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PREFACE

Some time ago I read a book on ancient and contemporary coding. About how the
ciphers are developed by encrypters and how decrypters try to break them. Through
the ages as soon as a new cipher was invented, somebody always decrypted it in a
short time. Both decryption and encryption was almost on the same level. Until
the invasion of computers.

Since it is possible to perform millions mathematical operations in a short while,
a new phenomena arose. Using simple algorithms it is easy to encrypt any text such
that decryption becomes almost impossible. I'm speaking about the encryption
methods based on the public and the private key using factorization of big numbers.
Now, the relation between encryption and decryption is not balanced anymore. The
difficulty begins when you do not have the private key. It would take too much time
to find it. Millions of years.

But. Suppose that the decrypter doesn’t play absolutely fair. There are several
ways how to get the private key. For encryption you need a computer. Then, of
course, viruses and Trojan horses in encryption programs can play a key role to find
the private key. But for this you need at least a bug in the computers. However,
there exists another way.

The decrypter, although this name is not appropriate anymore, comes next to
the house of the encrypter, or better: user of an encryption program, with special
equipment hidden in his van. With this equipment he is able to see the text of
the message to be encrypted while the user enters his text via the keyboard. So
actually, no decryption is necessary.

How? The keyboard, the monitor and in fact all electronic devices radiate elec-
tromagnetic waves. To trace them and to decode what was entered via the keyboard
or what is on the screen, is not an easy task. But nowadays special devices are ca-
pable to do this. The construction of such devices would not be possible without a
deep understanding and knowledge of the involved phenomena.

The scientific domain enabling all this magic is called Electromagnetism.
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Generalities



1 SAMENVATTING

(As far as the laws of mathematics refer to reality, they are not certain; and as far as
they are certain, they do not refer to reality. Albert Einstein)

De nadruk van dit werk ligt op de numerieke analyse van de Landau-Lifshitz vergeli-
jking (LL-vergelijking). We ontwikkelen verscheidene numerieke schema’s gebaseerd
op tijdsdiscretisatie. De randwaardeproblemen worden niet volledig gediscretiseerd.
De ruimtediscretisatie van alle opgestelde schema’s zal het onderwerp zijn van
toekomstig onderzoek. Studie van de ruimtediscretisatie lijkt echter niet zo uitda-
gend als de studie van tijdsdiscretisatie.

Ons werk bestaat uit drie delen. Eerst, in Hoofdstukken 1 t.e.m. 3 geven we
o.a. een inleiding en bespreken we bondig Whitney-elementen. In het tweede deel
(Hoofdstukken 4 t.e.m. 6) wordt het efective veld Heg beschouwd zonder uitwissel-
ingsenergieterm. In het derde deel (Hoofdstukken 7 t.e.m. 10) wordt wel met deze
term rekening gehouden en bestuderen we de LL-vergelijking met uitwisselingsterm.

Tweede deel

Het geval zonder de uitwisselingsterm beschrijft uniform gemagnetiseerde media of
andere configuraties waarbij de uitwisselingseffecten zeer klein zijn in vergelijking
met andere bijdragen tot Heg.

In Hoofdstuk 4 starten we met het beschrijven van de natuurlijke aanpak van
tijdsdiscretisatie van de LL-vergelijking die gebruikt werd door Joly, Vacus, Monk,
Bertotti en anderen. De gebruikte idee in hun werk kreeg de naam “mid-point rule”.

De LL-vergelijking in de continue vorm heeft de eigenschap dat de modulus
van de magnetisatie constant blijft in de tijd. Uiteraard is er nood aan numerieke
schema’s die deze belangrijke fysische eigenschap bewaren. De implementatie van
de “mid-point rule” laat schema’s toe deze voorwaarde te vervullen.



In Hoofdstuk 5, zie Figuur 2.7, benaderen we dit probleem op een andere manier.
We discretiseren de tijdsafgeleide niet. We laten deze continu veranderen over het
generieke interval (¢;_1,t;). We kiezen de andere vectoren op zo'n manier dat de
LL-vergelijking exact kan opgelost worden en dus verkrijgen we een continue ap-
proximatie van de magnetisatie m.

We stellen foutenschattingen op voor de vermelde schema’s, wat nog niet eerder
gedaan werd voor op “mid-point rule” gebaseerde schema’s.

In Hoofdstuk 6 passen we onze schema’s aan met als doel het verhogen van de
convergentiesnelheid, zie Figuur 2.7. Deze aanpassing is gebaseerd op iteraties die
gebeuren bij elke tijdsstap. Deze iteraties convergeren dankzij de samentrekking-
seigenschappen. De limiet, of anders gezegd, het vast punt van deze iteraties be-
nadert de exacte oplossing met hogere nauwkeurigheid. De convergentiesnelheid ligt
hierdoor hoger.

Derde deel

In Hoofdstukken 7 t.e.m. 10 behandelen we de LL-vergelijking waarbij het uitwissel-
ingsveld een deel is van het efective veld Hog. Deze configuratie vormt een uitdag-
ing omdat de uitwisselingsterm aanleiding geeft tot een partiéle differenti€éle LL-
vergelijking. Zonder Hqg krijgen we een gewone LL-vergelijking.

Om de convergentieresultaten van de numerieke schema’s te bewijzen is het
noodzakelijk om een gedetailleerde analyse van de LL-vergelijking te maken. In
Sectie 2.4 geven we een overzicht van theoretische en numerieke resultaten voor de
LL-vergelijking. We gebruiken deze gekende resultaten in numerieke analyse, maar
soms is het noodzakelijk ze uit te breiden.

De studie van de LL-vergelijking maakt gebruik van de theorie van harmonische
afbeeldingen. De vorm lijkt sterk op de vergelijking van de harmonisch warmte-
stroming. Struwe heeft een inleiding van de theorie van harmonische afbeeldingen
geschreven in [76]. In [75] verkrijgt hij regulariteitsresultaten die direct kunnen ge-
bruikt worden in het geval van de LL-vergelijking. Het gebruik van deze resultaten
is besproken door Guo en Hong in [36].

Er is een grote leemte in de theorie van harmonische afbeeldingen tussen gek-
ende resultaten van het 2D- en het 3D-geval. De aard van het probleem verandert
drastisch wanneer men meer dan twee dimensies beschouwt. Dit fenomeen heeft als
gevolg dat veel minder gekend is over regulariteitsresultaten van de exacte oplossing
van de LL-vergelijking in 3D dan bij lagere dimensie.

In ons werk bestuderen we eerst de enkelvoudige LL-vergelijking in 3D, zonder
de Maxwellvergelijkingen te beschouwen. In Hoofdstuk 7, zie Figuur 2.7, leiden we
regulariteitsresultaten af, zoals

2p+1

ma {62108 il + 7 V07 s + A0 ) < €,
te (0,70




4 Samenvatting (in Dutch)

met p een niet negatief geheel getal en  het tijdsgewicht gedefinieerd als

k(s) = 0, voor s < 0,
" | min{l,s}, voor s> 0.

De sleutelafschatting om dit resultaat te bewijzen is

max ||mlyz2 < C,
te(0,To)

wat bekomen werd door Carbou en Fabrie in [18].

In het volgend hoofstuk ligt de nadruk op een volledig Maxwell-LL systeem. Om
gelijkaardige resultaten te bekomen als in Hoofdstuk 7 hebben we een afschatting
nodig vergelijkbaar met het hulpresultaat van Carbou en Fabrie. We tonen aan dat

max m 2+ E o+ H , <C,
tE(O,Tg){” HW22 || ||W12 || ||W12}_

wat een nieuw resultaat is het 3D-geval. Een bewijs wordt gegeven in Sectie 8.5,
zie Figuur 2.7. We bekomen een rij van eindigdimensionale ruimtes die de vector-
ruimtes benaderen waartoe de verwachte oplossingen behoren. Vertrekkend van deze
eindigdimensionale ruimtes construeren we een rij van benaderingen die convergeren
naar de oplossing van de LL-vergelijking.

We bewijzen regulariteitsresultaten voor benaderingen die robuust genoeg zijn
om op de oplossing van de LL-vergelijking getransfereerd te worden. Bovendien
bewijzen we dat de oplossing van de LL-vergelijking lokaal uniek is. Met andere
woorden, dat er een positieve Ty bestaat zodat de oplossing van de LL-vergelijking
uniek is op het interval (0,7p). Op deze manier verkrijgen we de bovenvermelde
originele afschatting.

Uiteindelijk gebruiken we de resultaten van Hoofdstukken 7 en 8. We introduc-
eren een semi-impliciet schema in 3D. Convergentieresultaten worden bewezen in
Hoofdstuk 9. Dit schema bewaart niet de lengte van de magnetisatie. We weten
enkel dat deze lengte weinig varieert en bovendien afneemt bij dalende discretisati-
estap. Voor meer details verwijzen we naar Stelling 9.2.

In de literatuur zijn andere schema’s beschreven die enkelvoudige LL-vergelij-
kingen of volledige M-LL-systemen behandelen, waarbij de uitwisselingsterm in acht
wordt genomen. Deze schema’s zijn gebaseerd op penalisatietermen, die het verschil
tussen |m‘| en |mY| penaliseren. Dergelijk schema leidt tot resultaten die beter zijn
in de zin van het bewaren van de modulus.

Deze methode werd gebruikt door Prohl in [61] voor het 2D-geval. Het is
mogelijk om deze resultaten uit te breiden naar drie dimensies; dit wordt kort
beschreven in Hoofdstuk 10. Daar deze extensie zeer technisch is, laten we hier
de details achterwege.




Berekeningen

Om de theoretische resultaten te controleren voeren we enkele numerieke berekenin-
gen uit. Hierbij ligt de nadruk eerder op de analyse. We beschouwen vooral
academische voorbeelden. Echt praktische toepassingen worden niet behandeld.
Hiertoe zou speciale, stabiele numerieke software dienen ontwikkeld te worden, wat
zeer tijdsintensief is en buiten de opzet van deze thesis valt.

De software ALBERT werd aangepast aan onze doeleinden. Voor een overzicht
van de mogelijkheden van ALBERT verwijzen we naar [63, 64]. Samen met 1. Banas
implementeerden we Whitney-elementen om magnetische en elektrische velden te
benaderen. Voor een overzicht van Whitney-elementen verwijzen we naar Hoofd-
stuk 3.




2 INTRODUCTION

(Not everything can be described by PDE’s)

Nowadays the study of magnetic materials and its behavior on very small scales is of
huge interest for several technological devices. Applications such as data recording
ask to understand the dynamics of the magnetization at nanometric scales. The
micro-magnetic simulation allow us to predict this behavior with high accuracy.

Next major challenge for the tape recording industry is to move the limits of the
information density stored on the magnetic medium. The amount of information
stored on one workpiece doubles approximately every 18 months. The techniques of
the recording, which were satisfactory 2 years ago, are not sufficient any more. To be
able to improve these techniques one must understand what happens on very small
scales. Micromagnetics suggest a physical model describing dynamics of sub-micron
magnetic systems.

2.1 Maxwell’s equations

In the theory of electromagnetism several vector fields describe the behavior of the
medium and its properties. We consider the case of a time-varying field when electric
and magnetic fields exist simultaneously. Then the following vector fields

H magnetic field intensity (4 m™1);
E electric flux intensity (V m™1);
B magnetic flux density (magnetic induction) (Wb m=2);

D electric flux density (C m~=2);
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J electric current density (4 m~2);
and the function
p electric charge density (C m™3),

have to be considered to describe the whole process. The properties of the media
involved are described by

¢ permitivity of medium (F m~1);
i permeability of medium H m™!;

o conductivity of medium (S m™1).

Of course, there are special cases, when the material properties allow us to consider
only some of these vector fields. For a more detailed review on the physical origins
of these vector fields and constants describing material properties we refer to [15,
58, 70, 79].

The equations describing electromagnetics are called Mazwell’s equations. They
can be written in differential form as

VxH = J+0D,

VxE = -0,B,
V-D = p,
vV-B = 0,
for general time-varying fields. The fields are linked by so called constitutive laws
D = ¢E
J = Jo+J.=Jo+0E

describing macroscopic properties of the medium. The electric current density J
can be split into a field dependent part J. and a given value Jg.

There is one more relation which we did not mention above: the relation between
the magnetic field H and the magnetic flux density B. In several situations one
assumes that

B =uH,

where p is permeability of the medium. This approach is of course idealistic and is
valid only in a few very special cases. In general the dependence is nonlinear. For
ferromagnetic media the so called Preisach model is widely accepted, for a detailed
description see [6, 55, 80]. However, the model describes the relation between B
and H from a macroscopic point of view. Thus this model is not accurate for the
applications demanding a microscopic description of the phenomena. We introduce
another model based on the microscopic analysis of electromagnetic problems. For
an overview of existing models and their numerical implementations we refer to [46].
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2.2 Micromagnetism and free energy

For the purpose of a better understanding of the problem another vector field is
introduced. We consider a magnetic body, made of a ferromagnetic material, which
temperature is below a critical value, the so called Curie’s temperature depending
on the material. This ensures that thermal effects are negligible, see [49, 85]. The
body is divided in elementary physical volumes AV being large enough to contain
many atomic moments. The magnetization vector M is defined as the vector sum
of the dipole moments in a unit volume AV. In such a way we can suppose that
the magnetization vector M, computed as a sum of individual atomic moments, has
the same length for every volume AV to which M is associated so that

IM(r)| = M(r), for allr,

where r is a position vector. In general M(r) depends on the position r but for
every r remains constant throughout the time evolution. We consider the case
when M(r) = M is constant in the space, otherwise, we would gain only extra
terms, that are constant in time. Thus this simplification is reasonable. Moreover,
we suppose the elementary volumes AV to be small enough that the magnetization
can be considered to be continuous in space. For simplicity we define the normalized

vector with modulus 1 by
_M 2.1)
m= . (2.
In a paramagnetic or diamagnetic medium M will be proportional to B, the
constant of proportionality being negative for diamagnetism, positive for paramag-
netism. For a ferromagnetic medium the relationship between M and B is given
by
B = p(H+M).

Since a new vector field was introduced, we have to add an equation to have a fully
determined system. We will discuss the derivation of this equation in Section 2.3.

Let us have a look on the energy of the whole electromagnetic system. There are
several contributions to the total energy. Each contribution represents a different
property of the material or different phenomena in the whole process.

Magnetostatic energy

To describe clearly the origins of magnetostatic energy let us focus only on a very
simplified and idealistic model. Suppose the magnetic body to be represented as
an assembly of elementary magnetic moments. It is assumed that magnetostatic
interactions are the only relevant mechanism.

The magnetostatic energy represents the mechanical work spent to build up the
body by bringing its magnetic moments, one after the other, from infinity to their
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final position, as depicted in Figure 2.1. Of course, this is an idealistic view and no
one can even imagine building up a piece of iron in this way. But this approach is
very useful as demonstrated in more detail in [6].

1

Figure 2.1: Locating elementary moments in a macroscopic body.

The magnetostatic energy denoted by Fgem can be written as
Edem = / <M7Hdem>d‘/a
1%

where Hgep, denotes the demagnetizing field. For actual computations of Hgey, it is
necessary to take into account the shape of the magnetic workpiece. We again refer
to [6] for a detailed description of origins of demagnetizing field and of ways how
to compute it for different settings. For example, for uniformly saturated samples,
the field may be given in terms of a demagnetizing constant

Hyem = —N -M.
In particular, for symmetric bodies with symmetry axis coincident with the coordi-

nate axes, IV is simply a diagonal matrix.

Anisotropy energy

The properties of a magnetic material are in general dependent on the directions in
which they are measured. In the absence of all external forces, the magnetization
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M would align itself in one or more specific directions in the crystal lattice. We call
these directions easy azes of the material.

To rotate the magnetization away from the easy axis involves energy, namely
anisotropy energy denoted by FE.n. The energy density of E,,; denoted by fani
depends only on the direction in which the magnetization points out. If M is
aligned with one of the easy directions, the value of f,,; will be small; otherwise
it will be bigger. To depict this energy density we can draw a surface around the
origin. The value fon;(M) is then the distance from the origin to the point on the
surface lying along the direction M, see Figure 2.2. Thus we see in one picture the
whole anisotropy energy for all directions M.

Knowing the energy density fani, we compute the anisotropy energy as

Eani:/ fanidV-
1%

face of f;

Figure 2.2: Graphical representation of anisotropy density
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Uniaxial anisotropy

Let us describe the case when only one preferred direction controls the anisotropy
energy. Suppose this direction is along the z-axis. Denote by 6 the angle between
M and the positive part of the z axis. Then the anisotropy energy depends only
on the relative orientation of M with respect to the z axis. Under these conditions,
the anisotropy energy is an even function of the magnetization component along z
axis, mz = cosf. It is common to use m} +m3 = 1 —m3 = 1 — cos?># = sin? 6,
instead of cos?f), as the expansion variable. Thus the energy density fan; will have
the general expansion

fani = Ko + K1 sin?(0) + Ky sin*(0) +sin®(0) + . .. (2.2)

where K1, Ko, K3, ... are the anisotropy constants. For the moment, let us limit our
considerations to the case, where the expansion is truncated after the sin®# term.

For one kind of uniaxial anisotropy, when M is aligned with the z-axis, fani
is minimal. If M is perpendicular to the z-axis, the anisotropy energy density is
maximal, see Figure 2.3. Here the anisotropy constants are Ky = 0.1, K1 = 1 and
K,=0fori=2,3,...

Figure 2.3: Uniaxial anisotropy for Ky = 0.1 and K; =1

It is possible also to consider an inverse setting. Some materials behave in such a
way that an easy axis doesn’t attract but repels the magnetization. In this case the
anisotropy energy density is minimal when M is lying in the plane zy and maximal
when M aligns the z-axis, see Figure 2.4.

Let us consider the case where K; > 0 and M lies along the easy axis. Let
us take the energy of this state as zero energy level. For small deviations of the
magnetization vector from the equilibrium position, the anisotropy energy density
can be approximated, up to second order in 6, as

fani £ K1 = 2K; — 2K, cosf
2K,
= 2K; — ugM cosf = 2K; — (M, H,,;). (2.3)

oM
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The dependency of the energy is the same as if there was a field H,y; of strength
2K /(poM) acting along the easy axis. The anisotropy field H,y; gives a natural
measure of the strength of the anisotropy effect and of the torque to take the magne-
tization away from the easy axis. H,y,; will often appear in treatments of magnetic
free energy.

Figure 2.4: Uniaxial anisotropy for Ky = 1.1 and K; = —1

For other types of anisotropy see [6].

Exchange energy

In the following we use the normalized vector field m; for its definition see (2.1).

Although the modulus of m is constant, its orientation can vary from point to
point, see Figure 2.5. Because of the interaction between neighboring volumes, it
costs additional energy to change the direction of the magnetization. We call this
the exchange energy. This energy can be measured by the gradient of m and the
simplest approximation of exchange energy can be written as

Feoxe = / Acxe [(Vmy,)? + (Vmy,)? + (Vm,,)?] dV
1%

/ Aexe| Vm|?dV
|4

where Agyc is a material constant, see [6].
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Figure 2.5: Different orientations of the magnetization vectors

Zeeman’s energy

The magnetic system can be influenced by an externally applied field. The same
kind of influence can have also a field caused by electric currents which can be
described by Maxwell’s equations. This type of field is called applied field and we
denote it by H,pp,. It interacts with the magnetization and creates an energy called
Zeeman’s or applied field energy. This energy contribution is simply given by

Eopp = /(Happ,M>dV.

Magnetostrictive energy

The mechanisms responsible for crystalline anisotropy also give rise to energy varia-
tions when the relative positions of the magnetic ions in the lattice are modified, that
is, when the lattice is distorted. Due to the presence of magneto-elastic coupling to
the lattice, the system will spontaneously deform in order to minimize its total free
energy, and the ensuing deformation will be function of the magnetic state of the
system. This phenomenon, in which the magnetic system gets deformed when it is
magnetized, is called magnetostriction and the energy involved is magnetostrictive
energy.

A complementary role is played by the so called inverse magnetostrictive effect,
in which, again through magneto-elastic coupling, the deformation produced in
the system by an externally applied stress makes certain magnetization directions
energetically favored, so that the system will tend to align its magnetization to those
directions.

We do not consider this energy term in the next chapters any more. Magne-
tostriction was studied for example in [81, 82] and in [14, 62]. In particular, the
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scheme introduced in Chapter 5, considering also the magnetostrictive energy, was
discussed by Banas in his PhD thesis [4] and together with Slodi¢ka in [5].

Above we have described important energy contributions that have to be taken
into account for the total energy of the micromagnetic system. All these energies
have totally different origins and their effect on the system is really dependent on
the setting. We are interested mostly in the exchange, anisotropy, magnetostatic
and applied field energy. To summarize all contributions we get

Etot = Edem + Eani + Eexc + Eapp
1

= 77/<M,Hdem>dv+/ 2K1 — (M, Hoyi)dV
2 \4 \4

+ / Aexe| Vm|2dV + / (Happ, M)dV.
1% v

For a better understanding of situations when particular energies are large and
when they are minimal, see Table 2.1. The exchange energy is large when the mag-
netization rapidly changes in space. When magnetization vectors are aligned to each
other, then the exchange energy is minimal. For anisotropy effects to appear it is
important that the direction of M is close to one of the easy axes. When a magnetic
body is symmetrical and the direction of M is opposite in every two symmetrical
points, then the magnetostatic energy vanishes. Finally, if the magnetization aligns
the direction of the applied field, Zeeman’s energy is minimal. When M becomes
perpendicular or even opposite to the applied field then applied field energy rises.

2.3 Landau-Lifshitz equation

In the beginning of Section 2.2 we have mentioned that for a fully determined system
of equations describing the electromagnetic phenomena, we need a new equation for
the magnetization. Let us find out how does this equation looks like.

First, we have to understand that any system can only feel the magnetic field
that results from an energy change. So we have to derive a total effective field,
denoted by Heg, acting on the magnetization as derivative of the total energy F'ot

Heg = 8ME‘tot-
Denoting the exchange field by Heyc, we define
Hexe = 2AcxcAm.

Together with the definitions of the anisotropy, applied, and demagnetizing fields,
the derivation of E. with respect M leads to

Heff = Hdem + Hani + Hexc + Happ~
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Type of energy

Minimal values

Large values |

Exchange energy ‘ ‘

Yald

T
¢T¢Tt
N

T

easyax&
X
/' / N
Anisotropy energy \ .
/ Y
Y
¢T iy
Magnetostatic energy t 1
Y NF
_applied field |

Applied field energy

applied field

Table 2.1: Competing energies
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Having an expression for the field acting on the magnetization we are ready to
study the dynamics of m.

Precession of the magnetization

If the field H is acting on an elementary moment m;, it produces a motion of m;
described by
om; = —ym; x H, (2.4)

where v is the gyromagnetic factor. For more details we refer to [6, 49, 74]. We
consider the magnetization to be a sum of magnetic moments over the volume AV.
Therefore a similar equation as (2.4) will be valid for magnetization and the effective
field

Om = —ym X Heg. (2.5)

Let us have a closer look at the previous equation. Denote by a the vector product
ym X Heg. From the properties of a vector products it is clear that a is perpendicular
to m and thus the length of m does not change in time. This corresponds to the
fact that the modulus of magnetization has to remain constant. Furthermore, the
vector a is also perpendicular to Heg and thus a causes a circular movement of m
around H.g, see Figure 2.6. This is not acceptable, because it would mean that
m could never align Heg and the energy could never reach its minimal values. A

Figure 2.6: Precession of the magnetization vector around the magnetic field vector.
phenomenological way how to involve the dissipation of the energy is to add a new
term to the equation (2.5)

Om = —ym X Heg + b.

Immediately, we know that b has to be perpendicular to m to preserve the modulus
of m. Thus we get b = m x g. Since d should push m towards Heg, we choose
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g = aa, see Figure 2.6. Thus we get the expression
Om = —ym X Heg — yam x (m X Heg). (2.6)

This equation was introduced for the first time by Landau and Lifshitz in [48].
Therefore it is known as the Landau-Lifshitz (LL) equation.

The constant « is called the gyromagnetic factor and its value is very high, it
can reach 1.67 x 107. The constant o depends on the material and denotes the
damping parameter. Its values typically range between 0 and 1.

Gilbert’s approach

A different approach to this problem was proposed by Gilbert in [34]. His equa-
tion takes the form of the standard precession equation (2.5) with the field term
H.g augmented by a damping term which is proportional to the rate of change of
magnetization

8tm = —7ycIm X (Heﬂ‘ — agﬁtm).

The magnitude of the field components in the cross product is then reduced. Thus,
damping is incorporated implicitly as the precession direction is no longer perpen-
dicular to Heg. We write the Gilbert equation in its more familiar form

Om = —ygm X Hegr +ygagm x Oym. (2.7)

Although these two approaches seem to be different, it can be proven that they are
mathematically equivalent. To see this, compute the cross product of both sides of
(2.6) with m to get

m x 9y;m = —ym X (m X Heg) — yam x (m x (m X Heg)).

Using the identity
m X Heg = —m X (m X (m x Heg))

which holds because of |m| =1, we get
—am X Oym = aym X (m X Heg) — o?ym x Hg.
Summing up the previous equation with (2.6) leads to
om = —y(1 4+ o*)m x Heg + am x §;m.

Comparing the last relation with (2.7) and setting
Y(1+0*) =9 and ag= W_lﬁa

we get the equivalence, between the Gilbert and the LL equation up to the constants.
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2.4 Theory of the LL equation

The paper of Visintin [83] contains the first theoretical results concerning the LL
equation. He studied the system of Maxwell’s equations coupled with the LL equa-
tion considering both the exchange field and the anisotropy field. The case without
Maxwell’s equations was studied simultaneously in the papers [1] and [36]. They
showed the existence of a global weak solution for the LL equation. Moreover,
Alouges and Soyeur gave an example, in which the LL equation does not have an
unique solution. However, the initial condition in this example doesn’t belong to
the W?22(Q))— space. Therefore the question, if the LL equation has unique solution
when we consider smooth initial condition, is still open.

Later, Guo, Ding and Su in [35, 37] proved the global existence of a weak solution
for the Landau-Lifshitz-Maxwell equations with Neumann boundary conditions in
two and three space dimensions.

In his PhD thesis [65] Seo intensively studies other types of regularity of weak
solutions as well as a priori gradient estimates for weak solutions and well-posedness
of the LL equation.

Guo and Hong discussed the question of uniqueness in two space dimensions in
[36]. The same subject was studied in more detail in [21] and [24] by Chen and
Guo. They proved that any weak solution with finite energy is unique and smooth
with the exception of at most finitely many points. Chen devoted his paper [23] to
the study and localization of these singularity points.

All the above authors have considered the LL equation with an exchange field.

Because of the high nonlinearity of the LL equation it is difficult to establish
rigorous numerical analysis of the methods used for the computations. Prohl and
Kruzik have written a survey paper about numerical methods for micromagnetics,
see [46]. The same authors together with Carstensen in [19, 45] proposed methods,
which deal with the nonconvexity of a minimizing functional using Young measures.
A different approach was used by E, Wang and Garcia-Cervera in [31, 84]. They
introduced a numerical scheme for the LL equation and compared this scheme with
other known schemes.

Joly, Komech, Vacus in [41] studied long-time convergence of solutions to the
Maxwell-LL equations. The same authors together with Monk, see [43, 59] are
interested in the numerical modeling of absorbing ferromagnetic materials. They
proposed a numerical scheme which conserves the magnitude of magnetization, but
they did not prove any error estimates in time. For more details we refer also to
[78].

A similar problem was studied by Slodicka, Banas and the author of this thesis
in [71, 72]. They suggested a new numerical scheme conserving the magnitude of
magnetization and they also proved error estimates in time. They considered the
LL equation in a simplified form considering a demagnetizing and anisotropy field
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but without an exchange field. More results on this scheme can be found also in
[26, 27, 28, 73].

We mention also strong numerical analysis of Monk and Vacus, see [60], consid-
ering the full Maxwell-LL system, where the LL equation was considered with an
exchange field. They proved the existence of a new class of Liapunov functions for
the continuous problem, and then also for a variational formulation of the continuous
problem. The authors also showed a special result on continuous dependence.

Next, numerical analysis for the two dimensional LL equation with an exchange
field was done by Prohl in his monograph [61]. The author has proved some new
regularity results for an exact solution of the LL equation. In this thesis we extend
these results to three dimensions. He has also suggested a specific numerical scheme
and he has proved error estimates in 2D. We adapt the scheme so that it becomes
computationally cheaper and moreover we prove error estimates in time in three
dimensions.

Carbou and Fabrie in [18] proved the local existence and uniqueness of regular
solutions to the LL equation in 3D. So in three dimensions, solutions to the LL
equation can blow up in a finite time. We study this case, when the existence and
uniqueness of the solutions to the LL equation is guaranteed by the theory only on
a finite interval.

Symmetrical solutions of LL equation

The single LL equation was intensively studied by Mayergoyz, Bertotti, Serpico and
Magni. We provide a brief overview of their work, with references included in the
text below.
Consider a special setting for the LL equation. Take the exchange field Hog of
the form
Heg = Happ + Hgem + Hayi.

Since we do not consider the exchange term, we work only with uniformly magne-
tized sample. Nevertheless, it is shown that in this simple case the system exhibits
complicated nonlinear phenomena such as symmetry breaking, bifurcations, quasi-
periodicity and chaotic behavior. It is then desirable to understand this simple case
before going to the complicated ones.

Moreover, suppose that the domain 2 has a spheroidal shape with the axis of
the symmetry parallel to the z-axis. Furthermore, suppose that the material has
an uniaxial anisotropy with the axis again parallel to the z-axis. Next we use the
symbol L (|| respectively.) to express correspondence with the plane zy (axis z,
respectively.) The sample will be subject to the applied field H,,,, which will be
constantly rotated around the z-axis with constant magnitude. More specifically
we have

Happ =H, + HHeZ7
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where H, | has a constant amplitude and is rotated with angular frequency w with
initial angles 0, 8, so that

H, =e,H,, cos(wt+0,)+ e, H,, cos(wt+86,).
Next, the demagnetizing field Hgey, is of the form
Hiem = —N1mj — Nymje.,

where m | denotes component of m perpendicular to the z-axis and m denotes the
length of the component of m parallel to the z-axis. Finally, the anisotropy field
will be given by

H.n = KH (m,e.)e.,

where K| is an anisotropy constant. Summarizing all components we arrive at
H.g = HaJ_(t) — N m, + ez[HH — (N“ - K”)m”}

With this setting the authors are able to derive analytical solutions when the
applied field is circular, which is guaranteed when H,, = H,,, see [12, 13]. An
analytical expression for the solutions of the LL equation is very useful for testing
numerical schemes, as can be seen in Chapter 6. If the field H,y, is considered
to be constant and applied in the plane perpendicular to the anisotropy axis, the
problems seem to be simpler, but this is not the case. In [11] the authors perform a
rigorous analysis of the precessional magnetization and they again derive analytical
solutions. The closed formulas in terms of Jacobi elliptic functions are based on the
exact integration of the LL equation.

As soon as the values of H,, and H,, are different, the mathematical formulation
is not rotationally symmetric in the xy plane. However, it can be easily verified that
this formulation is invariant with respect to reflection around the origin of the plane
xy. The study of this case was done in [67].

We refer to [7, 52, 54, 56, 66] for further studies of the LL equation.

When the field H,, consists not only from one circularly rotated field, but
consists of two circularly rotated fields in opposite directions, we speak about a
radio-frequency field. To analyze this case a perturbation technique was developed
in [8]. The study of spin-wave instabilities is provided in [9, 10]. The authors study
in a analytical way the stability of large magnetization motions in systems with
uniaxial symmetry under a circularly polarized radio-frequency field. They derive
instability conditions valid for arbitrary values of the amplitude and frequency of
the driving field. Moreover, they show that the input powers capable of inducting
spin-wave instabilities are bounded both from below and above. It means that
sufficiently large motions are always stable.

In [53] eddy-current effects were included in the previous model. The coupling
between the LL equation and eddy currents was discussed in [57]. The system is a
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metallic thin disk lying in the xy-plane and therefore the total in-plane contribution
will include also the Heqqy field computed from the general eddy-current law. The
exact analytical solutions were derived under the assumption of small thickness of
the material.

Concerning numerical techniques an interesting scheme was introduced in [68].
The scheme takes also into account the exchange field and is similar to those de-
scribed in Chapter 4. However, the authors do not mention any convergence results
or error estimates. They indeed prove quadratic accuracy of the scheme and provide
a number of numerical experiments.

2.5 Overview of the thesis

In this work we focus on the numerical analysis of the LL equation. We develop
several numerical schemes based on time stepping. The problem is not fully dis-
cretized. The space discretization of all schemes mentioned here can be considered
as work for the future. However, we think, that the space discretization of the LL
equation is not an equally challenging part of the problem as the time discretization.

Our work can be split in three parts. First, in Chapters 1-3 we summarize the
generalities. In the next part (Chapters 4 to 6) we are interested in the case when
the effective field Heg is considered without the exchange energy term. In the third
part (Chapters 7 to 10) we include this term and we study the LL equation with
the exchange field.

Second part

The case without the exchange term describes a uniformly magnetized medium or
other settings, when the exchange effects are very small in comparison to the other
contributions of Hgg.

In Chapter 4 we first describe the natural approach to the time discretization
of the LL equation which was followed by Joly, Vacus, Monk, Bertotti and others.
The idea used in their work is the called mid-point rule.

The LL equation in the continuous form has a property that the modulus of the
magnetization remains constant in time. Then, of course, natural demand on nu-
merical schemes is to preserve this important physical feature. The implementation
of mid-point rule enables the schemes to fulfill this requirement.

The idea of the mid-point rule is based on an the well-known fact that if the
scalar product (a — b,a + b) vanishes then the modulus of a is the same as the
modulus of b.

Let us discretize the LL equation in time in the following way. Imagine that a
corresponds to m in time ¢;; denote this value by m?, and let b correspond to m*~!
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Then, the expression (a — b)/7 corresponds to the time derivative of m. Next, of
course, the expression (a+b)/2 corresponds to m in time ¢; /5. We show that it is
possible to implement the previous expressions into the LL equation in such a way
that we obtain

<(mi — mi_l)/r, (mi + mi_l)/2> =0,

which gives the desired relation |m‘| = |m?~!|. For more details on this topic see
Chapter 4.

In Chapter 5, see Figure 2.7, we use a different approach to this problem. We
do not discretize the time derivative. We let the time vary continuously through
the interval (¢;_1,t;). We fix the other vectors in such a way that the LL equation
is of the form

(9,511:(1 X u in (ti—l,ti)y

where d is a constant vector on (¢;_1,t;). This ordinary differential equation can be
solved exactly. Thus we get a continuous approximation of m. We also introduce a
modification of this scheme where the LL equation has a quadratic form

du=dxu+(gxu)xu in (tiz1,ti),

which can be solved exactly on (¢;_1,¢;) too. For more details see Chapter 5.

For both schemes we derive error estimates, which is not the case for the schemes
based on the mid-point rule.

In Chapter 6 we modify our schemes to obtain a better rate of convergence, see
Figure 2.7. The modification is based on the iterations that are made on every time
step. These iterations converge thanks to the contraction properties. The limit,
or better, the fixed point of these iterations, approximates the exact solution with
higher accuracy and therefore the rate of convergence is higher.

Third part

In Chapters 7 to 10 we deal with the LL equation when the exchange field is a part
of the effective field Heg. This setting is quite challenging because the exchange
term makes the LL equation to be a partial differential equation. Without Heg the
LL equation was an ordinary differential equation.

For the proofs of convergence results for the numerical schemes it is necessary
to have a detailed analysis of the LL equation. In Section 2.4 we have mentioned
the overview of theoretical and numerical results on the LL equation. We use these
results in numerical analysis, but in some cases it is necessary to extend them.

The study of the LL equation can benefit from the theory of harmonic mappings.
Its form is very close to the equation of the harmonic heat flow. Struwe introduced
the theory of harmonic mappings in [76]. In [75] he derives a regularity result that
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can be directly used in the case of the LL equation. The application of these results
was summarized by Huo and Hong in [36].

There is a big gap in the theory of harmonic mappings between known results
for the 2D case and for the 3D case. The nature of the problem changes when
going from two to higher dimensions. This phenomena causes also that much less
is known for regularity results of the exact solution to the LL equation in 3D than
in the lower dimensional case.

In our work we first study the single LL equation in 3D without considering
Maxwell’s equations. In Chapter 7, see Figure 2.7, we derive regularity results
which can be written using standard symbols and notations, see List of symbols,
page 170, as

2p+1

%a%){ﬂpnaf“mngm : ||V8f’+1m\|2+/<”+1||A8f+1mH2}gC, (2.8)
te (0,70

where p is a nonnegative integer and  is the time weight defined by

k(s) = 0, for s <0,
" | min{l,s}, fors>0.

The key estimate for proving (2.8) was found to be

2 <C, 2.9
o il < (2.9)

which was obtained by Carbou and Fabrie in [18].
In Chapter 8 we focus on the full Maxwell-LL system. To establish a similar
results as in Chapter 7 we need an estimate similar to (2.9)

max {[m|wz2 + [[E[wz + [H|wr2} < C. (2.10)
t€(0,To)

This result for the 3D case was not known before. In Chapter 8 we prove it, see
Figure 2.7. We establish a sequence of finite-dimensional spaces approximating the
vector spaces to which the solutions are expected to belong. Then, we construct a
sequence of approximations from these finite-dimensional spaces, converging to the
solution of the LL equation.

We prove regularity results for the approximations, which are robust enough to
be transfered to the solution of the LL equation itself. Moreover, we prove that the
solution is locally unique, in other words we prove that there exist a positive Tj
such that the solution of the LL equation is unique in the interval (0, Ty). In such a
way we obtain the estimate (2.10).

Finally, we use the results from Chapters 7 and 8. We introduce a semi-implicit
scheme in 3D. We prove convergence results in Chapter 9. This scheme, however,
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does not preserve the length of magnetization. The only result we know is that, in
some sense, this length changes very little and that with decreasing discretization
step also the change of the length becomes smaller. For more details see Theorem
9.2.

In the literature exist other schemes dealing with the single LL equation or
the full M-LL system, considering the nonzero exchange term. These schemes are
based on penalty terms, which penalize the difference between |m’| and |m°|. Such
a scheme gives better results with respect to the conservation of the modulus.

This approach was used by Prohl in [61] for the 2D case. It is possible to extend
his results also in three dimensions. We suggest how to do this in Chapter 10.
However, this extension is more-less straightforward and we don’t go into details.

Computations

For the verification of the theoretical results it is desirable to perform real compu-
tations. However, this thesis is oriented more on the analysis. We provide most
calculations on academic examples. We do not focus on highly practical applica-
tions. For that aim it would be necessary to invest much more time in developing
of robust numerical software.

For our purposes we adapted the software ALBERT. For the overview of AL-
BERT'’s features we refer to [63, 64]. Together with Banas we implemented Whitney
elements in order to approximate magnetic and electric field. For an overview of
Whitney elements see Chapter 3.
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3 WHITNEY ELEMENTS

(Although this may seem a paradox, all exact science is dominated by the idea of
approximation. Bertrand Russell)

This chapter can be considered to be independent from the other chapters. There-
fore it can be skipped. We summarize basis of the theory of Whitney elements. For
a more exhaustive introduction to Whitney elements we refer to [15].

In Section 3.1 we introduce some notations and define the orientation of tetrahe-
dral simplices. In Sections 3.2-3.5 we build up four classes of Whitney elements and
we point out some interesting metric properties which help to develop a computer
code.

Next, in Section 3.6 we approve the use of Whitney elements for approximating
the fields E and B. We confirm that this kind of elements satisfy continuity con-
ditions when going from one element to the other, which is an important physical
feature of the fields E and B.

Finally, we mention the embedding properties of the spaces build on the Whitney
elements in Section 3.7. These embedding properties are equivalent to those for
spaces H'(Q), H(curl; Q), H(div; Q) and L*(Q).

3.1 Notations

Each tetrahedra will be denoted by T'. (E.g. T1, T3, ...) We use numbered symbols
n for vertices of any tetrahedra. (E.g. na, ns, ...) We sometimes simply write 0,
1, 2 for vertices. For edges we use a numbered letter e, for faces a numbered letter
f. Let us introduce N}, as a set of all vertices of the mesh, &, a set of all edges of
the mesh, Fy, a set of all faces and finally 7}, a set of all tetrahedra.

26
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Orientation of the simplices

Every component (except of vertices) has its own orientation. Edge e = {01} is
oriented from the vertex 0 to the vertex 1. Thus, in a point of the edge one can say
which one from two possible directions along the edge is the positive one.

In a point of a face one can say which one from two possible rotations is positive.
If we have for example the face f = {012}, as is depicted in Figure 3.1 (left), the
positive rotation is from the vector 01 to the vector 02. It means that the specified
direction in the figure is negative.

One can define the orientation of the face f = {012} as following: If you make a
vector product v = 01 x 02, the vector v defines the orientation of the face. Then
if we have a positively oriented tetrahedra T' = {0123}, its boundary is oriented
outside from the tetrahedra and one can say if the orientation of the face f matches
with the orientation of boundary of T. In the case depicted in Figure 3.1 (right),
they don’t match.

Figure 3.1: Orientation of the face

The orientation of the tetrahedra T' = {0123} follows from the rule of the right
hand. We place vertex 0 to the palm of right hand. If it is possible to set the
hand in such a way that vector 01 (02, 03, respectively) follows the direction of
the thumb (forefinger, middle finger, respectively), then tetrahedra T is oriented
positively. Otherwise it has a negative orientation.

If e; = {01} belongs to &, then edge {10} doesn’t belong to &,. The same holds
with faces and tetrahedra.
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Tangential and normal part of the vector field

We will introduce the term tangential part and normal part of a vector field. Con-
sider vector field h and some surface S. In point z we make a tangential plane T}, to
the surface S. The normal part of h is the projection of h to the normal direction
of the plane T,. The tangential part of the vector h is projection of h to the plane
T,, see Figure 3.2.

Figure 3.2: Tangential and normal part of the vector field

3.2 Nodal Whitney elements (WE)

Whitney elements are special kind of finite elements. We will study the 3D-case on
a tetrahedra mesh. We will discuss finite elements which are linear on one element.
The purpose of this study is to describe electromagnetic fields. The notation comes
from the dimension of simplex to which WE belong. We consider four kinds of
components of tetrahedra: vertex (node), edge, face and tetrahedra itself. Thus
Whitney elements will be denoted as 0-elements (nodal elements), 1-elements (edge
elements), 2-elements (facial elements) and 3-elements (tetrahedra elements).

In Galerkin approximations we have one basis function for each vertex n of the
mesh. It is the only one continuous, linear function which has value 1 in the vertex
n and 0 in other vertices. The equipotential levels are depicted in Figure 3.3. We
call this element nodal Whitney element and we denote this function by w,. It is
worth to notice that

Wn, (nj) = 62’]'7 Vi, j.

The latter implies that w,(x) = 0 on a tetrahedra that does not contain vertex n.
This feature causes the sparseness of the system matrices.

Let us study the gradient of wy. The gradient of a linear function is a constant
vector. The direction of the gradient is perpendicular to the plane {123}, see Figure
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Figure 3.3: Equipotential levels of the nodal basis function

3.4. We compute the circulation of Vwgy along the height A0 of the tetrahedra by
two different ways. Let us denote the unit directional vector of A0 by t. Then

0 0
/(Vwo,t):|Vw0|<t,t):/ Vo] [£[2 = |A0||Vawo|.
A A

Using the fact that we are integrating the derivative of the function wqy along the
curve A0 we can write

0
/A (Vwo,t) = wo(0) —wo(A) =1-0=1.

Subsequently, the equation for the length of the gradient wq reads as
|V’U)0|h0 = 1, (31)

where hg is the height of the tetrahedra from the vertex 0. The unit normal vector
t of the plane {123} can be rewritten as

-~ _13x12.
T T 3% 12

The doubled area 2|f] of the face f = {123} is equal to |13 x 12| and the volume
|IT| of the tetrahedra T' = {0123} can be computed as 3 |f|.ho. Therefore we have

11
Vo = [Vwlt = — 13 x 12
wo = [Vuwolt = 3 e o
_ 1 _ 1
2 13x12= 13 x12.

- 3(T1 21 - 6T
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Figure 3.4: Gradient of the nodal function

Some identities

The following identities hold in tetrahedra T' = {0123} and face f = {123}:

T

/]
|01
1

/ (wn) (wa) ()"
T

/f (wo)! (w1 Y
V X (wy Vwy)

ng X V’LU3

/wi, 1=0,1,2,3,

T

3[T|[Vwol, f= {123},
6 ‘T| \ng X VU)3|,

6 |T| det(le,ng,ng),

i171k!
6|7 ——————,
||u+j+k+$!
ilj!
2| ——=
/] (i+75+2)!
VW, X Vwy,
01
67|

From the above equations we can also derive identities for other edges and faces by
cyclic replacement. For tetrahedra T'= {0123} we have

le X V’wo =

VU}Q X Vwo =

ng X Vwo =

32
ma

13
m’

21
m.
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Figure 3.5: Tetrahedra with nonzero w,

3.3 Edge Whitney elements

Using these elements we approximate the electric field. The reason will be given
later. We define a vector field w, associated with the edge e = {01} on tetrahedra
T = {0123} by the following relation

we = woVw, — w1 Vwy. (3.10)

On all tetrahedra that do not contain vertex 0, both wy and Vwg are equal to 0.
Therefore, w, is zero. This is true for the vertex 1, too. It means that w,. is nonzero
only on a tetrahedra that contain the edge e = {01}, see Figure 3.5. Thus we have
again the property, which causes the spareness of the system matrix.

There is a geometric interpretation of we, depicted in Figure 3.6. We can see
that in the vertex 0 the value of wy is zero and the value of wq is one. Thus we(0) is
in fact the vector Vwy, similarly we(1) is the vector —Vwy. Moreover it is a linear
function on the tetrahedra.

Why this definition of the basis function? Let us compute the circulation of w,
along the edge e. Realizing that the directional vector of the edge e = {01} is the

vector t = ‘8—%', we write the first part of the integral

/(t,wovw1>/<g—i|,wovwl> Oill<o1,vw1>/ewo. (3.11)

€ (&

The scalar product (01, Vw;) is equal to |01]||Vwi|cosa, where « is the angle
between the vectors 01 and Vw;, see Figure 3.7. Because of the identity |01 cos o =
h1, we can write

(01, Vwy) = |01||Vws| cos a = hy|[Vwy| =1, (3.12)
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due to equation (3.1). Thus, we can complete the computation of the first part of
the circulation of w, along the edge e with

1 1
/(t,wOVw1> = |0—1<01,Vw1>/w0 = w/wo (313)

This together with the second part of w, gives

/e<t,we> = /e(t,onwﬁ - L(t,wlvw0> _ (3.14)
/e<t,w0vw1> +/ (t, w1 Vwo) = (3.15)

= ﬁ (/ewo + ]:w1> =1, (3.16)

because wg + w1 = 1 on the edge e.

We see that if we compute the circulation of w,. along the edge €', it is zero if
e’ # e and it is one if ¢/ = e. Thus we have an analogue to the similar property of
nodal Whitney elements.

Figure 3.6: Geometric interpretation of w,

3.4 Facial Whitney elements

To approximate the electric induction B, we define facial elements. One element
is linked to the face f = {123} of the tetrahedra T' = {0123} by two equivalent
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0

Figure 3.7: Computation of the scalar product

relations

wy = 2(w1Vw2 x Vws + waVws X Vwy + w3Vw, X ng), (317)

1
wy = m(w101+w202+w303). (3.18)

Notice, that the facial element is nonzero only on two tetrahedra with a common
face. The latter definition of wy is valid only if the orientation of the face f matches
with the orientation of boundary of T'. In the latter case they match. The definition
of wy on the tetrahedra T' = {4321} will be different. T” is positively oriented, his

boundary is oriented outside from T and doesn’t match with the orientation of the
face f = {123}. Thus, the definition of wy on tetrahedra 1" is

wy = —2(w1Vwy x Vws + waVws X Vwy +wzVw; x Vws),  (3.19)
1
wy = —m(wﬂl + w42 + w343). (3.20)

The equivalence of the definitions comes from the vectorial identities

Vws (03, Vws)01 — (01, Vws)03 01
\% \Y% = (03 x 01) x = _
wa X Vs = ( )X ST 61T Tk

because vectors 01 and ws are perpendicular, thus (01, Vws) = 0, and because
(03, Vws) = 1, which comes from (3.12). The geometric interpretation is depicted
in Figure 3.8.
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Figure 3.8: Facial WE

We can easily see that the flux of this vector field through the faces {012}, {023}
and {031} is zero, because the normal part of this vector field on these faces is zero.
Let us compute the flux through the face f = {123}. The normal vector n of the
face f can be written as —Vwg/|Vwy|. We can easily verify that

/fwl-—§|f|.

Then
1 1
/f(wf,nf> = —ﬁw—wo(/f<w101,Vw0>—&—/f(w202,Vwo)
+/<w303,Vw0>>
f

The equation (3.12) gives (0i, Vw;) = —1, for i=1,2,3. If we notice that 3 |T'| |Vwg| =
|f|, see equation (3.3), we can write

1 1 1 1 1
Jwsons) = S G M+ 511+ 510 =1

3.5 Tetrahedral Whitney elements

We use constant functions for approximating L2(€2). The basis function wrp will
be such a constant on tetrahedra T that after integrating this constant over the
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tetrahedra 7', the result is 1. This leads to

3.6 Continuity properties

For a good approximation of physical fields it is necessary to demand some kinds
of continuity properties on approximating elements. We will use edge Whitney
elements for the approximation of the magnetic intensity field H. This field has the
property of continuity of the tangential part. It is important that our approximating
element also have a tangential part continuous while moving from one tetrahedra
to another one.

Tangential part of the edge elements

Figure 3.9: Tangential part of edge WE

If we have an edge element w, = woVws — w3Vwy, it is sufficient to show that
the tangential part of Vwg is continuous through the faces, because of the continuity
of w;. Let us have two tetrahedra with common face. The vector Vwg is constant
on one tetrahedra. Denote by v the vector Vwg on the first tetrahedra and by v’ on
the second. We will make projections of the vectors v and v’ on the plane {023}.
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In tetrahedra T' = {0124} and T’ = {0243} we consider the heights 0H and 0H’,
see Figure 3.9. Denote by « the plane containing the vectors OH and OH’. This
plane is also perpendicular to the edge {23} because both directional vectors OH
and OH’ of the plane are perpendicular to this edge. We cut the tetrahedron with
the plane o and we denote by V the intersection of « and the edge {23}.

The projection v, of v now appears on the line 0V. The length |v,| of this pro-
jection will be |v|. cos HOV. Because |v|.|0H| = 1, we have |v,| = cos HOV/|0H| =
1/|0V|. We can see that the length of the projection v, depends only on the value
of |0V], which is same for both v and v’. Thus, the tangential part of Vwy is
continuous through the face {023}. Also the same holds for the face {031}. The
tangential part of w, on the faces that do not contain edge e is zero. We have now
proved that the tangential part of the edge element w, is continuous through any
face.

Normal part of the facial elements

NER

Figure 3.10: Normal part of facial WE

Consider the tetrahedra T' = {0123} and the face f = {123}. From the definition
of the facial element wy, it is clear that the normal part of wy on the faces {012},
{023} and {031} is zero. Let us look at the face f = {123}. From (3.18) it is easy

to see that 1

= —O s
wy(z) = 3 7
because wy(i) = ﬁOi7 for i = 1,2,3 and because wy is linear.

For an arbitrary point x from the face f we make the projection P(O?v) to the
normal vector of the face (123). The length of this projection will be exactly the
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height h of the tetrahedra. Thus, the length of projection of the vector wy(z) will
be ﬁ.h = ﬁ We can see that it depends only on the area of the face f. Therefore
the normal part of wy is continuous through the face.

3.7 Embedding properties

When working with Maxwell’s equations one is confronted with the following func-
tion spaces

H'(Q), H(curl; Q), H(div; Q), L*(Q),

or with appropriate subspaces when considering boundary conditions. The entities
involved in Maxwell’s equations such as the electric field E, the magnetic field
H, the magnetic induction B, or the magnetization M, belong to these spaces or
its subspaces. When approximating some function spaces by finite dimensional
spaces it is desirable that the approximating spaces have similar properties as the
approximated spaces. In particular this is the case when the properties are derived
from physical phenomena.

Let us look at these function spaces in more detail. It is well known that curls
of gradients vanish. But is it reciprocal? Is every curl-free field a gradient of some
other function? The same question can be asked about divergence. We know that
curls are divergence-free. But is every divergence-free field also a curl of some other
field? A classical result of Poincaré, see for example [15, Appendix A], asserts that,
in a contractible domain {2, a smooth curl-free (divergence-free, respectively) field is
a gradient (curl, respectively). A contractible domain is a simply connected domain
with a connected boundary.

For further discussion we introduce some notations. A family of vector spaces
is denoted by X% X',..., X% By AP we denote a linear map from XP~! to Xp,
p=1,---,d. We say that the sequence {X ”}gzo is an exact sequence at the level of
X7 if img(AP) = ker(APT!) in case 1 < p < d — 1, if A! is injective in case p = 0,
and if A4 is surjective in case p = d. An exact sequence is one which is exact at all
levels. We use the following diagram

Al A2 Ad
X0 4 x!' 5 ... 5 Xxd-1 _, xd

for a exact sequence. Using this diagram we can state the following result coming
from Poincaré lemma, see [15, Chapter 5].
For a contractible domain €2, the sequence

grad curl div

H'(Q) — L%*cul;Q) — L%*div;Q) — L*Q), (3.21)
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is exact at levels 1 and 2.

Let us go back to Whitney elements. The question is if finite dimensional
spaces build from Whitney elements will satisfy a diagram similar to that above.
For a given mesh, we can construct four classes of Whitney elements for the sets
Ni, En, Fn,T,. We then obtain basis functions denoted by W, We, Wg, wr. Let us
denote by W9 W', W2 W? approximation spaces build from each class of Whitney
basis functions. The embeddings

WO cHY(Q), W!cL(curl;Q), W? c L*(div; Q), W? c L*(Q), (3.22)

are clear from the way how we have obtained W°, W, W2, W3,
Next, we can prove that

vwe < wt,
Vxwl c w2
vV-w? oc wi

The first statement follows from the fact that Vw,, is a linear (constant) vector
function on T, thus can be expressed by a linear combination of edge Whitney
elements.

The second statement follows from the identity (we take tetrahedra 7' = {0123}
and edge e = {01}):

23

\Y e =2V Vuw, = ——,
X w wo X Vwy 3|T|

which can be verified by direct computation using the equation (3.4). The continuity
of V x w, can be shown using the same technique as in Section 3.6
Direct computation of V - wy shows the third statement

1
V.owj = ﬁ((vwl,o1> + (Vwy, 02) + <Vw3,03>) =

because by equation (3.1) we have
Finally, we have shown that the spaces satisfy the diagram

grad curl div

WO N Wl — W2 — WS (323)

To complete this section we combine the diagrams (3.21), (3.22) and (3.23) to get
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a so-called Rham diagram

grad curl div
wo — wt — w2 — w3
N N N N
grad curl div

H'(Q) — L%*cul;Q) — L%div;Q) — L*Q),

where also the embeddings (3.22) are included.




I1

Effective field without
exchange
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4 MAXWELL-LL SYSTEM

(Since the mathematicians have invaded the theory of relativity, I do not understand it
myself anymore. Albert Einstein)

In the LL equation plays a key role the term describing the total effective field
H.g. In general it consists of several contributions and moreover every contribution
features different behavior, as we have described already in Section 2.2. The case
when the effective field consists of static applied field H,,, anisotropy field H,,; and
field coming from Maxwell’s equations H was intensively studied by Joly, Métivier,
Rauch, Komech, Vacus and Monk in [39, 40, 41, 42, 43, 59, 60].

They consider the case when

Hes = H+ H,,, — KP(M),

when K is a constant characterizing anisotropy of the medium and P(M) = (p, M)p
denotes the projection of the vector M into one specified direction represented by
a fixed vector p, see Figure 4.1. The anisotropy is thus uniaxial.

They neglect the exchange field Hey. having in mind applications such as mod-
eling radar absorbing materials for stealth applications when this contribution is
not important. For more detailed description of the model see [16, 50].

Joly and Vacus in [42, 43] have established existence and uniqueness of the
solution for the system

8tE —-VxH = —J(],
GH+VXxE = —0M, (4.1)
OM = — (o x M+t (Hog x M)).
1+ a2 M|

41
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Figure 4.1: Anisotropy of the material

They proposed a finite difference scheme in 2D and 3D for the computation a solu-
tion of the M-LL system in one dimension and prove the convergence of this scheme.
In [59] the authors construct three-dimensional finite element methods for the full
system. They show how a certain class of finite element can be used to approximate
the M-LL system while preserving energy decay and the norm M. They prove error
estimates.

After providing the space discretization, full space-time discretization of the
problem is studied, too. When discretizing the LL equation in time, several problems
arise. High nonlinearity of the LL equation causes troubles. There are two main
conditions that should be fulfilled by any approximation scheme.

1. It should be possible to prove error estimates, if not, at least convergence to
the solution.

2. Time stepping should conserve the magnitude of the magnetization M.

In the sequel we present a time-discretization scheme used in the papers mentioned
above. However, the authors do not prove convergence results for this scheme. In
Chapter 5 we propose a new scheme discretizing the M-LL system, which fulfills
both conditions.

4.1 Numerical scheme

We provide a standard equidistant time discretization with the step 7. The number of
discretizing points is denoted by N. Let the triple M,,, E,,, H,, be the approximating
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solution on every time level. Denote by Vis, Vg, Vg a finite-dimensional spaces
in which we look for the solution M,,, E,,, H,,. These spaces are derived from a
particular finite element method which we are using. Since we do not focus on the
spatial discretization, we will not specify the spaces Vys, Vi, Vg closer anymore.

We denote the right-hand side of the LL equation by f(M, H) to make the text
simpler.

We will compute the approximations of fields H and M in half steps such that
H, /2 is the approximation of H(tn+1/2) and M,, 1/, is the approximation of
M(t,41/2) where t, = n7 and t,11/5 = (n + 1/2)7. From the initial date we know
E¢ = E(0) and using for example explicit Runge-Kutta method we find H; /o and
M, /5. From then on the triple M,, 3/2, By 1, Hy 1 3/2 is determined by

E,.1 —E

- =V xHupp = Itariy), (4.2)
H, 32 —H,11/2 LV XE,, = - Mgz =My (4.3)
T T
M, 55 — M,
2 T alk = f(Hn-‘rl; Mn+1)7 (44)

where

1 1
H,= §(Hn+1/2 +H,43/2) and M, = §(Mn+1/2 + M, 43/2)-

The equalities (4.2)—(4.4) are considered in a weak sense in function spaces
Var, Vi, Vi. This scheme seems to be explicit-implicit. The field E, 1 is com-
puted explicitly and other two fields M,, 3/o and H,,| 3/5 are computed implicitly.
However, the authors point out that due to the special features of this scheme it
is possible to write down an explicit form for M,, 3/5 and H,,;3/5. Then it is not
necessary to use, for example, Newton’s method on every time level. This scheme
in combination with finite differences or finite elements becomes very fast.

The question if this scheme conserves the magnitude of M,, can be answered
positive. If we rewrite (4.4) we get up to constants

M,i3/2 — Myt

i
M + M,
Mg x n+3/2 - +1/2

(M, 4372 + My1/2)/2 " (Heﬂ M, 1372 + Mn+1/2> .
|(Mn+3/2 + Mn+1/2)/2‘ 2
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Multiplying the previous equation by (M, 3/2+M,1/2)/2, the right-hand side
vanishes and on the left-hand side we get

M, 13/2% — My, 412 _
T

0,

which guarantees the conservation of the norm M,, /5.

However, it is not known if it is possible to derive error estimates. In the next
chapter we introduce scheme which is comparable in computational efficiency and
we prove error estimates for it.




5 NUMERICAL ANALYSIS OF THE
M-LL SYSTEM

(For those who want some proof that physicists are human, the proof is in the idiocy of
all the different units which they use for measuring energy. Richard Feynman)

A substantial part of this chapter was already published by author of this thesis
and Slodicka in [28, 72].
We consider quasi-static Maxwell equations of the form

VxH =oE+J,,

atH +VxE = —atM7 (51)

where Jg is the current density and o > 0 denotes the conductivity of a medium.
The case of full M-LL system was studied by Slodi¢ka and Banas in [71] and in the
PhD thesis of Banas [4].

The coupling between M and H is given by the LL equation of the form

v

OM = ——
t 1+ a2

(Heg X M+ aM x (Heg x M)) =: f(H,M) (5.2)

The vector Heg represents the total magnetic field in the ferromagnet
Hys =H+H,,, + KP(M), (5.3)

where H,,, is a given static applied field. The constant K is a constant charac-
terizing the material. We discuss the case of a ferromagnetic crystal with uniaxial
anisotropy represented by a unit vector p, |p| = 1. The symbol P(M) was defined
in the previous chapter.

45
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Let us note that we have neglected the exchange magnetic field in (5.3). For a
more complete discussion of the model see, e.g., [2, 35, 37, 77, 83].
We know already that the LL equation conserves the modulus of M, thus for

any time ¢t > 0 we have
IM(#)| = [M(0)]. (5-4)

Eliminating B and E in (5.1) and assuming o = const, we get the following
M-LL system

PO H+ 0" 'V xVxH =01V xJg— pgdM,

oM = f(H,M). (5:5)

Mn

Figure 5.1: Definition of the domain 2

The boundary I' of € is split into two non-overlapping parts I'p and 'y, see
Figure 5.1. For simplicity, we consider homogeneous boundary conditions for H of
the type

vxvxH =0 on I'p,

vxH =0 on 'y, (5.6)

where v stands for the outward unit normal vector on the boundary.

We assume that the fields H and M are specified at time ¢t = 0, i.e., H(0) = Hy
and M(0) = M. We tacitly presume that they are sufficiently smooth for our
purposes. For physical reasons we suppose that

V-Ho+My) =0 in €2,

which ensures that B is divergence free.

A single LL equation has been intensively studied by many authors, e.g., [22,
23, 31, 87]. One dimensional M-LL problem has been considered for example in
(38, 41, 42].
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The main purpose of this chapter is to present two new approximation schemes
for the time discretization of a quasi-static M-LL system. We design a linear (see
Section 5.2) and a nonlinear (see Section 5.4) numerical algorithm for the computa-
tion of the vector field M. Both schemes conserve the length of M. We derive exact
formulas for the approximation of M, see Lemmas 5.1 and 5.4. We use Rothe’s
method for the time discretization for H. Assuming that the exact solution of a
M-LL system is bounded, we derive the error estimates for the proposed numerical
schemes, cf. Theorems 5.1 and 5.2. In Section 5.6 we present a numerical example
in order to demonstrate suggested algorithms.

5.1 Preliminaries

For ease of exposition we put 0 = pp=a=K =1, y=2and Jgo = H,pp, =01in
the theoretical part of the chapter, but not in the numerical one.
Let us introduce the following space of test vector-functions

V ={peH(cwQ); p=0onTp,vx¢d=0o0nTy}

Throughout the rest of the paper we assume the following regularity of an exact
solution to the boundary value problem (5.5), (5.6)

oH €Ly ((0,7),L*9Q)),

H €L, ((0,7),H(curl;?)) N Lo ((0,T) x Q),
oM € L ((0,7),L*(9Q)),

M €L, ((0,T)xQ).
Let us note that the assumption H € L, ((0,7T) x §2) together with (5.4) guarantee
the Lipschitz continuity of the right-hand side f of (5.2) (see [59, Lemma 2.2], thus

also the uniqueness of a solution.
The variational formulation of (5.5) reads as

(OH,p) +(VxH,Vx¢p) =—(dm,p),
(atM717b) = f(HvM)v )

(5.7)

(5.8)

for any ¢ € V and any v € L*(Q).

5.2 Linear approximation scheme

We divide the time interval [0, T] into n equidistant subintervals [t;_1, ;] for t; = i,
where 7 = % for any n € N.

We suggest the following recurrent linear approximation scheme for ¢ =1,...,n,
see Figure 5.2. In this chapter the notation m has no link with the normalized
magnetization M /M.
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;

‘ 2. Find m(t) as an exact solution of ODE ‘

t
ti—l !

1. Givenh;_ — |
. | ‘ 4. Find h;as a solution of PDE

1 1
t
ti—1 !

Figure 5.2: Algorithm 1 (linear)

Algorithm 1 (linear)
1. We start from h;_1 and m;_; taking into account hg = Hy and mg = Mj.

2. We solve the linear ordinary differential equation (ODE) with an unknown
m(t) on the subinterval [t;—1,1;]

&gl’n = [hi—l + P(mi—l)] X m (5 9)
+‘m121| X ([hi—1 + P(m;_1)] x m;_1). '
3. We set m; :=m(t;).
4. We solve the partial differential equation (PDE) for h;
(5hy, ) + (¥ x i, V x @) = — (mit:), @) (5.10)

for p e V.
Suppose that h;_; and m;_; are given. A scalar multiplication of (5.9) by m implies
(9ym, m) = 19;|m[* = 0.
The time integration over [t;_1,t;] immediately gives
|m;_1| = |m(t)] for ¢t € [t;i—1,t:]

Thus m preserves its modulus. Further, the equation (5.9) admits a unique solution
for any x € Q which is given by the following lemma for ug = m;_; and a =

m,;_
h; 1 +P(m;_ 1) — [h;_; + P(m;_1)] x |mi71|'
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Lemma 5.1 Let a and ug be any vectors in R3. Then the unique solution of

dru(t) =axu(t) t>0,

a(0) —ug (5.11)

is given by

u(t) =uy + u0 cos (|a|t) + &

a
— X ugy sin (|alt
|a| 0 (‘ | )a
where uy = ug + ug, ug is parallel to a, and ug is perpendicular to a. Moreover,
the vector field u(t) preserves its modulus, i.e., |u(t)| = |ug| for any time t > 0.

PROOF:
The assertion of Lemma 5.1 for a = 0 is trivial. Now, we suppose that a # 0. Let
us introduce the notation for any k € N

a® x upy = up,
akF xuy :=ax (@ xuy).
A simple calculation gives (see Figure 5.3)
a2k><u0 :( ) | ‘Qk J_
a?tl xuy = (-1)F |a|2ka X up .
The solution of (5.11) is given by
u(t) =e* xug
_ a” X up
B k!
k=0
H et ok t2k 2kt 1 t2k+1
=ug + a”™ xXu —|— e e
PP Z BRI
o0 o0 k41
(- K (|@l|t)2 » ([alt)®
= —]_ _—
Yo + 1o k;)( OB kz 2k + 1)1

= u(l)‘—l-ué cos (|aft) + — X uoL sm(|a\t).

a
al

The vector field u(t) conserves its norm. One can easily see that

lu(t)| = \/Iu |2 + [ug |2 cos? (lalt) + [ug |2 sin® (Jaft) = |ug|.
The uniqueness of a solution follows from the linearity of (5.11). O

From (5.9) we easily deduce that
0| < Clmy_q| (Jhi—1| + [m;[) < C (Jhi—q| +1). (5.12)
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ax (ax (ax uLO))

ax (ax uLO) u

Figure 5.3: Rotations of ug

Therefore, if h;_; € L*(Q), then (5.10) admits a unique solution h; € V. This
follows from Lax-Milgram lemma (see [20]). In this way we successively obtain m;
and h; for all ¢ = 1,...,n. The next step is to prove suitable a priori estimates.
Here, we use standard Rothe’s technique to get uniform energy estimates for the
approximations h; with respect to the index i.

Lemma 5.2 Let j € {1,...,n}. Then there exists a positive constant C' such that

J j
hyl1*+ > iy —hi 1|+ > IV xhlPr < C.
=1 i=1
ProOOF:
We set ¢ = h;7 in (5.10) and sum the equation for i = 1,...,j. We have

> " (h; —h;_,hy) + Z IV x hi|* 7 ==>" (dm(t;),h;) 7. (5.13)

=1 i=1

The first term on the left can be written as

J
1=

i
(h; —hi_1,h;) = 5 <|hj|2 — IIhol* + > I — hi—1||2> :
i=1

1
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For the right-hand side of (5.13) we use Cauchy’s and Young’s inequalities and

(5.12). We get

> (dm(t;), hi) T
i=1

Zi: 1+ [[b—a]) [ 7
<+Z|h T>.

Summarizing all estimates we get

i i i
Iy 1+ > B = hia|* + Y IV x hil*7 < © (1 +y ||hi||27> :
i=1

=1 i=1

The desired result follows from Gronwall’s lemma.

O

We have needed Hy € L?(Q) in Lemma 5.2. When Hy € V, then we are capable

to get better a priori estimates.

Lemma 5.3 Let j € {1,...,n} and Hy € V. Then there exists a positive constant

C' such that
J J
D hl* 7+ [V x by [[F 4+ > IV x [hy — by ]|* < C.

i=1 i=1

PROOF:
Setting ¢ = h; — h;_ in (5.10) and summing up for i = 1,...,j we get
J J
> joh|® T+Z (V xh;, V x [ —h;y]) = = > (9m(t;), 6hy) 7.
i=1

i=1 i=1

The second term on the left can be written as
J
Y (Vxh,Vx[h—hi_y]) =1 (||v x hy|2 = |V x h0||2)
i=1

+§Z|\v x [h; — h;_4]|?.

i=1

(5.14)

For the right-hand side of (5.14) we use Cauchy’s inequality, (5.12), Lemma 5.2 and
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Young’s inequality. We obtain

J
<CY (14 b)) [y 7

1=1

J
<Y Iohy|7
=1

> (dm(t;), hy)
i=1

J
<Ceted |Ioh]*r.

i=1

Choosing a sufficiently small positive € and collecting all estimates, we arrive at

i i
D8kl * 7+ [V by * 4 IV x [y = hia]|* < C

i=1 i=1

which concludes the proof. (Il

Curved line is the function f(t)

Figure 5.4: Definition of step functions related to a general function f(t)

5.3 Sub-linear convergence

Now, let us introduce the following piecewise linear in time vector field h,, (i =
1,...,n) see Figure 5.4

h,(0) = Hy,
hn(t) =h;,_1+ (t — ti,1)5hi fort € (tifl,ti],
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and the step vector fields h,,, m,, and d,m,,

h,,(0) = Hy, h, (1) = h;,
ﬁ_n(()) = Mo, ﬁ_n(t) = 1m;,
atmn(O) = 615M(0), ﬁtmn(t) = atm(ti), for t € (ti—la ti]

Further we define the vector field m,, as follows
mn(t) = m(t) fort € [ti—la ti]

and forallt=1,...,n
Using the new notation we rewrite (5.10) into the following form, which is more
convenient for our purposes

(Othn, @) + (V x hy,, V x ) = — (9;m,,, ¢) (5.15)

for any ¢ € V.

Now, we are in a position to derive the error estimates for the linear approx-
imation scheme (5.9), (5.10). We use the standard proof-technique for parabolic
equations. The only difficulty will be the handling of the right-hand side.

Theorem 5.1 There exist positive constants C and 1o such that

T — 1112
() [0 =, (0 + [ [V =5, < =

te[0,T]

t€[0,T]

T
(ii) max [|M(f) - me+/|@M—@mms0n
0

hold for any 0 < 7 < 9.

PROOF:
(7) Using the definitions of the vector fields M and m,, we can write for any time ¢

9 M(t) —0&%@) = [H(t) + P(M(t))] x M(t)
)] [H(t) + P(M(t))] x M(t))
— [hp(t = 7) + P(M,(t — 7))] x my,(t)
m, () x ([hp(t = 7) + P(M, (¢t — 7))] x m,,(t — 7))
=Ri+ Ry + Rs + Ry + Rs,

\_//—\

(5.16)

Imn( )]
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where

R [H()+P(M())] (M(#) — m,(t))

Ry (1[\1;11(5) + P(M(t) D (t—7)+ P(m (t —)]) X ma(?)
_ M(t) —m, () B

Ry = W x ([H(t) + P(M(t))] x o, (t — 7))

o :B%QXGH@+P@ﬂWbdm@—ﬂ)
~aey) < (el =)+ Pt = 7)) x (2 = 7).

Taking into account the fact that both H and M are bounded in L, ((0,T) x ),
we get in a straightforward way

BM(r) — B (1)] < C ([FE(t) — Tyt — )| + (1) — my (1))
oM m ¢ ) 65.17)
< C([(t) ~ b (1) + s (1) — Bin(t = 7)) |

+C(IM(t) = my, (8)] + [my, () — (8 = 7)]).

The fields m,, and M are continuous in time and they start from the same initial
datum M. Therefore

t
0
In virtue of (5.17) and Lemma 5.3 we can write

IM(t) — m( /N@M By, |

<C/T+MIhH+H@nWWM ma)

t
sc@ AOH—MMWM—mNO,

t
|mwwmm—wm/ |6m,|| < Cr.
t—1

because of the inequality

Gronwall’s argument gives

HM@>rmum$o<T+AWHhm). (5.18)
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This together with (5.17) give
¢ ¢
/ |6:M — d,m,,||> < C <72 +/ |H — hn||2) : (5.19)
0 0

Now, we subtract (5.15) from (5.8a), set ¢ = H—h,, and integrate the equation
over the time interval (0,t¢). We get

HIEW ~ b, + [ V< (R,
t 0 t

:/ (VX(H—Hn),VX(hn—Hn))+/ (9ym,, —OM,H —h,,) .
0 0

(5.20)

We estimate the first term on the right-hand side using Cauchy’s and Young’s
inequalities and Lemma 5.3 as follows

/Ot (¥ (H =) 7 ¢ (b = )

V< (BB 9 x (1, - B

(5.21)
/ IV =B+ [ 9 (b B
/ IV % (H-B,)|* + Cor.
For any t € [t;_1,t;] we can write
([0, (8) — 0:M(#)|| < [|em, (i) — 3 M(t:)]| + [|9:M(t:) — O, M(B)]) - (5.22)

The difference 0;M(¢;) — 0:M(t) can be estimated using [59, Lemma 2.2] due to the
assumption H € L, ((0,T) x ), namely,

10:M(t;) — M (IIMtl — M) + [[H(&:) - H(#)]])
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For the term 9;m,,(¢;) — 9;M(t;) we apply (5.17), triangle inequality and (5.18)
[0 (t:) — O M(t:) || < C([[H(E:) — b (tia) || + [[M(#:) — mn (t3)]])
+C [m(t;) — my (ti1)]|
< C(|[H() = hp ()] + [lm(t:) — mp (&)])

ti ti
ti—1 ti—1
t
<c (IIH(t) )] + / e hnn)
t

ts i
e ( 4 / lo,H|| + / ||athn||> .
ti_1 ti1

Taking the second power in (5.22) and integrating over the time, we deduce

t t
[ loam, — o SC(T%/ |H—hn||2).
0 0

For the last term on the right in (5.20) we deduce using Cauchy’s and Young’s
inequalities

t t
< [ o, o+ [ - b,
0 0

t
<C (# +/O |H — h7,,||2> )

Summarizing (5.20), (5.21), (5.23) and choosing a sufficiently small positive €, we
arrive at (7 < 79 < 1)

t
[ @m, -~ oM H - h,)
0

(5.23)

IH(t) — b, (8)]° +/Ot |V x (H —Hn)H2 <C <T+/Ot |H — hn||2> .

Applying the Gronwall’s lemma, we conclude the proof.
(74) The assertion immediately follows from the just proved part (i) and the
relations (5.18), (5.19). O

5.4 Nonlinear approximation scheme

As a second possibility, we design the following recurrent nonlinear approximation
scheme fori=1,...,n
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Algorithm 2 (nonlinear)
1. We start from h;_1 and m;_ taking into account hg = Hy and my = M.

2. We solve the quadratic ODE with an unknown m(t) on the subinterval [t;—1,t;]

(9151’11 = [hi,1 + P(I’I’llfl)} X m 5.94
+my X ((hi—y + P(m;_1)] x m). (5:24)
3. We set m; == m(t;).
4. We solve the PDE for h;
(6hs, ) + (V x hi, VX ) =—(9m(t:), ¢) (5.25)

for p e V.

The approximation of M is now nonlinear (compare with (5.9)). The conservation
of the modulus for m can be proved exactly in the same way as it has been done
for the linear algorithm.

Let u(t) be the solution of

du =axu+cux(axu) t>0,

a0) — . (5.26)

Due to the properties of any rotation R we have the identity
R(x xy)=Rx x Ry,
which is valid for any vectors x and y. Therefore, we can write
JyRu=Ra x Ru—+ c¢Ru x (Ra x Ru) t>0

along with Ru(0) = Ruy. Hence we see that it is enough to study the solvability
of (5.26) for a vector a being parallel to (1,0,0)7.

Let us fix any X € Q. The existence of m on [t;_1,t;] follows from the next
lemma. First, weset g = m;_1,a=h;_1+P(m;_1) and ¢ = ﬁ, then we perform
a rotation R of the coordinate system in such a way that a := R(a) = |a|(1,0,0).
Then we denote ug := R(0p) and a = |a|.

Lemma 5.4 Leta,c € R, ug = (x0,v0,20)" be any vector in R3. Then the solution
u(t) = (x(t),y(t), 2(t)T of (5.26) for a = a(1,0,0)T is given by
)

e“Ct|u°|(|u0\ +x0) — e—act|uo\(|u0| _ 370)
a(t) = wl =g “actju ’
ectWol(lug| + xq) + e~ 2ctlWol(jug| — z¢)
Yo cos(at) — zp sin(at)
y(t) = 2ug

eactWol (Jug| + z) + e~actiWol(|ug| — z¢)’
Yo sin(at) + zg cos(at

Z(t> = 2|u0| act|Ug| —act|Up| :

ertol(jug| + xo) + e ol (Jug| — o)




58 Numerical analysis of the M-LL system

PROOF:
Let us denote by R = |ug| = /2 + y3 + 25. A scalar multiplication of (5.26) by
u(t) gives

(Oru(t), u(t)) = 50 u(t)* =0,

which after the time integration yields |u(¢)| = R for all ¢ > 0.
Further, a simple computation implies

axu=(a,0,0" x (z,9,2)" =a(0,—z,9)"

and
T

ux (axu)=a(y®+ 2%, —zy, —x2)T.
Therefore, (5.26) for the x-coordinate reads as

Or =ac(y®* +2%) = ac(R2 — x2),
z(0) = xg.

This ordinary differential equation can be explicitly solved. We demonstrate it for
|z] < R. The case |z| = R is trivial. Thus, we can write

1 1
) = 2acR.
O (R—x+R+x> acR

We integrate this equation over (0,t) and get

R+ x(t) R+ 1
Sl PR e S P Y
R — z(t) nR—onr achtt,

In

or an equivalent form
R+ :E(t) _ R+ Lo 62ath
R—z(t) R-uxo '

The solution of this algebraic equation is

eath(R + 1‘0) _ e—ath(R _ xO)
et (R + xg) + e %R (R — xq)

z(t) =R

Once we have the formula for the z-coordinate, we have to solve the system of
ordinary differential equations for the y- and z-coordinate, which has the form

Oy = —az — acxy,
0:z = ay — acrz,
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along with the starting data (yo, 20). This system can also be explicitly solved, e.g.,
by MAPLE, which gives the solution of the form

Yo cos(at) — zg sin(at)
EGCRt(R-i-ZEo) + e~ ath(R 370),

Yo sin(at) + zg cos(at)
e®Ft (R + xg) + e~ 4R R — x¢)

Further we follow the same way as we did for the linear algorithm. We can show
the existence of all h; for i = 1,...,n and we can get the same a priori estimates as
in Lemmas 5.2 and 5.3. The following theorem derives the error estimates for the
nonlinear algorithm.

Theorem 5.2 There exist positive constants C and 19 such that

() ma [0 =, (0 + [ [ =B, < =

te[0,T7]

T
(ii) max ||[M(t) — m,(t)]” +/ 16:M — 0ym,, ||* < C,
tG[O,T] 0
hold for any 0 < 7 < 9.

PROOF:
We use the definitions of the vector fields m and m,, and we write for any time ¢

AM(1) falt\rdmxw:[ﬂ() P(M(1))] x M(t)
+ MO (@) + P x M)
0

(D) I
— [hp(t = 7) + P, (t — 7))] x my,( (5.27)
o] * ([t =) Pl

= Ry + Ry + R3 + Ry + Rs,

7'))] X mn(t))
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0

Figure 5.5: Definition of a cut-off function gr

where

)
R = ([H(0) + POM@)] = (Bt = 7) + P, (c= 7)) x o)
Ra = Rk * () + PV©)] x [M(®) ~m, (1)
s MO -—m ) w
o MO ([HL(t) + PM(E)] x m, (1)
Ry = N ([EL(t) + PM(E)] x m, (1)

X ([hn(t — 7) + P, (t — 7))] x my(t)).

Further we follow exactly the same line as in the proof of Theorem 5.1, therefore
we omit the rest. (]

5.5 Linear convergence

Up to now, we have proved in Theorems 5.1 and 5.2 a sub-linear convergence of
the algorithms, see [72]. As for the linear algorithm also for the nonlinear one we
are able to improve error estimates and obtain linear convergence. This result was
published in [28]. We denote by R upper bound for H satisfying

H(t,x)| < R a.e. in Qr.

We introduce a real function gg, see Figure 5.5, as

(s) = 0 for s <0,
gR\S) = min(s, R) else,
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and the vector function H

|H|9R(|H|)

Using this cut-off function we can slightly change the problem in weak formulation
such that its solution thanks its boundedness does not change. First we modify
right hand side

w(H) =

Fa(HM) = - f'aQ <W(Heff) < M + a% « (w(Hug) % M)) L (5.28)

And now the system:
(OH, )+ (VxH,Vx¢p) = —(0:M,p), (5.29)
(M, ) = (fr(H,M), ), (5.30)

for any ¢ € V and any ¥ € W.
Both algorithms will change only in the step 2. So in Algorithm 1 will be the
equation (5.9) replaced by
81511’1 = W(hi_l + P(ml_l)) X m

+—|mril| % (w(hy_1 + P(m;_1)) x m;_1). (5.31)

In Algorithm 2 will be the equation (5.24) replaced by
8tm = W(hi_l + P(mi_l)) X m

+—— x (W (hj—1 + P(m;_;)) x m).

|m; 1|
We will prove the following lemmas.
Lemma 5.5
|om(t)] < C (5.32)
|0(m(t;) —m(t;i—1))| < |hj—1 —h; o] +7C. (5.33)
PROOF:

First statement can be directly verified from (5.31) taking into account the bound-
edness of m and w(h;). Then

|0; (m(t;) —m(ti1)) | < [w(hiy + P(my-1)) x m(t;)
— w(hi_s + P(m;_2)) x m(t;_1)|
_m(t)
[m(t; )]
m(t; 1?

|m12)

+ x (w(hj—1 + P(m;—1)) x m(t;—1))

(w(hi—2 + P(m;_2)) x m(t;—2)) |.
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We have boundedness of w(h; + P(m;_1)). Together with the fact that m; is
bounded too we have

|0 (m(t;) — m(t;i—1)) | < [himy —hio| + [m; —my_1| + |my_; —my_o|. (5.34)

We rewrite two last terms for k € {i,i — 1}

22
me —1mg 1 = atmng,
th—1
because of the first statement of the lemma. It concludes the proof. O

In the next we need the following compatibility condition:
(0:H(0), ) + (V x Ho, V x @) = —(9;M(0), ),
for any ¢ € V. It means that Maxwell’s equations are satisfied in time ¢ = 0.

Lemma 5.6 If the compatibility condition is satisfied and V x Hy € 'V then the
following estimate holds
1o H(0)|| < C

for some positive C'.

PROOF:
Take (5.29) for ¢ = 0 and set ¢ =V x V x H(0). Then we get

|V x Hol > + |V x V xHg|]? = —(0;M(0),V x V x Hp),
and subsequently

‘@HV X HQH2’

IN

IV %V x Ho||* + [|0,M(0)]] ||V x V x Ho

IN

3
SV XV x Hy||* + C.

We have used Young’s inequality. Now we set ¢ = 9;Hy in (5.29) and use again
Young’s inequality and previous to obtain

[10:Ho|[* + 04|V x Ho|*
[|0:Ho|[?

—(0:M(0), 9;Hy),

1 1
|0:]|V x Ho|[*| + §H3tM(0)H2 + §||3tHo\|2
3|V x V x Hyl|> + C.

IN

IN

The last statement concludes the proof of lemma. O
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Lemma 5.7 Let j € {1,...,n}. Then there exists a positive constant C' such that

J J
[16h;]1 + > [16hy = Shya[[ + Y [|V x 6hy[[’r < C
i=1 i=1
PROOF:
If we define 6hy = 9;H(0), the equation (5.10) is valid also for i = 0 because of
the compatibility conditions. We take (5.10) for ¢ and ¢ — 1 and we subtract both
equations. We set ¢ = dh;7 and then we get

(61’17, — (5hi,1,5hi)’7' + (V X (hl — hi,l),V X (hl — hifl))
= —(0¢(m(t;) —m(t;—1)),h; —h; 1)
Applying
(0h; — dhy;_1,0h;) = 1/2(]|6h;|[* — ||0hy—1 ][> + ||6h; — 6h,;_1|[?)
we get
T T
3 (16> — [|6h—1|]*] + 2|10k — Shi1|* + |V x (hy —h;_y)|[?
< |[0e(m(t;) — m(t;—1))|] [hs —hi—1)]]. (5.35)

We sum up (5.35) for ¢ = 1,...,J, then we apply Lemma 5.5, (5.33) and Young’s
inequality to obtain

Z [0 (m(t;) — m(t;—1))|] || —hy—1]]

M-

(TC + |-t — hyz|[) | — hys |
1

<.
I

M-

i
7C|[h; —hi ||+ Y [hiy — hi || [[hi — hi_4]]
=1 =1

-
Il

IN
DN | =

J J J

1
§ : 22 § : 2 § 2
o T C + 5 o ||h1 — hi,1|| + o ||h1 - hi,1||

3 3 2
2 2 _ 2 2 112
< 7C +§;||hi—hi,1|| =7C?+ o7 ZHMH :

Together with (5.35) we have

J J J
5 O [Iohall? = l1dhi-a|P] + D7 2 [116h; — 6hy-a| 7] +7> D[V x byl

i=1 =1 =1
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3 J
S 7'02 + 57’22 Héthz

i=1

After division by 7/2 we arrive to

J J J
160, 1>+ [[6hy — 6l ||* + 27 Y ||V x 6hy||* < 207 + 47 ) [[ohy||*.

i=1 =1 =1

The desired result comes from Gronwall’s lemma. O

Lemma 5.8 Let j € {1,...,n}. Then there exists a positive constant C such that

! J
2, T 9 T ,
;Héhi —0h;_q||* + §HV x dh;|| +Z§HV % (51 — Shy_1)]|

i=1

< 70+ guv x Shy |2

PROOF:
We take (5.10) for ¢ and i—1 and we subtract both equations. We set ¢ = dh;—dh;_4
and then we get

|[0h; — 6h;_1||* + 7(V x 6h;, V x (6h; — 6h;_1))
= —(0;(m(t;) —m(t;—1)),6h; —dh;_y)

Using similar technique for the second term on the left side as in the proof of Lemma
5.5 and applying results from Lemma 5.5, (5.33) and Lemma 5.7 we arrive at

|[6h; — 6hy_1[|* + = (/|[V x 6hy[|* — ||V x 6h;_1][*)

T
2
+ 2V % (8by = 0hy )| < (7C -+ 715 ]])[[8h; — by 4]
< 7C||6h; — dh,;_4]]
Summing up for ¢ =1,...,j and applying result from Lemma 5.7 we get
i 7 A 2
; 191 = Sha a2 + 217 x 3h 2 + D7 T x (51 — ohy )|

i=1

J
< TCZH(Shi—dhi,lH+%||Vx6h1||2 < Tc+§\|vmhl|\2
=1

It concludes the proof of lemma. O
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Theorem 5.3 There exist positive constants C' and 1y such that

H(t)—h,t)|> < Cr2
tgf&ﬂ” (t) ®N° < T
max |[[M(t) —m,@®)|]? < C72.
te[&T]” (t) 2O < T

PROOF: B
We use the same definitions for m,,(t), m, (¢), h,(¢) and h, ().
For any time we can write

|0:M(t) — O, (1)) < C(|H(t) — hy, ()] + [hy(t) — h(t — 7)|
+M(t) — my, ()] + [my, (t) —m(t — 7)]).

Following the steps in [72] we get
t
Imﬂﬂ—nm®HS0(7+AHH—hAO, (5.36)

and . .
/ [[0;M — 9,m,||> < C <¢2+/ ||th||2>. (5.37)
0 0

Next we subtract equations (5.29) and (5.10). We set ¢ = H — h,, to obtain
1 , [ -
SO 1, 0F + [ 9% =B,

<

/Ot(V x (H—-h,),V x (h, —Hn))‘

t
+ / (0,m, —9,M,H —h,,)/| . (5.38)
0

We estimate the first term on the right hand side using Young’s inequality:

/t(V x (H—h,),V x (h, —h,))
0

t
< AHVMHJWMwameI
t o t .
Se/vaHme+@/nvwmfmm2
0 0
t
< g/ 1V x (H = B2 + Cor2.
0
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We have used the result of Lemma 5.7. We have to estimate the last term in (5.38):

||0ym, — O, M| = [|9ymy, (t;) — M|

< |0y, (t:) — Oy, (£)]| + ||0rm, () — 0, M(2)]| (5.39)

The first term on right-hand side includes two functions. They are both solutions
of the same ODE, but taken in different times. That’s why we have

|0 (t:) — pmy, ()] < Cffm, (£:) — my (8)]] < C7.

Now take the second power of (5.39) and integrate the result in time, then using
(5.37) we get

t t t
/H@tmn—atMHQ < /CTM/ 10 (s) — O M(s)| |2
0 0 0

IA

¢

cr? +/ IH — h,[|%.
0

Finally we are able to estimate the last term in (5.38)

t t t
/(atmn—atM,H—hn) < /||8tﬁn—8tM|\2+/ [H = h,||?
0 0 0

t
< Cr? +C’/ |[H — h, |
0

We turn back to (5.38) by writing

1 t B t

SIHE = BaOIF + [ % (=B < 0 or® .0 [ [~ b

0 0

Gronwall’s lemma concludes the proof of the first inequality from the theorem. The

second inequality follows directly from the first one and (5.36). (]

5.6 Numerical experiments

In this section we present two numerical examples. The first one simulates an
applied situation, but here we do not have any exact solution. The second example
with a prescribed solution demonstrates the convergence rates.




5.6. Numerical experiments 67

Example 1

Consider a ferromagnetic sample occupying a rectangular cuboid with the length
dl = 4, the width dw = 0.5 and the height dh = 0.5. There is an electrical
wire wrapped around it, see Figure 5.6. When the electrical current starts to flow
through the wire, the induced electromagnetic field influences the magnetization M.
We apply the nonlinear algorithm in order to simulate the evolution of M and H.

Figure 5.6: Model situation

First, we split the domain into small blocks with Az = 0.25 and Ay = Az = 06;5.
Then we divide each block into 6 tetrahedra. For the approximation of the magnetic
field H we use Whitney edge elements, cf. Bossavit [15], Cessenat [20]. Recall that
the approximation of M can be settled down at any point X from the approximation
of the LLG equation, see (5.24). For computations we use the time step 7 = 0.02.

The material constants appearing in the problem setting are p = o0 = 1, =
0.3,7 = 1.5, K = 10 and the easy magnetization axis is given by p = (1,0,0)7.
The static magnetic field Hs vanishes and Jy = 0. Further we set f = 0.5 and
Hymp = 50.

We consider the following boundary conditions for H

Ip: H(t) = (H(t),0,0)T for H(t) = Hgmpcos(2mft) on the long boundary parts
(with the size dl x dw and di x dh). This boundary condition can be interpreted
asv x Hxv =0because of (v x @) (VxH)=[vx(rx¢)] [vx(VxH) =
¢-[(VxH)xv].

I'y: v x H =0 on the small boundary parts (with the size dh X dw).

Thus, the boundary conditions are periodical with the period T}, = 2. Initial data
are Hy = (Humyp,0,0)” and my = (0,1,0)7.
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Consider a vertical cross-section S of the magnet through its barycenter. We
define

M(t) = average M(t) := %/SM(t) ‘v,

H;ni(t) = integral H(t) ::/ H(s) ds,
0

where |S| is the 2D-measure of S and v stands for the unit normal vector on
S. As physically relevant curves characterizing the ferromagnetic material, we
can take (M(t),H(t))— and (M(t),Hmt(t))—loops, where H(t) describes the a-
coordinate of H on I'p. Figure 5.7 describes point-wise H-m dependence and depicts
(M(t), H(t))—loop. In Figure 5.8 you can see integral H-m dependence represented

by (M(t), Hipni(t))-loop.

average M

Figure 5.7: Point-wise H-m dependence

Let us note that the area of such a loop describes the energy losses in the
ferromagnet due to the hysteresis effects. In Figure 5.7 we arrive in a short time at
a stable regime, which is represented by the closed curve.

Figure 5.9 shows the movement of M(t) at the barycenter of the ferromagnet
in the stable regime. The length of M(¢) remains constant, thus we associated the
starting point of m(¢) with the origin and the end point travels on the unit sphere.
Gray arrows point out the end points of the trajectory, which is denoted by the bold
curve.
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average M 1

5 10 15

integral H

Figure 5.8: Integral H-m dependence

Example 2

We performed two computations on different domains. First, consider a ferromagnet
of a cubic shape such that €; = [0,1]2. Second shape of the domain was taken
Q9 = [0,1]2 x [0, 3]. We have computed following problems

/L()atH + Jilv xVxH =R;— ,U,()atM, (5 40)
oM = f(H,M) + S, '
for i = 1,2 on the interval (0,7) in the domain ;, where the vector fields R; and
S; are chosen in such a way that the exact solution takes the form

sin(x) + 0.5 cos(y) + sin(z) + cos(z

Hepoer, = 0.1sin(¢) | sin(z) + cos(z) + 2cos(y) + 0.5sin(z) |,

0.5 cos(z) + sin(y) + cos(y) + 2sin(z)

sin(|z|t) cos(t)
Mezact, = cos(|z|t) cos(t)
sin(t)

0.5 cos(z1) + 1.5 cos(x2) + sin(zg)

Hepoer, = 0.1sin(¢) sin(z1) + 2 cos(z1) + 0.5sin(xs) ,
sin(x2) 4+ 0.5 cos(z3)

)
Memactz = COS(|X|t2 Sin(t)
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Figure 5.9: Time evolution of m

We consider Neumann boundary conditions and use the following constants:
a=p=0=v7=1,K=0,T=0.5.

The results in Table 5.1 for problem considering Ri,S1,{2; were obtained on a
uniform grid with 16 939 unknowns associated with the Whitney edge elements. The
results in Table 5.2 for problem considering Ro, So, {22 were obtained on a uniform
grid with 11 457 unknowns. We have computed the absolute and the relative errors

efl;; = ma'X[O,T] |Hewacti - Hcomputedi
6%;‘2 = 1maXjo,71] |Mexact,; - Mcomputed7¢|
Bi’; — m&X[O,T] |Hema,cti _Hcomputedi |

i Heeoce, |
ei\/e[l,'.r = maxp Mezact;~Meomputea, |

i ’ M.cact, |

as well as the convergence rates

oH 27

abs;
log [ T }
H,71 _ abs; M, 1 __

log2 ' '

eM27

e

log | %
abs;

log 2

We have used a modified linear Algorithm 1 in computations. The modification
was caused due to the presence of the vector field S; in the LL equation. This
straightforward change was necessary, because we have prescribed an exact solution.
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r e U0 el | n” [ epir 4] [ eal | i’
0.1 28.53 0.135 - 2.48 0.061 -
0.05 16.21 0.0763 | 0.82 1.42 0.0348 | 0.81

0.025 7.22 0.0341 | 1.16 0.698 0.0171 | 1.02
0.0125 3.72 0.0176 | 0.95 0.363 0.0089 | 0.94
0.00625 2.07 0.0098 | 0.84 0.200 0.0049 | 0.86

Table 5.1: Absolute and relative errors for R, Sy,

[ 7 TeEr % [ [ edr (%] [ wi |
0.2 20.93 1.27
0.1 5.41 0.36
0.05 1.96 0.098
0.025 0.72 0.032
0.0125 0.35 0.0117

Table 5.2: Relative errors for Ra, So, Q9

We are not aware of any known example of (5.5) with a given exact solution, i.e.,

for Sz =0.

Inspecting Tables 5.1 and 5.2 we see that the actual convergence rates for the ap-
proximations of H and M correspond to the theoretical results obtained in Theorem

5.3.

We have not tested the nonlinear Algorithm 2 on an example with a prescribed
solution. The reason is that Lemma 5.4 is valid for a homogeneous equation (5.26)
and a generalization to a non-homogeneous case is not an easy matter.




6 FIXED POINT TECHNIQUE FOR
HIGHER, CONVERGENCE RATE

(This paper gives wrong solutions to trivial problems. The basic error,however, is not
new. Clifford Truesdell)

We suggest a new numerical algorithm (6.5) for computations of the single LL equa-
tion. In fact, we use relaxation iterations at each time point of a time partitioning.
The basis for the development of (6.5) was a non-iterative algorithm (5.9) from
Chapter 5, which was introduced in [71, 72]. We prove the convergence of iterations
at each time step using a fixed point argument, see Lemma 6.1. In practice, the
relaxation process stops when a given tolerance is achieved. We derive error esti-
mates for our scheme in Theorem 6.2 taking into account the stopping criterion. At
the end we present a numerical example with a known solution, where we confirm
the theoretical results from Theorem 6.2, i.e., the second-order of convergence. Let
us note that our algorithm conserves the modulus of M, which is a very important
feature from the physical point of view.
These results were published by author of this thesis and Slodicka in [27].

6.1 Approximation scheme
For ease of exposition we again put « = K = 1 and v = 2 in the theoretical part of

the chapter, but not in the numerical one.
The following error estimate has been proved for algorithm (5.9)

T
max [|[M(t) — mn(t)||2 +/ [|o:M — é)tmn||2 < Cr?, (6.1)
t€[0,T) 0

72
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for the vector field m,, defined as
my, (t) = m(t) for ¢t € [t;—1,t)

and for all ¢ = 1,...,n. The crucial assumption was H € Lo ((0,T) x ), which
implies the global Lipschitz continuity of the right-hand side in (5.2) (see [59, Lemma
2.2]).

One can easily see that (5.9) preserves the modulus of m. We recall that (5.9)
admits a unique solution, which follows from Lemma 5.1 for

m; 1

Ug = 1mM;_1 and a= hi—l + Pmi_l — [hi—l + Pmi_l] X .
;|

Iteration scheme

Throughout the rest of this chapter we assume that
H € C*(o,T)),

0 < e < Myl <C. (6.2)
One can easily deduce from (5.2) and (5.3) that
IM(t)] <C,
|o:M| <C (1 + 1[101%3]( |H|) <C, (6.3)

|0xM| <C (1 + I[gaT>]<IH| + |atH> <C.

Consider any sufficiently smooth function f on [a,b]. Let Qf be defined as a
quadrature operator on [a, b] satisfying

b
/ f=0b-0a)Qf+0((b-a)?).
Simplest examples are (which are also considered in the proofs)

car= ()
e Qf = f(a);rf(b).

Thus, in both cases we have for any i =1,...,n
t;
‘/ (f_Qif)' <Cr,

ti—1

(6.4)
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Time step i-1 Inner iteration Time step i
/ index k \

i,0 -1
=m

3

v D
N

K ikl ik
‘ Solve sm*=a*xm'

Figure 6.1: Inner iterations

where Q; f is the quadrature operator on [t;_1,t;] and f € C%([0,T)).

We will modify the algorithm (5.9) in the following way, see Figure 6.1. The
approximate solution m** ~ M on [t;_1,t;] is obtained in an iteration process
with respect to the relaxation parameter k. The linearized scheme for a fixed ¢ €

{1,...,n} and running k = 1,..., k; max reads as

ombk = (Q_Z-H + QiPmi’k_l) x m**

m . .
er x [(QH + Q:Pm"* 1) x @;m"*]

for , )
mz,O _ mzfl,kiq,max,
4 mo ko= Mo,
mz,k(ti_l) — m? LFi—1,max (ti—1)~

The iteration process stops when the following condition is satisfied
Im"* (t;) — m" ()] < 77

for a given (3, which will be specified later.
A short inspection of (6.5) and (6.6) gives

Ik ()] = m"F ()] = [P ()| = = M| < C,

|oym®k| < C (14 max|H|) <C,
[0,7]

|0pm®F| <O 1+ 1[11%3]( IH| ) |o,;m"*| < C.
0,
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Auxiliary problem

Let us consider the following temporary nonlinear problem for ¢ € [t;_1, t;]

i

Btui = (QzHJF QzPu’) X lli + |El| X [(QlH-’-QZPlll) X Qzul} s (69)
ui(ti,l) = IIliil’kifl'max (tifl).
One can easily deduce that
W' (t)] = [u'(ti)] = m' bR () = (M| < G
i< <

|0qut| < C (1 + %1,2% H| ) <C, (6.10)
|Oput| < C <1 + r[gz%}]( H| ) |9;u’| < C.

We will show that limg ... m** = u’(= m»>), more exactly we prove the

following lemma.

Lemma 6.1 (contraction) There exist 7o > 0 and 0 < ¢ = q(19) < 1 such that

ik—1

max |m“* —u’| < ¢ max |m u’|
[ti—1,ti] [ti—1,ti
holds for any k, any i and any T < 7.
PROOF:
First, we denote
ab? = QH+ Q,Pm"* — (QlH + QiPml’k) X Qﬁ\l/}l K
4 0
j i i Qiu’
a' ZQlH+Q2Pu—(Q1H+Q1Pu)X|M|
0

Therefore, we have for the difference

| A A (1t i k—1
ai,kfl o ai _ QiP(mZ’kfl _ u’L) + (QlH —+ QiPu") X Cgl(uTnT)
Qimi,kfl ’

—Q; P mi’kfl—ui X ——.

Using the triangle inequality and the definition of @Q); we deduce

. i _ k=1
k=1 _ai| < |Q;P(u’ — m"F )| + ’Qz (H+ Pui)| Qz(u’|MH|lz )|
' l 0
+]QiP (m"* 1 — )|
< C max o' —m"t)
i—1,ti

|a
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which implies

[max]|ai’k_1 —a’| < C[max]|ui—mi’k_1|. (6.11)
tio1,t; tio1,t;

Using (6.5), (6.9) and applying the new notation we can write for ¢ € [t;_1, t;]
at(mi,k _ ui) _ ai,kfl X (mi,k _ ui) + (ai,kfl _ az’) % ui’
(mi’k — ui)(ti_l) =0.

The semi-group theory gives

(m®* — u)(t) = / QAT (=) [(ai»k*1 —a'(s)) x u'(s)] ds.

ti—1

Hence, for the absolute value we deduce

'+~ )] < [ e s [ ai () ¢ w 5] s

ti—1

i

:/ (a1 — ai(s)) x wi(s)| ds
ti—1 . .

< Or max |a®*~1 —al|.

[ti—1,ti]

This together with (6.11) yields

|(mi’k - u’)(t)| < CTt max |ui - mi’k*1|

i—1,0bq
and
max |m** —u’| < Cr max [u’ —m"*1|.
[ti—1,t4] ti—1,t;
Hence, for 7 < 79 we conclude the proof. O

The vector field u® is continuous in [t;_1,t;], but there are discontinuities between

u? and u‘t! _ _
w(t)  # uti(y)
[ |

m’>°°(t,) # I’I'IZ-JC””"“ax (tz)
According to Lemma 6.1 and (6.7) we successively deduce
|mi,ki,max (ti) _ ui(ti)| < |mi,ki‘max (ti) _ mi7ki,n1ax+l(ti)‘
HmOFemet (1) —ul(t;)]
<B4 q|mz,ki,max (t;) — u'(t;)],

which implies

, A 4 | 5
[ () = w(t)| = iR (1) — w8 £ —— S<or (612)

This estimate will keep the discontinuity between u®*!(¢;) and u’(t;) under control.
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6.2 Error estimates
Let us denote by a the following expression

M
a=H+PM— (H+ PM) x —.

M
Then, using (5.2), (6.9) and the new notation we obtain on [¢;_1, ;]
(M —u’) =a’ x (M —u’) + (a—a’) x M, (6.13)

where a’ was introduced in the proof of Lemma 6.1. We apply the semi-group theory
and get v
(M—u)(t) =@t s (M — ) (ti1)
t v _
- / =9 « [(a—a’) x M](s) ds.

ti—1

(6.14)

Now, we are in a position to derive the error estimates for M — u®.

Theorem 6.1 Assume (6.2) and 8 = 3. Then there exist positive constants C and
T such that 4
(M —u')(t;)| < Cr*

holds for any 1 <i<mn and any 0 < 7 < 9.

PROOF:
We use (6.14) for ¢ = ¢; and we apply the integration by parts formula to the integral
term. We get

(M —ui)(t;) =e®7 x (M—u)(ti_;) +/ i (a—a')xM

ti—1
ti ) i s R 615
+/ al x [e® (i) / (a(é) —a’) x M(€) d¢| ds (6.15)
ti—1 ti—1
= A1 + Ay + As.
For the first term we have
[Ar| = |(M = u’)(ti1)]- (6.16)
The second term can be written as
t;
As :/ (a—a’) xM
ti1 .
-/ l[axM—Qi(axM)H/ti1<Qia—a)inM 61

%: ti
+[ QMM+ [ (@fax M) - Qax QM
t

i—1 ti—1

= Ag1 + Ago + Agz + Aoa.
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According to the properties of the quadrature operator @; - see (6.4) - we deduce
|As1| < C72,
t;
a’ x / (Q:M — M)

ti—1

(6.18)

‘A23| == S CT3.

In the case when Q;f = f (%), we have Asy = 0. For the second event

Qif = f(ti—lé"l‘f(ti)’ we have

Qi (ax M) = Q;ax Q;M + a(ti,1)2— a(t;) « M(t¢71)2— M(tl)

Hence, we deduce

ti
Ay §/I@@xM%QmXQM

ti—1
b be b 6.19
< C/ / \6ta|/ |0: M| (6.19)
ti—1 Jti—1 ti—1
<Cr.

We rewrite a — a’ into a different form
a—a' =H-QH-Q,Pu'+PM
—(H - Q;H — Q;Pu’ + PM) x

M — Qiui
M|

M
| M|
—(QH + Q;Pu’) x

For the absolute value we successively deduce

la—a’| <C(H-QH|+|PM—Q;PM|+|Q;PM — Q,;Pu’|
+M — QM| + |Q:M — Q;u’|)
<O (7 + QM - Qiu’|)

' " ' (6.20)
<c <T+ =)o)+ [ a- u’>|>

S C (T + |(M — ui)(ti,l)\) .
Using (6.13) and (6.20) we obtain

0:(M — )] < C(r+ M=’ +[(M—u')(ti1)])

<C(r4|(M—u')(t;-1)])- (6.21)
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If w(t) and v(t) are any vector fields with bounded derivatives with respect to the
time variable, then

Qiwxv)—QwxQ;v=0 (7'2) .
Therefore, in virtue of the definition of a’ we can write
a’' — Qa = Q;(Pu’— PM)
+Q; [ (PM — Pu’) x

M
[ M|
and for the absolute value we get
la’ - Qial < ClQi(M —u')| + C72.

According to this inequality and (6.21) we deduce for Aoy the following

ti )
| Ass| SC/ Qia—al)|

ti—1
t;
<C J(M —ud)| + Cr?
o) 6
ti .
<Cr |(M_ui)(ti71)|+/ 3t(M—ul)> +Cr
ti—1

<C(r°+7|(M— ui)(ti_1)|) .

Finally, we have to estimate the term As. We use the relation (6.20) and obtain

t; s . .
|43] <C / la—a'| <C(rP+ 7 (M-—u')(tim1)]). (6.23)
ti—1

ti—1

Collecting (6.15)-(6.19), (6.22), (6.23) and applying (6.12) we arrive at the recursion
formula

(M —ui)(t)] <O+ (1+Cr)|(M—u
<Cr?+(1+Cr)|(M—u

j)(ti71)|
<O+ (14 C7)|(M -’

"i)(ti—l)l +C)(u’ —u" ) (tio)]
i)l
This implies
i—1
(M —u')(t;)| < CT* ) (14 Cr)) < C72,
j=0
which concludes the proof. O

The following theorem shows the main result of this chapter.
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Theorem 6.2 Let the assumptions of Theorem 6.1 be fulfilled. Then there exist
positive constants C and 9 such that

(1)

(i)
[(M — mikimas) ()| < C72, tel0,T]

hold for any 1 <i <n and any 0 < 7 < 79.

PROOF:
(7) The assertion is a consequence of the triangle inequality, Theorem 6.1 and (6.12).
(73) We subtract (6.5) from (5.2) and get
at(M _ mi7ki.max) — ai;ki,max X (M _ miﬁki,max) + (a _ aiin,max) X M’ (6.24)
where a’#imax was introduced in the proof of Lemma 6.1. We rewrite a — a®* into
a different form

a—abhime =H - QH— QiPmiyki,max + PM
_(H — QZH _ Qipmi7ki.xxxax + PM) X

M|
M — Q;m?Fimax

—(Q:H + Q; Pm*"Fimax) x

For the absolute value we successively deduce

la —aikimex| < C(|H - Q;H|+ |PM — Q; PM|
+|Qi;PM — Q; Pm®""imax|
+M — QM| + |@Q;M — @;m"*im])
< O (1 + QM — Qumikimex)
<C (Tt + (M = m"Fme) (t_4))

+C |6t(M _ mi7ki,max)|
ti—1

§ C (T + ‘(M — mi’ki’max)(tifl)D .

(6.25)

Using (6.24) and (6.25) we obtain

|0;(M — m*Fime)| < C|M — m"Fimax|
+ O (7 + [(M — m" e (8;_4))) (6.26)
< C (T + |(M — ml’ki’max)(ti,1)|) .
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Finally, we apply the triangle inequality, (6.26), Theorem 6.2 (i) and we have for
any t € [tifl,ti]

t

[(M — m?Fome) (1) = [(M —m"Fome) (t;_) + / 0y (M — m"Fimex)
ti—1
ti 4
< |-t )+ [ [0 (M- mit)
ti—1
< Cr?,
which concludes the proof. O

6.3 Numerical experiment

In this section we demonstrate on an example with an exact solution that the
iteration scheme (6.5) really has a second order of convergence. The scheme (5.9)
without iterations (which gave an theoretical background for the development of
(6.5)) has only the first order of convergence.

Exact solution of the LL equation
We consider the following equation
M = —M x Heg — oM x (M X Hegr) s (6.27)

where Heg = Happ + Haem + Hani. The applied field Hypp is a given spatially uni-
form function in time and other terms represent the magneto-static and anisotropy
fields, respectively. For numerical tests we have used an exact analytical solution
introduced in [13], which was derived for non-conducting ferromagnetic bodies with
a symmetry axis. Rotational symmetry, see Figure 6.2, leads to the following con-
ditions

(i) The shape of a body is spheroidal with a symmetry axis along z.

(ii) The dissipative parameter « is a positively defined function of Heg, in our
case identically equal to 1, and M = (mg, m,, m,) invariant with respect to
rotations of the reference frame around the z axis.

(iii) Crystal anisotropy is uniaxial with respect to the z axis, i.e., Hani = (2K1/puoM?)m e,
(e, is the unit vector along z).

(iv) The external field is of the form H,,, = Hg, (t) + hgze,. The component
haz€, is constant in time, whereas H, (¢) is a circularly rotated component
with an angular frequency w and a constant amplitude h,, perpendicular to
the z axis.
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rotational symmetry

anl

/y anisotropy axis

Figure 6.2: The setting for the numerical experiment

We consider the case with an demagnetizing term of the form Hgepy = N. M| —
N,me,, where N, and N, represent the z axis and its perpendicular demagnetizing
factors, respectively.

Therefore, the effective field takes the form

Heff = HaJ_(t> + (haz + K/eﬂmZ)efW

where ke = 2K /poM2 + N, — N,.

Because of the rotational symmetry it is much simpler to rewrite the equations in
the terms of spherical coordinates. We introduce spherical coordinates with respect
to rotated applied field H,,, in such a way that this field remains constant. Let
us denote by ¢ the lag of M| with respect to H,, and by 6 the angle between M
and the z axis. Thus, we are looking for M in the form m, = sinf cos(wt — ¢),
m,, = sin @ sin(wt — @), m, = cosf. The equation (6.27) becomes the following form
in terms of (6, ¢)

O — asinfop = Keg [by sing — Bsinf)],

@00 +sinf0;¢p = ket [b1 cosOcos ¢ — (b, + cosf)sinb], (6.28)

where b, = (hq, — W) /Keft, b1 = hai /Kesr and B = aw/kKeg. We set the values in
such a way that
b, = my(v-—1),
sin 6
b| = B
b.] sing’
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where v = B cot ¢.

Following the motivation in [13] it is easy to see, that the right-hand sides of
(6.28) are equal to zero and functions ¢ and 6 are constant. Thus, also the left-hand
sides of (6.28) vanish and the equations are fulfilled.

7 [ o =1 | Fon =2 | R =3 | Foume =14 |
101 || 3.66E—01 | 6.46E—02 | 2.15E—02 | 2.83E—02
10=2 || 3.20E—03 | 9.82E—05 | 1.77E—04 | 1.76E—04
10=2 || 3.01E—05 | 1.69E—06 | 1.76E—06 | 1.76E—06
10=% || 2.99E—07 | 1.75E—08 | 1.76E—08 | 1.76E—08
107% || 2.99E—09 | 1.76E—10 | 1.76E—10 | 1.76E—10
1076 || 2.99E—11 | 1.77E—12 | 1.77E—12 | 1.77E—12

Table 6.1: Iteration scheme (6.5). Discrete error |[M — m"Fmax||; (o 7).

Lo [ IM-myufz,qor |
101 6.23E—01
10—2 1.24E—01
10-3 1.42E—02
10—4 1.43E—03
10—° 1.44E—04
106 1.44E—-05

Table 6.2: Scheme (5.9). Discrete error |[M — my||z, (jo, 7))

Numerical implementation
We have chosen parameters in the following order
1. arbitrary values of angles 6, ¢ and variables B, keg and w,
2. b, = (Bcotp—1)cosf and b, = |Bsiné (sing)~!|,
1

3. har = b.ket + w, hat = Kegb) and a = BKegw ™.

Thus, we arrived at (6.27), where Heg takes the form

Heg = hoy cos(wt)eg + hqy sin(wt)ey + (has + Kegms)e,,
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with the exact analytical solution
M =sinf cos(wt — ¢)e, +sinf sin(wt — ¢)e, + cosb e,.

In the calculations we have used the values: T'= 27, 0 = 5, ¢ = 4, B = 1,
w = 2, ket = 1. The quadrature operator () was chosen as Qf = w
interval [a, b].

We have performed computations for scheme (6.5) for a given number of itera-
tions kmax at each time step ¢;. The results for ||[M — m®*max|| Li([o,7]) are shown in
Table 6.1. Then, we have used the algorithm (5.9) for a comparison, see Table 6.2.
We see that (5.9) has the first order of convergence, while (6.5) shows the second-
order. Let us note that the length of M is conserved by computations, which is an
important feature especially for engineers.

Further, we have performed computational tests with the stopping criterion (6.7)
for 8 = 3. They showed that this condition was fulfilled for £; max = 2 for all time
points of the time partitioning and we also got the second-order of convergence.

For better visual comparison see Figure 6.3.

on any

log[2](tau)
-2

—61

log[2](error)

—10

—————————————— quadratic scheme - k_imax=1
© 0 ¢ oo o quadratic scheme - k_imax=2
linear scheme

Figure 6.3: Comparison of quadratic and linear algorithm
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7 REGULARITY RESULTS FOR SINGLE
LL EQUATION

(”Obvious” is the most dangerous word in mathematics. Eric Temple Bell)

This chapter is theoretical. Therefore we work with normalized magnetization

M
m=_—.
M
We consider single LL equation
Om = —ym X Heg — aym X (m x Heg), m|i—¢ = my, (7.1)

where « is a positive constant, called Gilbert damping constant, and v denotes the
gyromagnetic factor. The unknown m stands for a spin vector of magnetization
and Heg denotes the effective field.

For the purposes of mathematical analysis we can skip the gyromagnetic factor
~. It disappears after a time rescaling of the LL equation.

For the sake of simplicity we consider the effective field Heg of the form that
corresponds to the pure isotropic case without any external field. Then, Heg = Am.
However it would be no serious obstacle to add also terms describing anisotropy,
magneto-static energy or applied magnetic field.

After these assumptions the problem we are interested in reads as

Om =—-m x Am — am x (m X Am) in R* x €, (7.2)
‘;—T = on Rt x 99, (7.3)
m(0,.) = mg in Q. (7.4)
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Simple multiplication of (7.2) gives us directly that the modulus of m remains
constant in time. Thus, we can use throughout the text the inequality

|lm| - < C. (7.5)
Then, (7.2) according to [18] becomes equivalent to
om — aAm = —m x Am + o|Vm|*m. (7.6)

Our aim in this section is to derive estimates for the time derivatives of the
solution m.

7.1 Regularity results

G. Carbou and P. Fabrie in [18] have proved the following result for the solution to
the LL equation:

Theorem 7.1 Supposing mg € W22(Q), there exists a positive Ty such that for the
solution m to the problem (7.2)-(7.4) the following estimate is valid:

t : <C. 7.7
e ()]s < &

Remark 7.1 Using (10.12) we can get

t < .
ten&%)HVm()llz; < C, (7.8)

since m is bounded in the W22(Q) norm.

In [61] the author has derived and proved new-type regularity results for the exact
solution of the LL equation introducing a time weight «(s) = min{1, s}. This weight
helps to get the highly nonlinear terms under control at the beginning of the time
interval on which we solve the problem (7.2)-(7.4). This reduces requirements on
the regularity of initial data. The estimates were proved for the first and the second
time derivatives of the exact solution, as well as for the gradient and the second
space derivatives of the exact solution. The author obtained these regularity results
in two dimensions.

We extend these results in the following way. We consider the problem in
three space dimensions and we prove estimates for time derivatives 0 m, Vo/m
and Ad?m for arbitrary value of p, not only for p = 1,2 as was considered for 2D in
[61]. The author of this thesis and Van Keer deal with this problem in [29]. These
results constitute a first step in higher order analysis of the LL equation in three
dimensions.

We prove the following theorem.
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Theorem 7.2 (Regularity theorem) The solution m to the problem (7.2)-(7.4),
taking Ty from Theorem 7.1, satisfies the following estimates for any positive p € Z,

To 2
max {mp||a§’“m||2} + (/ /{2p||Vaf+1m§ds> <Cpa, ), (79)
0

te(0,70)
P(| AP <C Q 7.10
te%?%(o){ﬁ || thQ} = (p,Oé, )7 ( )
2p+1
8P+1
ter(%z%o){ﬁ 2 |IVoy m||2}
Ty 2
+ /HQPHHAameH%dS < C(p,a, ), (7.11)
0
1
To 2
(/ H2p+1||af+2m||§> < C(p, o, Q), (7.12)
0

where K is a time weight equal to k(s) = min{l,s} and C(p,a,Q) is a constant
depending only on p, and Q.

From now on we do not explicitly write the dependence of the constant C(p, «, )
on p,« and €.

We introduce similar theorem, which includes the statement of Theorem 7.2 for
p = 0 and the inequality (7.15). It helps to keep the text more readable.

Theorem 7.3 For the solution m to the problem (7.2)-(7.4), taking Ty from
Theorem 7.1, the following estimates are valid:

To 2
max ||Oym]||2 + ( ||V5tm||§ds> <C, (7.13)
te(0,To) 0

T() 2
ma%()\/ElV&mer( / n{nafmn%ﬂmatm@}ds) <C, (7.14)
0

t€(0,To

To
||8t2m||w—1,2d8 <C, (7.15)
0
where K is a time weight equal to k(s) = min{l, s}.

PROOF OF INEQUALITY (7.13):
The time derivation of (7.6) leads to

9?m — aAd;m = 2a(Vm, Vom)gem + a|Vm|?d;m — d;m x Am — m x Ad;m.
(7.16)
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Now, we test this with the function d;m to find
1
§3t\|3tm||§ +a|Voml|; = C(Ar + Ay + Az + Ag), (7.17)

where the definitions of Aq,..., A4 are in the text below.

The integrals over the boundary always vanish thanks to the homogeneous Neu-
mann boundary conditions.

We make use of Lemma 10.4 to estimate the terms A, Ao, A3 and Ay. At the
beginning of every estimate we use some of the inequalities stated in Lemma 10.3
and then we apply the estimate (7.7) or (7.8). Thus we have

|41 := 2[((Vm, VOm)gom, dym)| Cl[Vmll4[[VImll2||dmllsml| Lo

C|0ym ||y || Osm]) 4. (7.18)

IN A

We apply the inequality (a? + b2)% < a+ b to the first factor. To estimate the
L* norm of J;m we use inequality (10.11) and then we separate the terms by the
Young inequality with exponents 4 and 4/3 and appropriate weights ¢ and C.:

19;m]s < ClOsmlls + C|l0iml|3 | VOml; < Cc|dimllz + | VOrmla.  (7.19)
Together we get
[A1] < C(|ogml2 + [[VOml|2)(Ce[|9pmllz2 + e[| VOml|2) < Ce[|dpml|3 + e[| VOm]|3,

where ¢ is a generic small constant, which could be changed if needed. To estimate
the term [|0;m|? in A we again use the same technique as we have used in
(7.19). Then we get

|A2] := o(|Vm?, [9ym|?) C[[Vm||3]|0m|i < C(Cc||0pm]|2 + €] VOm]2)*

<
< C.||0mlf3 + e[| VO;mlf3.
For the term Ag, it is simply

|As| :==[(Oym x Am, Oym)| = 0.

In the following estimates we perform integration by parts. In virtue of homogeneous
Neumann boundary conditions we can write

|A4| := |(m x Adym, Oym)| = |(V(m X 9;m), Voym)| = |(Vm x d;m, Vo,m)|.
We make use of inequality (10.8) and we arrive to the following;:

|Ag| < [|[Vm||4]|0m||4]|VOm]|2 < C|0pm]|yy1.2 || 0pm]|4.
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On the right-hand side of the inequality appears the same expression as in (7.18).
Therefore we can directly end up at

|As] < [[Vmlls]| 04| VOym|l> < Cel|0ymlf3 + &l VOml[3.

Since we have successfully bounded the terms Aj, A3, A3 and Ay, we can now
continue in (7.17) setting 3¢ = /2 to get

1 o

SO0l +al|Vom|3 < Z|Vaml3 +3C|oml3,
1 e’

Soloml3 + SIvaml3 < 3C)om3.

Using Gronwall’s lemma in the previous relation we obtain the following result

2

T
[|0pml|2 + (/ ||V(9tm|§ds> <,
0

which completes the proof of inequality (7.13). O

PROOF OF INEQUALITY (7.14):

Now we begin the proof starting again with (7.16). We make a formal step by
testing the relation (7.16) with function —Ad;m. This can be done rigorous by dif-
ference quotient method. We make similar steps also further. Because of vanishing
Neumann boundary conditions we get

1
50IVOim|3 + al|Adiml; < C(Bi+ Bz + Bs + Ba). (7.20)

We deal with terms Bj, Bs, B3 and By independently. First we have

B |((Vm, Voym)gem, —Adym)|
[Vm|[4[|VO;mal| | ml| Lo | Adml|2

([0:mlls + [[VOrml[4) | Adym . (7.21)

<
<

To estimate L* norms, we apply inequalities (10.11) and (10.12) and then we
separate the individual L? norms by applying the Young inequality with exponents
4 and 4/3 and appropriate weights ¢ and C.:

1 3
10mmlls + [VOmlly < C([|0iml|y + [|9;m]|3 [VImll;

+HVOmllo + [[VOyml|3 || Adyml|3)
Cel|omm|)z + C.||VOyml|z + 2| Adml[,.  (7.22)

IN
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We can now continue in (7.21) using two times the weighted Young inequality to
conclude

By (Ce[|0imll2 + Cc[[VOrml|s + e[| Adyml[2) | Adym ][

<
< C.||om)|) + C.||VO;m]|3 + || Ad;ml|3.

We proceed with estimate for Bs:

By = a(|Vm[*g,m, —Ad,m)] Cl[Vm|[3]| 0] o || Adm]

<
< |9z | Adymlla.

Now we make use of inequality (10.14) to arrive at the same situation as in (7.21):
By < C(|0mls + [VOrm|4)|Adml|2 < Cc[|opm]3 + Cc[[VOym|3 + e[| Adyml3.
To estimate Bjs, we use the same technique as for Bs:

Bz :=|(0ym x Am, —Ad;m)| [0iml| L [[Am[2[| Ad;mal|y < [|0ym]| 1~ || Adyml]
C(|0malls + [[VOrmll4) || Ad;mll

Celloym]|3 + Cc || Vom]3 + e Adym]3.

IN A IA

Finally, for B4 we have simply
By :=|(m x Adym, —Adym)| = 0.

After applying these estimates, we continue in (7.20) setting 3e = «/2:
1 «
SOl + o Adm3 < & |Adml3 + O Vom]; + Clom]3.

We can get rid of the coefficients 1/2 and « by dividing the equation by
min{1/2,a}. Applying the inequality (7.13) and multiplying by the time weight
k(s) = min(1,s) leads to

k(s)0[|[VOrml3 + ar(s)|[Admll3 < Caki(s) + Caki(s)| VOumlf3.

We integrate both sides of the previous equation. Integration by parts gives

t

wIvam1E] [ wenivomiz+ [ soaom;

0

0
t t
SQ/K@+Q/MmW%M%
0 0
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Using «/(s) <1 we have

w(0)|VOm(®)]3 + / #(s)| Adym2

t

t
< [ IVOm[3 + Ca+ Ca | £(s)[VOml3.
0 0

Now we use (7.13) and we arrive at the formula

t t
KOIVom©3 + [ n(s)|soml} < ot Co [ w(s)|VOmI
0 0

We are ready to use Gronwall’s lemma to obtain
1
2

T
\/E|V3tm||2+</ H|Aatm|§> <c. (7.23)
0

Next we take (7.16) and test it with the function 9?m to get
162m]2 + %atnvatmng < O(Dy + Dy + D3 + Dy). (7.24)

The boundary terms vanish. We estimate Dq, Do, D3, D, as follows. First

Dy = |((Vm,Vim)gem, afm)\
IVm||4]|Vom||4|m]| |07 m]|5

<
< C(|9m]|s + [[Vrm]l4) |07 m]|2. (7.25)
Now we use (7.22) together with the weighted Young inequalities to get

Ce(|0ml> + [[VOml|2 + | Adm]2) |07 ml
Cel|0em]3 + Cc|[Vorm|3 + Cc[|Adyml|3 + ]| 07 ml3.

D, <
<

Using inequality (10.14) we estimate the terms Do and Ds

Dy = [(|[Vm[’om,9{m)| < [Vm|i[dm| =0 m].

< (19sm]ly + [|VOyml|)]|07 ml|2,
Dy = [(0ym x Am, 9fm)| < [[9m||p= || Am]|2]|87m]|s

< ([10em]l4 + [|VE;ml|4) (|07 ma]2.

Notice that the expressions at the ends of the previous two inequalities are the same
as the expression at the end of (7.25). Therefore we use the upper bounds obtained
for D; also for the terms Do and Ds.
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For D, we have the following result using the weighted Young inequality:
Dy = |(m x Adym, 07m)| < |[m]| || Adym]|2]|0fmll2 < Cc[|Adm]3 + &]|0fm].
Now using the previous estimates we can continue in (7.24) setting 4e = a/4:
a a
10 mll3 + 5 0, Voml5 < - [|0fml3 + CllAdml[3 + C|[Voml|3 + C|0pml3.

Coefficients «/2,a/4 can be absorbed on the left-hand side. Multiplication by
k(s) followed by time integration now leads to

t t t
/ k()| 02ml2 + £(H)|[VOm|Z < C / (s)| Adpml 2 + C / (s) [ VOm|2
0 0 0

t
+C/ /{(s)||8tm||§.
0

Using (7.23) and (7.13) leads us to the desired result
¢
[ rltml? + o [voml < c.
0

This completes the proof of inequality (7.14). O

PROOF OF INEQUALITY (7.15):
In order to show (7.15) we employ the previous results. First, we make use of (7.16)
and estimate

T
| 108 = 0Pl agr o
0

T
<  sup / [(aVom, V) + Ey + -+ Ey|ds.  (7.26)
per2(1,wh2),J0
1Pl 2 wi,2y<1
The first term on the right-hand side of (7.26) can be split using the Young inequal-
ity:
T T
[ Va0, Vs < ¢ [|vomli+ |Velas<c. ()
0 0

The boundedness of the first part comes from (7.13). The definition of ¢ in the

supremum guarantees the boundedness of the second part.
The terms Fy,...,E; can be bounded separately. For the term F;, we write

T
J o
0

T
< C / I((Vim, Voym)zom, )|
0




94 Regularity results for single LL equation

IN

T
0/0 V][4 [|VOmlls || L [[]l4

T
< ¢ / Vo2 + @[22
0

We see similar terms as in (7.27). This allows us to use the same arguments to

estimate also the term fOT Ey.
Applying the embedding W12 «— L* we get the following estimate for Ej:

T
J, ®
0

IN

T T
c / |(|Vm[29,m, )| < C / |21 0mllalle ]

IN

T
c / l8eml2 + [IV8ml2 + e (7.28)

We make use of (7.13) to estimate the first two terms. The last term is bounded

from the definition. Thus we get boundedness of the term ‘ fOT E5|. We continue

with Fs:

T
J, =
0

T T
= [ o x amog) = [ (Ve x m), Tm)
0 0

IN

T T
/0 IV ll2]| @l | Venl]s + / o ]lal[V0sml] | Vanl],.

We get rid of the term ||[Vml|4; thanks to (7.8). The embedding W12 < L* used
for the L* norms in both terms followed by application of the Young inequality

gives us
T
0

IN

T T
/ @ llwz |9y + / el | Omllwa.s
0 0

IA

T
/0 l@l2s + 122 + [VOml,

which is the same upper bound as in (7.28) and confirms the boundedness of the

term ’fOT Eg} . For the term FE,, we write

T
J, =
0

T T
_ / |<mantm,¢>|:/ |(V(¢ x m), Vo,m)|
0 0

T

T
/0 IV llollmll - [ VO] + / o llalVmlla|[ V).

IN
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Now we can do the same tricks as we did above for the term fOT E3 to get

T
J, =
0

IN

T T
| Ielwielduml + [ ol o
0 0

IN

T
/0 lol3n + 0mllZ + [ VoumlZ < C,

which finally concludes the proof of boundedness of f0T||8§m||%,V_L2 and completes
the proof of inequality (7.15). O

7.2 Notations

Before we prove Theorem 7.2 we summarize necessary inequalities needed in the
proofs.
By X, and Y}, we denote the following sets:

X, = {(i,j.k) i} ke,
0<i<p, 0<j<p, 0<k<p, i+j+k=p},
Y, = {(i,j):4,j€Z, 0<i<p, 0<j<p, i+j=p}

Denote A = (Vm, Vm)m and B = m x Am. For the time derivatives of A and B
we can write

FA = > (VOim,Vo/m)dfm, (7.29)
XIJ

OB = > 0imx Ad/m. (7.30)
YP

We can formally take the r-th derivative in time of the LL equation to get

' m — aAd'm = adl A — OB. (7.31)

7.3 Proof of regularity theorem

We use the notation P(p) for the statement of Theorem 7.2 for specific value of p.
We will prove the theorem by mathematical induction. First we prove P(0). We
deal with this also in [25]. Then we prove P(p) using P(0),...,P(p —1).
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First step in the proof by mathematical induction

This step is in fact included in the proof of Theorem 7.3.

Second step in the proof of mathematical induction

We prove all four inequalities (7.9)—(7.12) sequentially. It means that in the proof
of (7.9) we use P(m) for m < p — 1 only, whereas in the proof of (7.10) we can use
(7.9) from P(p), too. Finally, in the proof of (7.12) we will use (7.9)—(7.11) from

P(p)-

PROOF OF INEQUALITY (7.9):

We take the (p + 1)-th derivative of the LL equation (7.31). Then we multiply the
result by x2PoF *m and finally we integrate it over {2

£2P(OP 2 m, 0P m) — ak? (AP m, 8P m)

= ar?(OPT A, 0P m) — k(0P B, 0P m).

Because of the following identity
1
K707 m, o) " m) = §5t(H2pllaf+1m||§) — pe |07 ml3, (7.32)

together with integration by parts in the term ax?(Ad’ ' 'm,d” ' 'm), we can de-
duce

1

500 (#2107 m3) + 0> [VOF

= pr 0 3 + 0n (9 A, 0 )
—k2P (P B, 0P m). (7.33)

In Lemmas 7.1 and 7.2 we estimate absolute value of terms 27 (9! A, 9"*'m) and
K20(OPT B, 07 ' m).
Lemma 7.1 For any fized € the following estimate holds

To

To To
| aortm) <o ve [ wvortmig . [ rjorm

PROOF:

From the definition of A we have

KPP AP m)| < kY ((VOm, VOl m)ofm, 0f T tm)|. (7.34)

Xpt1
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Value of
Class k 1 J
la p+1 0 0
1b 0 p+1(or0) |0 (orp+1)
1lc D 0 (or 1) 1 (or 0)
ld | <p-—1 <p <p

Table 7.1: Classes of indices ¢, j, k when 2¢ — 1 4+ 25 — 1 + 2k = 2p.

We divide the proof of lemma in several steps. All possible choices of values k, 1, j,
such that ¢+ j+k = p+1, can be put in four classes, see Table 7.1. We study these
cases separately.

Class 1a
When k£ =p+ 1 in (7.34), we have the following estimate using (7.7)

|(Vm, Vm)op'm, 87" m)| < | Vm|3]07 mlF < Clof mlff. (7.35)

Now, we first apply (10.11) and then the Young inequality with exponents 4/3 and
4 to get

1 1 1 1 2
107 m||3 + |07 ml|3 [ VOr T m3
Ce |07 ml|3 + ]|V m]3.

|(Vm, Vm)of 'm, 87" 'm)]

ININA

Class 1b
When i =p+1 or j =p+ 1, we can estimate the corresponding terms in (7.34) as

follows, using (7.8) and the Young inequality,
(Vo7 m, Vm)m, 07" m)| < [[VO; ml2 || Viml||jm| < |07 ml|s
< OVt ml|a]|0f ml4
< e VOrTm|3 + Ccl|of m] . (7.36)

For the term C.[|8”'m||? we can use the same technique as in (7.35). Then we get
(VOr ™ m, Vm)m, 07" 'm)| < ¢ VO ml|3 + C.)|07 ml 3.

Class 1c
In this case we have k = p and i + j = 1. Without loss of generality we assume
i = 0. Then we have

1
w2 |V 4[| VOem|4 |07 m]4 |07 ml4
1
K27 Vorm|3]|0yml| + |07 m|3,

K*P|((VOjm, Vo{m)0fm, 0 'm)| <
<




98 Regularity results for single LL equation

where we used the embedding W22 — W4 the boundedness of m in W22 norm
and the Young inequality. The term [|0?*'m)||2 was already successfully estimated
in (7.35) and (7.36). We now apply the embeddings W22 < W4 and W2 «— L4
to get

K*P|((VOjm, Vo/m)ofm, 8 'm)|
< Ck(||Adm|% + [|Vom|3)x*P =1 (| VOr m][3 + || 0/ m]|3)
+C |07 m|3 + e[| VO mlf3. (7.37)

We use P(p — 1) and P(0) to get

RPHVOrm|; < G
P Om3 < w707 ml3 < C,
KIVoml3 < C,

which can be applied in (7.37) to arrive at

K% ((VOjm, Vo/m)0fm, o) 'm)|
< C + Ck[|Adm|)3 + C- |07 ' m||3 + €| VO m]|3.

After the time integration we use (7.11) for P(0), which completes the case that
k=np.

Class 1d
We have k < p — 1. For the terms on the right-hand side of (7.34) we have

B = £P|((VOim, VO m)dFm, " 'm))|
< K| VOim|o |V m)|a]|0f m| L~ |0 ml4

Further, we have to estimate the term ||0fm| ;. We use the embedding W'* —
L and then we obtain ||0Ffm|| 1~ < C(||V0/m]||4+ |0 m]||4). To be exact we should
go on with the previous inequality but we proceed only with estimating worse term,
namely with the term [|[V&/ml4. It is clear that if we successfully estimate this
term, then better term ||@/m]||4 would not cause any problems. And in such a way
we rapidly decrease the length of the text. Similar technique we use more times on
different places. Thus we get

Fi < w&%|Voiml3]|Voim|3||Voy ml[3

+#%2(|0F ml[3,

where we have used the Young inequality and the embedding W4 < L. We use
estimates, which we have already proved in (7.35) for the term ~2[|0”* m]||2. Note
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that 2i — 1 +2j — 1 + 2k = 2p. Now we use the embedding W22 — Wh4 (10.11)
and (10.12) to get

Fi < w27 Vom|36¥ (| VO] ml3 + | Ad/m]3)
RH(IVOrml3 + | Adfml|3)
+Cor (07 |3 + ex® | VO; m| 3. (7.38)

Since k <p—1,i <p,j <p, using P(k),P(i — 1) and P(j — 1), we have

o voimlE < C,
R |Voiml} < C,
W Voiml < w* Y Vorml3 < C,
Haimlf < C,

which can be applied in (7.38) to get
Fy < C+ Cr¥71 A0 m|3 + Cor® |07 ml|3 + x| VOPH m)3.

After time integration we use (7.11) from P(j — 1) for the term x*~1||Ad/m|3,
which completes the proof of the lemma.

Lemma 7.2 For any fized € the following estimate holds

To
/ |H2p(6§7+167af+1m)| S C+€/
0 0

To To
K22 |Vor ml2 + . / K207 m 2,
0

PROOF:
The definition of B gives

KPP B, 0P m)| < k) |(0jm x Ad/m, 07 'm)|. (7.39)

Yp+1

Now we make another distribution of possibilities for the values of i,j such that
i+j=p+1. See Table 7.2.

Class 2a
When i = p+ 1 we have

(0”"'m x Am, 8" 'm) = 0.

Class 2b
When j = p+ 1 we can estimate
|(m x A" 'm, 8" 'm)| = |(0""'m x m, AG” T 'm)|
|(VOPT'm x m, V&P 'm)|
("' m x Vm, Vo’ m)),

A
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Value of
Class i J
2a, 0 p+1

2b | p+1| 0
2c <p | <p

Table 7.2: Classes of indices ¢, j when 2i — 1425 — 1 = 2p.

where we have applied integration by parts. The boundary terms vanish. In the
next step we use (7.8) and (10.11)
|(m x AGY ' m, 0/ ' m)|
< (0P 'm x Vm, VoP ' m)|
< (107 ml|a| V]| VOF m]»

1 1. 1% 1 3 1
< C(lof mllg + |07 m| 5 VO m]| )| VOy T mll,.

Now we apply the Young inequality first with both exponents equal to 2 and next
with the exponents taking the value 4/3 and 4, respectively. We get

|(m > AG " m, o P m)| < G0 ml; + < VP ml3.

Class 2c
When ¢ < p and j < p we have
(0fm x AY/m, 7" m)|
= (07" m x 9jm, Ad}m)| -
< (VP 'm x 9im, Vo/m)| + [(8”'m x VOim, Vo m)|
1 ; j 1 ; j
< |IVOr mll2||0ym|la || V! mll4 + [|0F ml|4]|VO;m|o | VO 4
< IVOF* ml|a(|0;ml|3 + [[VOjml13) (V0 ml3 + | Ad/m]3)
+(|07 |3 + [[VOy T m|3) 2 [ VOiml|2 (| VO, m|5 + | A/ m]]3)?,
where we have used the embeddings W12 «— L* W22 — W4 and (10.11). Now,
from Young’s inequality we get
K2P|(Bim x A& m, o' m)|
<o |V mlp | |
+C-r2P(||0fml|3 + IIVaimllg)(llvaimllg{r 1207 ml[3)
+er™ |0 ml [ + Cor®P(|VO[m|5(| VOl m|5 + || A0 m|3)
< en®|[VOr R+ enf mlE |
+COR2H(|0ym|3 + [[VOim|[3)w> ([ VO/m|3 + | Ad] m]3).
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Note that 2é — 1 +2j — 1 =2(i + j) — 2 = 2p. Since j < p and ¢ < p, we have from
P(j—1) and P(i — 1) that

Hoim3 < k¥ 720jm]3 < C
*HVOIml; < C,
A7Y VO m|2 < C.

Thus, we get

2P| (9im x Ad/m, O m)|
< x| VOP 3 + en®|0F P am3 + C + Con® | A0Ym3
We integrate the previous inequality in time. Then we use (7.11) from P(j — 1) to
estimate the term x2/71||Ad/m||3. This completes the proof of the lemma. O

PROOF OF INEQUALITY (7.9) (Continuation):

Now, we can pass to the proof of inequality (7.9). From Lemma 7.1 and Lemma
7.2 we can estimate the terms |ax? (87T A, 87" m)| and |x22(0P "' B, ' m)| in
(7.33). After time integration we find

< op (1) + o [ " | vortim|3
T 0
<p / 52710 m| 2
T T
to / 2P (001 A, O m) | + / 2P (P B, 07 )

T
<p / k2019 m] 2
0

T T
+(a41) {T.CJFCE/ 2P| 0P m))2 +5/ K2p|V8f+1m||§].
0 0

Taking e sufficiently small and using P(p — 1) for the term fOT £2P=H[0P  m)|2, we
get
1 g 1 g 1
IO () + [ OO i < Clap) + Clawp) [ w0 i
0 0

After applying Gronwall’s lemma we complete the proof of inequality (7.9) for
P(p). O

PROOF OF INEQUALITY (7.10):
Take the p-th derivative of the LL equation (7.31) and multiply it by —+*?AdYm.
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Value of
Class k i J
3a p 0 0
3b 0 p (or 0) | 0 (or p)
3¢ | <p-1]<p-1|<p-1

Table 7.3: Classes of indices 1, j, k when 2i 4+ 2j + 2k = 2p.

We find
—k% (3P 'm, APm) + k|| AdPm]|2
= —ar?P(OP A, AP m) + x*P(0' B, AO'm).
Using Young’s inequality we get
ak®||Am|3 < arx®|(OP A, AdPm)| + £*P|(OF B, A0’ m)|
+Ck?)| 0P ml|3 + x| ADY ml[3.

We take € small. Since we have proved (7.9) for P(p), we can estimate the term
k20| 0P m|)2 by C to get

ar®|| AP m|3 < ar®?|(OF A, A0’ m)| + k*P|(0V B, AdYm)| + C.. (7.40)

The terms x%P|(07 A, A9Ym)| and x?P|(0VB, AdYm)| are estimated in Lemmas 7.3
and 7.4.

Lemma 7.3 For any fized € the following estimate holds
K?P|(OF A, AOPm)| < C. + kP | AP ml|3.

PROOF:
From the definition of .4 we have the following

kPO A, A0Fm)| < k7Y [((VOim, Vol m)ofm, Adfm)|.  (7.41)
XP
We again split all possible combinations of values i, j, k into several classes, see Table
7.3.

Class 3a
When k = p in (7.41) we have the following estimate:

[((Vm, Vm)ofm, A9 m)| V|5 07 m| L | A0 m] |2

Ce||Voyml[3 + €| A0y ml3, (7.42)

IN A
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where we have used the boundedness of m in the W22 norm, the embedding
Wh4 — L and Young’s inequality. We have estimated again only the worst
terms, namely the terms with highest space derivative. Using first (10.12) and next
Young’s inequality with coefficients 4 and 3/4 we find

£%|((Vm, Vm)oPm, Ad’m)|
< C.r™||VOyml|3 + an2p||va§’m||§ ||Aame2% +er”?(| AO mlf3
< C.k?P||VOPm||2 + x| AP m)|3. (7.43)

From P(p — 1) we have
K27 VOPml3 < 21| VOml|3 < C.
Then we arrive at
&*P|((Vm, Vm)0Pm, Ad’m)| < C. + ex?||Adm]|3.

Class 3b
When i = p or j = p we can estimate the corresponding terms in (7.41) as follows

[((VOim, Vm)m, Adym)| < [|[VO/m|a||Vm|[s]ml|L~[|A0fm]
< CIVO/mla]|Adfml
<

Ce[|Voyml[3 + &l| A0y m3.

We end up with the same terms as on the right-hand side of (7.42).

Class 3¢
When i <p—-1,5 <p-—1and k < p— 1, on the right-hand side of (7.41) the
following argument can be used

Gy = KP|((VOim, VOim)dfm, Ad'm)|
< K%V 4[| VO ml]|0F m]| L A0 ml 2
< Cor™ || Voym| 3| Vo ml|3||VOf ml|3
+er® | A0y ml3,

where we invoked the embedding W'* — L™ and Young’s inequality estimating
only the terms with the highest space derivative.
Note that 2i + 2§ + 2k = 2p. Now, we use the embedding W12 < L* to get

Gi < Cr”(|VOm5 + [|Adim]3)x> (| Vo m]3 + | Ad/m]]3)
K ([ Vorml|3 + | AdFml|3)
+er?P||AGYm]|3. (7.44)
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Value of
Class i J
4a 0 P
4b P 0
de | <p-1]<p-1

Table 7.4: Classes of indices 4, j when 2i + 2j = 2p.

Sincei <p—1,7<p—1and k < p—1 using P(i),P(j), P(k) we have
M Agml; < C,
2| Voim3 < s VOm|3 < C,
RAdml3 < G,
R Volm|3 < ¥ VOlm|3 < C,
RFAOFm)3 < G,
R Vormlf3 < &Y VOfm|3 < C,

which can be applied in (7.44) to get
Gy < C. + er?||A m|2.

This completes the proof of the lemma.

Lemma 7.4 For any fized € the following estimate holds
K2P|(0F B, AdYm)| < C: + ex||AdFm]|3.

PROOF:
From the definition of B we have
K2 (0F B, AOFm)| = k™Y |(0jm x Ad{m, Ad/m)|.
YP
We use Table 7.4 in order to proceed in several steps.
Class 4a
When j = p in (7.45) we have
(m X Ad’m, Ad’m) =
Class 4b
When i = p we can estimate
|(0fm x Am, Ad/m)| 107 ml| Lo | Am2]| AGF m|2
C.||Voyml[3 + e A0y ml3.

IAIA

(7.45)
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where we invoked the boundedness of m in W22, the embedding W'* — L, and
Young’s inequality. Using (10.12) and then Young’s inequality with exponents 4
and 4/3, we arrive at

x*(OPm x Am, Ad’m)|
< C.R??|[ VO3 + Cor®|| VOl m| 3 | ABYml  + ex?|| A m]3
< C.R?P|[ VoY ml3 + ex® || AG ml3,
Since P(p — 1) we have
£P||Voymll; < &% Vo mll; < C.
Thus we find
K7P|(0m x Am, Ad/m)| < C. + e[| A0 ml3.

Class 4c
When i <p—1and j <p—1, one has

|(0jm x Adm, Adfm)] 10}m]| L | A8] m]| 2| AG m] 2

<
< C|Vom|| A0 ml3 + || A0 m]3,

where we have used the embedding W4 < L* and Young’s inequality. Now, we
apply the embedding W22 — W4 to get

|(0im x A&/ m, A§’m)]|
< CE(IIVQZ'mH% + \\AﬁimIIS)IIMZmII% +el|Adym]3
< Ce[|Voim|3[| A0/ m|3 + C. | Adym|3| A0/ m|)3 + [ A0y m]3.

Since i < p—1and j < p— 1, we can deduce from P(i) and P(j) that

| Vomll; < k¥ VOm|3 < C,
2 |Adml; < C,
KA m|2 < C.

Then we find

£2P|(0Pm x Ad/m, AdPm)|
< er®? | A m|3 + Cor™(|VOm| |36 || A0] m|3
+Cer™ | Adim |35 || A0/ m]|3
< er?|| A0 m]3 + C,




106 Regularity results for single LL equation

which completes the proof of the lemma. O

PROOF OF INEQUALITY (7.10) (Continuation):
To finish the proof of inequality (7.10) we simply apply Lemma 7.3 and Lemma 7.4
in the relation (7.40) and we take e sufficiently small. O

PROOF OF INEQUALITY (7.11):
Take the (p + 1)-th derivative of the LL equation (7.31). Then, we multiply the
result by —x22T1AS” ' m and get

— K2 (P m, AP m) + ar® | A m]|
— _qp2rtl (af+1A7 A@f*lm) + 5217“(85“8, Aaerlm)'

In the first term on the left-hand side we apply integration by parts. On account of
the analogy with (7.32) we get

1
50 (k21| V0F ) + an® | 20 3
= k(P A, AP m) + k2PN (OP T B, AGP T m)

o+ 1
+pTHQP||vaf+1m|\§. (7.46)

We again estimate the terms containing 97 1A and o 1B in separate lemmas.

Lemma 7.5 For any fized € the following estimate holds

To
/ 2P (B4, AGE )|
0
T(] TO
<Cete / R2PH AP m|3 + C. / K27 V0P mlf3.

PROOF:
Starting from the definition of A we have
2O A, AGF m))
< /PN ((VOim, VO m)ofm, A0 m))|. (7.47)
Xpt1

For the overview of classes of indices i, 7, k this time, see Table 7.5.
Class 5a
When k£ =p+ 1 in (7.47) we have the estimate

|(Vm, V)" 'm, A} m)| IVm]|[187 " ml o A7 m]

Ce|IVOy ml§ + < A0 ml|3, (7.48)

IN A
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Value of
Class k 1 J
ba | p+1 0 0
5b 0 p+1(or0) |0 (orp+1)
o¢ <p <p <p

Table 7.5: Classes of indices t, j, k when 2i +2j — 1 + 2k = 2p + 1.

where we have used the embedding W14 < L>°. We continue, using first (10.12)
and next Young’s inequality with coefficients 4 and 3/4 to get

((Vm, Vm)oP ™ 'm, A0) " m)|
1 3
< Ce||VOP ™ mlf3 + Cc[|VOF ' m||3 | A0 m]|3 + ]| A0 m|3
< Cc||VoP ™ mlf3 + £[| A0 m]3.
Class 5b

When i =p+1orj=p+1, using (7.8) we can estimate the corresponding terms
in (7.47) as follows

(VO m, Vim)m, A0} 'm)| < [|VOF T mlly | Vim|la|lm| | A} ]|y
< OV mlla| 20¢ ]l
< G| VOrTim|f + e A0 mll3.
We end up with the same terms as on the right-hand side of (7.48). Thus we obtain
the same estimates.

Class 5¢

When i < p, j < pand k < p, we can use the following argument on the right-hand
side of (7.34)

Hy = rZT(VIim, VOim)dfm, Ad"  m)|
< Hzp“I\Vaim_lhIIVafmlllsz@fmlleIIAf)f“mllz
< Cer® | VO ml |3V O/ ml[3]|VOF m|3
+er® T AP m)|3,
where we have used the embedding W1 < L> and Young’s inequality. Note that
2i 4+ 2§ — 1+ 2k = 2p+ 1. Now from the embedding W2 — L* we get
Hy < Cr¥(|Voiml3 + |A0im|3)s* (| VO] ml[3 + | A0 m])3)
2P (IVOfmlf3 + (| A0 m|3)
+er?P AP m||2. (7.49)
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Since i < p,j <pand k < p, using P(i — 1), P(j — 1), P(k — 1), we have

¥ VOim3 < k¥ 7HVOm[; < C,
2| Vorm||3 < R2k71||vafm||§ < C,
EIYVOm|E < C.

Inequality (7.10) was already proved for P(p), too. Thus we get

k2| Ad;ml[3

k2| Ady ml|3

c,
C.

INIA

(7.50)
We can proceed in (7.49) to get
Hy < Ce+ Cor® 7Y AN m|3 + e T AO 'ml]3.
We integrate the previous inequality in time. Then using (7.11) from P(j — 1) we

estimate the term x2/~!||Ad/m||2. This completes the proof of the lemma. O

Lemma 7.6 For any fized € the following estimate holds
To
/ &P (0F B, A9 m)|
0

To To
< CE+5/ ﬁ2p+1||Aag’+1m\|§+c€/ K2 VP ml2.
0 0

PROOF:
From the definition of B we have the following

PP B, AP m)| < KPPTE Y [(0fm x Ad/m, AdY T m)|. (7.51)
Ypi1
The Classes 6a—6¢ are described in Table 7.6.

Class 7a
When j =p+1in (7.51) we have

(m x A’ 'm, AG’ ' m) = 0.

Class 7b
When ¢ = p+ 1 we can estimate

(97" x Am, A9} m)| 10 |l L= | Am| || A} m

Ce|IVOy m|§ + < A07 ml 3,

IAIA
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Value of
Class 1 j
6a 0 p+1

6b | p+1| 0
6c <p | <p

Table 7.6: Classes of indices ¢, j when 2 +2j — 1 =2p+ 1.

where we have invoked the boundedness of m in the W?2?2 norm, the embedding
Wh4 — L% and Young’s inequality. Using (10.12) and Young’s inequality with
exponents 4 and 4/3, we arrive at
(0P 'm x Am, AP ' m)|
1 3
< Ce[ VO ml[3 + Ce[ VO T ml3 | AP mll3 + | AT m3
< Ce|[VOr T ml3 + ¢ A0 mlf3.
Class Tc
When ¢ < p and j < p we get
|(9fm x AdJm, Ad " m)| < [|0fm]|r= || A0 mlo]| AGY T ml 2
< C.||Voim|3||A0]ml[3 + ¢ A7 mlf3,
where we have invoked the embedding W1'# < L> and Young’s inequality. Now,
we apply the embedding W22 «— W4
|(0im x A&/ m, AG” ' m)|
< C-(|Voim|3 + | A0;m]|3)[| A0} ml|3 + <] AdF m]3
. , , , )
< C||Vom| |3 287 ml[3 + C- | Ad{m|3[| A0/ m||3 + ]| Adf ™ m3.
Since i < p and j < p we can deduce from P(i — 1) and from (7.10) for P(i) and
P(j) that

VO3 < 571 VOim[3 < G
rUlAgml3 < C,
7| Adfm]; < C.

Again notice that 2i +2j — 1 = 2p + 1. Then we get
KPP (9Pm x Ad/m, AP m)|
< er® A |3 + Con® (| VOml |55 A0 ml 3
+Cer™| A |35~ | A |3
< er® A0 ml|3 + Cor® 71| A0 ml 3.
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We integrate the previous inequality in time and using (7.11) from P(j — 1) we
estimate the term % ~1||Ad/m||3. This completes the proof of the lemma. O

PROOF OF INEQUALITY (7.11) (Continuation):

We apply the results from Lemma 7.5 and Lemma 7.6 in (7.46) to estimate the terms
laZP (@ A, AOPT m)| and [k2PT1(8PT' B, AOPT'm)|. After time integration we
find

T
K27V m(T) |3 + o / K27 AGP 2
0

2p+1 [T
< 2 [ wvorttm;

T T
ba [ et A a0 |+ [ op B A0 )
0 0

ow+1 (T
<2 [ voptm
2 0
T T
+(oz+1)[T.CE+O€/ /—12p+1|\vaf+lm||§+s/ KPP AGP  m)2|.
0 0

Taking ¢ sufficiently small and using P(p) for the term x2?||[VOP ' 'm||2, we get

T
R COr )+ [ A0 i
0

T
< Cla,p) + Cla, p) / K27+ | V0P 2.
0

After applying Gronwall’s lemma we complete the proof of inequality (7.11) for
P(p). O

PROOF OF INEQUALITY (7.12):
Take the (p 4+ 1)-th derivative of the LL equation. Then multiply the result by
Kk2PH19P 2 m  Integration by parts gives

K2PHHOP 2 m)|3 4 ar?P (VO m, VOP P m)
= ar O A, 0P m) — k2P (0P T B, 07 P m).

On account of the analogy with (7.32) we get
A2 |0 mll} + S0, (x| VO m )
= 12 (a(@F T A O Pm) — (0B, 0F )

2 1
+a%n2p||vag’“m||g. (7.52)
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We will estimate the terms containing 97 1A and o B separately in Lemmas 7.7
and 7.8.

Lemma 7.7 For any fixed € the following estimate holds
To To
[ beert Ao | < ok e [ o
0 0

PROOF:
From the definition of A we have the following

KPP A, 0P PP m)| < kTN T |((VOjm, VOl m)ofm, 0 m)|.  (7.53)

Xp+1
For all terms in (7.53) we estimate:
|((VOim, V! m)0f m, 8} *m)|
< [IVOim|a]| VO] ml|]|0f m]| L~ ||0F m]2
< C||Vom||| Vol m[3[| VO ml|3 + <[ 0F m]3,
where we have used the embedding W1# < L> and Young’s inequality. Further,
we apply the embedding W22 — W4 to find
|((VOim, V] m)0fm, 8 *m)|
< C.(|Voiml3 + | A0ml|3) (VO] m]3 + || A0/ m]3)
(IVoF mll3 + (| Adfm|3) + &l|of*mlf5.

Without loss of generality we can assume that ¢ < j < k. Then ¢ < p and j < p.
From (7.9), (7.10) and (7.11), which is already proved for P(p) too, we have

PAdm|3 < C,

PIVOm|3 < &2 Vomlf; < C,
K¥Adml3 < C,

K|Vom|3 < &¥7|VOlmlf3 < C,
Y VOFm|2 < C.

Then, because 2¢ + 25 + 2k — 1 = 2p + 1, we have

£ ((VOjm, VOl m)dfm, 07 m)|
< Cr*(||VOm|[3 + | Adim||3)x¥ (| Vo/m|)3 + | Adm]3)
K| VOFm|2 + || AdFml[3) + ex® (|0 mlf3,

< Co + Cor® 1| AOFm|3 + <07 m)3.
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We integrate the previous relation in time and use (7.11) to estimate the term
k2*=1|A0Fm||2, which is already proved for P(p), too. This completes the proof of
the lemma. O

Lemma 7.8 For any fized € the following estimate holds

T() TO
[ pe e oyt < Cove [t ot
0 0

PROOF:
From the definition of B we get

[P THOP B O Pm)| < kT |(9jm x A9 m, 9 m)|.  (7.54)
Yp+1
For all terms in (7.54) we have
|(0pm x A8Jm, 0f Pm)| < [|0;m] L | A ml|2 ]| 0F *ml2
< Ce|Vom|F|Adml|3 + |07 *m]3,

where we have used the embedding W* — L> and Young’s inequality. Now, we
apply the embedding W22 — W4

|(im x A§/m, 0P m)|
< Cg(llvaimlli + IIAaém\lé)llAaimlli + EHaffzrnH%
< C.(|IVO;ml[3 + |Am][3) (V! m|3 + | A0/ m]|3) + =[O *ml[3.

Without loss of generality we may assume that ¢ < j. Then ¢ < p and from (7.10)
for P(p) and from P(p — 1) we have

£ Voml3 < x| VOim]3 < G,
R Voml3 < x| VOim]3 < G,
K¥|Adim|3 < C.

Then, we get

KPP (Oim x Adm, 0P m)|
< en®H 07 ml[3 | |
+Cr? (|| VO3 + [ Adml[3)s* = (| Vo7 m|3 + [ A0 m]3)

< C. + ek 0P 2 m2 + Cor® 1| A ml[2.
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After the time integration we use (7.11) from P(j — 1) to estimate the terms
k%~1||Ad/ml|3. This completes the proof of the lemma. O

PROOF OF INEQUALITY (7.12) (Continuation):

We apply the results from Lemma 7.7 and Lemma 7.8 into (7.52) and estimate the
terms |ax?? (P A 9P 2 m)| and |k2PT1(OPT B, 8P ?m)|. Then, after the time
integration we obtain

T
/0 PO mS + an® V)T m(T)| 3

2p+1 [T
<a® % [ rvertiml
0

T T
AN e [ A A X ]
0 0

2p+1 (T, +1. 12 T o1 apt2. 12
<QT/ k2P| VO ml2 + (o + 1) T.C’E+s/ k2|2 m 2
0 0

Taking ¢ sufficiently small and using P(p) for the term x| VP 'm||2, we get
g 2
| o mi < cla,p)
0

This completes the proof of inequality (7.12) for P(p). Consequently, the proof of
Theorem 7.2 is now completed. O




8 REGULARITY RESULTS FOR THE
M-LL SYSTEM

(Carpe Diem, you live just once)

In this chapter we discuss the existence, uniqueness and regularity of a regular
solutions to the coupled full M-LL system. The system reads as

Oom = -—-mx(Am+ H)
—am X (m x (Am + H)), (8.1)
OGE+0cE—-VxH = 0, (8.2)
OH+VXE = —(0im, (8.3)
V-H+pV-m = 0, (8.4)
V-E = 0, (8.5)

where «, # and ¢ are constants, & > 0, ¢ > 0. In practical applications is ¢ a ”"nice”
function of the space describing the conductivity of the medium. Nevertheless,
non-constant ¢ would not change the mathematical analysis and therefore we can
consider it as a constant.

We consider the following boundary conditions

om

A 0 (86)
E x V|6§2 = 0,
H+pfm)-v|,, = 0,

where v is the unit outward normal vector to 0f).

114
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The initial conditions read as
m(z,0) = mg(z), H(z,0) =Hy(z), E(z,0)=Eo(z) (r<€QcCR.

A crucial observation is, that |m| = 1, for almost all ¢ € (0, 00) provided that the
solution to (8.1)—(8.5) is sufficiently smooth. This comes from a scalar multiplication
of (8.1) with m. Then the equation (8.1) is equivalent to:

dym — aAm — o/Vm[’m + m x Am = —m x H — am x (m x H). (8.9)

The transformation of the equation (8.1) to the equation (8.9) is a classical approach
used for example in [18, 35, 61].

In Section 8.1 we define a weak solution to the problem (8.9), along with (8.2)—
(8.5).

In Section 8.2 we look at the appropriate function spaces, in which we seek the
solutions. We establish the theory of the approximation of this spaces by finite-
dimensional spaces. Thus, we will be able to define a finite dimensional problem,
which has an unique solution.

In the next section we derive estimates for the approximate solution in various
function spaces. These estimates are crucial when passing to the limit for n — oo.
The main results are mentioned in Lemma 8.7.

Section 8.4 is devoted to the limit process when n — oo. First, we prove the exis-
tence of functions m, E, H, which are the limits of subsequences of {m,, }, {E,}, {H,}
in various function spaces. Then we compute limits of all terms appearing in the
definition of a weak solution and finally we conclude that the functions m, E, H are
really weak solutions.

Finally, in Section 8.5 we prove the regularity results for the weak solution.

8.1 Weak solution to the M-LL system
Definition 8.1 The triple (m,E, H), where

m € L%(I,Hgo(Q) N H'(1,L*()),
E € L°(I,Hy(curl,div,)),
H+pfm € L*(,H,(curl,div,Q)),

is called a weak solution of problem stated in (8.9), (8.2)-(8.5) if jm| = 1, almost
everywhere in I x Q, m(x,0) = mg holds in the sense of traces, and for all test
functions

¢ € L*(I,HY(Q),
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L®(I,Hyo(curl, Q) N HY(I,L*(Q)), (x,7)=0

L(I, H(cwrl, Q) N H'(I,L*(Q)),  ¢(x,T) =0,
L>(I,HY (),

L>(I, Hp(€),

~ M D S
M M M m

the following identities hold,

/(@m,cp)ds —i—a/(Vm,Vgo)ds = oz/(|Vm|2m7 p)ds
I I I

/(m x Vm, V)ds — /(m x H, p)ds
I I

+oz/l(m < H,m x @)ds, (8.10)
/1 7 (V x H, )ds + /1 (Ee”, 83p)ds + (Eo, 3 (x,0)) = 0, (8.11)
/1 (H + Bm, 9,¢)ds + (Hy + fmy, b(x,0)) — /I (V x B, ¢)ds = 0, (8.12)
/I(V~H+5V'm,§)ds:0, (8.13)
/I(V -E,()ds =0. (8.14)

8.2 Finite approximation

Looking at the problem given by (8.9), (8.2)-(8.5) and the boundary conditions
(8.6)—(8.8), we demand that the solution has to belong to the following functional
spaces:

m < HlVO(Q)ﬂ

E € Hy(curl,div0, Q),

H+pfm € H,p(curl,div0, Q).
Now, we define approximation spaces for these spaces. It is a natural choice to
approximate the space HIVO(Q) by finite-dimensional spaces V,, build on the first
n eigenvectors of the “weak” operator I — A with domain He(2). We denote by
P, orthogonal projection of L?(Q2) on V,,.
Next, we define the following eigenvalue problems.

Problem 8.1 Find (u,w) € Hy(curl, div0, Q) x R such that
(Vxu,V xv)=w(u,v), Vv € Hyp(curl, div0, 2).
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Problem 8.2 Find (u,w) € Hyo(curl,div0, ) x R such that
(Vxu,V xv)=wu,v), Vv € Hyo(curl, div0, ).

Both problems are equivalent to an eigenvalue problem for a self-adjoint un-
bounded operator with its compact inverse. The spectrum is a denumerable set
of real isolated eigenvalues with final multiplicities. Moreover, the direct Hilbert
sum of the eigenspaces related to Problem 8.1 actually covers Hyg(curl, div0, Q).
Therefore, we can build finite-dimensional spaces VfLO from the first n eigenvectors
related to Problem 8.1. The spaces V’;O are a good approximation of the space
H,o(curl, div0, Q). We denote by Q,, the orthogonal projection from L?(Q2) on V.

Similarly we can build finite-dimensional spaces V"'? from the first n eigenvectors
related to Problem 8.2. The spaces VZO are a good approximation of the space
H,,o(curl, div0, Q). We denote by R,, the orthogonal projection from L?(Q2) on V70,

For more details see [17, 30].

We are ready to define an approximated solution to the problem defined by (8.9),
(8.2)—(8.5) along with (8.6)—(8.8). We seek for a triple (m,,, E,, H,) such that

m, €V, E,cV? and H,+pm,c V™
satisfying the discretized M-LL system

oym,, — aAm, — P, [a|an|2mn —m, X Amn]

=P, [-m, x H, —am, X (m, x H,)], (8.15)
OB, + 0B, — Qu [V x H,] =0, (8.16)
OH, + R, [V x E,] = —30,m,, (8.17)
V-H, + 8V -m, =0, (8.18)
V-E, =0, (8.19)

8.3 Estimates for approximating solution

Next we do some analysis using techniques such as multiplication of the equations
(8.15)—(8.19) with some vector function and then integrating over €2 to obtain es-
timates in L?(Q)) norm. The projection operators P,,Q, and R, seem to cause
troubles. For example, the vectors m,, x H, and m,, are orthogonal in R? space,
therefore after a multiplication of (8.15) by m, would the term (m, x H,,m,)
normally disappear. Question is, if the term (P, (m,, x H,), m,) will be zero. The
answer on this question is simple. There is a little bit different situation depicted
in Figure 8.1. Here the bigger space is R® and not L?(2) and the smaller space is
the plane R? given by axes x and y. This corresponds to the space V;,.
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Figure 8.1: Orthogonality of the projection

The vector u = m,, x H,, is orthogonal to vector m,, and his projection P, (u) lies
in the plane zy. We simply see that if (u,m,) = 0 then also (P(u),m,,) = 0. This
can be written exactly in the following way. Since P,(u) is a orthogonal projection
into space V,, we know that

(u—P,(u),w) =0,
for all w € V,,. Taking w = m,, and supposing (u,m,) = 0 we get
(Py(u),m,)=—(u—- P,(u),m,) + (u,m,) = 0.
Moreover, we use the property
(Pn(0),v) = (u, Po(v)).

In the following lemmas we use the previous remark and the fact that orthogonal
projections satisfy
[P ()] < lul].

Lemma 8.1 For every real positive T the following estimates are valid for the so-
lution m,, to (8.15)-(8.19):

Ot 13 + ol Vg |5 < C(1+ [my [[1.).- (8.20)
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PROOF:
Take (8.15) and multiply by m,, to get

1
5Ol 13+ ol Vimy, |5 < al([Vm, Pmy, my)| < o[V, [5]mn, | 7.

We use the embedding W22(Q) — L>*(Q) to conclude
B llm, |13 + o[ Vi, |3 < Cllmy, |52 < C(1 + [my[|52.2),
where we have used the Young inequality. We are able to prove better result with
lower exponent than 18. Such high value is however necessary in the next. O
Lemma 8.2 For every real positive T the following estimates are valid for the so-
lution my, to (8.15)-(8.19):
01V, |3 + | Amy[5 < C(1+ [Jmy, [|ip2 + [[H,|13) (8.21)
PROOF:
Take (8.15) and multiply by —Am,, to get
1
53t||anH§ +allAm, |5 < al| Vg, ||y Vmy,||4]lmy, || e | Amy, 2
+|P,(m, x Am,), Am,)|
+mp [ Lo [|Hy 2] Amy, |2
+ml|7 < [[Hy 2| Amy, |2
The term P,(m,, x Am,), Am,) vanishes due to the properties of the projection.

We use the embeddings W22(Q) — WH4(Q) — L>(Q) and Young’s inequality to
proceed and get

0|V, 13 + allAmy, |3 < Cllmy Yo + [[m [y + [Hal3).

O

Lemma 8.3 For every real positive T the following estimates are valid for the so-
lution m,, to (8.15)-(8.19):
Ol Am, |3 + o[ VAm, |3 < O+ [lmpfipee + [Hallj)- (8.22)

PROOF:
We apply operator A on (8.15) to get
o:Am, —alA’m, = AP,a|Vm,|*m, — AP,m, x Am,
+AP,m, x H, — AP, m,, x (m, x H,).
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Then we multiply the previous identity by Am, and we perform integration by
parts. Thanks to the properties of P,, mentioned in the beginning of this section we
get
(0 Am,,, Am,) + o|VAm, |2 < o/(V(Vm,|*m,),VAm,,)|
(V(m, x Am,,), VAm,,)|
+|(V(m,, x H,), VAm,)|
+a|(V(m, x (m, x H,)), VAm,)|.
Next we derive the terms on the right-hand side. Then we use appropriate integral
inequalities:
Ol Amy |3 + o[ VAm, |3
< 2 Vmy, [ | Vi, [|4][my, [ L [[VAmy, ||
IV 2V oo [ VA 2 + [ ]l Amm, ]|V A, |
(1, X VAL, VAM,)| + [V, o[ Ha 4]V Am,
Flmy || oo [VH 2| VAm, ||
+2/| Vi [l4 [m | oo [ H 14V Amy, |2 + my, || 7o [[VH[|2]|V A |2
Notice that the term (m,, x VAm,, VAm,) = 0. To proceed we use embeddings
W22(Q) — L*>®(Q) and WH4(Q) — L>(Q) :
Ol Amy |3 + o VAm, |3
< 2([Vmy, [ [V |4 m w22 [V Am, |2
Vi, 3 Vmy, e [V Am, |2 + ([ Vi ||| Am, |4 VAm, ||
H{ Vg, |4 |[Hap |4 ][V Amp[|2 + [[mg w22 [ VH |2V Amy [l
+2[|Vmy,[[4[[my, |[we.e | Hy |4 | VAM, |2
+||mn||%/v2=2HVHnH2||VAmn”2

and then we get rid of the term ||[VAm,||2 using the weighted Young inequality:
Ol Amy |3 + ol VAm, |3

< e VAmM,[[ + Ce | Vi |[fa [ Vg 1] my [[fy 2
O Vim, |3 Vim, [fa + Ce[[Vmy, |3 Amy, |13
JFCs”vmn”?l”Hn”Z + OEHVHnngnmn”%/V”
+CE”an”ZHHn”ZHmnH%/V%? + CE||VHn||§Hmn||AIL/V22 (8-23)

We make use of (10.16) (10.12) and (10.13) to continue in (8.23)
0| Am, |13 + af|[VAm,[[3
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< el|VAm, |3 + Cel|Am, 1§ |V Am, |13 [ Vim |13 | Amy |13 [, 3
+C | Vi 2] Ay 3] Am, I3 [V Am,, |3
+C|Vm, 1§ | Am, 1§ | Am, 1§11V Am, |3
+C | Vi, 3 Ay |3 1[EL 15 IVELIS + Co VEL 4 + [, [

1 3 1 3
+C: [V, |13 | Amy, |13 [[Hy |3 [ VER |3 |mu,[[72 2
+CC[[VH, |13 + [my [[fy2.o. (8.24)
In the previous expression we skipped some terms. We considered only terms in-
cluding the highest space derivation as the “worst” case. The terms with lowest

space derivative would not cause any problems.
After using the weighted Young inequality and setting ¢ small enough we get

Orl|Amy |3 + [VAmM, |3 < Co(1+ [Hy |3 + [ VHR[J3 + [mn i),

which verifies the result of the lemma. O

Lemma 8.4 For every real positive T the following estimates are valid for the so-

lution my, to (8.15)-(8.19):
O|Enl3 + 0l HL|l3 < O+ [lmy, |22 + [ HL|2). (8.25)

PROOF:
Take (8.16) and (8.17) and multiply by E,,, H,, respectively, to get

(OEn, Bp) +0||Enll2 — (VxH,E,) = 0, (8.26)
(0:H,,H,) + (V xE,,H,) = (0m,, H,). (8.27)

Because of the boundary conditions (8.7)—(8.8) we have

(V x H,,,E,) — (V x E,,H,) = 0.
Then after summing up the equations (8.26)—(8.27) we get

Ol En|[3 + 0:|[HL |3 < [(9pmn, Hy ). (8.28)
Using (8.15) we estimate the term |(Om,,, H,,)| as follows

|(Om,,, Hy)| < of(Amy, Hy,)| + a|(|an\2mn,Hn)\ + [(my, x Am,,, H,,)|
+|(m, x H,,H,,)| + o|(m,, X (m,, x H,),H,)|.
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We use appropriate integral inequalities to get

(@, Hy)| < al|Amy, |2 Halz + o Vi |[3]my, | L [ Ho 2

o [ o< [| Ay, 2| H |2 + of g, |7 < |[H 3.

We use the embeddings W22(Q) — Wh4(Q) — L*(Q) and Young’s inequality to
proceed and get

(O, Hy )| < C | [mn|[fyr2e + [H |13 + my G2z + [[maf22 + ||HnH§]
Then we again apply the Young inequality to verify that
|(0smy,, Hy )| < C(Hmn”%ﬂ%“ + ”Hnlé)

The previous result together with (8.28) concludes the proof. O

Lemma 8.5 For every real positive T' and € the following estimates are valid for
the solution m,, to (8.15)-(8.19):

OIVERI3 + 0/l VHL |3 < Co(1+ [lmy[i22 + [ VHL3) + e[ VAmM,[3. (8.29)

PROOF:
We multiply (8.16) and (8.17) with —AE,, and —AH,,, respectively. Because of the
boundary conditions (8.7)—(8.8) we get

O\ VE,|3 + ;]| VHL |3 < [(8;Vm,, VH,,)|. (8.30)
We multiply (8.15) with —AH,, to estimate the term |(0;Vm,,, VH,,)|. Thus we get

[(0;Vm,,, VH,,)|

<al|(VAm,, VH,)| + a\(V(|an\2mn)7 VH,,)|
+|/(V(m,, x H,), VH,))| + |(V(m,, x Am,,), VH,,)|
+a|(V(m, x (m, x H,)), VH,,)|

<e|VAm, |3 + C.||VH, |3
2/ Vimy, [ [ Vimg |4 |[my, || < [ VH, |2
| Vmy, |3V, || o [ VHR |2 + [ Vi, 4| Amy, || 4| VL | 2
Flmp [ Lo [VAmM, [ VH |2 + ([ Vi, [|4|[He 4] VH |2
| oo [ VE 3 4 2] Vin, [la [ m | Lo [[Ha |4 [ VEL |2
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Next we use (10.16), the embeddings W22(Q) — W14(Q) — L*(Q), and the
Young inequality for several times to arrive at

(0 Vm,, VH,,)| < || VAm, |3 + C[[[VH,[3 + || Amy, [
+||mn||%v22|‘VHn”§ + ”mn”%/V”HVHrLH%
Hma [fyee + [ Ha iz + [ VH |2 + [lmg[ye. ]
Using (10.13) and again the Young inequality gives us
(0, Vmy,, VH,, )| < e VAm,[[3 + Co[1+ [my [[fy22 + [[Ha 3y 2],
which confirms the result of the lemma. O

If we summarize the results from Lemmas 8.1-8.5, we get

0|y |3 + 0 [| Amy, [|5 + [ VAm,, ||
10, | B2 + at||H1n8||§ + at\|v§n||§ + 8t[|1VHn||§ ) )
SO (1 + |y [ipze + [|Bnllz + [Hy |z + [[VEL[5 + [[VH,|3)
+e||[VAm, 2.

(8.31)

As € was arbitrary positive real number suppose € = «/2. Then, we easily get rid
of the term ¢||VAm,||3.
As Q is a bounded regular open set we have the equivalence of the norms ||u||yy 2.2

1
and (HUH% + ||Au||§) 2 see Appendix, remark after Lemma 10.4. The proof of this
equivalence is based on the regularity result for the operator I — A with domain

ou
{u e W22(Q), 8—’/‘89 - o.}

We refer to [18, 32]. Then we use this result in (8.31) to replace ||m,|w=22 with
[mlj3 + | Aml[3. to get

Olm, |13 + 8| Am, |3 + §(|[VAm, |3
+0¢||En 13 + 0|[Hy |3 + 0| VE, |3 + 0:|VH, |13
<O+ [Jmy,[|5° + [|Amy, [|55 + (B |15 + [[Hal3
+|[VE,|3 + [[VH,[3).

(8.32)

Let us define the following functions

F6) = Olmnll3 + 0rl| Ay, 3,
9(t) = OBl + O Hal3 + O VE,3 + 0| VEL 3.

From (8.32) we can then conclude that
P +4(1) <CU+ )+ g°(1)): (8:33)

In the next lemma we mention a Bihary-type inequality, see for example [3].
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Lemma 8.6 Let u,a,b and k be nonnegative continuous functions in J = [ay, 1],
and let p > 1 be a constant. Suppose a/b is nondecreasing in J and

B1
u(t) < alt) + b(t)/ k(s)uP(s)ds, teJ.

a1

Then

1 —r
u(t) < aft) {1 ~o-1 [ k(s)b(s)ap-1<s>ds} L a<t<f,
o
where B, =sup{t € J: (p—1) f;l k(s)b(s)aP~1(s)ds < 1}.

The following lemma summarize the in-time local regularity results for the solution

(m,,E,,H,) to the system (8.15)—(8.19).

Lemma 8.7 There exist a positive Ty and a constant C both depending only on the
domain Q, a, and on the size of initial data in W22 (Q) such that for every positive
T < Ty

sup [”mn”%/Vz’?+||EHH%/V1’2+”HTLHX2/V1,2:| < G, (8.34)
o<t<T
sup [m, |7~ < C, (8.35)
o<t<T
T
/ ma|2eadr < C. (8.36)
0

PROOF:

The first result comes directly using Lemma 8.6 for the functions f and g. The
second results is a simple consequence of the first one and the embedding L>°(Q2) —
W22(Q). The third result can be verified by integrating of (8.32) in time and using
(8.34). O

Lemma 8.8 There exist a positive Ty and a constant C' both depending only on the
domain €, o and on the size of initial data in W22 (Q) such that for every positive
T < Ty

T
[ 10, < (8.37)
0
PROOF:

Multiply (8.15) first with 0;m,, and then with —9;Am,, to verify the result of
lemma. O
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Hg(9)
H;(curl, div0, 2) approximated by V.., V;O’ VZO
H,,o(curl, div0, Q)

!

| (solution of discretized
M-LL system)

!
(weak solution _
of M-LL system) _mm E, H,

l

(convergence in various

l function spaces)
? 1
m,E H = m,E H

Figure 8.2: Convergence diagram

8.4 The convergence of finite approximation

Now we would like to prove that the sequences {m,}, {E,}, and {H,} converge
in some sense and that the limits are weak solutions to (8.1)-(8.5). By this we
complete the convergence diagram in Figure 8.2.

Lemma 8.9 For Ty from Lemma 8.7 there exists a triple (m, E, H), where

m € L*(I, W2(Q)) N LI, Wh2(Q)),
E H e L*(I,Wh(Q)) N L>=(I, L*()),
om, O,E,0,H € L*(I, L*(Q)),

for I =(0,Ty) and subsequences still denoted {my}n, {En}n, {Hp}tn such that for
any 1 <p < o0
m,, — m in L*(I, W*?(Q)), (8.38)
oym,, — oym in L*(I, WH3(Q)), (8.39)
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),
),
H, — Hin L*(I, W+*(Q)),

m,, — m in LQ(I, W2’2(Q (
( (
(
E, — Ein L*(I, W'3(Q)), (8.43
( (
(
(
(

)
m,, — min LP(I, W?(Q)

oH,, — 0,H in L*(I, L*()),
OE, — 0,E in L*(I,L*(Q)),
H, — H in L?(I, L*(Q)),
E, — E in LP(I, L*(Q)).

PROOF:
From (8.36) we have boundedness of {m,} in L?(I,W3?(Q)). Since the space
L2(I,W32(Q)) is a reflexive Banach space we can conclude that there exists a
subsequence of {m,,} still denoted by {m,} such that (8.38) is valid.

Similarly we get weak convergence of {9;m,} in L*(I,W12(€)), because of
(8.37). We denote the convergent subsequence of {9;m,} again by {Oym,}:

dym,, — win L*(I, W+%(Q)).

We use Theorem 10.8. This theorem says if u,, = v and Gyu,, — v in LP(I,V),
where V is a reflexive Banach space then d,u = v in sense of LP(I,V). So, we
confirm (8.39).

Now, we show that {m,} is relatively compact in L*(I, W?2(Q)). Set X =
W32(Q), B = W22(Q) and Y = L?(Q2). Then the embedding schema X <
B — Y is valid. We have also the estimates

HmnHLZ(l,X) S C and ||atmn||L2(I7y) S C

Then according to Theorem 10.9 we deduce that {m,} is relatively compact in
L2(1,W?2(Q)).

Since {m,,} is relatively compact in L?(I, W??2()) we can choose a subsequence
still denoted by {my,,} such that (8.40) is valid.

Similarly we show that {m,,} is relatively compact in LP(I, W12(Q)). Set X =
W22(Q), B=W12(Q) and Y = L*(Q). Then X << B — Y. Using the estimates
My, e r,x) < Cllmy|[per,x) < C and [|[0ymy][2(7y) < C according to Theo-
rem 5.1 from [51] we deduce that {m,} is relatively compact in LP(I, WH%(Q)).
Therefore

m,, — min L (I, W2(Q)).

Using the same argumentation as for {m,,} while deriving (8.38)—(8.39) we can
prove also the results (8.42)—(8.45).
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For sequences {H,,} and {E, } we can prove that they are relatively compact in
LP(I,L(Q)). Set X = W'2(Q) and B = Y = L2(2). Then X < B < Y. We
have also

H | 2o (1,x) < Cl[Hy| Lo (r,x) < C and [|0:Hy, [|2(1,y) < C.

Therefore, according to Theorem 5.1 from [51] we deduce that {H,} is relatively
compact in LP(I, L?(2)). The same can be done also for {E,, }. Thus

H, — H in LP(I,L*(Q)),
E, - E in LP(I, L*(Q)).

|
From (8.38)—(8.47) we can compute the following limits:
t
lim (VAm, — VAm,¢) = 0, (8.48)
n—oo O
t
lim (Oym,, — Om, ) = 0, (8.49)
t
lim [ (VOm, — Vom,é) = 0, (8.50)
n—oo O
t
. 2
T [ mlaag, = 0 (851)
t
nh~>nolo |m,, — m||€V1,2(Q) = 0, (8.52)
for 1 < p < oo and for all admissible ¢.
For functions H,, and E,, we have
t
lim [ (VH, - VH,¢) = 0, (8.53)
n—oo O
t
lim [ (VE, -VE,¢) = 0, (8.54)
n—oo 0
t
lim [ (O,H, - 9H,¢) = 0, (8.55)
n—oo O
t
lim [ (BE, - ,E,¢) = 0, (8.56)
t
Ji [ IHL I = o (8.57)
t

lim [ |E, - Elf.q = 0, (8.58)
n—oo 0
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for 1 < p < oo and for all admissible function ¢.
We would like to pass n — oo in the weak formulation of the equations (8.16)—
(8.17), (8.15). To do so, the following lemma will be useful.

Lemma 8.10 For triples (m,,,E,,H,,) and (m, E, H) from Lemma 8.9 the follow-
ing equalities hold:

Lll

LQI

L33

L4Z

L5Z

L6:

PROOF:

t

t
lim (Pp(m,, x Vm,,), Vo) —/ (m x Vm, V¢) =0,
0

n—oo 0

t

lim [ (Po(|Vim,Pm,), ¢) - / (IVm[?m, ¢) = 0,

t
n—oo O O
t t
lim [ (Pa(m, x H,),6) — / (m x H, ¢) =0,
0

n—oo Jq
t

lim (Po((my, x Hy,) X m,),d) — /o (m x Hym x ¢) =0,

n—oo Jq
t

t
lim [ e7(Qn(V x H,), 8) 7/ e“S(V x H,¢) = 0,
0

n—oo 0

lim [ (Ra(V x En), ) — /0'(v < E, ) = 0.

Let us compute the first limit:

Ly

<

<

t

t
lim [ (P,(m, x Vm,),V¢) — / (m x Vm, V),
0

n—oo /g
t

¢
lim (m, x Vm,, P,(V¢)) — / (m x Vm, Vo),
0

n—oo Jg
t

t
lim (mn X an, V¢) +/ (mn X vmna Pn(v¢) - V¢)
0

n—oo 0

t
—/ (m x Vm, V),
0

The projection operator P, converges strongly to identity so one of the terms vanish

and we get

Ly

t t
< lim (m, X Vm,, V) —/ (m x Vm, Vo)
t
< lim / ((m,, — m) x an,VqS)‘
n—oo O
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+ lim

n—oo

/0 (m x (Vm,, — Vm), V¢)

t
< lim / I, — ml4]| Vin, 4] V62
n—oo 0
t
+ lim / 4|V, — Vo4 V6]l2,
n—oo O

Next we use embedding W12(Q2) — L*(Q) and since the admissible function ¢
belong to W12(Q) we get

t
L; < lim [y, —mly2q)lm, w2

n—oo
+ lim / ||1’I’1HW12(Q)HHI” — m||W2,2,
n—oo Jq

As a simple consequence of the Cauchy inequality and (8.51) we get

1
2
L1 < C hm (/ ||1’1’1n m||W1 2(9))
1
2 2
n—oo 0 0

According to (8.51) the term between the second brackets is bounded. Thus, from

(8.51) we get
1
2
L, < C hm (/ |m,, — m||W22(Q) =0.

To compute Lo, Ls,...,Ls we can always perform the same computations as
when computing L; and get rid of projection operators P,, @, and R,. Then we
get

t
Ly, < lim / (<vmn —Vm, vmn>mm ¢)’
t
+ lim / ((Vm,Vm,, — Vm}mn,qb)‘
n—oo 0
t
+ lim / (|Vm|2(mn — m),(b)’
n—oo 0
t
< lim Han — Vm||2[|Vmy,[[4][my, || e [[¢]|4

n—oo
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t
+ lim / V|2 ]|V, — Vml|y|my, ||z |4
n—oo 0
t
+ lim / [Vm|l2[[Vm|ly|m, — |z ||¢] 4.
n—oo 0

Since ¢ € W12(Q) — L*(Q) we have ||¢]|4 < C. We use (8.34) and (8.35) to obtain

t
Ly < lim [ |Vm, - Vm|,

t
+ lim / V|2 Vi, — V|4
n—oo O
t
+ lim / |V Van i, — mi] ;).
n—oo O

We make use of embedding WH2(Q) — L*(Q), W22(Q) — L*(Q), the Cauchy
inequality, (10.12), and (10.14) to get

n—oo

1 1
t 2 t 2
w g ([ ivmig) ([ 19m, - il )
t 1 3\ 2 % t )
+ g ([ (vmpvmamid) ) ([, - mle

According to (8.51) we have boundedness of j;f |[Vm||2. Thus after using the Cauchy
inequality with exponents 4/3 and 4 we get

¢ 3
Ly < C lim (/ ||vmn—vm|§)
0

1
2

1
2

t
L2 < C lim (/ ||mn - m||%;[/2,2(9)>
n— 00 0

¢ 3 t b t 3
g ([rwm) ([ 1amig) ([ - mie )

Now according to (8.51) and (8.52) we can successfully bound another two terms:

1
2

¢
Ly, < C lim (/ |lm,, — m%Vz,Q(Q)> =0,
n—oo 0

where we have used (8.51).
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Next we compute L3 using embedding W2(Q) — L*(Q2) and the Cauchy in-
equality

n—oo n—oo

/Ot«mn —m) X H,.0)| + i /(f(m « (H, — H),0)

t t
< nllnio/() ||mn*m||2||H"||4H¢”4+nILH§o/O m|l4||H, — Hl|2[|¢]4
t

< nh_)n;o [my, — m|of|[Hy[wr20)ll¢lla

+ lim / w120 L, — H2 614

3ot 3
2

< hm (/ |m,, — m2) </0 ”HHHWW(Q))

1 1
2 t 2
# i ([l ) ([ e -mg)

where we have already used that ||¢]|l4 < C. Using the Young inequality, (8.34), and
(8.51) we have

Lz < 11m (/ |lm, — m||2> + hm (/ | H,, H||2> =0,

which comes from (8.51) and (8.57).
Next we compute L, using embeddings W2(Q) — L4(Q) and WhH4(Q) —
L>(Q) :

L4 < lim

~ n—oo

/Ut«mnm) < H, m, x¢>\

+ lim

n—oo

/Ot<man,<mn—m>><¢>'

+ lim

n—oo

¢
/ (m x (H, — H),m x ¢)‘
0
t
lim ||mn — 4| Hy|[4]/my ||4]|6]l4

n—oo

IN

+ lim / [, — o018
0

t
+ tim [l L, = F o o]
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t
< lim ||mn —m||W1.,z||Hn||W1,z||mnHW1,2
0

- n— oo
t
+ lim / oy [ FE . e, — oy
n—oo 0

t
+ lim / o0y [, — o mfyy s,
n—oo O

where we have used ||¢||4 < C. The boundedness of m,, in W22 and boundedness
of H,, in W12 together with (10.12) and the Cauchy inequality give us

1
t 2
o<t ([ -
t 3 t 3
# i ([ i) (o - mis )
t 5 3 2 % t %
# i ([ (i) ) ([ e - )
t 3
t 3 t 3
# i ([l ) (o - mies
t i t 1 t 3
wam (i) ([ mies) ([ i

Using (8.51) and (8.52) we get

¢ 3 t 3
Ly <C lim </ ||mnm||%vl,2> + lim (/ ||HnH||§) =0,
n—oo 0 n—oo 0

where we have used (8.51) and (8.57).
To compute Ls we use (8.53) and ||¢||w1.2 < C to conclude

IN

t t
Ly < |lim / " (V x H,, — V x H,¢)‘ < C lim / IVH,, — VH]| 2|l
0 n—oo 0

n—oo

t

C lim [ |VH, - VH|3=0.
n—oo 0

IN

Similarly we can also prove that
Lg = 0.
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O

Remark 8.1 From Lemma 8.9 and 8.10 it follows, that the limit triple (m, E, H)
defined in Lemma 8.9 satisfies the equations (8.10)—(8.12). The fact that |m|2 < C
and |H||2 < C together with the following lemma ensures that equations (8.13) and
(8.14) are also satisfied.

Lemma 8.11 If the initial value vector functions Eg(x), Ho(x), mo(x) satisfy for
all 91 and Yo the condition

(01,V - Eg) =0, (¥2,V - (Hp 4 fmyg)) =0, (8.59)
where 01 (x) € Hy(Q) and 02(x) € HY(Q) and if |H+ fml]| and ||E||s are bounded,
then from (8.11), (8.12) it follows that

/(V-E,C)ds:o, /(V~H+ﬁV-m,§)ds:O,
I I

where & and C are from the definition of weak solution.

PROOF:
Let us take arbitrary 6 € C°(I,C*(2)). Then we can set ¢ = V6 in (8.12) to get

/(v X E,V0) = /(H + Bm, V8,0) + (Hy + fmg, V(0))
I I

and consequently

/(E,VxVG)—/(Exu,VG)aQ - —/(V~(H+ﬁm),8t0)

I I I

+ /I((H + ﬂm) . V,et)@g

—(V - (Ho + fmy), 0(0))
+((Ho + Bmy) - v,0(0))aq-

Left-hand side is zero since V x V8 = 0 and the values of E - v are zero on the
boundary. The boundary terms on the right-hand side vanish because (H+ fm) - v
is zero on the boundary. Since we suppose (8.59) we get

0= /((V~H+ﬂV~m),8t9).
I
Finally we get

/ (V- (H+p6m),0) =0, V0eCO®1,C%Q). (8.60)
I
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From the density of C°°(I,C(€)) functions in L>(I, H'(2)) we have
VE € L®(IL,HY(Q)) Ve > 030 € C=(I,C™(Q)) : max||§ =0 <e. (8.61)

Then we have

/(V-(me),o - /<v-<H+ﬂm>,e>

I I

+/I(V~(H+ﬂm),£f9)

- @+ om e -0)

I

+ (@4 ) v, = 0)on.
I

The boundary term on the right-hand side vanish. We obtain

/<v (H 4+ fm).€) < / IH -+ Bml}s]|V (€ — 0)[}» < C=.

I

Since ¢ was arbitrary small we can conclude (8.13).
Similar procedure we can apply to (8.11). Take arbitrary § € C§°(I,C>*(9)).
Then we can set ¥ = V6 in (8.11) to get

/Ie"S(V x H,V0) + /I(Ee”,vat@) + (Eo,VO(0)) = 0,
/Ie”(H,V x V) — /Ie"S(H x v, V8)aoa — /I(V - (Ee??), 0:0)
+/I(6”E -v,0i0)a0 — (V- Eg,0(0)) + (Eg - v,0(0))on = 0.
Realizing that 6 vanish on the boundary and using (8.59) we get
0= /I(V - (Ee??), 0:0).
Note that the function e’ > 1 is constant in space. Then we get
/I(V -E,0) =0, Y0 € C(1,C5° (). (8.62)

From the density of C°°(I,C§°(€)) functions in L™ (I, Hg(2)) we have

V¢ € L®(1,Hy(Q)) Ve > 030 € C(I,C5°(Q)) max ([ =0l <e. (3.63)
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Then we have

/I(V~E,C) = /(V~E,0)+/(V-E,§79)

I I

*/(E,V(C*Q))+/(E'V7C*9)ag-
I I

The boundary term on the right-hand side vanish. We obtain

/(v B0 < / IE[2V(C — 0)]2 < C.
I I

Since € was arbitrary small we can conclude (8.14). O

8.5 Regularity results for weak solution

The final aim of this chapter is to derive regularity results for the weak solution and
prove its uniqueness. Estimates are summarized in the following theorem.

Theorem 8.1 Suppose that the initial conditions satisfy (8.59), and moreover
m, € W2(Q) and Hy, Eg € WH2(Q).

Then there exists a positive T* > 0 such that on the interval (0,T*) there exists
a unique weak solution of the system (8.9), (8.2)-(8.5) defined by Definition 8.1
satisfying

sup {Im[lwzz2@) + |Ellwi2) + [[Hlwiz@ } < C, (8.64)
€

.
/0 Im|fZys. < C. (8.65)

PROOF:
The existence of a weak solution was already mentioned in Remark 8.1.

Coming from (8.34) and embedding L™ — LP 1 < p < 0o, we know that there
exists one constant C' such that

o[ Le (1, w22(0)) < Impllpe,w22)) < C.

Notice, that C' does not depend on p. Since LP(I, W?22(Q2)) is a reflexive Banach
space we conclude from Theorem 10.6 that for all p

m, — m in L (I, W?%(Q)).
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From Theorem 10.5 we get uniform bound for all p
Loz w22(0)) < liminf{jmy || wez@) < C. (8.66)

Realizing that
m e () LP(I, W>*(Q))
peEN

we verify together with (8.66) the assumptions of Theorem 10.7 and thus m belongs
to Lo (I, W22(Q)).

Similarly we can prove that the functions E and H belong to L (I, W%(Q))
which completes the proof of (8.64).

The proof of (8.65) is a consequence of (8.38) and Theorem 10.5.

Now we prove uniqueness of the weak solution on the interval (0,7p). Suppose
that (my, E;, H;) and (my, E2, Ha) are two solutions of the system (8.9), (8.2)—(8.5)
with the same initial conditions. Denote

ﬁ’l:m1—1’n2, E:El_E27 I:I:Hl—Hg.

The solutions my, my, Hy, Hy satisfy equation (8.9). The differences m, H then
satisfy

om —aAm = o|/Vm;*’m+ (|Vm; > — [Vmy|?)my; — m x Am,
7m2XAﬁ’lfﬁ1XH17m2XI:I
+m x (m; x Hy) + my x (m x Hy)
+my X (m2 X I:I) (867)
in a weak sense. Taking the previous equation, multiplying by m and integrating

over ) we directly get rid of the terms m x H;, m x Am; and m x (m; x Hy).
Remaining equation reads as

1
SOdm3 + | vm = a/ Vmy |2 (m, m) + /((Vm Vi, + Vi) (ma, m)
Q
—/(mngrh,m /mngm
Q
—|—/<m2 X (l’fl X Hl),rh) +/<1’n2 X (1’1’12 X I:I,ﬁ’l)>
Q Q

Next we perform integration by parts in the term including ms x Am and then we
use integral inequalities to estimate

1, _ _ _
O3 + [ Vm[3 < ol Vi |[§]ea|
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+IVm|lo([[Vmy |4 + [[Vmg|[4)[[me][ L [m]|4
+[|Vmg 4] V|2 [[m]4 + [[mg]|4|[H]2[m]|4

Hllma | o 5] Hy |2 + [lmal |7 [H2 @]

From the embeddings W?22(Q) — L*(Q) and W22(Q) — W14(Q) we see for
i=1,2 that

Vg4

< Oyl
Jmif[pe < Cllmyflyy22

Further, using (8.64), (10.11), (10.12) and the Young inequality we arrive at
alm|3 + [Vm|3 < e[Vl + C.lm|3 + C-|[H|3.
Setting ¢ small enough and integrating the equation in time we get
t t t
_ 2 _ 2 - 2 = 2 rl 2
@)1~ ) + [ [Vm(o)las < ¢ [ ames)las+ ¢ [ 1) Eas
Since the initial conditions for m; and mjy are the same we have ||m(0)||2 = 0. Note

that the time variable ¢ is not bigger that 7. Next we use Gronwall’s lemma, see
Appendix, and change the constant C' if necessary to obtain

)2 < OAHﬁ@MM

t s
+ / (C / ||ﬁ(7)|§d7) Ce*=9)C s
0 0

t
CAHH®ﬁ®

t t
+/ (c/ ||H(T)||§dr> CeToCs
0 0

t t
< o [ IEEIEs + e [ [EE) B
0 0

IA

< CAHﬂ®ﬁ®- (3.68)

Direct use of Maxwell’s equations to obtain estimate on the term ||H||o would not
be successful at this stage, because on the right-hand side of Maxwell’s equations
the term ||0yml||2 arises and up to now we do not have any estimate on it. Therefore
we need to obtain first estimate on ||Am)||2, which will be used to estimate ||d;1m.]|2
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Multiplying (8.67) by —Am and integrating over 2 gives

SOVml3 + ol Am3
< af Vmy [[§[m] e[| Am|
Vs ([Vmy[lg + [[Vimgl|s) [ms || 2~ [ Am]],
+{ml| oo [[Amy ||| Amllz + [[mf| o [[Hy 2| Aml2
+ma || L~ [Hl2 ]| Am 2 + || L [y | oo [[HL |2 ]| Aml
|10z | oo P02 oo L 2| AP + [[1ma][7 o [HL 2 [| A 2.
From the embedding W?2?2(Q) — L*°(Q) and (8.64) we get rid of terms

[m|[zee, [Amyllz, [[Vmylg, [|Hglo

In what remains we use the embedding W14(Q) — L>(Q), and the Young inequal-
ity to obtain

3| Vim|3 + |Am|3 < C||Vm|l|Am|ls + Cc|H|3 + e[| Am]}3.
Next we apply (10.12) and the Young inequality with exponents 8/7 and 8 to obtain

i T _ _
Cllvml|3||Am]§ + Cc[H|3 + el Am]3
Cel| V|3 + Ce|[H[|3 + e[| Am|3.

o |[vmlf3 + [|Am[3 <
<

Integrating over time interval (0,t), realizing that |[Vm(0)|l2 = 0, setting ¢ small
enough, and using Gronwall’s lemma we conclude

V(02 + / | Amn(s) 3ds < C / [EL(s)|[2ds. (8.69)

Further we continue with estimating ||0;m||2. Take (8.67), multiply it by d;m and
integrate over € to get
_ 1 _
oml3 + 50w

< [V |3 [[m]| e [8pm]l2 + ([ Vim|4 ([ Vi |4 + [|Vino||s)|lme|| L [|0ym |
| oo [[Amy [[2[|Opml]y + [[mal| L[| Aml]s | 0;m]]2
+m|| o< |[Hy [|2]|0pmll2 + [lma|| o |[H2 ]| 9o
[P0 poe || o [ HLL |2 |0 |2 + [[ma 7 [ HL2[|0sm ]l

We can again get rid of terms containing m; and H;. Then we use the embedding
W4(Q) — L*>(£), and thus

_ 1 - _ - - _
lommll3 + 50, V|3 < Cc|[ Vel + Cel|Aml3 + Cc|[H)3 + & dm]|3.
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The embedding W?22(Q2) — W4(Q) and setting e small enough give
10em |3 + 0| Vin|3 < Cc|[ V|3 + Ccl|Am|3 + Cc || HII3.

Integrating over time interval, realizing that |[Vm(t)||2 = 0, and using (8.69) leads
to

t t t
/0 10m(s)[2ds + [V (t) 2 < C. / |Vin(s)|3ds + C. / E 2.

The use of Gronwall’s lemma gives us finally

t t
/0 |0m(s)|2ds + [|Vm(t)|2 < C. / 2. (3.70)

At this stage we are ready to incorporate Maxwell’s equations. Since (8.2) and
(8.3) are linear we can directly consider both equations valid also for the triple

(m, E, H)

atE+UE—VXI:I =0
8tI:I +V x E = —ﬂatﬁl

Next we multiply the equations by E,H, integrate it over 2 and after summation
we get using the Young inequality

1 on 1o _ ) i}
SOEIS + SO HIZ + o[ B3 < Cloml; + CH]S.

After integration in time, realizing that |H(0)|2 = [|E(0)|2 = 0 and using (8.70)
we get

t
IE@)[I3 + [H@)3 < Cs/o I3,
which after using Gronwall’s lemma gives
IE|Z <0, [H[3<o0.

Going back to the relations (8.68),(8.69) and (8.70) we conclude

To
sup @)+ [ (IAm()E + [om(s)]as) o

0<t<Typ

which concludes the proof of the uniqueness. O




9 NUMERICAL SCHEMES FOR THE
SINGLE LLL EQUATION

(In the fall of 1972 President Nixon announced that the rate of increase of inflation was
decreasing. This was the first time a sitting president used the third derivative to
advance his case for reelection. Hugo Rossi)

In Chapter 7 we stated the results concerning the regularity of an exact solution to
the LL equation in 3D. We study the system (7.2)—(7.4).

These results will be used in this chapter to prove the convergence results of
the numerical scheme introduced later in the chapter. In Section 9.1 we introduce a
numerical scheme and we state Theorems 9.1 and 9.2 concerning the error estimates
in time for the numerical scheme. We prove these theorems in Sections 9.2 and 9.3.

Finally, we confirm the theoretical results with a numerical example in Section
9.4.

9.1 Numerical scheme and error estimates

In the following, any number placed to the upper right of a function represents an
indez, not a power. We use the symbol &f° for the backward Euler approximation
of the time derivation, so &f’ = %(f“'1 —f).

We provide a standard equidistant discretization of the time interval (0, T})
with J time steps of a size 7 =Ty/J and we denote t; = jr for j=0,...,J.
The author in [61, Section 4.2.1] considers the following semi-implicit scheme and
proves the error estimates, all in 2D.

140
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)

smiTh — aAm?T! = o| Vm! Pm/ T - mit x Am T, m® = mg. (9.1)

Note that the previous scheme is nonlinear. The term m/*! x Am/*! makes the
scheme quadratic on each time level.
We change the scheme so that it becomes linear on each time level and we
consider the case of 3D
Sm/T — aAm/T! = o|Vm/ Pm? T — m? x Am?T m® = m,,. (9.2)

The difference is in the curl term. We consider m in this term taken from the
previous time level. _

The existence and uniqueness of m’*! on every time step is guaranteed by the
Lax-Milgram theorem, see Appendix, as soon as we verify the V-ellipticity of the
bilinear form

a(u,v) = (u,v)+ar(Vu,Vv) —ar(|Vm?/|?u,v)
—7(Vv x m/, Vu) — 7(v x Vm?, Vu).
Let us compute:
[ull3 + ar|[Vul3 - ar|([Vm’ Pu, )| - 7|(u x Vm?, Vu)|
[ull3 + ar[Vul3 — ar||[Vm? |[F[ullf — 7l[u]| V! |||Vl

[ull3 + ar|[Vull3 — Carllulf — Crllulla]Vull2,

a(u,u)

(A\VARAVARLYS

where we have already used Remark 9.1 below. Now, we use inequality (10.11) and
the Young inequality to finish verifying the V-ellipticity of a(u, v)

a(w,u) > ull} +ar|[Vul3 - Cear|ull} — er||[Vul3
1 3
> 3 + o7 Vullf - Cearllull3 — Cearull3[|Vull; — e[Vl
T
> Jull3(1 = Cear) + || Vul3(ar - 2car) > = |ulfy: .2,

setting € = 1/4 and considering 7 < (2C.a)~ L.
To verify the boundedness of a(u,v) in W12?(Q) norm we simply write

a(w,v) < |ull2l[vlz + a7[|Vull2[|VV]2 + arl|[Vm? [[F]ull4]v]4
7V vll2]m? || Lo [Vullz + 7[[v]|4 ][ Vo’ |[4][Vull,.
Now, we use the embedding W22 — Wh4* < L>° and Remark 9.1 below to get
a(w,v) < Cllullw V]

We demonstrate the usefulness of the scheme (9.2) by the following theorem
which guarantees the convergence of the scheme in time. This theorem is the main
result of this chapter.
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Theorem 9.1 (Convergence theorem) Let 0 <t; < To(m). Let {m}7_, be
the solution to (9.2) and m solves (7.2)-(7.4) for mg € W22(Q), |mo| =1 on
Q. Let 7 <79 for 19 being sufficiently small. Then we have

1
2

J
max |m(t;) —m/[s + [ 7| V{m(t;) - m’}|3 < Cr, (93)
§=0

0<5<J
J 2
g, Vit = Vaw'lac+ (2 Iadmit) —m | < OV 04

Remark 9.1 As a simple consequence of Theorem 7.8 and Theorem 9.1 we have
that the solution {mj}jzo to (9.2) enjoys

o%ang HijW2.2 <C.

Notice that we do not enforce |m’| =1 and moreover the scheme (9.2) does
not guarantee this feature. However, we are able to prove some kind of convergence
of the modulus |m?| to 1 as indicated by the next theorem.

Theorem 9.2 (Modulus theorem) Let the time discretization step T be the
same as in the previous theorem. Then the solution {m? }3]:0 satisfies the following
condition

max ||1 — |m??|, < CT.
0<y<J

9.2 Proof of the convergence theorem

Let us denote by €' :=m(t;41)—m’ ™! the error of the approximation. Consider
(9.2) and (7.2) in a weak form. Then for all ¢ € W12(Q2) we have

(6e’™!, @) + a(Ve' T, V) = (F/*!(m), §) (9.5)

tao [(Vm(tj+1>|2m<tj+1>, $) — (IVmdPmi+, ¢>]
- [(m(tHl) < Am(t; 1), ) — (m x AmI ™, ¢>]

where
. 1
]:J-H (m) —

T

tit1
/ (s —t;)0fm(s)ds.
¢

J
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Let us compute

TZ 1777 (m) I3

We use Cauchy inequality for functions f and g to get

TZ 17774 (o) |3

—12 / ( / s—mds) ( / %'ﬁl(s—tj)w?m(s)ﬁds)

J

B 72 i+t
ST ( / snafm(s)%ds)
=0 i

<CTt

where we have used (7.14) at the end.
Summarizing previous we get

TZHJ”“ 2 < or (9.6)

Let us estimate F/*!(m) in the norm of W12

| [oF7 1 (m).u dz|

[F* m) w12 = sup
uew:2 [[allw:.2
‘fQ [ " (5 — £5)02m(s )ds} u dx‘
= sup
ueW1:2 ||u||VV1»2
1 ‘fQ fttj“(s —t;)0?m(s).u dsdx‘
= = sup

T wewi2 Hu||W1,2
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‘ft_”l (s —t;) [ 07m(s).u dxds‘

1 t;
= — sup
T uewht.2 Hu||W1,2
1 [t 0?m(s).u dx
= 7/ (s —t;) sup UQ £ m(s) |ds
T i, wewrz  |[ullwre
1 [+t
= 2 [ s tlotm(s) s
T Jy,
Further we get
2
) 1 ti+1
P e = | [ ) [ohms) s ds
T t; N—_— e ————

f g
We use again Cauchy inequality for functions f and g to obtain

tj+1 tit1
JaCE m?ds) ( / ||afm<s>||%v-1,2ds>
t; t:

J J

. 1
|74 ) e = (
173 [l
= 23 ||3t2m(5)||%4/71,2d3
tj

T

tit1
2 im s,
t

J

Finally, using (7.15) we derive an estimate, which we use in the proof of State-
ment 1 (see below)

J T
P IF s < rF [ mE) s 0rh )
=0 0

Let us do some technical steps in (9.5). We add and subtract some terms to
obtain

(IVm(t;1)Pm(tj1), @) — (|Vm/ Pm/*, ¢)
= ((Vm(tj11) — Vm(t;), Vm(tj1) + Vm(t;))rem(tji1), @)
+2((Vm(t;), Vel )pom(t;i1), ) — (Ve Pm(t;i1), d)
+(IVm(t;) [P, ¢) — 2((Vm(t;), Vel )roe’ T, ¢)
+(|Vel|2e T, ¢).
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The last term in (9.5) is
(m(tj11) x Am(tj41),¢) — (M’ x Am’*!, $)
— ([m(tj1) — m(t))] x Am(t;i1), @) + (m(t;) x Ae*, )
+(ej X Am(tj-i-l)a ¢) - (ej X Aej+1a ¢)] .
Thus, we have
(0e’T,¢)) +a(Vel ™, Vo) (9.8)
= (F(m), ¢)
+((Vm(tj11) — Vm(t;), Vm(t;41) + Vm(t;))rom(t;41), ¢)
+2((Vm(t;), Ve')pom(tj11), ¢) — (Ve |*m(t;11), d)
H(Vm(t)) e’ @) — 2((Vm(t)), Vel )roe’ T, ) + (V! [P, ¢)
—([m(tj41) —m(t;)] x Am(t;41), @)
—(m(t;) x Ae’T @) — (e x Am(tj41), @) + (€/ x Al p) =1 Y,
where we have denoted the right-hand side of (9.8) by V.
Now, we derive two statements, one by testing (9.8) by ¢ = e/*! and the
second one by ¢ = —Ae/*L.
STATEMENT 1
Take ¢ = e in (9.8). We denote by Vi,...,Y11, the terms arising in Y
when ¢ = el Our goal in the following part will be to arrive at the inequality
(67Tt T 1 o|| Vel T2 (9.9)
< |(FH (m), )| + €| Vel |3 + O Ve |[1]Ve |13
+Cc|le I3 + Clle 3] Vel |3
+O[Ve o] 4[| Ve [l4 + 1] + C[[ Vel [2]|e’ ||
Hm(tj41) —m(t)]3 + [Vm(ts) — Vm(t)|3,
estimating each term in (9.8) separately for ¢ = e’*l. We leave the term )

without any change. The term ), will be estimated using the inequalities (7.8),
(10.7), |m|p~ =1 and the Young inequality:

Yo = ((Vm(tjs1) — Vm(t;), Vm(tj1) + Vm(t)))pom(tjr), € )
< IVm(tj1) = Vm(E)) 2| Vm(tse) + Vm(t)llallm(ts)llze le” 4
< CIVm(tyy) — Vm(t)|3 + Clle’ J3.

In a similar way, also the terms )3 to ); can be bounded:

V3 (Ve/,Vm(t;))pom(t;41), /1)
Ve || Vm(t;)|a]m]| o &’
el[Vel||5 + Celle’ |3,

IAIA
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Vi = (IVe'Pm(tj;q), e
< Ve 4l Ve 2] lm]| L [ 4
< CIVeFIVe |5 + Clle’ 3,
Vs = ([Vm(t;)[Pe/T! &)
< [Vmllillej+1lli < Clle’ 3,
Vs = (<vej’vm(tj)>R9’|ej+1|2)

Ve |4l Vm(t41)]|ale” 13
CVe[lalle’™ 1} < C(1+ Vel [[D)]le’ 1,

INIA

Vo= (Ve[ 1) < [[Vel|lille” 1L

We estimate the term Yz using the embedding W'2? < L* and the Young
inequality:

Vs = ([m(tj11) —m(t;)] x Am(t;qq),e*)
< Am(t)llz)l€”Hallm(t; 1) — m(t))]la
< Clle/allm(tj41) — m(t;)]l2
+Cle?* ]| Vm(t;41) — V()| 2
< Clle 7+ Cllm(tj41) — m(ty)|3

+C||Vm(t;41) — Vm(t;)[[3.
Next, we use integration by parts to get
Yo = [(m(t;) x Aet! e’
|(V(e”* x m(t;)), Ve’ )]
le” 4| Vml[4]|Ve |2 < Clle 4] Vel 2.

IA

We estimate also the terms Yio and Yi; in a similar way:

Yo = (¢ x Am(tjiq),e’)
< (Ve x &), Vm(t;y1))]
< Ve o]l ||al[Vmlls + [le” [ Vel |2 V] 4
< C|Vetolle’[ls + Celle” ™13 + € Ve |13,
Vi = (ej % Aej+1,ej+1)
< V(T x ), Vel = [/ 4| Vel |2V |4
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We can now proceed with estimating the right-hand side of (9.9). The letters
X, and X5 denote positive real numbers. We first do some calculations, using
(10.11) and then the Young inequality with exponents 4/3 and 4:

. . 1 . 3
C(lle”* 3 + [l 3| Ve 3 A1)
Cey[le™ 3 + Ceile? ™3 + e[ Ve 5.

le” 52 <
<

Analogously, using first the Young inequality with exponents 2 and then the Young
inequality with exponents 8/7 and 8&:

. . . . . 1 . 3
Ve’ 2lle’ ade < CXa|| Ve l2(lle” Iz + [l 5[ Vel HI5)
< CXF|l G+ CXS 3 + el Vel 5.

We apply the previous two inequalities to (9.9). First we set &3 = C. then
X1 = C||Ve’||2. Then we set X, = ||[Ve’|ls and AX» = C. Thus supposing
a > €/2 we can write
(6e’ T &) + (a —€)|| Vel I3 (9.10)
< |(FHH(m), )| + Vel |3 Vel 1T + Cc[ Vel I + el Ve |13

+C )3 + Celle’ 3 (IIVe |15 + Vel I3 + Ve |5)

Hm(tj1) —m(t)|3 + [Vm(t;e) — Vm(t))|3.
The next step is to sum up all equations (9.10) for j =0,...,I. To get rid of the
last two terms in (9.10), we introduce the following lemma.

Lemma 9.1 Keeping all notations from the above discussion the following inequal-
ity is valid

l l
> lim(ti) = mt)[3 + D IVm(tj) — Vm(t)|3 < Cr.
j=0 j=0

PROOF:

From the definition of L? norm and using the integral Young inequality with
respect to time we get

l J tj+1 2
jz::() IVm(t;11) — Vm(t;)|5 = ]z—:o/ﬂ (/t] (1,V5tm(s))R9ds> dz

J b1 ’ bt
< CZ/ T/ IVo,m(s)[? dsdz < CZT/ [VO,m(s)|3ds
j=07% Jt =0 Y

J

tiya
< CT/ IVa,m(s)|2ds < Cr,
0
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where we have used (7.13) at the end. The rest of Lemma 9.1 can be proved in the
same way. O

To get rid of the first term on the right-hand side of (9.10) we have

/ ]_—g+1 eitl

According to (9.7), after performing the Young inequality we get for the term
(Fi+1(m),e’ 1) the estimate

|(F7H (m), &) < 1F7HH )l fle7 e,

J
3 (F m), e )| (9.11)

§=0

< TZ 17 (m) g2 ([JI 1|2 + [ Vel +1|2)3 9.12)

< CJZ I (m) |3 + e > (VI3 + [l 1]13)

j=0 j=0
J B .
<O+ 7 (V2 + [l 13) .
§=0

We can now continue in (9.10). On the left-hand side we use the inequality
l 21
Y (feit!, eitl) > et 2
> > lle 3

to find that

l
le' ™5 +7 > IIVer |3
§=0

l l l
SCr?+Cer Y VR IIVel[5 +em > ([Vel]5 + Vel |3)
=0 =0 =0
l l l
+CTY T3+ CTY (V|3 + Ve (lE+ Vel [5) D lle? 5,

j=0 §=0 §=0
where for some terms we have already used the inequality

l l l
Zajbj < Za]‘ ij, (913)
j=0

j=0  j=0
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which holds for any nonnegative a;,b;. Setting e < 1/4 we can now absorb the

term €T Z;':o [Ve’||3 on the right-hand side into the similar term on the left to
get the desired STATEMENT 1:

l
le T2+ 7> Vel 3 (9.14)
=0
l _ l _ l '
<Cr?+CrY VR Ve 3+ Cr ) [l 3
j=0 =0 j=0

l l
+Or Y _(IVe i+ Vel [+ Vel ]5) D lle? 5.

j=0 j=0
END OF STATEMENT 1

STATEMENT 2
In this statement we do mostly the same as in STATEMENT 1. We choose ¢ =
—Ae'™! in (9.8) and denote by V;,V%,...,);; the terms arising on the right-hand
side of (9.8), respectively. Our goal will be to arrive at the inequality
(6Vel Tt Vel ™) + al|Ae T3 (9.15)
< Cf|F7HH (m) |3 + e| Ae”* 3 + Ce([[Ve |17 + Clle’ |17 + Ve |7)
+C|[ Ve[ + Ce|[Ve (Ve |3 + (Ve |5)
+O )T+ Ol HF(IVe [ + Ve 17)
+Cc|lm(tj1) — mt;)||F + Ce[Vm(tj1) — Vm(ty)| 7.
The term )] causes no troubles. The term ) can be estimated using inequalities
(7.8) and (10.7), the equality |m| =~ =1 and the Young inequality:
Vs [((Vm(tj1) — Vm(t;), Vm(tj1) + Vm(t;))pom(tj1), Ae’))|
2 Vm(t;s1) — Vm(t))||al|Vm(tjea) [ allmtse) [ e[| Ae? |2
Cel|Vm(t;y1) — Vm(t;)|[5 + e Ae? 3.

IA A

We handle the terms )4 and V) in a similar way:

Vs |((Ve?, Vm(t;))pom(t;11), Ae’ T
IVe? [ Vm(t;)llallm(t; 1)l 2 [Ae’* |,
Ce|l Vel |7 + €| Ae 3,

IAIA

Vi = |(IVe’Pm(tj11), Ae’™ )]
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Ve [lm(t; o)l | Ae?
Cel|Vel||5 + e Ae? 3.

VANVAN

We estimate the terms Vi, Vi and Y% using (10.14) and the Young inequality:

Vs |(|Vm(t;)]?e’ ™!, Ae/*1)]

IV (t;) 3]l [ Ae?

Celle’ [T + el Ae’ I3

Cellle’ M3 + [IVe T 13) + el Ae’* 13,

IA N CIA

Vs [((Ve, Vm(t)))poe’ ™", Ae?™))|

Ve [l Vm(t;) [alle” || oo | e+
ClIve’|la(lle’ [la + Ve la) [ Ae’* |2

Cel| Vel |[3lle” 3 + Cel[ Vel [T Vel [F + ell Ae? 13,

INIACIA

Az (Ve Vel )pae’ ™, A/

Ve [[Zlle” | [ e |2

Vel 5l ls + Vel [l4)[| Ae’* 2
Ce||Vel||3lle” 13
+C|| Vel [§][ Vel + el Ae” 3.

INIAIA

The term )j§ satisfies

Vi = |(Im(tj41) — m(t))] x Am(tj 1), Ae’ )|
< [m(tje1) — m(t;)]| < [| Am|o]| Ae? |5 _
< ([m(te2) = m()lla + [IVmty 1) — Vm(t)lla) A’ o
< Cellm(tj1) —m(t))[[3 + Cel[ Vm(tja1) — V()5 + e[| A 3.
The terms Y§ and )i, are equal to 0 and the last term )j, can be bounded as
follows:
Clle’|| L[| Am|2[| Ae’* |2

C(IVe'lla + lle’ ) Ae”* |2
Cel|Vel|[5 + Celle’|[3 + e Ae? 3.

Vip = (e’ x Am(tj11), Ae’™)]

IAINCIA
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We can now proceed with estimating the right-hand side of (9.15). We again
denote by Xj, Xy arbitrary positive real numbers. We first do some calculations
using the embedding W'? — L* with the Young inequality. We get

le”H3x1 < C(lle” M3 + [[Vel 341,

Similarly, using (10.12) and the Young inequality with exponents 4/3 and 4 we
arrive at

, . oL 3
Vel 3%, CX (Ve 3 + Ve |3 [ Ae?*1|3)
Ceo | VI3 + C X[ Vel [ + e Ae? 5.
We continue in estimating the right-hand side of (9.15). We use the previous two
inequalities for several values of X; and X5. First take Xy = C., second take
Xy = ||[Ve’||7 and finally put X, = ||Ve’||}. Consider that X; has the same
values as Xo. Then supposing a > €/2, we get
(6Vel T Vel ™) 4 (a — €)|| Ae’ T3 (9.16)
< Ol 77 m) |13 + Ce (Ve [I7 + [l + [ Ve |I3)

+C[| M3 + Celle? 3 (IIVe (I + Vel [|7) + Ccl[ Vel 3

O VT3 (IVe [T+ Vel [|3 + ([ Vel 1§ + (Ve ||1°)

+0c|lm(tj41) — m(t;)|F + Cel [ Vm(tj41) — Vm(t) 3.

<
<

We would like to follow the strategy of summing up the equations (9.16) for
j=1,...,1. First, we introduce a weakened version of Lemma 9.1.

Lemma 9.2 Keeping all notations from the above discussion the following inequal-
ity holds:

l l
> o Im(tja) = m(t)[ + > [Vm(tj1) — Vm(t))| < C.
j=1

j=1
PROOF:
From the embedding W2 < L* we have

IVm(t;1) = Vm(t;)|[7 < CVm(tj1) — Vm(t)[I3 + CllAm(t11) — Am(t))]3.

From the definition of L? norm and using the integral Young inequality with
respect to time we get

[ZEE
(
J

l l
m(tj1) — Am(t;)[); =
;IIA (tj1) — Am(t;) ;A(/

t

! ti+1
CZ/ T/ |A8,m(s)|? dsdz.
j=1 Q ty

2
1, A@tm(5)>R3ds> dx

IN
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Since we sum up from the index j =1, we have 7 < x(s) on the interval (¢;,t;41).
Thus

l
3 () - Am)l < OZ / / 5) |Am(s)[? dsda
< cz / )| A0m(s)[2ds
< c / ) A%m (s)]3ds < C,

where we have used (7.14) at the end. The rest of the lemma follows directly from
Lemma 9.1.
This completes the proof of Lemma 9.2. ]

Now, we can write the STATEMENT 2 summing up the equations (9.16) for
j=1,...,1 and applying Lemma 9.2 and (9.6). Directly after the summation we
use the inequality (9.13) for some terms

l
IVe I3 + 7> [l Ae’ I3 (9.17)
j=1

l
< Or 4 Cr Y (I3 + Ve + Vel

j=1
l
+Cer Y [l 5
j=1
l l l
+Cer Y IVl + Vel [D) Y €5 + Cer Y [IVe 3
Jj=1 j=1 j=1

l l
+Cer Y (IVE 3 + IV [l + Vel + IVel 35 D Vel 5.
j=1 j

END OF STATEMENT 2

We proceed with the proof of Theorem 9.1. To prove it, we employ an inductive
argument. There exists a constant A depending only on w,«, m such that for a
sufficiently small 79 we have for every 7 < 1

l
le M3 +7 > Ve I3

J=0

IN

A% (9.18)
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l
Vet 5+ 7Y [lAe T3 < A (9.19)
=0

First, these statements are valid for [ = 0. To see this, we employ (9.5) for j = 0.

Let us prove the statements for [ = r assuming that they are valid for [ =r—1.
Note that A is independent of [. At this stage of mathematical induction, the
following lemma will be useful.

Lemma 9.3 Assuming (9.18) and (9.19) hold true for | = r — 1, the following
estimate holds for sufficiently small 7:

B:=) |Vl +[IVe|l + Vel |l + Vel [1° < 1. (9.20)
j=0

PROOF:
For a =2,4,8,16, it is valid that

(z +9)* <a(z® +y") <16(z* +y*).

Thus we can use the inequality (10.12) in the form
a 3a
[Vullf < Cl[Vullz + Va3 [ Au|," .

We apply the previous inequality for a = 2,4,8,16 and sum it up for 7 =0,...,r
to get

IA

,
Yo Ivells
§=0

T T

. .oa . 3a
> IIVellls + D IVelll3 [ Ael|l,’
=0 =0

3

N

IN

T T 4 T
YoIvels+ [ DoIvells | [ Do laels
§=0 §=0 §=0

At the end we have used the discrete Holder inequality with exponents 4 and 4/3.
Now we apply Lemma 10.2 on the following terms. Note that 2 < a. We have

2 a
T

DoIvels |

7=0

2 a

T
> llael|3
§=0

IN

s
> lIvel|ls
=0

IN

T
> llael|is
§=0
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This gives us

a a 3a

2 r 8 8

DIVEls < I DIVels ] + [ D_IVels | | Do laells
3=0 j=0 j=0

J=0

Notice that in the expression of B we have summed up to the index j =r but the
indices of the terms are shifted by one when compared with those that appeared in
(9.18) and (9.19). Thus we are able to apply (9.18) and (9.19) for | =r —1. We
combine it with the previous inequality to obtain

B< Y (An)E 4 (Ar)FAF.
a=2,4,8,16

Since T appears in every term with exponent at least 1/4, we can guarantee that
B remains less than 1 by setting 7 sufficiently small.
This completes the proof of Lemma 9.3. |

If we look at the STATEMENT 1, we are able to get rid of some problematic terms
by applying the previous lemma. Thus

l
le ™2 7Y IVel 3
§=0

l l !
<CTP+Cr Y IV IIVe|3+ 207 [l 3.
§=0 §=0 §=0
In Lemma 9.3 we can easily gain also the estimate B < A~!. Then, if we apply
the relations (9.18) and (9.19) with [ =r —1 to the term Z;:o Vel |2 and we
apply the estimate B < A~ to the term 22:0 [Ve||?, we gain

l l
e 2+ 7> Vel T3 < CrP 4+ CrAT AT +207 ) [led T3

Jj=0 Jj=0

l
< 2077 + QCTZ e 3.
j=0
Notice that the previous inequality was obtained independently of the index [. Now
we apply Gronwall’s argument to verify (9.18) for  =r.

If we look at the STATEMENT 2, we can eliminate some terms by applying Lemma
9.3. Then we get

l l
Ve 3+ 7> A5 < O+ Cor Y [l

Jj=1 J=1
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l l
120 3l 3 + 207 S Vel 3.

j=1 j=1

For the term 22:1 |le’||3, we use the embedding W% — L* and (9.18), (9.19)
for | =r—1. For the term 23:1 le’ 1|3, we use (9.18) for [ = r, which has
already been proved. Thus

l l
Ve 5+ 7 Y A6/ |3 < O7 + 2Cer AT + 20 Y Vel 3

J=1 Jj=1

l
<2CT+ 2C’JZ Vel 3.

J=1

Here we have the sum over the index j starting from 1 and ending with j = r.
To make the sum start with j = 0, we should know that |Ae!||3 < C. This is
given by the following lemma.

Lemma 9.4 Keeping the notations from the above discussion we have
lae!|3 < C.

PROOF:
We take (9.8) for j = 0 and set ¢ = —Ae!. After considering e’ = 0 and
Ve =0 we get

(e—l,—Ae1> +a(Ae!, Aet) < |(FH(m), Ael)|

+ |((Vm(t;) — Vm(to), Vm(t;) + Vm(tg))gem(t;), Ae')]
+ |([Vm(to)[e", Ae')[ + [([m(t1) — m(to)] x Am(t1), Ae')].

Now we apply some inequalities from Lemma 10.3, the estimates (7.7) and (7.8)
and the Young inequality:

1
—[IVelll3 + afAet|3 < ClIF (m)]5 + el Ae’3 (9.21)

+ 1Vm(ty) — Vm(to) | Vm(ts) + Vm(to) s Jm(tr) | o= | A€ [
+ IVmto)|lle! |z~ A€ 2
+lm(t) — mto)l|~ [ Am(tr) o] Ae! [

< C|IF @)[3 + | e 3 + [le |3~
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To estimate the term |[|e!||2.. we use the same techniques as we have already done
several times using (10.14) and (10.12) and the Young inequality with exponents 4
and 4/3:

1 3
le' 13 + [Ve'llF < Celle'[|3 + Ce[ Vel |3 + [[Ve' |3 [ Ae 3

le'flz= <
< Celle!|l3 + Cel[Velll + e Ae 3.

We suppose that « > ¢ and 1— Ccr > 0. Then, together with (9.21), since
let||3 < C we have

1—7C.
——|Ve' 3+ (@—allae'3 < C|F m)3 <.
which completes the proof of Lemma 9.4. |

Thus we have arrived at

! l

Ve 3+ 73" A3 < Or+207AT +207 Y Vel
§=0 J=0
l

2CT +2CT Z Vel 5.

=0

IN

IN

Notice that this inequality was also obtained independently of the index . We
now apply Gronwall’s argument to verify (9.19) for I = r.
This completes the proof of Theorem 9.1. (|

9.3 Proof of the modulus theorem

The result follows directly from inequality (10.12) and Theorem 9.1:

() — m? 7]l I(e?, &” +2m(t;))z 2

(
2(lle’ |13 + lle’ [/l m(t;) ][ z~)

<
< Clell3+ e131IVe |15 + lle’]|2)
< C(T2 4+ r3rd +7)<CT.
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9.4 Numerical tests

In order to verify the theoretical results, we solve the problem (7.2)—(7.4) with an
artificial right-hand side and with a prescribed solution. Up to now there is no
example of such a problem with a known analytical solution in the literature. We

set )
- _ (xot)? _ ((matza)t)) 2
. wge = (1- ()" - (=2))
m (t7gg): me* = (z14x2)t
1 - t4 )
ex — T
myt = T,

in order to ensure that the modulus of m®* remains constant equal to 1. Then we

solve the following problem on a cube Q = (0,1)?

Om=mx Am —om x (mx Am)+f inRT xQ,
Vm -v=Vf.v on RT x 09,
m(0,.) = m®(0,.) in Q,

where f = 9m®™ — m®™ x Am®™ — am® x (M x Am®). Note that the sign
of the term m x Am is negative, however, it has no impact on the results. The
sign defines the direction of the rotation of m around Am. If the sign changes,
the movement of m is in fact only mirrored. For the spatial discretization, we use
the standard W12(Q)-conforming finite element formulation. We establish a finite
dimensional approximation space V}, consisting of piece-wise linear functions. The
symbol h denotes the size of the space discretization step. The projection operator
P, associated with the space V};, has the necessary properties needed for further
analysis of the full discretization in time and space.

T Dl | IVelle [ el | 11— [m[],
10 | 0.001669 | 0.013666 | 0.003988 | 0.003270
20 | 0.000863 | 0.009331 | 0.002053 | 0.001793
40 | 0.000444 | 0.007153 | 0.001100 |  0.000980
80 | 0.000221 | 0.006031 | 0.000603 |  0.000485
160 | 0.000139 | 0.005431 | 0.000403 | 0.000318

Table 9.1: Errors of the approximation

In order to confirm the theoretical results, we test the rate of convergence of the
numerical scheme (9.2). We divide one edge of the cubic domain into 24 elements
which gives us 82 944 tetrahedra and 15 625 vertices. The number of vertices
determines also the number of degrees of freedom.

Due to the linearity of scheme (9.2), we have to solve only a linear elliptic
problem on each time level. Compared with (9.1), our scheme is computationally
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log[2](error)

-7 —6 -5 —a
log[2](tau)
--------- L2 error
ooooee HI1 error
[[1-Im]~2]|

Figure 9.1: The graphs plotted with the logarithmic scale

cheaper. To compute the solution on a new time level in (9.1), it is necessary to
solve a nonlinear elliptic problem whose solution involves the use of a nonlinear
solver.

Table 9.1 shows the results for a time step running from 10~! to 160~!. The
graphs in Figure 9.1 are plotted with a logarithmic scale so that we can easily see
that the numerical results confirm the theoretical ones.




10 PENALIZATION STRATEGIES

(An expert is someone who knows some of the worst mistakes that can be made in his
subject, and how to avoid them. Werner Heisenberg)

10.1 Single LL equation

In Chapter 9 we have proposed a numerical scheme derived from 2D version intro-
duced in [61]. The author analyses also another schemes.

We have already mentioned that the scheme (9.2) does not preserve the length
of the magnetization. But Theorem 9.2 says that in some sense the modulus of
approximating solutions m’ goes to 1 when time step 7 goes to 0. There is also
another approach to keep the modulus of the magnetization under control. This
approach uses penalization strategies.

The idea of a penalization term artificially introduced to the equation which
is solved is not new. Let us take a function ®(m® m’™!) in such a way that its
value is small when |m’| is very close to |m**!|. We will not write down particular
expression for ® yet. Then add a term ®(m?, m**!) with the weight 1/¢ to the LL
equation

Sm’tt — aAmIt! &+ —(ID(mZ, mH‘l) = a|Vm]|2mJ+1 +m/T x Am7t!, (10.1)
€

We see that if we go with € to 0 then the weight of function ® becomes larger. Then
reciprocally the value of ®(m’, m**1) tends to be small and therefore the modulus
of m’ is close to the modulus of m**!.
We introduce three possibilities for the function ® = &, for i =1,2,3
<I>1(mi, mi+1) _ |mi+1|2 -1

)

159
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S 1
i i+1 —
Py(m’,m"™) = 1- W’
P3(m’, m*) = 1- L
|

Prohl in [61] has proved the following convergence results for the numerical
schemes (10.1) for all three choices of ®

1

2

J
max [[m(t) - m e + {7 [V {m(t;) — m}3
<j<J —0

j=

2

J
2 | 72 flmie) — )+ )~ w3} | < O

=0

The differences between different choices of ® were only in the dependence of € on
7. For @, it is necessary that et = o(77!), for ®5 was the estimate sharpened to
e > 1.97 and finally for ®3 it ise > 7.

The reason why we have introduced the penalization term was to get better
control over the modulus of the magnetization. The estimates

—mI 2, <
a1~ Pl < Ve

are also proved and demonstrate the usefulness of the term ®(m®, m**1) in (10.1).

What we have mentioned in this chapter was done in 2D. The use of techniques
similar to those used in Chapter 9 opens the way to make the same analysis of the
penalization techniques in 3D. We will not do this here since the proofs would be
similar to the proofs in Chapter 9.

10.2 Full M-LL system

For more general case we would like to study numerical schemes dealing with the
full Maxwell-Landau-Lifshitz system. In [61] the author has suggested a couple of
such schemes and has derived also error estimates for these schemes. However, he
considered all schemes only in two dimensional case. The key estimate enabling
the use of these schemes was the upper bound of m in the space W22(Q). Prohl
has this estimate only in 2D. In Chapter 8, Theorem 8.1, we have proved missing
estimate also in 3D. This result suggests the extension of Prohl’s results also in the
case of three dimensions. However, the detailed analysis of these schemes exceeds
the range of this work and we omit the proofs.
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For the full M-LL system we provide one example of the scheme together with
error estimates. Let us consider the implicit penalized Euler scheme

SmiT — aAm/T! — 1 (m/THm/ T = | Vm? Pm/ !
+m’ x (Aijrl + Hj+1) +a(Hj+1 B <mj,Hj>mj+1),

V x HI = gE/ + gEIH,

VvV x B/t = _gHIt! — 5((5mj+1 _ le(mj'H)mj'H),

V-Et =0,

where 1.(¢) = e (|| — 1).
Considering ¢! = o(771), the error estimates for this scheme are

Jnax, {Ilm(t;) — m/[|s + [H(t;) = H w12 + [E(t;) = B |y}

J

(e 3 {limty) — m g + 2 [l m(t) — i) 2
§=0

() - mi4]}) " < o

A = ] N\ _ R <
mase {[EL(t) — B[l + [B(t;) ~ Bl } < OV,

J , 1/2
(- miP) " < over,
j=1

(Y j . v (|’ j L
o, {1900+ ) v+ [0 000+ )} < 0y

where m, E, H are exact solutions of the full M-LL system on the interval (0,7j).
The constant Ty comes from Lemma 8.7.

We can see that original constraint H + fm from Maxwell’s equations is not
satisfied for its discrete version. But still, the last estimate gives control over the
term H’ + fm/.
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Vector identities

We recall the following vector identities

(axb)xc = (c-a)b—(c-b)a, (10.2)
(axb)-(cxd) = (a-c)(b-d)—(a-d) (b-c), (10.3)
(axb)-c = a-(bxc)=Db-(cxa), (10.4)

which can be verified by simple calculations.

Simple mathematical analysis

Lemma 10.1 For a,b>0 and 1<s<t we have
(at —‘rbt)s S (as +bs)t.
PrOOF:

We follow the idea of Slodicka. For any real z such that 0 <z <1, it is clear
that «f < x°. Then we have

(14 2%)% < (14 z%)°.
Since 1+2%>1, we get (1+z%)° < (14 x*)". Therefore, we arrive at

(142" < (1+2%)". (10.5)
Suppose that b < a. By substituting z = b/a into (10.5) we obtain

(O] <[+ O
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which gives the desired result when multiplied by a®®. ([

Lemma 10.2 For a; >0, i=2,...,ne€N and 1<s<t it holds that

n S n t
(£« (£
i=1 i=1
PROOF:

We prove this lemma by mathematical induction. The lemma is valid for n = 2,
as it is the case of Lemma 10.1. Suppose this lemma is valid for n = j. We would

like to prove that
t

J+1 s j+1
<Za2> S (Zaf> '
Let A:= (37 ,a!)t and B :=

i=1"
and b=a;;1 we compute

j+1 s
<Za > (A" +aly)" < (A" +ajy)" (10.6)

Using the inductive hypothesis we get

(%) (&)

Since the function f(x) = z' is monotonically increasing, we can put B instead
of A® in the last expression of (10.6) keeping the desired inequality, thus

Then using Lemma 10.1 with a = A

217,

i1\ ° i1\!
<Za> As-i-ajﬂ) (B—I—LLJJr1 < (Zaf) ,
i=1
which completes the proof of Lemma 10.2. O

Theorem 10.1 (Gronwall’s lemma) Let r(t), h(t),y(t) are continuous real func-
tions defined on the interval [a,b] such that r(t), h(t) > 0. Suppose that

y(t) < h(t) + /t r(s)y(s)ds for a <t <b.

Then
t

y(t) < h(t) + / h(s)r(s)el! T

a

is valid for all t € [a,b].
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Theorem 10.2 (Gronwall’s lemma - discrete version) Let {A;},{a;} be the
sequences of nonnegative real numbers and let ¢ > 0. Suppose

i—1
a;i < A+ ajq

j=1

holds for i € N. Then
i—1
a; < A; + el Z qu.

j=1

Function spaces

Lemma 10.3 Let u, v and m, n be vector valued functions from L? (or L*,
L if necessary). Then

((u,v)psm,n), = /(u, V)gs (m, n)gs
Q
< tlullza|v]izalml| L In]| £z, (10.7)
(uxv,m), = /(u X v,m)gs < ||u||pa||v]p]ml e, (10.8)
Q
(uxv,m), = /(u x v,m)gs < ||u||pe||v|lrz||m||zz. (10.9)
Q

Proof of this lemma is a straightforward computation using the integral Holder
inequality.

Theorem 10.3 (Extended Sobolev inequalities) (/33/, Theorem 10.1) Let ) be
a bounded domain with OQ in C™, and let u be any function in W™ (1) N L1(Q),
1 <r, g <oco. For any integer j, 0 < j < m, and for any number a in the interval

j/m<a<1, set
1 ] 1 1
—:l—l—a(——@)—k(l—a)—.
p n roon q

If m — j —n/r is not a nonnegative integer, then
ID7ullzs < € (fullme)® (lulla)' (10.10)

If m — j — n/r is a nonnegative integer, then (10.10) holds for a = j/m. The
constant C' depends only on Q, r, q, m, j, a.

Special cases of the previous theorem are summed up in the following theorem.
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Lemma 10.4 (Special cases of Sobolev inequalities) Let Q be a bounded do-
main with O in C2%, and let u be any function in W22(Q2) N L*(Q). Consider the
case of spatial dimension n = 3. Then the following hold

lull e < Cllullyytzllull st < Cllullze + CIVul35! lull 12, (10.11)
IVl s < CIVullys 2] Vul 5

< C|[Vull g2 + CllAul 2! | Vul 14, (10.12)
| Au] s < Ol Aullyy 2| Aul !

< Ol Auf g2 + OV Au| 35| Aul 4 (10.13)
[z < Cllullwia < Cllullps + C|[Vul 14, (10.14)
IVull e < ClIVullwra < Cllullfyealul o, (10.15)

(Vw14

< C[IVulla + |Aullo + (IVul} + [AulH)IVAlS].  (10.16)

In the previous lemma it is possible to replace scalar functions u with vector func-

tions u. So that’s why we can use all these inequalities for vector fields m, H and
E.

Remark 10.1 Equivalence of the norms ||ullwz2 and ||Aullz + ||u2.

To derive (10.12) we simply put Vu instead of w in (10.11). With this approach,
however, we would gain inequality

3/4 1/4
1Vullps < Cllull?3 . | Vull 1%

instead of (10.12). To verify (10.12) we have to show the equivalence of the norms
lu|lwe.2 and ||Au||s + ||u||2- In general it is not so, but in the case of zero Neumann
boundary conditions we can use Theorem 2.50 from [32]. Similar remark can be
applied for derivation of (10.16).

General functional analysis

Theorem 10.4 (Lax-Milgram lemma) Leta be a bounded coercive bilinear func-
tional on a Hilbert space H. Then for every bounded linear functional f on H, there
exists a unique u such that

a(u,v) = f(v)
forallv e H.
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Theorem 10.5 (From [86, p.120]) Let X be a Banach space and let {x,} be weakly
convergent to Too. Then {||x,||} is bounded and

|zoo|| < liminf ||a,].
n—oo

Theorem 10.6 (From [86, p.126]) Let X be a reflexive Banach space and let {x,}
be any sequence, which is in norm bounded. Then we choose a subsequence {,,},
which converges weakly to an element of X.

Theorem 10.7 (From [47, Theorem 2.11.5]) Let u(§2) < co. Let 1 < p; <pgs < ...
and suppose limy_, o pr, = 00. Let

fe ﬁ LP ()
k=1
and suppose a = supyey || fllp, < 0o. Then f € L=(Q).
By D'(I,V) we denote the space of distributions on I with values in V.
Theorem 10.8 (From [{4])

(1) Letto eI andletu:1 — V be integrable. Then v(t) = fti) u(s)ds (¢, tg) is in
C(I1,V) C D'(I,V) and 2% = u in the sense of D'(I1, V).

(i) IfueD(1,V) and % =0, thenwu: I —V is constant. i.e, u=ut): I -V
and u(t)=xz €V forae tel:

(iii) If up — w in D'(I1,V), then % — 9% in D'(1,V). In particular, if u, — u
in L,(I,V) and % —z in Ly(I,V) then agt" =z € L,(I,V).

Theorem 10.9 (From [51]) Let {u,}52, is a sequence of functions belonging to
Ly, (I, B) where B is a Banach space and 1 < p; < oo fori=10,2. Let X andY are
Banach spaces such that X —— B — Y. If u,, are uniformly bounded in Ly, (I, X)
and %L{L are uniformly bounded in Ly, (I,Y) then the sequence {u,}3%, is relatively
compact in Ly, (I, B).

More results on compactness in spaces LP(I, B) can be found in [69].
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