensions of singular hyperplanes are
again singular hyperplanes). The set (H;) of hyperplanes of DW (2n — 1,2) satisfies the
properties (a) and (b) mentioned in Proposition 2.3. It also satisfies Property (c): for
every flag (z, L) of DW(2n—1,2), there exists a point y at distance n—1 from L such that
x is the unique point of L nearest to y, and for each such point y, the singular hyperplane
H, € H; C (H;) intersects L in the singleton {z}. Proposition 2.3 tells us now that
there exists a unique homogeneous full projective embedding € of DW (2n — 1, 2) for which
(H;) = He. If i = n, then (H;) = H; consists of all hyperplanes of DW (2n—1,2), implying
by Proposition 2.1 that € is isomorphic to the universal embedding of DW (2n—1,2) which
has type n by Proposition 7.1.

Theorem 7.6 ¢ is a homogeneous full projective embedding of DW (2n — 1,2) of type i.

Proof. We will rely on Proposition 7.3. Let z be an arbitrary point of DW (2n — 1,2).
We need to prove the following two facts:

(1) There exists a hyperplane H € H, through = that has type ¢ with respect to x.
(2) The type with respect to x of any hyperplane H € H, through z is at most i.

We first prove (1). Let F' be a convex subspace of diameter i for which d(z, F') = n — i.
Let G be a hyperplane of F through 7 () such that G has maximal possible type i with
respect to x. By Propositions 7.1 and 7.3, such a hyperplane can be taken in the set Hz
where € is the universal embedding of F'. Let H be the hyperplane of DW (2n —1,2) that
extends GG. By Lemma 7.5, the hyperplane H through x has type ¢ with respect to x.

We next prove (2). We first deal with the case where H is the extension of a hyperplane
G of a convex subspace F' of diameter i. If d(z,F) <n—i—2or (d(z,F)=n—1i—1
and 7p(z) € G), then - C H and so fg = 0 has degree —co. If d(z,F) =n—i—1
and mp(z) € G, then Ly consists of all lines through z contained in the convex subspace
(x, F) of diameter n — 1, implying that Ly is a hyperplane of S, and that fy has degree
1. (Note that every line of Ly can only contain points at distance at most n —i — 1 from
F.) Finally, suppose that d(z, F) = n —i. Then np(z) € G, and the degree of G with
respect to mp(z) is at most i. By Lemma 7.5, it then follows that H has degree at most
1 with respect to z.

In the general case, we know that H = H{xHj*- - -+ H, for suitable H{, H), ..., H, € H;
(as H € H. = (H;)). Since # € H, an even number of the hyperplanes Hy, H), ..., Hj,
do not contain x. If two of these hyperplanes do not contain z, then Lemma 7.4 implies
that they can be replaced by a number of others that do contain x. We conclude that H
can be written in the form H; % Hy * - - - % Hy, where each H;, j € {1,2,...,k}, contains z
and is the extension of a hyperplane G; of a convex subspace F} of diameter . We have
fo = fa, + fu, + -+ fu, by Lemma 6.1. Since each polynomial fy,, j € {1,2,...,k},
has degree at most 7, we see that fy should also have degree at most 7. "
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7.4 Embeddings induced by full projective embeddings of DH (2n—
1,4)

Throughout this subsection, § denotes an arbitrary element of F4\ {0,1}. Then 644§ = 1.
In the following two propositions, we construct two homogeneous pseudo-embeddings of
PG(n,4), n > 1. Note that these two pseudo-embeddings coincide when n = 1.

Proposition 7.7 ([15, Proposition 4.2]) The map e which maps every point (Xo, X1,
-, X)) of PG(n,4) to the point (X3, X}, ..., X3 XiX? + X; X2, 0X, X7 + 6°X;X7 [0 <
i <j<n)of PG(n®+2n,2) is a homogeneous pseudo-embedding of PG(n,4).

Proposition 7.8 ([14, Theorem 1.1]) Let ¢ be a map from PG(n,4) to PG(k,2), k =
"JLQQ*E’”, mapping the point p = (Xo, X1,...,Xn) of PG(n,4) to the point e(p) =
(Yo, Y1,...,Y%) of PG(k,2), where

e n+ 1 coordinates of €(p) are of the form X?, where i € {0,1,...,n};

° (";rl) coordinates of €(p) are of the form XZ-X]2 + X2X;, where i,j € {0,1,...,n}
and 1 < j;

o (1) coordinates of €(p) are of the form 6X;X? + 6> X2 X, where i,j € {0,1,...,n}
and 1 < j;

. (”Jsrl) coordinates of e(p) are of the form XinXk—l—XizXfX,f, wherei,j, k € {0,1,...,
n} andi < j <k;

o (") coordinates of €(p) are of the form §X;X;X; + CXPXZXE, where 1,7,k €

{0,1,...,n} and i < j < k.

Then € is a pseudo-embedding of PG(n,4) which is isomorphic to the universal pseudo-

embedding of PG(n,4).

The pseudo-embedding e of PG(n, 4) constructed in Proposition 7.7 is called the Hermitian
Veronese embedding of PG(n,4). The determination of the universal pseudo-embedding of
PG(n,4) obtained in [14] relied on the classification of the pseudo-hyperplanes of PG(n, 4)
which itself was realized in the papers [26, 27] (for n = 2), [18] (for n = 3) and [24]
(for general n). In [14, Theorem 1.4], we also obtained a complete classification of all
homogeneous pseudo-embeddings of PG(n, 4).

Proposition 7.9 Every homogeneous pseudo-embedding of PG(n,4) is isomorphic to the
Hermitian Veronese embedding or to the universal pseudo-embedding of PG(n,4).

Regard now PG(n, 2) as a Baer subgeometry of PG(n,4). Then any map € : PG(n,4) — X
from the point set of PG(n,4) to the point set of a projective space ¥ will induce a map
¢ : PG(n,2) — ¥ from PG(n,2) to the subspace ¥’ of ¥ generated by the image of
PG(n,2). Using the fact that 62+ = 1 and X? = X for every X € Fy, the following is
then easily seen to be true.

Proposition 7.10 (1) If € : PG(n,4) — X is the Hermitian Veronese embedding of
PG(n,4), then the induced map € : PG(n,2) — X' is isomorphic to €,5.
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(2) If e : PG(n,4) — X is the universal pseudo-embedding of PG(n,4) with n > 2, then
the induced map € : PG(n,2) — X' is isomorphic to €, 3.

We now discuss some applications of the above to homogeneous full projective em-
beddings of DH(2n — 1,4), n > 2. Recall that DH(2n — 1,4) is the dual polar space
associated with a unitary polarity of PG(2n — 1,4). For every point = of DH (2n — 1,4),
let S, denote the point-line geometry whose points and lines are the lines and quads of
DH(2n — 1,4) through z, with incidence being containment. Then S, = PG(n — 1,4). If
¢ is a full embedding of DH(2n — 1,4) into a projective space X, then the image of z+
generates a subspace X, of ¥. The embedding € induces a map €, : S, — X, /e(x) of the
point set of S, to the set of points of the quotient space ¥, /e(z).

Proposition 7.11 Suppose € is a homogeneous full embedding of DH(2n — 1,4) in a
projective space Y. Then €, is isomorphic to the Hermitian Veronese embedding or to the
universal pseudo-embedding of S, = PG(n — 1,4).

Proof. We first show that €, is a pseudo-embedding of S,. Let ) be a quad through x
and let Ly, Lo, L3, Ly, Ls denote the five lines through x contained in (). The embedding
¢ induces a full projective embedding of ) = DH(3,4) = Q)= (5,2), which is isomorphic
to the standard embedding of that generalized quadrangle in PG(5,2). By a known
property of this standard embedding, the set {€(L1),€(Ls),€(Ls),e(Ly),€(Ls)} defines a
frame of a 3-dimensional subspace of the quotient space ¥, /e(z). This implies that €, is
a pseudo-embedding of S,.

In view of Proposition 7.9, it suffices to show that the pseudo-embedding €, is homoge-
neous. But similarly as in the case of the dual polar space DW (2n—1, 2), this follows from
the fact that € is homogeneous and that the stabilizer of x inside the full automorphism
group of DH(2n — 1,4) induces the full group of automorphisms of S, = PG(n —1,4). »

If € is a homogeneous full projective embedding of DH (2n—1,4), then € is said to be of type
1if €, is isomorphic to the Hermitian Veronese embedding of S, = PG(n—1,4), and of type
2if n > 3 and €, is isomorphic to the universal pseudo-embedding of S, = PG(n — 1,4).
As € is homogeneous, these definitions do not depend on the considered point x. By [6,
Corollary 1.5] (see also [23, Theorem 9.3]), the Grassmann-embedding of DH (2n — 1,4)
has type 1, and by [13, Theorem 1.4], the universal embedding of DH (2n —1,4) has type
2 if n > 3. Note that the universal embedding of DH (3,4) = @~ (5,2) has type 1 as this
embedding is isomorphic to the Grassmann embedding.

Proposition 7.12 Suppose DW (2n—1,2) is fully and isometrically embedded in DH (2n—
1,4). Let € be a homogeneous full projective embedding of DH(2n — 1,4) and let € be the

homogeneous full projective embedding of DW (2n—1,2) induced by €. Then the following
hold:

e [fe has type 1, then € has type 2. In particular, this holds if € is isomorphic to the
Grassmann embedding of DH(2n — 1,4).
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e [f € has type 2, then €' has type 3. In particular, this holds if n > 3 and € is
isomorphic to the universal embedding of DH (2n — 1,4).

Proof. Let 2 be a point of DW (2n—1,2). The lines and quads of DH (2n—1,4) through
x define a point-line geometry S, = PG(n—1,4), and the lines of DW (2n—1,2) through x
define a Baer subgeometry of S, = PG(n —1,4). The claim now follows from Proposition
7.10. .

By [12, Theorem 1.1], we know that the full projective embedding of DW (2n — 1,2)
induced by the Grassmann embedding of DH (2n — 1,4) is isomorphic to the Grassmann
embedding of DW (2n — 1,2). So, we see that parts (3) and (4) of Theorem 1.3 are also
valid. The fact that the Grassmann embedding of DW (2n — 1, 2) has type 2 also follows
from [6, Corollary 1.5] and Pasini [23, Theorem 9.3].

7.5 Universal homogeneous projective embeddings of type ¢

Let € : DW(2n —1,2) — % denote the universal embedding of DW (2n —1,2) = (P, £,1).
Let G = Sp(2n, 2) denote the full automorphism group of DW (2n—1,2). As € is homoge-
neous, G lifts to a group G of prOJect1v1tles of ¥. Ifzisa pomt of DW(2n—1,2), then there
exists a unique hyperplane II, of ¥ such that H, = ¢ '((P) N1L,). Put I := = Nyep e
Let £, denote the set of lines of DW (2n—1,2) through z. As S, =2 PG(n—1,2), we may
identify £, with the point set of PG(n — 1,2). By Proposition 7.1 and Theorem 1.2, the
full projective embedding ¢ induces a map €, from £, to 3, /¢(x) which is isomorphic to
the universal embedding €,,_1, of S,_1,.

Now, fix a certain ¢ € {1,2,...,n}. Then ¢, 1, is also a pseudo-embedding of S,,_1,
(as there are no lines), and so is isomorphic to a quotient of €,_1,. Let ; be the unique
subspace of 3, through €(z) such that the quotient of €, defined by the subspace §; /()
of ix /€(x) is isomorphic to €,_1,. Now, let m; denote the smallest G-invariant subspace
of & containing ; N I.

Theorem 7.13 The following hold:
(1) m; is disjoint from the image of €;
(2) €/m; is a homogeneous full projective embedding of type i of DW (2n — 1,2);
(3) if € is a homogeneous full projective embedding of type i of DW(2n — 1,2) then
€/m > €.

Proof. Obviously, the subspace [ is G-invariant. For every point y of DW (2n — 1,2),
there exists a point z at maximal distance n from y, and for each such point z, we have
y ¢ H, and €(y) & II,. So, I is disjoint from the image of €. As ;NI C I and I is
CNJ—invariant, we have that m; C I is disjoint from the image of €. So, €/m; defines a full
projective embedding of DW (2n — 1,2). As m; is G-invariant, €/m; is a homogeneous full
projective embedding of DW (2n — 1, 2).
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Suppose that € is a homogeneous full projective embedding of type j of DW (2n—1,2).
Without loss of generality, we may suppose that € = €/a, where « is some suitable
subspace of > disjoint from the image of €. Since € is homogeneous, we know from Blok
et al. [3, Theorem 1.1] that € is also polarized, implying that o C II, for every y € P,
ie. a C I. As e is homogeneous, we also know from [3] that « is G-invariant. Put
B = (e(z),an ix) As € is a homogeneous embedding of type j, the quotient of the
map ¢, defined by the subspace 8/e(z) of ¥, /¢(x) must be isomorphic to the universal
pseudo-embedding €, ; of S,_1;. This implies that 3 = ;. Since a« C I, we have
Ing;=1INng = any, Ca. Asais é—invariant, « contains the subspace ;. This implies
that € = €/a is isomorphic to a quotient of €/m;. The above reasoning in combination
with Theorem 1.2 also shows that if homogeneous full projective embeddings of type j
exist, then the homogeneous full projective embedding €/7; should have type j. But such
homogeneous projective embeddings indeed exist by Theorem 1.3(1). "
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