
ON STRUCTURE AND TKK ALGEBRAS FOR JORDAN

SUPERALGEBRAS

SIGISWALD BARBIER AND KEVIN COULEMBIER

Abstract. We compare a number of different definitions of structure algebras and TKK con-
structions for Jordan (super)algebras appearing in the literature. We demonstrate that, for
unital superalgebras, all the definitions of the structure algebra and the TKK constructions fall
apart into two cases. Moreover, one can be obtained as the Lie superalgebra of superderiva-
tions of the other. We also show that, for non-unital superalgebras, more definitions become
non-equivalent. As an application, we obtain the corresponding Lie superalgebras for all simple
finite dimensional Jordan superalgebras over an algebraically closed field of characteristic zero.

1. Introduction

There is an acclaimed principle that associates a 3-graded Lie algebra to a Jordan algebra, as
developed by Tits, Kantor and Koecher in three variations, see [Ti, Kan, Ko]. These three
constructions have natural analogues for Jordan superalgebras and some also extend to Jordan
(super)pairs. The principle behind these three constructions, and further variations appearing
in the literature, is loosely referred to as “the” TKK construction.

A common feature of TKK constructions is that, under the appropriate conditions, they associate
simple Lie superalgebras to simple Jordan superalgebras or superpairs. They were as such used
to classify simple Jordan superalgebras and superpairs, see [Ka2, CK, KMZ, Kan2, Kr], but also
to study representations of Jordan superalgebras, see [MZ, Sh, KS]. When the constructions
of Tits, Kantor and Koecher are applied to a simple finite dimensional Jordan algebra over the
field of complex numbers, they all yield the same Lie algebra, as follows a posteori from the
classification. However, if one applies the TKK constructions to more general algebras, they can
give different outcomes.

The aim of the paper is to create more structure in this plethora of TKK constructions, by
(dis)proving equivalences of some of the definitions under certain conditions and describing
concrete links between the different constructions. First we consider the zero component of the
3-graded Lie (super)algebra associated to a Jordan (super)algebra, which is often referred to
as the structure algebra. Then we construct the 3-graded Lie superalgebra out of the structure
algebra and the Jordan superalgebra. We refer to this algebra as the TKK algebra.

We consider four definitions of the structure algebra and show that, for unital Jordan superal-
gebras, they lead to two non-equivalent versions of the structure algebra. For non-unital Jordan
superalgebras, all four definitions are non-equivalent. For completeness, we also review two
further definitions of structure algebras of unital Jordan superalgebras, with no direct link to
TKK constructions, and prove that these are both equivalent to one of the above definitions.
One of these definitions also applies to non-unital Jordan superalgebras, and we prove that it is
non-equivalent to the previous definitions.
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Then we consider the TKK algebras. First we introduce Kantor’s construction. Koecher’s
construction appears in several forms in the literature, depending on the choice of structure
algebra. Finally, the construction by Tits depends on the structure algebra and an auxiliary
three-dimensional Lie algebra, which we assume to be sl2 for now. This yields 5 definitions of
TKK superalgebras associated to a Jordan superalgebra V , corresponding to constructions of
Tits, Koecher and Kantor:

Ti(V, Inn(V ), sl2) Ko(V ) Kan(V )

Ti(V,Der(V ), sl2) K̃o(V )

If V is a simple finite dimensional Jordan algebra over the field of complex numbers, it is known
that all five Lie algebras are isomorphic. We prove that so long as V is unital, the three Lie
superalgebras in the top row are isomorphic. Under the same assumption, the two algebras
in the bottom row are then also isomorphic and given by the algebra of derivations of the Lie
superalgebras in the top row. For arbitrary V , even when finite dimensional, we show that all
five algebras can be pairwise non-isomorphic and that the link between bottom and top row
through derivations generally fails.

We derive these results for the super case, but they are already pertinent for ordinary Jordan
algebras. However, the differences in definitions are more exposed for Jordan superalgebras, as
they already appear for finite dimensional simple Jordan superalgebras over the field of complex
numbers. Contrary to simple Lie algebras, simple Lie superalgebras can admit outer derivations,
and contrary to Jordan algebras, there is a simple finite dimensional Jordan superalgebra which
is non-unital.

Therefore we apply our results to obtain a table with all versions of the TKK construction for the
simple finite dimensional Jordan superalgebras over an algebraically closed field of characteristic
zero. For this, we can rely on the classification of simple Jordan superalgebras in [CK, Ka2] and
the calculation of derivations in [Ka1, Sc].

We organise the paper as follows. In Section 2 we introduce some concepts and terminology
regarding Jordan superalgebras and superpairs. In Section 3 we investigate the different defini-
tions of the structure algebra. In Section 4 we compare the constructions of Tits, Kantor and
Koecher. In Section 5 we study further variations of the Koecher construction, based on the
choice of structure algebra. In Section 6 we use the above to list all the versions of the TKK al-
gebras for the finite dimensional simple Jordan superalgebras over an algebraically closed field of
characteristic zero. Finally, in Appendix A we introduce the notation for the Lie superalgebras
of type A, P , Q and H as used in Section 6.

2. Jordan superalgebras and superpairs

In the following, we will consider a super vector space V = V0̄ ⊕ V1̄ over a field K. For an
element x of Vi we write |x| = i for i ∈ {0̄, 1̄} = Z2. By 〈A〉 we will denote the K-linear span of
a set A. As is customary in the theory of Jordan superalgebras and superpairs, we will always
assume that the characteristic of K is different from 2 and 3. At this stage we make no other
assumptions on K. We note furthermore that the main results of section 3, 4 and 5 still hold if
we replace K by a ring containing 1

2 and 1
3 .

2.1. Jordan superalgebras.
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Definition 2.1. A Jordan superalgebra is a super vector space V equipped with a bilinear product
which satisfies

• ViVj ⊂ Vi+j , i, j ∈ Z2

• xy = (−1)|x||y|yx (commutativity)

• (−1)|x||z|[Lx, Lyz] + (−1)|y||x|[Ly, Lzx] + (−1)|z||y|[Lz, Lxy] = 0 (Jordan identity),

for all homogeneous x, y, z ∈ V . Here, the operator Lx : V → V is defined by Lx(y) = xy. A
Jordan superalgebra V is unital if there exists an element e ∈ V such that ex = x = xe for all
x ∈ V .

We stress that we do not restrict to finite dimensional algebras.

A Jordan superalgebra satisfies the following relation, see [Ka2, Section 1.2],

[[Lx, Ly], Lz] = Lx(yz) − (−1)|x||y|Ly(xz).(1)

Define the following operators on V :

Dx,y := 2Lxy + 2[Lx, Ly].

The Jordan triple product is given by

(2) {x, y, z} := Dx,yz = 2
(

(xy)z + x(yz)− (−1)|x||y|y(xz)
)
.

This triple product satisfies the symmetry property

{x, y, z} = (−1)|x||y|+|y||z|+|x||z|{z, y, x},
and the 5-linear Jordan identity

{x, y, {u, v, w}} − {{x, y, u}, v, w}

= (−1)(|x|+|y|)(|u|+|v|)(−{u, {v, x, y}, w}+ {u, v, {x, y, w}}).
The 5-linear identity can be rewritten as

[Dx,y, Du,v] = D{x,y,u},v − (−1)(|x|+|y|)(|u|+|v|)Du,{v,x,y}(3)

= Dx,{y,u,v} − (−1)(|x|+|y|)(|u|+|v|)D{u,v,x},y.

2.2. Jordan superpairs. A Jordan superpair is a pair of super vector spaces (V +, V -) equipped
with two even trilinear products, known as the Jordan triple products,

{·, ·, ·}σ : V σ × V -σ × V σ → V σ, for σ ∈ {+,−}.
These triple products satisfy symmetry in the outer variables

{x, y, z}σ = (−1)|x||y|+|y||z|+|z||x|{z, y, x}σ,
and the 5-linear identity

{x, y, {u, v, w}σ}σ − {{x, y, u}σ, v, w}σ

= (−1)(|x|+|y|)(|u|+|v|)(−{u, {v, x, y}-σ, w}σ + {u, v, {x, y, w}σ}σ),

for homogeneous x, z, u, w ∈ V σ and y, v ∈ V -σ.

We will use the following operators

Dx,y : V σ → V σ; z 7→ {x, y, z}σ,
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for x ∈ V σ and y ∈ V -σ.

Example 2.2. By the previous subsection, the doubling of a Jordan superalgebra V gives a
Jordan superpair (V +, V -) := (V, V ) with products {xσ, y−σ, zσ}σ := {x, y, z} for σ ∈ {+,−}.
Here we use the notation x+, resp. x-, for an element x ∈ V interpreted as in V +, resp. V -.
When the context clarifies in which space we interpret x ∈ V , we will leave out the indices.

In the following sections we will often omit the σ in the notation for the triple product since it
can be derived from the elements it acts on.

3. Derivations and the structure algebra

In this section we show that the (inner) structure algebra of a unital Jordan superalgebra is
isomorphic to the algebra of (inner) derivations of the corresponding superpair. We provide
counterexamples to both claims when the Jordan superalgebra is non-unital.

3.1. The structure algebra for a Jordan superalgebra.

Definition 3.1. Let V be a Jordan superalgebra. An element D in End(V ) is called a deriva-
tion of V if

D(xy) = D(x)y + (−1)|x||D|xD(y).

We use the notation Der(V ) for the space of derivations, and Inn(V ) for the subspace of inner
derivations, which is spanned by the operators [Lx, Ly] for x, y ∈ V .

The condition on D ∈ End(V ) to be a derivation is equivalent with

(4) [D,Lx] = LD(x) for all x ∈ V .

Hence equation (1) implies that [Lx, Ly] is a derivation. One verifies easily that Der(V ) is a sub-
algebra of gl(V ). The Jacobi identity on gl(V ) combined with equation (4), for any derivation D,
implies that Inn(V ) is an ideal in Der(V ).

We will use the following definition for the structure algebra of Jordan superalgebras, since this
is the one that will be required for the Kantor functor. There exist other definitions of the
structure algebra in the literature which are not immediately connected to TKK constructions.
We will review them in Section 3.4 and show that for unital Jordan superalgebras they are all
equivalent to our definition.

Definition 3.2. The structure algebra str(V ) is a subalgebra of gl(V ), defined as

str(V ) = {Lx | x ∈ V }+ Der(V ).

Definition 3.3. The inner structure algebra istr(V ) is a subalgebra of gl(V ), defined as

istr(V ) = {Lx | x ∈ V }+ Inn(V )

= 〈Lx, [Lx, Ly] | x, y ∈ V 〉.

By the above, istr(V ) is an ideal in str(V ).

Remark 3.4. For a unital Jordan superalgebra the sum in Definitions 3.2 and 3.3 is a direct
sum of super vector spaces:

str(V ) = {Lx | x ∈ V } ⊕Der(V ) and istr(V ) = {Lx | x ∈ V } ⊕ Inn(V ),

since D(e) = 0 for all D in Der(V ), while Lx(e) = x. For non-unital Jordan superalgebras the
sums are not necessarily direct, as follows from Example 3.5 and Remark 3.18.
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Example 3.5. Consider the commutative three dimensional algebra V = 〈e1, e1, e3〉 with product

e2
1 = e1, e1e2 =

1

2
e2, e2

2 = e3,

and all other products of basis elements zero. This is the Jordan algebra J19 in [KM, Sec-
tion 3.3.3]. Because

[Le1 , Le2 ] = −1

2
Le2 ,

we conclude that Le2 is an element of Inn(V ).

3.2. Derivations of Jordan superpairs.

Definition 3.6. Let (V +, V -) be a Jordan superpair. An element D = (D+, D-) ∈ End(V +) ⊕
End(V -) is called a derivation of (V +, V -) if

Dσ({x, y, z}) = {Dσ(x), y, z}+ (−1)|x||D-σ|{x,D-σ(y), z}+ (−1)(|x|+|y|)|Dσ |{x, y,Dσ(z)}.
We use the notation Der(V +, V -) for the space of all derivations of (V +, V -) and the notation
Inn(V +, V -) for the subspace of inner derivations, which is spanned by the operators

Dx,y := (Dx,y,−(−1)|x||y|Dy,x), for x ∈ V +, y ∈ V -.

Observe that any derivation (D+, D-) can be written as the sum of derivations where D+ and
D- have the same parity. The space Der(V +, V -) hence inherits a grading from the super vector
space End(V +)⊕ End(V -).

By construction, the space Der(V +, V -) is a subalgebra of gl(V +) ⊕ gl(V -). The operator D =
(D+, D-) ∈ End(V +)⊕ End(V -) is a derivation if and only if

[Dσ, Dx,y] = DDσ(x),y + (−1)|D||x|Dx,D-σ(y).(5)

One can then easily verify that Inn(V +, V -) is an ideal in Der(V +, V -).

3.3. Connections. The main result of this section is the following connection between the
structure algebra of a unital Jordan superalgebra and the derivations of the associated Jordan
superpair in Example 2.2.

Proposition 3.7. For a unital Jordan superalgebra V we have

(1) str(V ) ∼= Der(V, V ),

(2) istr(V ) ∼= Inn(V, V ).

Remark 3.8. For a unital Jordan algebra, we have that str(V ) is the Lie algebra of the structure
group (Section 3.4) and that Der(V, V ) is the Lie algebra of the automorphism group of the
Jordan pair (V, V ), ([Lo, I.1.4]. Since the structure group is isomorphic to the automorphism
group of the Jordan pair, [Lo, Proposition 1.8], we can immediately conclude that str(V ) ∼=
Der(V, V ).

Remark 3.9. Both parts of the proposition do not extend, as stated, to non-unital Jordan
superalgebras. As a counterexample consider again Example 3.5. One can easily check that

istr(V ) = 〈Dx,y | x, y ∈ V 〉 = 〈Le1 , Le2〉 and Inn(V, V ) = 〈(Le1 ,−Le1), (Le2 , 0), (0, Le2)〉.
Define A ∈ End(V ) by A(e1) = 0, A(e2) = 2e2 and A(e3) = e3. Then we also obtain

str(V ) = istr(V ) + 〈A〉 and Der(V, V ) = Inn(V, V ) + 〈(A,A), (A,−A)〉.
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Subsection 6.2 also contains a counterexample where istr(V ) ∼= Inn(V, V ) but str(V ) 6∼= Der(V, V ).

Even without the existence of a multiplicative identity e, we still have a chain of inclusions if
Lx is not a derivation for any x in V .

Proposition 3.10. For a Jordan superalgebra V for which Lx 6∈ Der(V ), for all x in V , we
have

Inn(V, V ) ⊂ istr(V ) ⊂ str(V ) ⊂ Der(V, V ).

Remark 3.11. Examples where the second inclusion is strict can be found in Subsection 6.1
while an example for the third inclusion to be strict can be found in Subsection 6.2.

Now we start the proofs of the propositions.

Lemma 3.12. Let V be a Jordan superalgebra. For x in V and D in Der(V ), we have that

(Lx,−Lx) and (D,D)

are elements of Der(V, V ).

Proof. Using the Jordan identity and equation (1), we get for x, y, z in V

[Lx, Dy,z] = 2[Lx, Lyz] + 2[Lx, [Ly, Lz]]

= −2(−1)|x|(|y|+|z|)[Ly, Lzx]− 2(−1)|z|(|x|+|y|)[Lz, Lxy] + 2L(xy)z − 2(−1)|x||y|Ly(xz)

= DLx(y),z − (−1)|x||y|Dy,Lx(z).

Thus (Lx,−Lx) satisfies equation (5) and hence belongs to Der(V, V ).

Let D ∈ Der(V ). By equation (4), the Jacobi identity and the definition of Der(V ), we find

[D,Dx,y] = 2[D,Lxy] + 2[D, [Lx, Ly]]

= 2LD(xy) − 2(−1)|D|(|x|+|y|)[Lx, [Ly, D]]− 2(−1)|y|(|D|+|x|)[Ly, [D,Lx]]

= 2LD(x)y + 2[LD(x), Ly] + 2(−1)|D||x|LxD(y) + 2(−1)|x||D|[Lx, LD(y)]

= DD(x),y + (−1)|x||D|Dx,D(y).

Therefore, also (D,D) satisfies equation (5) and is thus an element of Der(V, V ). �

Proof of Proposition 3.10. Since Dx,y = 2Lxy + 2[Lx, Ly], the map

ψ : Inn(V, V )→ istr(V ); Dx,y = (Dx,y,−(−1)|x||y|Dy,x) 7→ Dx,y(6)

is well-defined and clearly a Lie superalgebra morphism. AssumeDx,y = 0. Then Lxy = −[Lx, Ly]
is a derivation. So by our assumption Lxy = 0, an thus also Dy,x = 0. Therefore ψ is injective.

From the definitions it follows immediately that istr(V ) ⊂ str(V ). By assumption, str(V ) is a
direct sum of {Lx | x ∈ V } and Der(V ). Together with Lemma 3.12 this implies that the map

φ : str(V )→ Der(V, V ); Lx +D 7→ (Lx +D,−Lx +D),(7)

is well-defined. This map is clearly injective. The fact that this is also a Lie superalgebra
morphism follows from a direct computation, which finishes the proof. �
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The rest of this section is devoted to the proof of Proposition 3.7, so we consider a unital Jordan
superalgebra V . From Remark 3.4 it follows then that the assumption of Proposition 3.10 is
satisfied, so we can use that result. We will also use the following immediate consequences of
equation (2),

(8)
1

2
{x, e, y} = xy = Lx(y) and

1

2
{e, x, e} = x.

Consider the map σ

σ : Der(V, V )→ Der(V, V ); (D+, D-) 7→ (D-, D+).

Then σ2 = id and Der(V, V ) decomposes in two subspaces

h := {D ∈ Der(V, V ) | σ(D) = D} and q := {D ∈ Der(V, V ) | σ(D) = −D}.

Lemma 3.13. We have

h = {D ∈ Der(V, V ) | D-(e) = 0}.

Proof. Assume first that D-(e) = 0. By equation (8), we have

D-(e) =
1

2
D-{e, e, e} =

1

2
{e,D+(e), e} = D+(e),

and hence also D+(e) = 0. Then we also get for all x in V

2D+(x) = D+{e, x, e} = {e,D-(x), e} = 2D-(x).

Hence D+ = D-.

Now assume that D+ = D-. Equation (8) then implies

D-(e) =
1

2
D-{e, e, e} =

1

2
{D-(e), e, e}+

1

2
{e,D+(e), e}+

1

2
{e, e,D-(e)} = 3D-(e).

Hence D-(e) = 0. This concludes the proof. �

Lemma 3.14. We have a Lie superalgebra isomorphism

Der(V ) ∼= h, given by φ : Der(V )→ h; D 7→ (D,D).

Proof. The map φ is a restriction to Der(V ) of the morphism φ : str(V ) → Der(V, V ) defined
in (7). From there we know that it is injective. The image of φ is clearly contained in h. To
show that φ is surjective, we let D = (D+, D-) be an element of Der(V +, V -) with D+ = D-, i.e.
D ∈ h. Then D-(e) = 0 by Lemma 3.13. Hence, using equation (8),

D+(xy) =
1

2
D+{x, e, y}

=
1

2
{D+x, e, y}+ (−1)|D||x|

1

2
{x,D-e, y}+ (−1)|D||x|

1

2
{x, e,D+y}

= D+(x)y + (−1)|D||x|xD+(y).

We conclude that D+ = D- is an element of Der(V ), so (D+, D-) is in the image of φ. �

Lemma 3.15. We have an isomorphism of super vector spaces

{Lx | x ∈ V } →̃ q, given by Lx 7→ (Lx,−Lx).
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Proof. The assignment La → (La,−La) is a restriction to {Lx | x ∈ V } of the injective morphism
φ : str(V ) → Der(V, V ) considered in (7). Its image is clearly contained in q. So the map is
well-defined and injective. For an element D = (D,−D) in q we claim that (LD(e),−LD(e)) = D.
Indeed, using equation (8), we have

D(x) =
1

2
D({e, x, e}) =

1

2
{D(e), x, e} − 1

2
{e,D(x), e}+ (−1)|D||x|

1

2
{e, x,D(e)}

= 2D(e)x−D(x),

which implies that D(x) = LD(e)(x). This proves surjectivity. �

Proof of Proposition 3.7. Consider the injective morphism

φ : Der(V )⊕ {Lx | x ∈ V } → Der(V, V ); Lx +D 7→ (Lx +D,−Lx +D)

of (7). From Lemmata 3.14 and 3.15 it follows that φ is also surjective. This proves part (1) of
the proposition. For part (2), consider the injective morphism

ψ : Inn(V, V )→ istr(V ); (Dx,y,−(−1)|x||y|Dy,x) 7→ Dx,y.

defined in (6). Since

Lx =
1

2
Dx,e and [Lx, Ly] =

1

4
(Dx,y,−(−1)|x||y|Dy,x),

the map ψ is surjective, which concludes the proof. �

3.4. Alternative definitions for the (inner) structure algebra. We review some further
definitions appearing in the literature. Set

Ux,y : V → V ; z 7→ (−1)|y||z|{x, z, y}.
Then for a unital Jordan algebra we define, see [GN, Section 3.1],

s̃tr(V ) := {X ∈ gl(V ) | UX(a),b+(−1)|X||b|Ua,X(b) = XUa,b+(−1)|X|(|a|+|b|)Ua,bX
∗ for all a, b ∈ V },

where X∗ = −X+ 2LX(e). In the non-super case, this algebra is the Lie algebra of the structure
group, see [Ja, Section 9].

In the literature we did not find an explicit definition of the structure algebra for the non-unital
case using this approach. However, we will define a natural generalization which for a unital
Jordan superalgebra will reduce to s̃tr(V ). So, for V a Jordan superalgebra, define strw(V ) as
the Lie superalgebra consisting of the elements (X,Y ) ∈ gl(V )⊕ gl(V )op for which

UX(a),b + (−1)|X||a|Ua,X(b) = XUa,b + (−1)|Y |(|a|+|b|)Ua,bY and(9)

UY (a),b + (−1)|Y ||a|Ua,Y (b) = Y Ua,b + (−1)|X|(|a|+|b|)Ua,bX

holds for all a, b in V . If V is a Jordan algebra, one can check that strw(V ) is the Lie algebra
of the group consisting of pairs of ‘weakly structural transformations’, as defined in [McC,
II.18.2].

Using the equality Ux,y(z) = (−1)|y||z|Dx,z(y), one finds that the defining conditions of strw(V )
are equivalent with (X,−Y ) ∈ Der(V, V ). So we conclude that strw(V ) ∼= Der(V, V ) in full
generality.

Lemma 3.16. For a unital Jordan superalgebra V , we have

strw(V ) ∼= s̃tr(V ) ∼= str(V ).
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Proof. Let X be an element of s̃tr(V ). Note that by definition X satisfies equation (9) for
Y = −X + 2LX(e). From Lemma 3.12 we know that (LX(e),−LX(e)) ∈ Der(V, V ). Combining
this, one shows easily that

UY (a),b + (−1)|Y ||b|Ua,X(b) = Y Ua,b + (−1)|X|(|a|+|b|)Ua,bX for all a, b ∈ V

holds for Y = −X + 2LX(e). Thus the map ϕ : s̃tr(V ) → strw(V ); X 7→ (X,−X + 2LX(e)) is
well-defined. Let (X,Y ) ∈ strw(V ). Then setting a and b equal to the unit e in equation (9) gives
us Y = −X + 2LX(e), hence ϕ is an isomorphism. Since strw(V ) ∼= Der(V, V ), Proposition 3.7,
immediately implies that strw(V ) is also isomorphic to str(V ). �

The inner structure algebra is also often defined as the Lie superalgebra spanned by the operators
Dx,y ∈ End(V ), see for example [Ja, Section 9], [Sp, Chapter 4] and [GN, Section 3.1]. For this
algebra we will use the notation

ĩstr(V ) := 〈Dx,y | x, y ∈ V 〉.

Lemma 3.17. For a Jordan superalgebra V for which Lx 6∈ Der(V ), for all x in V , we have

ĩstr(V ) ∼= Inn(V, V ).

In particular, for a unital Jordan superalgebra, we have

ĩstr(V ) ∼= istr(V ).

Proof. By assumption Lxy 6∈ Der(V ), so we have that Dx,y = 0 implies Dy,x = 0. Hence

the map Inn(V, V ) → ĩstr(V ); (Dx,y,−(−1)|x||y|Dy,x) 7→ Dx,y is bijective. It is also clearly an
algebra morphism. This proves the first part of the lemma. Since unital Jordan superalgebras
satisfy Lx 6∈ Der(v), for all x in V , Proposition 3.7 immediately implies the second part of the
lemma. �

Remark 3.18. In the non-unital case we can both have ĩstr(V ) 6∼= istr(V ) and ĩstr(V ) 6∼=
Inn(V, V ). The example in Remark 3.9 is a counterexample for the second part, while a coun-
terexample for the first part is as follows. Consider V := tK[t]/(tk), the algebra of polynomials
in the variable t without constant term, modulo the ideal (tk) = tkK[t] of polynomials without
term in degree lower than k for some k ∈ Z>2. This is an (associative) Jordan algebra, for
the standard multiplication of polynomials, which does not have multiplicative identity. In this
example we have Df,g = 2Lfg, for all f, g ∈ V . We hence find that

Inn(V, V ) ∼= ĩstr(V ) = SpanK{Lt2 , Lt3 , . . . , Ltk−2}.
On the other hand, by definition, we have

istr(V ) = SpanK{Lt, Lt2 , . . . , Ltk−2}.

As the dimensions of both abelian Lie algebras do not agree, we find istr(V ) 6∼= ĩstr(V ). Observe
further that Ltk−2 is an element of Der(V ). Therefore the structure algebra str(V ) also does not
have a direct sum decomposition as in Remark 3.4

4. The Tits-Kantor-Koecher construction

In this section, we will study the three different TKK constructions, dating back to Tits, Kantor
and Koecher, and show that, for unital Jordan superalgebras, they are equivalent. Again this
claim does not extend to non-unital cases.
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4.1. TKK for Jordan superalgebras (Kantor’s approach). In [Ka2], Kac uses the “Kantor
functor” Kan to classify simple finite dimensional Jordan superalgebras over an algebraically
closed field of characteristic zero. This functor is a generalisation to the supercase of the one
considered by Kantor in [Kan]. In particular this functor provides a TKK construction, which
we review for arbitrary Jordan superalgebras over arbitrary fields.

We associate to a Jordan superalgebra V , the 3-graded Lie superalgebra

Kan(V ) := g = g− ⊕ g0 ⊕ g+, with

g− := V and g0 := istr(V ) = 〈La, [La, Lb]〉 ⊂ End(g−).

Finally, g+ is defined as the subspace 〈P, [La, P ]〉 of End(g− ⊗ g−, g−), with

P (x, y) = xy and [La, P ](x, y) := a(xy)− (ax)y − (−1)|x||y|(ay)x.

Note that P = −[Le, P ] for a unital Jordan superalgebra.

As the notation suggests, [La, P ] corresponds to the superbracket of La ∈ g0 and P ∈ g+. The
Lie superbracket is then completely defined by

• [g−, g−] = 0 = [g+, g+].

• [a, x] = a(x), for a ∈ g0, x ∈ g−.

• [A, x](y) = A(x, y), for A ∈ g+, x, y ∈ g−.

• [a,B](x, y) = a(B(x, y)) − (−1)|a||B|B(a(x), y)) − (−1)|a||B|+|x||y|B(a(y), x), for a ∈ g0,
B ∈ g+ and x, y ∈ g−.

To verify that Kan(V ) is a Lie superalgebra, one can use the following relations (see Proposi-
tion 5.1 in [CK])

• [P, x] = Lx

• [[La, P ], x] = [La, Lx]− Lax
• [La, [Lb, P ]] = −[Lab, P ]

• [[La, Lb], P ] = 0

• [[La, Lb], [Lc, P ]] = (−1)|b||c|[La(cb)−(ac)b, P ].

4.2. TKK for Jordan superpairs (Koecher’s approach). In [Ko], Koecher defined a prod-
uct on a triple consisting of two vector spaces and a Lie algebra acting on these vector spaces.
This product makes the triple into a 3-graded anti-commutative algebra, which is a Lie algebra
if and only if the vector spaces form a Jordan pair and the Lie algebra acts by derivations on the
vector spaces. Hence the Koecher construction gives rise to a TKK construction, not only for
Jordan algebras, but for Jordan pairs, which is the most natural formulation. Note that, as the
concept of Jordan pairs was not yet studied at the time, Koecher did not use this terminology.
This TKK construction can be generalised to the supercase, which was for example used by
Krutelevich to classify simple finite dimensional Jordan superpairs over an algebraically closed
field in characteristic zero in [Kr].

We associate a 3-graded Lie superalgebra Ko(V +, V -) to the Jordan superpair (V +, V -) in the
following way. As vector spaces we have

Ko(V +, V -) = V + ⊕ Inn(V +, V -)⊕ V -.
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The Lie super bracket on Ko(V +, V -) is defined by

[x, u] = Dx,u
[Dx,u, y] = Dx,u(y) = {x, u, y}

[Dx,u, v] = Dx,u(v) = −(−1)|x||u|{u, x, v}

[Dx,u,Dy,v] = DDx,u(y),v + (−1)(|x|+|u|)|y|Dy,Dx,u(v)

[x, y] = [u, v] = 0,

for x, y ∈ V +, u, v ∈ V -. Recall that Dx,u = (Dx,u,−(−1)|x||u|Du,x) ∈ Inn(V +, V −).

In case V is a Jordan superalgebra, we simply write Ko(V ) for Ko(V, V ).

Conversely, with each 3-graded Lie superalgebra g = g−1 ⊕ g0 ⊕ g+1 we can associate a Jordan
superpair by J (g) = (g+1, g−1) with the Jordan triple product given by

{xσ, y−σ, zσ}σ := [[xσ, y−σ], zσ].

Definition 4.1. A 3-graded Lie superalgebra g = g− ⊕ g0 ⊕ g+ is called Jordan graded if

[g+, g−] = g0 and g0 ∩ Z(g) = 0.

We have the following result by Lemmata 4 and 5 in [Kr].

Proposition 4.2. For every Jordan superpair (V +, V -), we have

J (Ko(V +, V -)) ∼= (V +, V -).

Let g be a Jordan graded Lie superalgebra, then Ko(J (g)) ∼= g.

Note that the main results in [Kr] are only concerned with finite dimensional pairs, over alge-
braically closed fields with characteristic zero. However, the mentioned lemmata still hold for
arbitrary Jordan superpairs over a field with characteristic different from 2 or 3.

4.3. Connection. The main result of this section is the following proposition, which shows that
Kantor’s and Koecher’s constructions for unital Jordan superalgebras coincide.

Proposition 4.3. For a unital Jordan superalgebra V , we have Kan(V ) ∼= Ko(V ).

Proof. Let Kan(V ) = g+ ⊕ g0 ⊕ g−. The relations [P, a] = La and [[La, P ], b] = [La, Lb]−Lab in
Subsection 4.1 imply [g−, g+] = g0. For all x ∈ g0, it follows from the definition of the bracket
that, if [x, g−] = 0, then x = 0. So g0 ∩ Z(g) = 0 and Kan(V ) is Jordan graded. Hence
Proposition 4.2 implies

Ko(J (Kan(V ))) ∼= Kan(V ).

Set (V +, V -) := J (Kan(V )). Then V - = V and V + = 〈P, [La, P ] | a ∈ V 〉. One can check that
the map φ : (V +, V -)→ (V, V ) defined by

• φ(x) = x for x ∈ V -,

• φ(P ) = − e
2 , where e is the unit of V ,

• φ([La, P ]) = a
2 .
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is an isomorphism of Jordan pairs. From this it follows that

Ko(V ) = Ko(V, V ) ∼= Ko(J (Kan(V ))) ∼= Kan(V ),

which proves the proposition. �

Remark 4.4. The proposition as stated does not extend to Jordan superalgebras without
multiplicative identity e. If V is finite dimensional but not unital, we will generally have

dim Kan(V )+ 6= dimV = dim Ko(V )+,

and hence Kan(V ) 6∼= Ko(V ). This difference in dimension can for instance be caused by the
occurrence of elements of V for which the left multiplication operator is trivial , since this lowers
the dimension of 〈P, [La, P ]〉, or by P 6∈ 〈[La, P ]〉, which raises the dimension.

Another source of counterexamples comes from Jordan superalgebras V which satisfy Inn(V, V ) 6=
istr(V ), see e.g. Remark 3.9.

4.4. Tits’ approach. There is a third version of the TKK construction, which appeared in [Ti]
and historically was the first to appear. In this section, we will give the super version of this
construction by Tits.

Consider an arbitrary Jordan superalgebra V . Let D be a Lie superalgebra, containing Inn(V ),
with a Lie superalgebra morphism

ψ : D → Der(V ); d 7→ ψd,

such that ψ acts as the identity on the subalgebra Inn(V ). Finally, let Y be an arbitrary three-
dimensional simple Lie algebra Y . For example, for K = C, we only have Y ∼= sl2(C) and for
K = R either Y ∼= sl2(R) ∼= su(1, 1) or Y ∼= su(2). Let (y, y′) := 1

2tr(ad(y)ad(y′)) be the Killing
form on Y .

Then we define a Lie superalgebra

Ti(V,D, Y ) := D ⊕ (Y ⊗ V ),

where D is a subalgebra, and the rest of the multiplication is defined by

[d, y ⊗ v] = y ⊗ ψd(v),

[y ⊗ v, y′ ⊗ v′] = (y, y′)[Lv, Lv′ ] + [y, y′]⊗ vv′,
for arbitrary d ∈ D, y, y′ ∈ Y and v, v′ ∈ V . For Y = sl2(K) we can use the 3-grading on sl2(K)
to define a 3-grading on Ti(V,D, sl2(K)):

Ti(V,D, sl2(K))- = sl2(K)-⊗V, Ti(V,D, Y )0 = D⊕(sl2(K)0⊗V ), Ti(V,D, sl2(K))+ = sl2(K)+⊗V.

For unital Jordan superalgebras, this contains, as a special case, Koecher’s and hence also
Kantor’s construction, as we prove in the following proposition.

Proposition 4.5. For a unital Jordan superalgebra V we have

Ti (V, Inn(V ), sl2(K)) ∼= Ko(V ).

Proof. Consider a K-basis e, f, h of sl2(K), such that [e, f ] = h, [h, e] = 2e and [h, f ] = −2f .
For a unital Jordan superalgebra V , we have Inn(V, V ) ∼= istr(V ), by Proposition 3.7(2).

Then an isomorphism between Ti (V, Inn(V ), sl2(K)) and Ko(V ) = V + ⊕ istr(V ) ⊕ V - is given
by

e⊗ a 7→ a+, f ⊗ a 7→ a-, h⊗ a 7→ 2La, [La, Lb] 7→ [La, Lb].
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It follows from the definitions that this is a Lie superalgebra morphism. �

Remark 4.6. From the proof, it is clear that the proposition still holds for non-unital Jordan
superalgebras so long as istr(V ) ∼= Inn(V, V ).

Now we consider the opposite direction of the above construction. Let N be a Lie superalgebra
and Y a simple Lie algebra of dimension 3. We say that Y acts on N if there is an (even) Lie
superalgebra homomorphism from Y to Der(N). For example, we can define an action of Y on
Ti (V,D, Y ) as follows

y · (d+ y′ ⊗ v) = [y, y′]⊗ v.

Under this action, Ti (V,D, Y ) viewed as an Y -module decomposes as a trivial part given by D
and dim(V ) copies of the adjoint representation.

Now consider an arbitrary Lie superalgebra N with Y -action which decomposes as above, viz.
as a trivial representation D and some copies of the adjoint representation,

N = D ⊕ (Y ⊗A),

for some vector space A. As a direct generalisation of [Ti], we show that there is a Jordan
algebra structure on A where D acts on A by derivations and Ti (V,D, Y ) is the inverse of this
construction.

Proposition 4.7. Let N be a Lie superalgebra and Y a 3-dimensional simple Lie algebra which
acts on N such that N decomposes as N = D ⊕ (Y ⊗ A) where D is a trivial representation
and Y the adjoint representation. Then A is a Jordan superalgebra and D is a superalgebra
containing the inner derivations on A equipped with a morphism ψ : D → Der(A), for which the
restriction to the inner derivations is the identity. Furthermore

N ∼= Ti(A,D, Y ).

Proof. Proposition 1 in [Ti] and its proof, which extend trivially to the super case, imply that
under these conditions, D is a subalgebra of N , and there are bilinear maps α(·, ·) : D×A→ A,
〈·, ·〉 : A×A→ D and µ : A×A→ A, such that

[d, y ⊗ a] = y ⊗ α(d, a) and [y ⊗ a, y′ ⊗ a′] = (y, y′)〈a, a′〉+ [y, y′]µ(a, a′).

Furthermore (A,µ) is a Jordan superalgebra and d 7→ α(d, ·) is a Lie superalgebra morphism
φ : D → Der(A). Finally, by equation (2.6) in [Ti], we have

φ(〈a, b〉) = [La, Lb].

Comparison with the definition of Ti(A,D, Y ) concludes the proof. �

5. Further TKK constructions

In this section we consider variations of the TKK constructions for a Jordan superalgebra V ,
which also appear in the literature, by using str(V ) and Der(V, V ), instead of istr(V ) and
Inn(V, V ).
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5.1. Definition. The Lie superalgebra Ti(V,D, sl2) had more freedom compared to the con-
structions by Kantor and Koecher, due to the choice of D. Also in the Koecher construction,
we can replace Inn(V +, V -) by any Lie superalgebra containing Inn(V +, V -) with a morphism
to Der(V +, V -) which restricts to the identity on the inner derivations. For example, we can set
g0 = Der(V +, V -) in the TKK construction of Section 4.2. This gives a 3-graded Lie superalge-
bra

K̃o(V +, V -) = V + ⊕Der(V +, V -)⊕ V -,

see [GN] for more details. Remark that, by construction, Ko(V +, V -) is an ideal in K̃o(V +, V -).

We will again use the notation K̃o(V ) for K̃o(V, V ). In Subsection 5.3, we will prove that K̃o(V )
is the superalgebra of derivations of Ko(V ) for unital Jordan superalgebras. We can also relate

K̃o(V ) to the Tits’ construction in Subsection 4.4 as follows.

Lemma 5.1. For a unital Jordan superalgebra V , we have

K̃o(V ) ∼= Ti(V,Der(V ), sl2(K)).

This will be proved in greater generality in Subsection 5.2.

5.2. Comparison of further TKK constructions. Let D be a Lie superalgebra containing
Inn(V ) with a morphism ψ to Der(V ) such that ψ|Inn(V ) = id. Define the Lie superalgebra

D̃ := D ⊕ {Lx | x ∈ V },

where D is a subalgebra of D̃, the product of Lx and Ly is given by [Lx, Ly] interpreted via the
embedding of Inn(V ) in D, and

[D,Lx] := Lψ(D)x for D ∈ D, x ∈ V .
Set

ψ̃ : D̃ → Der(V, V ); D + Lx 7→ (ψ(D) + Lx, ψ(D)− Lx).

From Lemma 3.12, it follows that this map is well defined, while from the definition of the

bracket on D̃ it follows that it is a Lie superalgebra morphism. The morphism ψ̃ yields an

action of D̃ on V + and V -, which allows us to define a TKK construction similar to the Koecher
construction in Subsection 4.2. Concretely, the bracket on

KoD(V ) := V ⊕ D̃ ⊕ V
is given by

[x, u] = 2Lxu + 2[Lx, Lu], [d, x] = ψ̃(d)x, [d, u] = ψ̃(d)u,

[d1, d2] = [d1, d2]D̃, [x, y] = 0 = [u, v],

for x, y in V +, u, v in V -, d, d1, d2 in D̃ and [·, ·]D̃ the product in D̃.

Proposition 5.2. Consider a (not necessarily unital) Jordan superalgebra V and a Lie super-
algebra D as above. We have an isomorphism of Lie superalgebras

Ti(V,D, sl2(K)) ∼= KoD(V ).

Proof. The following generalisation of the map used in Proposition 4.5

e⊗ a 7→ a+, f ⊗ a 7→ a-, h⊗ a 7→ 2La, D 7→ D,

is an isomorphism between Ti(V,D, sl2(K)) and KoD(V ). �
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The case D = Inn(V ) yields

Ti(V, Inn(V ), sl2(K)) ∼= KoInn(V )(V ),

with ˜Inn(V ) = {Lx | x ∈ V } ⊕ Inn(V ). This is a generalisation of Proposition 4.5 to the
non-unital case.

Note that if there exists an x ∈ V , such that Lx is in Der(V ), then D̃er(V ) contains two copies

of Lx, one in Der(V ) and one in {Lx | x ∈ V }. The isomorphism between D̃er(V ) and Der(V, V )
maps the first to (Lx, Lx), while the second copy gets mapped to (Lx,−Lx). For unital Jordan

superalgebras we have canonical isomorphisms ˜Inn(V ) ∼= istr(V ) and D̃er(V ) ∼= str(V ), by

Remark 3.4, and thus KoInn(V )(V ) = Ko(V ) and KoDer(V )(V ) = K̃o(V ). Hence we find that
Proposition 5.2 implies Lemma 5.1.

Remark 5.3. Let g be an arbitrary 3-graded Lie superalgebra and set (V +, V -) = J (g). Then
we have a morphism of Lie superalgebras

g0 → Der(V +, V -); x 7→ (adx |g+ , adx |g-),

and its kernel I is an ideal in g0 and by construction even in g. By definition of K̃o(V +, V -), we

have an embedding of g/I into K̃o(V +, V -). If g = Ti (V,D, sl2) for a unital Jordan superalgebra
V , then one can easily check that I = 0 (and thus D ⊆ Der(V )) is equivalent with the condition
that the only ideal of g contained in D is the zero ideal.

Another “universality property” of K̃o(V +, V −) will be discussed in Subsection 5.4.

5.3. Outer derivations.

Definition 5.4 (See [AMR]). For a Lie superalgebra g, denote the Lie superalgebra of derivations
by Der(g). The inner derivations Inn(g) = {adX |X ∈ g} form an ideal isomorphic to the
quotient of g by its centre. The Lie superalgebra of outer derivations is Out(g) = Der(g)/Inn(g).

An extension e of a Lie superalgebra g over a Lie superalgebra h is a Lie superalgebra e such
that the following is a short exact sequence:

0→ h→ e→ g→ 0.

In particular h is an ideal in e.

Let h be a Lie superalgebra with trivial centre. Then we will freely use the isomorphism between
the space of extensions of g over h, and the space of Lie superalgebra morphisms g → Out(h),
see e.g. Corollary 8 in [AMR].

The main result of this section is the following proposition.

Proposition 5.5. For a unital Jordan superalgebra V , we have

K̃o(V ) ∼= Der(Ko(V )),

and thus
K̃o(V )/Ko(V ) ∼= str(V )/istr(V ) ∼= Out(Ko(V )).

Remark 5.6. Again the assumption of a multiplicative identity is essential for this proposition.
A counterexample of the statement for non-unital Jordan superalgebras is given in Subsec-
tion 6.2.
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Remark 5.7. For any Z-graded Lie superalgebra, the Lie superalgebra Der(g) ⊂ EndK(g) is Z-
graded by construction. The endomorphisms in Der(g)i map elements in gj to elements in gi+j .
Clearly Inn(g) is then a graded ideal in Der(g), so that Out(g) is also Z-graded. In particular,
when g is 3-graded then Der(g) and Out(g) will be 5-graded.

The following reformulation of Proposition 5.5 holds for arbitrary Jordan superpairs and thus a
fortiori also for non-unital Jordan superalgebras.

Proposition 5.8. For a Jordan superpair (V +, V -), we have

K̃o(V +, V -)/Ko(V +, V -) ∼= Der(V +, V -)/Inn(V +, V -) ∼= Out(Ko(V +, V -))0.

In particular, for a (non-unital) Jordan superalgebra V we have that K̃o(V ) is the extension
over Ko(V ) of Out(Ko(V ))0 corresponding to the embedding Out(Ko(V ))0 ↪→ Out(Ko(V )).

The rest of the subsection is devoted to the proofs of Propositions 5.5 and 5.8.

Lemma 5.9. We have a Lie superalgebra isomorphism

φ : Der(V +, V -) →̃ Der(Ko(V +, V -))0, x 7→ adx|Ko(V +,V -).

Proof. As Ko(V +, V -) is an ideal in K̃o(V +, V -) and Der(V +, V -) ⊂ K̃o(V +, V -) is the zero
component of the Z-grading, the map φ is well-defined. By construction it is an injective Lie
superalgebra morphism.

Now let D be a Z-grading preserving derivation of Ko(V +, V -), then (D|V + , D|V -) is an element
of Der(V +, V -) since, using the definition of the bracket on Ko(V +, V -) in Subsection 4.2, we
find

D({x, y, z}) = D([[x, y], z]) = [[D(x), y], z] + (−1)|x||D|[[x,D(y)], z] + (−1)(|x|+|y|)|D|[[x, y], D(z)]

= {D(x), y, z}+ (−1)|x||D|{x,D(y), z}+ (−1)(|x|+|y|)|D|{x, y,D(z)}.

One can check that

D = ad(D|V + ,D|V - ) and x = (adx|V + , adx|V -).

So we have indeed Der(V +, V -) ∼= Der(Ko(V +, V -))0 as Lie superalgebras. �

Using this lemma, we can immediately prove Proposition 5.8.

Proof of Proposition 5.8. The first isomorphism follows immediately from Koecher’s construc-
tion in Subsection 4.2. Furthermore, since the intersection of the centre of Ko(V +, V -) with
Ko(V +, V -)0 is trivial, we have

Inn(Ko(V +, V -))0
∼= Ko(V +, V -)0 = Inn(V +, V -).

Hence, from Lemma 5.9 we conclude that Der(V +, V -)/Inn(V +, V -) ∼= Out(Ko(V +, V -))0. �

To prove Proposition 5.5, we will show that, for a unital Jordan superalgebra V , all outer
derivations of Ko(V ) are grading preserving for the 3-grading we consider. This is not true for
non-unital algebras, see Subsection 6.2.

Lemma 5.10. For a unital Jordan superalgebra V , we have

Der(Ko(V ))−2 = 0 = Der(Ko(V ))2.
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Proof. Let D ∈ Der(Ko(V ))2. First remark that D acts trivially on Ko(V )0 and Ko(V )1. We will
show that it must also acts trivially on Ko(V )-1. To use the definition of Ko(V ) we use the Jordan
superpair (V +, V -) := (V, V ). For x ∈ V , we use the notation x+ and x-, as in Example 2.2. We
find, using the definition of the bracket on Ko(V ) and the property D(Ko(V )0) = 0, that

D(e-) =
1

2
D([e-,De,e]) =

1

2
[D(e-),De,e] +

1

2
[e-, D(De,e)] =

1

2
[D(e-),De,e] = −D(e-).

Hence D(e-) = 0, which then implies that

D(x-) =
1

2
D([e-,Dx,e]) =

1

2
[D(e-),Dx,e] +

1

2
[e-, D(Dx,e)] = 0.

We conclude that D = 0 for all D ∈ Der(Ko(V ))2. The proof that Der(Ko(V ))−2 = 0 is
completely similar. �

Lemma 5.11. For a unital Jordan superalgebra V , we have isomorphisms

V →̃ Der(Ko(V ))1; x 7→ adx+ and V →̃ Der(Ko(V ))-1; x 7→ adx- ,

as super vector spaces.

Proof. Let x+ be an element of Ko(V )1 = V +, then adx+ ∈ Der(Ko(V ))1. With an element D in
Der(Ko(V ))1 we can associate the element −1

2D(De,e) ∈ V +. We will now show that x+ 7→ adx+

and D 7→ −1
2D(De,e) are each others inverse. This follows from

−1

2
adx+ (De,e) = −1

2
[x+,De,e] = x+

and the following three calculations, for arbitrary x, y ∈ V ,

−1

2
adD(De,e)(y

-) = −1

2
[D(De,e), y-] = −1

2
D([De,e, y-]) +

1

2
[De,e, D(y-)] = D(y-)

−1

2
adD(De,e)(Lx) = −1

2
[D(De,e), Lx] = −1

2
D([De,e, Lx]) +

1

2
[De,e, D(Lx)] = D(Lx)

−1

2
adD(De,e)([Lx, Ly]) = −1

2
[D(De,e), [Lx, Ly]] = −1

2
D([De,e, [Lx, Ly]]) +

1

2
[De,e, D([Lx, Ly])]

= D([Lx, Ly]).

We conclude that V ∼= Der(Ko(V ))1. Similarly Ko(V )-1 → Der(Ko(V ))-1; x− 7→ adx- is an
isomorphism with inverse D 7→ 1

2D(De,e). �

Proof of Proposition 5.5. Consider the following morphism of Lie superalgebras

K̃o(V )→ Der(Ko(V )); x 7→ adx|Ko(V ).

Combining Lemmata 5.9, 5.10 and 5.11, we see that this is an isomorphism. �

5.4. Alternative construction. The construction of K̃o(V +, V -) starting from Ko(V +, V -) in
Proposition 5.8 fits into a more general construction. In [BDS, Section 4.1], the authors start
from an arbitrary (2n + 1)-graded Lie superalgebra L =

⊕
i∈Z Li (strictly speaking only Lie

algebras are considered, but the procedure carries over naturally to the super case). Then [BDS,
Construction 4.1.2] constructs an extension L over L, which is again a (2n + 1)-graded Lie
superalgebra which satisfies Li = Li if i 6= 0.
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It is not difficult to show that in the case of a 3-graded Lie superalgebra L we have L0 =
Der(L+,L-) and hence

L = K̃o(L+,L-) with (L+,L-) := J (L),

the Jordan superpair associated with L in Subsection 4.2. In other words,

K̃o(V +, V -) ∼= Ko(V +, V -).

This reveals a universality principle behind K̃o(V +, V -), as the construction of L starting from L
in [BDS] does not depend on L0.

An interesting consequence of [BDS, Lemma 4.1.3] is then

Out(K̃o(V +, V -)) = 0,

for arbitrary Jordan superpairs (V +, V -), so also for arbitrary (unital or non-unital) Jordan
superalgebras.

6. Examples

In this section, we use the results of the previous sections to calculate K̃o(V ) for V any finite
dimensional simple Jordan superalgebra over an algebraically closed field of characteristic zero.
We assume these conditions on the ground field for the entire section.

6.1. Unital finite dimensional simple Jordan superalgebras. A complete list of unital
finite dimensional simple Jordan superalgebras V and the corresponding Kan(V ) is given in
[Ka2, CK]. This gives us Ko(V ) and Ti(V, Inn(V ), sl2), by Propositions 4.3 and 4.5. For the
Jordan superalgebras we use the notation of [CK], where also the definitions can be found.
We introduce our convention for the notation of Lie superalgebras in Appendix A. In [Ka1,
Theorem 5.1.2] and [Sc, Chapter III, Proposition 3], Der(g) is calculated for any simple finite
dimensional Lie superalgebra g. Together with Proposition 5.5 and Lemma 5.1, this gives us

K̃o(V ) ∼= Ti(V,Der(V ), sl2), leading to the following table.

V Ko(V ) K̃o(V ) Remarks

gl(m,n)+ sl(2m|2n) m 6= n
gl(m,m)+ psl(2m|2m) pgl(2m|2m) m > 1
osp(m, 2n)+ osp(4n|2m) (n,m) 6= (1, 0)
(m− 3, 2n)+ osp(m|2n) m ≥ 3, (m, 2n) 6= (4, 0)

p(n)+ spe(2n) pe(2n) n > 1
q(n)+ psq(2n) pq(2n) n > 1
Dt D(2, 1, t) t 6∈ {0,−1}
E E(7)
F F (4)

JP (0, n− 3) H(0, n) = H(n) KC n H̃(n) n ≥ 5
gl(1, 1)+ psl(2|2) D(2, 1,−1)

When K̃o(V ) is isomorphic to Ko(V ), we only wrote it once.

Taking the zero component of the 3-graded algebras in the above table gives us istr(V ) ∼=
Inn(V, V ) and str(V ) ∼= Der(V, V ). These are listed in the following table, where the same
restrictions on the indices are assumed as in the previous table.



STRUCTURE AND TKK ALGEBRAS 19

V istr(V ) str(V )

gl(m,n)+ sl(m|n)⊕ sl(m|n)⊕K
gl(m,m)+ s(gl(m|m)⊕ gl(m|m))/〈I4m〉 (gl(m|m)⊕ gl(m|m))/〈I4m〉
osp(m, 2n)+ gl(2n|m)
(m− 3, 2n)+ osp(m− 2|2n)⊕K

p(n)+ sl(n|n) gl(n|n)
q(n)+ s(q(n)⊕ q(n))/〈I4n〉 (q(n)⊕ q(n))/〈I4n〉
Dt sl(2|1)⊕K ∼= osp(2|2)⊕K
E E(6)⊕K
F osp(2|4)⊕K

JP (0, n− 3) H̃(n− 2) n (Λ(n− 2)/〈ξ1 · · · ξn−2〉) KC n
(
H̃(n− 2) n Λ(n− 2)

)
gl(1, 1)+ s(gl(1|1)⊕ gl(1|1))/〈I4〉 sl2 n istr(gl(1, 1)+)

Again, if str(V ) is isomorphic to istr(V ), we only wrote it once and the notation is explained in
Appendix A. The action of sl2 on istr(gl(1, 1)+) is the adjoint action by using the embedding of
sl2 in D(2, 1;−1). The following isomorphisms exist in the list of Jordan superalgebras:

(1, 2)+
∼= D1, Dt

∼= Dt−1 .

Furthermore, also the simple Jordan superalgebras JP (0, 1) and D−1 appear in the literature,
but they are isomorphic to gl(1, 1)+, so they are already included in the table.

6.2. The non-unital finite dimensional simple Jordan superalgebra. The full list of finite
dimensional simple Jordan superalgebras in [Ka2, CK] contains only one Jordan superalgebra
which is non-unital. In [Ka2] it is denoted by K. The algebra K is defined as

K = 〈a〉 ⊕ 〈ξ1, ξ2〉, |a| = 0̄, |ξ1| = |ξ2| = 1̄,

with multiplication satisfying a2 = a, aξi = 1
2ξi and ξ1ξ2 = a.

A straightforward calculation implies

istr(K) = str(K) = Inn(K,K) ∼= sl(1|2), and Der(K,K) ∼= gl(1|2).

This gives a counterexample to the statement in Proposition 3.7(1) for non-unital Jordan su-
peralgebras. For K, the sums in Definitions 3.2 and 3.3 are direct.

One also finds

Ko(K) ∼= psl(2|2).

By construction, K̃o(K) is an extension over Ko(K). As istr(K) ∼= Inn(K,K), it follows easily

that the same is true for Kan(K). The algebras K̃o(K) and Kan(K) can hence be described in
terms of Out(Ko(K)) ∼= sl2:

• K̃o(K) ∼= pgl(2|2) is the extension of K over Ko(K) corresponding to the morphism
K→ sl2, where 1 ∈ K is mapped to a semisimple element of sl2.

• Kan(K) is the extension of K over Ko(K) corresponding to the morphism K → sl2,
where 1 ∈ K is mapped to a nilpotent element of sl2.

In particular we find that

K̃o(K) 6∼= Der(Ko(K)) and Kan(K) 6∼= Ko(K).
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This gives counterexamples to the statements in Propositions 5.5 and 4.3, for non-unital Jordan
superalgebras. By Remark 4.6 and the above, we do have

Ti(K, Inn(K), sl2) ∼= Ti(K,Der(K), sl2) ∼= Ko(K) ∼= psl(2|2).

For the 3-grading on psl(2|2) corresponding to the interpretation as Ko(K), the algebra g =
Out(psl(2|2) ∼= sl2 is 3-graded where gi has dimension one for i ∈ {−1, 0, 1}. This is in sharp

contrast with Lemma 5.11 for the unital case. By Proposition 5.8, K̃o(K) is the subalgebra of
Der(Ko(K)) where only the degree 0 derivations are added to Ko(K). In the same way, Kan(K)
is the subalgebra of Der(Ko(K)) where only the degree 1 derivations are added to Ko(K).

Appendix A. The Lie superalgebras of type A, P , Q and H

Consider an algebraically closed field K of characteristic zero. We quickly review the Lie super-
algebras of type A, P , Q, and H, as different notations appear in literature. Our nomenclature
is based on [CW]. See also [CW, Theorem 1.11] for the list of simple finite dimensional Lie
superalgebras.

A.1. Type A. The general linear superalgebra gl(m|n) is defined as End(Km|n), with multi-
plication given by the super commutator. Define the supertrace for a matrix A ∈ gl(m|n) as

str(A) :=
∑

i(−1)|i|Aii, where |i| = 0̄ for i ≤ m and |i| = 1̄ for m+ 1 ≤ i ≤ m+ n. The special
linear superalgebra is

sl(m|n) = {A ∈ gl(m|n) | str(A) = 0},
If m 6= n then sl(m|n) is simple. If m = n then 〈I2n〉, with I2n the identity matrix, is an ideal
in sl(n|n) and

psl(n|n) := sl(n|n)/〈I2n〉
is simple for n > 1. Similarly, we set

pgl(n|n) := gl(n|n)/〈I2n〉.

A.2. Type P. The periplectic Lie superalgebra is the subalgebra of gl(n|n) defined as

pe(n) :=

{(
a b
c −at

) ∣∣∣ a, b, c ∈ Kn×n with bt = b, ct = −c
}
.

The special periplectic Lie superalgebra is defined as

spe(n) := {x ∈ p(n)|tr(a) = 0}.
It is simple for n ≥ 3.

A.3. Type Q. The queer Lie superalgebra is the subalgebra of gl(n|n) defined as

q(n) :=

{(
a b
b a

) ∣∣∣ a, b ∈ Kn×n
}
.

Remark that str(X) = 0 for all X ∈ q(n). The special queer Lie superalgebra is defined as

sq(n) :=

{(
a b
b a

) ∣∣∣ a, b ∈ Kn×n, tr(b) = 0

}
.

The projective special queer Lie superalgebra is defined as

psq(n) := sq(n)/〈I2n〉.
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It is simple for n ≥ 3. We also define the projective queer Lie superalgebra as

pq(n) := q(n)/〈I2n〉.

A.4. Type H. Let Λ(n) be the exterior algebra generated by ξ1, . . . , ξn. The indeterminates
hence satisfy

ξiξj = −ξjξi.
This is an associative superalgebra where the generators are odd, |ξi| = 1̄. We also consider a
compatible Z-grading, by setting deg ξi = 1. Denote by W (n) the algebra of derivations of the
associative superalgebra Λ(n). The Lie superalgebra W (n) is simple for n ≥ 2.

On Λ(n), we define the following Poisson superbracket

{f, g} := (−1)|f |

(
n−2∑
i=1

∂ξif∂ξig + ∂ξn−1f∂ξng + ∂ξnf∂ξn−1g

)
,

for f and g in Λ(n). Then (Λ(n), {·, ·}) becomes a Lie superalgebra with ideal 〈1〉. Consider the
following Lie superalgebras

H̃(n) := Λ(n)/〈1〉 and H(n) := [H̃(n), H̃(n)].

Note that H̃(n) = H(n)⊕Kξ1 · · · ξn as super vector spaces. The Lie superalgebra H(n) is simple

for n ≥ 4. We can embed H(n) and H̃(n) into W (n), using f 7→ {f, ·}.

Consider C :=
∑n

i=1 ξi∂ξi ∈ W (n), then KC n H̃(n) is naturally defined as a subalgebra of
W (n).

We also define the semidirect product H̃(n − 2) n Λ(n − 2), where the action of H̃(n − 2) on
Λ(n−2) is given by the Poisson superbracket on Λ(n−2), while the bracket of Λ(n−2) is trivial.

We further introduce, KC n
(
H̃(n− 2) n Λ(n− 2)

)
, where C acts by [C, f ] = (deg f − 2)f for

f ∈ H̃(n− 2) and by [C, g] = deg g for g ∈ Λ(n− 2).
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