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Abstract

In this paper we first recall the proper algebraic framework, i.e. the radial algebra, needed
to extend Hermitian Clifford analysis to the superspace setting. The fundamental objects
for this extension then are introduced by means of an abstract complex structure on the
Hermitian radial algebra. This leads to a natural representation of this Hermitian radial
algebra on superspace.
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1 Introduction

Clifford analysis nowadays is a well established mathematical discipline constituting a natural refinement
of harmonic analysis. In its most simple setting, it focusses on the null solutions of the Dirac operator
Oz = Z;nzl e;0z;, where the elements (ey, ..., ey,) form an orthonormal basis for the Euclidean space R™
leading to the construction of the real Clifford algebra Ry ,,. This setting is known as the orthogonal case
since the fundamental group leaving the Dirac operator invariant is Spin(m) which is a double covering
of SO(m).

By taking the dimension even, say 2m, and introducing a so-called complex structure J € SO(2m), the
fundamental elements of Hermitian Clifford analysis arise in a natural way from the orthogonal setting.
The Hermitian case focusses on h-monogenic functions, h-monogenicity being expressed by means of two
mutually adjoint Dirac operators which are invariant under the realization of the unitary group U(m)
in Spin(2m). Indeed, the action of the projection operators %(1 +4J) on the initial orthonormal basis
(e1,...,e2m) leads to the Witt basis elements (f; : j = 1,...,m) and (f; :j =1,...,m), producing a
direct sum decomposition of C>™ in two components. The elements of SO(2m) leaving those subspaces
invariant generate a subgroup which is doubly covered by a subgroup of Spin(2m) denoted Spin;(2m),
and being isomorphic with the unitary group. The Hermitian Dirac operators 0, and 9] are given by
projection of the gradient on the aforementioned invariant subspaces, whence they are invariant under
the action of Spin ;(2m).

This Hermitian decomposition has been thoroughly studied in several papers, see for example [2, 3|.
Results concerning spherical monogenics, invariant differential operators, a Fischer decomposition and
integral representation formulae (Bochner-Martinelli, Cauchy) have already been obtained, see [1, 2,
3, 7]. Furthermore, Hermitian Clifford analysis was addressed in [13] where several complex operators
d,,01,0,,05, ... were considered giving rise to new syzygy complexes. Those results motivated for the
first time the use of the radial algebra in the Hermitian setting which is independent of the choice of the
dimension parameter.

The radial algebra framework is defined through an algebra R(S) generated by a set S of abstract
vector variables z,y, ..., where classical notions of Clifford analysis are reintroduced axiomatically. For
example, Dirac operators are axiomatically defined as endomorphisms on R(S), more precisely as a vector
derivative denoted by 9, © € S. A first account on such an axiomatisation can be found in [15] and was
inspired by the work on "geometric calculus" presented by Hestenes and Sobczyk [12].

The radial algebra possesses some important properties, of which the most powerful most probably is
its independence of any particular dimension m, which is now abstractly defined as a complex parameter



stemming from the evaluation 9, [x] = m. In addition, R(S) is independent of the choice of an underlying
vector space V' to which the vector variables belong and of any chosen quadratic form on V. Hence the
polynomial Clifford representation turns out to be only one of the possible frameworks where the radial
algebra axioms are fulfilled, see for example [8, 15|, giving rise to important applications of the radial
algebra setting in the study of the Fischer decomposition and the Dirac complex (|4, 13, 14]).

In this paper, we are interested in using the radial algebra for the introduction of a theory of Hermitian
Dirac operators in superspace. This construction is inspired by the succesful extension of orthogonal
Clifford analysis to superspace, see [5, 6, 16, 17, 18, 19]. In particular the radial algebra was proven to be
an efficient tool for giving a meaning to vector spaces of negative dimension, and defining the fundamental
objects of Clifford analysis, such as vector variables and vector derivatives, in such a case.

In the paper [8] we have introduced the so-called Hermitian radial algebra in order to fix the rules
that allow a canonical extension of Hermitian Clifford analysis to superspace. The objective of the
current paper now is to explicitly introduce the fundamental objects of Hermitian Clifford analysis in
the superspace setting. In particular, we will establish the notion of a complex structure, as well as
its realization as a bivector, which then will lead to the Witt basis, the Hermitian vector variables, the
Hermitian vector derivatives and the complex Euler operators in superspace. These notions constitute
the starting point for the study of this representation of the Hermitian radial algebra. In future work we
plan to address some other classical issues such as the underlying group structure, spin representations,
invariance of the Dirac operators under spin actions and also Bochner-Martinelli formulae in the Hermitian
superspace setting.

The outline of the paper is as follows. We first present a brief overview of the radial algebra setting for
the Euclidean and the Hermitian cases, respectively. Next, we establish the corresponding representation
of the radial algebra in superspace by means of the definitions of the corresponding radial algebra endo-
morphisms in this setting. In particular, the vector multipliers give rise to a natural way of introducing
a complex structure on superspace which is thoroughly studied in Section 5. Moreover, it is proven there
that all defined objects satisfy the abstract relations provided by the Hermitian radial algebra. Finally,
in Section 6 we give explicit expressions for the complex Hermitian vector variables, Dirac operators
and directional derivatives. Some final remarks are given in Section 7 about the future direction of this
research: in the two forthcoming papers [9, 10], we will properly introduce the Spin group in superspace
in order to give a meaning to its subgroup Spin, consisting of elements which commute with the complex
structure.

2 Preliminaries on radial algebras

Given a set S of symbols x,y,... we define the radial algebra R(S) as the associative algebra over R
freely generated by S and subject to the defining axiom

(A1) {z,y},2] =0 for any x,y,z € S,

where {a,b} = ab+ ba and [a,b] = ab — ba. Elements in S are called abstract vector variables.

Axiom (A1) means that the anti-commutator of two abstract vector variables is a scalar, i.e. a
quantity that commutes with every other element in the algebra. It is clearly inspired by the similar
property for Clifford vector variables.

Definition 1. A radial algebra representation is an algebra homomorphism ¥ : R(S) — A from R(S)
into an algebra A. The term representation also refers to the range W(R(S)) C A of that mapping.

The easiest and most important example of radial algebra representation is the algebra generated
by standard Clifford vector variables. The classical Clifford polynomial representation is defined for
S ={x1,...,24} by considering the mapping

Tz, = ij’g er (ejer + epe; = =26, 1), (1)

=1
where the elements z; , (¢ = 1,...,m) are real variables generating a polynomial algebra R[z1 1, ..., Zs,m]
and the elements e, (¢ =1...,m) generate the Clifford algebra Ry ,,,. The correspondences (1) naturally



extend to an algebra homomorphism from R(S) to the algebra R[z11,...,%sm] ® Ro,m of Clifford-
valued polynomials. Indeed, for any two vector variables Tj, Ty, We have that {gj,gk} =z;x) + 2T, =
—23 " @ ek ¢ is a central element in R[zy 1, . .., T 1] @R 1. In this case, elements in S are represented
by vector variables z; defined in the underlying vector space V' = R™. The set S := {z; :j =1...,s}
of Clifford vector variables established by (1) generates the Clifford polynomial representation R(S) C
Rlz11,--%sm] ® Rom. A thorough study of this representation can be found in [15].

The simplest case is obtained for S = {z} in which case R(S) is mapped into the real algebra
of polynomials of the form z*, where 22* = (—|z|?)® and 22! = z(—|z|*)*. To have a non-trivial
radial algebra for Clifford analysis, the above set of radially symmetric functions z° is too limited. One
needs at least something of the form S = {z,u} where the corresponding Clifford vectors are given by
T —x= 22;1 Trerp and u — u = Z;”:l urer. Here the vector z is considered as the variable vector and
u as a parameter vector. The elements of the algebra R(S) clearly have the form F' = A+ Bx+Cu+DxAu
where A, B, C, D are polynomials of the three variables 22, 1%, z-u and z A u = %[x, u]. With these two
vector variables one can abstractly produce the so-called zonal monogenic polynomials, see [11]. More in

general a typical choice for S would be S = {z1,..., 2} U {w1,...,us}, where the variables x; are the
vector variables on which functions depend and u; are extra parameter vectors. This choice for S is used
when studying monogenic functions in several vector variables 1, ..., x5, see also [4].

The main difference between Clifford algebra and radial algebra lies in the fact that the abstract
vector variables x € S have a merely symbolic nature; they are not vectors belonging to an a priory
defined vector space V' with some dimension m and some quadratic form on it. The radial algebra is a
generalization of both polynomial algebras and Clifford algebras. Indeed, it suffices to identify a subset

{uy ..., un} of parameter vectors with the Clifford generators, i.e. up — g, £ = 1,...,m. In this case, the
inner product —%{xj,ug} is mapped to —%{gj,gz} =z (j=1,...,8 £ =1,...,m), which generates
the polynomial algebra R[z1 1, ..., Zs,m]-

We can abstractly define the notion of scalar subalgebra (i.e. the algebra of all commuting elements)
by
RO(S) = AlgR{{xvy} 1T,y € S}v

and the wedge product of vectors (for example x1,...,x; € S) by
1
TIN ... \NT} = o ngn(ﬂ') Tr(1) Tk

Then abstract k-vectors are defined as linear combinations of elements of the form fx; A ... Az
where f € Ro(S) and z1,...,2, € S. Denoting by Ry (S) the space of all k-vectors, it can be proven as
a consequence of (A1) that (see [15])

R(S) = Ro(S) @ R1(S) ® Ry(S) & - --

On this radial algebra we can define several endomorphisms. Here we will only give an overview of
those which are relevant in the current setting. For a more detailed account we refer the reader to [8, 15].

e The main involution ~ and the conjugation - are respectively defined as the linear maps satisfying:

@, ab=ab, a,be R(S)

(ol

%:

=r=-x, =xz€S.

]

e The vector multipliers x[-] and x|[-] are defined for every z € S by
t:F—aF, z|:F—Fz, FeR(S).
e The directional derivatives D, ,, are defined for every pair z,y € S by

(DD1) D, .[FG] =D, .[F|G+ FD, |G|, F,Gée R(S),
(DD2) Dy .|2] = 02,2y, z€S.

The operator D, , corresponds to the classical Euler operator F, which measures the degree of
homogeneity with respect to the vector variable x € S.



e The left and right actions of the vector derivative 9, are defined for every x € S by the axioms

(D2) {&hG}%MﬂQ (G2]0, = G[z]0s, G e RS\ {2)),

(D3) [0:F]0y = 0, [FO,], z,y€S,
(D4) O0p[2?] = [22)0, = 22, O {z,y} = {2,y}0, =2y, y#z.

From these axioms it follows that d,[z] = [x]0, is a real constant independent of z.
e The operator B := {J,, |} is independent of z € S; it can be also written as B := —{9,|, x} where:
9| : F — [F)0,.

In [8] the notion of a complex structure was introduced on the radial algebra framework; we recall its
definition and main properties. Consider a bijective map J : & — J(S§), producing a disjoint copy of the
set of abstract vector variables S, i.e. SN J(S) = 0. Now consider the algebra R(S U J(S),B) generated
over the real numbers by S, J(S) and a fixed element B. We say that J is a complex structure over S if
the following axioms are fulfilled on R(S U J(S),B).

(AH1)  {z,y} ={J(2), J(W)}, {J(),y} =z, J(y)} =xy€S,
(AH2) {z,y} and {J(x),y} are central elements for all z,y € S,
(AH3) B,z] = —2J(x), [B,J(z)]=2x, z€S8.

As before, we will use the notation Ry(S U J(S)) := Algg {{z,y},{J(x),y} : z,y € S} for the scalar
subalgebra of R(S U J(S), B).

The map J can be extended from S to an algebra automorphism on R(SU J(S), B) by linearity and
by the rules

J(FG)=J(F)J(G), F,GeRSUJ(S),B), (2)
JB)=B, J(J(x))=-z x€S8. (3)
Observe that the axioms (AH1) -(AH3) together with the rules (2)-(3) ensure that .J is an isomorphism

between the radial algebras R(S) and R(J(S)).
The conjugation can be extended from R(S) to R(S U J(S),B) using the axioms

B =-B, z=-z, Jx)=-J(), €S8
and o
ab="ba, a,be R(SUJ(S),B).

In order to define the action of the complex structure J on the vector derivatives, the definitions of
the formal operators 9, and J;(,) have to be extended from their respective initial radial algebras R(S)
and R(J(S)) to R(SU J(S),B). This is accomplished through the following axioms:

(DH1)  0u[fF] = 0u[f]F + [O:[F], Oy [fF] = 05 [fI1F + fOs)[F],
[fF]0x = F[f]0x + f[F]0x,  [fF|0s@) = F[f]0s(x) + f[Fl0s(),
fE€R(SUJ(S)), FeRSUJIS),B),

(DH2)  9,[G] = [G)0x = 0y(«)[G] = [G]s(a) =0,

0, [2G] = 0. [2]G, (G2]d, = Gla]os, 0,27 (2)G] = Bulwd ()]G,
0z [J (2)G] = 0:[J(2)]G, [GJ(2)]0: = G[J(2)]0, 0y(a) [z (2)G] = 0y [ (2)]G,
05() [2G] = 05(2)[7] G, [Gz)0(x) = G]0s(a)s (GzJ(2)]0: = GlzJ (2)]0a,

010y [J(2)G] = 05 [J(2)]G, \ [GT (x)]01(0) = G[J ()]0 (), \[GxJ ()]0(2) = Gl ()]0(a),
for G € R((S\{z})UJ(S\{z}),B),



(DH3) Oclz] = [2]0x = m = () [J(x)] = [J ()]0 (x), Where m is the abstract dimension of R(S),

Oz[J(2)] = —[J(2)]0s = 2B = —0j(z)[z] = [2]0s(a)-
0z [2?] = [2%)0, = 2, Dy(w)[2?] = [2%)05(2) = 2J (),
(DH4) Oz[zJ(2)] = (m+2)J(z) — 22B, [J(2)]0y = —(m — 2)J(z) — 22B,

OjyzJ(x)] = —(m+2)z — 2J(2)B, [2J(2)]0;4) = (m —2)z —2J(z)B.

Ocfz,y} = {2,y}02 = 2y = 050) {J(2),y} = {J(2), ¥} Dy(a),
s {m v} ={2,y}0s@) = 2J(y) = —0:{J(x),y} = —{J(2), y}0x,
We may now also extend the notion of the directional derivative. For every pair z € S, y € SU J(S),

the map D, , € End(R(SU J(S),B)) is defined by imposing the corresponding extension of the axiom
(DD1) and the following version of the axiom (DD2):

T #y.

(DDH2) Dy 2] =022y, Dyz[J(2)] =0,.J(y), =z€S8,
D, .B] =0.

Note that with this definition we have increased the range of y from S to SUJ(S). This has an important
impact on the form of the previous axiom when we are considering D j(,) . (y € S):

DJ(y),:v[Z] = 6w,z‘](y)7 DJ(y),z[J(Z)] = _6w,zy'

The operator D j(,) . is called the twisted directional derivative with respect to x in the direction of y.

In [8], the Hermitian radial algebra was introduced using the above abstract complex structure J,
leading to a definition which is equivalent to the one given in [13]. Let R¢(S U J(S),B) be the com-
plexification of R(S U J(S),B), i.e.

Rc(SUJ(S),B) = Algc{SUJ(S)U{B}} = R(SUJ(S),B)®i R(SUJ(S),B).
In this new structure we define the Hermitian conjugation - by
(a+ib)f =a—ib, a,be R(SUJ(S),B).

The complex vector variables are introduced as elements of the set:

(r+i@) ze s},

|~

sc={2-

together with its Hermitian conjugate
i t— LY
S¢ =14 :fi(xfzJ(z)) rxeSy.
These complex vector variables generate, together with B, the Hermitian radial algebra

R(Sc, SL,B) = Alge{Sc U S{. U {B}} C Re(SU J(S), B).

We can easily check that the Hermitian radial algebra submits to the following rules, which are equivalent
to (AH1)-(AH3):

(AH1*) {Z,U}=0, {Z,U'}=0, ZU € Sc,
(AH2*)  [V,{z,Uu"}] =0, [V {Z,U'}]=0, V,ZUcSc,
(AH3*)  [B,Z]=2iZ, [B,Z'|=-2iZ", Ze& Sc.

We can also introduce the Hermitian vector derivatives 97 and dz+ € End (R(S@, S«T:,B)) through the
relations

1
Oz = (ax - Z'aJ(aﬁ)) ) Ozt = 4 (aw + ia‘](m)) ’

I

5



where 0, and 0 (,) are supposed to be linear in the complexification of R(S U .J(S),B). The operators
0z and Oy satisfy the following relations which are equivalent to (DH1)-(DH4):

(DH1*)  0z[fF] = 0z[fIF + fOz[F],  Oz:[fF] = Oz:[f]F + [Oz:[F],
[fF|0z = F[fl0z + f[F10z, [fF|0zi = F[f]0z: + f[F]Ozt,
f € Ro(Sc, S5, B) i= Alge {{Z.U}: Z,U € ScusL}, FeR(Se.SL.B),

8Z[G] = [G]aZ = 07

(DH2*) 07[2G] = 05(2)G, G € Alge ((Sc\{Z}) u SLu{B}),
(GZ)0, = G[Z)9
9,1[G] = [G)og: =0,
0,1121G) = 0,1[21]G, G € Alge(Sc U (sg \ {zf}) U{B}),
(GZ10z1 = G219+

(DH3*)  0,(2] = %(n +iB), 921 = %(n _iB),

1 1 1

(DH4*) 6Z(U,Z):UT:(U,Z)GZ, aZT(Z7U):8ZT(UT7ZT):U:(UTva)aZh ZaUES(C’
where (U, Z) :={U", Z}.

The complex directional derivative and its Hermitian conjugate can then be defined by

(Dy,w + Z'DJ(y)ym’) ) D(TLZ = (D.w: - iDJ(y)@) :

DN | =

When Z = U the above operators represent the Hermitian Euler operators E; := Dy z and Ez+ := DTZ7Z.

Some the above endomorphisms abstractly defined on R(S) can be mapped into the algebra of endo-
morphisms of the Clifford polynomial representation R(z,,...,z,). This way, classical Clifford analysis
can be seen as a representation of the radial algebra through the following correspondences for each
reS:={r1,...,xs}

m m m m
:ijej, x|%g|:2xjej|, am%f(?&:fZej@%, B%fZejej\, (4)
j=1 j=1 J=l1 i=1

T —

I8

where the elements e;| : @ — ae; generate the Clifford algebra R, o and play an important role in the
isomorphism End(Rg m) = Ry m-

The abstract complex structure J can be mapped into the space of linear operators acting on the
Clifford-polynomial representation. Observe that the axiom (AH1) implies that in this representation
J € O(m) and J? = —I,,; which clearly forces the dimension m to be even. This way, J can be mapped
to the classical complex structure in the Clifford-polynomial representation with 2m dimensions. Whence
Hermitian Clifford analysis can be seen as a representation of the Hermitian radial algebra through the
following identifications

2m m m
x%gzzu’cjej, J(x) %J(Q)Z(:rmﬂ‘ej — Tj€mtj)s B%B:Zejemﬂ- = —iB,
Jj=1 j=1 j=1
Op = —0p = — Y (€j0n, + €mijOn,))s Os) = —0s@) =— > (€0, — €m+iOs,);
j=1 j=1
m m
Dyz— Dya = (Yj0z; + Ym+j02s;)s Diye = DJ(g)@ = Z(ym-i-jal‘j = Y02y )-
j=1 j=1



For more details about the study of these endomorphisms in these representations we refer the reader to
[8]. In the following sections we will introduce the basic objects for defining Hermitian Clifford analysis
in superspace through a representation of the Hermitian radial algebra. In order to show that such a
definition is consistent we must check that it satisfies the corresponding axioms stated in this section; or
equivalently, show that the corresponding map constitutes an algebra homomorphism. This method has
been successfully used for the extension of the orthogonal Clifford analysis setting to superspace, see [6].

3 The superspace framework

Superanalysis or analysis on superspace considers not only commuting (bosonic) but also anti-commuting
(fermionic) variables. In particular these variables can be represented by co-ordinates with values in a
graded commutative Banach superalgebra A = Az @ A7 over R, where A; and Ay are the spaces of even
and odd homogeneous elements respectively and satisfy A;AE C Am for j,k € Zy. We recall that the
graded-commutative property means that

VW = WU, VW = —wWv, VW = WO, v,w € Ag, v, W € Az
An example of such a superalgebra is provided by any Grassmann algebra Ay = Algg{fi,..., fv} where
fifx + frf; = 0. For this algebra one has the splitting Ay = AE ® Ay being AE the even subspace and
Ay the odd subspace. We will not go into detail on the choice of the superalgebra A. In order to develop
our ideas it just suffices to consider finite sets of commuting and anti-commuting variables.
To establish Clifford analysis in superspace we need to introduce m orthogonal Clifford algebra
generators ey, ..., e, and 2n symplectic Clifford algebra generators €1, ... €a,, subject to the relations

ejer +epe; = =20,

€2j€2) — €25625 =0

€25 1€2k—1 — €2 —1€25_1 = 0 (5)
€2 1€2k — €2x€2j-1 = Oj

ejék. + ékej =0.

The real algebra generated by both the e;’s and the €;’s will be denoted by Cyp 2.
The classical representation of the radial algebra R(S) in superspace, where S is a finite set composed
by k abstract vector variables (k > 1), is given by correspondence,

2n

m
j=1 j=1

between S and the set of independent supervector variables S = {x : z € S}. For each x € S we
consider in (6) m bosonic (commuting) variables x1, ..., Z,, and 2n fermionic (anti-commuting) variables
Z1,...,%T2,. The projections z = Z;nzl zje; and ¥ = 2311 z;€; are called the bosonic and fermionic
vector variables, respectively. The set of independent supervector variables S, obtained through the
correspondence (6), generates a radial algebra representation R(S) as we will show next.

Let us define the sets VAR and VAR’ of bosonic and fermionic variables

VAR = | J{z1,...,2m}, VAR = | J{a1,..., 22}
x€ES x€ES
respectively, where the sets {z1,...,z,,} and {21,...,25,} correspond to the bosonic and fermionic

vector variables associated to each x € S through the correspondences (6). This way, VAR contains
mk bosonic variables that generate a polynomial algebra R[VAR] = Algp{V AR} while VAR’ contains
2nk fermionic variables that generate a Grassmann algebra Agn, = Algr{VAR'}. They give rise to the
algebra of super-polynomials V = R[VAR] ® Ag,i. The algebra V is extended to the algebra of Clifford
valued super-polynomials

Am,?n =V® Cm,Qn



(i.e. the elements of V commute with the elements of C,, 2,). The correspondence (6) defines a radial
algebra representation W,y oy, : R(S) — Ay, 2n, since for every pair x,y € S

{x,y}=-2 ijyj + Z(xbjfly\Qj — T'2;Y2;-1) (7)

j=1 j=1

is a central element in A, 2p-

It is important to note that the range R(S) of this representation is a subalgebra strictly contained in
Ap2n. This can be easily seen by noticing that elements of the form ve;, ve; with v € VAR, v € VAR do
not belong to R(S). From now on, we will refer to the representation R(S) as the radial algebra embedded
in Ay, 2,,. Such a representation allows to develop a nice extension of Clifford analysis to superspace as
it was shown in [5, 6].

Remark 3.1. Let A = Az ® A1 be a graded commutative Banach superalgebra. If one considers the
variables in VAR and VAR represented as co-ordinates with values in Ag and Ay respectively; then the
corresponding underlying vector space on which the vector variables x are defined is given by

m 2n
V=R"(A) =S "vje; + ) vj€; v, € Ag, v € Ag

j=1 j=1

It is easily seen that the algebra generated by all vectors in R™2" (A) is strictly contained in AQCp, on. In
particular, R™2"(A) does not contain the symplectic Clifford generators € (3 =1,...,2n). This makes
the notion of vector variable in this supersymmetry setting more restrictive than in the Clifford-polynomial
representation. We recall that in that case, the corresponding underlying vector space is V.= R™ which
contains all the orthogonal Clifford generators e; (j =1,...,m).

The difference is seen by noticing that the orthogonal Clifford generators satisfy the axiom (A1)
since {ej, er} is always a scalar. But that is not the case for the anti-commutator {€;,€x} of symplectic
Clifford generators. To obtain a representation of the radial algebra in superspace it is necessary to
combine the symplectic generators €; with anti-commuting variables. In that way we get the commuting
element {vé;, wey} = vwle;, €x].

4 Representation of the radial algebra in superspace

The endomorphisms defined in section 2 on the radial algebra R(S) can be naturally mapped into the
algebra of endomorphisms over R(S). Through this section we will describe the extension of some of
these endomorphisms from R(S) to A, 25.

Conjugation: The conjugation admits an extension from the radial algebra representation R(S) to
A on. In fact, we can define * € End(A,, 2,,) governed by the following rules:

i) *is the identity map on V.

.. < o [STREICE 2 DR N
11) €51 " €€l Gl _(_1) T3 €l " L6y Cyy

This extension still is an involution on A,, 2, but the anti-automorphism property, i.e. FG = G F, which
is fulfilled on the radial algebra is not longer satisfied in A, 2,,. For example, observe that

€j€k = —€x€j £ €k€j =€, €;  or  ve; wey = vwere; # —vwege; = wey, Ve, .
Main involution: The main involution can also be extended from the radial algebra to A, 2,. The
algebra homomorphism ~ can be defined in a natural way by
i) *is the identity map on V.
11) € = —€5, €; = —€j.

iii) FG = FG.



Its restricted actions to the bosonic and the fermionic part respectively are called the bosonic and
fermionic main involutions and are defined by the following relations:

b

Bosonic main involution - Fermionic main involution ~f

i) =% is the identity map on V, i) 7/ is the identity map on V,
i~ b i~ ~f .
i) 6" =—ej, & =6 i) &' =ej, & =—¢j,
e TR0 e A T -~
iiil) FG = F*G". iiil) FG" = F/G7.

It is easily seen that the main involution ~ is the composition of its bosonic and fermionic restrictions.
There is another important involution in A,, oy, related to the fermionic main involution. This algebra
homomorphism is called the hash map; it is denoted by -* and defined by the relations:

i) v* =v and v* = —0 for every v € VAR, v € VAR
ii) -* is the identity map in Cy, 2p-
ili) (FG)* = F*G*.
This hash map will be useful for future computations since for every F' € A, 2, v € VAR we have that

vF = F* v and its restriction to the radial algebra coincides with the fermionic main involution. In fact,
for every vector variable x we have:

Vector derivative: We start by introducing the partial derivatives for every coordinate variable in
VARUV AR The left and right derivatives with respect to the commuting variable v € VAR and the
anti-commuting variable v € VAR are defined as endomorphisms on A, 2, by the following recursive
approach:

(1] =0, 9s[1] =0,
OvW — WOy = Oy 0, OpW + WOy = 0y 15, (8)
avw‘ — ’Ufam avej — ejau, avéj = éja'ua 81)\’(1} = ’u)av\’ 6‘1;6j = ejav\7 &;éj = éjaﬁa

where the above relations also remain valid for the right actions of w, w), 0,, 0. From this we immediately
obtain for v,w € VAR and v,w € VAR that

81)811) = 81(181)7 av\aw‘ = _8w81?; a’uaw‘ = awav7

which means that the algebra generated by the partial derivatives is isomorphic to V.
It is easily seen that 0,, v € VAR, behaves like a classical partial derivative. In fact, for F,G € A, 25
we can prove that

0,[FG) = 8,|F|G + F8,[G), [FG|d, = F[G)d, + [F|d, G.

By an induction argument, these relations show that the left action of 9, is equal to its right action if
v € VAR, as it is expected. But the situation is no longer the same for the partial derivative 0; with
respect to the anti-commuting variable v € VAR". Consider, for instance, the operator dy acting from
both sides on the product vw with v # w), i.e.

8v[vw] =w while [qu] Oy = —[U)\U\]av\ - _u

The bosonic Dirac operator 9, and the fermionic Dirac operator d; associated to the vector variable
x are introduced using the above defined partial derivatives,

(6\2]‘65;2].71 - é?j—lﬁz‘gj) .
1

m n
Jj=

0y = €y, Dp =2
j=1

9



The left and right super Dirac operators then are defined by

Ox- = 0g - —0z; F — 0y[F] — 04[F] = 0x[F]

Ox =— 0z — 0y ; F — —[F]0y — [F]0; = [F0x.
In [6] it was proven that the above operators satisfy all axioms (D1)- (D4) used in the definition of
vector derivative on the level of radial algebra. In this case the role of the abstract dimension is played
by Ox[x] = [x]0x = m — 2n =: M. This parameter M is called the superdimension.

On the radial algebra level, the left and right actions of the vector derivative are connected by means
of the conjugation since Ox[F] = —[F]0x holds for every radial algebra element F, see [8]. But this is
a property fully dependent on the structure of the radial algebra. That is why the above relation is no
longer fulfilled in general on A,, 2,. For example, we obtain for the element F' = 25;_; that

8X[F] = 8£[F] = 25 = —2égj, while — [F]ax = [F‘]aI = 2égj.

Vector multipliers: In the Clifford-polynomial representation the vector multipliers z and z| can be
easily redefined using the basis multipliers e; and e;|, see (4). In particular, this means that the -| action
is linear with respect the coordinate variables ;. Based on the same idea, we define the following basis
multipliers in the superspace representation:

€j : F—>€jF, ej|: F—>}jej,
N N NI b~
€j . F*)QjF, €j| . F—F €j.

They allow us to write the x| operator defined on the radial algebra level as
m 2n
X =gl +2] = el + 3wl
j=1 j=1
In fact, for every F' € A,, 2, we have that

m 2n m 2n
X|[F] = Y aiFe;+ Y aF'e; =Y Faje; + Y (F') @65,
j=1 j=1 j=1 j=1

Hence, if F is an element of the radial algebra we obtain F = (ﬁ b) and in consequence x|[F] = Fx.
Using the identifications:

em+j = i€ j=1,...,m, ©)
€ant; = 1€ j=1,...,2n.
it can be easily proven that the operators ey, ..., em,€mi1,. .., €2, and €1,..., €2y, €2141, . . ., €4 Satisfy

the commuting relations given in (5), i.e. they generate the algebra Cop, 4z
For future computations we will need the following relations that can be easily proven using mathe-
matical induction and the recursion formulas (8).

Lemma 1. Letv € VAR, v € VAR and x = x + & be a supervector variable. Then one has

[0y,7] = 0, [0y,7] = 0, [0, e5]] =0, {0,,7"} =0, [0:,7°] =0,
[0.,7] =0, [05,] =0, [0, €511 =0, [02,7] =0, {077} =0,
(0,77 =0, 05,77 =0, [0, €511 =0, {027} =0, {027} =0,
(2,77 =0, (00,77 =0, (00,511 =0, [0z,-7] =0, {027} =0,
[0, "] =0, {0s,"} =0,
on the whole algebra Ay, 2,. In addition, for every F' € Ay, 2n one has that Oy[F) = —[F*]0y.

Using some of the above properties we can also prove the following differentiation rules
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Lemma 2. Letv € VAR, v € VAR and F,G € Ay, 2. Then one has

8@[FG] = au[F]Gv
(GF|8, = G[F18y, ifG € AlgR<(VAR\ {v}) U VAR‘) ® Crn.2m
9y[G] = 0 = [G]0,,

9s[FG] = 04[F]G,
(GF19, = GIF1ds,  if G € Algg (VAR U (VAR {1)})) ® Con.2m
2:10] = 0= [G1a,

Operator B: Following the radial algebra approach and using Lemmas 1 and 2, we can compute the
operator B acting on F' € A, 2, as follows:

BIF] = {05, x[}[F] = 0x [x|[F]] + x| [0x[F]]
= (O = Og) (2|[F] + Z[[F]) + (] + ﬁ\)(ag[F]—%[F])

= (~ 0 [Fa] + 0. [F|z) + (0.
+ (02 [Fz| - 02 [F|z) + (2

= (-0 |Fe] +0 [Flz) + (0 [ () 2] - 02 [(F) ] 2)
However .
0, {Fx} + 0, [Zﬂ x = —Ze]fej
i=1
and
s n 2n N
0y [(Fb) 4 =23 (o0, — €25-102,) S B FVes
i=1 k=1
_ N b ~ < b7 b
=2 Z €2j (62j71,k F €L — $k8352j71[F ]ek) — 623 1 ((52J kF ek — J}kam [ }ek)
115&752”7}
=2 Z <52j—1,k éQjﬁbék — 025k ézj—lﬁbék> +
1<j<n
1<h<2n
+2 ) (6\23‘(%23-71[(?{’)*}351@% — €210, [(ﬁb)*]fkék)
(S
=23 (0o Pz — fny 1 Floy ) + 0 | (F) | 2
i=1
We thus get

m n
B[F] = — Z eerj +2 Z (éQijéQj_l — égj_lFbé2j> s
j=1 j=1
allowing us to write the operator B as a special "bivector" in Cop an:

m n m n
B==Y eje;| +2) (€265 1] — €a5-1625) =i | Y ejems; +2) (€2 1€2m12;5 — €25€am12;-1) | -

j=1 j=1 j=1 j=1

In A, 2, we can also define the bosonic and fermionic differential operators

m

8z|:Z€j|8Ij7 8i|:22(é2j‘6w\2171 _éQj—llaﬂfzj)v

j=1 j=1
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leading to the super differential operator Ox| = 05| — 9| acting from the left. Using Lemma 1 we can
compute the action of this operator as follows.

Ox|[F] = 0x|[F] — 0x|[F] = QZ (€251 Oy [F] = €2j-1] Oy, [F]) — Z€j| Ou, [F]
=23 (8952];1 [Ft)ea; — O, [ﬁb]ézj_l) — > 04, [Fle;
=23 ()02, 25 = [(F*) 102,021 = D [F10s, e

Then, on the radial algebra level we have dy|[F] = [F]dx and, as it was proven in [8], the equality
—{0x|,x} = B is valid on the radial algebra R(S). By straightforward computation we can check that it
remains valid in A, 2.

5 Complex structures

Following the approach given in [8], we can define on the radial algebra of doubled vector variables
x=a+1b|,a,be S, acomplex structure J; by means of

Ji(a+ib|) = b—ia.

Using the identifications (9), the corresponding version of the doubled vector variables in superspace has
the form

m 2n m 2n 2m 4n
x =Y wje;+ > Tej+i | D Tmijesl+ Y D€yl | =Y wie;+ Y iy =z + 4,
=1 i=1 =1 =1 j=1 i=1

which is the natural form of a vector variable in the algebra A, 4,,. Then the corresponding complex
structure defined in the radial algebra embedded in Asgyy, 4, is given by

m 2n
Ji(x) = (@) + J1(2) = D (@mrje; — Tjemis) + > (Tanyi€) — T5€2n15).
J=1 =1

This radial algebra homomorphism can be extended in a natural way to Az, 4, by the following relations:
1. Jj is the identity map in V.

Ji(e;) = —emtjy  Jilemtj) =€, j=1,...,m,
Jl(éj) = *62n+j7 Jl(égn+j) = éj, ] = 1, . .,2TL.

3. Jl(FG) = J1(F)J1(G)7 F,G S Azm’4n.

The restriction of J; to the bosonic part Algg(VARU {eq,...,ean}) yields exactly the same complex
structure as used in classical Hermitian Clifford analysis (see [2, 3]). On the other hand, the restriction
to the fermionic part Algg (VAR U{€1, ..., €4, }) brings new insights to this study since it acts on objects
of a different nature.

In the first place observe that the elements €; and the algebra generated by them may be represented
by polynomial differential operators in 2n dimensions where we introduce commuting variables a;, b; and
the corresponding derivatives 0,,,0p,, j = 1,...,n, and make the assignments (see [19]):

2.

€2j-1 = Ou;, €25 = aj, €ant2j-1 = O;, Cantzj — by (10)
Indeed, with these identifications we inmediatly obtain the "Weyl algebra defining relations"

8aj A — Ak (9%. = 5j,k = 8bj bk — bk 8bj.
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The above approach is completely consistent with the defining relations of the algebra generated only by
the €;’s. We have to keep in mind that for working with the whole set of Clifford generators e; and €;
which satisfy the anticommuting relation eje, = —e€re;, we need to introduce an extra Clifford algebra
generator egn,4+1 in the previous assignments (see [19])

€251 —7 €2m+18aj, €25 —> —€am4+10j5, €2p425j—1 7 €2m+18bj7 €2n+42j — —€2m+1bj.

However, this additional element es;,4+1 is not important if we are only working with the ¢;’s. The
representation (10) is sufficient to study the action of J; over Algg (VAR U{éy,...,E4n}).

In the closure of the the set of polynomial differential operators generated by a;,b; we may consider
the element

n n o0 (iab)k
@b —exp | i E ajb; | = He“jbj, where ¢'%ib = E 7]19'1 )
=1 j=1 k=0 ’

i(a,b)

The action of this operator on 1 gives the function e that works as a "projection wall" under the

action of the above Weyl generators, i.e.
Ou, €@ 1] = i by " [1], 8y e [1] = ja; e @P)[1].

By means of these relations we obtain a "projection" J of the complex structure J; using the following;:

Jl (égj_l) 8i<a’b> [1] = —8bj6i<a’b> [1] = —aj i€i<a’b> [1] = —égj i€i<a’b> [1], J(égj_1) = —égj,
Jl(égj) €i<a7b> [].] = —bj€i<a’b> [1] = 8a_j i6i<a’b> [1] = 6\2j,1 Z'€i<a’b> [1], J(ézj) = e‘gj,l.
In fact, J projects the whole action of J; onto the vector space generated only by the elements €1, ..., €a,.

It avoids the "redundancy" caused by doubling the already doubled fermionic part. This shows that in
this setting the fermionic dimension does not have to be doubled in order to define a complex structure.

Indeed, the projection J can be extended as an algebra homomorphism of Asgyy, 2, where only the
bosonic dimension has been doubled, using the restriction of J; to the bosonic part. This is:

1. J is the identity in V.

9 J(ﬁj)=—€m+g> J(e\mﬁLj):\ej, j=1.m,
J(€2j-1) = —€25, J(€2j) =€25_1, j=1,...,n.

3. J(FG) = J(F)J(G)7 F7 G e -A2m,2n-

It is easily seen that J2(x) = —x for each supervector variable x. This is a natural property for J since
this fermionic projection of the complex structure J; also is a complex structure, i.e. it satisfies the
complex structure axioms (AH1)-(AH3); as we will show in the next section.

5.1 Verification of the complex structure axioms

Here we will check that the action of J on the radial algebra R(S) embedded in Agy, 2, satisfies the
complex structure axioms.
In this setting the supervector variables take the form

n

m
X=x+2= E (Tjej + Tmyjemj) + E (€2j_1€2j—1 + T25€25),
Jj=1 j=1

and the action of J is given by,

m n

T(x) = J(@) + J(2) =Y (Tmrje; — Tjemss) + Y (25625 1 — 25 163)).

j=1 j=1
Checking (AH1)-(AH2):

{xy}={/x),J¥)} {Jx),y}=-{xJy)} xyeS
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We clearly have

{2y} = =2 (@595 + Tmijymry) = {T(2), T(»)},
j=1

{z, 9} =D wgides e} = 0={J (), J®)},

Jik

n
{29} =D ajukles er] = D 2aj 1025 — T2;42j-1-
Jik Jj=1

and also

{J(@),J(Y)} = Z {#;€2j 1 — X2 _1€2j, Yor€or—1 — Yor—_1€2k }

= Z —T2;Yok—1[€2j—1, €2k — T2j—1Y2k[€25, €2k—1]

n
= E T25-1Y25 — T25Y25—1-

Hence we conclude,

m

{x,y} = —QZ (2395 + TmyjYmrj) + Zm\2jfly\2j — @25y2j-1 = {J(x),J(y)},

j=1 j=1

which clearly is a central element in Ay, 2p.
On the other hand, we have

m

{J(@),y} = =2 (@misy; — Tymss) = —{2, J®)},
=1
{J(2),5} =D Azmiiej — Tjemss i} = 0= {z, J(§)},
g,k
n
{J(@),y} = Z {@oj€25_1 — X2j_1€25, Yor—1€2k—1 + Y2r€oi}
k=1
n
= Z To;Yor[€2j—1, €2k) — T2j—1Y2k—1[€2j, €2k—1]
J,k=1

n
= E T2j—1Y2j—1 + T25Y2j
Jj=1

and

n
{z,J(y)} = Z {#o5 16951 + T2j€2j, Yor€or—1 — Yor—_1€2k }
J,k=1
n

= Z —Toj_1Y2k—1[€2j—1, €2k) + T2jY2r[€25, €21—1]
J,k=1

n
=- E T2j—1Y2j—1 + T25Y2;-
=1
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Then we obtain

m n
{7(),} = =2 (@95 — Tjymis) + (@25 10251 + B25025) = —{x, J(y)},
j=1 j=1

which also is a central element in Ag,, 2p.

Checking the axiom (AH3) requires of the introduction of a suitable element B € Ag, 2,. In
accordance with axiom (DH3) we have that such an element B is obtained by the action of the vector
derivative Ox on J(x). Then we define,

B = -0k[J(x)]=5(0z—0p) (J(z)+ J(2)) =

n
= Zejemﬂ- —Zéjg. (11)
j=1 Jj=1

This definition is consistent with (3) since J(B) = B.

Checking (AH3):

[B,x] = -2J(x), [B,J(x)]=2x, x¢€8.
Let us write B := B, — By with B, = 27:1 ejem+j and By = Z;—;l (€25-1% + €2;%). We immediately
obtain,

m

By, 2] = Zxk lejemqj,er] = —2me+m —Tjemy; = —2J ()

By, 2] sz €j€m—+j, €k) —O—Zxk €j 2 er] = [By, 1]

2n n
By, 2] = Z (6,2, Zrér] = Zﬂf% [€25-17, €2x] + Tan—1 [€2;%, €2p-1]
k=1 =1

n
=2 E €T25€25—1 — T2j—-1€25 = 2:](&)
j=1

Then we conclude that
[B,x] = [By, 2] — [By, 2] = —2J(z) — 2J(2) = —2J(x).

The other equality is obtained by applying J to the above relation.

5.2 Vector derivatives 0y and ;)

The partial derivatives 0,, 0y always commute with the complex structure J. Then, the corresponding
action of J on the vector derivative Jx can be easily seen by means of the following bosonic and fermionic
Dirac operators on Agy, 2n:

a = Z] 1 (e-]ax] + em+Ja$m+J) aJ(E) = J(aﬁ) = ZT 1 (ejaajerJ €m+ja:rj) ’
Oy = 22]:1 (€2Ja$2j—1 ezj*18$2j> ) J(a ) 223 1 (623 16!1?23 T e2jaﬂi2 ) :

The vector derivatives Jx and 0;(x) then are defined by

Ox- = O - =0, Ayx) = (@) - —0s@)"»
O = — - Oy — O, 0sx) = = 0s(2) = O(a)-

This means that the above actions are subject to the relations:

J(ax[F]) = aJ(x) [J(F)]a J(aJ(x) [F]) = _ax[J(F)]a A
{J([F]ag — (E)0s00, {J([F16J<x>> — (), F € Azman, (12)
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which generalize to Ag, 2, the properties studied at the radial algebra level, see [8].
We now have to verify whether these definitions are in agreement with the axioms (DH1)-(DH4)
established in the radial algebra setting. We first check the basic evaluations.

Checking (DH3)

Oulx] = [x)05 = m = 0,0 [T ()] = [T,
Ox[J(X)] = =[J(¥))0x = 2B = =0 (x)[x] = [x]0(x)-
|

It is known from [6] that dx[x] = [x]0x = 2m — 2n =: m, since I is the original vector derivative in

A2m,2n. Then applying J and using (12) we obtain 0;)[J(x)] = [J(x)]0x) = 2m — 2n.
The relation 0x[J(x)] = 2B was the one used in (11). Furthermore,

~[J ()10 = (J(z) + J(2)) (92 + 0x) = [J(@)]0x + [J (£)] 0

n m
Z —€pj_1° — €25 °) + Z —€m+j€ + €jemtj)
B

j=1
=2

Applying J on the above equalities and using again (12) we conclude that —0;(x)[x] = 2B = [x]0(x)-
Checking (DH4)

Ox[x?] = [x?]0x = 2x, D10 X7 = [x*]0sx) = 2J(x),
Ox[xJ(x)] = (m +2)J(x) — 2xB, [xJ(x)]0x = —(m — 2)J(x) — 2xB, x €S,
Oy [xJ(x)] = —(m+2)x —2J(x)B, [xJ(x)]0;x) = (m —2)x —2J(x)B

{ax{x, ¥} = (0310 = 2y = 000 {7(x), ¥} = {7 (%), ¥} s, <ty

8J(x){x7y} = {va}aJ(x) = 2J(Y) = _8x{‘](x)7y} = —{J(X),y}@x,

The equalities Oy[x%] = [x?]0x = 2x and Ox{x,y} = {x,y}0x = 2y (x # y) were obtained in [6]. Then,
letting act J on each of the previous relations we get,

8](x) [XQ} = [X2]8J(x) = 2J<X)7 and a](x){x7y} = {va}aJ(x) = QJ(Y)

We also find
Ox[xJ(x)] = (9 — 0x) (2 + z) (J(2) + J (2))
= (0 — 0) [2J (z) + 2] (2) + 2T (2) + 27 (2)]
= =0y [J(2)z] + 0z [ (2)] + Oz [2J(2)] — O [2J ()] — Oy [x ] (2)] + O [/ (2)2]
However
Op [J(2)z] = 0p [J(2)]z = —2By z, Oz [2J(2)] = Oz [2] J(z) = —2n J(z),
Oy [2J(2)] = O [2] J(2) = —2m J(2), O [J(2)2] = 0y [J(2)] 2 = —2B, 2,
& TJ(T)| = 2262] Toj—1 ‘T‘] )] _é2j—13352j [i‘](i)]

= 2262] (SQJ 1J + IBQJ) — égj_l (62]J( ) 11762] 1)
n n
=2 Z €2;€2j—1 — €5_1€2; | J(Z) + QZ (e\2j71£\€\2j—1 + ézjiézj)
j=1 j=1
= —2nJ(Z) +2 Z (ezj 22— €2j_1%2; + €2 274 €9, %25 1)

j=1
—(2n+2)J(2) +2Bs 2

16



and

0 [e7(@)] = 3 ) (67(0) — 2nes) + e (s ) + 2,

Jj=1

= —2mJ(z) + Z (emﬂ Te; — e wemﬂ)

= —2mJ(z + (eremﬂ T+ 2Ty €5 — 2xjem+j)

= HMEE

= (—2m+ 2)J +2B
Then we conclude that

Ox[xJ(x)] =2Bsz —2nJ(z) — (2n+2)J(2) + 2Bs 2 — (—2m + 2)J(z) — 2By z + 2m J(z) — 2By &
= (2B; — 2By)z + (2B; — 2By)Z + (2m — 2n — 2)J(z) + (2m — 2n — 2)J(2)
= (2m —2n — 2)J(x) — 2Bx
= (2m — 2n + 2)J(x) — 2xB. (13)

Letting act J on (13) we obtain:
0y [xJ(x)] = —(m +2)x — 2J(x)B, (14)
and conjugating both (13) and (14), we get
[xJ(x)]0x = —(m = 2)J(x) —2xB, and [xJ(x)]0;x) = (m—2)x —2J(x)B
Furthermore we have

Ox{J(x),y} = (0s — ( 2 " (@mig¥ — TjYmas) T Y (B2 10251 + fzj?hj))
j=1

j=1

m n

=2 (em1j¥; — €Umj) +2 Y (€2j025-1 — €2j-102))
=1 =1

= —2J(y) —2J(y) = —2J(y)

= (—2 i (@m+5Y5 — TjYm+j) + i (T2j-1Y2j-1 + 352;‘322;‘)) (=02 — 0z)
j=1 j=1
= {J(x),y}0x.
Finally, from the action of J on the above relations we obtain
0y 1J(%), ¥y} =2y = {J(x),y} 0sx)-
Checking (DH1)

[fF]0x = F[f]ox + f[F } o [[F05x) = Ff]105x) + fIF]05(x)5
f€R(SUJ(S)), FeRSUJ(S),B).

It suffices to prove (DH1) just for those f generating Ro(S U J(S)), which are given by the anti-
commutators

{Xay}a X27 {J(X),y}, X,y € S.
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By straightforward computation we obtain for every F' € A, 2, that

Ox[{%, ¥y} F| = 2y F + {x, y }O«[F], {x, ¥y} F|ox = 2Fy + {x,y}[F]0x,
Ox[X2F) = 2xF + x20,[F], [x2F)0x = 2Fx + x2[F)0,
Ox[{J (%), ¥y} F| = =2J(y)F + {J(x),y}Ox[F], {J(x), ¥y} Flox = =2FJ(y) + {J(x),y }[F]Ox.

Finally, the other relations can be obtained by means of the action of J on the above equality.
The statement in (DH2) being a trivial consequence of Lemma 2, we omit its proof.

5.3 Directional derivatives

We are now able to obtain explicit expressions for the directional derivatives Dy x and D) in this
setting. From the radial algebra framework (see [8]) it is known that

{8,(7 y} = 2Dy7x + 6x7ym, {8)(7 J(y)} = 2DJ(y)A,x + 2(5x7yB.

For the operator {0x,y} we first obtain

2m n 2m 2n
{0x,¥} = {— Z €j0z; + QZ (é2jaz‘2j_1 - 6\23‘7181\%) ,Zykek + Zykék}
j=1 j=1 k=1 k=1

2m
=— Z {€j0u;, yrer} — Z {€j0u,, yrer } +2 Z ({ézjafzj,l,ykek} - {e\2j718z‘2]’7ykek‘}>

J=1 1< <2m 1<i<n
1<k<2n 1<k<am
+2 E ({€2jaz‘2_j_17ykek} - {erflaa:‘g]wykek})-
1<j<n
1<k<2n

However, from (5) and (8), we obtain the following relations for every pair v,w € VAR and every pair
v, we VAR

{€;0y, erw} = =0y were; — 20 K0y, — 20, LWy,
{ejav, ékv‘} =0= {e‘j&;, t’:’k’l}},
{€2j0y, €xW} = Oy €25 — d2j—1,k O + 0251,k W Oy,

{€2;-10y, €xW} = 8y 15 €xE25—1 + 02 k 04,9 — 25,k W Dy,

whence,

2m

{Bx, y} = — Z (_6x,y6j,kek€j — 25j,k5x,y — 26j,kyk(9m].)
j,k=1

+ 2 E (6x,y62j71,k €k€25 — 025—1,k Ox,y + 02j—1,% Yk 51‘2_,»_1)
1<j<n
1<k<2n

-2 E (5x,y52j,k €r€25—1 + 025,k Ox,y — 02k Yk 6z~2j)

1<j<n
1<k<2n

2

=> (0xy +2y;00;) +2> (5x,y(6‘21‘71€‘2j — €2;€25-1 — 2) + Y2105, _, + y‘2ﬁx§;~)

3

j=1 j=1
2m 2n

= 6x,y(2m — 2n) +2 (Z yjazj + Zyj@]) .
j=1 j=1
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Similarly, for the operator {0y, J(y)} we obtain
2m 2n

{0x,J(y)} = {81:‘ — Oz, Z(ym+kek — Ykem+k) + Z(?Jzkézk—1 - ?Jzk—1ézk)}
k=1 k=1

m
== Z {ejaasj ’ ekym+k’} - {ejazj s em+k:yk} + {em+jazm+j s ekym+k} - {em+jazm+j s em+kyk}
j k=1

n
+2 ) {é2j3352j,1752k—1y2k} - {ézjaafzj,17ézk92k—1} - {6\2;‘71335%78‘%—11/\%} + {é2j718x‘2ja6\2ky\2k—1}
Jik=1

(=205 Ymt1k02; + Oxy ),k emtkej — Oxy 0k €xemtj + 285k YkOr,ms ;)

HM3

-

gk

+2
Js

<5j,k Y2rOap; s = Oxy 0,k €21€2j — Ox,y 0.k €2k—1€2j—1 — b 1 lfzk—lafak)
1

FNGE

m n
Z x,y€jem+j + Ym+;j0z; — YjOm+;) Z ( Sy (€2j-1° + €25 %) + Y2500y, — !/‘2;'—19ac‘2j)

m n
=20x,yB+2 (Z(merjan = YjOr, i)+ D (Y20, | — 1/‘2]'13952]-)) .

Jj=1 Jj=1

Then, we have found the following expresions for the directional derivatives

Dyx = Dy g Zyjaac, +Zy] s
DJ(Y)vx = DJ(Q)& + DJ(Q)@ = Z(ym-i'jamj - yjal'm-%—j) + Z(y\Qjaf'z;q - szj—lafzj)v
j=1 j=1

which lead to the Euler operator Ex = Dy x = Z 12502, + Z —1Zj0z,. As it is known, Ex measures
the degree of homogeneity in the supervector varlable x of every element of the radial algebra embedded
in Ao 2,. This situation can be generalized to the polynomials setting.

Let P := Clz1,...,%2m,L1,...,22,] be the space of complex valued polynomials in the variables
TlyeevyTom, &1, .., L2n. Asin the classical framework, a polynomial Ry (x) = Ri(21,. .., ZTom, L1, ..., Tan)
is said to be homogenoeus of degree k € N if for every A € C\ {0} it holds that

Ri(\z) = \* Ry ().

The complex vector space of homogeneous polynomials of degree k in P is denoted by Pr. A basis

for Py consist of elements of the form 2% ... 252" ... £52" where a; € N, 8; € {0,1} and with
Ej;”l aj + Z?Zl B; = k. It is moreover easily seen that Py is a finite dimensional vector space with
dimension (k2m)
min(k,2n
2 o\ (k—j+2m—1
di = .
w0

It can be directly verified that Py is an eigenspace of E, with eigenvalue k. The same conclusion holds
for Pk & C2m,2n-
6 Hermitian setting in superspace
In the complexification CAgy, 2y 0f Aop, 2n, We define the Hermitian conjugation 1 as
(a+ ib)T =a— ig, a,b € Ao 2n,

which generalizes the Hermitian conjugation over the complexification of the radial algebra with the
complex structure introduced in Section 2, see also [§].
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The Hermitian vector variables in superspace are then introduced by

1 _ 1 . Lo, .

§(x+zJ(x)) = 5(;4—@]@)) + 5(@4—&](@)) =:z+2,

1 (x - iJ(x)) S (g - ZJ(;)) - 1<§7 zJ(g)) =2t + 27,
2 2 2

z

ot

defining the bosonic Hermitian vector variables z, 2z and the fermionic Hermitian vector variables 2, g‘T

as follows

2= 5 (e tiT@) = 5 3oy + ivne)es —iema) = 3 i
Jj=1 j=1
(Y (ST Ly o YN et
zl=—g(z—1 52 — 1 Tmgj) €]+26m+J)—lej B
: j:

N A 1 N -
§:§(£+1J(£)> =5 2 (@251 +1i22;)(E2j-1 — i) > A
j=1 j=1
! 1 I, S
Z (JU—U( )) —52(35%‘ | —idy) (€ajm1 +i€;) = Y 25

Here we have introduced the commuting complex variables z; = x; 4+, 4, the anti-commuting variables
. N . . . : < s A . .
Zj = Xp;j—1+1i%2;, their complex conjugates 25 = Xj—1Tmyj, 25 = T2j—1— 125 and the Witt basis elements

J = %(ej - iem+j)7 fj\— %(62] 1— 262])
—5( f] :**(6% 1+Z€23)

It is easily seen that these Witt basis elements generate the complexification of Cayy, 25, and are subject
to the following commutation rules

fgrfk + fkf;’ i 0, f]jk; fk‘fj;:\?,_ b+ ety = 0, f;fk\+ fkf;r o,
fmm 0, e -t =0, PR f g =0 ety rdst —
fjfk +fkf] = 0jk, fj\fk\T - fk‘T fi = =50k Ik k- Tj ) Tk kT .

As a consequence of the radial algebra results, the new Hermitian vector variables and the bivector B
satisfy the properties (AH1*)-(AH3*). In particular, {z,u} is a commuting object in the whole algebra
CAgpm 2n and has the form

n

% c i > C
{z,ul} = szuj ~3 szuj. (15)
j=1 j=1

The complex conjugation -© acts on the complexification of V as the corresponding restriction of -, whence

it is clear that
m

m Z n Z n
e _ c,, . s N c_ NoC T
{zu'} =) zju;+ 5 255t = Q) wizi — 5 ) UiZ = {u, 2"},
Jj=1 Jj=1 Jj=1 Jj=1

meaning that formula (15) can be used as a generalized inner product.
We also introduce the left and right actions of the Hermitian vector derivatives in this setting using
radial algebra notions. These are

0z = i(ax =0y ) = 3(5‘@ —i0y@) ") — 3(3@ —i0y(z) ) = 0z +0z,

Ot = %(3 0y ) = i(%'ﬂ‘aﬂ@‘)+i(3@+i5m)'):3gf'+3zr'a
'5z=i("9x—i'5J<x))=i(— Op+i - Oyw) — %( Op =i 0j(g)) = = 02+ 0z,
D= — i( D ti Oy = i( D +i - Oyey) + i( Dy +i-Oyia) = — - 0t + Ot
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Meanwhile, we have introduced the bosonic and fermionic Hermitian Dirac operators

m

1 . 1 E
a£ _ 71(8§ _ Zaj(i)) = E f; 8zj7 82 = Z(a 'LaJ(-L) =2 1f] 259
— Jj=

and their Hermitian conjugates

1 , <
Oyt = Z(al—’— i0)(z)) = ;fj Dzey Oyt = (3 +i0y@)) = —QZZfJ 2%
where
1 . 1 . 1 ) 1 .
0z, = 5(8%' = 10ny;); 8z§ = 5(873]' +03,,4;), 0z = 5(81"23'4 —i02;), 85? = 5(61'\23'71 +i0ay, ),

are the classical Cauchy-Riemann operators and their conjugates with respect to the variables z; and 2;.
As it was shown in [8], the operators 0, and 0,: satisfy the relations (DH1*)-(DH4%*) given in
Section 2. These relations can be also checked using the above explicit expressions, e.g.:

0.12] = 0.12 —me] fﬁZfoy—% m —n) +iB].

We also obtain explicit formulas for the complex directional derivatives in superspace following the radial
algebra approach. In fact, for every pair of Hermitian vector variables z = 3 (x+1iJ(x)) and u =
1 (y+iJ(y)) we have

1 . 1 . .

Du, 5 (Dyx+iDyiy)x) = 5 [(Dm + ZDJ@@) + (Dg‘,zf + ZDJ@@)] =Dy + Dy,
1 ‘ 1 ‘ .

Di. = 5(Dyx=iDspa) =5 |(Pue = Do) + (Do = iDsyye) | = Dho + D

where the bosonic and fermionic directional derivatives and their Hermitian conjugates are given by

Dﬂ,z =
Dz =

Dyo+iDjy)e) = Z;nzl u;0z;, DLE =
Dy +iDyg) = S5y 100z, D;é -

) —m e

Dys—=iDjy)e) = Zj:l uj 8Z§-a
. o n \C .

Dy gz —iDjy)z) = > 5= U Oz.

N~ N|—
= N

As a consequence of the results obtained at the radial algebra level we have
1 _ 1 .
{0:,u} = Dy + 50 ((m — n) +iB), {0,,u'} =D} , + 0=u((m—n) —iB),

and it can be easily checked that the above relations remain valid in CAgy, 2n.
In the case, z = u we obtain the Hermitian Euler operators

m n -
RPN SIS T NI S ST
=1 j=1 1 j

which split the Euler operator E, as E, =E, + E_:.
It was shown in [8] that E, and E! measure the degree of homogeneity of the vector variables z and z'
respectively on every element of the Hermitian radial algebra. As expected, also this property generalizes
to (CAQm’Qn.

To this end, we refine the notion of a k-homogeneous polynomial to a (bi—)homogeneous polynomial of
degree (p,q) with p+q = k. A polynomial R, ;(2,27) = Ry 4(21, -+, Zm, 255001 280, 21503 2y 205 - -+, 25)
is said to be homogeneous of degree (p,q) € N? if, for all A € C\ {0} it holds that

Ry (A2, X2T) = AP (A)T R, (2, 21).

The space of all homogeneus polynomials of degree (p, ¢) in P is denoted by P, 4. A basis for P, , consists
of the elements 207 - .. z0m 200 ... 200 (zeym (g8 Yrm (29)01 ... (2°)%n where aj,v; €N, p;,6; € {0,1}

m
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and with 3770, a;+377 ) B =p, Y50 vi+>05-, 0; = ¢. It easily follows that Py, 4 is a finite dimensional
complex vector space with dimension

min(n,p) . min(n,q) .
. _ n\/p—j+m-—1 n\{q—j+m-—1

=0
Since each complex polynomial in (21, ..., Zam,21,...,22,) may be written also as a polynomial in the
variables (21, ..., 2m, 25, oy 25, 21y« ooy Zny 215 - - -5 23), We can easily check the relation

k
Pi =D Pis-s-
§=0

In the previous section, it was mentioned that Py is the eigenspace of E, corresponding to the eigenvalue
k. A similar property can be proved in the Hermitian context.

Lemma 3. If R, ,(z,2") is a homogeneous polynomial of degree (p,q) then
E:[Rpq) =pRpq and Ei[Rp e =qRp,

Proof.
Applying the chain rule (see [6]) and differentiating with respect to the complex variable A, we have on
the one hand

OnRyg(A2, X2T) =3 20 Ry oAz, A2T) + > 202 Ry g(Az, X2T) = B Ry 4 (A2, A°2T),

Jj=1 j=1
and on the other hand,
a/\Rznq()‘Za )\CZT) = 0O [)‘p (/\C)q szq(zv ZT)] = p/\p_l (/\C)q Rp,q(zv ZT)7

whence,

E.Rpq(Az, A°2T) = pAPH (A)T Ry, 4(2, 21).

In particular, for A = 1 we have E,[R, 4] = pR), 4. The proof of the other relation is similar. O

7 Conclusions and Further Research

We have carefully introduced the defining objects for Hermitian Clifford analysis in superspace through
the rules determined by the Hermitian radial algebra. These rules provide a straightforward way of
defining a suitable complex structure in this setting, giving rise to the introduction of all basic elements
in the Hermitian Clifford calculus. This complex structure can be seen either as a special automorphism
on As, 2n Or as the action of the special bivector B through its commutator with vector variables. This
action of B allows to interprete the complex structure as a special element of the set of superrotations.
In forthcoming work we will further develop this theory. This will include a deep study of the group
realization of rotations in superspace and the invariance of the super Dirac operators under the action of
these groups (]9, 10]). Also a Bochner-Martinelli formula in this setting will be established.
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