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ABSTRACT. We determine the Ringel duals for all blocks in the parabolic versions
of the BGG category O associated to a reductive finite dimensional Lie algebra.
In particular we find that, contrary to the original category O and the specific
previously known cases in the parabolic setting, the blocks are not necessarily
Ringel self-dual. However, the parabolic category O as a whole is still Ringel
self-dual. Furthermore, we use generalisations of the Ringel duality functor to ob-
tain large classes of derived equivalences between blocks in parabolic and original
category O. We subsequently classify all derived equivalence classes of blocks of
category O in type A which preserve the Koszul grading.
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1. INTRODUCTION AND MAIN RESULTS

For a reductive finite dimensional complex Lie algebra g with a fixed triangular
decomposition, consider the Bernstein-Gelfand-Gelfand category O from [BGG] (see
also [Hu]) and its parabolic generalisation by Rocha-Caridi in [RC]. It is well-known
that blocks in parabolic category O are described by quasi-hereditary algebras which
possess a Koszul grading, see [Bal, BGS, Sol, Ma2]. Moreover, graded lifts of blocks
of category O are Koszul dual to graded lifts of blocks in the parabolic versions of O.
It was proved in [So2] that parabolic category O, as a whole, is Ringel self-dual. It
is well-known that for full category O, even every individual block is Ringel self-
dual, as follows from [Sol, Struktursatz 9]. The same holds for the principal block
in parabolic category O, see [MS3]. One of our observations which motivated the
present paper is that arbitrary blocks in parabolic category O are, surprisingly, not
Ringel self-dual in general. This is our first main result.

Theorem A. Blocks in parabolic category O are, in general, not Ringel self-dual.
Howewver, every block is Ringel dual to another block in the same parabolic category.
The Ringel dual of a block is also equivalent to a block with the same central character
in a different parabolic version of O.

Ringel duality between two blocks always implies an equivalence, as triangulated

categories, of the bounded derived categories of these blocks given by the derived

Ringel duality functor, see [Rin, Ha, Ricl]. From our proof of Theorem A, it follows

easily that, for parabolic category O, this equivalence lifts to the graded setting for

the Koszul grading. On the other hand, the Koszul duality functor, see [BGS, MOS],

also induces an equivalence between the derived categories of a graded lift of a block
1
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and its Koszul dual. However, this equivalence does not correspond to a derived
equivalence in the ungraded sense. Moreover, we show explicitly that two Koszul
dual algebras need not be derived equivalent in the sense of [Ricl], by considering
an example for category O.

We are interested in derived equivalences in the sense of [Ricl] which lift to the
graded setting, see explicit Definition 3.2. We refer to this as a gradable derived
equivalence or being gradable derived equivalent. Hence, for parabolic category O, the
Ringel duality functor induces a gradable derived equivalence, whereas the Koszul
duality functor does not.

In the current paper we start the systematic study of derived equivalences for (par-
abolic) category O. Some interesting derived equivalences for g = sl(n) have been
obtained by Chuang and Rouquier in [CR] and by Khovanov in [Kh]. By construc-
tion, the ones in [CR] are gradable. We take an approach independent from the
previous results but recover the derived equivalences in [CR, Kh]. Our results are
rather conclusive for category O for type A, whereas there remain open questions
for the parabolic versions of O over other reductive Lie algebras.

Consider a reductive finite dimensional complex Lie algebra g with a fixed Cartan
subalgebra h and a fixed Borel subalgebra b containing . Consider O = O(g,b)
and let W =W (g : ) be the Weyl group and Ajy; the set of integral weights. For a
coset A € h*/Ain, we denote the corresponding integral Weyl group by Wy. For a
dominant A € A, the stabiliser of A in W, under the dot action is denoted by Wy
and the block in the category O(g,b) containing the simple highest weight module
with highest weight A by Ox(g,b). Our second main result is an analogue of [Sol,
Theorem 11] for derived categories, restricted to type A.

Theorem B. Consider two Lie algebras g and g’ of type A, with respective Borel
subalgebras b and b’'. Then there is a gradable derived equivalence

D'(Ox(s,b)) = D'(Ox(g',b)
for dominant X € A and N € N, if and only if, for some decompositions
WA Xy x Xox--xX, and Wy 2X]xX,x---x X,

into products of irreducible Weyl groups, we have k = m and there is a permutation
w on {1,2,...,k} such that Wa N X; = Wary N X;(i) and X; = X;(i), for all
i=1,2,... k.

Note that, according to [Sol, Theorem 11] (restricted to type A), there is an equiv-
alence O)(g,b) = O,/ (g',b’) if the following stronger condition is satisfied: There is
a Coxeter group isomorphism Wy — Wy, which swaps W y and Wy y.

To present the remainder of the main results, we need more notation. We consider
again an arbitrary complex reductive Lie algebras g and henceforth only consider
integral weights, which is justified by the results in [Sol]. Hence A = A, and we
leave out the reference to A. For every integral dominant weight A, the block Oy now
consists of all modules in O with the same generalised central character as the simple
module with highest weight A. To any integral dominant weight u, we associate a
parabolic subalgebra q,, of g, uniquely defined by the fact that the Weyl group of
its Levi factor is W),. The full subcategory of O consisting of all modules which are
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locally q,-finite is denoted by OF. The integral part of this category decomposes
naturally into subcategories O%. Graded lifts of the latter categories, with respect
to the Koszul grading, are denoted by Z(’)f\‘ .

Theorem C. Consider the algebra g = sl(n) and four integral dominant weights
AN,y i If we have isomorphisms of groups

Wy = Wy and W, =Wy,

then there is a gradable derived equivalence between (’)’AL and (’)g,/ In particular, we
have equivalences of triangulated categories

DN(OY) = DYOY)  and  DU(POY) = DMEOL).

A more complicated formulation of this result for arbitrary g can be found in The-
orem 6.1. Theorem C generalises [Kh, Proposition 7], which corresponds precisely
to the case A = X = 0 in the ungraded setting. Furthermore, our approach gives an
explicit form of the functor and the tilting complex, which describe the equivalence.
It also provides a purely algebraic proof, whereas the proof in [Kh] depends on the
geometric description of @. Theorem C, for u = i/, gives the derived equivalences
which can be constructed from [CR, Theorem 6.4 and Section 7.4]. It seems that in
this case even the functors describing the derived equivalence are isomorphic, as can
be checked by hand for small cases. In [CR] these functors have the elegant property
that they are defined directly to act between the two relevant categories. On the
other hand, they are defined in terms of total complexes for a complex of functors
which becomes arbitrarily big. The functors in the current paper have the drawback
that they are defined implicitly by using an auxiliary regular block in category O,
see Theorem D. The advantage is that the functor on the latter category inducing
the equivalence is a well-understood functor with elegant properties.

Our results are formulated in terms of four types of functors on category O, wiz.
projective, Zuckerman, twisting and shuffling functors, see [MS2] or the preliminar-
ies for an overview. Twisting functors commute with projective functors, see [AS],
and shuffling functors commute with Zuckerman functors, see [MS2]. The non-trivial
commutation relations between twisting and Zuckerman functors, and between shuf-
fling and projective functors, lie at the origin of the failure of blocks to be Ringel
self-dual. It is also these commutation relation that we exploit to obtain the derived
equivalences. As an extra result, we extend the Koszul duality between projective
and Zuckerman functors of [Ry] to the full parabolic and singular setting.

For any x € W, the derived twisting functor L7, and shuffling functor LC are
auto-equivalences of the category D°(Qg). For an integral dominant v, we intro-
duce the notation WJ for the subgroup of W generated by all simple reflections
which are orthogonal to all reflections in W,,. Let wg stand for the longest element
of W,. Theorem C can be obtained by an iterative application of the following
theorem.

Theorem D. Consider g a finite dimensional complex reductive Lie algebra and an
integral dominant v, \, u € b* such that W, is of type A.

(7) Assume that W, C W, x Wy, Then there is a dominant integral ;i with W,y =
woWywg.  The auto-equivalence LTy of DP(Qp) restricts to an equivalence



4 KEVIN COULEMBIER AND VOLODYMYR MAZORCHUK

of triangulated categories between two subcategories, equivalent to, respectively,
DY(O) and D(OY ), yielding a gradable derived equivalence D*(O}) = DP(O} ).

(ii) Assume that Wy C W, x Wii. Then there is a dominant integral ' with Wy =
woWiwg. The auto-equivalence LCyy of DY(Oy) restricts to an equivalence

of triangulated categories between two subcategories, equivalent to, respectively,
DY(OX) and DP(OY,), yielding a gradable derived equivalence D*(OY) = D(O4)).

Note that the two parts can be interpreted as Koszul duals of one another using
[MOS, Section 6.5]. When w§ = wp and g = 0 in Theorem D(ii), the categories
O, and Oy are equivalent by [Sol, Theorem 11]. However, our equivalence of the
derived categories is not induced by that equivalence, but is rather given by the
derived Ringel duality functor.

The paper is organised as follows. In Section 2 we recall some results on category O
and Koszul and Ringel duality. In Section 3 we give an explicit example of Koszul
dual algebras which are not derived equivalent and introduce the notion of gradable
derived equivalence. We use this to study shuffling in the parabolic setting. In
Section 4 we obtain several results on the graded lifts of translation functors. In
particular, we extend the Koszul duality of [Ry] between translation functors and
parabolic Zuckerman functors to the generality we will need it. In Section 5 we study
the commutation relations between shuffling and projective functors. In Section 6 we
construct the derived equivalences between blocks in parabolic category O, proving
Theorems C and D. This is used in Section 7 to classify the blocks in category O
for Lie algebras of type A up to gradable derived equivalence, proving Theorem B.
In Section 8 we determine the Ringel duals of all blocks in parabolic category O,
proving Theorem A, and study the Koszul-Ringel duality functor.

2. PRELIMINARIES

We work over C. Unless explicitly stated otherwise, commuting diagrams of functors
commute only up to a natural isomorphism. Graded always refers to Z-graded.

2.1. Category O and its parabolic generalisations. We consider the BGG cat-
egory O, associated to a triangular decomposition of a finite dimensional complex
reductive Lie algebra g = n~ @ h @ n', see [BGG, Hu|. For any weight v € h*, we
denote the corresponding simple highest weight module by L(v). We also introduce
an involution on h* by setting 7 = —wp(v), with wg the longest element of the Weyl
group W = W (g : h). We denote by (-,-) a W-invariant inner product on h* and the
set of integral, not necessarily regular, dominant weights by A;{lt. For any A € A;t,
the indecomposable block in category O containing L(\) is denoted by O,.

For B the set of simple positive roots and pu € A, set B, = {a € B| (u+p,a) = 0}.

Let u, be the subalgebra of g generated by the root spaces corresponding to the
roots in —B,,. Then we have the parabolic subalgebra q, of g, given by

qui=1u, ®hdn’.

The full subcategory of Oy with objects given by the modules in Oy which are U(q,,)-
locally finite is denoted by OX. These are subcategories of parabolic category O as
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introduced in [RC]. By construction, OX is a Serre subcategory of O. We denote the
corresponding exact full embedding of categories by * : O — . The left adjoint
of +# is the corresponding Zuckerman functor, denoted by Z*, it is given by taking
the largest quotient inside O¥. The categories O and O, are indecomposable. The
category Of may decompose, e.g. in the case g = B(2) = s0(5), for w) = s and
w}y = t, where s and t are the two different simple reflections.

We define the set X as the set of longest representatives in W of cosets in W/W,.
The non-isomorphic simple objects in the category O, are indexed by X):

{L(w-\) |w e Xy},

Now, for € X, the module L(z - ) is an object of OY if and only if x is a shortest
representative in W of a coset in W,\W. The set of such shortest representatives
z € X is denoted by X}

We denote by d the usual duality on O, which restricts to O* and to each block in
these categories, see [Hu, Section 3.2]. For z € X ﬁf , consider the following structural
modules in OF: the standard module (or generalised Verma module) A*(z - X) with
simple top L(x - A), the costandard module V#(x - \) := dA¥(x - \), the injective
envelope I*(z - A\) and projective cover P*(x - \) of L(x - ), the indecomposable
quasi-hereditary tilting module T#(x - \) with highest weight x - A.

Consider a minimal projective generator of Of\‘ given by

(1) Pl = @ PN,

zeXy

where P#(z - \) is the indecomposable projective cover of L(z - A) in Of, and the
algebra A% := Endg(P}). Then we have the usual equivalence of categories

Of = mod-AX; M — Homg(P{', M).

We consider the Bruhat order < on W, with the convention that e is the smallest
element. It restricts to the Bruhat order on X f\‘ . The order on the weights is defined
by - A < y-\if and only if y < x. From the BGG Theorem on the structure
of Verma modules, see e.g. [Hu, Section 5.1], it follows that the algebras Ay are
quasi-hereditary with respect to the poset of weights X f\‘ - A. The standard modules
coincide with the ones above.

Remark 2.1. We will use the term (generalised) tilting module for a module of a
finite dimensional algebra satisfying properties (i)-(iii) in [Ha, Section III.3]. When
we refer to the modules in (parabolic) category O that simultaneously admit a
standard and a costandard filtration, see e.g. [Hu, Chapter 11], we will use the term
quasi-hereditary tilting module, or q.h. tilting module. Then a q.h. tilting module
is a (special case of) a partial generalised tilting module, whereas the characteristic
q.h. tilting module is a generalised tilting module, see e.g. [Rin, Theorem 5.

When p is regular, meaning that the corresponding parabolic category O* is the
usual category O, we leave out the reference to p. Similarly, we will leave out A (as
in L(z) := L(z.))), or replace it by 0, whenever it is regular. By application of [Sol,
Theorem 11], all categories O%, with X arbitrary integral regular dominant and pu
fixed, are equivalent, justifying this convention.
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Consider the translation functor 6" : Oy — O, to the A-wall and also its adjoint
65t : Oy — Oy, which is the translation out of the A-wall, see [Hu, Chapter 7]. For
x € W, denote by 6, the unique projective functor on Oy which maps P(e) to P(x),
see [BGe]. Note that, in particular, 63" o " = Gwé. By [Hu, Theorem 7.9] or [Ja],

for any x € W, we have

0, otherwise.

2.2. Koszul duality for category O. Consider a finite dimensional algebra B. If
B is a quadratic positively graded algebra, we denote its quadratic dual by B', as
in [BGS, Definition 2.8.1]. If B is, moreover, Koszul, we denote its Koszul dual by
E(B) = Ext%(By, By). By Theorem 2.10.1 in [BGS], we have E(B) = (B')°PP for
any Koszul algebra B. For a positively graded algebra B, we denote by B-gmod its
category of finitely generated graded modules.

For a complex M*® of graded modules, that is M/ = @Mﬁ, where j € Z, we use
€L
the following convention
° i i+a

(M®al(b)); = M5,
for shift in position in the complex and degree in the modules. This corresponds to
the conventions in [BGS], but differs slightly from [MOS]. A module M, regarded
as an object in the derived category put in position zero, is denoted by M?®.

For any Koszul algebra B, [BGS, Theorem 2.12.6] introduces the Koszul duality
functor Kp, a covariant equivalence of triangulated categories

(3) Kp : D°(B-gmod) = D’(B'-gmod).

As in [MOS, Section 3] or [MSa, Section 2], we introduce the full subcategory
of Db(B-gmod) of linear complexes of projective modules in B-gmod, which we
denote by £B 5. Then [MSa, Theorem 2.4] (or, more generally, [MOS, Theorem 12])
establishes, for any quadratic algebra B, an equivalence

g £Pp = B'-gmod.

From [MOS, Chapter 5] it follows that ep is isomorphic to the restriction of Kp in
case B is Koszul.

As proved in [Bal], Aéf has a Koszul grading, where the Koszul dual algebra is
E(AY) = A%, see also [BGS, Sol, Ma2]. We also have (A})°PP = AN (as graded
algebras) as an immediate consequence of the duality functor d. The algebras A’;
are even standard Koszul in the sense of [ADL], see [Ma2].

The graded module categories are denoted by ZOK = A’;—gmod. We will sometimes
replace the notation Homz, by home.

It is more convenient to work with the composition of the usual Koszul duality
functor with the duality d to obtain a contravariant functor

(4) Ky = dye = DP(P0O)) = D°(P03),
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where we also identify the graded module categories corresponding to the isomor-
phism E(AY) = A;/A\r This functor satisfies

(5) KAMELi)(7)) = KX (M®)]5 — i (),
see [BGS, Theorem 3.11.1]. Similarly, we define ef\t = deAM, as a contravariant
A

equivalence of categories
~ ZA
(6) ey LRy = C03.

We conclude this subsection with the introduction of the graded lifts to 2O of the
translation functors on O, as studied in [St1]. We denote them by the same symbols
as on O and use the grading convention of [St1]. This means that the graded version
of equation (2) is

(7) 63" L(x){0) = L(z - A){~U(wp)),

for all z € X, and that

(8) homo, (05*/M, N) = homo, (M, 05" N (l(wy)))),
see also [MOS, Lemma 38|. This implies that

(9) 05" P - A)(0) = P(2)(0).

2.3. Twisting and shuffling functors. We will use the twisting functor 7Ts, which
is an endofunctor on each integral block O, corresponding to a simple reflection s,
see [AS, MS2]. For any w € W with reduced expression w = $152- - S, We can
define the functor
Ty = T51T52 T Tsmv

where the resulting functor does not depend on the choice of a reduced expression,
see [KM, Corollary 11]. The functor T, is right exact and its derived functor LT,
is an auto-equivalence of D°(Oy), see [AS, Corollary 4.2]. This property extends
to a singular block of category O, see e.g. [CM1, Proposition 5.11], so we have an
auto-equivalence

(10) LT, : D°(0,) = D°(0,).

Twisting functors admit graded lifts, see [MO, Appendix] or [KM, Theorem 1.1].
By [AS, Theorem 3.2], the following diagram commutes:

(11) DH(0p) — L DH(0y)
M M
DY(0)) — = DY0).

The shuffling functor Cs corresponding to a simple reflection s, see [Ca, MS2], is
the endofunctor of Oy defined as the cokernel of the adjunction morphism from the
identity functor to the projective functor #;. For any w € W with reduced expression
W = S$189 - -+ Sm, We can define the functor

Cw:CsmCs "'0517

where the resulting functor does not depend on the choice of a reduced expression,
see [MS1, Lemma 5.10] or [KM, Theorem 2] and [MOS, Section 6.5]. The functor

m—1
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C,, is right exact and £C,, is an auto-equivalence, with inverse d£C\,d, of D°(Oy),
see [MS1, Theorem 5.7], so

(12) LCy : D°(Og) = D*(Oy).

The two basic types of derived auto-equivalences in this sections will be exploited
to obtain more complicated derived equivalences in the remainder of the paper. We
note that they also appear in more abstract generality in [We, Theorem 6.15 and
Proposition 9.18].

2.4. Ringel duality for category O. For a quasi-hereditary algebra B, we denote
its Ringel dual as in [Rin], by

R(B) := Endp(T)°P,

with T the characteristic q.h. tilting module in B-mod. The Ringel dual is again
quasi-hereditary. If B is basic, we have R(R(B)) = B, see [Rin, Theorem 7].

We also consider the following covariant right exact functor
Rp =Homp(,T)": B-mod — R(B)-mod,

with * being the canonical duality functor from mod-R(B) to R(B)-mod. We call
Rp the Ringel duality functor. From [Rin, Theorem 6] and [MS3, Proposition 2.2],
it follows that Rp restricts to an equivalence between the additive subcategories
of projective modules of B and tilting modules of R(B) and between the additive
subcategories of tilting modules of B and injective modules of R(B). It also restricts
to an equivalence between the category of B-modules with standard flag and the
category of R(B)-modules with costandard flag. Finally, its left derived functor
induces an equivalence

LRp : D°(B-mod) = D°(R(B)-mod).

As Oy and Of are Ringel self-dual, it is natural to compose the Ringel duality
functor with a fixed equivalence which realises the self-duality. In case A = 0, we
can choose the Ringel duality functor as

(13) R = Ly Cup + OF = O,

see [MS3, Proposition 4.4]. In particular, the restriction of £l(w5)0w0 to the cate-
gory Of is a right exact functor.

In case p = 0, the Ringel duality functor can be interpreted as

(14) E)\ = Two : O)\ — O/\,

see [MS3, Section 4.1].

2.5. The centre and coinvariants. For an integral dominant A, consider B) and
the corresponding semisimple Lie algebra g, generated by the root spaces of g
corresponding to elements in £B). The Weyl group of this algebra is isomorphic
to Wy. Then by := gy N b is a Cartan subalgebra in gy. Now we can consider the
algebra of coinvariants for W) given by

C(Wy) == S(h2)/(S(h)"™).
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The algebra C(WW)) inherits a positive grading from S(h,) which is defined by giving
constants degree 0 and elements of h degree 2.

For the particular case Wy = W, we set C := C(W). For w € W, let *C denote the
C-C bimodule obtained from ¢C¢ by twisting the left action of C by w (note that W
acts on C by automorphisms). For X a subgroup of W, let C¥ denote the algebra
of X-invariants in C. Similarly, for a simple reflection s, we denote by C® the algebra
of s-invariants in C.

Consider again an integral dominant A\ and set Cy := C"*. By [Sol, Endomorphis-
mensatz 7], we have Endp, (P(wp - A)) = Cy. We also recall Soergel’s combinatorial
functor

Vx = Homp(P(wp - A),—) : Op — Cx-mod
from [Sol, Section 2.3]. By [Sol, Theorem 10|, we have
(15) VO™ =2 C®c, Vy and V505" = Resg, V,

for any integral dominant A. All these statement admit canonical graded lifts, as
the grading on O can be introduced via V), see e.g. [St1].

From C) = Endp, (P(wp - A)) and [Br, Lemma 6.2] or [MS3, Theorem 5.2(2)], it
follows that Cy is isomorphic to the centre of Ay. More generally, we denote the
centre of AY by CX.

In the remainder of this subsection we consider g = sl(n). Then W = S, and C}
has been calculated in [Br, St3]. For an integral dominant A, it follows from [Sol,
Theorem 11] that O, is uniquely determined, up to equivalence, by a composition
p(A) = (p1,- -+ ,px) of n. This composition is defined by demanding that W), as a
subgroup of Sy, is naturally given by S, x Sp, x --- x 5y, . It is well-known, by a
result of Borel, that C) is, as a graded algebra, isomorphic to the cohomology ring of
a partial flag variety. The Hilbert-Poincaré polynomial for Cy, with p(\) as above,
is hence well-known, see e.g. [Ch], and is given by

(16) D dim (Cy)y 2 = (H(l - zi)> /
1=0

=1

2.6. Extension quivers in parabolic category O. We demonstrate the basic
property that the Ext!-quiver of a parabolic singular block can be read off immedi-
ately from the Ext!-quiver of the principal block Op.

Proposition 2.2. For z,y € Xﬁf, we have an isomorphism

Extéi(L(m “A), L(y - \)) = Ext%go(L(az), L(y)).

Proof. As Of is a Serre subcategory of Oy, we immediately have
Ext}y;(L(x “A), L(y - \)) = Ext%gA (L(x - A),L(y - A)).
Now, the Koszul duality of [BGS| implies an isomorphism
Exto, (L(z - A), L(y - \)) 2 Exte (L(z ™ wo), L(y™'wo))-

Applying the same procedure again, but now to the right-hand side above, concludes
the proof. O
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The elements of Extyy, (L(x - A), L(y- A)) correspond to morphisms from P*(y- A) to
A

PH(x - X\) such that the top of P#(y - \) maps to the top of the radical of P*(x - \).

As the (Koszul) grading on AY is such that the degree 0 part is semisimple and the

algebra is generated by the degree 0 and 1 parts, this can also be expressed as

Ext}gg(L(x “A),L(y-\)) & homog(pu(y (1), PRz - \)).
Proposition 2.2 and equation (9) then imply the following corollary.

Corollary 2.3. For z,y € X! with P := P"(z - \) and Q := P"(y - \), the graded
translation functor Qf\“t induces an isomorphism

homO;(P<1>7 Q)= homog(e‘)’\utp<1>’ 03 Q).

3. GRADED VERSUS NON-GRADED DERIVED EQUIVALENCES

3.1. The example of the Koszul duality functor. The Koszul duality functor
in equation (3) gives an equivalence between bounded derived categories of graded
modules. We demonstrate, however, that Koszul dual algebras are, in general, not
derived equivalent as ungraded algebras.

Proposition 3.1. Despite the existence of an equivalence of triangulated categories
DY(ZOY) Db(Z(’)S) as given in (4), in general, the categories D°(O}) and Db((’)g)
are not equivalent as triangulated categories.

Proof. Note that A% and Ag =~ E(AL) are not derived equivalent, if their centres
are not isomorphic, see [Ricl, Proposition 9.2]. Consider the socle of the left regular
module for the two centres. For A this socle is simple, by Subsection 2.5. It follows
easily from [Br, Lemma 6.2] that the number of simple modules in that socle for A*
must be at least the number of non-isomorphic indecomposable projective-injective
modules. This is the cardinality of the right Kazhdan-Lusztig cell of wé‘wo. O

3.2. Gradable derived equivalences. In this subsection we define a special case
of the concept of a derived equivalence (see [Ricl, Definition 6.5]), which we will
investigate for category O further in the paper.

Definition 3.2. Two finite dimensional graded algebras B and D are said to be
gradable derived equivalent if one of the following equivalent properties is satisfied.

(i) There is a triangulated equivalence from D°(B-gmod) to D’(D-gmod) which
commutes with the degree shift functor (1).

(#i) There is a triangulated equivalence from D°(B-mod) to D°(D-mod), with in-
verse G, such that F and G admit graded lifts.

Remark 3.3. It is clear that the failure of the Koszul duality functor to satisfy the
requirement in Definition 3.2(i), see equation (5), is precisely what prevents it from
being the graded lift of an ungraded equivalence.

Now we state and prove two simple propositions which demonstrate equivalence of
the two properties in Definition 3.2.
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Proposition 3.4. Consider two finite dimensional graded algebras B and D such
that there is an equivalence

F : D*(B-gmod) — D(D-gmod).
Ifﬁ commutes with (1), then F is a graded lift of an equivalence
F : D*(B-mod) — D’(D-mod).
Moreover, z'fé is inverse to ]5, then G is the graded lift of an inverse G to F.

Proof. Take a minimal projective generator Pp for D-mod and the graded lift ﬁD.
Denote by 7 the object in D°(B-mod) obtained by forgetting the grading on
~_1(]31’)). One deduces straightforwardly that 7° is a tilting complex according
to [Ricl, Definition 6.5] with D°PP = Endpb(p-moea)(7°). The first assertion of the

proposition then follows from [Ricl, Theorem 6.4].

Now we consider the inverse G. From FG =~ 1d = GF and F(1) & (1 VF' it follows
that G(1) = (1)G. Hence we can use the first part to obtain that G is the graded
lift of a triangulated functor G. The construction, moreover, implies that F'G and
GF acts as identity functors restricted to the subcategories of projective modules.
As they are triangulated functors it follows that F' and G are mutually inverse. [
Proposition 3.5. Let B and D be finite dimensional graded algebras and
F: D’(B-mod) — D°(D-mod)

an equivalence with inverse G. Assume that F' and G admit graded lifts F and é,
respectively. Then F' gives an equivalence of triangulated categories

F : D*(B-gmod) — D(D-gmod).
Proof. First we prove that F is essentially surjective (dense). Consider the for-
getful functor fp : D?(D-gmod) — DP(D-mod) and an indecomposable object X®
in D(D-gmod) and set )* : = GX*. As we have fDFG > fp, it follows that

f,ﬁ(y‘) ~ fpX*®. By [BGS, Lemma 2.5.3], the proof of which extends easily to
the derived category, we then find that there is j € N such that X'* = F(Y*)(j), or

F*(j) =x°.
The density of F hence follows.
For X*,)* € D’(B-gmod), we have the commutative diagram

o e/ F ye Ve /.
@jeNHome(B—gmod)(X Y <]>)H@jeNHom’Db(D—gmod)(F‘X FY <]>)

o F B

Homps (p-moq) (fBX®, fBY*®) Hompo(p-moa) (fpFX*, fpFY*)

Here F', fp and fp act by isomorphisms and hence so does F. As F respects it then
follows easily that F is full and faithful. Hence F is an equivalence of categories.
By construction it is also an equivalence of triangulated categories. O

Finally, we note the following immediate extension of [Ricl, Proposition 9.2].
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Lemma 3.6. Consider two finite dimensional graded algebras B, D which are grad-

able derived equivalent. Then there is an isomorphism of graded algebras Z(B) =
Z(D), with canonically inherited grading on the centres.

3.3. An application: derived shuffling in the parabolic setting. We use the
results of the previous subsection to extend (12) to the form of (10) and (11). First
we point out two subtleties (a) and (b). Consider the exact inclusion # : Of — Oy
leading to a faithful (see e.g. [Bal, Lemma 2.6]) triangulated functor

o DO — DP(O).
Hence D’(O}) is canonically equivalent to a subcategory of D°(Oy).

(a) By construction, Of is a full Serre subcategory of Oy and Cj restricts to a
right exact endofunctor of O}, which we denote by C%. However, its left derived
functor LC4 need not be isomorphic to the restriction of LCs to DP(OF), viewed
as a subcategory as above. A trivial example is g = s[(2), as then C§ = 0 for u
singular. However, a restriction of LC is never zero as LU is an equivalence.

(b) The objects of the subcategory D’(OF) are the complexes in D?(Oy) for which
the module in each position is a module in the subcategory O} of Oy. However, this
subcategory is neither full, nor isomorphism closed. It is not full as, for instance,
there can be higher extensions in Oy between projective objects in Of. It is not
isomorphism closed, see, for instance, the projective resolution in D°(0y) of a module
in Of. The functor £LCs maps, by the definition of a derived functor, objects in
DP(OF) to something only isomorphic to objects in D*(Of). To properly define a
restriction of LCs to D°(Of) is hence a non-trivial problem.

Proposition 3.7. For any w € W, there is an endofunctor LC,, of Db((’)g), which
yields an auto-equivalence and admits a commuting diagram

LCy

Db(Oy) DY(Oy)
DHO4) — - DH(OY)

The same holds in the graded setting.

Proof. An inverse of LT, is given by by dLT,,d, see [AS, Section 4]. Proposition 3.5
thus implies that the graded lift of £T, induces an auto-equivalence of D°(?0,). So
the diagram (11) admits a graded lift with equivalences on the horizontal arrows.
Then we apply [MOS, Sections 6.4 and 6.5], see also [Ry] or Proposition 4.7. This
implies a commutative diagram, where the horizontal arrows are equivalences

LCy

Db(ZOO) Db(ZOO)
DYEOY) — D EOY),

for F := (KM~Yo LT, 0 KF. As LT, is a triangulated functor which commutes with
(1), equation (5) implies that F' commutes with (1), so Proposition 3.4 implies that F'
is the lift of an ungraded equivalence and hence a gradable derived equivalence. [J
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Remark 3.8. Consider the complex 0 — Idp, — 05 — 0 of exact functors, where
the non-zero map is given by the adjunction morphism, cf. [Ric2] and [MS1, Re-
mark 5.8]. Applying this to a complex in D’(Op) and taking the total complex
defines a triangulated endofunctor of D®(0y), isomorphic to £LC,. This endofunctor,
by construction, preserves the image of Db((’)g ) under ¢, since both the identity and
fs do. This gives an alternative construction of the equivalence in Proposition 3.7.

4. GRADED TRANSLATION FUNCTORS

4.1. Translation through the principal block.
Proposition 4.1. As graded functors, we have
031651 (0) = @ 1o (j — U(wp)),  with c¢; == dim (C(Wy)); .
JEN

In particular, :I:l(w())‘) are exactly the extremal degrees in which 1d appears.

Proof. The ungraded statement follows easily from [BGe, Theorem 3.3] and [Ja,
Formula 4.13(1)]. It thus suffices to prove that

V08" 054 = @ V?dj (j = l(wp)), for some d; > dim (C(W)); -
JEN
Using equation (15) and ignoring an overall grading shift, we find
VA0 03" = C®c, V.
So it suffices to prove that
dim Co; — dim(Cy)2; + dim(C)g; > dim C(W))a;,

for all i € N, where, of course, dim(C)y; = ;9. Consider a W)-equivariant morphism
h — by. This extends to a graded morphism S(h) — S(h,) which we compose with
the canonical surjection S(hy) — C(W)) to find £ : S(h) — C(W)). By construction
S (h)ﬂ/, and hence the corresponding ideal, is in the kernel of £&. This implies a
morphism of graded algebras

n:C— C(Wy).
As (Cy)4 = Cf* is in the kernel of 7, this proves the desired inequalities. O

As an application, we prove the following proposition, which we need later.
Proposition 4.2. Consider two objects X*,V* of D*(20¥) such that
homps o) (X%, V(7)) =0 if j>0.
Then Hf\“t mduces isomorphisms
homyp o) (6514%, 65 V%) = homp(os) (X%, V°),
homapyop) (B3 X*(1), 05 Y®) = hompyou) (X*(1),1*).
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Proof. Consider i € Z, then equation (8) and Proposition 4.1 imply that
hompy o) (054 (i), 034 V) = hompy o) (X* (i), DY) ().
JjEN
Now, if ¢ = 0, the result follows by the assumptions as ¢g = 1. If i = 1, the result
follows from the assumptions and ¢; = 0 and ¢y = 1. O

This proposition generalises Corollary 2.3 and hence provides an alternative proof.

4.2. Translating standard modules. In this subsection we completely describe
the graded translation of standard modules to and from the wall. These results
generalise [St1, Theorem 8.1(3) and Theorem 8.2(2)] to arbitrary walls and the
parabolic setting. Consider the bijection

by : W —= X, x Wy,

which is inverse to multiplication and denote by b}\ and b?\ the composition of by with
the projection on the X)-component and the Wy-component, respectively.

Theorem 4.3. For any x € X*, we have

AF(by () - N3 () = Uwy)), —if Bi(x) € X*;
0, otherwise.

5" A (z) == {

In particular, for any y € Xy and u € W), we have
6" Alyu) = Ay - A){U(u) = (wy))-
Theorem 4.4. For any x € X}, the standard filtration of " A*(x - \) satisfies
(GK“tA“(x - A) - AF(zu) (])) =0} 1(u) for all we Wy,

moreover, there are no other standard modules appearing in the filtration.

In the remainder of this subsection we prove these two theorems.

Lemma 4.5. For any x € X, u € W) and j € N, we have
[A(zu) : L(x)(5)] = 0j(u)-

Proof. We prove the Koszul dual statement, which is
dim Ext},(A(vy), L(y)) = 0j1(v)s

for any y € X*, v € W) and i € N. That the left-hand side is zero, for j > I(v),
follows immediately from [Hu, Theorem 6.11]. For any simple reflection s € W) and
v € W) such that sv > v, the procedure in the proof of [Mal, Proposition 3] shows

dim Exctly(A(svy), L(y) = dim Extly ' (A(vy), L(y)),

which proves the claim inductively. O

Proof of Theorem 4.3. It suffices to prove the non-parabolic case, as the remainder
follows via an application of the Zuckerman functor, which commutes with transla-
tion functors. The non-parabolic result follows from equation (7), Lemma 4.5 and
[Ja, Formula 4.12(2)]. O
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Proof of Theorem 4.4. For any y € X*, [Hu, Theorem 3.3(d)] and equation (8) yield
(6 AP (@ - N) = A (y) (7)) = homew (A" (2 - A), 83"V  (y)(j + U(wp))).

Theorem 4.3 then implies that the only y which can appear non-trivially are those
for which we have bl (y) = z, which is precisely the set W) C X*. O

Remark 4.6. By using Proposition 4.7, an alternative proof of Theorem 4.4 would
be to determine a resolution of standard modules in O* by Verma modules. This
can be obtained by applying parabolic induction to g of the BGG resolutions for the
Levi subalgebra of q,, see e.g. [Hu, Section 6].

4.3. Koszul duality. In this subsection we derive a slight generalisation of [Ry,
Theorem 4.1] and [MOS, Theorem 35].

Proposition 4.7. There are commutative diagrams of functors as follows:

DY(204) ——— DM (20)) Db(20) —=Z—— D (PO)
] Ji ] &
Z A o b(Z AN bz ok O (Hwg) b(Z AN
D (20)) D’(%0p) D*(%0p) D*(*0y)

Before proving this we list some consequences. Recall the ¢;’s from Proposition 4.1.
Corollary 4.8. On D*(20%), we have
£z o = PLas il
JjeN
For any M in 2Oy which is locally U(q")-finite and for any k € N, we have
Ly ZFM = M% (k).
Proof. This is a direct application of Proposition 4.7 to Proposition 4.1. In particu-

lar, the maps in the complex LZ o1#(N*®) are trivial for any N € Z(’)K , which yields
the result about the cohomology functors. O

Remark 4.9. Note that Corollary 4.8 also implies the isomorphism
LZH ot = @ Id@C] on D'(O})
JEN
as all projective modules and homomorphism spaces between them are gradable.
Corollary 4.10. Consider two objects X* and Y* in D*(O) such that
Home(O;;)(X',y'[k:]) =0, forall  k#0.
Then " induces an isomorphism

Ko Home(@;;)(Xﬂy') = Home(Ok)(z“X',z“y').

Proof. As * is faithful, the morphism is always injective. So it suffices to prove that
the dimensions of the spaces of homomorphisms agree. This follows from

Homp o,y (1 X°,24Y*) = Hompy(o,)(LZHHX®, V*),
given by adjunction, and Remark 4.9. O
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Corollary 4.11. Consider two objects X* and Y* in D*(O}). If either
03Ut = 05U Y* inside DP(Of)  or X = HY* inside D°(O)),
then X* and Y* are isomorphic in D*(O}). The same is true for D*(ZO¥).
Proof. The property in the graded setting follows immediately from Proposition 4.1
and Corollary 4.8. The ungraded version now follows from Remark 4.9. U

Now we turn to the proof of Proposition 4.7.

Lemma 4.12. The translation functor 63“ : D*(204) — DP(2O}) restricts to a full
and faithful functor O3 : S‘B’; — LPBY the image of which is the full subcategory
of LB given by linear complexes of projective modules in add(@?\“tP)’f).

Proof. Recall that the categories of linear complexes of projective modules are full
subcategories of the derived categories. By equation (9), «9/0\1” restricts to a func-
tor from £PY to £PH. To prove that this is full and faithful, consider two linear
complexes P*® and Q° of projective modules in ZOf\‘ . Proposition 4.2 now implies

63" : homeys (P*,Q°) = homgge (03P®, 63 Q°).
The description of the image is a consequence of Corollary 2.3. U

Corollary 4.13. The following is a commutative diagram of functors:

Zof\l s ZO)\
(65)—1l L(EX)l

—~ out e

P, ——— et

Proof. Using the standard properties of ICE, see [BGS, Theorem 3.11.1], and equation
(9) implies that, for any z € X{,

05" (en) "Lz - A) = PMwoz™")® = (M) L(z- A).
CorollAary 2.3 can then be applied to show that the complexes corresponding to
05 (e),) "M and (€)M, for any M in “Of, are isomorphic. As, by construction,
this isomorphism is natural, this concludes the proof. O

Proof of Proposition 4.7. The first diagram follows from [MOS, Theorem 30 and
Proposition 21], in combination with Corollary 4.13. The second diagram is the
adjoint reformulation of the first. O

4.4. A generalisation of Bott’s theorem. Take p to be the half of the sum
of positive roots. Then Z7* is the Zuckerman functor to the category of finite
dimensional modules. Bott’s extension of the Borel-Weil theorem then reads

Ly Z7P(A(x)) = OpuaLle) and LxZ P(A(y-A)) =0, forall keN,
for all z € W and all y € X, with A singular. For an overview of the approach with
Zuckerman functors, see e.g. [Co, dS]. We can now generalise this. Let

bW — W, x XH
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denote the bijection defined as the inverse of multiplication. Define x; and z' by
b (z) = (z1,2') as in [Le, Proposition 3.4].
Theorem 4.14. For any x € X and any integral dominant u, we have

ki A (- X), if 2t € Xy

0, otherwise.

LuZM(A(z - \)) = {

In particular, for any y € X* and v € W, we have

Ly ZM(A(uy)) = Ok 1) A" (y)-
Setting = —p (so z = z1 and 2! = e) yields the original result of Bott.

Proof. This follows from a direct application of the Koszul duality functor to the
statement in Theorem 4.3 by using Proposition 4.7. Il

Remark 4.15. This could also be proved directly by using parabolic induction to
reduce to the Bott’s theorem for the Levi subalgebra. This would yield an alternative
proof of Theorem 4.3 by applying Proposition 4.7.

4.5. Translation through the wall. In this subsection we gather some technical
results on translation through the wall which will be needed later and which can be
formulated most generally by ignoring grading.

Lemma 4.16. Consider an indecomposable X* € Ob(D?(0y)) such that we have
O,y X* = (X')@W*‘. Then there is an indecomposable Y* € Ob(D(0,)) and k € N

such that 637X = (Y*)F.

Proof. We take Y* to be some indecomposable direct summand of 63" X®. Then

there is some A® € Ob(D%(0,)) such that
9())\11)(0 o yo @A.

Applying 65“* to the above isomorphism implies that there must be some p € N
for which "y = (X *)¥P . Applying 6$", while using the ungraded version of
Proposition 4.1, to the latter isomorphism then yields

(y‘)@|WA| ~ 9;)\11 (XO)@;D .
This implies the claim with & = |W,|/p. O

Corollary 4.17. Consider indecomposable X* € Ob(D*(0y)) such that we have
Oy X = (X‘)@‘W”. There is an indecomposable Y* € Ob(D?(0,)) such that
65"t Y* = X* if and only if 5" X*® contains |Wy| indecomposable summands.

Lemma 4.18. Consider a module M € Ob(Qy) such that 6’ng = MO and for

which V yields an algebra isomorphism V :  Endp,(M) = Endc(VM). Then Vy
also induces an algebra isomorphism Vy : Endp, (03"M) = Endc, (V 0" M).



18 KEVIN COULEMBIER AND VOLODYMYR MAZORCHUK

Proof. Equation (15) and the faithfulness of 65! and induction imply that we have
a commuting diagram of algebra homomorphisms:

Endo, (M®Wal) Y Endg(VMEIWA
qut Ind§,
Endo, (09" M) ——— > Ende, (V20" M)
As the upper horizontal arrow is an isomorphism by assumption, so is V. O

Lemma 4.19. Consider objects X* of D’(0)) and Y* of D*(O}) such that we have
Ot x® =4t Y*® in D°(Oy). Then there exists Z° € D°(OY) such that

X =1z and  Y* = OUtze.

Proof. Applying 65" to 65" X* = 1#)* and using the commutation of inclusion and
translation, implies

(Xo)@WV)\\ ~ Zuag\nyo.

Hence X® = #Z°, for some Z°. Applying 93’\“ to the latter yields an isomorphism
#Y® = MU Z®, so the conclusion follows from Corollary 4.11. g

5. SHUFFLING AND PROJECTIVE FUNCTORS

Unlike twisting functors, shuffling functors do not commute with projective functors
in general. Here we investigate their intertwining relations. We consider the principle
block Og for an arbitrary reductive Lie algebra g.

Theorem 5.1. For two simple reflections s,t € W, we have

0:Cy = Cis, if st = ts;
0sCst = Csi0y, if s,t generate Ss.

The above statement is formulated in [MS2, Section 11], however, the proof of [MS2,
Section 11] is not complete (it proves only a special case of the statement). Below,
we follow the alternative argument outlined in [MS2, Remarks 11.2 and 11.4].

Corollary 5.2. Consider v € Ai—;t such that W, is of type A. For any simple
reflection s € W, x WJ, we have Cyr 0s = 0y Cyy, with s’ the simple reflection
defined as s’ = w§swy.

Set Q) := add(Cy P), with w € W, and P a projective generator for Op.
Proposition 5.3.

(i) Forv e A;t and a simple reflection s € W,,XWJ, we have Cypls = Oy swy Cuy
if and only if the category Q(wg) is stable under action of Oy swy -

(#) For anyy € W, we have Cyy0y = OuoywoCuyp -

Remark 5.4. Note that the stability of Q(,, is not an obvious property. Already
for g = sl(3), the category Q(s) is not stable under projective functors.
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Now we start the proofs. Define the graded lift of C; via the exact sequence

(17) 1) 2% 0, - ¢, - 0.

Lemma 5.5. For a simple reflection t, define the functor F; as the kernel of the
adjunction morphism in (17). Then F;0; = 0 = 0, F;.

Proof. As Id is exact, F; is left exact. Then 6,1} is also left exact and so is T;6;, as
f; maps injective modules to injective modules. By construction, we have

FtL:O if HtL#O and FtLgL if QtL:
This implies immediately that 6;F; = 0.

To prove that Fi0; acts trivially on all simple modules, it suffices to consider a
simple module L with ;L # 0. But then 6,L has simple socle L and the latter is not
annihilated by 6;. This means that the adjunction morphism is injective on both L
and 6;L, which implies F;0;L = 0. The claim follows. [l

Proof of Theorem 5.1. Assume first that s and ¢ commute but are distinct, in par-
ticular we have 056, = 05 = 6,60,. We can compose (17) with 65 on both sides. This
yields exact sequences

0s(1) — 0y — Cis — 0 and 0s(1) — b5 — 0sCy — 0.
From [BGe, Theorem 3.5] and Kazhdan-Lusztig combinatorics it follows that the
morphism 604(1) — O is unique, up to a non-zero scalar, implying Cy0; = 0,C;.
Now consider the case s = t. Using Lemma 5.5 and the relation 62 = 0,(1) @ 05(—1)
we obtain two short exact sequences
0 — 05(1) = 05(1) ®Os(—1) — 0,Cs — 0;
0= 05(1) = 05(1) DO (—1) — Csbs — 0.

)

)
The only possible way to have such an injection 6,(1) < < ) @ 0s(—1) corresponds
to 05(1) = 65(1). This implies indeed 05C5 = 0,(—1) =

8

Finally, assume that the simple reflections s and t together generate a group isomor-
phic to S3. Using the definitions of Cs and C; via (17), we construct a commutative
diagram with exact rows and columns as follows:

1d(2) —05(1) —= Cs(1) —=0

0:(1) 0:05 0.C 0

C(1) Cibs Cst 0
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Now we compose every functor in the diagram with the exact functor 65 and use the
above result, for the case s = ¢, in the first row of the following diagram:

00— 0,(2) — 5 0,(2) B Oy =0, 0
f g1 h1
8,6,(1) — 2~ 6.6,6, — "~ 6,,0, — 0
f2 92 ha
0,Cy(1) — = 0,Cif, ——= 0,Cy 0
0 0 0

This diagram contains a surjection 0;0,05, — 0;Cs; given by he o Bo = v 0 ha. The
kernel of this map can be described as the direct sum of the image of 5; with the
preimage under 35 of the image of h;. Because the top row is a split exact sequence,
the latter corresponds to the image of #; under g;. This implies the exact sequence

0, @ 0,0,(1) — 0,00, — 0,Csy — 0.

From Kazhdan-Lusztig combinatorics we know that 6:0;05 = 045 P 60s. As there is no
graded morphism 6; — 645 and the only graded morphism 6, — 0 is the identity,
up to a scalar, we finally obtain an exact sequence

059t<1> — 95,55 — GsCst — 0.

Analogously we can compose 0; with every functor in the first diagram, eventually
yielding an exact sequence

039t<1> — Hsts — Cstet — 0.

From Kazhdan-Lusztig combinatorics it, moreover, follows that there is only one
graded morphism 660;(1) — 055, which concludes the proof. O

Proof of Corollary 5.2. If s € WJ, the result follows immediately from Theorem 5.1.
The case s € W, can be reduced to W, = S,, generated by si,---,s, and s = s;,
for some 1 < i < n. In case i < n/2, we take the reduced form

Wo = SpSn—1- - 52518nSn—1 - 5352 - * SpSn—15n—25nSn—15n;
if i > n/2, we take
Wy = S$152 -+ * Sp—15nS152 * * - Sp—28n—1 - - - S15253515251.
In both cases, apply Theorem 5.1 repeatedly, giving the result with s’ = s,_;11. O
Lemma 5.6. For any simple reflection t € W, we have VO; =2 'C ®¢ V.

Proof. Since both sides are right exact, it is enough to check the isomorphism on
the category of projective modules in Oy. [Ba2, Theorem 4.9] implies that there is a
unique injective bimodule homomorphism C — C ®: C. We claim that the cokernel
of this maps is isomorphic to !C. Indeed, this cokernel is isomorphic to C both as a
left and as a right C-module. As a C-C'-bimodule, we obviously get a decomposition
of the cokernel into a direct sum of two copies of Ct. To determine the action of the
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remaining generator, it is enough to compute the rank two case. In that case the
statement is easily checked by a direct computation. O

Corollary 5.7. Forv € A;t and a simple reflection s € Wy, x WJ, we have
VCyubs = VOuysuws Cug -

Proof. By Subsection 2.5, we have
V@S = C ®CS C ®C V and Vewgswg = C ®Cw55w5 C ®C V

By induction and the choice of a reduced expression for wg, Lemma 5.6 implies
VCyy = wiC ®c V. A straightforward computation gives an isomorphism

C ®Cw63w6’ wSC = wSC ®CS C,
of C-C bimodules. Combining the three isomorphisms yields the claim. O

Lemma 5.8. Soergel’s combinatorial functor V is full and faithful when restricted
to the category Q ), for any w € W.

Proof. As LC,, is an auto-equivalence of D°(0p), see equation (12), C, provides
an isomorphism from Home, (P, P') to Home, (Cy, P, C,,P') for any two projective
modules P, P’ in Oy. The claim hence reduces to the statement that the functor
VCy is full and faithful on the category of projective modules. By Lemma 5.6 this
reduces to [Sol, Struktursatz 9. O

Proof of Proposition 5.3. We prove claim (i) first. It is clear that if the proposed
equivalence of functors holds, then the fact that the category Q) is stable under
Oy swy follows from the fact that 65 preserves the category of projective modules.
Hence we focus on the other direction of the claim.

The two composed functors in the proposition are right exact, as shuffling functors
are right exact and projective functors are exact functors mapping projective mod-
ules to projective modules. Hence it suffices to prove the isomorphism as functors
restricted to Q(c), the full subcategory of projective modules in Op.

By assumption both functors restrict to functors between Q) and Q(wg;)- Hence,
the combination of Lemma 5.8 and Corollary 5.7 concludes the proof of claim (i).

Now we consider claim (i) for wf = wp. As the category Q(wp) 1s the category of
q.h. tilting modules, see e.g. [MS3, Section 4.2], it is stable under the action of all
projective functors. Therefore claim (ii) holds for y = s a simple reflection. The full
statement then follows by induction on the length of y and [Mal, Equation (1)]. O

We have the following application of Proposition 5.3(2).
Corollary 5.9. Consider A*(x - \)® as an object of D°(0)), then

~

LCy O AF (2 - N)® = GgutV“(wgmwa\wg ) [L(wh)].

Moreover, the same equation holds considering A*(x - \)® as an object of Db((’)éf)
and LCy, the endofunctor on D(OF) defined in Proposition 3.7.
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Proof. By Theorem 4.3 and Proposition 5.3(2), we have
LOu O AF (2 - N)® = L’CwoﬁwéA“(x)' ~ 0 LC,,AH(x)®.
Wo
Applying then [MS3, Proposition 4.4(1)], gives
LCu, O A (2 - N)® 2 0 VH(whzwo)* [1(wh)].
Wo

The result now follows by applying Theorem 4.3. The reformulation inside Db(Og )
follows from the commuting diagram in Proposition 3.7 and Corollary 4.11. O

Finally, we derive useful expression for regular parabolic q.h. tilting modules.

Proposition 5.10. For any x € X*, we have TH(z) = Owowtt e L(whwo).

Proof. As L(whwg) = A*(whwy) = VA(whwp) is a tilting module in Of and pro-
jective functors preserve tilting modules, it follows that GwowuxL(wO wp) is a tilting
module in Of. From Kazhdan-Lusztig combinatorics, see e.g. [Ma2, Equations (2.1)
and (2.2)], it follows by induction on the length [(wowfx) that the highest weight

of i L(whwo) is z - 0.

It remains to prove the indecomposability of 6, ,», L(whwp). By [Ma3, Theorem 16],

WowWy T

the Koszul-Ringel self-duality of Oy maps L(wfwp) to a module isomorphic to

wow T
0,2 L(wozx™ ). This module is the translation through the wall of a simple module,
0

which has simple top and hence is indecomposable. O

6. CONSTRUCTION OF DERIVED EQUIVALENCES

Theorem 6.1. Let g be a reductive Lie algebra, N\, N, p, 1/ € Alnt and vy, vy € A
such that W, = S, and W,, = Sy, for some n1,ny € N. Assume that

Wy=G1 x Gy, Wy=G|xGy, W,=H xHy, Wy=H xH; wih

int’

° ngG'QCW,jl a'rLd]iTg:HéCVVJ2 ;
e G1 = G and both are subgroups of W, ;
e Hy = H{ and both are subgroups of W,,.

Then A’; and A’)f: are gradable derived equivalent, so, in particular, we have equiva-
lences of triangulated categories

DoY) = DYOY)  and  DU(POY) = DU(POL).

For sl(n), the formulation of the theorem simplifies substantially. In this case,
without loss of generality, we can take vy = vo = —p, so Gy = G, = Hy = H) = {e}.
Then we obtain precisely Theorem C.

The remainder of this section is devoted to the proof of Theorem 6.1.

Lemma 6.2. For \ € Amt, assume there is v € Alnt such that wo e W, x W,, where
W, is of type A. Then there is N € A+t such that wo = wow()\wo and a triangulated

equivalence Fyy : DY(Oy) — DP(Oy) leading to a commutative diagram of functors
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, £Cuy
D*(Oo) D(Oy)

az))\ut T gf\n,Lt T

DHOy) — X DOy

Proof. For x € Xy, set S; := Cyuy 03" P(x - ). Corollary 5.2 yields
(18) %'5 = Sy
By Lemma 5.8, Endp, (Sz) = Endc(VS;). Hence (18) and Lemma 4.18 imply
Endok, (93)\7/1 I) = Endc/\, (V}J@/OJLS;E)
The algebra can then be computed by using equation (15) and Lemma 5.6,
Endo,, (03"S,) = Endg,, (Resg ,“0C ©¢ C ¢, VaAP(z - A)).
Under the isomorphism Cy = Cys, we can identify the modules
Res{ ,“0C @c C &g, VaP(z-A) and  Resg, C®c, VaP(z - \).
Therefore we obtain
(19) Endo, (05"'S;) = Endo, (P(z - A)®I"A).

This formula implies that 6$S, decomposes into |W)y/| indecomposable direct sum-
mands. Equation (18) and Corollary 4.17 thus imply that there is an indecomposable
T, € Oy such that 5, = Gf’\?tTgc. Then we define

S = @Sz and T = @Tx.
z€X) zE€X)
Now equation (19) can be rewritten as
Endo,, (T3") = Endoe, (P(z - A)®IMA).

The same calculation for Py, rather than P(z - A), implies
(20) Endo,, (T) = Endo, (Py) = Ay.
As LCyy is an auto-equivalence of D*(Oy), the module S does not have self-extensions.
As 034 : DP(Oy) — DY(Oy) is faithful, by construction, the module T then satisfies
(21) Extp (T, T) =0, for i>0.

For any projective module P in Op, we claim that 6/'Cyy P is a module in add(T).
Indeed, by Corollary 5.2 we obtain

EB“/V /| ~Y
(03 Cuy P) "N 2 057 Cuggf,0 P,
where Cygf,2 P is clearly a module in add(S) and 6575 = T,

As LCyy is an auto-equivalence of D*(0y), [Ricl, Theorem 6.4] implies that Cyy Po is
a generalised tilting module. Hence, P has a coresolution by modules in add(ng R).
By the above paragraph, applying the exact functor 67 leads to a coresolution of
637 Po by modules in add(7"). As T has no self-extensions by equation (21), this
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immediately implies that every indecomposable summand in 6" Py has such a cores-
olution. Thus, in particular, there is some r € N for which there is an exact sequence

(22) 0—=Pyv—To—T— T4 —T—0,
where T; € add(T).

Equations (21) and (22) imply that T is a generalised tilting module, or a tilting
complex (contained in one position) in the sense of [Ricl]. The equivalence then
follows from equation (20) and [Ha, Theorem II1.2.10] or [Ricl, Theorem 6.4].

Finally, we prove the existence of the commutative diagram. It suffices to prove
that LCyy o 63t = 0% o F)y, restricted as functors on the category of projective
modules in Oy, as both are triangulated functors. By construction, the functor F)
acts on the category of projective modules by mapping P(x - \) to T}, and its action
on morphisms corresponds to the algebra isomorphism determined in equation (20).
The equivalence of the functors LCyy o Hf\“t and 933” o F) acting between add(P))
and add(.S), thus follows from construction of the isomorphism (20). O

Lemma 6.3. In the setup of Lemma 6.2, any object X* in D*(O)) satisfies
EZ“ZMF)\/\/X. = F)\)\/EZMZMX..

Proof. According to Corollary 4.11, it is sufficient to prove that
9§9tﬁZ“z“F>\,\/X' = GKth)\)\IEZM’LMX..

That this is true follows from the fact that Zuckerman and inclusion functors com-
mute with translation functors (and hence also with shuffling functors), see e.g.
[Bal, Lemma 2.6(a)] and the diagram in Lemma 6.2. O
+
int*
an equivalence FY, : D*(O}) — D(OX,) of triangulated categories which admits a
commutative diagram of functors

Lemma 6.4. Consider \,v as in Lemma 6.2 and an arbitrary u € A There is a

Fy

D*(0,) Db(Oy)

i T oM T
FM

Db(oé\t) AN Db(oﬁfz)-

Proof. Consider the minimal projective generator P§" of Of in (1). By Lemma 6.2,
there is a complex §* := F)y o P{ in Db(Oy) with

(23) Endps(o,,)(8*) = Endpe(o,) (' PY) = Endpe(ony (PY) =AY,

where the latter isomorphism follows from Corollary 4.10. Lemma 6.2 and Propo-
sition 3.7 yield 11S® = H L 65“* P{'. Lemma 4.19 thus implies the existence of

T* € D(OF) such that
(24) HT® =2 8% and 05T = LOwOS P
The second property in (24) and the faithfulness of 5" give an injection

Homp o,y (T, T*[k]) = Hompn op) (£Cug 03 P, LC,y 05 PY[K).
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The right-hand side is zero, if k # 0, by Proposition 3.7. So we find
(25) Home(oi,)(T', T*[k]) =0 if k#O0.

The first property in equation (24) and equation (25) allow us to apply Corollary
4.10 and deduce, using equation (23), that

(26) Endeb(O;"/)(T.) g End'Db((/)A,)(S.) g A‘L/\l

By equations (25) and (26), the result would follow from [Ricl, Theorem 6.4], if we
could show that add(7*®) generates Db((’)ﬁf ) as a triangulated category.

Now we focus on the latter statement. Remark 4.9 and Lemma 6.3 yield

B LzFFan (P)®9[j] = LZMFa"LZ'Py.
JEN
As, for every z € X,

PH(z-N)*, ifze XY,

£Z”P($')\)'g{o if v ¢ XY,

we find

DLz B (B)™l) = £z T = QT

jEN jEN
This implies that LZ#F\y Py € add(7*). The fact that F\y Py generates Db(Oy)
as a triangulated category (which is an immediate consequence of Lemma 6.2) hence
implies that add(7®) generates Db((’)f\‘,) as a triangulated category. The existence

of the commuting diagram then follows by the same arguments as in the proof of
Lemma 6.2. U

Lemma 6.5. The functor F)‘\LX from Lemma 6.4 admits a graded lift, yielding an
equivalence of triangulated categories

Fl\, o DP(EOY) — DA EOY).

Proof. As translation, shuffling and inclusion functors admit graded lifts, it follows
easily that so does FY',,.

We can switch the roles of A and X and construct a functor F' )‘f, y- We define the
(gradable) functor G%,, = dFy,d. Then G%,, admits commutative diagrams with
dLCyyd, analogous to the ones in Lemmata 6.2 and 6.4 and is also gradable. By
construction, F}y,GY,, and, respectively, G%,, F},,, are isomorphic to the respective
identity functors when restricted to the categories of projective modules in Oﬁf, and
(’)‘; , respectively. Hence Gﬁ, y s an inverse to F' )’f, s+ The result thus follows from
Proposition 3.5. 0

Lemma 6.6. Consider \, N, u € Ai';t and v € A;Irlt such that W, = S, for some
n € N. Assume that Wy = G1 x Go and Wy = G| x G, where

o Gy =G, is a subgroup of WJI ;
e G1 = G and both are subgroups of W,,.
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Then A’; and A’;, are gradable derived equivalent. In particular, we have equivalences
of triangulated categories

DH(O}) = DY(OY)  and  D'(POY) = D(2OY).

Proof. There are k € N and p; € N, for 1 <14 < k, such that p; +---+ pr = n and
G1 = 5p, X Spy X =+ X Sp,
as a subgroup of S,,. Then Gs, as a subgroup of S, is equal to

G = Spau) X Spa(z) X X SPU(k)’

for some o € S). It suffices to prove the lemma for o such that it only interchanges
two neighbors (j,7 + 1) for some 1 < j < k. Then we choose an integral dominant
v such that W, is equal to the subgroup of W,, C W defined as

p1tp2t-tpj—1 Pj+2+ttpk

——f
S1 X 81 X x 81 XSpiqpi X S X051

. . / .
For the case we consider, this leads to wé‘ = wgy wé‘w('j and the equivalences follow

from Lemma 6.4, Lemma 6.5 and Definition 3.2. U

Proof of Theorem 6.1. To prove the theorem it suffices to restrict to either A = X\
or i = ' as the full statement follows by composition of the two. The case p = p’
is precisely Lemma 6.6.

The graded equivalence for A = )\ follows immediately from composing Lemma 6.6
with the equivalence in equation (4). The fact that the equivalence then descends
to the non-graded categories follows from Proposition 3.4 and equation (5). O

Finally, we note how the results in this section lead to a proof of Theorem D. Part
(ii) follows immediately from Lemmata 6.2, 6.4 and 6.5. Part (i) then follows from
Koszul duality as in the proof of Theorem 6.1. The link with derived twisting
functors follows from [MOS, Theorem 39].

7. THE CLASSIFICATION FOR TYPE A

In this section we prove the following theorem, which implies Theorem B.

Theorem 7.1. Consider two Lie algebras g, g’ of type A with fized Borel subalgebras
b, b, classes A € b*/Aine and A" € (§')*/Al, with the corresponding integral Weyl
groups W, W}, and two dominant weights X\ € A, X' € A'. Then the following
statements are equivalent:

(I) There is a gradable equivalence D*(Oy(g, b)) = D*(Ox (¢, b)).
(1) There is a graded algebra isomorphism Z(Ox(g,b)) = Z(Ox (g, b')).
(11I) For some decompositions
WA Xy x Xox--x X, and Wy 2X;xXhx---x X

into products of irreducible Weyl groups, we have k = m and there is a permu-
tation ¢ on {1,2,...,k} such that Wa xNX; = War v QX;(i) and X; = X:p(i)
foralli=1,2,... k.
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Note that, as we only consider type A in this section, we do not need to distinguish
between isomorphisms of Coxeter groups and isomorphisms of Coxeter systems.
Before proving Theorem 7.1 we need the following preparatory lemma.

Lemma 7.2. Consider Cozeter groups W and W' of type A with respective Young
subgroups X and X'. There is a graded algebra isomorphism C(W)X = c(W")X" if
and only if, for some decompositions

WXy xXgx---xX, and W 2X{xX)x---xX]

into products of irreducible Weyl groups, we have k = m and there is a permutation
pon{l,2,... k} such that XNX; = X’DX;(D and X; = X(’pm foralli=1,2,... k.

Proof. First we assume that W and W’ are simple. Without loss of generality, we as-
sume that W = S,, and W’ = S,,, with m > n. Denote the compositions of n and m,
corresponding to X and X', by (p1,--- ,px) and (q1,- - ,q), respectively. A graded
algebra isomorphism implies, in particular, a graded vector space isomorphism, so
equation (16) implies that

k Dy m

g
IHIIa-= = IIIJa-2" ] -2

j=la=1 Jj=10b=1 s=n+1

must be equal in C[z]. If m > n, then the irreducible factorisation of the right-
hand side contains a term (1 — exp(%)z), with 42 = —1, which never occurs in the
factorisation of the left-hand side. Hence m = n, or W = W'. The same argument
can now be used if the maximum of {p;,1 < j < k} were larger than the maximum
of {¢j,1 < j < 1}. By similar reasoning and induction it then follows that the

compositions are the same up to ordering and hence we find X = X',

Now consider an arbitrary Coxeter group W of type A. It follows easily from the
definitions that, if we consider the decomposition W = W7 x Wy x --- x W}, for
some k, such that each W is irreducible and set X; = X N Wj;, then we have

cW)X = (W)Xt @ c(Wo)X2 @ --- @ (W), *.

The general result now follows. O

Proof of Theorem 7.1. By [Sol, Theorem 11],~we can take reductive Lie algebras g
and g’ for which there are Borel subalgebras b and b’, Weyl groups W and W, and
integral dominant weights A and )\’ such that

(a) O)\(g’ b) = OX(Q? 6) and O)\’ (9/7 b/) = OS\/ (ﬁ,7 6,)7
(b) Wa = W and W4, = W'
(c) Wa — W5 and War iy — W){, under the above isomorphisms.

Moreover, by [Mat, Proposition A.4], we can chose g and g’ to be of type A. By
(a), the properties in claim (I) and claim (II) are true if and only if they are true
for O5 (g, b) and O5,(d', 0’). Furthermore (b) and (c) imply that also the property in
claim (IIT) is true if and only if it holds for W and W. Therefore it suffices to prove
the equivalences between the three statements restricted to the integral setting. So,

henceforth we can assume A = Ajpe and A" = Al ;.
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Claim (I) implies claim (II) by Lemma 3.6. Now assume that claim (II) holds. The
results repeated in Subsection 2.5 imply that there must be a graded isomorphism
between Cy(W) and Cy (W'). Application of Lemma 7.2 then proves that claim (II)
implies claim (III). The fact that claim (III) implies claim (I) is an immediate
consequence of Lemma 6.6. Il

8. RINGEL DUALITY

In this section we study Ringel duality for arbitrary blocks in parabolic category O
for arbitrary reductive Lie algebras. We will obtain two version of the Ringel duality
functor, which generalise the ones in equations (13) and (14).

8.1. Ringel duality for parabolic category O. The main result here is:
_l’_

int*

Theorem 8.1. Consider a reductive Lie algebra g and A\, u € A
(i) There are isomorphisms of (graded) algebras: Ag ~ R(AY) = A’z.

(it) The restriction of the endofunctor ﬁl(wg‘)Two of O to the full subcategory O
yields a Ringel duality functor E‘/\‘ satisfying
Ry : Of — Og and  RE(AHF(z- X)) = Vﬁ(wongwé‘ ).

Remark 8.2. This theorem easily leads to a proof of Theorem A. In particular,
there are blocks Of which are not equivalent to O, as demonstrated explicitly in
Subsection 8.4 for completeness.

Before proving Theorem 8.1, we establish some preparatory lemmata.
Lemma 8.3. For z € X}, consider A*(z - \)* as an object in D°(0,). Then
LTy A (z - N)® = VE(wowhzw) - N)*[1(wh)].

Proof. Using [MOS, Section 6.5] and Proposition 4.7, one can consider the Koszul
dual of (the graded version of) Corollary 5.9. Corollary 4.11 and equation (11)
then allow us to interpret this as the proposed isomorphism. We also provide the
sketch of a proof without the use of Koszul duality, following the proof of [MS3,
Proposition 4.4(1)]. Applying parabolic induction to the classical BGG resolution
(see [Hu, Chapter 6] or [Le]) for the Levi subalgebra of q,, yields an exact complex

(27) 0= Cipy = -+ = Cj = Cjgy = - Cop = Az - A) = 0, with
C; = @ Auzx - N).
ueW,,l(u)=j
As Verma modules are acyclic for T,,,, see [AS, Theorem 2.2], we can compute

LTy, A*(x - X)*® by evaluating Ty, at the complex (27) (where A#(x - ) is deleted).
Now [AS, Theorem 2.3] implies

TwoA(uz - A) = V(wpux - X).
The complex Dy = LT1},,Ce = Ty,Cs is hence of the form

D; = @ V(uwoz - A) = @ V(uwowhx - A).
wEWp,l(u)=j uEWﬁ,l(u):l(wS)—j
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We have wowphz - A =y - A with y := wowg:mu())‘ € Xf. As the maps in the complex
satisfy a dual version of the ones in the complex C,, we find

LT A (- A)* = Vi(y - 2)*[(wp)],
which concludes the proof. U

Lemma 8.4. The restriction of the endofunctor L’l(wg)Two of Oy to the full subcat-
egory Oﬁf 1s right ezxact.

Proof. Lemma 8.3 implies that £;T,,0N = 0, if ¢ # l(wfy), for any N € Ob(O¥)
with standard flag. So, in particular, for projective objects of (’)K . The fact that
LiTw,M = 0 for i < l(wf)) and arbitrary M € O can then be derived by induction
on the projective dimension of M in (’)ﬁf , by considering short exact sequences. [J

Proof of Theorem 8.1. First we prove part (ii). By Lemmata 8.3 and 8.4, the endo-
functor L, Tw, of Oy restricts to a right exact functor

K‘;:Og—)@A

which maps standard modules to modules contained in the subcategory Of\‘ . Sub-
sequently, all simple modules, being the tops of standard modules, are mapped to
modules in this subcategory. As (’)ﬁf is a full Serre subcategory, this leads to the
conclusion that we actually obtain a right exact functor

RY . O — O
By Lemma 8.3, this functor restricted to the full subcategory of modules in Oﬁf with
a standard flag, yields an exact functor from this category to the category of modules
in OE with costandard flag. This is an equivalence as it has as inverse, namely, the
restriction of dZ;(,pTw,d, by Lemma 8.3, equation (10) and the fact that OX is
isomorphism closed in Oy. Part (ii) then follows from [MS3, Proposition 2.2].

In particular, this implies R(A}) = A‘z. By [Sol, Theorem 11] there is an isomor-
phism Ay = As. Under this isomorphism, the set of idempotents corresponding to

X /’\7 are mapped to the ones corresponding to Xg , implying that AP~ Ag. This
proves the ungraded isomorphisms of algebras in (i).

By the previous conclusions in this proof, [MS3, Proposition 2.2(2)] implies that the
functor £;(,,»)Tw, maps a minimal projective generator of OX to a characteristic q.h.

tilting module of (9’;,. As the derived functor is an equivalence between the derived
categories and is gradable, it follows that R(AY) = A4 holds as graded algebras. O

Remark 8.5. Moreover, [MS3, Proposition 2.2] also implies that
by ~ Db ~ bk
DY) = DIOF) = DHOL).

When g is not of type A, this is outside the scope of Theorem 6.1. However it can
be proved similarly as will be done in the next subsection.

Remark 8.6. An anonymous referee brought to our attention an insightful different
method for proving Theorem 8.1(1). We set g, = [®Gw™, with w™ the radical and [ the
Levi subalgebra of the parabolic subalgebra q,,, leading to parabolic decomposition
g=t ®IPrT. Consider A =U(g), B=U(n"), H=U(l) and B = U(w~). This
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gives a triangular decomposition in the sense of [GGOR, Section 2.1], when taking
into account footnote 1.

For a complex Lie algebra a such that dim(a) = d < oo, the extension groups
Ext) () (C,U(a)) can be calculated from the Chevalley-Eilenberg complex

0—-U(a) »a"®@U(a —>/\ —>/\ ) — 0.

This can be re-interpreted as the Koszul resolution of the trivial a-module C, shifted
over d positions;

d d—1
0—>/\(a)®U(a)—>/\()®U —>/\ — - = U(a) =0,

yielding dim ExtU(a)((C,U (a)) = d;q. Hence B is Gorenstein and one can apply
[GGOR, Proposition 4.3], which implies that the Ringel dual of OX is the category
of right A-modules, which are finitely generated, H-semisimple (and locally finite),
B-locally nilpotent and which admit generalised central character x,. To interpret
these as left A = U(g)-modules we can apply an anti-automorphism of U(g). The
principal automorphism corresponding to X — —X for X € g shows that the
Ringel dual is equivalent to O’; . The Chevalley anti-automorphism of U(g) gives an

equivalence with Og .

8.2. An alternative approach. The following result is a reformulation of the re-
sults in the previous subsection, but we provide an alternative proof, stressing the
link with our construction of derived equivalences.

Proposition 8.7. We have R(AY) = Ag. Moreover, the Ringel duality functor
Ry : O — O’A; satisfies, for every x € X\, the following:
RA(AM(z - N)) = VA(whzwdw - N).

Lemma 8.8. For all integral dominant X\, u, there is an equivalence of triangulated
categories FY' : D*(OY) — Db((’)g) such that the following diagram commutes:

LCw
Db(Oy) ©— D(Oy)
Gg\ut T GgutT
DY0y) — >~ Db(05)
]
DH(OF) A D (0%).

Proof. This is proved identically to Lemmata 6.2 and 6.4, the only change being
that Proposition 5.3(ii) is used rather than Proposition 5.3(i). O

Corollary 8.9. For allz € X!, we have FI'(P*(x-\)*) 2 TH(whzw)wo))*[l(wh)],
implying that R(Ag) := Endpn (Tf) = AR
A
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Proof. Lemma 8.8, Proposition 5.3(ii) and Corollary 5.9 imply
O3 P FY PP (2 - N)® 22 LCw, 02" (€)® 22 gy L(whwo)* [L(wh)]-

Proposition 5.10 then implies

O 1 FY P (- N)® = TH(wh zwo)®* [l(wh)] = 9§“tz“T“(ngwow{} X)L (wh)].
The equivalence thus follows from Corollary 4.11.

The isomorphism of the endomorphism algebras then follows from the fact that
both modules correspond to complexes contained in one position exchanged by an
equivalence of triangulated categories. O

The proof of Proposition 8.7 then follows easily from this corollary.

8.3. Parabolic and singular Koszul-Ringel duality. In this subsection we com-
pose the Koszul duality (4) with the Ringel duality. We also study the link with
the category of linear complexes of q.h. tilting modules £%%, a full subcategory
of DP(20Y), see [MO]. By [MO, Corollary 6], the category £} is equivalent to
gmod—R(A‘)f)!. Hence Theorem 8.1 and equation (6) implies that there are equiva-
lences of categories

B~ Zm) ~ ~ ZAX ~
2‘}3’;: OM:ST’/{: (’)ﬁ:,ﬂiﬁg.

We now give explicit descriptions of these equivalences, which will be useful for
practical application in e.g. [CM2].

Lemma 8.10. Consider integral dominant X, .
(i) The functor ﬁﬁi induces an equivalence of categories
LR : D'(*OY) = D'(*0%),
which restricts to an equivalence of categories

P = S‘I‘X‘ with — PM(z - \)® +— T (whzwywo X)'

(11) The functor LRY induces an equivalence of categories
b(Z ~ b (L
LRy DO 5 DYEOD),
which restricts to an equivalence of categories

Leph = S‘I‘} with ~ PH(z-\)°* — Tﬁ(wowg:cwé “A)°.

Proof. The equivalences of derived categories (in the ungraded sense) follow from
[MS3, Proposition 2.2(2)] and Theorem 8.1. The graded version then follows from
application of Proposition 3.5. Alternatively, the (graded) equivalence can be proved
as in Section 6 by using Proposition 5.3(ii) rather than Corollary 5.2. It is a general
feature that the Ringel duality functor maps indecomposable projective modules to
indecomposable q.h. tilting modules, see e.g. [MS3, Proposition 2.1(2)]. The explicit
description then follows from the action on standard modules in Theorem 8.1. [
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We compose functors to obtain the contravariant Koszul-Ringel duality functor
_ N —1
b(Z ~ Ty (Z A
o = Kfo (LRY)  : D'(P0Y) > DEOY),
yielding an equivalence of triangulated categories.

Corollary 8.11. The contravariant functor <I>‘)f above restricts to an equivalence
P - LT — Z(’)é‘ which satisfies, for any x € XY, the following:

(1) @5 (TH(x - N)®) = L(wyz " wh - ).

(2) The complex T in £, which is isomorphic to L(z-\)® in D*(20Y), satisfies
ON(Tp) = TN (wyz ™" wf - ).

(3) The complex T in £34, isomorphic to V*(z - A)* in DP(2OY), satisfies
H(T) = AN (wda el - ).

(4) The complex TR in £34, isomorphic to A*(z - N)* in DP(2OY), satisfies
P(T2) = VA (wdeul - ).

Proof. The first property follows from combination of Lemma 8.10(ii) and the well-
known property IC?(P(J: “AN)®) = Lz twp - p)®, see e.g. [BGS, Theorem 3.11.1].
The other three properties then follow from the first one and [MO, Theorem 9.
Property (3) also follows from the combination of Theorem 8.1(ii) with the property
KA (AR(x - X)®) =2 A2 wy - 11)®, see [BGS, Theorem 3.11.1]. O

The following is a standard property for categories of linear complexes.

Lemma 8.12. Consider M®* € Ob£T4. Then TH(x - \) is a submodule of M* if
and only if L(wjx~tw} - u)(k) is a subquotient of @ﬁ(M’).

Proof. The property is clearly true for complexes contained in one position as, by
construction,

(T (2 - N [)(k)) = Liwda"wh - o) (k).

The full statement then follows by induction, using distinguished triangles in D° (Z(’)g )
such that the cone belongs to ST’; . g

8.4. A block which is not Ringel self-dual. Consider g = sl((4), with W = Sy
with simple reflections si,s9,s3 and choose A, u € A;gt such that wé = s3 and
wh = s1. The Ext’-quiver of O} and O} can be obtained from Proposition 2.2 and

[St2, Appendix A]. As we have a duality preserving isomorphism classes of simple
modules, we neglect the directions on the edges. We order the simple modules
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according to the Bruhat order. The Ext!-quiver of Of is given by

L(s3-A)

L(s2s3 - \)

\
/

L(s2s183 - A) L(s3s283 - A)

/
\

L(s3s25183 - )

We have wg = s3 and similarly we obtain the Ext!-quiver of (’)’7,

L(s2s3 - \)

\
/

L(s2s183 - A) L(s1s253 - A)

/
\

L(s1525183 - )

L(s2s1535283 + )

This implies that O contains precisely one simple module which has a first extension
with only one other simple module. TIts projective cover is a non-simple standard
module, so is not injective. Also (’)g has precisely one simple module which has a
first extension with only one other simple module. This module is a simple standard
module, which thus has an injective projective cover by [Ir]. This implies that Of

is not equivalent to (’)5 .
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