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Introduction

In the year 1878 William Kingdon Clifford (1845-1879) introduced the al-
gebras named after him which may be regarded as a generalization of the
complex numbers and Hamilton’s quaternions (see [33]). They are a type
of finite-dimensional associative algebra and have important applications
in a variety of fields including geometry and theoretical physics.

Clifford analysis is a successful generalization to higher dimension of
the theory of holomorphic functions in the complex plane. It involves the
study of functions on Euclidean space with values in a Clifford algebra. For
a thorough treatment of this function theory we refer the reader to e.g.
[26, 34, 45, 61, 64, 65].

The main objects of study in Clifford analysis are the so-called mono-
genic functions which may be described as null solutions of the Dirac ope-
rator, the latter being the higher dimensional analogue of the Cauchy-
Riemann operator.

Some of the earlier results on Clifford analysis were obtained by Dixon
[37], Moisil and Théodoresco [83], Fueter [55, 56], Iftimie [71], Hestenes
[69] and Delanghe [39, 40, 41, 42]. The basic theory of Clifford analysis
was developed in the book by Brackx, Delanghe and Sommen [26] in 1982.
This is the first book written on Clifford analysis and it is the basic refe-
rence work on the subject. Nowadays Clifford analysis is a well established
mathematical discipline as well as an active area of scientific research.

The subject of this thesis fits in the framework of Clifford analysis. The
first part deals with some techniques to generate monogenic functions and

ix



X Introduction

the second part is devoted to the study of extension theorems for special
systems arising in Clifford analysis.

In order to make the reader familiar with the concepts used in this thesis,
the first chapter contains a review of the definitions and fundamental results
concerning Clifford algebras, Clifford analysis, the Cauchy type integral and
the singular integral operator.

Despite the fact that Clifford analysis generalizes the most important
features of classical complex analysis, monogenic functions do not enjoy all
properties of holomorphic functions of one complex variable. For instance,
due to the non-commutativity of the Clifford algebras, the product of two
monogenic functions is in general not monogenic. It is therefore natural to
look for specific techniques to construct monogenic functions.

There are several techniques available to generate monogenic functions,
see [26, 43, 45]. Two of those techniques are considered in this thesis:
the Cauchy-Kowalevski extension problem and Fueter’s theorem. We also
introduce a new technique leading to so-called steering monogenic functions.

The first technique mentioned consists in monogenically extending ana-
lytic functions defined on a given subset in R™*! of positive codimension.
The second one gives a method to generate monogenic functions starting
from a holomorphic function in the upper half of the complex plane. Finally,
steering monogenic functions can be roughly described as a class of mono-
genic functions generated from families of complex-valued functions which
are closed under conjugation and under the action of the Cauchy-Riemann
operator.

In Chapter 2 we introduce the notion of steering monogenic functions
and we discuss the Cauchy-Kowalevski extension around special surfaces of
codimension two.

In Chapter 3 we provide an alternative proof for Fueter’s theorem.
Using the main idea of this proof, we also establish a new generalization
of Fueter’s theorem. Some examples of applications are also computed in-
cluding a closed formula for the Cauchy-Kowalevski extension of the Gauss-
distribution in R™.
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Chapter 4 deals with a recent refinement of the theory of monogenic
functions: Hermitean Clifford analysis. It studies so-called Hermitean
monogenic functions which are simultaneous null solutions of two mutually
related Euclidean Dirac operators (see [24, 25, 27, 101, 102]). We derive
two criteria providing necessary and sufficient conditions for the existence
of a Hermitean monogenic extension of a continuous function defined on a
surface in R™, m = 2n. These characterizations are then used to study the
jump problem in this context.

In the even dimensional case the Dirac equation may be reduced to the
so-called isotonic Dirac system in which different Dirac operators in half
the dimension act from both sides on the unknown function. Solutions
of this system are called isotonic functions and are closely related with
Hermitean monogenic functions. Chapter 5 is devoted to the study of these
functions. First, we obtain an integral representation formula. Next, some
direct applications of this formula are indicated. The remainder of this
chapter is devoted to the study of the isotonic Cauchy type integral and its
singular version.

Finally, in the last chapter, extension theorems for holomorphic and bi-
regular functions are studied. The latter may be considered as monogenic
functions of two higher dimensional variables. As holomorphic and biregu-
lar functions are particular cases of isotonic functions, the results obtained
in Chapter 5 enable us to get simplified and elegant proofs.






Chapter 1

Some basic elements of
Clifford analysis

This chapter contains a summary of the Clifford analysis theory we will use.
For a thorough treatment we refer the reader to [26, 34, 45, 61, 64, 65].

1.1 Clifford algebras

Clifford algebras, also called geometric algebras, extend the real number
system to include vectors and their products. Clifford algebras have im-
portant applications in geometry and theoretical physics. They are named
after the English geometer and philosopher W. K. Clifford (see [33]).

We denote by Rg,, (m € N) the real Clifford algebra constructed over
the orthonormal basis (eq,...,ey,) of the Euclidean space R". The basic
axiom of this associative but non-commutative algebra is that the product
of a vector with itself equals its squared length up to a minus sign, i.e. for
any vector z = ) ", xje; in R™, we have that

=1
m
2? =~z == 2.
j=1

1



2 CK-extensions, Fueter’s theorems and boundary values

It thus follows that the elements of the basis submit to the multiplication
rules

eg=-1, j=1,...,m,

ejer + epej =0, 1<j#k<m.
A basis for the algebra is then given by the elements
€A = €jy ey,

where A = {j1,...,jx} C {1,...,m} is such that j; < --- < j. For the
empty set (), we put ey = eg = 1, the latter being the identity element. It
follows that the dimension of Ry, is 2.

Any Clifford number a € Rg,, may thus be written as

a= ZaAeA, as € R.
A

For each k € {0,1,...,m}, we call

R(()’,%: a€Ropm: a= Z aseas

|Al=k

the subspace of k-vectors, i.e. the space spanned by the products of k dif-
ferent basis vectors. In particular, the O-vectors and 1-vectors are simply
called scalars and vectors respectively.

An important subspace of the real Clifford algebra Ry, is the so-called

space of paravectors R & R(I)

0.m» being sums of scalars and vectors. Observe
b

that R™*! may be naturally identified with R EB]R&)n by associating to any
element (xq,2) = (z9,21,...,Tm) € R™! the paravector z = xg + 2.

Note that m
k
Ro,m = @RS,L
k=0
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and hence for any a € Rq p,

m
k=0
where [a]; is the projection of a on R(k)

The product of two Clifford vectors z = 377" | zje; and y = 377" yje;
splits into a scalar part and a 2-vector or so-called bivector part

ry=zey+zAy, (1.1)

where
zey=—(z,y) = Z:rjyg

equals, up to a minus sign, the standard Euchdean inner product between

z and y, while
o m

m
Z Z er(Tjyr — Try;)

k=j+1
represents the standard outer (or wedge) product between them.

More generally, for a vector x and a k-vector Yy, the inner and outer
product between x and Y} are defined by

[2Yk],_, for k>1
mon:{O k—1 for Fr— 0 and g/\Yk:[QYk]kJrl.

In a similar way,

[Yiz], , for k>1
Ykox:{o k—1 tor k= 0 and Y Nz = [Yiz], -
We thus have that

Yy =zeY, +xNY,
Yix=Y,ex+ Y, Nz,
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where also

Two important examples of real Clifford algebras are the field of complex
numbers C and the skew field of quaternions H. Indeed, note that R 1 is
a two-dimensional algebra generated by a single vector e; which squares to
—1, and therefore Rg 1 is isomorphic to C. On the other hand, Rg > is a four-
dimensional algebra spanned by {1, e1,e2,e1e2}. The latter three elements
square to —1 and all anticommute, and so the algebra Rg > is isomorphic
to the quaternions H.

Three (anti)-involutions are defined on Ry ,,: the main involution, the
reversion and the conjugation.

The main involution a — a is given by
a= g a/AéAa
A

where é4 = (—1)Fey if |A| = k.

The reversion a — a* is given by
at = E asel,
A

(k—1)k .
where €% =ej, ---e;, =(—1) 2z eagifes =ej - -€j.

Finally, the conjugation a — @ is a combination of the main involution
and the reversion introduced above. It is defined as

a=(a)" =Y aa(éa)".
A

One easily checks that 3
ab = ab,
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(ab)* = b*a”,
ab = ba,
for any a,b € Ro,-

By means of the conjugation, a norm |a| may be defined for each a €
Ro,m by putting
ja]* = [a@lo = ) _ a3
A

It immediately follows that for any a,b € R,
la+b| < la|+|b] and |ab] < 27 |a||b].

In this thesis we also deal with the complex Clifford algebra C,,,, which may
be defined as
Crn=Cq® RO,m = RO,m @1 RO,m-

Any complex Clifford number a € C,,, may thus be represented as

a= ZGAEA, ays € C.
A

All concepts introduced above in the context of Rg ,, may be reformulated
in the case of C,, in a very similar way. The major difference lies in the
conjugation, where the additional rule ¢ = —i has to be included.

It is worth pointing out that for m > 3 the real Clifford algebra Rq .,
has zero divisors. Indeed, it is easily seen that ej23 squares to 1 and hence

(14 e123)(1 — e123) = (1 — e123)(1 + e123) = 0.

Thus for m > 3 not every Clifford number in Ry, has a multiplicative
inverse. Fortunately, any non-zero paravector x does have a multiplicative

inverse given by

_ z

P T
|z|

In the case of C,,, we also have that

(I +iw) (1 —iw) = (1 —iw) (1 +iw) = 0,

IE

with w =

5



6 CK-extensions, Fueter’s theorems and boundary values

1.2 Monogenic functions

Monogenic functions are the central object of study in Clifford analysis. The
concept of monogenicity of a function may be seen as the higher dimensional
counterpart of holomorphy in the complex plane.

The functions under consideration are defined on an open subset of R
or R™*! and take values in the Clifford algebra Ro,m or in its complexifi-
cation C,,. They are of the form

f=Y_ faea,
A

where the functions f4 are R-valued or C-valued.

Whenever a property such as continuity, differentiability, etc. is ascribed
to f it is clear that in fact all the components f4 possess the cited property.

Next, we introduce the Dirac operator
m
Oy = Z €j0z;
j=1
and the generalized Cauchy-Riemann operator
Op = Ogy + Oy

These operators factorize the Laplace operator in the sense that

_ 2 _ 92
Ny =) 02 =-02 (1.2)
j=1
and
Ap =2 + Ay = 0,05 = D0y (1.3)

Definition 1.1 A function f(z) (resp. f(z)) defined and continuously dif-
ferentiable in an open set Q of R™ (resp. R™*1) and taking values in R,
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or C,,, is called a left monogenic function in Q0 if and only if it fulfills in
Q the equation

Oxf =) ejeads, fa =0 (resp. 0of =D Y €jends; fa=0).

j=1 A j=0 A

Note that in view of the non-commutativity of Rg,, and C,, a notion of
right monogenicity may be defined in a similar way by letting act the Dirac
operator or the generalized Cauchy-Riemann operator from the right.

Nevertheless, we will just say “f is monogenic in §2” instead of “f is left
monogenic in €2”.

From (1.2) and (1.3) it follows that any monogenic function in 2 is
harmonic in 2 and hence real-analytic in €.

To fix the ideas let us examine two special cases of monogenic functions.
First, if m = 1, then a function f : Q@ C R?* — Ry is of the form f =
fo+ fiex1 and 0, = 0y, + €10z, so the monogenicity of f reduces to the
system

{ ax()f() _axlfl =0
81’1.]50 +6x0f1 =0

which is nothing else but the classical Cauchy-Riemann system for holo-
morphic functions of one complex variable. Next, let f be a vector-valued
function in Q C R™, i.e.

f@) =Y fi(z)e;.
j=1

Then, from (1.1) we obtain
Opf =0p @ f+0: N[

Claiming that 0, f = 0 in €2 is thus equivalent to saying that its components
fj» 3 =1,...,m, satisfy the so-called Riesz system

> 0.1 =0,
j=1
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It is clear that the set of Rq,,-valued (resp. C,,-valued) monogenic func-
tions in €2 provided with the classical rules for addition and for multiplica-
tion with Clifford scalars is a right R ,,-module (resp. C,,-module).

We emphasize that the product of two monogenic functions is, in gene-
ral, not monogenic.

For a vector-valued differentiable function f = > 1", fje; and a Clifford
algebra-valued differentiable function g, we have the following Leibniz rule
(the general version will be given in the third chapter)

0:(£9) = (0:f)g — [(De9) =2 fi(Dz,9)- (1.4)

j=1
Indeed,
0:(f9) =Y ei (0, /)9 + [(02,9)) = (0eh)g + > _ €if (Ou;9),
j=1 j=1

which results in (1.4) on account of the equality

€ji:—i6j—2fj, jzl,...,m.
In particular, for f =z we have

Oz(zg) = —mg — 2(029) — 2Egy, (1.5)

E; = > 'L, 70, being the Euler operator.

Using (1.4) we may also prove the following simple but interesting state-
ment: if f is a monogenic function in some open connected set €2 of R such
that e; f is also monogenic in €2 for each j = 1,...,m, then f is a constant
in . Indeed, e;f being monogenic, we have, for each j =1,...,m

0=0y(ejf(z)) = 205, f(z), z€Q.

From the above it follows that all first order partial derivatives of f vanish,
and consequently f is a constant function in 2.
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Let T'; denote the spherical Dirac operator (or Gamma operator) on
the unit sphere S™~1 in R™, i.e.

3=1k=j+1
From (1.1) we see that
20, = —E; — T’ (1.6)
Introducing spherical coordinates z = rw (r = |z|, w € S™!) and using

the fact that E, = r0,, we obtain the spherical decomposition of the Dirac
operator

az:w<a,,+irx>. (1.7)

Next, we recall two properties of the spherical Dirac operator I'; that are
frequently used in calculations (see [45]). If f(r) is a function of r, then

Lyf(r)=— Z Z ejer (50, f (1) — 210y, f (1))

j=1k=j+1

== > ejer (w(0nf (1) (Ouer) — (0 F (1)) (D7)
J=1k=j+1

-3 Y e (xj(arf(r))% - xk(arf(r))%> .
j=1k=j+1

So that
Iy f(r) = 0. (1.8)

On account of the above remark and using (1.7), we see that

Op f(1) = w0, f(r).
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From (1.6) and applying (1.5) we also get
M/ (@) = T (1) £f(2) + 1 Tulaf(@))
(20x(2f(2)) + Eo(2f(2)))

z) + 2°(0, f( ) + 22E, f(z)

=w (( - 1)f(7) +g(8£f(7)) +E.f(z)) .

!
(

This gives
Ig(wf(z)) = (m—Dwf(z) - wlsf(z). (1.9)

By the above and using (1.7), we can assert that

2

1
(%cg—%Fxg:(m—l)%:—(m )
- T - T T

Let us now consider monogenic functions of the form
(A(zo,7) + w B(zo, 7)) Py(2), (1.10)

where A(zg,r) and B(xg,r) are R-valued continuously differentiable func-
tions, and P(z) is a homogeneous monogenic polynomial of degree k in
R™, i.c.
Oz Pr(z) =0, z € R™,
Py(tz) = t*Py(z), teR.
Functions (1.10) are called axial monogenic functions of degree k (see

[77, 111, 116]) and they generate monogenic functions in axially symmetric
domains.

Note that

9z [(A+w B) Py(z)] = (0:A) Py(z) + A(0x Py ()

+ (02 B)wPi(z) + B(0z(wPi(2)))
w(0rA)Py(z) — (0, B)Py(z) + B(0x(wPi(2))),
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where also

0u(wPi(z) = (0u) Pu(z) ~ (0, Pu(2)) — ° By Py(a)

2k+m —1
=-—— P(2),

r

which follows from (1.4) and Euler’s homogeneous function theorem.
We thus get

o(4+uB)w) = [woa- (05+ 21 5) B

r

For this reason
3z [(A+wB)Pi(z)]

— [(aon_arB_mm_l

B) (@B + arAﬂ Py(a)

and so the assumed monogenicity requires the functions A and B to satisfy
the Vekua-type system

OpA—0,B =" " "B
"
OB+ 0,A =0.

2k+m —1
{ (1.11)

We will also deal with another technique to generate monogenic functions in
R™*L: the so-called Cauchy-Kowalevski extension (CK-extension) problem.

The CK-extension problem consists in finding a monogenic extension
g* of an analytic function ¢ defined on a given subset in R™*! of positive
codimension (see e.g. [26, 35, 44, 45, 72, 110, 112, 118]).

For analytic functions g on the plane {(zg,z) € R™*! : g = 0} the
above problem may be stated as follows: find g* such that
Orog* = —0pg*, in R™H
g"(0,z) = g(z).
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Formally solving this equation we obtain
9" (w0, z) = exp(—z00y)g(z)

_ = (—JJO)k k
k=0

It may be proved that (1.12) is a monogenic extension of the function g
in R™*! (see [26]). Moreover, by the uniqueness theorem for monogenic
functions this extension is also unique.

(1.12)

More in general, the CK-extension for analytic functions on an analytic
m-surface in R™*! exists and it is also unique (see [112]). For the case
of surfaces with higher codimension this problem has not yet been solved,
except in the flat case (see [44, 45]).

Before introducing the basic integral formulae of Clifford analysis, we
need a few definitions from geometric measure theory. Geometric mea-
sure theory can be roughly described as differential geometry, generalized
through measure theory to deal with maps and surfaces that are not ne-
cessarily smooth, and applied to the calculus of variations. For a detailed
exposition we refer the reader to [46, 47, 52, 53, 54, 62, 67, 81, 84, 109].

Let A be a subset of R™ and let k < m be a positive integer. With each
6 > 0 we associate the infimum of all numbers of the form

" 2 *a(k) (diam(B))),
j=1

where

o
Ac|JBj, with diam(B)) <4, j=1,2,3,---.
j=1

Here a(k) denotes the volume of the unit sphere in R¥, and for any non-
empty subset B of R™, its diameter is defined as

diam(B) = sup{|z —y| : z, y € B}.
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If § tends to zero, this infimum is non-decreasing; it approaches the limit
H¥(A), which is by definition the k-dimensional Hausdorff measure of A.

In 1918, F. Hausdorff introduced this k-dimensional measure on R,
defined for all subsets, and coinciding for “nice” subsets, with the usual
k-dimensional surface area. When k = m, it equals the Lebesgue measure.

The definition of Hausdorff measure extends to any non-negative real
number k, taking

E
T2

a(k) = m,

where T stands for the usual Gamma function. Observe that H° equals the
counting measure, i.e. H°(A) is the number of elements of A.

Throughout the thesis we assume Q7 to be a simply connected bounded
and open set in R™, Q= = R™\ O, 3 is the boundary surface of Q*, and
H™ LX) < .

The open ball of radius § > 0 centered at a point x in R™ will be
denoted by B(z,0) and is defined by

B(z,6) = {y € R™: |y~ ] <5},

Definition 1.2 A unit vector w is said to be an exterior normal of QT at
z € X (in the sense of Federer) if and only if

L {y: (y—zw) <0, y€ B(z,6)\QT}) — 0

and
L™ ({y: (y —z,w) >0, y € B(z,0)NQT}) — 0
as 6 — 0+. Here L™ denotes the m-dimensional Lebesque measure over

R™.

Such a unit vector w, if it exists, is uniquely determined by Q% and
z, and will be denoted by v(z). In case no such w exists, v(z) is the
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null vector. This defines for each z € ¥ a vector v(z) with components

vi(x),...,vm(z), ie.

v(z) = vi(@e;.
j=1

We note that if z is a smooth boundary point of ¥, then v(z) is the usual
exterior normal.

In order to work with sets with very general boundaries the following
version of the Gauss-Green Theorem provided by H. Federer will be needed
(see [48, 49, 50, 51]). For other generalizations we refer the reader to e.g.
[38, 68, 93, 94, 120].

Theorem 1.1 (Gauss-Green Theorem) If the vector-valued function F
is differentiable in QF, continuous on Q%, and such that

| laivE@]dem(@) < oc.
O+

then

/ divE(z) dC™ (z) — / (F(z), v(z)) dH™ (z).
Q+ »

We are now ready to introduce the basic integral formulae of Clifford analy-
sis. But first we recall that the fundamental solution of the Dirac operator
Oy is the LI°°-function
1 =z
Ez)=———, z€R™\{0

(@) = o zER\()
where w,, is the area of the unit sphere S™~! in R™. It is easily seen that
E(z) is monogenic in R™ \ {0} and vanishes at infinity.

Theorem 1.2 (Clifford-Gauss-Green Theorem) Let f and g | be con-
tinuously differentiable functions in Q07, which are continuous on Q, and
moreover satisfy

[ ¢ @ong(e) + f@)(asla))| de™ (@) < .
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then

[ r@p@e@ @ = | [(7@0.)9(2) + F @) Ges()] de” 2).

Theorem 1.3 (Borel-Pompeiu Formu@ Let f be a continuously dif-
ferentiable function in QT , continuous on QT , and such that

/ 10,/(2)] dL™ () < oo.
Then

/E —z)v(y)f(y) dH" () — | Ely—z)0,f(y) dL™(y)

O+
_J fl@) for ze€Q,
10 for e Q™.

Theorem 1.4 (Calchy’s Integral Formula) Suppose that f is a conti-
nuous function on Q. If f is monogenic in QF, then

/E —2)v(y)f(y)dH™ ' (y), ze€Qr.

As in classical complex analysis, Cauchy’s Integral Formula is an essen-
tial tool in Clifford analysis. Applications of this result include the Mean
Value Theorem, Liouville’s Theorem, the Maximum Modulus Theorem and
Weierstrass’ Convergence Theorem (see [26]).

In a similar way the integral formulae for the generalized Cauchy-
Riemann operator d, may be introduced.

1.3 The Cauchy type integral

One of the most important tools in the theory of boundary value problems
for holomorphic functions is the Cauchy type integral (see e.g. [57, 78, 85]).
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Hence, it is not surprising that this object has also been studied in the
context of Clifford analysis (see e.g. [1, 2, 5, 6, 7, 17, 18, 19, 20, 21, 22, 71,
86, 107, 108, 122, 123]).

Definition 1.3 If f is a continuous function defined on the surface 3, then
the Cauchy type integral of f is the function given by

cwmazéE@—xW@V@MHW%w,xemel

It immediately follows that Cyf is a monogenic function in R™ \ ¥ and
vanishes at infinity.

In this section, we shall spell out some important properties of the
Cauchy type integral provided in [7] that will be useful in the thesis. But
first we need some definitions.

Put d = diam(X). Let 0,(e) = H™ (X N B(z,¢)) for z € ¥ and € > 0.

Definition 1.4 The surface X is called Ahlfors-David-regular (AD-reqular)
if there exists a constant C > 0 such that

clem 1l < 6. (e) < Cem !

forallze X and 0 < e <d.

AD-regular surfaces include smooth, Liapunov and Lipschitz surfaces
but also many other arbitrary subsets of R™ (see [36]).

Let us denote by S(X) the set of all continuous functions f on ¥ such
that the following integrals

ﬁ/ By — 2)u(y)(f(y) — F(2)) dH™(y)
3SNB(z,¢)

converge uniformly to zero for z € ¥ as e — 0.
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For f € S(X), we consider the singular version of the Cauchy type
integral: the so-called singular integral operator (or Hilbert transform) Sy, f
defined by

Suf(z) =2lim E(y—2)v(y)(f(y)—f(2)) dH™ )+ f(z), z€ 2.
€~V JE\B(z,€)

Note that for any f € S(X), the singular integral operator Sy f exists for
all z € X and it defines a continuous function on .

The modulus of continuity of a continuous function f on ¥ will be
denoted by wy and is defined by

wr(r) =7sups~' sup |f(z1) — f(z2)|, 7€ (0,d].
o>T |21 —25|<8

A function ¢ : (0,d] — Ry with ¢(0+) = 0 is said to be a majorant if ¢(7)
is non-decreasing and ¢(7)/7 is non-increasing for 7 € (0, d].

Let us denote by H,(X) the set of continuous functions f on ¥ satisfying
a generalized Holder condition, i.e.

|f(z1) = f(z2)| £ Collz1 — 22]), 21,22 €3,
or equivalently
wy(r) < Co(r), 7€(0,d],
where ¢ is a majorant and C' is a positive constant.

It is evident that for p(7) = 7% (0 < a < 1), H,(X) is nothing else but
the classical set of Holder continuous functions C%%(X). If a = 1, then the
function f satisfies a Lipschitz condition.

A norm || f|| g, may be defined for each f € H,(¥) by putting

- f(z1) = f(2)]
I, = maxlf@l+ s S e —zal)

If moreover for a majorant ¢ there exists a constant C' > 0 such that

/e(p(T)dT—Fe/d(p(;)dTSCSO(ﬁ% e € (0.d],
0 €

T T
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then ¢ is said to be a regular majorant (see [66]). Note that ¢(7) = 7¢
(0 < o < 1) is a regular majorant.

It is worth noting that if 3 is an AD-regular surface and ¢ is a regular
majorant, then H,(X) C S(X). In fact, if f € H,(X), then

. ) = T s
=2 /EﬂB(ze) i ( )

olly - z!)
3NB(z,€) ‘g - §|m—1

C/ T)ldez(f)gc/oew

< Cop(e)

/ By — 2v@)(f) — F(2)) dH™ " (y)
3NB(z,¢)

<C dH™ (y)

and from this it follows that f € S(X).

The following results are extensions to the case of Clifford analysis of
those obtained in [103, 104] for complex-valued functions (see [7, 22]).

Theorem 1.5 (Plemelj-Sokhotski Formulae) Let ¥ be an AD-regular
surface and let f € S(X). Then Cxf has continuous limit values on ¥ given

by
(Suf(z) + f(2)), z€3.

l\.')M—t

C%f(z)= lim  Cxf(z) =

917—>z

We must remark that if moreover 3 is a rectifiable surface, i.e. 3 is the
Lipschitz image of some bounded subset of R™~! then f € S(X) is also a
necessary condition for the continuity up to the boundary of the function

Csf (see [22]).

Theorem 1.6 Let X be an AD-regqular surface. Then the singular integral
operator Sy, is an involution on S(X), i.e.

S$f=f
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for all f € S(X).

Theorem 1.7 (Plemelj-Privalov Theorem) Assume that ¥ is an AD-
reqular surface and let ¢ be a regular majorant. Then Sy, is a bounded
operator mapping Hy,(X) into itself.

It is worth remarking that if > is an AD-regular surface and if ¢ is a
regular majorant, then Cx f (f € H,(X)) has continuous limit values on X,
which by Theorems 1.5 and 1.7 belong to H,(%).






Chapter 2

Special monogenic series and
expressions

In this chapter some special power series expansions related to the CK-
extension problem for surfaces of codimension 2 and a new class of mono-
genic functions are introduced (see [89, 90, 92]).

2.1 Steering monogenic functions

The aim of this section is to present a new collection of special monogenic
functions: the so-called steering monogenic functions.

Consider the biaxial splitting R™+! = R? @ R™~!. In this way, for any
x € R™ we may write

r=z-+y,

where

m
z=xp+ r1e7 and yzg xje;j.
i=2

21
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By the above, we can also split the generalized Cauchy-Riemann operator
Oy as
8r = az + 8g7

the operators 0, and d, being given by

0: = Opy + €105, Oy =Y €;0n,.

Our basic assumption is the following: let ® denote a family of functions
f(z) with values in Rg; which is closed under conjugation and under the
action of the operator 0,. That is, for any f € ®, f € ® and 0. f may be
expressed as a linear combination of elements in .

We shall consider monogenic expressions of the form

> fi(2)g;(x), (2.1)
J

where each f; belongs to ® and each g; is a R ,,-valued function. As the
elements of @ “steer” the functions g; in such a way that (2.1) is monogenic,
we will call the expressions (2.1) steering monogenic functions.

In what follows, the exponential, trigonometric and power functions of z
will be regarded as in the complex case by making the identification ¢ — ey.

This idea leads to the following special monogenic functions.

Ezxponential steering monogenic functions.

Consider
exp(z)A(z) + exp(z) B(z), (2.2)

with ® = {exp(z), exp(Z)}.

An easy computation shows that

Oz (exp(z) A + exp(z) B) = exp(2)(0.A + 9y B) + exp(%)(9yA + 0. B + 2B).
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Hence, if A and B satisfy the system

9,A+0.B+2B =0

then (2.2) is monogenic. In particular, if A and B only depend on the
variable y, then the above system also constitutes a necessary condition for
the monogenicity of (2.2), and it takes the form

8,B =0
~ 1

Substitution of the second equation of the latter system into the first one
yields

— 2 A —
AyA=D 07 A=0,
j=2

i.e. the function A(y) is harmonic.

Note that we have actually proved that if H is a harmonic function of
y, then

1
exp(2)H (y) — 5 exp(2) (9, H (y))
is monogenic.
For instance, if H(y) = z; (j = 2,...,m), then we get the monogenic
function

1
exp(z) xj — B exp(Z) ;.
Taking
1 m—1
H(y) = s YER \ {0},

we can also assert that

1 m—3
exp(z) 3 + ( 5 )
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is monogenic.

Trigonometric steering monogenic functions.

Consider
cosz A1(x) +sinz Bi(z) + cosZ Aa(z) + sinz Ba(z), (2.3)

with ® = {cos z, sin z, cos zZ, sin z }.
A direct computation then yields
Oz(cosz Ay +sinz By + cosZ Ag + sinz By)
= cosz(0, A1 + OQAQ) + sin z(0, By + 8EBQ)
+ cosE(c")gAl + 0,A2 +2B9) + sinE((‘)gBl + 0,Bs — 2A5).

Consequently, if

0, A1 + 8yA2 0
9.By + 8, Bs =0
OyAl + 82142 +2By, =0
8;B1 + 0,By — 245 0

then (2.3) is a monogenic function.

Similarly to the exponential steering monogenic functions, if Ay and By
(k = 1,2) are functions of y, then (2.3) is monogenic if and only if A; and
By are harmonic functions of y and

1 1
AQ - 5 8QB1, BQ - —5 8EA1
This gives rise to monogenic functions of the form
1 1
cos z Hi(y) + sin z Ha(y) + B cosZ (O, Ha(y)) — B sinz (0, Hi(y)),
where H; and Hs are harmonic functions of Y-

Power steering monogenic functions.
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Consider -
+ Z( kAk + z Bk( )) (2.4)
k=1
with ® = {zk,Ek : ke No}.

It is easily seen that, if

0z A0 +2B1 =0
and if for £ > 1
0, Ay + BgBk =0
8gAk +0,Br+2(k+1)Bpy1 =0

then (2.4) is monogenic.

In particular, if the coefficients in the series (2.4) are functions of y only,
we conclude that Ay (k > 0) are harmonic functions of y and

By = — 8Ak Lo k>

2k

This yields monogenic functions of the form

+Z< *Hi(y) —iz (OyHi—1(y )))

the functions Hj, (kK > 0) being harmonic of the variable y.

Mized steering monogenic functions.
We can also consider combinations of the previous cases. For example,

[e.9]

>~ (+F exp(2) Axly) + = exp(2)Bu(y) ) (2.5)

k=0
It is a simple matter to check that (2.5) is monogenic if and only if for & > 0

8QB,€ =0
@Ak +2(k+1)Bky1 + 2B, =0.
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From the above it follows that each function Aj is harmonic and the func-
tions By satisfy the recurrence relation

1
Bjt1 = —m (agAk + 2Bk) )

with By a given monogenic function of y.

2.2 Monogenic power series of axial and biaxial
type: toroidal expansions

We first start with a series expansion around the sphere S™~! of codimen-
sion two in R™*! in which axial symmetry plays a central role.

In what follows, a convergent series of the form

=N "> z* Z'Api(x), Z=m0+(—1w, (2.6)

k=0 [=0

will be called a toroidal expansion of axial type.

Theorem 2.1 A sufficient condition for S(x) to be monogenic is given by

1

1
m <810Ak,l(.7}) +w (aTAk,l(x) + ; FzAlJc(-r))

(m — 1w
LT

Api1(z) = —

(Ansle) = Aix(@) ). kol = 0. 21

Proof. Let z = zg + (r — 1)i. Using the zero divisors (1 + iw) and (1 — iw)

we obtain

2 2
1—1 1+
:zkzl( 2W>+Zkzz( J;W)‘

(2.8)
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In the same way we can see that

A ] Gt ) +zk§l(1 +iw)

2
Applying (1.7), (1.8) and (1.9) we get

— 1—1 1
Oz (ZkZlAkJ) = kzk_lglig (QZW)A]@J — k:ik_lzl’ig ( Zzw) Akl

1 1+
12k lzw(Q)Akl—i—lzk =1 w(—;w)Ak,l

+zkl(1 iw) koo (1+iw)
2

wo Ay + 72 wOp Ay

143 1—i
kst ( +M)g ) i @)%FMM
2 =" 2 r =7
(m—1)i
2r

+z

_l’_

This gives

6§ <Zk7lAkvl> = —]{:Zk717lAkyl + le7l_1Ak7l + Zk7lg8rAk7l

— —1)
L7 AL, 4 M
Ty

o (Zkgl — Zkzl)Akyl,

where also

2hEl _Fhl = —iW (Zkfl — ZkZl> ,

the latter following from (2.8) and (2.9).
We thus get

0, (27 Apa) = k217 Ay 4127 Ay,

1 — —1
+ 727 (wor Ay + (JAM + 77 (ST, A — MAM .
2r r 2r
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g (Z’“ZIA,CJ) = kZN VT Ay + 1257 Ay + 257 00y Ar,
we have
d, (Z’fZZAkJ) VAR

— m—1 w
+ 77 (81014;6,; + w0 A + (%)Ak,l> (2.10)

—, w m— 1)w
+ ZkZl < FgAle — ()Ak,l> .
r 2r

So the action of the operator 9, on S is given by

o o0
5= 35 27 (200 D ks + 00
k=0 1=0
1 m—1)w
+w (@u‘h:,z + - F:JcAl,k> + (m =D (Akg — Au;))-
r 2r
Hence we may conclude that the recurrence relation (2.7) is sufficient for
S(x) to be monogenic. O

Although the computations are far from trivial, we note that the toroidal
expansion (2.6) generates monogenic functions. All one has to do is to start
from the sequence of functions {Ajo}r>0 (initial condition) and calculate
the functions Aj; via the recurrence formula (2.7).

It is of natural interest to investigate under which conditions on the
initial condition { Ay o}xr>0 the corresponding series generated by the recur-
rence formula (2.7) is convergent. This question, however, is still open.

An interesting particular case of the toroidal expansion is the case where
the coefficients do not depend on the variable xy and satisfy the symmetric
relation Ay j(x) = A;x(z). With this assumption we can explicitly calculate
the coefficients in (2.6). Indeed, from (2.7) we see that

1

Api(z) = 5 Op Ak i—1(2).
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It follows that

A (—)* ot
k/'l( ) 2k+lk,'l' 0,0 ( )

Substituting the above into (2.6) gives

© k
S(l‘) = Z Z Zk_lZlAk_u(g)
k=0 1=0
- ) : k—177 ok
:Z i _l '“Z Z'9 2 Aoo(z)
k=0 l:O
0 k
-y (2;@1,3. (Z + Z)*0" Ag.o(x)
k=0

Clearly,

which is the classical CK-extension (1.12).

We can also solve the recurrence formula (2.7) if the coefficients satisfy
the relation Ay ;(z) = (=1)*"A; x(z). In this case, we obtain

1
_ﬂ 8;514]{71,1(1') for k +1 Odd7
AkJ(.%') =

1
~5 PpAp —1(x) for k41 even,

where the differential operator P, is defined by
1
Prg = 0209 + w0rg + — Tu(wg).
Therefore

(—l)l ktl—1
SEHEI Or(Pr0z)

o(x) for k+1odd,
Apy(z) =

—1)! k+l
Q’E”k)'l'(an) 2 Ago(x) for k+ 1 even.
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We thus get
oo 2k oo 2k+1
=33 7+ 7' A1y (a Z)+ YN 2 'Z' Agir—(x)
k=0 1=0 k=0 =0
o0
22% vz 2k:—l ! O 217 (P, Avo )
k=0

2k+1
+Z Z S @+ DU ot 02 (Pr0y)* Ag o ()
22k+12k:+1' 2k+1—l'l' ’

—ZQ% (2 = D) (P02)* Ao ()

; _ T7\2k+1 k
+k20 g 12 2T 0ol Path) Aoola)
and, as a result:
_ > L (r — 1)2k:
S(x) = kz_o( e g (Pa0e) Ao (@)
,,« -1 2k+1w
* Z %jrl): 0 (Pr0y)F Ago(z). (2.11)

This expansion may be consadered as a kind of CK-extension for the cylinder
r =11in R™*L. If moreover the initial function Ago(x) does not depend on
the variable xg, then (2.11) may be regarded as the CK-extension for the
sphere S~ in R™.

Let us compute this series for three simple examples.

Example 2.1. Let Ago(z) = xo. It may be easily proved by induction
that
w
(Pu0y)* Ao (a) = Cr a1
(2k —m)Cy,

8:E(Pzaz)kf40,0($) - TQk
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where the constants C satisfy the recurrence relation

Cri1 :—(2k—m)(2k—m+1)Ck, k>1,

Ci=(m-—1).
o (1) g (r— 1) k
. ) gp(r =1y K
Ak ( ): (_1) (2k+1)! 63:(Pﬂcax) AO,O( )

We thus get

1 2

im ‘Al(cl1(x)‘ ~ im \A;(€+)1($)\ _ (r —21)2
1 2 :
k—oo }AL )(:1:)‘ k— o0 |Al(c )(x)‘ r

Since (r —1)%/r? < 1 for r > 1/2, it follows that the series (2.11) converges
pointwise for » > 1/2 and converges uniformly on every compact subset of
{x e R™HL: r>1/2}.

Example 2.2. Let Apo(r) = w. With this choice of initial function, we
obtain

w
(Po0.)* Ago(2) = Ckr%k,

(2k —m+1)Cy
72k ’

ax(Pzax)kAO,O(x) =
where the constants C satisfy the recurrence relation

Cra1 = —(2k—m+1)(2k—m+2)6‘k, k>1,
Ch = —(m — 1)(m — 2).

Similar arguments to those above show that the series (2.11) converges

pointwise for r > 1/2 and converges uniformly on every compact subset of
{z eR™: r>1/2}.
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Example 2.3. Let Ago(z) = P(w), where Pj(w) is the restriction of a
homogeneous monogenic polynomial P(z) of degree [ in R™ to S™~1. It
follows that

C
(Pe0a)* Avo () = 3 Fi(w),

2k + 1) Crw
00(Po0,) g () = - BEEDCE by

where the constants Cj satisfy the recurrence relation

Crop1=—k+ D2k +1+1)Cy, k>1,
Cy=—I(l+1).

For this initial function, we also obtain that the series (2.11) converges
pointwise for » > 1/2 and converges uniformly on every compact subset of
{zx e R™: r>1/2}.

We now investigate the generalization of the previous theorem to the
biaxially symmetric case. To that end we split up R™ as R™ = RP* ¢ RP2,
p1 + p2 = m, yielding

p1 p2
1 2 1 2
&Zl( )+£( ), g( ) = g Tjej, i( ) = Zl‘pﬁjemﬂ‘
j=1 j=1

and accordingly

p1 P2

Op = 0y + 0y, Opy = > €j0n;, Ope) = > €py 40y o)

j=1 J=1
Introducing spherical coordinates on RP! and RP? respectively, i.e.
e® =y, e =[2W], wp el k=12

we thus have that

1 1
O0r = wy (8” +— Txu)) + wy <8r2 +— Tm<2>>
rn - To =
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where
Lo = —l(k) N a@(kb k=1,2.

Similar to (1.9), we have
Lo (wif) = (o — Dwpf —wplyw /o k=12

A convergent series around SP1~! x SP271 is called a toroidal expansion of
biaxial type if it has the form

=> > 7z Z'Api(z), Z = (r1— 1) + (r2 — Dw,ws. (2.12)
k=0 [=0

We thus obtain the following generalization of Theorem 2.1.

Theorem 2.2 A sufficient condition for S(x) to be monogenic is given by

Aeias() = 52 (0 (0@ + T )
+wy (8T2Ak,l(x> + 7}2F$<2>Al,k($)) (2.13)
+ <(p1 Q_Tll)wl + (p2 ;Ti)w2> (Ag(z) — Az,k(fﬁ))> . k., 0>0.

Proof. The proof is similar to the one of Theorem 2.1. In fact, we have

that L L
kgl( ) 4k (1 +iwyw,)

77 =
2 2

with z = (r1 — 1) + (re — 1)i.

Therefore

8£ (ZkZlAkyl) = Qka_lZ@lAkJ

_ — 1w — 1w
+Z" 7 W1 Op Apg + wo0p, Ay + (1 = Doy + (p2 — Dy Apy
27’1 27“2
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-l (w w
+7k7 (7“11 Lo Ak + ?22 L2 Ak

B <(p1 — Doy (p2— 1)w2) Ak,l) (2.14)

2T1 2T2
and the action of the operator d, on S is given by

o0

= Z Z ( (k4 1w Apr1y

=0

1 1
+w; <3r1Ak,z + " F;p(l)Ahk) +wy <3r2Ak,z + o Tm@)Az,k)

. (<p1 ~ Doy (2 - 1m) (A AM))

27“1 2T2

We thus have that the recurrence relation (2.13) is sufficient for the function
S(z) to be monogenic. O

Note that for the toroidal expansion of biaxial type (2.12) the sequence
of functions {Ag;(x)}i>0 is the initial condition.
Let P,y and P, be the differential operators defined by

z

1
Pywg = w09 + - Cow(weg), k=12

In a completely similar way as in the axial case, using (2.13), we obtain
the following Cauchy-Kowalevski like extensions around SP'~! and SP2—1
respectively.

(1) Aga(2) = Ayg(a):

i Q (( Py — 8@2)) ag)k Aoo(z)

k=0
o 1\2k+1
- Z w Or ((Pg@) - %2)) %)k Ago(z).

= !
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(i) Apa(z) = (—1)F A (2):

o0

Z TQ — 1 ((%(1) - P@m) %)k Apo(z)

=0
=0

2.3 Generalized CK-extensions of codimension 2

In this section we focus on the CK-extension around special surfaces of
codimension 2, more specifically: around spheres and products of spheres.

Theorem 2.3 (CK-extension theorem for S™ 1) Let Ay o(w) (k> 0)
be given functions. Then there exist unique functions Ay (w), k >0, 1> 0,
such that the following toroidal expansion of axial type

=> Y 7z 7' Ap(w

k=0 =0

is monogenic. Moreover, those functions can be calculated using the recur-
rence relation

Ak,lJrl = l+1 Z Z Cni+na,no (F Al no,k— nl( )

n1=0mn9=0

(m—1)
2

. ni w\ ™
with Cning = (_1)712 <n2)w <§> ’

_|_

(Ak ni,l— nz( ) Al ng,k— n1(w))>7 k‘,l ZO)
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Proof. Using (2.10) and the series expansion
1 o oo W ny
=Y a-nm=Y (5) z-2)m
ey aen=Y (9" -2

n1=0 n1=0

o ni n
=2 () (5)" T 0<r<)
n1=0mn2=0 n2 2 7 ’

we obtain

0, (ZkZlAM) = 22%7" " Ay

- - k+n1—n27l+n2 (m - 1)
+2 2 (7 Z e na Ak

2
n1=0n2=0

_ —1
+ Zk+n2 Zl+n1*nzcn1,n2 (Fa:Ak,l - (m 5 )Ak,l> >

It follows that

0o oo k l
0,8 = Z Z 757 (2(l +1)Ag 41+ Z Z Cni+na,no

k=0 1=0 n1=0n2=0
m—1
X <Pa:Aln2,kn1 + ( 92 ) (Ak,nl’l,nQ - Alng,kn1)> >7
which proves the theorem. O

Theorem 2.4 (CK-extension theorem for SP1~! x SP2=1) Consider a
toroidal expansion of biaxial type of the form

where Ag(wy,wy) (I > 0) are given functions. Then there exist unique
functions Ay (wq,wsy), k> 0,1 >0, such that the above sum S(z) is mono-
genic. Moreover, those functions can be calculated using the recurrence
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relation

Ak+1l(w17w2 k+]. Z Z <n1+n2 no m(l)Al no,k— nl(w17w2)

n1=0n2=0

()

+Cn1+n2,n2 1—‘2(2) Al—ng,k—ru (gl 9 QQ)
—1 —1
N ((pl ) (@ L= o >

2 ni1+ng,ng 9 ni+nz,n2

X (Ak-,nhl,,na (£17£2) - Al*ﬂg,kfnl ((1.)170(.)2))) 9 ka l Z 0

—1\" [n
1 1
= () ()
g (M1 [Wiwo\ ™1
D= () (45)"

Proof. Using (2.14) and the series expansions

o0 ni _1 ni 7”L1 —=ni—n2 g
:ZZ - Z ACH 0<r; <2)

with

o
Py
V)
&
Il

[} n1=0mn9=0 n2
1 > L TL1 CU]_UJQ ni —Nn1—n9
. > D (e 2 (*2* ) Z7 Rz, (0<ry <2).
n1=0mn9=0
we obtain

82 (ZkZZAk,O =5 Qkfk_lzlglAk’l

htmnz iy, (1 —1) (p2 —1)
n Z Z ( 1712 4y (20211)’712 +T 7(11)712 A

n1=0mn2=0

— _
_|_Zk+ngz +n1—n2 (Cgll)n2 ;p(l)Akl + C( ) (2)Ak:l

ni,n2— T
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(p1—1) (p2 — 1)
— < B 61(111),n2 + 9 C£L21),n2 Ak,l .

The proof now follows easily. O

Generalized CK-extension theorems may also be obtained for more ge-
neral surfaces. We end this chapter with the example of a general sur-
face of codimension 2 which intersects the coordinate planes parallel to the
(x0,x1)-plane transversally.

Let p; = 1 and assume that « (@2)) and (3 (g@)) are given R-valued
functions.

Theorem 2.5 Consider the convergent series
S(zx) = Z Z szZAk,l (Q(Q)), z= (mo — a(g@))) + (:cl — ﬁ(g(m))el.
k=0 =0

Sufficient for S(x) to be monogenic is the recurrence relation

20+ D Agp1 — (1 +1) <3£<2>04 - 613@2)@ Ak

—(k+1) <8£(2)C¥ + 618£(2)ﬁ) Al + 8§<2)Al,k =0, k,0>0. (2.15)
Proof. An easy computation shows that

Oy (ZkZlAkJ) = QZZkZl_lAkyl — kzF 12! <a£(2)04 — 61(9£(2)B) AkJ
— 128! (%(2)04 + 613@2)5) Apg + 27210, Apy,
from which the theorem follows. ]

In particular, if o (§(2)) =4 (g@)) = 0 for all z(?, then (2.15) takes
the form

1
Ak,z+1(£(2)) = T20+) 0, Ak (2(2))7 k,1>0.
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Solving this recurrence relation we get

k—1)!
(_1)l (4l k' l)' A;(Q)Ak‘—l,o (Q(Q)) for k Z l,

Ay (2?) =

—DM -k 1)
( 2) ( 45 B ) 8@<2)Ag<z)Al—k—1,o@(2)) for k <1,
(2.16)

_ N 52
where A ) =770, 0; -

We thus have obtained the following codimension 2 generalization of
the CK-extension theorem.

Corollary 2.1 Let Ay (@2)) (k> 0) be given functions, and consider the
formal series

o0
Z xo + x1e1) iUo - $1€1)lAk,l (Q(Q))-
0 1=0

p"qg

B
Il

Then there exist unique functions Ay (@2)), k> 0,1 >0, such that the
above sum f is monogenic. Moreover, those functions can be calculated
using (2.16).






Chapter 3

Fueter’s theorems

In this chapter we present an alternative proof for and a generalization of
Fueter’s theorem for monogenic functions (see [87, 88, 91]).

3.1 An alternative proof

Fueter’s theorem is named after the Swiss mathematician R. Fueter who in
his 1935-paper [55] obtained a method to generate monogenic quaternionic
functions starting from a holomorphic function in the upper half of the
complex plane.

More precisely, if f(z) = u(z,y) +iv(z,y) (2 = x +iy) is a holomorphic
function in some open subset = C C* = {z =z +iy € C: y > 0}, then in
the corresponding region, the function

Flaoq) = A (u<qo, )+ rvlan !q\))

is both left and right monogenic with respect to the quaternionic Cauchy-
Riemann operator

D = 04y +10qy + jOq, + kOqs,

41
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iie. DF = FD = 0. Here ¢ = q1t + q2j + q3k is a pure quaternion and
_ 92 2 2 2 qa . : :

A =0, + 95 + 0, + 0,, denotes the Laplace operator in four dimensional

space.

In [105] Sce extended Fueter’s theorem to Ry, for m odd, i.e. under
the same assumptions on f, he showed that the function

A? (u(mo, r) + wo(zo, 7’))

is monogenic in Q= {x € R™TL: (x0,7) € Z}. Using Fourier transforma-
tion, Qian proved this result for m being even (see [96] and also [73]).

In [117] Sommen generalized Sce’s result as follows: if m is an odd po-
sitive integer and Py () is a homogeneous monogenic polynomial of degree
k in R™, then

AierTil [(u(z0,7) + wv(zo, 7)) Py(2)] (3.1)

is also monogenic in §2.

His proof was based on the fact that
(u(zo,7) +wv(wo, 7)) Pr(z)

may be written locally as 0, (h(aco, r)Pk(g)) for some R-valued harmonic
function h of xg and r. Thus (3.1) is monogenic if and only if

A§+mTH (h(azo, r)Pk(g)) =0,

which is true for any R-valued harmonic function h in the variables xg and
r.

The aim of this section is to provide an alternative proof of Sommen’s
generalization. It is a constructive proof, whence it has the advantage of
allowing to compute some examples.

Let us outline our proof. First, note that this version of Fueter’s theorem
provides us with the axial monogenic functions of degree k, i.e.

Akt [(u(zo,7) +wv (o, 7)) Pr(z)] = (Alwo,7) + w B(xo, 7)) Pr(z)
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for some R-valued and continuously differentiable functions A and B.

Hence the proof consists in showing that A and B satisfy the Vekua-type
system (1.11). It relies on the following two lemmata.

Lemma 3.1 Suppose that f(t1,...,tq5) and g(t1,...,tq) are R-valued infi-
nitely differentiable functions on R% and that Dy, and DU are differential
operators defined by Dy, (0){f} = D% (0){f} = f and for n > 1

D) = (0 ) () G =1t
Diusy =a, (P o

t
Then one has
(i) 97 Dr;(n){f} = Dy, (m){0} f} — 2nDy; (n + 1){f},
(i) O, Dy, (n—1){f/t;} = D(n){f},
(iii) D% (n){0, f} = O, Dy, (n){f},
(iv) Dy, (n){0, f} — 0, D' (n){f} = 2n/t; D% (n){f},
(v) 97 D%(n){f} = D"(n){07 f} — 2nD% (n + 1){f},
(Vi) Dy (m){fg} = 3o () D; (n = $){ £} Dy, (s){g},
(vii) D (n){fg} = X () D;(n = s){f} DY (s){g}-

Proof. We prove (i) by induction. When n = 1, we have

3f 2f (9
3t2th]( W= t -2 t2 +2 zjsf

{32 f} 2Dy, (2){f}
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as desired.

Now we proceed to show that when (i) holds for a positive integer n,
then it also holds for n + 1. Indeed,

8t2thj(n + 1){f} = Dt](l){atQJDt](n){f}} - 2Dtj(2){Dtj(n){f}}
- Dtj(1){ptj (n){8? f} — 2n Dy;(n + 1){f}}
—2Dy;(n+2){f}
= Dy, (n+1){0; f} = 2(n+1) Dy, (n + 2){f}.

Statement (ii) easily follows from the definition of D% (n){f}. Next, using
(ii), we obtain (iii) as

D% (n){8y; f} = 0, Dy, (n — 1){0y, f/t;} = 0, Dy, (n){f}.
To obtain (iv) we use (i) and (ii):
Diy () {04, £} — 06, D% ()£} = D, () {04, £} — 92 Dy (n — 1) /1)
— Dy, ()10, £} — Dy (0 — {02 {F/t5}} +2(n — 1) Dy, () /15
— Dy, (1104, £} — D, (0 — 1){Dey ()4, £} — 2D5, () /4;})
2(n — 1) Dy () /1)
= 2n Dy (/1) = 5 DI
From (i)-(iii) it follows that

02 DY ()} = 68 Dy, (n — )/ /1)
— 00, Doy (n — V{GE LS/} — 2(n — 1)y, Dy, () £/}
= 0y Dy, (n){0y, f} — 2n0y, Dy, (n){ f/1;}
— DY ({2 [} — 20D (n + 1){f}.
Finally, (vi) and (vii) may be easily proved by induction. O
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Lemma 3.2 Let h(xg,7) be an R-valued harmonic function on R?, i.e
92 h+ 02h = 0.

Then

A (h(zo, ) Py(z H (2k +m — (2 — 1)) Dy (n){h(z0,7)} Pi(2),

<.
Il
—

=

A (o, r)wPi(z)) = | | (26 +m — (2j — 1)) D" (n){h(zo, ) }wPi(z),

.
Il
-

with n a positive integer.

Proof. We first prove that for any twice continuously differentiable R-valued
function g(zg,r) in the variables x¢ and r the following equalities hold

Ar(gPy) = (02,9 + 029 + (2k + m — 1) Dy (1){g}) P,

Ar(gwPy) = (93,9 + 29 + (2k +m — 1)D"(1){g}) wPx.
In fact, it follows that

Bow=-u=m-10, (1) =~y
and
Apg = 03,9 + Apg = 03,9 — 92(wdrg)
=92.9+02g+ mT_l drg.
Therefore

Ar(gPs) = (Arg) Pk+22 2,9) (0, Pr) + 9(Az D)
7j=1
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-1 19,
= <8§Og + 9%g + mf (9rg> P+ 2%9 E. Py

2k +m —1
r

= <3§09 + 829+ 8rg> Py

= (02,9 + 929+ (2k +m — 1)D,(1){g}) Px
and

Ay(gwPi) = (Ap w)gPy + 2 Z(axj@)(azj (9Px)) + wAa(gPs)

=D gupt 3 (2 -3 w) (2 @9)P + 900, P0))

r 2

-1
+ (820 g+07g+ 841) wP

r 72
= (02,9 + 929+ (2k + m — 1)D" (1){g}) wP.
The proof now follows by induction using the previous equalities together
with statements (i) and (v) of Lemma 3.1.

It is clear that the lemma is true in the case n = 1. Assume that the
formulae hold for a positive integer n; we will prove them for n + 1.

We thus get

AP (hP) =[] 2k +m — (25 — 1)) Ay Dy (n){h} Py)

J=1

=[] @2k +m-(2j-1))

j=1
x (82, Dr(n){h} + 92D, (n){h} + (2k + m — 1) D, (n + 1){h}) P
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=[] @k+m—(2-1))
j=1
x (Dy(n){02,h + 92h} + (2k +m — (2n + 1)) Dy (n + 1){h}) Py
= H (2k +m — (25 — 1)) Dy (n + 1){h} P,

which establishes the first formula. The other one may be proved similarly.

(|

We are now ready to present our alternative proof of Sommen’s gene-
ralization.
Proof. By Lemma 3.2, we get that

k+m71
Ay 2

[(u(zo,7) + wv(xo, 7)) Pr(z)]
= (2k +m — D)!!(A(wo,7) + w B(xo,7)) Pi(z),
with

A=D, (k+) {u},
B—DT<I€+>{U}

The task is now to prove that A and B satisfy the Vekua-type system (1.11).
In order to do that, it will be necessary to use the assumptions on v and v
and statements (iii)-(iv) of Lemma 3.1.

Tndeed,
OpgA — 0rB = D, (k + 2> {0yu} — 0, D" (k + ) {v}
<k+2> (6,0} — 0,D" <k+> (v}
_2kAmol g, <k:+m2_1> (v}

T
2k -1
_2ktm—1
T
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and
m—1
_pr <k+ m-t 1) (Dugv} + D" (k + ) (O}
-1
D <k+ m2 ) (Bayv + Oyut)
which completes the proof. O

We conclude the section with some examples.

Example 3.1. Let f(z) =iz. It easily follows that

Dy (n){r} = (1)n+1(2rn2;?;)!!7
D" (n){xo} = (_1)71(271;})!!%‘

We thus get the monogenic function

( 1 (2k+m—2)x0x> Ao,

7«2k+m—2 r2k+m

Example 3.2. Consider f(z) = 1/z. It is easy to check that
Zo 2"nlzg
D ——— o =(-1)"—
T(n){.’E%—FT‘Q} ( ) ($%+T2)n+17

D) { s = (U

z3 +r? (z3 + r2)ntl’

With this choice of initial function, we obtain the well-known monogenic

function
T
R ) T (z).
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Example 3.3 (The Gauss-distribution in Clifford analysis). Choose f(z) =
exp(z2/2). It may be proved that

D) {e (B5) = e (255,

S

D, (n){cos(zor)} = Z a™ r;O_S cos(zor + sm/2),
s=1

D" (n){sin(xzor)} = Z agﬁl)& sin(xor + sw/2),
5=0

T2n—s
with

o\ = (=1)"1(2n - 3)11,
o) = —(2n - s)al +al”), s=2,...n,

s—1
a™ =1.

By statements (vi) and (vii) of Lemma 3.1, we see that

Dy (n) {exp (”33 5 7’2> cos(xor)}

~exp (1‘3 - Tz) 3 (1) =10 ) eostaar),

s
D' (n) {exp ("’”3 5 TQ) sin(:cgr)}

— exp <x3 5 Tz) ; (”) (—1)"=*D" (s){sin(zor)}.

S

»

s=

=]



50 CK-extensions, Fueter’s theorems and boundary values

Hence
x2 —r? b k4 m=L m—1
ex ! 2 — 175D, (s){cos(zor
p(B) | S ()T ) poeostaon
e+t 1 o
e 3 (VT ) o) | e 62)

is a monogenic function.
Note that for k = 0 the restriction of the function (3.2) to zy = 0 is
-1

(=17 exp(—|z[*/2).

Therefore, for k = 0, (3.2) equals, up to a multiplicative constant, the CK-
extension of exp(—|z|?/2). We thus have obtained a closed formula for the
CK-extension of the Gauss-distribution in R™.

For the particular case k = 0 and m = 3, the function (3.2) is equal to

2 .2
exp <x0 ! > <cos(:c0r) + 20 sin(zor)
T

2
) sin(zor) o
+w ( sin(zor) + —5— — —cos(zor) | |.
r r

The CK-extension of exp(—|z|?/2) is also equal to (see [45])

exp(—[2/2) > 2L, (o),

n=0

where the functions H,(z) are polynomials in z of degree n with real coef-
ficients and satisfy the recurrence formula

Hyt1(z) = aHy(z) — 0pHp(z).

The polynomials H,(z) are called radial Hermite polynomials (see e.g. [31,
116]).
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3.2 Generalized Fueter’s theorem

Qian and Sommen proposed in [97] a new generalization of Fueter’s theorem
using monogenic vector-valued functions as initial functions instead of the
usual holomorphic functions.

In this section our goal is to show that it is possible, in general starting
from monogenic functions in a certain Clifford algebra, to generate mono-
genic functions in another Clifford algebra of higher dimension. In this way
we present the most general form of Fueter’s theorem obtained thus far.

Consider the decomposition R™ = @‘51:1 RPs | where pq,...,pq are posi-
tive integers such that Zleps = m. For any z € R™, we may write

d Ps
e=Y 2, 2®=3"alel
s=1 j=1

and accordingly

d Ds
S
Oy = Z Oy Ope) = Z 65' )8m;s)
s=1 j=1

where the meaning of the notations ZE§~S) and €§s)

We will denote by R 4 the real Clifford algebra generated by the ele-
ments Fy, s =1,...,d, with the usual multiplication rules

is obvious.

E? = -1, s=1,...,d,

S

FEsEy + EgFEs =0, 1 SS#SISd.

In what follows, we will consider an arbitrary but fixed function G on R4+!
with values in Rg 4 in the variables yo,y1,...,y4. Such a function can be
written as

G(y07y17 cee 7yd) = Z GB(y07y17 cee 7yd)EB
B
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where Ep = Eg, --- Ej
B <<

We will also assume that the function G is monogenic with respect to
the generalized Cauchy-Riemann operator

and B = {f1,...,0} C {1,...,d} is such that

d
ay0+a£:ay0+ZEsas

s=1

in some open subset £ C {(yo,y1,...,y4) € Ry >0, s=1,...,d},
i.e.

(Oyo + 0y)G =

or equivalently, for each [ =0,...,d

> Za GpE.Ep+ Y 0,GpEg

|B|=l— 1s¢1 |B|=l
I+1
+ > D (-1)°9,, GeEp\s,y = 0. (3.3)
|B|=l+1 s=1

We prove the following generalization of Fueter’s theorem.

Theorem 3.1 Let G be as above. Assume ps (s = 1,2,...,d) to be odd

and let
d

Py(z) = [] P ()

s=1

with k = Ele ks and Py, (g(s)) a homogeneous monogenic polynomial of
degree ks in RPs with values in the real Clifford algebra constructed over
RPs. Then

k+m2d [(ZGB L0, T15---5T )wB>Pk($)
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is monogenic in Q= {x e Rt (20,71,...,7q) € Z}. Here, for any B =
Brre B} C {1, d} with By < - < B, we have put wy = ws, - wp
and wy = 1, where w, = g(s)/rs, with ry = |§(S)|, s=1,...,d.

We have divided the proof into a series of lemmata.

Lemma 3.3 (Generalized Leibniz Rule) Let f and g be two Clifford
algebra-valued continuously differentiable functions defined in some open
set of R™. Then

0:(f9) = Def)g + Y (=D [f16(029) +2> > [ej[fIi],_1 (0x,9)
k=0 k=1 j=1
m m—1 m
= D)9+ DD S1k020) +2 DD [€5[f1k] 1y 1 (92,9)-
k=0 k=0 j=1
Proof. Let us write f as f = >"" [f]x. We then have that
0u(fg) = _e; (0,19 + 1(02,9))
j=1
= D)+ YD eilfk(0s,9),
k=0 j=1

while also
e;lflk = (=1 [ flres + 2[e;[fle] o4
= (=1 [ Flees + 2[e; 1] -

From the above it follows that
m

0x(f9) = (0u)g + > _(—DF[f1r(0x9) + 2D > [elfIk) ;1 (02,9)
k=0 =

k =1

-
32
—

= 0f)g+ > (D Ff1k0ug) +2 > D [e5[f1k] 141 (2,9),
k=0

Jj=1

B
i
o

which establishes the formulae. O
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Lemma 3.4 Let Ag(zo,r1,...,74) be R-valued continuously differentiable
functions in the variables xg,r1,...,749. Then the function

<ZAB(£U0,T1, e 77"d)w3> Py (z)
B

18 monogenic if for each 1 =0,...,d

d
Y Y 0 Apwwp+ Y OnApwp

|B|=I—1j=1, j¢B B2
+1
. Qkﬁ. +pg; — 1
|B|=l+1 j=1 J

Proof. We first observe that

8£<ﬁj>£3 = (-1 (82%')@6;‘) “B\{8;}

= U ensy
J

whence

l
(p i 1)
Orrp = Y (~1) " wp ).

r
j=1 B;

Applying the Leibniz rule of Lemma 3.3 yields
O (AB@BPk(@)

d l
= | 0, Apwjwp + Ap Z(—l)J;T wp\(5,} | Pr(@)
j=1 j=1 g

I
+(—1)'Apwg (0,Pk(2)) + 245 Z(*l)j@gg\{gj} P (z)

=1 "B
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d
= E Or; Apw;wp
j=1,j¢B

2k, +pg; — 1
T3,

+

J

(-1 (a Ap+

l
AB> wp\(g; | Prlz)-

1

Hence

Oy [ <Z Ap wB) P (z)

d
=D D O Apwwp+dnApwy
B \j=1,j¢B

; 2kg. +pg, — 1
Jj=1 i
d d
= Z Z Z O Apwjwp + Z OryABWp
=0 | |B|=l-1j=1,j¢B |B|=l

I+1
) 2/%). +pg, —1
+ Z Z(_l)j <a’l’ﬁj Ap + HAB) wYB\{3;} Py (z),

|B|=1+1 j=1 8;
which proves the lemma. Il
Lemma 3.5 If h(zg,71,...,74) is an R-valued harmonic function in the
vartables xg,r1,...,1q, then
d l d d l
02 11 Dro(mo) [T D72 (np ) {p} + D 87, T] Dro(ne) [ D7 (ng) {0}
s=1 c=1 j=1 =1 c=1
s¢B s¢B
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l d l
=2 “ng; [[ Dr.(ns) [] D™ (ns,) D™ (ng, + 1){h}.
j= s=1 c=1
Sy =3

Proof. From the statements (i) and (v) of Lemma 3.1, it follows that

s=1 =
s¢B s¢B

d [ d d l
&2, TI Dr.(ne) [T D75 (ns. )0} + 3" 82 T Dr.(ns) ] D72 (ng,){h}
c=1 j=1 =1 c=1

d

l
Dy, (ns) [T D" (ng.){03,h}
c=1

)
ll
T

Il Q

l
Dr,(ns) H Dree (nﬁc)angrj (n){h}
1 c=1

_|_
.M&
—

S
=~ ™|
o~
®
R
e
C
<
<
>

+
E&

l
Dy, (ng) [T D (1n,)02, D' (ng,) {1}

c=1
c#j

<.
I
—
Il
—

©® on
ALY
sy]

I
ER.

l
-DTs (ns) H Drﬁe (nﬂc){agoh}
c=1

0w
wm|
=

l
Dy (ns) [T D" (ng,){ Dy, (n;){02 b} = 20Dy, (n; + 1){h} }

c=1

+
.MQ
—

S
u i
»
Y
=i
=
<
—

.
Il
—
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Therefore

HDR s HD % (ng. {h}+232 HDrs ) HD’"BC (ng.){h}

= ey
d ! d
= 120t TL2™ s {3081}
=1

s=1 c=1
s¢B

—QZnJ H D, (n HD% ng,) Dy, (nj + 1){h}

gng S¢BU{J}

_2277’/33 H Drb ns HDWC (nﬁc)DTﬁj (nﬁj + 1){h}

S¢B C#J

— —22?1] H Dy, (ns HD“C(TLBC)D@-(”J’ + 1){n}

= c=1
]%B 5¢BU{]}

—22% H Dy, (ns HD”*“ ng.)D"% (ng; + 1){h},
SS¢B C;éJ

which proves the statement. O

Lemma 3.6 Assume that h(xg,71,...,7q) is an R-valued harmonic func-
tion in the variables xqg,r1,...,74. Then

d

A:(thPk(z)) = (Z Hdkg \Ds ns H Ts ns

s=1

w
oy

l

x [ o= (nﬁc){h}> wpPi(2)

c=1
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where the summation runs over all possible ny,...,ng € Ng such that

d
Sn=n
s=1
and

i, ps (ns) = (2ks +ps — 1)(2ks +ps — 3) - -+ (2ks + ps — (2ns — 1))
=1

dks »Ps (0) .
Proof. Suppose that g(xg,r1,...,7q) is a twice continuously differentiable
R-valued function in the variables xg,71,...,rq and let

Ps
2
Ag(s)zzax(s), Szl,...,d.
=1 "’

It follows that
A£(5> (QQBPIC) = (8359 + (2ks +ps — 1)Drs(1){g})£BPka s ¢ B,

Ag(gs) (ggBPk) = (83639 + (2kg, +pg, —1)D"s (1){9})gBPk, s=1,...,1L
We thus get

d d
Ar(gwpPr) = (8309 +3 02 g+ (2ks +ps — 1)Dr (1){g}
= Sab
!
+ Y (2kp, +pg, — 1)D"s (1){9}> wpPr.

s=1

The proof now follows by induction using the above equality and Lemma
3.5. O

We can now prove Theorem 3.1.
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Proof. Our proof starts with the observation that m —d is even if py,...,pg

are odd. Indeed, observe that m —d = Zgzl(ps —1). Since each ps — 1 is
even, so is m — d.

Next, by Lemma 3.6, we have

ﬁJrTid [(Z GB($Oar17---aTd)WB> Py (x)
B
= (2k+m —d)! (ZAB 560,7’1,---,7’d)w3> Py (x),

with

AgzﬁDrs<ks+p2 )HDTﬁc(k: +pﬁ“ >{G}

c=1

Statements (iii) and (iv) of Lemma 3.1 imply that for each | =0,...,d

)

1) {Gplwwg

S SIS oI ol | (LN (R

|B|=l—1 j=1 |Bl=l-1j=1 s=1
Jj¢B j¢B s¢BU{j}

-1
[T (k4 225 ) 0,0, (1
c=1
d d ps— 1
= X S L oe (k)

|B|=l—1j=1 s=1
j¢B s¢BU{j}

PB. . pj—1
k‘ﬁc + 2> D' (k? + J2 > {aerB} w;wYRp

-1

X 1:[ D5

c=1

7N

and
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+1
) Qk/gj +pg; — 1
> 2 <% Ap + AB) Wh\(;}

ra.
|Bl=1+1 j=1 B

- 2 o[ T e ()

|B|=l+1 j=1

xlﬁD’”ﬁc<k + P o ){ < pﬂ] ){GB}

c=1
c#j

+(2kﬁj + g — 1) < 4 Pe 1) {GB}})wB\{ﬁ}

r B

+1

X HDTﬁC <k + ) {67/@ GB}WB\{ﬁJ
c=1

c#j

From the above it follows that for each [ =0,...,d

) li(— H Drs<

= =1
|Bi=t17 B3

d
Z Z arjABQjQB-F Z Oy ABWp

|Bl=1-1j=1,;¢B |B=l

I+1
. 2]{}5 —I—pg. —1
D I e A e L

3.
|B|=l+1 j=1 Bi

W [( S S0, Guwwnt Y OnGais

|B|=1— 1g¢1 |B|=l
j¢B
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+1
+ D Z(—l)J%GBwB\{ﬁj}>Pk(“f')

|B|=l+1 j=1
=0,

where the last equality is a consequence of (3.3). The theorem immediately
follows from Lemma 3.4. O

It is worth pointing out that the conclusion of Theorem 3.1 does not
hold in general if some of the integers p, are even. For instance, for d =
p1=p2 =2, k=0and G(yo,y1,y2) = ¥1 + Y2 — YoE1 — yoE2, we have

1 1
0: Ay (11 + 19 — Tow; — Tows) = To <3 + 3) # 0.
T

For this generalized version of Fueter’s theorem, we also compute some
examples.

Example 3.4. Let

d d d
G(y07y17"'7yd):HyS_y0 HysEj

s=1 ]:1 821
S#J

It is easy to check that

d
_ (Cypgton (@R s = 2 1 (2ks + ps — 4!
- 2k;+p;—1
’I"j s
S
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Therefore

s=1

1 pemed d d d
an 2 Hrs—a: ZIH W, (z)
5]

1 z(7)
H [ 2hetpa—2 +pe—2 +$OZ (2kj +pj — (2R tpa=2 2kt P (z),

s=1"s sls j

s7J

where

d
C = (~1)M"3 2k +m — ) [ (2ks +ps — )1
s=1

is a monogenic function.

Example 3.5. Consider the fundamental solution

d
Yo — D=1 YiEj
G<y07y1a'--7yd) = s d+1
(yO+Zj lyj) 2
of Oy, + 0
Asd
ps_l 1
HDTS <ks + ) { d+1 }
s=1 2 (‘r(% + Z?:l 7}2)?
_ (_1)k+mTﬂz(2k+m—1)!! 1

— 1 d mtl”
(d =1 ($%+ijlrj2’)k+ 2

d ps — 1 p;j—1 T
112 <k:3+ 2 )D”f <kj+ d ){ ] d+1}
2 2 (x% + Z?:l TJQ)T

— 1)k+%(2k+m—l)!! v

m+1

(d—1)N (x(z)_,_z:?:l sz)k+T
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we obtain the monogenic function

L2 [ P = (e ) P

€ = ()77 2kt m = T

where

Example 3.6. Consider the steering monogenic function

d
E; d—3 > iYL
G(y()v Ytiy-- ey yd) = d—3 ( ) (yl + yOEl) . d—1 *

(Z;l:z y]2) N ? (Z?:z y?) N

A direct computation shows that

d
s — 1 -1 1
1o <k5+p )D“ (k1+p1 >{ d3}
° 2 2 d 2\
5=2 (Zj:QTj) 2

T%kﬁ-m—l
X(Z(k—k1)+m—p1—4)!! 1
(d—5)! (N, r2)bat 5=
d -1 i —1 r1T;
5;1 (Zj:QTj) 2
s#]
- (_1) 2 r%kl-‘rpl—Q
X(Z(k—k1)+m—p1—2)!! Tj
@ S
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d ps — 1 p1—1
s 1 -
H Drs (ks + 2 ) D <k51 + 9 >

r; pj—1 rj
x D" <k‘J + > { ) }
2 (Cjeard) ™

k+m77d (2]451 +p1— 2)”

= (_1) T%k1+p1*1
X(2(k—k1)+m—p1—2)” Tj
_ I _ m—pj °
(d 3).. (Z?:Q TJQ)k k1+75

We thus get the monogenic function

1 ppmed w
ot P
(|2 = [zD)]2) "z

2 (2P = 12W)
_ <<2/~c1 +p1 = 2z 1
P (a2 — )RR
(2(k — k1) + m — p1 — 2) 1 (2k1 + p1 — 2)zoz(V
+ B <T%k1+p1—2 o r%kl—l-pl )

- 2
‘ (z = ) )Pm),

(|£‘2 — ‘&(1)|2)k‘—k1+%

where

2(k — k1) +m—py —4)!!

C = (—1)’“*’"7"1(2k+m—d)!!(2k1+m—4>”( (d—5)I



Chapter 4

The jump problem for
Hermitean monogenic
functions

In this chapter we study the problem of finding a Hermitean monogenic
function with a given jump on a given surface in R™, m = 2n. Necessary
and sufficient conditions for the solvability of this boundary value problem
are obtained (see [10]).

4.1 Introduction

Hermitean Clifford analysis deals with the simultaneous null solutions of the
orthogonal Dirac operator 9, and its twisted counterpart 9., introduced
below. For a thorough treatment of this higher dimensional function theory
we refer the reader to e.g. [24, 25, 27, 101, 102].

Let m = 2n. The Clifford vector z in R™ and the Dirac operator 0,

65
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may thus be written respectively as

n

2= (€jej +Tnijents)
j=1

and

8£ = Z(ej(?xj + €n+j8xn+j).
j=1

We also introduce for each Clifford vector x its twisted counterpart

n

[ =) (Tnsje; = Tjensy).
j=1

Note that z|? = —|z||> = —|z|>. Also observe that the Clifford vectors x
and z| are orthogonal with respect to the standard Euclidean inner product,
which implies that z and z| anticommute.

Consider the Fischer dual of the vector z| given by

n

(9@ = Z(ejamnﬂ. — €n+j6:rj)-

j=1

We notice that this twisted Dirac operator also factorizes the Laplace ope-
rator, i.e. A, = —8:%' and that 0,0, = —0,0;. Its fundamental solution is
the function a

1z

E|($) = 77271‘$|2n,

z € R\ {0},

Definition 4.1 A continuously differentiable function f in an open set
of R?™ with values in Coy, is called a (left) Hermitean monogenic (or h-
monogenic) function in 0 if and only if it satisfies in Q) the system

Ouf = Oy f = 0.
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The aim of this chapter is to study the following jump problem for h-
monogenic functions: under which conditions can we decompose a given
feld(X) as
f=r—=r, (4.1)
where f* € C(X) are extendable to h-monogenic functions F* in QF with
F~(00) =07
We recall that throughout the thesis we assume ¢ QT to be a simply
connected bounded and open set in R?", Q= = R?"\ QF, ¥ is the boundary
surface of QF, and H?"1(%) < co.

It should be noticed that if this jump problem has a solution then it
is unique. This may easily be proved using the Painlevé and Liouville
theorems in the Clifford analysis setting (see [8, 26]).

This work is motivated by the results obtained in [3, 4] where a similar
problem was studied for two-sided monogenic functions. For the case of
harmonic vector fields we refer the reader to [14].

In order to solve the problem (4.1) we propose two different approaches.
The first one uses an integral criterion for h-monogenicity; the second one
is based on a new conservation law for A-monogenic functions.

4.2 Integral criterion for hA-monogenicity

In this section we require X to be an AD-regular surface. We also assume
that f belongs to a generalized Holder space H,(X), where ¢ is a regular
majorant.

Let us consider the twisted version Cy|f of the Cauchy type integral
and its singular version Sy|f, defined as:

Cslf(z) = /E E(y — 2)vl(u)F(y) dH>" (),

Sslf(z) =2 lim El(y = 2)vl(y)(F(y) = f(2)) dH*" () + [ (2),
U JE\B(z,)



68 CK-extensions, Fueter’s theorems and boundary values

forx € R\ ¥ and z € %.

It is easily seen that Cx|f is monogenic in R?" \ ¥ with respect to Oy
and that Cx|f(co0) = 0.

We now mention two important properties of these integral operators
which can be derived similarly to those holding for the Cauchy type integral
and its singular version given in [7]:

(a) Sslf € Hy(%);
(b) for z € ¥,

(Sslf(z) + f(2)).

N | —

Col*f(z) = lim Cy|f(z) =

li
QFsz—z

Theorem 4.1 (integral criterion) The function f has an h-monogenic
extension FT to QF, F~(c0) = 0, if and only if Ss.f = +f = Sx|f.

Proof. Suppose that f has an h-monogenic extension F* to Q7. By
Cauchy’s integral formula, we have

Cuf(z) = F"(z) = Cz[f(z), zeQ.
Theorem 1.5 and property (b) now imply that
Ssf = f =Sslf. (4.2)

Conversely, assume that Sy f = f = Sy|f. Then, from (4.2) and using once
more Theorem 1.5 and property (b) we obtain

Gf=f=Csl"f

Note that Cx f — Cx|f is harmonic in Q* and that C;f — Cy|Tf=0. The
maximum principle for harmonic functions now yields Cy f = Cg|f in QF,
whence Cyx, f is h-monogenic in Q7. Therefore by putting

[ Cef(z), zeQt
F+(x>_{f(2x)7 zeX
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we obtain an h-monogenic extension of f to Q7. The statement for Q™ is
proved similarly. O

We are now in the position to give a first solution to (4.1). We first
claim that if f can be decomposed as in (4.1) with f* € H,(X), then
Suf = Sy|f. Indeed, Theorem 4.1 now leads to

Ssf=Ssf" —Ssf” =Ss|ft —Ss|f” =Sslf.

On the other hand, if Sy, f = Sy|f, then an analysis similar to the one in
the proof of Theorem 4.1 shows that Cyf = Cyl|f, which implies that Cx f
is h-monogenic in R?"\ . Finally, on account of Theorems 1.5 and 1.7, and
properties (a) and (b), we conclude that f* = CEf = Cx|*f is a solution
of the jump problem (4.1).

The above observations are summarized in the theorem below.

Theorem 4.2 Let ¥ be an AD-regular surface and let f € H,(X), where
© is a reqular majorant. The following statements are equivalent:

(i) f can be decomposed as in (4.1) with f* € Hy(X);
(ii) Ssf = Sslf;

) Cof =Cslf;

)

(iv) Csf is h-monogenic in R?" \ ¥.

(ii

Moreover, if the jump problem (4.1) is solvable then its unique solution is
given by f*+ = C%f = Cy|*f.

4.3 Conservation law for A-monogenic functions

In the remainder of this chapter we assume ¥ to be a C''-smooth surface
and f € C(X). Then for z sufficiently close to ¥ we may assume that the
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orthogonal projection of z onto ¥ is unique and it is denoted by x,. Let
us denote by v the unit normal vector on ¥ at the point z | .

In a neighbourhood of ¥ we have the decomposition of d, in its normal
and its tangential parts (see [115]):

Op = —v(v0) =10y + 0|, (4.3)
where
Oy = (v, 0p) and Oy = —u(v A Oy).
Similarly,
Oy = —v|(v] Oy)) = 1|8y + ), (4.4)
with

Oz = —u|(U] A Oy).

The restrictions of the operators 9, and J), to X will be denoted by 9,
and J,, respectively.

Let us suppose that F' € C'(2F) is a monogenic function in QF with
respect to 9, and put g = Fl|y. If moreover F is h-monogenic in QF, then
from (4.3) and (4.4) we obtain that in a neighbourhood of ¥ intersected
with QF

&,F — g@HQF = 0,
8,,F — g| 6||£|F =0.

In this way v 0, F' = v| 9|5 F in a neighbourhood of ¥ intersected with Qr.
By continuity, we get the relation

V|vOug + 0,9 =0 (4.5)
on ¥. On the other hand, if g satisfies (4.5), then for G = 0, F" we have
G = Z|81,F + 6||£|F,

0=vo,F+ 8||£F.
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Therefore in a neighbourhood of ¥ intersected with 27, we obtain

G = g\g@HEF + 8”§|F
It immediately follows that G|z = v|v 9,9+ 0,9 = 0. As G is h-monogenic
in Q7 and hence harmonic, we conclude that OpF'=G=01in Or.

Note that this analysis may also be applied to monogenic functions in
Q™ with respect to 0., which vanish at infinity.

We thus have proved the following.

Theorem 4.3 (conservation law) Let F* € C'(QF) be a monogenic
function in QF with respect to 9, F~(c0) = 0. Then F* is an h-monogenic
function in QF if and only if g = F¥|x satisfies (4.5).

Let us return to the jump problem (4.1). If f € C1(X) can be decom-
posed as in (4.1) with f* € C1(¥), then Theorem 4.3 now gives

Vv Ouf 4 O f = WV OufT + 0, fT) = (Ulv8uf™ + 9, f7) = 0.

Conversely, suppose that v|vd,f + 0,f = 0. Define fr = C%f We will
prove that f* is a solution of (4.1). To this end, take G = 9y Csf. It
follows that

G = v 0, Caf + 9 Caf-
Consequently, the limit values G* of G taken from Q7 are given by

G* = v|v0,C5f + 9y C5 f-

From Theorem 1.5 we see that Gt — G~ = v|vd,f + 0, f = 0. As the
function G is h-monogenic in R?" \ ¥ and vanishes at infinity we have
G =0 in R?"\ X, the last equality being a consequence of the Painlevé and
Liouville theorems.

We thus arrive at another characterization for the solvability of the
jump problem (4.1).

Theorem 4.4 Let Y be a C'-smooth surface and let f € C1(X). The jump
problem (4.1) with f* € CY(X) is solvable if and only if

kaagf‘f‘agf = 0.






Chapter 5

Isotonic Clifford analysis

In the first section we introduce so-called isotonic functions and we de-
rive an integral representation formula for them (see [119]). This formula
reduces on the one hand to the classical Bochner-Martinelli formula for
complex-valued solutions, and on the other hand to the Bochner-Martinelli
formula for biregular functions in case of real Clifford algebra-valued so-
lutions. Section 2 is devoted to the study of the boundary values of the
isotonic Cauchy type integral (see [9, 23]). In the last section we let this
integral operator act on continuous k-vector valued functions which gives
rise to certain Bochner-Martinelli type integrals.

5.1 Isotonic functions

For simplicity, but without loss of generality, we will assume that the di-
mension of R is even.

Let m = 2n and denote by C, the complex Clifford algebra generated
by (e1,...,e,). Next, we introduce the primitive idempotent

n
1=1]1,
j=1

73
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with 1
I; = 5(1 +iejentj), j=1,...,n.
The following conversion relations hold
entil =tiejl, j=1,...,n, (5.1)
and for a € C,, we also have that
al =0&a=0. (5.2)

Below, we will need the following Clifford vectors and their corresponding
Dirac operators:

n

n
T, = E xje;j, Oy, = E €0z,
i=1

=1

n n
Ty = E Tnij€j, 822 = E e]ﬁmnﬂ..
j=1 j=1

Now consider two Clifford vectors z, y € R 2,, which may be written as

(wjej + Tnrjents), Y=Y (Ujej + Ynrjents)-
1 j=1

Q:

n n
Jj=

For a € C,, it follows that
n n
zal = zyal + Z Tnyjenyjal = zyal + &Zmnﬂenﬂ-l,
j=1 Jj=1
whence application of (5.1) yields
zal = (zya + iaxy)I. (5.3)
From the above equality, we deduce that

zyal = (z; (y,a +iay,) + (ay, — igld)@)l. (5.4)
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If we now take a continuously differentiable function f : Q C R*" — C,,
then we learn from (5.3) that

Op(f1) = (B, f + [0, ) T,

whence it follows from (5.2) that the spinor-valued function f1 is monogenic
if and only if (see [27, 101, 119])

Ou, [ +if0s, = 0.
Definition 5.1 A function f defined and continuously differentiable in an

open set Q of R?™ with values in C,,, which satisfies in Q the above equation,
is said to be isotonic in 2.

Note that an isotonic function is also harmonic. This may be easily
proved using (5.2) as well as the equalities

0= Ay (fI) = (A f)I.

The isotonic functions are closely related with the hA-monogenic functions.
Indeed, fI is h-monogenic if and only if [f] is isotonic for k = 0,...,n (see
[27]).
It is worth noting that if in particular f takes values in the space of
scalars C, then f is isotonic if and only if
(On; +i02,,,) =0, j=1,...,n,

which means that f is a holomorphic function in the complex variables

2j = xj +1i%pyj, 7 = 1,...,n. On the other hand, if f takes values in the
real Clifford algebra R, then f is isotonic if and only if
Op, [ = fOu, =0

or, equivalently, by the action of the main involution on the last equality:

0o, f = [Os, = 0.
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Definition 5.2 A continuously differentiable function f in an open set 2
of R*™ with values in Ro,n is called biregular in € if and only if it satisfies
in Q the system

Oy, f = [0y, = 0.

The biregular functions were introduced by Brackx and Pincket as an ex-
tension to two Clifford variables of the monogenic functions in one Clifford
variable. For a detailed study we refer the reader to [28, 29, 30, 95, 113, 114].

We will now derive the basic integral formulae for the isotonic functions.
For that purpose, we put

n

vi(y) =D vi(y)e; and woly Zynﬂ ylej, ye.
j=1

Assume that f is a C,-valued continuously differentiable function in Q7.
By Borel-Pompeiu’s formula, we see that

B -2 iwia e - [ Bu-00,060i
B { f@)I for xeqQt,
10 for z€Q.

The equality (5.4) now implies

[ B @1 ) = [ (B0 @ +ifesw)

+ (Fraly) - v, (W) f(W) Baly — 2)) TaH> (),

+ (f )3y, — 10y, [() Baly — 2) ) TdL"(y),

| Ba-00,0wnac e = [ (B -2@, /) +ifwo,,)
Q+ Q+
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where

Iz Iz 2
E = —— d FE == e R“™"\ {0}.
1(z) o TP an 2(z) oo 2|2 z \ {0}

Now applying (5.2), we get the following results.

Theorem 5.1 If f is a Cy,-valued continuously differentiable function in
QF, then

/Z (E1 (y—2) (a1 (W) fy) +if (yra(y))
+ (f@ealy) - v () (@) Baly - 2))dH"~ ()

- /m (El(y —2)(9y, f(y) +if (4)3y,)

09, i )t 2)azmw = { 722G

Theorem 5.2 Let f be a C,-valued continuous function on QF which
moreover is isotonic in Q. Then

1@ = [ (B - 0w +iiwnw)
)
+ (Faly) - v () f @) Baly — 2) ) dH" (), z e Q.
Let us now mention two important consequences of the previous theorem.

Corollary 5.1 Suppose that f is a continuous function on Q% which more-
over is holomorphic in QF. Then for x € QT we have that

(i) flz) = —/Z (Br(y —z) —iEa(y — z),v4(y) + iva(y)) f(y) dH*" " (y),

(i) /Z (Ei(y — z) +iBa(y — ) A (11(y) +iva(y)) f(y) dH* " (y) = 0.
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Proof. As we may assume f to be C-valued, we obtain (i) and (ii) respec-
tively as the scalar and the bivector part of the formula in Theorem 5.2.
O

Corollary 5.2 If f is an Rg,-valued continuous function on QF which
moreover is bireqular in QF, then for x € QT we have that

(i) flz) = /E Er(y — z)vy(0) f(y) + f(y)va(y) By — z) dH " (y),

(i) /E Ev(y — 2)f (0)valy) — 1 (u)f () Ealy — z) dH>" " (y) = 0.

Proof. The proof easily follows by taking the real and the imaginary part
of the formula in Theorem 5.2. ]

Note that the first statement of Corollary 5.1 corresponds to the classical
Bochner-Martinelli formula (see [80]) while the first statement of Corollary
5.2 is the Bochner-Martinelli formula for biregular functions (see [28]).

5.2 The isotonic Cauchy type integral
We begin by introducing the main objects of the section.

Definition 5.3 Let f be a C,-valued continuous function on 3. The iso-
tonic Cauchy type integral of f will be denoted by CE° f and defined by

(Er(y - D) Wf W) +iF ()ra)

s fo) - |

b
+ (f@)b(y) — iy (y)f(y))Ez(y - &))denfl(y), z € R™\ X,

Since

Co(/1) = (CE 1)1, 55



Isotonic Clifford analysis 79

it follows that C&° f is isotonic in R?" \ ¥ and vanishes at infinity.

Let us introduce the space S*°*(¥) consisting of all C,-valued conti-
nuous functions f on ¥ for which the integrals

/EQB( : (El(ﬂ —2) (W) (fy) = f(2) +i(f(y) = f(2)vay))
+((f(y) = F(2)valy) — ivy () (F(y) — F(2))) Ealy — g))dHQ”‘l(g)

converge uniformly to zero for z € ¥ as € — 0. At this point it is important
to notice that f € S*°(X) if and only if fI € S(X).

Definition 5.4 For f € S%°(X) and z € X, we define the isotonic singular
integral operator of f as

S7(e) =2 i ST @) + /)

where Sizsf’ﬁtf denotes the truncated integral defined by

S8 f(2) :/E\B( )(El(y—Z)(Vl(y)(f(y)—f(z))+i(f(y)—f(2))1/2(y))
+ (@)~ F@)raly) — i) () - [(2))) Baly - 2) ) an> " (y).

Note that for any f € S%°!(X), the isotonic singular integral operator S’f"t f
exists for all z € ¥ and it defines a continuous function on X.

It easily follows that
Ss(fI) = (S¥°'f)I. (5.6)

Lemma 5.1 Let f be a C,-valued continuous function on X3, z € X and
€ > 0.
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(i) If z € QF is such that |z — z| = €/2, then we have that
|C8 f(a) = SELf(2) — f(2)]

0. (€ d . (r
=¢ ((djst(x7(g)))2n_1 wy(e) + 6/6 7{2(71) dﬁz(r)> .

(i) If x € Q is such that |x — z| = €/2, then we have that

CE (@) — SE2 72|
0, (e d . (r
=¢ <(dist<x,(g)))zn_1 w(e) € / 7’f 2(n) d92(7)> :

Proof. Let x € QF with |z — z| = ¢/2. Then

C f(z) — S8V f(2) — f(2)
— [ (Bl 0@ (W - 1) + () - F@)rnw)
2NB(z,e)

+((fy) = f(2)va(y) —ivy(y) (fy) — F(2))) Ealy — z))dHQ"_l(y)

+/ ((El(g—i)—El(g—z))(zl(g)(f(g)—f(z))Jri( (y)—f(2))ra(y))
E\B(z,€)

+((f) = f2)aly) — iy () (f(y) — f(2)))

X (Ealy — 2) - Baly - 2)) ) aH " (y).

Let us denote by I; and I the integrals on the right-hand side of the
previous equality.
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For I; we obtain

11t - 1)
TNB(z,€) !y — x|
wr(ly —2|)
¥NB(z,e) !y — z|?n1
r(€) -
= C(dist(gjz))% 1 /EmB(z 5 dH (y)
0-(e)
C(dlst(i,z))zn 1 (6)

[h| <C dH*" " (y)

< C dHanl(g)

€

To estimate I, we note that

2n—1
1
|Ek(y —2) — Ex(y — 2)| < Clz — 2| : - k=12
g ) g ’ ’ Z:% |g_£|2n—j‘y_§’j
Now for y € ¥\ B(z, €) we have that
e<ly—zl<ly—z[+lz—z[=ly -zl +¢?2
and therefore |y — z| < 2|y — z|. It follows that
|z — 2]
|Ex(y —z) — Ep(y —z)]<C’ TR y € X\ B(z¢e), k=1,2.
We thus get
|I,| < Clz — 2| <s(ly 2n|) dH*(y) < Ce / Zn ),
S\B(z,e) Y~ 2| T -
which completes the proof of (i). In a similar way we can prove (ii). O

We will now derive the Plemelj-Sokhotski formulae for the isotonic
Cauchy type integral. These formulae can be deduced from Lemma 5.1,
but we will give a simpler proof using (5.5), (5.6) and Theorem 1.5. Never-
theless, Lemma 5.1 will prove extremely useful in the last chapter.
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Theorem 5.3 Suppose that ¥ is a rectifiable and AD-reqular surface and
let f be a C,-valued continuous function on 3. Then CiE'SOtf has continuous
limit values on ¥ if and only if f € S*°(X). Moreover, the Plemelj-
Sokhotski formulae for CiESOtf hold:

lim CEf(z) =

Qfsz—z

(SE"f(2) £ f(2), zeX. (5.7)

N |

Proof. 1f Ci£°! f has continuous limit values on ¥, so does Cx(fI), which
follows from (5.5). The remark following Theorem 1.5 shows that fI € S(X)
and hence f € S¥°1(%).

Now let us suppose that f € S%°/(3), then fI € S(X). Then, Theorem
1.5 implies that Cx(fI) has continuous limit values on . From (5.5) we
deduce that Ci£° f also has continuous limit values on X.

Finally, for z € 3 we get
lim (C¥”f(z))I = lim Cs(f(z)I)

OFsz—2 OF>z—2
S CIUBHEIEN)
= 2 (B () £ )

where we have used Theorem 1.5 and (5.6).

Using (5.2) we obtain

lim C&%f(x) = ! (S8 f(2) + f(2))

Qi9£—>§ - 5
which completes the proof. O

Before continuing a few remarks need to be made. First, note that the
rectifiability of X is only used to prove the necessity. Second, if f € H,(X),
then clearly fI € H,(X). Therefore, if 3 is an AD-regular surface and ¢
is a regular majorant, then H,(X) C S%°(X). Finally, also for surfaces
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of finite (2n — 1)-dimensional Hausdorff measure it is possible to prove the
validity of the Plemelj-Sokhotski formulae (5.7). The following result may
be proved in much the same way as Theorem 5.3 using Davydov’s theorem
for the Cauchy type integral provided in [5].

Theorem 5.4 Suppose that f is a C,-valued continuous function on ¥ and
that the principal value integral

. |f(g) - f(§)| on—1
lim /E\B(Z’E = dH (v)

e—0+ ) |g — 5‘2”*1
exists uniformly with respect to z on 3. Then C%Ot f has continuous limit

values on 3 given by (5.7).

The question under which conditions a continuous function f on the
boundary Y has an isotonic extension to Q7, is easily answered in the
following theorem.

Theorem 5.5 Let ¥ be an AD-reqular surface and let f € S¥°U(X). Then
f has an isotonic extension to QT if and only if S’f"tf = f on X.

Proof. Let F be an isotonic extension of f to Q. By Theorem 5.2, we
have that ‘
Fz) = C&”f(z), zeQ".

By Theorem 5.3, it then follows that
1 150t
f2) =5 (8" f(2) + (), zeX,

and hence SE° f = f on X. Conversely, if S¥°'f = f on ¥, then it follows
from (5.7) that

[ Ckotf(z) for ze€QT,
Flz) = { f(Eg) for z €3,

is an isotonic extension of f to Q. O

We end this section with two results concerning the isotonic singular
integral operator.
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Theorem 5.6 Let X2 be an AD-reqular surface. Then the isotonic singular
integral operator S¥° is an involution on S*°'(%), i.e. (SZZS‘”f)2 f=f for

all f € S*°L(%).
Proof. Using Theorem 1.6 and (5.6), we have
JT=S3(71) = ((58)° f) I
From (5.2) we obtain (Sizs"t)2 f = f, which is the desired conclusion. [

Theorem 5.7 Assume that % is an AD-reqular surface and let ¢ be a
reqular majorant. Then SE° is a bounded operator mapping H, (%) into
itself.

Proof. The proof easily follows using Theorem 1.7 and (5.6). O

5.3 Bochner-Martinelli type integrals

Let ¥ be an AD-regular surface and let ¢ be a regular majorant. If Fj €
Hy(Y) is a Cgf)-valued function, then the isotonic Cauchy type integral of
F}. splits into

CE* Fr(z) = [CE*"Fr()],_,+[CE" Fr(2)], + [CE" Fu(2)] ., z € R\,

k+27

where [CEFy], ., |
integrals given by

Cg"tF k] . and [C%OtFk] Jo A€ Bochner-Martinelli type

(R = [ (Blu= () - ) « Al)

+ (Fu(y) » (1a(y) + i1 (1)) ® Baly — 2) ) a1 (),

g R, = |

(Bl =2 r (@) - ivaly) « Fily)
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+E(y —z) o (11 (y) +iva(y)) A Fi(y))
+(Fi(y) o (va(y) +iv1(y)) A Ea(y — z)
+(Fuw) A (ay) — i1 () @ Baly — 2) ) ar" (),

(" g = [ (Baly = 2) A (1) + i22(0) A Fily)
+ () A () — s (1)) A Baly — 2) ) a1~ ().

In particular, if £ = 0 (i.e. for C-valued functions), then [C%OtFk] . is the
classical Bochner-Martinelli integral which is an important object in the
theory of functions of several complex variables (see [75]).

In a similar way we see that for z € X,

S’f"tFk(g) _ [SgOtFk(Z)]k_z + [S’;OtFk(&)]k + [SiZSOtFk(é)]kHa

where

S8, =2 (&(g—g)-((zl(g)—%( )) o (Fily) — Fi(2)))

+Fk(§)7
S5 a =2 [ (Brly =21 () + i) A (Auly) - Al2))
+ ((Fuly) = Ful2) A (2y) - 1) A Baly - 2) ) aH " (y).

In view of the above decompositions, we thus obtain from Theorem 5.3:
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Theorem 5.8 Let X be an AD-reqular surface and let ¢ be a regular majo-
rant. If F, € Hy(X) is a (C%k)—valued function, then [CiESOtFk] [Cizs"tFk]k
and [CiEs"tFk]

k—2’

Jt2 have continuous limit values on % given by

. . iso 1 180
@) lm (" Fi(@)]yp = 5 [SE"Ful2)]) s

(i) lm [CEFi(0)], = & ([SEFi(2)], £ Fi(2)),

Qtsz—z

O |

. is0 1 150
(111) Qj:lérgn_>3 [CE tFk(&)] k42 = 5 [SZ tFk,‘(g)} k42"



Chapter 6

Holomorphic and biregular
extension theorems

The results of the previous chapter enable us to study the question under
which conditions a C-valued (resp. Rg,-valued) function defined on the
boundary ¥ has a holomorphic (resp. biregular) extension to Q% (see [11,
12, 13)).

6.1 Holomorphic functions

Let m = 2n. We shall here identify R?” with C" by associating to any
element (x1,...,22,) € R?" the complex vector (z1,...,2,)€C" with z; =
Tj+iTpyg, g =1,...,n.

The theory of several complex variables is a natural extension of classical

complex analysis to the multivariable setting. For a detailed treatment we
refer the reader to e.g. [63, 70, 74, 98].

Definition 6.1 A continuous function f :  — C on an open set € in
R?" s said to be holomorphic in Q if f is holomorphic in each variable

87
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zj (j = 1,...,n) separately, i.e. if it satisfies in Q the Cauchy-Riemann
equations
(On; +0s,.,) =0, j=1,....,n.

Many basic results of classical one variable complex analysis generalize
in a natural way to several variables. However, also new and surprising
phenomena emerge, an example of which is given in the following lemma

(see [99]).

Lemma 6.1 Suppose that K is a compact subset of R*", n > 2, such that
R?"\ K is connected. If f is holomorphic and bounded in R*"\ K, then f

1S a constant.

Proof. By Hartogs’ theorem, we have that f may be uniquely extended to
a holomorphic function in R?". Clearly, this extension is bounded in R?"
and therefore is a constant by Liouville’s theorem. O

6.2 Holomorphic extension for Holder continuous
functions

Let f be a C-valued continuous function on X. The Bochner-Martinelli
integral (see [75] and the references given there) is defined by

M f(z) = — /E (Ex(y —z) —iBa(y — z), 11 (y) + iva(y)) f(y) dH>" 1 (y),

z € R\ X

Aronov and Kytmanov provided in [16] (see also [75, 76]) the following
characterizations:

If ¥ is a smooth surface and f is a continuously differentiable function
i X, then a necessary and sufficient condition for f to have a holomorphic
extension to QT is that My f(z) =0 forz € Q.
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If 32 is a piecewise smooth surface and F' is a continuously differentiable
function in QF, then F is holomorphic in Qt if and only if F(z) = M, F(x)
forz € QF.

In this section we give alternative characterizations using the results of
the previous chapter. We will also re-establish the results of Aronov and
Kytmanov for the particular case n = 2 using our techniques.

We have already seen that
CEf(z) = Mif(z) + Maf(z), z€R™\E, (6.1)

where My is a bivector-valued integral operator given by

M f(z) = /E (Ei(y — 2) +iBs(y — 2)) A (v1(y) +iva(y)) f(y) dH " (y).

From (6.1) it may be concluded that M; and My are harmonic in R?" \ ¥
and that M; f(oo) = Maf(oc0) = 0.

We now assume that ¥ is an AD-regular surface and that f is a C-valued
function which belongs to H,(X), where ¢ is a regular majorant. We thus
have

SR f(z) = Nif(2) + Naof(2), z€%, (6.2)

where N1 and N are the singular versions of M7 and Ms respectively, given
by
Nif(z) =2 lim Niof(2) + f(2),

with

Nl,ef(g) =
_/ (By(y—2z)—iBa(y—2),v1(y) +ive(y)) (f(y) — f(2)) dH*(y)
E\B(z:¢)

and
Naof(z) =2 lir& N f(2),
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with

Nof(z) = / (Br(y — 2) +iEa(y — 2)) A (v4(y) +iva(y))
E\B(z,¢)

< (fly) — f(z)) dH>(y).

It is natural to ask whether the Bochner-Martinelli singular integral ope-
rator Ny f is an involution. The following theorem provides an answer to
this question (see also [100, 121]).

Theorem 6.1 Assume that % is an AD-regular surface and let ¢ be a
reqular majorant. Then N1 and No are bounded operators mapping H, (%)
into itself. Moreover, the formulae

NP f+[Niflo= T,
NiNaof + NoNif + [N3 fla = 0,
[N22f]4 =0,

hold for all f € Hy(X).

Proof. The proof easily follows using (6.2) as well as Theorems 5.6 and 5.7.
O

It is worth noting that the formulae above were obtained in [15] (see
also [106]) for the case n = 2.

As an application of Theorem 5.8 we obtain that M; and M, have
continuous limit values on ¥ given by the formulae

MEf@) = Jim Mif@) =3 (MF@ETE), zeS (03)
Mj f(z) = g M f(z) = %sz(g), z€X.  (6.4)

Note that (6.3) are the Plemelj-Sokhotski formulae for the Bochner-Marti-
nelli integral (see e.g. [15, 32, 59, 60, 75, 79, 82]).
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It is not difficult to show that a necessary and sufficient condition for f
to have a holomorphic extension to Q7 is that

Nif=f on %, (6.5)
Myf =0 in Q7. (6.6)

Indeed, let us suppose that F is a holomorphic extension of f to Q. Corol-
lary 5.1 now yields (6.6) and

F(z) =M f(z), zecQ".

From (6.3) it follows that

f(2) = s(Nif(2) + f(2), ze€X,

N =

and hence Nif = f on ¥. Conversely, if (6.5) and (6.6) hold, then from
(6.5) we can deduce that M f is a harmonic extension of f to QT, while
(6.6) implies that M f is isotonic in Q* and hence holomorphic in Q.

What is more, in the next theorem we will show that condition (6.5) is
redundant.

Theorem 6.2 Let 3 be an AD-reqular surface and let ¢ be a regular majo-
rant. Suppose that f is a C-valued function which belongs to H,(X). Then
the following statements are equivalent:

(i) f has a holomorphic extension to QF;
(i) Mof =0 in QF;
(iii) Nof =0 on ¥;

)

(iv) Maf =0 in Q.

Proof. (i) = (ii): This easily follows from statement (ii) of Corollary 5.1.
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(ii) < (iil) & (iv): If Maf(z) = 0 for all z € QT then from (6.4) we obtain
Nof = 0 on ¥, and hence M, f = 0 on X. Since M f is harmonic in 2~
and vanishes at infinity, it follows that Msf(z) = 0 for all x € Q~. In the
same way we can show that (iv) = (ii).

(iv) = (i): Now assume that My f(z) =0 for all z € Q™. From (6.1) we see
that Mj f is isotonic in 2~ and hence holomorphic in 7. Lemma 6.1 now
shows that M f = 0 in Q. This gives N1 f = f on X, which follows from
(6.3), and consequently M;" f = f on X. It only remains to show that M f
is holomorphic in Q. This follows using (6.1) and the fact that (iv) = (ii).
O

We have already proved that Msf = 0 in Q= implies M f = 0 in
Q™. Using our techniques, we will prove how the inverse assertion may
be deduced for the case n = 2. Indeed, if M1 f = 0 in 7, then we have
that Msf is isotonic in Q7. Since n = 2, it follows that Msf = gejes
for some C-valued function g. It is easy to check that a function of this
form is isotonic if and only if the function g is antiholomorphic, i.e. g is
holomorphic. Therefore Msf = 0 in Q= by Lemma 6.1. We have thus
obtained an alternative proof of the first result of Aronov and Kytmanov
for n = 2.

An easy consequence of Theorem 6.2 is the following corollary.

Corollary 6.1 Let 3 be an AD-reqular surface and let @ be a regular ma-
jorant. Suppose that F is a C-valued continuous function on QF such that
[ =F|x € Hy(X). A necessary and sufficient condition for F' to be holo-
morphic in QF is that F is harmonic in Q% and that Maf(z) = 0 for all
xeNT.

Proof. If F is holomorphic in 27, then obviously F' is harmonic in Q" and
My f(xz) = 0 in QF by Corollary 5.1. Now, if Myf(z) = 0 for all z € QF,
then by Theorem 6.2 the function

[ Mif(z) for zeQt,
G(ac)—{ f(li) for z €,
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is a holomorphic extension of f to Q. As F' — G is harmonic in Q" and
(F — G)|g = 0 we have F(z) = M f(x) for all z € QT, which follows from
the maximum principle for harmonic functions. O

Note that if F' = M f in QT then clearly F' is harmonic in QF. Using
(6.3) we also obtain Nif = f on X, and hence M; f = 0 on 3. The
maximum principle for harmonic functions now yields Mif = 0 in Q™.
This completes the proof of the second result of Aronov and Kytmanov for
n = 2.

It is also worth remarking that our assumptions on f and X are less
restrictive than Aronov-Kytmanov’s assumptions.

6.3 Holomorphic extension for continuous func-
tions

In Theorem 6.2 we have assumed that f belongs to some space of generalized
Hoélder continuous functions H,(3), with ¢ a regular majorant. An obvious
question to ask is whether the assertion of Theorem 6.2 continues to hold
for merely continuous functions on 3.

It is the final aim of this section to answer that question, but first we
will prove that the Plemelj-Sokhotski formulae (6.3) and (6.4) are still valid
for a subclass of continuous functions wider than H,(X).

Theorem 6.3 Let X be an AD-reqular surface and let f be a C-valued
continuous function on 3. If the integrals

/EmB( : (Br(y — 2) —iBa(y — 2),v1(y) + ivy(y)) (f(y) — £(2)) dH> ()

converge uniformly to zero for z € X as € — 0, then the Bochner-Martinelli
integral My f has continuous limit values on ¥ given by (6.3).

Proof. We restrict ourselves to the proof of the statement for M f, the
proof of the one for M, f being similar.
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Let z be a fixed point of ¥ and let x € Q. If z, € ye¥: ly—zl =
dist(z, 3)}, we have that

‘M1f(37) — %(]\ﬁf(é) + f(2)| < |[Mif(z) — Nief(z,) — f(2,)]

+

/ (Erly — z,) —iB2(y — 2,), 11 (y) +iva(y))
ENB(zy5€)

+|Nif(ze) = Mf(2)] + [ f(ze) = £(2)
with e = dist(z, ).

By Lemma 5.1 and using the fact that X is an AD-regular surface we
can deduce that

, (6.7)

T

C 10) = SE245e0) ~ £z < € (wpt) e [ ar ).

From the above it follows that

dw T
|Mif(z) = Nief(z,) = flzo)] < C <Wf(€) +€/ f(2 : dT) :

T

By the assumptions on f and using the last inequality, it is easily seen that
the right-hand side of (6.7) tends to zero as x — z. O

We note that Theorem 6.3 was obtained by Gaziev for sufficiently
smooth surfaces in [59, 60].

In a similar way we can prove the following.

Theorem 6.4 Let > be an AD-reqular surface and let f be a C-valued
continuous function on %. If the integrals

/sz( : (Bv(y — 2) + By (y — 2)) Avy () +ivs(y) (f (9)— f(2)) dH* " (y)
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converge uniformly to zero for z € ¥ as € — 0, then Myf has continuous
limit values on X given by (6.4).

The following results may be easily deduced from Lemma 5.1.

Lemma 6.2 Let f be a C-valued continuous function on ¥, z € ¥ and
e>0.

(i) If x € QF is such that |z — z| = €/2, then we have that
| My f(z) = Nief (2) — f(2)]
0:(¢) Twy(r)
<C <(dist(x, ) wy(e) + e/E o d92(7)> )

(ii) If x € Q is such that |x — z| = €/2, then we have that

M f(z) = Nicf(2)]
9§<€) d wf(T)
= (<dist<mv syt / o dezm) _

Lemma 6.3 Let f be a C-valued continuous function on X, z € ¥ and
€ > 0. Then we have that

€ d wWelT
Maf(z) = Naef(2)] < C <(dist(i2(2)>)2n1 are) e [ 250 dﬁz(7)> 7

where x € OF is such that |z — z| = €/2.

We remark that Lemma 6.2 have been previously proved by Gaziev for
sufficiently smooth surfaces in [58].

In what follows, we will assume that Q7 is a Lipschitz domain, i.e. its
boundary 3 is locally the graph of a Lipschitz continuous function (see e.g.

[61]).
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It is well-known that bounded Lipschitz domains satisfy the so-called
uniform interior and exterior cone condition. That is, there exists constants
A > 0, 6 > 0 such that for every z € X, one of the two components of
V(z) N{¢ : |¢ — z| < 4} is completely contained in Q1 and the other is
completely contained in Q~, where

V(z) ={z: |z — 2| < (1 + \)dist(z, )}
Theorem 6.5 Let QF be a Lipschitz domain. Suppose that f is a C-valued
continuous function on Y. Then f has a holomorphic extension to QT if
and only if Maf =0 in QF.

Proof. The necessity is obvious. Thus, we show the sufficiency. Suppose
that Maf = 0 in Q. It follows that M;jf is holomorphic in Q. Now if
z € X and € > 0, then by Lemma 6.3 we get that

€ d W\T
’NQ,ef(é)‘ < C <(dist<ii(z)))2n—1 wf(6> + 6/ 7]-62(n) deZ(T)) ’

where z € Q7T is such that |z — z| = €¢/2. When z approaches z non-
tangentially inside the cone V(z), the uniform interior and exterior cone
condition implies that

% = |z — 2| < (1+ \)dist(z, 2).

Combining the above inequality with the AD-regularity of X, we obtain

Naof(2)| < C <wf<e> e / fur(n) dT) -

T

Therefore N f(z) converges uniformly on ¥ as € — 0. Theorem 6.4 now
shows that My f has continuous limit values on ¥ given by (6.4). This
clearly forces Myf = 0 in 2~ and hence M1 f =0 in Q™.

By Lemma 6.2 we thus get that

€ d WrlT
M@ = 0 (s e [ LR o),
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where z € Q7 is such that |z — z| = €/2. In the same way we can see
that Ny f(z) converges uniformly on ¥ as € — 0. Then, Theorem 6.3
implies that M f has continuous limit values on ¥ given by (6.3). This
gives N1f = f on X, which completes the proof. O

We get the following corollary from this theorem just as we did from
Theorem 6.2.

Corollary 6.2 Let Q" be a Lipschitz domain. Suppose that F is a C-valued
continuous function on QF. A necessary and sufficient condition for F to
be holomorphic in Q% is that F is harmonic in Q% and that MaF (z) = 0
for all z € QF.

6.4 Biregular extension for Holder continuous
functions

The aim of this section is to generalize the results of Aronov and Kytmanov
to the case of biregular functions.

First we recall the definition of a biregular function. Let m = 2n and
consider the real Clifford algebra Ry, generated by (e1,...,e,). A conti-
nuously differentiable function f in an open set © of R?" with values in
Ry, is called biregular in €2 if and only if it satisfies in {2 the system

By, f = [0y, = 0.

The theory of biregular functions may be viewed as a natural generalization
to higher dimension of the theory of holomorphic functions in C2 (see [28,
29, 30, 95]).

The Liouville and Hartogs theorems for these functions (see [29]) enable
us to state the analogue of Lemma 6.1.

Lemma 6.4 Suppose that K is a compact subset of R*™ such that R*"\ K
is connected. If f is biregular and bounded in R**\ K, then f is a constant.
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Proof. The proof runs along similar lines as the proof of Lemma 6.1. [

Let 3 be an AD-regular surface and let ¢ be a regular majorant. Assume
that f is an Rg,-valued function which belongs to H, (). It follows that

Cis f(z) = My f(z) + iMaf(z), z€R*™\ %, (6:8)

where
/ Erly — 2 (0) W) + F@)ra() Baly — ) dH>" ()

and
Mo (z /E — 2) F)va() — 11 () () Ealy — 2) dH2" ().

It follows that M; and My are harmonic in R?" \ ¥ and that M f(oc0) =
My f(oco) = 0. Note that the integral operator M; plays the role of the
Bochner-Martinelli integral in the theory of biregular functions.

We also have that
SEf(2) = Nif(z) +iNaf(2), z€, (6.9)

where N; and Ng are the singular versions of M; and My respectively, given
by
Nif(z) =2 lim Nief(2) + f(2),

with
M@= [ (Bl 20w - )
+ (fy) — F(2)va(p) Baly - 2) ) aH> 7 (y)

and
Nof(z) =2 h%l+ No.f(2),
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with
NocfG) = [ (Biy- 2w - F@)n)
Z\B(z6)
- (fly) -

On account of Theorem 5.3, we obtain:

(2)) Ealy - 2) ) dH* " (y).

Theorem 6.6 Let 3 be an AD-regular surface and let ¢ be a regular ma-
jorant. If f € H,(X) is an Roy-valued function, then My f and Maf have
continuous limit values on % given by

MEf) = Jim Mif(@)= (M@ +E),  ze¥ (6.10)
MEf() = Jim Maf(@) = 3 Naf(2), cesw (611)

The following result can be considered as an analogue of Theorem 6.1.

Theorem 6.7 Assume that ¥ is an AD-reqular surface and let ¢ be a
reqular magjorant. Then Ny and Ny are bounded operators mapping H,(3)
into itself. Moreover, the formulae

Nf - N3f = f,
NiN2f + NaNy f =0,
hold for all f € Hy(X).

Proof. The proof easily follows using (6.9) as well as Theorems 5.6 and 5.7.
O

We now come to the main result of the section.
Theorem 6.8 Let 3 be an AD-regqular surface and let ¢ be a regular ma-

jorant. Suppose that f € H,(X) is an Rop-valued function. The following
statements are equivalent:
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(i) f has a biregular extension to QF;
(ii) Nof = f on X;
(iii) Myf=01inQ;
(iv) Mof =0 in Q—;
(v)
)

(vi

Proof. (i) = (ii): Let F be a biregular extension of f to Q*. By Corollary
5.2, we have that
F(z) =My f(z), ze€Q.

From (6.10) it then follows that

flz) = %(le(&) +f(2)), ze€x,

and hence N1 f = f on X.

(ii) « (iii): If Ny f = f on X, then from (6.10) we obtain M{ f = 0 on X.
Since M; f is harmonic in 2~ and vanishes at infinity, it thus follows that
My f =0in Q. Using (6.10) we can easily deduce that (iii) = (ii).

(ili) < (iv): If My f =0 1in Q~, then from (6.8) we see that My f is isotonic
in 27 and hence biregular in 7. Therefore My f = 0 in 2~ by Lemma 6.4.
In the same way we can prove (iv) = (iii).

(iv) & (v) < (vi): This follows from the maximum principle for harmonic
functions and (6.11).

(vi) = (i): If Mgf = 0 in Q7, then it follows from (6.8) that My f is
biregular in Q1. Since (vi) = (ii), we can conclude that

{le(:c) for ze€QF,

Fla)= f(z) for ze¥,

is a biregular extension of f to QF. O
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Corollary 6.3 Let X be an AD-reqular surface and let @ be a regular ma-
jorant. Suppose that F' is an Rq ,-valued continuous function on QF such
that f = Fl|x, € Hy(X). A necessary and sufficient condition for F' to be
biregular in Q7 is that F = My f in Q.

Proof. The necessity follows from Corollary 5.2. We now proceed to prove
the sufficiency. Suppose that F' = M;f in Q, then from (6.10) we obtain
Nif = f on ¥, whence Maf = 0 in Q% on account of Theorem 6.8. Hence
M f is biregular in Q. O

6.5 Biregular extension for continuous functions

In this final section, we will concern the case of Rg,-valued continuous
functions on X.

The proofs of the following results are very similar to those given in
Section 6.3 and will be omitted.

Theorem 6.9 Let ¥ be an AD-regular surface and let f be an Rg ,,-valued
continuous function on X. If the integrals

+ ()~ 1(2)vaW) Baly — 2) ) aH " (y)

converge uniformly to zero for z € ¥ as € — 0, then My f has continuous
limit values on ¥ given by (6.10).

/ (B1 -2 (f@) - £2))
$NB(z,€)

Theorem 6.10 Let ¥ be an AD-regular surface and let f be an Ry ,-valued
continuous function on 3. If the integrals

[ (Bl 20w - f@)nw
3NB(z,€)
~ (W) - F2)Baly - 2))dH" ().
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converge uniformly to zero for z € ¥ as ¢ — 0, then Maof has continuous
limit values on ¥ given by (6.11).

Lemma 6.5 Let f be an Ry j,-valued continuous function on X, z € ¥ and
€ > 0.

(i) If x € Q" is such that |x — z| = €/2, then we have that
IM1f(z) — Nief(z) — f(2)]
0:(c) Twr(r)
< (qmpesgper e ve [ G ano).

(ii) If x € Q~ is such that |x — z| = €/2, then we have that

M1 f(z) — Nief (2)]
0, (e d (7
=¢ <(dist(m,(z)>)2n1 wi(e) +e / jfz() d9z<7)) :

Lemma 6.6 Let f be an Rg ,-valued continuous function on ¥, z € ¥ and
€ > 0. Then we have that

0, (e (T
M2 (&) = No. f(2)] < C ((dist(%(;))%_l wr@)+e i dezm) ,
where € QF is such that |z — z| = ¢/2.

We can now state the main results of this section which may be consi-
dered as generalizations of the results obtained by Kytmanov and Aizenberg
(see [76]) to the case of biregular functions.

Theorem 6.11 Let Q" be a Lipschitz domain. Suppose that f is an Rg -
valued continuous function on X.. Then f has a bireqular extension to QF
if and only if M1 f =0 in Q.
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Proof. The necessity is obvious, so we prove the sufficiency. Suppose that
Mif =0 in Q7. It follows that My f is biregular in 27, whence Maf = 0
in 2~ on account of Lemma 6.4.

Now if z € ¥ and € > 0, then by Lemmas 6.5 and 6.6 we get that

€ d WrlT
Ny f(z) < C <(dist(iz,(§])))2”—1 wi(e) + e/ o) d&z(7)> ,

0-(e) a wy(7)

Mo 2] < € (g @+ e [ anm).
where x € Q7 is such that |z — z| = ¢/2. When z approaches z non-
tangentially inside the cone V(z), the uniform interior and exterior cone
condition implies that

™

5= |z — z| < (1+ A)dist(z, ).

Combining the above inequality with the AD-regularity of 3, we obtain

My < € (g0 e [ d 2 ar).

T

Na f(2)] < C <wf(e) e / ter(r) dT> -

72

Therefore Ny f(z) and N f(z) converge uniformly on ¥ as e — 0. Theo-
rems 6.9 and 6.10 now imply that M;f and Maf have continuous limit
values on ¥ given by (6.10) and (6.11) respectively. It then follows that
My f is biregular in Q" and N;f = f on X. O

In the same spirit we can also prove:

Theorem 6.12 Let QT be a Lipschitz domain. Suppose that F' is an Ro p-
valued continuous function on Q. A necessary and sufficient condition for
F to be biregular in QT is that F = M F in QF.






Conclusion

This thesis contains the following contributions to the further development
of Euclidean and Hermitean Clifford analysis:

A new class of monogenic functions called steering monogenic func-
tions.

CK-extensions around special surfaces of codimension 2.

An alternative proof for and a new generalization of Fueter’s theorem
for monogenic functions.

A closed formula for the CK-extension of the Gauss-distribution in
R™,

A differential and integral criterion for the existence of a Hermitean
monogenic extension of a continuous function on a surface in R™,
m = 2n.

Formulae for the square of the Bochner-Martinelli singular integral
operator and for its higher dimensional version in the theory of bire-
gular functions.

The Plemelj-Sokhotski formulae for the Bochner-Martinelli integral
and for its higher dimensional version in the theory of biregular func-
tions.
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106 Conclusion
e An alternative holomorphic extension theorem for continuos functions
on non-smooth surfaces.

e The generalization of Aronov-Kytmanov-Aizenberg type theorems to
the case of biregular functions.



Bibliography

R. Abreu Blaya and J. Bory Reyes, Boundary value problems for
quaternionic momnogenic functions on mon-smooth surfaces, Adv.
Appl. Clifford Algebras 9 (1999), no. 1, 1-22.

R. Abreu Blaya and J. Bory Reyes, On the Riemann Hilbert type
problems in Clifford analysis, Adv. Appl. Clifford Algebras 11 (2001),
no. 1, 15-26.

R. Abreu Blaya, J. Bory Reyes, R. Delanghe and F. Sommen, Har-
monic multivector fields and the Cauchy integral decomposition in
Clifford analysis, Bull. Belg. Math. Soc. Simon Stevin 11 (2004), no.
1, 95-110.

R. Abreu Blaya, J. Bory Reyes, R. Delanghe and F. Sommen, Cauchy
integral decomposition of multi-vector valued functions on hypersur-
faces, Comput. Methods Funct. Theory 5 (2005), no. 1, 111-134.

R. Abreu Blaya, J. Bory Reyes, O. F. Gerus and M. Shapiro, The
Clifford-Cauchy transform with a continuous density: N. Davydov’s
theorem, Math. Methods Appl. Sci. 28 (2005), no. 7, 811-825.

R. Abreu Blaya, J. Bory Reyes, T. Moreno Garcia and D. Pena Pena,
Weighted Cauchy transforms in Clifford analysis, Complex Var. El-
liptic Equ. 51 (2006), no. 5-6, 397—406.

107



108

[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Bibliography

R. Abreu Blaya, J. Bory Reyes and D. Pena Pena, Clifford Cauchy
type integrals on Ahlfors-David reqular surfaces in R™T1 Adv. Appl.
Clifford Algebras 13 (2003), no. 2, 133-156.

R. Abreu Blaya, J. Bory Reyes and D. Pena Pena, Jump problem and
removable singularities for monogenic functions, J. Geom. Anal. 17
(2007), no. 1, 1-13.

R. Abreu Blaya, J. Bory Reyes, D. Pena Pefnia and F. Sommen, The
isotonic Cauchy transform, Adv. Appl. Clifford Algebr. 17 (2007), no.
2, 145-152.

R. Abreu Blaya, J. Bory Reyes, D. Pena Penia and F. Sommen, A
boundary value problem for Hermitian monogenic functions, Bound.
Value Probl. 2008, Art. ID 385874, 7 pp.

R. Abreu Blaya, J. Bory Reyes, D. Pena Pena and F. Sommen, Holo-
morphic extension theorems in Lipschitz domains of C2, submitted.

R. Abreu Blaya, J. Bory Reyes, D. Pena Pefia and F. Sommen, Bire-
gular extendability via isotonic Clifford analysis, submitted.

R. Abreu Blaya, J. Bory Reyes, D. Pena Penia and F. Sommen, A
holomorphic extension theorem using Clifford analysis, submitted.

R. Abreu Blaya, J. Bory Reyes and M. Shapiro, On the Laplacian
vector fields theory in domains with rectifiable boundary, Math. Meth.
Appl. Sci. Vol. 29, No. 15 (2006), 1861-1881.

R. Abreu Blaya, J. Bory Reyes and M. Shapiro, On the notion of
the Bochner-Martinelli integral for domains with rectifiable boundary,
Complex Anal. Oper. Theory 1 (2007), no. 2, 143-168.

A. M. Aronov and A. M. Kytmanov, The holomorphy of functions
that are representable by the Martinelli-Bochner integral, Funkcional.
Anal. i Prilozen 9 (1975), no. 3, 83-84.



Bibliography 109

[17]

[18]

23]

[24]

S. Bernstein, On the left linear Riemann problem in Clifford analysis,
Bull. Belg. Math. Soc. Simon Stevin 3 (1996), no. 5, 557-576.

S. Bernstein, Left-linear and nonlinear Riemann problems in Clif-
ford analysis, Clifford algebras and their application in mathematical
physics (Aachen, 1996), 17-30, Fund. Theories Phys., 94, Kluwer
Acad. Publ., Dordrecht, 1998.

S. Bernstein, Riemann-Hilbert problems in Clifford analysis, Clifford
analysis and its applications (Prague, 2000), 1-8, NATO Sci. Ser. II
Math. Phys. Chem., 25, Kluwer Acad. Publ., Dordrecht, 2001.

J. Bory Reyes and R. Abreu Blaya, On the Cauchy type integral
and the Riemann problem, Clifford algebras and their applications
in mathematical physics, Vol. 2 (Ixtapa, 1999), 81-94, Progr. Phys.,
19, Birkh&user Boston, Boston, MA, 2000.

J. Bory Reyes and R. Abreu Blaya, The quaternionic Riemann pro-
blem with a natural geometric condition on the boundary, Complex
Variables Theory Appl. 42 (2000), no. 2, 135-149.

J. Bory Reyes and R. Abreu Blaya, Cauchy transform and rectifia-
bility in Clifford analysis, Z. Anal. Anwendungen 24 (2005), no. 1,
167-178.

J. Bory Reyes, D. Penia Penia and F. Sommen, A Davydov theorem
for the isotonic Cauchy transform, J. Anal. Appl. 5 (2007), no. 2,
109-121.

F. Brackx, J. Bures, H. De Schepper, D. Eelbode, F. Sommen and V.
Soucek, Fundaments of Hermitean Clifford Analysis Part I: Complex
Structure, Complex Anal. Oper. Theory 1 (2007), no. 3, 341-365.

F. Brackx, J. Bures, H. De Schepper, D. Eelbode, F. Sommen and V.
Soucek, Fundaments of Hermitean Clifford Analysis Part I1: Splitting
of h-monogenic equations, Complex Var. Elliptic Equ. 52 (2007), no.
10-11, 1063-1079.



110

[26]

31]

[32]

33]

[34]

[35]

[36]

Bibliography

F. Brackx, R. Delanghe and F. Sommen, Clifford analysis, Research
Notes in Mathematics, 76, Pitman (Advanced Publishing Program),
Boston, MA, 1982.

F. Brackx, H. De Schepper and F. Sommen, The Hermitean Clifford
analysis toolboz, to appear in Advances in Applied Clifford Algebras.

F. Brackx and W. Pincket, A Bochner-Martinelli formula for the
biregular functions of Clifford analysis, Complex Variables Theory
Appl. 4 (1984), no. 1, 39-48.

F. Brackx and W. Pincket, Two Hartogs theorems for nullsolutions of
overdetermined systems in Buclidean space, Complex Variables The-
ory Appl. 4 (1985), no. 3, 205-222.

F. Brackx and W. Pincket, Series expansions for the biregular func-
tions of Clifford analysis, Simon Stevin 60 (1986), no. 1, 41-55.

F. Brackx and F. Sommen, Clifford-Hermite wavelets in Euclidean
space, J. Fourier Anal. Appl. 6 (2000), no. 3, 299-310.

S. J. Chen, The boundary properties of Cauchy type integral in several
complex variables, J. Math. Res. Exposition 14 (1994), no. 3, 391-398.

W. K. Clifford, Applications of Grassmann’s Ezxtensive Algebra,
Amer. J. Math. 1 (1878), no. 4, 350-358.

J. Cnops and H. Malonek, An introduction to Clifford analysis, Textos
de Matemadtica, Série B, 7, Universidade de Coimbra, Departamento
de Matemadtica, Coimbra, 1995.

A. K. Common and F. Sommen, Special bi-azxial monogenic functions,
J. Math. Anal. Appl. 185 (1994), no. 1, 189-206.

G. David and S. Semmes, Analysis of and on uniformly rectifiable sets,
Mathematical Surveys and Monographs, 38, American Mathematical
Society, Providence, RI, 1993.



Bibliography 111

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

A. C. Dixon, On the Newtonian potential, Quart. J. Math. 35 (1904),
283-296.

E. De Giorgi, Su una teoria generale della misura (r—1)-dimensionale
in uno spazio ad r dimensioni, Ann. Mat. Pura Appl. (4) 36, (1954),
191-213.

R. Delanghe, On regular-analytic functions with values in a Clifford
algebra, Math. Ann. 185 (1970), 91-111.

R. Delanghe, Morera’s theorem for functions with values in a Clifford
algebra, Simon Stevin 43 (1969/1970), 129-140.

R. Delanghe, On regular points and Liouville’s theorem for functions
with values in a Clifford algebra, Simon Stevin 44 (1970/1971), 55-66.

R. Delanghe, On the singularities of functions with values in a Clifford
algebra, Math. Ann. 196 (1972), 293-319.

R. Delanghe, Clifford analysis: history and perspective, Comput.
Methods Funct. Theory 1 (2001), no. 1, 107-153.

R. Delanghe, F. Sommen and V. Soucek, Residues in Clifford analysis,
Partial differential equations with complex analysis, 61-92, Pitman
Res. Notes Math. Ser., 262, Longman Sci. Tech., Harlow, 1992.

R. Delanghe, F. Sommen and V. Soucek, Clifford algebra and spinor-
valued functions, Mathematics and its Applications, 53, Kluwer Aca-
demic Publishers Group, Dordrecht, 1992.

L. C. Evans and R. F. Gariepy, Measure theory and fine properties
of functions, Studies in Advanced Mathematics, CRC Press, Boca
Raton, FL, 1992.

K. J. Falconer, The geometry of fractal sets, Cambridge Tracts in
Mathematics, 85, Cambridge University Press, Cambridge, 1986.



112
[48]

[49]

[53]

[54]

[55]

Bibliography

H. Federer, The Gauss-Green theorem, Trans. Amer. Math. Soc. 58,
(1945), 44-76.

H. Federer, Coincidence functions and their integrals, Trans. Amer.
Math. Soc. 59, (1946), 441-466.

H. Federer, Measure and area, Bull. Amer. Math. Soc. 58 (1952),
306-378.

H. Federer, A note on the Gauss-Green theorem, Proc. Amer. Math.
Soc. 9 (1958), 447-451.

H. Federer, Geometric measure theory, Die Grundlehren der mathe-
matischen Wissenschaften, Band 153 Springer-Verlag New York Inc.,
New York 1969.

H. Federer, Colloguium lectures on geometric measure theory, Bull.
Amer. Math. Soc. 84 (1978), no. 3, 291-338.

A. T. Fomenko, The Plateau problem, 2 vols., Gordon and Breach
Science Publishers, New York, 1990.

R. Fueter, Die funktionentheorie der differentialgleichungen Au = 0
und AAw = 0 mit vier variablen, Comm. Math. Helv. 7 (1935), 307
330.

R. Fueter, Uber die Funktionentheorie in einer hyperkomplezen Alge-
bra, Elemente der Math. 3 (1948), 89-94.

F. D. Gakhov, Boundary value problems, Translation edited by I. N.
Sneddon Pergamon Press, Oxford-New York-Paris; Addison-Wesley
Publishing Co., Inc., Reading, Mass.-London 1966.

A. Gaziev, Limit values of a Martinelli-Bochner integral, Izv. Vyssh.
Uchebn. Zaved. Mat. 1978, no. 9(196), 25-30.

A. Gaziev, Necessary and sufficient conditions for continuity of the
Martinelli-Bochner integral, Izv. Vyssh. Uchebn. Zaved. Mat. 1983,
no. 9, 13-17.



Bibliography 113

[60]

[61]

A. Gazgiev, Some properties of an integral of Martinelli-Bochner type
with continuous density, Izv. Akad. Nauk UzSSR Ser. Fiz.-Mat. Nauk
1985, no. 1, 16-22, 93.

J. Gilbert and M. Murray, Clifford algebras and Dirac operators in
harmonic analysis, Cambridge Studies in Advanced Mathematics, 26,
Cambridge University Press, Cambridge, 1991.

E. Giusti, Minimal surfaces and functions of bounded wvariation,
Monographs in Mathematics, 80, Birkhauser Verlag, Basel, 1984.

R. C. Gunning, Introduction to holomorphic functions of several va-
riables, 3 vols., Wadsworth & Brooks/Cole Advanced Books & Soft-
ware, Monterey, CA, 1990.

K. Giirlebeck and W. Sprossig, Quaternionic analysis and elliptic
boundary value problems, International Series of Numerical Mathe-
matics, 89, Birkhauser Verlag, Basel, 1990.

K. Giirlebeck and W. Sprossig, Quaternionic and Clifford calculus for
physicists and engineers, Wiley and Sons Publ., 1997.

A. I. Guseinov and H. S. Muhtarov, Introduction to the theory of
nonlinear singular integral equations, “Nauka”, Moscow, 1980.

R. Hardt and L. Simon, Seminar on geometric measure theory, DMV
Seminar, 7, Birkhauser Verlag, Basel, 1986.

J. Harrison and A. Norton, The Gauss-Green theorem for fractal
boundaries, Duke Math. J. 67 (1992), no. 3, 575-588.

D. Hestenes, Multivector functions, J. Math. Anal. Appl. 24 (1968),
467-473.

L. Hérmander, An introduction to complex analysis in several varia-
bles, Third edition, North-Holland Mathematical Library, 7, North-
Holland Publishing Co., Amsterdam, 1990.



114

[71]

[72]

Bibliography

V. Iftimie, Fonctions hypercomplezes, Bull. Math. Soc. Sci. Math. R.
S. Roumanie 9 (57), 279-332 (1965).

B. Jancewicz, Harmonic coordinates and the electromagnetic field,
Clifford algebras and their applications in mathematical physics
(Montpellier, 1989), 413424, Fund. Theories Phys., 47, Kluwer Acad.
Publ., Dordrecht, 1992.

K. I. Kou, T. Qian and F. Sommen, Generalizations of Fueter’s the-
orem, Methods Appl. Anal. 9 (2002), no. 2, 273-289.

S. G. Krantz, Function theory of several complexr variables, Se-
cond edition, The Wadsworth & Brooks/Cole Mathematics Series,
Wadsworth & Brooks/Cole Advanced Books & Software, Pacific
Grove, CA, 1992.

A. M. Kytmanov, The Bochner-Martinelli integral and its applica-
tions, Birkhauser Verlag, Basel, 1995.

A. M. Kytmanov and L. A. Aizenberg, The holomorphy of continuous
functions that are representable by the Martinelli-Bochner integral,
Izv. Akad. Nauk Armjan. SSR Ser. Mat. 13 (1978), no. 2, 158-169,
173.

P. Lounesto and P. Bergh, Azially symmetric vector fields and their
complex potentials, Complex Variables Theory Appl. 2 (1983), no. 2,
139-150.

J. K. Lu, Boundary value problems for analytic functions, Series in
Pure Mathematics, 16, World Scientific Publishing Co., Inc., River
Edge, NJ, 1993.

Z. T. Ma and Q. Q. Zhang, Boundary properties of Bochner-
Martinelli type integrals, Pure Appl. Math. (Xi’an) 18 (2002), no.
4, 313-316.



Bibliography 115

[30]

[81]

[82]

[38]

[89]

E. Martinelli, Sulle estensioni della formula integrale di Cauchy alle
funzioni analitiche di piu variabili complesse, Ann. Mat. Pura Appl.
(4) 34, (1953), 277-347.

P. Mattila, Geometry of sets and measures in FEuclidean spaces, Frac-
tals and rectifiability, Cambridge Studies in Advanced Mathematics,
44, Cambridge University Press, Cambridge, 1995.

I. M. Mitelman and M. V. Shapiro, Differentiation of the Martinelli-
Bochner integrals and the notion of hyperderivability, Math. Nachr.
172 (1995), 211-238.

Gr. C. Moisil and N. Théodoresco, Fonctions holomorphes dans
lespace, Mathematica, Cluj 5 (1931), 142-159.

F. Morgan, Geometric measure theory, A beginner’s guide, Third edi-
tion, Academic Press, Inc., San Diego, CA, 2000.

N. I. Muskhelishvili, Singular integral equations, Boundary problems
of functions theory and their applications to mathematical physics,
Revised translation from the Russian, edited by J. R. M. Radok,
Reprinted, Wolters-Noordhoff Publishing, Groningen, 1972.

D. Pena Pena and J. Bory Reyes, On the Riemann problem in Clifford
Analysis, Rev. Cienc. Mat. 21 (2003), no. 2, 138-151.

D. Pena Pena, T. Qian and F. Sommen, An alternative proof of
Fueter’s theorem, Complex Var. Elliptic Equ. 51 (2006), no. 8-11,
913-922.

D. Penia Pena and F. Sommen, A generalization of Fueter’s theorem,
Results Math. 49 (2006), no. 3-4, 301-311.

D. Pena Pena and F. Sommen, Some power series expansions for
monogenic functions, Comput. Methods Funct. Theory 7 (2007), no.
1, 265-275.



116

[90]

Bibliography

D. Pena Pena and F. Sommen, Power series expansions of momno-
genic functions around surfaces of codimension two, In: T.E. Simos,
G. Psihoyios, Ch. Tsitouras (eds.), ICNAAM 2006, Official Confe-
rence of the European Society of Computational Methods in Sciences
and Engineering (ESCMSE), Wiley-VCH Verlag GmbH & Co KGaA,
Weinheim, 2006, 620-623.

D. Pena Pefia and F. Sommen, A note on the Fueter theorem, sub-
mitted.

D. Pena Pena and F. Sommen, On steering monogenic functions,
Commun. Math. Anal. 4 (2008), no. 2, 61-66.

W. F. Pfeffer, The Gauss-Green theorem, Adv. Math. 87 (1991), no.
1, 93-147.

W. F. Pfeffer, The Gauss-Green theorem in the context of Lebesgue
integration, Bull. London Math. Soc. 37 (2005), no. 1, 81-94.

W. Pincket, Biregular functions, PhD Thesis, Ghent University, 1984.

T. Qian, Generalization of Fueter’s result to R"*1, Atti Accad. Naz.
Lincei Cl. Sci. Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 8 (1997),
no. 2, 111-117.

T. Qian and F. Sommen, Deriving harmonic functions in higher di-
mensional spaces, Z. Anal. Anwendungen 22 (2003), no. 2, 275-288.

R. M. Range, Holomorphic functions and integral representations
i several complex variables, Graduate Texts in Mathematics, 108,
Springer-Verlag, New York, 1986.

R. M. Range, Complex analysis: a brief tour into higher dimensions,
Amer. Math. Monthly 110 (2003), no. 2, 89-108.

R. Rocha Chéavez, M. Shapiro and F. Sommen, On the singular
Bochner-Martinelli integral, Integral Equations Operator Theory 32
(1998), no. 3, 354-365.



Bibliography 117

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109)]

R. Rocha Chavez, M. Shapiro and F. Sommen, Integral theorems for
functions and differential forms in C™, Research Notes in Mathema-
tics, 428, Chapman & Hall/CRC, Boca Raton, FL, 2002.

I. Sabadini and F. Sommen, Hermitian Clifford analysis and resolu-
tions, Clifford analysis in applications, Math. Methods Appl. Sci. 25
(2002), no. 16-18, 1395-1413.

V. V. Salaev, Direct and inverse estimates for a singular Cauchy
integral along a closed curve, Mat. Zametki 19 (1976), no. 3, 365—
380.

V. V. Salaev and A. O. Tokov, Necessary and sufficient conditions
for continuity of the Cauchy integral in a closed domain, Akad. Nauk
Azerbaidzhan, SSR Dokl. 39 (1983), no. 12, 7-11.

M. Sce, Osservazioni sulle serie di potenze nei moduli quadratici, Atti
Accad. Naz. Lincei. Rend. CL. Sci. Fis. Mat. Nat. (8) 23 (1957), 220
225.

B. Schneider, On the Bochner-Martinelli operator, Appl. Comput.
Math. 4 (2005), no. 2, 200-209.

M. V. Shapiro and N. L. Vasilevski, Quaternionic v -hyperholomorphic
functions, singular integral operators and boundary value problems.
1. Y-hyperholomorphic function theory, Complex Variables Theory
Appl. 27 (1995), no. 1, 17-46.

M. V. Shapiro and N. L. Vasilevski, Quaternionic y-hyperholomorphic
functions, singular integral operators and boundary value problems. I1.
Algebras of singular integral operators and Riemann type boundary
value problems, Complex Variables Theory Appl. 27 (1995), no. 1,
67-96.

L. Simon, Lectures on geometric measure theory, Proceedings of the
Centre for Mathematical Analysis, Australian National University, 3,
1983.



118

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119)]

[120]

[121]

Bibliography

F. Sommen, Hypercomplexr Fourier and Laplace transforms 11, Com-
plex Variables Theory Appl. 1 (1982/83), no. 2-3, 209-238.

F. Sommen, Plane elliptic systems and monogenic functions in sym-
metric domains, Rend. Circ. Mat. Palermo (2) 1984, no. 6, 259-269.

F. Sommen, Monogenic functions on surfaces, J. Reine Angew. Math.
361 (1985), 145-161.

F. Sommen, Plane waves, biregular functions and hypercomplex
Fourier analysis, Proceedings of the 13th winter school on abstract
analysis (Srni, 1985), Rend. Circ. Mat. Palermo (2) Suppl. No. 9
(1985), 205-219 (1986).

F. Sommen, Martinelli-Bochner type formulae in complex Clifford
analysis, Z. Anal. Anwendungen 6 (1987), no. 1, 75-82.

F. Sommen, Tangential Cauchy-Riemann operators in C™ arising in
Clifford analysis, Simon Stevin 61 (1987), no. 1, 67-89.

F. Sommen, Special functions in Clifford analysis and axial symmetry,
J. Math. Anal. Appl. 130 (1988), no. 1, 110-133.

F. Sommen, On a generalization of Fueter’s theorem, Z. Anal. An-
wendungen 19 (2000), no. 4, 899-902.

F. Sommen and B. Jancewicz, Ezplicit solutions of the inhomogeneous
Dirac equation, J. Anal. Math. 71 (1997), 59-74.

F. Sommen and D. Pena Pena, Martinelli-Bochner formula using Clif-
ford analysis, Archiv der Mathematik, 88 (2007), no. 4, 358-363.

M. Spivak, Calculus on manifolds, A modern approach to classical
theorems of advanced calculus, W. A. Benjamin, Inc., New York-
Amsterdam 1965.

N. Tarkhanov, Operator algebras related to the Bochner-Martinelli
integral, Complex Var. Elliptic Equ. 51 (2006), no. 3, 197-208.



Bibliography 119

[122] Z. Y. Xu, On linear and nonlinear Riemann-Hilbert problems for re-
gular function with values in a Clifford algebra, Chinese Ann. Math.
Ser. B 11 (1990), no. 3, 349-357.

[123] Z. Xu, Helmholtz equations and boundary value problems, Partial
differential equations with complex analysis, 204—214, Pitman Res.
Notes Math. Ser., 262, Longman Sci. Tech., Harlow, 1992.



