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1 Introduction

In the literature one can find a considerable number of constructions of bivariate copulas (for example, in [14,
22, 23, 40]). Recently, some constructions based on ultramodular aggregation functions have been proposed
in [28, 30].

Recall first that bivariate copulas can be characterized by supermodularity and their boundary condi-
tions. If we have a construction leading to supermodular functions from the unit square [0, 1]? to the unit
interval [0, 1], and if we can find suitable constraints guaranteeing the validity of the boundary conditions of
a copula then this is a construction method for bivariate copulas. Note that the composition of supermodular
functions by means of an ultramodular function preserves the supermodularity [35] (compare also [13, 29])
of the inner functions. A construction method of bivariate copulas based on ultramodularity was proposed
in [30], generalizing a product-based approach studied in [27, 32, 33].

The aim of this paper is to provide deeper insights into this method. After giving the definitions and
notations required for the main part of the paper in Section 2, we recall a particular construction and show
some well-known classes of copulas which are covered by these constructions in Section 3.

In Section 4 we propose an approach leading to a dense subset of the set of all conic copulas [24]. A con-
struction in the context of extreme value copulas [5, 19, 40] (related to Pickands dependence functions [41])
is given in Section 5, again leading to a dense subset of the set of all extreme value copulas. In a similar way
we obtain special Archimax copulas [6] (related to an additive generator of an Archimedean copula and a
Pickands dependence function), the set of which is dense in the set of all Archimax copulas.
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2 Preliminaries

We shall mostly work in the n-dimensional unit cube [0, 1]", equipped with the componentwise order < in-
duced by the linear order on [0, 1]. For elements of [0, 1]" we shall use the notations x and (x1, X2, ..., Xn)
synonymously, whichever is more convenient.

A function f: [0, 1]" — [0, 1] is 1-Lipschitz (with respect to the L'-norm) if for all x, y € [0, 1]"

f@) -] <> Ixi = vil-

i=1

A function f: [0, 1]® — [0, 1] is called supermodular [3, 29, 35] if for all X, y € [0, 1]"

fxvy)+fxay) = f(x)+f(y),

(here A and v stand for the lattice operations meet and join in [0, 1]") and ultramodular [35] if for all X, y, h €
[0,1]"withx<yandx+h,y+h [0, 1]"

fx+h) - f(x) < f(y +h) - f(y).

In economics, ultramodular functions f: [0, 1] — [0, 1] are often said to have non-decreasing incre-
ments [4]. As a consequence of [35, Subsection 3.2], each ultramodular function f: [0, 1]" — [0, 1] is neces-
sarily supermodular.

An n-ary function f: [0, 1]" — [0, 1] is supermodular if and only if each of its two-dimensional sections
is supermodular, and it is ultramodular if and only if it is supermodular and each of its one-dimensional
sections is convex [29, Propositions 2.3, 2.7].

If n > 2 and if all second partial derivatives of an n-ary function f: [0, 1]" — [0, 1] exist, then f is ultra-
modular if and only if all second partial derivatives of f are non-negative [29, Corollary 2.8].

A function A: [0,1]" — [0, 1] is called an (n-ary) aggregation function [18] if it is monotone non-
decreasing in each component and satisfies the two boundary conditions A(0) = 0 and A(1) = 1.

An n-ary aggregation function A: [0,1]" — [0, 1] is ultramodular if and only if each of its two-
dimensional sections is ultramodular. Also, A is ultramodular if and only if each of its two-dimensional
sections is supermodular and each of its one-dimensional sections is convex [29, Remark 2.9].

An (n-ary) quasi-copula [2, 10, 16] is a function Q: [0, 1]" — [0, 1] which is 1-Lipschitz, monotone non-
decreasing in each component and which satisfies

Q(x1,x2,...,xn) =x; wheneverx; =1forallie {1,2,...,n}\{j}. (B1)

For each n-ary quasi-copula Q: [0, 1]* — [0, 1] the inequality W < Q < M holds, where the Fréchet-
Hoeffding lower and upper bounds W, M: [0, 1]* — [0, 1] are given by W(x) = max(zli1 x;j—(n-1),0)and
M(x) = min(x1, x2, ..., Xn), respectively.

An (n-ary) copula [45] (see also [14, 40]) is a function C: [0, 1]" — [0, 1] which satisfies the boundary
conditions (B1) and

C(x1,X2,...,xn) =0 whenever x; = 0 for somei € {1,2,...,n}, (B2)
and which is n-increasing, i.e., for each box B = H?=1 [a;, b;] C [0, 1]" its C-volume V(B) is non-negative:

Ve(B) = Z -1)*@¢c(z) > 0, (n-increasing)
zcVer(B)

where Ver(B) = [, {a;, b;} denotes the set of vertices of B and #S(z) stands for the cardinality of the set
S(z)={ie{1,2,...,n} |z =a;}.

It is easy to see that each copula is monotone non-decreasing in each component and 1-Lipschitz, but
not necessarily symmetric. Also, each copula is a quasi-copula, but not vice versa.
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An n-ary copula C: [0, 1]" — [0, 1] is called Archimedean [34, 40] if there exists a continuous, strictly
decreasing function ¢: [0, 1] — [0, +oo] satisfying ¢(1) = 0 such that for all x € [0, 1]"

Cx) =g ! (min (i ox;), q)(O))) . 6]
i=1

In this case, @ is called an additive generator of C, and it is uniquely determined by C up to a positive constant.

Observe that a continuous, strictly decreasing function ¢: [0, 1] — [0, +oo] satisfying ¢(1) = 0 is an
additive generator of a bivariate Archimedean copula if and only if it is convex [44, Theorem 6.3.2], and of an
n-ary Archimedean copula if and only if it is n-monotone [37, Theorem 2.2].

In this paper we mostly shall be concerned with bivariate copulas. Note that a function C: [0, 1]*> — [0, 1]
is a bivariate copula if and only if it is supermodular and satisfies the boundary conditions (B1) and (B2).

Bivariate Archimedean copulas C: [0, 1]> — [0, 1] are also triangular norms (t-norms for short) [31, 42,
44], i.e., they are symmetric, associative operations on [0, 1] which are monotone non-decreasing in each
component and satisfy (B1). In general, each associative bivariate copula is a t-norm and each 1-Lipschitz
t-norm is a bivariate copula.

Quite often we shall require a copula to be ultramodular [29, 30]. Ultramodular copulas describe the
dependence structure of stochastically decreasing random vectors, and thus they are negative quadrant de-
pendent (NQD) [40]. Moreover, they are useful in some constructions [28], as will be seen also in this paper.

Each ultramodular copula C: [0, 1]" — [0, 1] satisfies W < C < II, where the independence (or product)
copulall: [0, 1]" — [0, 1]is given by IT(X) = x1X; - - - xn, and the set of ultramodular copulas forms a compact
and convex subset of [0, 1]%1)",

A copula C: [0, 1]" — [0, 1] is ultramodular if and only if each of its horizontal and vertical sections is
convex [30].

An Archimedean copula C: [0, 1]" — [0, 1] with a two times differentiable additive generator ¢: [0, 1] —
[0, +oo] is ultramodular if and only if its derivative ¢’ is constant or % is a convex function (for n = 2 this was
shown in [30, Theorem 3.1], see also [7]).

3 Basic constructions

The following result which is a consequence of Theorem 3.1 in [29] and which generalizes [13, Theorem 5.2]
will play a key role in our constructions:

Theorem 3.1. Let A: [0, 1]¥ — [0, 1] be an ultramodular k-ary aggregation function and assume that the n-ary
functions By, B, ..., By: [0, 1]" — [0, 1] are supermodular, monotone non-decreasing in each component and
satisfy the properties A(B1(0), B2(0), ..., B;(0)) = 0 and A(B1(1), By(1), ..., Bi(1)) = 1. Then the composite
function C: [0, 1]" — [0, 1] defined by

C(x) = A(B1(x), B2(%), . .., Bi(x))
is a supermodular n-ary aggregation function.
Proof. From [29, Theorem 3.1] it follows that C is a supermodular function. The additional hypotheses con-
cerning 0 and 1 guarantee that C satisfies the boundary conditions of aggregation functions. Finally, because

of the monotonicity of the functions A and Bq, B,, ..., By, the composite C is also monotone non-decreasing
in each component. O

The following construction leads to n-ary ultramodular quasi-copulas.
Proposition 3.2. Let C: [0, 1]> — [0, 1] be an ultramodular bivariate copula, put c? = ¢, and defineforn = 2
an n-ary extension c. [0, 1]" = [0, 1] of C inductively by

C[n+1](xls X2y 00y Xn+1) = C[Z] (C[n](X1’ X2ye0es XYI); XYHl) .
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Then C" is an n-ary ultramodular quasi-copula for each n = 2.

Proof. To prove this assertion by induction, note first that it holds for n = 2 and assume that it holds for some
n > 2. Define the functions By, B, : [0, 1]**! — [0, 1] by

B1(X1,X2,...,Xn+1)=C[n](Xl,Xz,...,Xn) and BZ(Xl,XZ,---,Xn+1)=Xn+1

which are both supermodular aggregation functions. Then, because of Theorem 3.1, C (n+1] i g supermodular
(n + 1)-ary aggregation function and it satisfies the boundary condition (B1) of an (n + 1)-ary quasi-copula.
Supermodularity and boundary conditions imply that C"*1 is 1-Lipschitz, i.e., it is a supermodular (n + 1)-
ary quasi-copula. Finally, each section of B; and B, is convex, and hence, because of the ultramodularity of
C!?, this fact holds also for each section of C'"*11, showing that C""*!! is an ultramodular (n + 1)-ary quasi-
copula. O

Observe that Proposition 3.2 always leads to an n-ary quasi-copula for n = 2, but in general not to an n-ary
copula (the Fréchet-Hoeffding lower bound W is a well-known counterexample).
As an immediate consequence of Theorem 3.1 and [35] we get:

Corollary 3.3. Let D1, D5, ...Dn: [0,1]? — [0, 1] be bivariate copulas and assume that D: [0, 1]" — [0, 1]
is an ultramodular n-ary quasi-copula. If f1, ..., fn, 81, ..., 8n: [0, 1] — [0, 1] are monotone non-decreasing
in each component, then the function C: [0, 1]*> — [0, 1] given by

C(X, )/) = D(Dl (fl(x)’ gl(}’)) ’ DZ (fZ(X), gZ(Y)) PICICICIEY DTI (fn(X), gn()’)))
is supermodular and monotone non-decreasing in each component.

Now we are ready to state and prove the following result which will be fundamental for most of the construc-
tions and characterizations in the rest of the paper:

Theorem 3.4. Let D1, D>, ..., Dy: [0, 1]> — [0, 1] be bivariate copulas and assume that D: [0, 1]" — [0, 1]
is an ultramodular n-ary quasi-copula. Let f1,f>,...,fn,81,82,.-.,8n: [0,1] — [0, 1] be monotone non-
decreasing in each component such that for all x € [0, 1]

D(f1(0, f2(0), ..., fa(x)) = D(g1(x), g£2(), ..., gn(x)) = x. @)
Then the function C: [0, 1]*> — [0, 1] given by
€0, y) = D(D1 (1), £15)), D2 (209, 820). - - D (fa(x), gn())) ©)
is a bivariate copula.

Proof. Since (2) holds in particular for x = 1 and D < M we obtain f;(1) = g;(1) = 1 foreachi € {1, 2,...,n}.
Then for all x € [0, 1] we get
C(X) 1) = D(Dl (fl(x)’ gl(l))a DZ (fZ(X)’ gZ(l)), ey Dn (fn(x), gn(l)))
= (D1 (f100, 1), D2 (200, 1) -, Da(falx), 1))
= D(fi(x), f200), ..., fa(x))

=X

and, in complete analogy, C(1, x) = x. This implies 0 < C(0, x) < C(0, 1) = 0 and, similarly, C(x, 0) = O for
each x € [0, 1], i.e., C satisfies the boundary conditions (B1) and (B2) of a bivariate copula. As a consequence
of Corollary 3.3, C is a bivariate copula. O
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In the constructions and representations to follow we often use weight vectors (a, B) € [0, 1]" x [0, 1]" with
a=(ay,az,...,an)and B = (B4, B2, ..., Bn) satisfying

n n
doa=> Bi=1.
i1 i1

In Sections 4-6 we also will require that weight vectors (a, ) € [0, 1]" x [0, 1]" have these two additional
properties:

(a1, B1), (@2, B2), ..., (an, Bn) are pairwise linear independent vectors; (WV1)
L B NN (where we use the convention 4 _ +00). (Wv2)
B B2 Bn 0

Although these technical constraints (WV1) and (WV?2) at first glance seem to be rather strong, it will turn out
that they have no impact on the generality of our results.

Example 3.5. Let us keep the same notations as in Theorem 3.4, choose D = II and define the functions
fisforeeesfnr 81,82, ..., 8n: [0,1] = [0,1] by fi(x) = x%, g;(x) = xP for some weight vectors (a,B) €
[0, 1]" x [0, 1]™. Then we obtain the bivariate copula C: [0, 1]> — [0, 1] given by

Ctx,y) = [] Di(x*,y"),

i=1

which was first shown to be a copula in [32, 33] (in an attempt to construct multivariate asymmetric copulas).
As a special case, with n = 2 and D = D, = II, this reduces to the bivariate copula obtained in [27]:

Clx,y) = xyPrD,(x*2, yP2).

Example3.6. If D = Tand D; = D, = --- = D, = W and, for weight vectors (a, B) € [0, 1]" x [0, 1]", the
functions f1, f2, ..., fn, 81, 82,...,8n: [0, 1] — [0, 1] are defined by f;(x) = x* and g;(x) = xPi, respectively,
then the copula C: [0, 1]> — [0, 1] according to (3) in Theorem 3.4 is given by

n
Clx,y) = I (W (100, 810)), W(£200, 820), -, W(falx), gn(1) ) = [ max(x* +y* - 1,0).
i=1
For special choices of the weight vectors (a, B) € [0, 1]" x [0, 1]" this leads to some well-known copulas:
@) ifa=p=(%,%,...,1) thenweget

Clx,y) = (max(v/x + ¢y - 1,0))",

i.e., the Clayton copula [8, 17] with parameter —%, see (4.2.1) in [40, Table 4.1] (note that the family of
Clayton copulas with parameters A € [-1, +o0] is a subfamily of the continuous Schweizer-Sklar t-norms
(T/?S)/\E]fooﬁroo] giVen by
SS A A -3
T (x,y) = (max (X" +y™ -1),0)) *
whenever A € |-oco, 0[U]0, +oo[, with the limit cases T5° = IT, and T$S, = M, which was originally studied

in [42, 43], see also [31, 44]);
(ii) ifn=2,a=(a,1-a)and B =(1,0) then Cis a DUCS copula [38, 39] given by

a ?

C(x,y) = max(x*+y-1,0) %= i max(l - 1x_y O).
Example3.7. PutD =W, Dy =D, =--- = Dy = I and let (a, B) € [0, 1]" x [0, 1]" be weight vectors. Define
the funCtionSf17f25 e sfn’g17g27 o3 8n: [0) 1] — [0, 1] by
fi)=1-ai+aix and gi(x)=1-pB;+pix.
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Then the function C: [0, 1]> — [0, 1] given by
€)= W (00210). 00220), . Fu0n0) = max( (S by + (1= 3 i) sy = 1,0
i=1 i=1

is a member (with parameter A = 31 | a;B;) of the one-parameter family of bivariate copulas given in (4.2.7)
in [40, Table 4.1], which is actually a subfamily (with parameters A € [0, 1]) of the continuous Sugeno-Weber
t-norms (wa),le]_m,l] [26, 46, 48] given by

T,?w(x, y) = max(Axy + (1 - A)(x +y - 1), 0).

Note also that each parameter A € [0, 1] of this family can be attained by our construction: put n = 2 and
choose a; = A, a; =1-A, 1 = 1,and B, = 0, in which case we have a; 81 + @28, = A. For the parameter A = 1
it suffices to choose n = 1 and a; = §; = 1.

In Theorem 3.4 and in Examples 3.5-3.7 we always started with an ultramodular copula D. If we try to do the
same with a copula which is not ultramodular then we sometimes obtain a copula, and sometimes not:

Example 3.8. Consider the family of continuous Hamacher t-norms (T,l{') Ae]-o0,1] [20, 21] (see also [31]) given

by
0 ifA=1andx=y =0,
ﬁww={ Y

Xy :
A0 otherwise.

The subfamily of Hamacher t-norms with parameters A € [-1, 1] forms the family of Ali-Mikhail-Haq copulas
(see [1] and (4.2.3) in [40, Table 4.1]).

Now put D = TH (sometimes referred to as Hamacher product) and notice that this bivariate copula is
obviously not ultramodular.
(i) IfDy =D, =Wandiffy,f>,g1,g2:[0,1] — [0, 1] are chosen as follows

2x
f100 =200 = 8100 = 8200 = =,
then (3) leads to the copula C: [0, 1]?> — [0, 1] given by

_ 3xy+x+y-1
C(x,y)—max(_xy+x+y+3,0)

which is the member with parameter 2 of the family of copulas given by (4.2.8) in [40, Table 4.1].
(ii) If Dy = D, = II and if f1, f>,g1,8&>: [0,1] — [0, 1] are chosen as in (i) then (3) leads to the copula
C: [0, 1]?> — [0, 1] given by C(x, y) = #Xy"#y which is the Ali-Mikhail-Haq copula with parameter 0.5.

(iii) If we put again D1 = D, = II and if f1, f>, g1, &>: [0, 1] — [0, 1] are given by f1(x) = g1(x) = max(%, X)
and f>(x) = g,(x) = min(4%;, 1), then the function C: [0, 1]?> — [0, 1] obtained via (3) is given by

oy (6 y) €[0,0.5)%,

Cluy) = ﬁim %f (x,y) €[0,0.5]x]0.5, 1],
vy i(6y) €]0.5,1]x[0,0.5],
xy otherwise.

This function is not a copula (e.g., the C-volume of the square [0.4, 0.5]2 C [0, 1]? equals —25%), but only
a proper quasi-copula.

4 How to obtain conic copulas

In [24] (see also [15, 25]) a bivariate copula C: [0, 1]?> — [0, 1] was called a conic copula if it is linear on any line
segment in [0, 1] connecting the point (1, 1) with an undominated element (u, v) of the zero-set C*~({0})
of C, i.e., a point (u, v) with C(u, v) = 0 and C(x, y) > 0 whenever x > uand y > v.
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A conic copula is characterized by a continuous convex function k¢: [0,1] — [0, 1] whose graph is
contained in the set of all undominated elements of the zero-set C* ({0}) of C (and which forms a subset of
the boundary of C*({0}), see [24]).

Keep the notations of Theorem 3.4 and choose the bivariate copulas D = Wand D; = D, = -+ =
Dn = M. Consider weight vectors (a, B) € [0, 1]" x [0, 1]" satisfying (WV1) and (WV2), and the functions
fl,fz, e ,fn,gl,gz, «..58n: [0, 1] — [0, 1] givenby

fi=1-a;+a;x and g;(x)=1-p;+Bix.
Then the copula C: [0, 1]? — [0, 1] defined in (3) turns out to be
n
Ctx,y) = max (3 min(/(0, ) - (1~ 1),0).
i=1
Now we can prove the following result:

Proposition 4.1. Let (a, B) € [0, 1]" x[0, 1]™ be weight vectors satisfying (WV1) and (WV2). Then the function
C: [0, 1]?> — [0, 1] given by

n
C(x,y) = max <Z min(1 - a; + a;x, 1 - B; + Biy) - (n - 1), O) (4)
i=1
is a bivariate conic copula.
Proof. Writing y; = ?T;’ property (WV2) implies 1 - ¥;,1 + Yi.1x = 1 —; + ;x for all x € [0, 1]. Moreover, if
Bi > 0 then the equation 1 — a; + a;x = 1 — ; + B;y can be rewritten as y = 1 - y; + ¥;x, implying that
1-a;+a;x ify=1-y;+x,

min(1 - a; +a;x, 1 - Bi + Biy) =
( ; i i i ) {1—ﬂi+ﬁiy otherwise.

If we write &; = Z;l:=1 aj, 9; = Z]Ll B; then the copula C in (4) can be expressed as:

y ify €[0,1-91 +¢x],
Clx,y) = qmax(9; - &+ &x+(1-9)y,0) ify € |1 -h; + Yix, 1 = i + Piax],
X ify € ]1-ym+tnx,1].

It is evident that the copula C is linear on any line segment in [0, 1]> connecting the points (1, 1) and (u, v),
where (u, v) is an undominated element of the zero-set C*~({0}) of C, i.e., C is a conic copula. O

It should be mentioned that the properties (WV1) and (WV2) of the weight factors (a, B) € [0, 1]" x [0, 1]"
are no real restrictions. The copula C in (4) does not change if we delete all the coordinates i € {1,2,...,n}
with a; = 8; = 0 of both & and . Further, the commutativity of the addition implies that C in (4) remains
unchanged if the coordinates of both @ and 8 undergo the same permutation. And finally, if ¢; = ;,, for
some indexi € {1,2,...,n — 1}, we may replace the two components a; and a;,1 of &« by a; + a;;, and,
simultaneously, the two components f; and S;,, of B by B; + Bi.1.

Evidently, for the conic copulas C constructed in Proposition 4.1 the corresponding continuous convex
function k¢: [0, 1] — [0, 1] is piecewise linear, and it is determined by the points
- L 1- ] ) (1 - L 1- P )

'fl"":bl(l_gl), '{1"",01(1_'91) Y {n"’l,bn(l-sn)’ §n+lpn(1—l9n) ’

(1,0), (1

Example 4.2. Here are two examples of conic copulas obtained by means of Proposition 4.1.

(i) Forn=3choosea =(0.3,0.5,0.2)and g = (0.1, 0.4, 0.5). Then we obtain ({1, ¥, ¥3) = (3, 1.25,0.4),
(é1, &,43) =(0.3,0.8,1),and (94, 95, 93) = (0.1, 0.5, 1). The conic copula C given by (4) is related to the
piecewise linear function (for a visualization see Figure 1) connecting the points (0, 2),(37, &), (3,0),
and (1, 0).
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(ii) Example 9in [24] introduces a family of conic copulas (discussed also in [11]) which is related to piecewise
linear functions connecting the points (0, ¢), (¢, 0), and (1, 0) with ¢ € ]0, 1[. In our notation this means
n=2and

- (1- 1 _ Y1
(0 (1 a1+1/11(1-/31)’1 a1+l/)1(1—/31))’

_(4_ 1 IR
©,0) = (1 Ty, 0" 1+zp2-0>’

i.e., we obtain (1, 2) = (s, 1-¢), @ = (5%, 3=¢), and B = (35, 5Lo).
Following the construction given in [24] we get

Clx,y) = %_C min(2x - cx, 2y - cy, max(x +y - ¢, 0)), (5)
while our approach leads to the equivalent formula
Clx,y) = %_C max (c +min(x - ¢,y - cy) + min(x - cx,y - ¢), 0). (6)

The equivalence of the two formulas (5) and (6) can be checked case by case. If, for example, y > c+(1-c)x,
theny>xandalsox+y-c2x+c+(1-c)x-c=2x-cx, and thus (5) yields C(x, y) = x. On the other
hand, wehavey - cy2c+(1-¢c)x-cy=x-clx+y-1)2x-candy - c = x - cx, i.e., also in (6) we
obtain C(x, y) = x. The other cases are checked in a similar way.

Note that, by using similar arguments as in the proof of Proposition 8 in [24], it can be shown that also the
opposite claim is valid, i.e, we can formulate the following remarkable result:

Proposition 4.3. A bivariate conic copula C: [0, 1]> — [0, 1] is singular with a support consisting of finitely
many line segments if and only if there are an n € N and weight vectors (a, B) € [0, 1]" x [0, 1]" satisfying
(WV1) and (WV2) such that for all (x, y) € [0, 1]?

Clx,y) = max(z min(1 - &; + a;x, 1 = B; + Biy) - (n - 1), O).

i=1

Note that the set of bivariate conic copulas which can be constructed by means of Proposition 4.3 is a dense
subset of the set of all bivariate conic copulas.

Proposition 4.4. For each bivariate conic copula C: [0,1]> — [0, 1] and for each n € N there are weight
vectors (a, B) € [0, 1]*" x [0, 1]*" satisfying (WV1) and (WV2) such that for all (x, y) < [0, 1]*
4n
. 1
’C(X, y) - max <Z min(1 - &; + a;jx, 1 - B; + Biy) - (4n - 1), O) <o

i=1

Proof. Let C: [0, 1]> — [0, 1] be a conic copula and k¢: [0, 1] — [0, 1] a continuous convex function whose
graph is contained in the set of all undominated elements of the zero-set C~({0}) of C.

Fix n € N and choose weight vectors (a, B) € [0, 1]*" x [0, 1]*" satisfying (WV1) and (WV2) such that the
conic copula C“": [0, 1]? — [0, 1] given by

4n
c“"(x, y) = max (Z min(1 - a; + a;x, 1 - B; + Biy) - (4n - 1), 0)
i=1

is related to the piecewise linear function connecting the points contained in the intersections of the graph
of k¢ with the 4n lines, each of which passes through (1, 1) and one of the following points:

(0, kc(0)), (0, 237 kc(0)), - (0, 25Kc(0)), (355 0)s (3575 0) -+ (%577 0), (1, 0).
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Since on the boundary of [0, 1]? all copulas (and, in particular, C and C (4n) coincide, it suffices to consider
the following two cases.
Case1: (%,9) €10, 1[>and X > j:

then the line connecting the points (1, 1) and (%, y) also contains the point (¥

1-

<>

, 0) on the x-axis. Now put

A3

i*=inf{ieN‘L2X‘{’} and )~(=2n—1 o
2n  1-y

on Ve

Observe that |x — X| < ﬁ and that the point (%, ¥) is an element of the line segment connecting the two points
(Zi—n, O) and (1, 1) on which the conic copulas C and ¢ coincide by construction.
Therefore C(%, §) = C“"(%, §) which, together with the 1-Lipschitz property of C and C*", implies

|Cx, §) - C“P(%,9)| < |CG, §) - C&, 9| + |C“ (%, 9) - (%, 9)] <

S

Case 2:1f (x, ) € ]0, 1[2 with X < j:
if § > kc(0) + (1 - kc(0))% then we have C(%, 7) = C“I(%, §) = %, otherwise this case can be handled in a
similar way as Case 1. O

5 Extreme value copulas

Recall that a bivariate copula C: [0, 1] — [0, 1] is called an extreme value copula (see [5, 19, 40]) if for all
(x,y) € [0, 1]? and for all constants A € ]0, +oo[ we have

c( 1Y) = (cou ). (7)

According to [22], a bivariate copula C is an extreme value copula if and only if there exists a Pickands
dependence function [41, 47], i.e., a convex function A: [0, 1] — [0.5, 1] satisfying max(1 — u, u) < A(u) < 1
for each u € [0, 1], such that for all (x, y) € [0, 1]?

C(x, y) = exp (log(xy) A (132?)?;) )> ’

where the convention § = == = 1 will be used.

—oo

Proposition 5.1. Let (a, B) < [0, 1]" x [0, 1]" be weight vectors satisfying (WV1) and (WV2). Then the function
C: [0, 1]*> — [0, 1] given by

n
Clx,y) = [[M(x*, y%) ®)
i=1
is an extreme value copula, and the Pickands dependence function Ay g: [0, 1] — [0.5, 1] corresponding to it
is given by

1-x ifxe[o,afjﬁl},
Ag px) = g;a,-)x + (gj;l B,-)(l -x) ifxe } ailiiﬁ,-’ mf‘:ll;m} , 9
X ifxe}aﬁ"ﬂn,l}.

Proof. IfD =11,D1, D,,...,Dn = M, if(a, B) € [0, 1]"x[0, 1]" are weight vectors satisfying (WV1) and (WV2),
and if we define the functions fi, f, ..., fu, 81,825 ...,8n: [0, 1] — [0, 1] by fi(x) = x% and g;(x) = xP,
respectively, then the function C: [0, 1] — [0, 1] defined by (8) is a bivariate copula because of Theorem 3.4.
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1
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Figure 1: The conic copula in Example 4.2(i) (left), and the extreme value copula in Example 5.3(i).

Obviously, C satisfies (7) and, therefore, is an extreme value copula. Because of property (WV2) we obtain

y ify e {0, x%}
ia' iﬁ 4 %t
COny) = Ty iy e |, i ] (10)
X ify e }x% 1}.
Clearly, for all (x, y) € [0, 1] and all i, v € [0, 1] we have

logx+vlogy
MV 1 plogx+viogy

x"y eXp( og(xy) log(y) )

and, putting lég‘fx’; j = U, we obtain W = uu +v(1 - u).

Now consider the function A, g given in (9) which is convex since its left derivatives in the intervals

/;i ﬁi+ ﬁ ﬁm - 1 1
] vt ai+1+lli,-+1} (here we put ﬂofﬁ = +oo0 and an+1+1§ — = 0) are monotone non-decreasing with respect to the
index i.
Bi Bis Q1 o 1-x _
From (WV2) we see that for each x € ] Gip ai+1+llf.~+1] we have B L 22K —B Therefore

ILEDN TSIV E
j=1 j=1 " tjm1 j=1

which implies

i n i

i
Aa’ﬁ(x) = ( aj)x+ (Z ﬁj>(1 -X) = ( aj>x+ (1 —Zﬂj)(l -x)=1-x.

j=1 j=i+1 j=1 j=1

Similarly,
i
1- a; = Z ZII)JB]—I/)HI ZB}—ZB; X

j=1 j=1+1 =1+1 =1+1 =1+1

which yields

Ay px) = (i a,-)x + (i ﬁj)(l -X)=2X.

j=1 j=i+l

The two remaining cases are trivial: if x < ﬁ:ﬁ then we have A, g(x) = 1 - x = max(1 - x, x) because of

B <0.5. Similarly, if x > 'B“ thenx>0 5,1.e., Ag g(x) = x = max(1 - x, x).

ar+py =
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This shows that the function Agp defines a Pickands dependence function, and it is only a matter of
computation to show that it is the Pickands dependence function associated to the copula in (10). O

Again the properties (WV1) and (WV2) of the weight factors (a, B) € [0, 1]" x [0, 1]" do not reduce the gener-
ality of the result. If @; = B; = 0 forsome i € {1, 2, ..., n} then the pair (a;, ;) has no influence on C and we
can delete it. If % = % for some i # j then

i j

M(x%, yPr) - M(x, yP) = M(x®e, yPeh),

and the symmetry of IT allows us to rearrange the indices such that (WV2) holds.

Observe that each extreme value copula related to a piecewise linear Pickands dependence function (de-
termined by finitely many points) can be obtained by the construction given in the proof of Proposition 5.1
using formula (10).

Moreover, the set of piecewise linear Pickands dependence functions is a dense subset of the set of all
Pickands dependence functions, i.e., the construction (10) allows us to approximate each extreme value cop-
ula.

Corollary 5.2. If A: [0,1] — [0.5, 1] is a Pickands dependence function then, for each n € N, also the
piecewise linear function AM:[0,1] — [0.5, 1] whose graph connects the n + 1 points (0, 1), (%, A(%)), e
(L, A(™1)), and (1, 1) is a Pickands dependence function, and we have limp ;o AM(x) = A(x) for each x €
[0, 1]. Also for the corresponding extreme value copulas Cy, C 4 : [0, 1]? — [0, 1] we have limn_; oo Chm(x,y) =
Ca(x,y) forall (x,y) € [0, 1]%.

Example 5.3. Here are two concrete examples of extreme value copulas.

(i) Take the same parameters as in Example 4.2(i), i.e., n = 3, a = (0.3,0.5,0.2) and f = (0.1, 0.4, 0.5).
The corresponding extreme value copula C given by (10) is visualized in Figure 1(right).

(ii) Forn =3 and A € ]0, 1[ choose a = (1 — A, A,0) and B = (0, A, 1 — A). The corresponding extreme value
copula C given by (10) is the member with parameter A of the family of Cuadras-Augé copulas [9] (see [40,

Exercise 2.5)), i.e.,
1-A

xy- " ifx <y,
coy)=37 »
x~"y otherwise.

6 Archimax copulas

Archimax copulas were introduced as a joint generalization of Archimedean copulas (generated by some
additive generator ¢: [0, 1] — [0, oo]) and extreme value copulas (related to some Pickands dependence
function A: [0, 1] — [0.5, 1]).

More precisely, it was shown in [6, Appendix A] that for each additive generator ¢: [0,1] — [0, o]
of an Archimedean copula C and each Pickands dependence function A: [0, 1] — [0.5, 1] the function
Cpa: [0,1]* — [0, 1] defined by

Coax,) = ¢ (min( (000 + ) - 2 .00 ) ay

is a bivariate copula, and it is called the Archimax copula related to ¢ and A.

Proposition 6.1. Let (a, B) € [0, 1]"x[0, 1] be weight vectors satisfying (WV1) and (WV2). Then there exists a
Pickands dependence function A: [0, 1] — [0.5, 1] such that, for each Archimedean copula C: [0, 1]> — [0, 1]
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with additive generator ¢: [0, 1] — [0, o] the function D: [0, 1]*> — [0, 1] given by

y if "’83 € ["‘1 +oo,
_ . i n ) A1 &
D(x,y) = { ¢ 1(mm((j_z1 &) o) + <,._,Z+1B">“’(y)""(°)>> ife e [, 4], (12
x i € 05

is an Archimax copula with respect to ¢ and A.

Proof. Let C: [0, 1]> — [0, 1] be an Archimedean copula and ¢: [0, 1] — [0, +eo] an additive generator of C,
i.e., (1) holds for all (x, y) € [0, 1].

Consider weight vectors (a, ) € [0, 1]" x [0, 1]" satisfying (WV1) and (WV2) and observe that the func-
tions f1, f>, ..., fn, 81,82, -+, &n: [0, 1] — [0, 1] defined by

fix) =7 (aip(x)) and g(x) = (Bip(x))

are monotone non-decreasing in each component and continuous.

Because of the associativity of C its n-ary extension C [l jg unique, so we may use the same notation for
it, i.e., C: [0, 1]" — [0, 1] defined by (1). Note that C(f1(x), 2(x), ..., fa(x)) = C(g1(x), g2(x), ..., gn(x)) =
for all x € [0, 1] and consider the function D: [0, 1]*> — [0, 1] given by

D(x, ) = C(M(f(9, 8:0), M0, 8200) -, M(fax), 8a(»)) ) (13)
Since f;(x) = g;(y) is equivalent to ‘pg ; > ﬁ , we can conclude that the functions given by (12) and (13) coincide.
Putting % = u, it is not difficult to see that, for an arbitrary function f: R — R, the equality

j=1 j=i+l

> B) (- u) = .

i

is equivalent to (Z a]-> u+ (
j=1 j=i+1

Using similar arguments as in the proof of Proposition 5.1, we can show that the function A, g: [0,1] —

[0.5, 1] given by (9) is a Pickands dependence function. Finally, the proof in [6, Appendix A] tells us that the

function D given by (13) is an Archimax copula with respect to ¢ and A, g. O

Also in this case there is no loss of generality when assuming the validity of the properties (WV1) and (WV2)
for the weight vectors (a, B) € [0, 1]" x [0, 1]™.

Observe that Proposition 6.1 allows us to approximate any Archimax copula with arbitrary precision:
given a Pickands dependence function A: [0, 1] — [0.5, 1] then, using the sequence (A("))neN of Pickands
dependence functions converging pointwise to A in Corollary 5.2, for each additive generator ¢: [0, 1] —
[0, +oo] of an Archimedean copula C: [0, 1]*> — [0, 1], the sequence (C(p’ am)neN converges pointwise to the
Archimax copula Cy 4.

7 Concluding remarks

Based on Theorem 3.4, we have presented constructions and representations of certain bivariate conic, ex-
treme value, and Archimax copulas.

In Proposition 6.1 we have used the result in [6, Appendix A] to show that the function D constructed
there is a copula for each Archimedean copula C. If the Archimedean copula C is also ultramodular then
Theorem 3.4 tells us that D is a copula also without using [6]. This means that we have given an alternative
proof for the functions represented by (11) to be copulas, provided the Archimedean copula C we start with
is ultramodular.
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Observe also that from [12] it follows that the set of conic copulas coincides with the set of Archimax
copulas based on the additive generator of the Fréchet-Hoeffding lower bound W, and our results in Section 4
can be seen as an alternative proof of this fact.

As an interesting topic for further research in the directions of the construction and characterization of
bivariate copulas as realized in this paper, one can consider the approach to construct n-ary copulas (with n >
2) proposed and studied in [36] based on the product copula IT and binary copulas D1, D5, ..., Dn: [0, 1]> —
[0, 1] distorted by functions fi, f2, ..., fm,&1,82,...,8m: [0,1] — [0, 1], and applied to pairs (x;, x;) €
[0, 1]? such that {i,j} C {1,2,...,n}andi <}j.
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