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BOUNDARY VALUES OF HOLOMORPHIC FUNCTIONS AND
HEAT KERNEL METHOD IN TRANSLATION-INVARIANT
DISTRIBUTION SPACES

PAVEL DIMOVSKI, STEVAN PILIPOVIC, AND JASSON VINDAS

ABSTRACT. We study boundary values of holomorphic functions in translation-invariant
distribution spaces of type D}fi . New edge of the wedge theorems are obtained. The
results are then applied to represent D%, as a quotient space of holomorphic func-
tions. We also give representations of elements of D'z via the heat kernel method.
Our results cover as particular instances the cases of l;oundary values, analytic rep-
resentations, and heat kernel representations in the context of the Schwartz spaces
D)., B, and their weighted versions.

1. INTRODUCTION

The purpose of this article is to study boundary values of holomorphic functions
in tube domains and solutions to the heat equation in the upper half-space in the
class of translation-invariant distribution spaces of type DjE;, recently introduced by
the authors in [9]. These spaces are natural generalizations of the Schwartz spaces
D}, [27] and their weighted versions [21, 22]. Our considerations provide extensions of
the classical theory of boundary values and analytic representations in weighted D},
spaces, but also lead to many new results for these particular cases. We will prove a
heat kernel characterization of D ., which appears to be new even for D},.

The study of boundary values of holomorphic functions in distribution and ultra-
distribution spaces has shown to be quite important for a deeper understanding of
properties of generalized functions which are of great relevance to the theory of PDE
[13, 26]. There is a vast literature on the subject, we refer to the book by Carmichael
and Mitrovié¢ [6] and references therein for an account on results concerning boundary
values in distribution spaces.

The representation of the Schwartz spaces D, as boundary values of holomorphic
functions has also attracted much attention. See, e.g., the classical works [1, 17]. More
recently [12], Ferndndez, Galbis, and Gémez-Collado have obtained various ultradis-
tribution analogs of such results; they also obtained the representation of D}, for
p = 1,00. All these works basically deal with holomorphic functions in tube domains
whose bases are the orthants of R™. In a series of papers [2, 3, 4, 5], Carmichael sys-
tematically studied boundary values in D}, of holomorphic functions defined in more
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general tubes, namely, tube domains whose bases are open convex cones. The present
work makes a thorough analysis of boundary values in the space D;Ji‘ Many of the
results we obtain in Sections 3-6 are new or improve earlier results even for the special
case DE; = D’,, especially in the non-reflexive cases p =1 or p = oc.

In his seminal work [19] Matsuzawa introduced the so-called heat kernel method in
the theory of generalized functions. His approach consists in describing distributions
and hyperfunctions in terms of solutions to the heat equation fulfilling suitable growth
estimates. Several authors have investigated characterizations of many others distri-
bution, ultradistributions, and hyperfunction spaces [8, 15, 29, 30]. Our results from
Section 7 add new information to Matsuzawa’s program by obtaining the description
of Dj, via the heat kernel method. In the case of Dj,, this characterization reads as
follows: f € D}, if and only if there is a solution U to the heat equation on R™ x (0, to)
such that sup;c( ) t*|U( -, )||lz» < 0o for some k > 0 and f = lim,_o+ U( -, 7).

The paper is organized as follows. Section 2 is of preliminary character, we give
there a summary of properties of translation-invariant Banach spaces of tempered
distributions and their associated distribution spaces D}E;; we also fix the notation
concerning tubes and cones. Section 3 is devoted to the study of boundary values of
holomorphic functions in D, . Our first main result (Theorem 3.3) characterizes those
holomorphic functions in truncated wedges which have boundary values in D TRURE
worth pointing out that this result improves earlier knowledge about boundary values
in D’ ,; in fact, part of our conclusion is strong convergence in D},, 1 < p < co. The
strong convergence was only known for 1 < p < oo and for certain tubes [1, 2, 3, 5].
Next, we consider extensions of Carmichael’s generalizations of the H? spaces [3, 4, 5].
In Section 4 we show that every element of D;EQ admits a representation as a sum of
boundary values. We provide in Section 5 new edge of the wedge theorems of Epstein,
Bogoliubov, and Martineau types. Our ideas are then applied in Section 6 to exhibit an
isomorphism between D/E; and a quotient space of holomorphic functions, this quotient
space is constructed in the spirit of hyperfunction theory. The paper concludes with
the heat kernel characterization of D, in Section 7.

2. PRELIMINARIES

In this section we fix the notation and collect some notions that will be needed in the
article. In particular, we give a short overview of properties of translation-invariant
Banach spaces of tempered distributions and their associated distribution spaces of
type Dj, introduced in [9]. We use the standard notation from distribution theory
(27, 32]. The distribution ¢ denotes the reflection g(z) = g(—=z). If h € R", then T},
is the translation operator, (7),9)(x) = g(x + h). As usual, a subspace Y C D'(R") is
called translation-invariant if 7,(Y) = Y for all h € R". Given a locally convex space
X, the space of X-valued tempered distributions is S’'(R", X) = L,(S(R"), X), i.e.,
the space of continuous linear mappings from S(R™) to X equipped with the strong
topology. The symbol “—” in the expression Y < X means dense and continuous
linear embedding.
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2.1. Tubes and cones. We start by fixing the notation concerning tubes and cones.
Let V C R" be an open subset. The tube domain TV C C", with base V, is defined as

TV =R"+iV ={z+iycC": s €R", yc V}.

We always write z = x + iy € C" (and similarly for other complex variables), where
x,y € R". We employ the notation dy (y) = dist(y, V) for y € V. The convex hull of
a set A C R™ is denoted by ch(A).

Let C' C R™ be an open cone (with vertex at the origin hereafter). Note that C' may
be R™. If r > 0, we write in short C(r) := CN{y € R": |y| < r}. We denote by prC
the intersection of the cone C' with the unit sphere of R”. We say that the subcone
(" is compact in C' and write C’ € C if prC’ C prC. It should be noticed that d¢ is
homogeneous of degree 1, namely, do(Ay) = Adc(y), for every A > 0. Recall [32] that
the conjugate cone of C' is defined as C* :={{ € R": y-£ >0, Yy € C}. Since C is
open, one actually has y - £ > 0, for all y € C' and £ € C*. For convex cones one has

de(y) = [y yel.

(This equality is well-known [32, p. 61].) The cone C is called acute if int C* # ().
Given a > 0, we denote the closed Euclidean ball (centered at the origin) of radius a
as B(a).

2.2. Translation-invariant Banach spaces of tempered distributions. Follow-
ing [9], a Banach space E is called a translation-invariant Banach space of tempered
distributions if it satisfies the following three conditions:

(a) S(R") — E — S'(R™).

(b) E is translation-invariant.

(¢) There are M’ > 0 and 7 > 0 such that

(1) w(h) = ||Tp||pey < M'(1+ |h|)7, for all h € R".

(Note that the continuity of every 7}, : E — F is an immediate consequence of (a), (b),
and the closed graph theorem.)
These three axioms imply [9] the following important property:

(d) The mappings h — Tj,g are continuous for each g € E.

Throughout the rest of the article £ always stands for a translation-invariant Banach
space of tempered distributions. We shall call the function w, given by (1), the growth
function of the translation group of E (in short: the growth function of F). Note
that w is measurable, w(0) = 1, and logw is subadditive. We associate to E the
Beurling algebra L!, i.e., the Banach algebra of measurable functions u such that
ull1w = [go lu(z)| w(z)de < co. Recall that the dual of L} is L, the Banach
space of measurable functions satisfying ||u||cw = €sSSUp,cpn [u(2)]/w(x) < co. We
have proved in [9] that the convolution * : S(R") x S(R") — S(R") extends to * :
Ll x E — E in such a way that E is a Banach module over the Beurling algebra L]
ie., [[uxgllp < lulliwllg]le-

The dual space E’ carries two convolution structures which will play a crucial role in
the rest of the article. On the one hand, setting £ = {g € S'(R") : § € E}, we clearly
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obtain a well-defined convolution mapping * : E' x E — L5 the following pointwise
estimate obviously holds:

(2) (f +9)(@)] Sw (@) fllellglle, VzeR™

On the other hand, we can associate the Beurling algebra L. to E’ (recall w(z) =
w(—z)) and the convolution of f € E’ and u € L} is defined via transposition:
(uxf,g) = (f,uxg), g € E. The space E’ then becomes a Banach modulo over
L}, that is,

(3) s fller < lullooll f]] e

It is important to notice that, in general, E’ is not a translation-invariant Banach
space of tempered distributions. Indeed, the properties (a) and (d) may fail for E’ (e.g.,
take E = L'). We have introduced in [9] the space E/ = Ll x E’. Since the Beurling
algebra L} admits bounded approximation unities, it follows from the Cohen-Hewitt
factorization theorem [16] that E’ is actually a closed linear subspace of E’. Thus, F!,
inheres the Banach modulo structure over L.. The Banach space of distributions F/
possesses the properties (b), (¢), and (d); moreover, we have the explicit description [9,
Prop. 5| B, ={f € E' : lim, |Thf — fl|lr = 0} . One can also show [9, Thm. 2]
that if f € £, and ¢ € S(R") is such that [y, ¢(x)dx = 1, then

@ Tim £~ g% flle =0,

where ¢.(z) = ¢ "¢ (x/c). When FE is reflexive, we have proved [9] that E’ is also a
translation-invariant Banach space of tempered distributions and in fact £’ = F..

Example 2.1. Typical examples of E are the LP-weighted spaces. Let 1 be a polyno-
mially bounded weight, that is, a measurable function n : R" — (0,00) that fulfills
the requirement n(x + h) < M'n(z)(1 + |h|)7, for some M’ ;7 > 0. We consider the
norms [[gllpy = l9nllp = 9]l zo(se) for p € [1,00) and |[gllocsy = lg/nlloc. Then the
space L7 consists of those measurable functions such that [|g]|,, < oo. One clearly
has that &2 = L are translation-invariant Banach spaces of tempered distributions
for p € [1,00). The case p = oo is an exception, because the properties (a) and
(d) fail for L. In view of reflexivity, the space E| corresponding to E = Lf} _y s
E, = E' = Lj whenever 1 < p < oo, where ¢ is the conjugate index to p. On the
other hand, E, = UC, = {u € Ly s limy, o || Thu — tlfooy = O} for £ = L}]. The
weight function of LV is w(h) = ||Thn|e, for p € [1,00), while that for Ly is w
(cf. [9, Prop. 10]). Another instance of E is the closed subspace of Lp° given by
E=Cy={g€CR"): limyug(x)/n(x) =0} ; in this case, B, = L;.

2.3. The distribution space D .. For every nonnegative integer N define the Banach
spaces DY = {p € E: ||¢|lpny = maxj, <y [|¢'® ||z < oo} and the test function space
Dg = projlim Dy.

N—o0

We have shown [9, Prop. 8] that D is a Fréchet space of smooth functions and actually
the following dense and continuous inclusions hold:

(5) S(R") = D — Oc(R") — E(R"),
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where O¢(R™) stands for the test function space corresponding to the space of convo-
lutors O (R™) of S'(R™). When F is reflexive, one can show that Dg is reflexive as
well (cf. [9, Prop. 9]).

We define the distribution space D;Ei as the strong dual of Dg. When F is reflexive,
we write Dj, = Df, . By (5), we have the (continuous) inclusions:

(6) E'R") = O¢(R") = D, — S'(R").
The notation Dy, = (Dg)" is motivated by the next structural theorem, which in

particular tells that every element of D/E; is the sum of partial derivatives of elements of

E’. This fact will be extremely important in the subsequent sections, because, contrary
to E' in general, the condition (d) from Subsection 2.2 holds for E]. See [9, Thm. 3
and Cor. 4] (and their proofs) for a proof of Theorem 2.2.

Theorem 2.2 ([9]). Let B’ C S'(R™). The following statements are equivalent:
(i) B' is a bounded subset of Dy, .
(i) v« B' ={w*f: fe B} is abounded subset of E. for each 1) € S(R™).
(1ii) There are M >0 and N € N such that every f € B' admits a representation
(7) f=> 1
la|<N
with continuous functions f, € E,.NUC, C E' N L satisfying the uniform
bounds || foller < M and ||falloow < M.

Furthermore, the functions in the representation (7) can be chosen to have the form
foa = [*0a, where the o, € E are continuous functions of compact support that depend
only on the set B'.

We shall often apply Theorem 2.2 to the case of singleton sets B’ = {f}. Part (i7)
from Theorem 2.2 also suggests to embed the distribution space D’E; into the space of
E!-valued tempered distributions as follows. Define the injection

(8) L: D;_?; — S'(R", E),
where ((f) = f is given by
(9) (f.0) =fxp, ©eSR).

One can prove [9, Sect. 4] that (8) is continuous, has closed range given by the subspace
of E!-valued distributions that commute with every translation operator, namely [9,
Cor. 3],

(10)  uDy) ={f € SR, E,): (Tuf,p) = Tu (f,¢), Yh € R", Yo € S(R")},
and its inverse mapping is sequentially continuous. We collect the latter fact in the

first part of the following theorem (see [9, Cor. 5] for a proof).

Theorem 2.3 ([9]). A sequence {f;}72, (or similarly, a filter with a countable or
bounded basis) is (strongly) convergent in Dy, if and only if {f; * zp};’io is convergent
in E' for all v € S(R™). In addition, these statements are also equivalent to the
existence of N € N and continuous functions of compact support o, € E, |a] < N,
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such that f; = ZIaISN fo((aj) and the sequences {fa,j};io are convergent in both E. and
L, where fo; = fi * 00 € ELNUC,.

w 7

We conclude this section with some examples of spaces D/, .-

Ezample 2.4. The Schwartz spaces D}, and B’ are particular instances of Dg;. More
generally, retaining the notation from Example 2.1, the choices E = Lg,l lead to the
spaces Dj,, 1 < p < oco. When p = 1, we use the notation B := (DLI])/. We set
. n . . K

B, := D¢, so that Dz% = (D¢,)" = (B,)". We denote as B; the closure of D(R") in B,

Remark 2.5. The embeddings (5) and (6) can be refined to Dyy < Dp — By and
hence the continuous inclusions D}, — Dy, — B, (cf. [9, Thm. 4 ]). When E is

: / / 3/
reflexive DL; Dy — B,

3. BOUNDARY VALUES OF HOLOMORPHIC FUNCTIONS

In this section we study boundary values in the context of the space D . We
shall characterize those holomorphic functions on tube domains, whose bases are open
convex cones, that have boundary values in the strong topology of D/, .. Our first goal
is to obtain such characterization for holomorphic functions defined on a truncated
wedge. We begin with a useful lemma. The constants M’ and 7 are those occurring
in the estimate (1) for the weight function of the translation-invariant Banach space
of tempered distributions F.

Lemma 3.1. Let V. C R"™ be an open set and let F be holomorphic on the tube TV .
Suppose that F(- +iy) € E' fory € V and

(11) sup (dV(y»m

EVWHF( +iy)|lp =M <oo  (k1,k2>0).
Yy

Then, for every o € N™ one has F\ (- +iy) € E' for ally € V and
(12)

k1+|al K2 n o]

Furthermore, the E'-valued mapping F : TV — E' is holomorphic, where
(13) F(z +iy) = T(F(- +v)).

Proof. The assumption V' # R" is only used to ensure that dy(y) < oo for all y € V.
Fix 0 < A < 1. Let ¢ € D(R"). Let ( = u+iv = ({1, (s, --.,(,) be an arbitrary point
in the distinguished boundary of the polydisc D", that is, |(1| = |(o| = -+ = |G| = 1.
We write s = t 4 i0 € C. For arbitrary y € V, define the function G(s) = G, ¢(s) =
Jon F(x + iy + sQ)e(x)de = (Ty—ooF (- +i(y +tv+ou)),@). It is clear that G is
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defined and holomorphic in the disc {s € C: |s| < dy(y)/+/n}. Note that
Mw(tu — ov)(1 + dy(y + tv + ou))"™

G(s) < e Il
(T+A)=MM'(1+dy(y) " Ady ()
ST @ ndeyn e el

The Cauchy inequality for derivatives applied to circle |s| = (A/y/n)dy (y) thus yields

nN2(1 4 N MM (1 + |dy (y)])7+52
(N)
|GPV(0)] < (L~ ) (dy (g) )N

Nels, N=0,1,2,...,

ie.,
nN2(1 4+ N2 MM (1 + |dy (y)])7He
A1 = N (dy (y))m

where Py(¢) = 3,4=n C* (F (- +1iy),¢) /al. Integrating |Py(¢)[* over (ID)", we
obtain

[Pn(O)] <

lelle, N=0,1,2,...,

Lt ) MMl Pal (2" (1 + |dy () )7+
Mel(1 — X)m1 (dy (y))ri+led ol &,

for all p € D(R"), y € V, and a € N™. The very last inequality is equivalent to (12).
To show that (13) is holomorphic, it is enough to fix z € V and ¢ € (OD)" and to
verify that F(z + s¢) is holomorphic in |s| < dy(y)/+/n. By the previous argument,
F(- +iy+sC) = > e, s"gr, with gy = > lal=k C*F@( . +iy)/al, is a convergent
power series in E’ for |s| < dy(y)/v/n. Employing the continuity of T, we obtain
F(z+ s¢) = > 1 s"Tgx. Hence, F is holomorphic. O

[(FO( +iy),¢)| < (

Lemma 3.1 has the ensuing consequence.

Corollary 3.2. Let V C R" and let F be holomorphic in TV such that F(- +iy) € E'
forally € V and sup,cg ||[F'(- +1y)|lz < oo for every compact subset K C V. Then
Ly g [ F(+ +i9) — (- +igo)llir = 0 for each yo € V.

Proof. The statement is local, so we may assume V # R". The mapping (13) is
continuous at zg = iyp and F( - + 1y) = F(iy). O

In the rest of the section we mainly focus our attention on tubes whose bases are
either truncated convex cones or full convex cones. We now show our first main result:

Theorem 3.3. Let C' be an open conver cone and let r > 0. Suppose that F' 1is
holomorphic on the tube TC") and satisfies

(14) F(- +iy) € Dy, for everyy € C(r),

and the sets {F(- +iy): " < |y| <r, y € C} are bounded in Dy, for each r' > 0.
Then, the following three statements are equivalent:



8 P. DIMOVSKI, S. PILIPOVIC, AND J. VINDAS
(1) F satisfies
(15) F(-+iwy)eFE, yel(r),
and the bound

M
(16) I1F(- +iy)lle < = v€ECr).
(dew(y)”
(i) F has boundary values in Dy, , namely, there is [ € Dy, such that
(17) f= lim F(- +1iy) strongly in D, .
y— *
yeC

(#7i) The set {F(- +iy): y € C(r)} is bounded in D, .
In addition, if any of these equivalent conditions is satisfied, then F(- +y) € E. for
every y € C(r).

Proof. The implication (i7) = (éi7) is obvious.
(1) = (i7). Assume (15) and (16). If C' = R", the result follows from Corollary 3.2.
Suppose then that C' # R" (i.e., 0 ¢ C'). Thanks to Theorem 2.2, we can write

(18) F(z)= Y 00F.(2), z€T,
la|l<N

where each F, has the form
19 ) =(FC+ )@ = [ Rt (=o+iy

and each g, € F is a continuous function of compact support. Thus, each F, is also
holomorphic on the tube T¢(", satisfies F, (- + iy) € E. for every y € C(r) (because
0o € L), the E'-norm estimate (cf. (3))

Ml oall1

(20) [Fa(- +iy)lle < ===, y € C(r),
(dew) (y))”
and the pointwise estimate (cf. (2))
: M| gallp w(z) e TC
(21) |Fole +iy)| < — =202, w4y € T,
(dew)(y))”

Making use of by Corollary 3.2, the mappings y € C(r) — F,(- +iy) € E. are
continuous. The pointwise estimate (21) implies that each F, has boundary values in
S'(R™) [6, 31]. Set
(22) fo= hH(l)Fa( - +iy) in S'(R"), |af < N.

y—

yeC
In view of (18), it suffices to show that each f, € Df, and that the limit (22) actually
holds in Dy,. We may assume that x € N. Let ¢ € S(R") and write ¥(z,y) =
> 181<n VB (x)(iy)?/B!. Pick 6 € C(r/4). Since —0 ¢ C, we can find M; such that
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A < Mide(y + M) for every y € C and A > 0. In particular, A < Mideg)(y + A9) for
A€ (0,1) and y € C(r/4). Applying the Stokes theorem as in [13, p. 67], we can write

fax 0 =U(- 0)xFo(- +i0) + M/lwmp +iA0) x P)) dA
|Bl=r+1 4 0

and, for y € C(r/4),
(i0)°(k + 1)
B!

where the integrals are interpreted as FE!-valued integrals in the Bochner sense. By
Theorem 2.3 and Corollary 3.2, the net W(-,0) % F,,(- +i0+iy) — V(-,0) % F,(- +1i0)
in £’. Furthermore, using the estimate (20), we majorize A\*|| F, (- +i\+iy) 1P| g <
(M) M| |1 o]l 0all1. and the dominated convergence theorem for Bochner integrals
thus yields

Fo(tiy)sp = U(-, 0)x Fo(-+if+iy)+ Y

1
/ N (Fo(-+iN0+iy)xp D) d,
|8l=r+1 0

forx = lIm(Fu(- +iy)*¢) in EL.
y—0
yeC
Since this holds for every ¢ € S(R"), Theorem 2.3 implies

fo =lmF,(- +iy) strongly in DY,
y—0 *
yeC

and (17) follows at once.

(24i) = (7). Using part (iii) of Theorem 2.2, we can write F' as in (18) where each
F, is holomorphic in T, F,( - +iy) € E, and sup,coy [|[Fa( - + )| < co. The
assertion (i) is a consequence of Lemma 3.1. In addition, we get that the holomorphic
function (13) actually takes values in E'. Thus F\(2) € E! for all z € T¢™, whence
F.T7¢0 & E' O

Corollary 3.4. Let V. C R™ be an open set and let F be holomorphic in TV . If
F(- +1iy) € Dy forally € V and {F(- +1iy) : y € K} is bounded in D,
for every compact subset K C V', then actually F( - +iy) € E. for all y € V,
sup, e | F (- +iy)|l e < oo for every compact K C V', and the E.-valued function (13)
is holomorphic in TV . If in addition V # R"™ and the set {F(-+iy) : y € V'} is bounded
in Dy, then there is k > 0 such that sup,ey (dy (y))*(1+dy(y)) 7| F (- +iy)||le < oo.

Proof. The first part of the corollary follows from the second one. Exactly the same
argument from the proof of the implication (iii) = (i) of Theorem 3.3 shows the second
assertion. U

Using Theorem 3.3, we can derive the following result.

Corollary 3.5. Let X C S'(R"™) be a Banach space. Assume that the inclusion map-
ping X — S'(R™) is continuous. Let C' be an open convex cone and r > 0. If F is
holomorphic on the tube TC") and satisfies

F(- +iy) e X and |[F(- +iy)|x < y € C(r),

M
(dow(y)s
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then im F'( - +iy) ezists in S'(R™).
y—0
yeC

Proof. Let S;(R™) be the completion of S(R") in the norm
9(p) = sup (1 + )| ()], jeN.
reR?

laf<j

Notice that each S;(R") is a translation-invariant Banach spaces of tempered distribu-
tions. The embeddings S;;1(R") — S;(R™) are compact, S(R") = projlim ey S;(R"™),
and hence §'(R") = ind limjey Sj(R") is a regular inductive limit of Banach spaces.
Thus, there are M; > 0 and j, € N such that HfHS]’.O(R”) < M| fllx, for all f € X.

The assertion then follows by applying Theorem 3.3 with E' = S} (R"). O

Observe that Corollary 3.5 provides sufficient conditions for the existence of bound-
ary values in 8’(R™) in terms of rather general norms; however, in contrast with Theo-
rem 3.3, very little can be said about the boundary distribution f = limyec_o F(- +1iy)
unless the Banach space X possesses a richer structure. It should also be noticed that,
as well-known, the holomorphic function F' is uniquely determined by its distributional
boundary values f.

We now turn our attention to holomorphic functions satisfying global estimates over
a tube having a full open convex cone as base. We need to introduce some notation
in order to move further. Let C' C R™ be an open convex cone. Set S'(C* + B(a)) =
{g € S'(R") : suppg C C* + B(a)}. The Laplace transform of g € S'(C* + B(a)) is
defined [32] as the holomorphic function

L{g;z} = (9(&),e™%), zeTC.
The above distributional evaluation is well-defined because S’(C*+B(a)) is canonically
isomorphic to the dual of the function space S(C* + B(a)) (cf. [31, 33]).

We are interested in the class of holomorphic functions F': T¢ — C that satisfy the
following two conditions:

(23) F(- +iy) e E', forallyeC,

and the estimate (for some constants M, m, and k)

(24) IF(- + i)l < M(1+ y])me (1+%(y)) Cyec

Because of Corollary 3.4, the membership relation (23) is equivalent to F'(- +iy) € E..

We now show that these holomorphic functions are in one-to-one correspondence with
those elements of Df, having Fourier transforms with supports in the set C* + B(a).
We work with the constants in the Fourier transform as

b = [ plade, o e @Y.

The next theorem extends various results by Carmichael [3, 5] and Vladimirov [32]
(obtained by them in the particular cases when E’ = L? or when E’ is an L? based
Sobolev space).
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Theorem 3.6. Let C C R" be an open convex cone and let a > 0. If f € Dy, is such
that f € S'(C* + B(a)), then the holomorphic function

(25) F(z) = (2m)"L{f;z}, =2€TC,

satisfies (23), (24) and (17).

Conversely, if F is a holomorphic function on TC that satisfies the condition (23)
and for every subcone C' @ C' and € > 0 there are M = M(C',¢),k = k(C",e) > 0
such that

pla+o)ly]

(26) IEC +iy)lle < M , yec,

|y~

then there is f € D, with supp f € C* + B(a) such that (25) holds.

Proof. Assume that f € Df, is such that supp f € C*+B(a). Set f = 1(f) € S'(R", E')
(cf. (9)). Then, f € S'(C*+B(a), E.) = {g € S'(R", E.) : suppg C C* + B(a)}. The
same procedure used to identify S’(C*+ B(a)) with the dual of S(C*+ B(a)) [33] shows
that S'(C*+B(a), E') is canonically isomorphic to Ly(S(C*+B(a)), E.). So we identify
the latter two spaces. This allows us to define the Laplace transform of the E’-valued
distribution (27)~"f € 8'(C* + B(a), E.) as F(z) := (2r) "L{f; z} = (2m) "(f, %) €
E!, z € T¢. Clearly, F is holomorphic in z € T with values in £/ and F(z) — f as
z€(C —0in S'(R™, E.). It is easy to see that F(x + iy) = T, F(- +1iy) € E., and we
obtain at once (23) by setting x = 0. Furthermore, ((F (- +iy)) = F(- +iy) = f = (f)
in E’; hence, Theorem 2.3 yields the limit relation (17). Next, one readily sees that
F(z) satisfies the estimate

5 1 :

27 F(z)|lp < M(1 meelSmal (14— —— eT”
@) IR < M e (14 ) s
for some constants m, k, M > 0. The bound (24) follows by setting z = iy in (27). The
proof of (27) is exactly the same as in the scalar-valued case. We give it for the sake of
completeness. Since f : S(C* + B(a)) — FE’ is continuous, there are constants k € N
and M; > 0 such that

(2m) " II(E, o)ler < My sup  (L+ €)D" [¢'V(€)

0<al<k
¢eC*+B(a)

. Vo e S +Ba).

Setting (&) = €%, z = x + iy € T, in the above inequality, we obtain

IF(2)|| g < Mi(1+ |2])F sup*(l T )& + &) e vEeve
e
< (a+ 1)*M;(1 + |z])Fea! sup (1 + R REE
aly| k ieo g
< M I (14 0

which gives (27) with M = (a + 1)*M; supece- (1 + [€])* e and m = k.
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Conversely, assume (23) and (26). As in the proof of Theorem 3.3, we express F' as
in (18), where each F, is holomorphic in T and satisfies: F,(- +iy) € E. for y € C
and the estimates

(wtoly] (wtoly]
@ - nd a4yl < MQW(x>I€|
yl® ylr

where the constants M, and x are only dependent on the subcone C' € C and e.
The pointwise estimate and Vladimirov’s theorem [32, p. 167] imply that there are

fa € S'(R™) with supp fo C C* 4 B(a) such that F,(z) = (27)"L{fs;z}. Theorem
3.3 gives f, € Dg;. Hence, (25) holds with f = Zla\ <N féa). This completes the
proof. O

IFa( +iy)lle < Ma , w+iyeT?,

Theorem 3.6 leads to the following general criterion for concluding that a holomor-
phic function is the Laplace transform of a tempered distribution. The proof goes in
the same lines as that of Corollary 3.5 and we therefore omit it.

Corollary 3.7. Let X C S8'(R™) be a Banach space for which the inclusion mapping
X — S'(R™) is continuous and let C' be an open convex cone. If F' is holomorphic on
the tube TC and satisfies

e(a+5)y

(28) F(-+iy)eX and ||F(- +iy)|x §M(C”,E)W,

yed,
for any subcone C' € C and € > 0 , then there is g € S'(C* + B(a)) such that
F(z) = L{g; 2}

We also obtain the following corollary, a result of Paley-Wiener type.

Corollary 3.8. A necessary and sufficient condition for f € D%; to have suppf C
B(a) is that f is the restriction to R™ of an entire function F that satisfies F(-+iy) € E’
for all y € R™ and the estimate sup,cga (1 + |y|)"™e M| F (- +iy)||p < oo for some

m >0 (or equivalently, sup,cgn e~ W F( - +iy)||p < oo for each e >0).

Proof. If sup,ega (1 + [y|) "™ W||F(- + iy)||z < oo for some m > 0, then supp f C
B(a)+C* for every open convex cone and ((B(a)+C*) = B(a). The other direction
can be established as in the proof of Theorem 3.6. 0

4. ANALYTIC REPRESENTATIONS

The results from Section 3 enable us to obtain analytic representations of arbitrary
elements of Dy, . We need to make use of the following convolution property of Dy, .
Recall that O (R™) stands for the space of convolutors of S’(R™). We have shown in [9,
Prop. 11] that D}, is closed under convolution with elements of O (R™); furthermore,
the convolution mapping * : O¢(R") X Dy, — Dp, is continuous.

Let C4,Cs, ..., C,, be open convex cones of R”. We assume that R" = U;n:1 Cy. For
example, the C; might be the 2" pairwise disjoint open orthants of R".

Lemma 4.1. Given a > 0, there are convolutors x1,X2, ..., Xm € On(R"™) such that
6 =37, x; and supp x; C C; + B(a).
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Proof. As in [32, p. 7], there are pi, ..., py, € C(R") such that supp p; C C; + B(a),
0<p; <1, pj(x) =1for x € C5, and sup,cgn \pﬁa)(x)| < Mpya=lol j=1,2,...,m.
The distributions y, given in Fourier side as X, = p, /(327 pj) € Oc(R") C On(R"),
v=1,2,...,m, satisfy the requirements.

O

We now show that every element of D, can be represented as the sum of boundary
values of holomorphic functions.

Theorem 4.2. Fvery f € D;JQ admits the boundary value representation

(29) f= Z zlJl_r}(l)Fj( - +iy)  strongly in D,

—1
J yGCj

where each F; is holomorphic in the tube TS

Proof. Set f; = x;j = f so that f = 77", f;, where x1,...,xm € Og(R") are the
distributions from Lemma 4.1. As mentioned above, by [9, Prop. 11], each f; € D, .

In addition, supp f; C C; + B(a). Theorem 3.6 gives the representation (29) with
Fy(z) = (2m) " L{f; 2} B

The analytic functions F; from Theorem 4.2 of course have the properties (23) and
(24) on the corresponding cone Cj.

5. EDGE OF THE WEDGE THEOREMS

This section deals with D, -versions of edge of the wedge theorems. Our first results
are of Epstein and Bogoliubov type and they are related to the following classes of
holomorphic functions on tubes, whose definitions are motivated by Corollary 3.4.

Definition 5.1. Let V' C R™ be open set. The vector space O (T") consists of all

holomorphic functions £ on the tube TV = R™ + iV satisfying F(- + iy) € E' for all

y € Vand sup,cf || F(- +1y)||z < oo for every compact K C V. The space Op, (T")
E/

*

is defined as

0L (TV)={F € Og/(T"): {F(- +iy): y € V} is bounded in D, }.

*

It should be noticed that if £ € Of, (TV) and V is a truncated cone, then Theorem
E/

*

3.3 guarantees that limyeyoF'( - + 1y) exists (strongly) in D, .
We need the following lemma, which is a variant of a result shown by Rudin in [25,
Sect. 3].

Lemma 5.2. Let Vi and V5 be open connected bounded subsets of R™ such that 0 €
oViNoVy., Set V=V, UV,. Then, any function F that is holomorphic in the tube
TV, continuous on TV UR"™, and satisfies sup, v (1 + [2]?) N2 F(z + iy)| < oo,
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for some N > 0, extends to a function F, which is holomorphic in the tube TV) and
satisfies

F(a + iy)| Pz +iy)]
30 su ———— < My sup s,
(30) S Tt ey S MY S RN

where the constant My does not depend on F'.

Remark 5.3. If V; and V5 are truncated cones, then the holomorphic function F con-
tinuously extends on T*V) UR™, as follows from Epstein’s edge of the wedge theorem
(cf. [25, Sect. 11]).

Proof. Applying exactly the same argument as in [28, Sect. 6.2, p. 122], one can show
that any function G, holomorphic on TV, that fulfills the L? conditions

sup [ |G(x +iy)|’dr < oo and limG(- +idy) = imG(- +iy), in L*(R"),
yeV JRn y—0 y—0
yeV1 yeVa

admits a holomorphic extension G to T**V). Find  such that |z| < r for allz € V. Let
A > 7r+1and set Qx(z) = IT}_, (2 +4A)¥ 2. The function G(z) = F(2)/Qx(2) satisfies
the above two L? conditions and so F' = Q,G is the desired holomorphic extension of
F to T™V), We first show (30) when N = 0, which follows if we prove F(T<V)) C
F(TVUR"). Indeed, if ¢ € F(T*V))\ F(TV UR"), then .J(z) = 1/(F(z) —¢) would be
continuous in 7V UR" and holomorphic on TV, but this would contradict the fact that
J must have a holomorphic extension to the tube T*V) For general N, take again
A > r+1 and define F)(z) = F(2)/IT}_, (z;4+i)\)". Then, if |F(z+iy)| < M (1+]|z?)N/?
for all x + iy € TV, we obtain that sup, ;,can) (1 + [2) V3| F(z +iy)| < (A +
)" sup, ysyeranwy [Fa(@ + iy)l = (A + 1) sup, eqv [Fa(z + iy)| < MA + )",
which in turn implies the claimed inequality with My = (2r + 1)V, O

We have the following Dy, edge of the wedge theorem of Epstein type.

Theorem 5.4. Let Vi and V5 be open connected bounded subsets of R™ with 0 € Vi N
OVo. Set V.=V, UV, If Fy € Of (TY) and Fy € OF, (T"*) have distributional
E El

*

boundary values on R™ and
lim Fi(- 4+iy) = lim Fy(- +1i n Dy,
lim (- +iy) lim b(- +iy)  weakly in D,
yeWr yeVs

then, there is F € O}, (T*V)) such that F(z) = Fj(z) forz € T", j =1,2.

E
Remark 5.5. The existence of the limits limyey, o Fj(- +iy) in Dy, j = 1,2, is part
of the assumptions of Theorem 5.4; however, as already mentioned, if V; and V, are
truncated cones, such limits automatically exist and in particular F(- 4 iy) converges
strongly in DY, to the common limit as y € ch(V) tends to 0.

Proof. Reasoning as in the proof of Theorem 3.3 (via Theorem 2.3), we may assume
that F; have continuous extensions to 7V UR" with Fy(z) = Fy(x) for x € R™ and that
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there is M such that |Fj(- + y)||z < M and |Fj(z + iy)| < Mw(z) < M(1 + |z[*)7?
forx+iyeTV,j=1,2. The pointwise estimate and Lemma 5.2 imply the existence
of F, holomorphlc in TCh ), such that F(z) = F;(z) for 2 € TV4, j = 1,2. Tt is remains
to show that F(- +1y) € E for every y € ch(V) and {F( —|— iy): y € ch( )} is
bounded in Df,. Let ¢ € D(R") with [l¢l|z < 1. Set G(2) = [p. F(t + 2)p(t)dt,
z € TV) Then the restriction of G to TV extends contlnuously to TV UR™ and
|G(z +iy)] < M(1+ |z[*)7/? for x + iy € TV. The inequality (30) from Lemma 5.2
gives |G (x +iy)| < MM, (1+ |z|*)"/2 for x +iy € TY); in particular |G(iy)| < MM,
for all y € ch(V'). Since ¢ is arbitrary and D(R") < E, we obtain that sup, ey [[F(-+
)| er < MM,

U

In particular, we have the ensuing corollary on analytic continuation; the case Cy =
—( is an edge of the wedge theorem of Bogoliubov type.

Corollary 5.6. Let C; and Cy be open cones such that int(C7) Nint(C3) = 0 and let
r1,72 > 0. Set V= C1(r) UCa(ra). If F € Ob, (T%3)), j=1,2, are such that
E

. . . . . . . /
lim Fi(- +iy) = lim (- +iy)  in D,
yeCi yeCsa

then Fy and Fy can be glued together as a holomorphic function through R™; more
precisely, the domain T™Y) of their holomorphic extension F € O (T contains
E/

a tube R" +i{y e R : |y| <r}.

*

Proof. The condition implies that the cone C' = ch(C; U C3) contains a line, and
therefore the origin as interior point. 0

Our next result is an edge of the wedge theorem of Martineau type [18, 20], it
is related to the classes of holomorphic functions on wedges introduced in the next
definition.

Definition 5.7. Let C' be an open convex cone and a > 0.
(i) If C # R", we define O “P(T°) as the space of all holomorphic functions
E/

F € Op/(T°) such that there is # > 0 such that for every ¢ > 0
1 —K
—(ate)lyl ]
sup e 1—|——) F(- +y)||p < o0.
yeC ( dC(y) H ( )HE
(i) When C' = R", the space O eXp(@”) consists of all ' € O (C™) such that for

every € > ()

sup e T F(- +iy)|| g < oo.
yeR”

We also use the notation Op; “*(C") := OF “P(C") for this space.
El
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Observe that Remark 2.5 and Theorem 2.2 allow us to conclude that Op; “P(T%) C
E/

Og P(TY). In particular, every element of Op;*P(C") is actually an entire function

of exponential type.

According to Theorem 3.6 (cf. Corollary 3.8 for the case C' = R"), every element
F e O%Z’fp(Tc) is completely determined by its boundary value distribution, which we
denote by bv(F') := limyec o F(- +1iy) € D, . In the next theorem each Cj is an open
convex cone. Note that it considerably improves earlier results by Carmichael [4].

Theorem 5.8. Let F; € Op,"P(T%), j = 1,2,...,k, and let ¢ > 0. Set C;, =
E

ch(C; UC,) and C; = Mo Ciw- If Z?zl bv(F;) = 0, then for each j there are Gj, €
(’);fle’ P (TY%w) such that F; = Zle Gjv. In particular, each F; has a holomorphic

E

extension that belongs to Og,ﬁ’e’(p(T@), The G;, may be chosen such that G, ; =
B
-G,y

Proof. If some of the C), are R", the corresponding terms in the sum can be absorbed
into others. We may therefore assume that all C1, ..., C) are open convex cones with
C, # R". We can find g, such that F,(z) = £{g,; 2}, with supp g, C C* + B(a) and
g, € D’E;. Find p, with bounded partial derivatives of any order such that supp p, C

Cy+ B(a+¢) and p,(z) = 1 for x € suppg,. Then, g; = —ZV# pigy. Setting

Gj € Op S P(T%>) as the Laplace transform of —p;g,, we obtain F; =3, Gj,.
B,

It remains to be shown that the G, may be chosen such that G,; = —G;,. We

proceed by induction over the number of summands. The cases k = 1,2 are trivial.
Assume that such a choice is possible for k. If Zfill bv(F;) = 0, from what we have

. k
shown we can write Fj,; = ) =1 Gri1p where Gy, € OSTE’eXP(TCkH,u)' Thus,
—_ b 9 El

*

]?: bv(Gii1, + F,) = 0. By the inductive hypothesis, we get that there are G, €
] 1 ) s
ngf» *P(TC%v) such that G;, = —G,;, 1 < j,v < k, and F; + Gryry = Sov_ Gy

The *property is then satisfied if we define G141 := —Giy1; and Gig1 41 = 0. ]

6. ANALYTIC REPRESENTATION OF D/, — BOUNDARY VALUE ISOMORPHISM

We have shown in Section 4 that every element of DjE; admits a representation as a
sum of boundary values of holomorphic functions. We now give in Subsection 6.1 an
isomorphism between D}J; and a quotient space of analytic functions in the spirit of the
hyperfunction theory (see [20, 14] for hyperfunctions). Such an isomorphism will be
accomplished through our version of Martineau’s edge of the wedge theorem (Theorem
5.8). The results are then specialized to the one-dimensional case in Subsection 6.2.

6.1. The boundary value isomorphism D}, = Dby, (R"). We will use our results
to represent the space Dg; as a quotient space of analytic functions. We introduce
suitable spaces of analytic functions. For an open convex cone C', we set (cf. Definition
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5.7)
0.2 (T¢ a, exp (C
(%) ago O (1)
We also use the notation O,"(C") = ODEZI,’ (cm™).
We consider . O eXp(TC) where C' runs over all open convex cones of R™ (so that
0P (C") is a term of the direct sum), and its subspace N;;{f generated by all elements
of the form Fy + Fy — F, where F; € O eXp(TC ), 7 =1,2,3, are such that C3 C C1NCy,

and Fi(z) + Fy(z) = F3(z) for z € Cg. We remark that some of the three functions
may be identically zero. Next, we define the quotient vector space

Db P (R™) (@o P (TC) ) INp-

The equivalence class of $°* i I €@DcOp) (TC) is denoted by [Z F;] = Ele[Fj]

The mappings bv : (9;?/’ (T — Dl clearly induce a well-defined boundary value
mapping ’
(31) bv : Db (R") — D,

namely, bv(Z?zl[Fj]) = 25:1 bv(F}) € Dy, Combining our previous results, we
obtain:

Theorem 6.1. The boundary value mapping bv : Db (R"™) — Dy, is a bijection.

Indeed, that (31) is surjective follows at once from Theorem 4.2, whereas the injec-
tivity is a consequence of Theorem 5.8.

6.2. The one-dimensional case. Assume that the dimension n = 1. The previous
construction significantly simplifies if we take into account the natural orientation of
the real line. Consider first

O5?(C\R) = {F € Op(C\R): Fraiom) € O RE(0,50)}

E

*

If we replace the boundary value mapping by a jump across R mapping, we obtain that

D, = 05 (C\R)/Op"(C);

the isomorphism being realized by the mapping O5" (C \R)/O5"(C) — Dy, given

by [F] — lim, o+ (F(- +iy) — F(- —1iy)).

We may also give another version of the quotient representation. Let €2 be a neigh-
borhood of the real line of the form 2 = R+, where [ is an open interval containing
0. Set

ODEL(Q\R> ={F e Op(Q\R): (VI'e I)(3r)( ES}I,J\IEO} WIFIF(- +iy) || < o0)).
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Then, in view of Theorem 3.3 and the edge of the wedge theorem of Epstein type
(Theorem 5.4), the jump across R mapping produces the isomorphism

7. HEAT KERNEL CHARACTERIZATION

We now turn our attention to the characterization of elements Df, as boundary
values of solutions to the heat equation on R™ x (0, ). Given f € D’ (R”) we consider
the Cauchy problem for the heat equation

(32) U — AU =0, (x,t)eR"x(0,t),

with initial value

(33) lim U(-,t)=f inD'(R").
t—0+

Observe that under certain bounds over U, such as [7]
|U(z,t)] < Mexp ((%) +a|:1:|2> 0<a<l1, a>0),

one can ensure uniqueness of the solution U and, in such a case, U is determined via

a2
convolution with the heat kernel: U(z,t) = (4rt)™"/? <f(§), e

In order to move further, we need a characterization of D, , in terms of norm growth
bounds on convolutions with an approximation of the unlty For it, we employ the
useful concept of the ¢—transform [10, 23, 24, 11|, which is deﬁned as follows. Let
¢ € S(R™) be such that [p, ¢(x)dz = 1. The gb—transform of f € §'(R") is the smooth

function
F¢f<x7t) - <f(l’ + t£)7¢(£)> - (f * ét)(x% (l‘,t) € R" x R,.

Theorem 7.1. A distribution f € S'(R") belongs to Dy, if and only if Fyf(-,t) € E'
for all t € (0,ty) and there are constants k € N and M > 0 such that

(34> ||F¢f(at)”E' < t_ka € (O,t())

In such a case,

(35) lim Fyf(-,t)=f strongly in Dy, .
t—0 *

Proof. The relation (35) follows by combining (i7i) of Theorem 2.2 with (4). Let
f € Dy, Write f as in (7). By (3), for t € (0, ],

1EfC otz < ) Mfax (60 ]e

|| <N

M’ M
-y HfaHEI/ 6 @) wlta)de < 2.
la|<N

Conversely, assume (34). Let ¢ € S(R") be also such that [, ¢(z)dz = 1. Setting
$1 = ¢ * ¢, we have that Fy, f(x,t) = (Fpf(-,t) x¢)(z), and so Fy, f(-,t) € E' %
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S(R™) C E. for each t € (0,1p). We will use the theory of (Tauberian) class estimates
from [10, 23]. Set f = «(f) € S'(R",S'(R")), where f is given by (9). By (ii) of
Theorem 2.2 and (10), it is enough to show that f € S'(R", E.) (cf. (8)). The S'(R")-
valued ¢;—transform of f is the vector-valued distribution F, f : R" x Ry — S'(R")
given by Fy f(x,t) = T, Fs f(-,t) € S'(R™). From what has been shown we have that
Fy f(z,t) € E. C S'(R") for all (z,t) € R™ x (0,19) and, by property (d) applied to
E’ (cf. Section 2.2), we get that the the mapping R™ — E! given by x — Fy, f(z,t) is
continuous for each fixed t € (0,¢y). Furthermore, using the fact that E’ is a Banach
modulo over L}, we conclude that

1 Foi £ ()| = [T Fo, (5 D)l
1+ |
@IFAC Al [ Te©wtgas < i
for all (z,t) € R x (0,%y). But, as shown in [10] (see also [23, Sect. 7]), the very last
estimate is necessary and sufficient for f € S'(R", E!). This completes the proof. [

After this preliminaries, we are ready to state and prove the heat kernel characteri-
zation of DY, .

Theorem 7.2. Let f € D'(R"). Then, f € Dy, if and only if there is a solution U to
the Cauchy problem (32) and (33) that satisfies

(36) U(-,t)e E' forallt e (0,t)

and there are constants M > and k > 0 such that

(37) ||U(at)||E/ < t_ka S (O,to)
In such a case,
(38) lim U(-,t) = f strongly in D, .

t—0t

Proof. If f € Dy, then U(x,t) = Fy f(x, V) with (&) = (4m) /2~ IEP/4 satisfies (32),
(33), and (36)—(38), as follows from Theorem 7.1. Conversely, assume that (32), (33),
(36), and (37) hold for U. Applying Theorem 2.2, we conclude that U can be written
as

(39) Ulz,t) = Y 00Uu(x,t), (2,t) €R" x (0,1),
lo|<N
where each U, has the form Uy(z,t) = (U( - ,t) % 0a)(x) = [, U(z + & t)0a(&)dE,

with g, € F being compactly supported and continuous. Each U, is also a solution to
the heat equation on R™ x (0,%y), and it satisfies U,( - ,t) € E. for all t € (0,ty), the
E’-norm estimate

Ml oall1.

(4()) ||Uoc( ’ 7t)||E’ < th ) € (O,to),
and the pointwise estimate
w(x) (1 + =) n
(41) ’Ua<x7t)| S MHQaHEt_k S Mat—k, (x,t) e R" x <O,t0)
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Using the pointwise estimate (41) and applying Matsuzawa’s heat kernel characteriza-
tion of S’(R™) [19], one concludes the existence of f, € S’(R") such that lim, o+ Uy(-, t) =
fo in 8'(R™), for each |a] < N. The uniqueness criterion for solutions to the heat equa-

tion [7] yields Uy (,t) = Fyfo(z, /) with again ¢(¢) = (47) /2 1€/, The E'-norm
estimate (40) thus implies that each f, € Dp, (again by Theorem 7.1). Finally, by

(39), we get f =", on J&¥ € Dl O

Theorem 7.2 is complemented by the ensuing result, whose proof was already given
within that of Theorem 7.2.

Corollary 7.3. Let U be a solution to the heat equation (32) that satisfies (36) and the
estimate (37). Then, there is a distribution f € Dy, such that (38) holds. Moreover,
U is uniquely determined by f.

We end this article with the following corollary, the proof is analogous to that of
Corollary 3.7.

Corollary 7.4. Let X C S8'(R") be a Banach space for which the inclusion mapping
X — S'(R™) is continuous. If U is a solution to the heat equation (32) that satisfies
U(-,t) € X for everyt € (0,t0) and the estimate sup,e (o ) t*|U (-, t)||x < 0o for some
k>0, then limy o+ U( - ,t) exists in S'(R™).
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