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Abstract

Solvability conditions for some Dirichlet type boundary value prob-
lems in the framework of Hermitian Clifford analysis are established.
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1 Introduction

Euclidean Clifford analysis is a comprehensive generalization to higher dimen-
sion of the theory of holomorphic functions in the complex plane. More recently
Hermitian Clifford analysis has emerged as a refinement of this orthogonally in-
variant function theory. It is centred around the concept of so—called h-monogenic
functions defined in Euclidean space of even dimension, i.e. null solutions of two
first-order vector-valued differential operators, called Hermitian Dirac operators,
which are invariant under the action of the unitary group. In order to obtain tradi-
tional function theoretic results, such as the Cauchy integral formula, the theory of
Hermitian monogenicity had to be transfered to the framework of circulant (2 x 2)
matrix functions, see e.g. [1, 2, 3]. For a thorough study of the h-monogenic func-
tion theory, we refer the reader to [5, 4, 6, 12, 13| and the references therein.

In this paper we deal with two Dirichlet type boundary value problems in-
volving H-monogenic matrix functions in R?", i.e. null solutions of a matrix Dirac
operator D which will be defined below.

In Section 3 we develop a Hermitian Clifford operator calculus involving the
Cauchy, the Teodorescu and the Hilbert transform. Section 4 studies the cited
boundary value problems. To make the paper self-contained the basics of Hermi-
tian Clifford analysis are recalled in Section 2.



2 H-monogenic functions theory: the basics

First we recall some definitions and basic properties of a Clifford algebra.

Let (e1,...,em) be an orthonormal basis of the Euclidean space R™. Let C,,
be the complex Clifford algebra constructed over R™. The basic multiplication
rules in C,,, are governed by

eie; +eje; = —2(Sz'j, ,j=1,...,m.

Any element a € C,, may thus be written as a = ), aaes, aq € C, where
ea = ej ...e;, with A = {j1,...,jk} C {1,...,m} is such that j; < --- < jp.
Additionally, one puts ey = 1. The conjugation in C,, is given by al = >4 05%€a,
where -¢ denotes the complex conjugation and - is the traditional Clifford conju-
gation, being the anti-involution for which e = —e;,7 =1,...,m .

In the even dimensional case m = 2n the real Clifford vector X and its twisted
counterpart X | are given by

n n

X = Z(ezj—1$2j—1 +egjx), X|= Z(ezj—wzj — €2;T2;_1).
=1 i=1

Their respective Fourier duals are the so—called Euclidean Dirac operators, dx and
its twisted version 8&, given explicitly by

n n

8& = 2(623'718‘%2]'*1 + ezjamzj), 85‘ = 2(62];1&70% — 62]'63;2].71).
j=1 j=1

The corresponding fundamental solutions, which may be used as Cauchy kernels
in the corresponding integral representation formulae, are given by

1 X 1 X|
F(X)= ———— E(X)= —— —__

= xe P xer
with o9, the surface area of the unit sphere in R?®. The Hermitian Dirac operators
0z and 0, then are appropriate complex linear combinations of the Euclidean
Dirac operators dx and Ox;:

(8& + i8§|) .

| =

1
07 =—7(0x—idx), Ip=

Definition 1 A Cs, wvalued function g in the open subset Q of R*™ is said to
be (left) h-monogenic if it satisfies in 2 the system {0zg = 0, 0,19 = 0} or,
equivalently, the system {0xg = 0, dx|g = 0}. B



Let ’D( 2,24 be the circulant (2 x 2)-matrix Dirac operator given by

0, 0Oy
D = 2 Z |. 1
(2.27) ( Dy 0y ) (1)

Following e.g. [12, 2, 3, 1] we introduce the matrix

g &t
- (5F)

where £ = —(E+iFE|) and £ = (F—iE|), which may be considered as a fandamen-
tal solution of the matrix operator Dy 41, i€, ’D(;ZT)E = ¢, with § = diag(9),
0 being the Dirac delta distribution.

The set of (2 x 2)-circulant matrices over Ca,, will be denoted by CM?*2. Tt is
easily checked that for A,B € CM?*2, A + B and A B both belong to CM?*2.
Moreover, defining for

A = <“ b)eCM2x2
b a

its Hermitian conjugate AT componentwise, it clearly holds that (AT)T = A;
(Aa)f = a'Af for a € Cy,; (A+B)f = AT + Bf and (AB)! = BfAf. In
other words, CM?*? is a right linear associative algebra over Cs,, with an anti-
involution.

Definition 2 A CM?*? walued continuously differentiable matriz function

Gl = ( g1 92 >
92 91
in the open subset Q0 of R?" is said to be left (respectively right) H-monogenic in
Q if it satisfies in €

D4 21 G) = O (respectively G Dyt = O)
Here O denotes the matrix in CM?*? with zero entries.

From now on, H;(2) (respectively H,.(£2)) stands for the set of left (respec-
tively right) H-monogenic functions in 2. Clearly H;(2) (respectively H,(2)) is
a right (respectively a left) module over CM?*2,

Let A denote the Hermitian Laplacian given by

Ny, 0
A =
(% )
then it holds that

4D 5 71Dz 21)" = 4Dz 21) Dz 1) = A.
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In general the H-monogenicity of the matrix function G4 does not imply the
h—monogenicity of its entry functions g1 and go. However, choosing g1 = ¢g and
g2 = 0, the H-monogenicity of the corresponding matrix Gy = diag(g) yet is
equivalent with the hA-monogenicity of the function g. Moreover one may call a
matrix function G} harmonic if and only if it satisfies the equation A[G3] = O;
each H-monogenic matrix function G4 thus is harmonic, ensuring that its entries
are harmonic functions in the usual sense.

The notions of continuity, differentiability and integrability of a function G4 €
CM?*2 have the usual component-wise meaning. In particular we shall need, for
any suitable subset £ of R?" and k € NU {0} the following function spaces:

(i) L2(E), the space of square integrable circulant matrix functions;

(ii) CF(E), the set of all circulant matrix functions whose entries, together with
all their derivatives up to k-th order, are continuous in F;

(iii) the Sobolev spaces W&(F) and their trace spaces, the so-called Slobodetzkij
_1
spaces W’; 2(OE); note that WY(E) = La(E).
Here the trace on OF of a CM?*2-function G4 € WE(FE) is defined as the limit in
L2(OF) given by:
tI‘aEG% = G%|3E = lim {G;}nbEa
n—oo
where {G1}, is a sequence in C!(F), which exists by density, converging to G} in
the norm of W’; (E). We note that the trace operator is not surjective, but maps
_1
WE(E) onto the Slobodetzkij spaces WI; 2(OF), i.e.

1
trr . WE(E) — Wi 2(9E).

For a deeper discussion of Sobolev-Slobodetzkij spaces along classical lines we refer
the reader to [14].

In what follows, § stands for an open bounded domain in R?” with a sufficiently
smooth boundary I'; moreover we put Q7 = Q and Q= = R??\ (QTUT'), and assume
that QT and Q~ are connected. In Section 4 of this paper we will deal with two
Dirichlet type boundary value problems in the context of H-monogenic matrix
functions in R?". The first boundary value problem is of first order and reads

DiyhE2 = F3 in Q (2)
2l = Gl onT (3)

The second one is of the second order and is given by

D?Z@)E; = F} in Q (4)
2 = G onT (5)



3 Hermitian Clifford operator calculus

Using the matrix function £ we can introduce the following integral operators:

1
(i) the Hermitian Cauchy integral given, for G3 € W3 (T'), by
CrGh(Y) = [ E(Z - VIN( ) GHX) a1, Y € 0,
- VA

where

m—1 deanl 0
dH = < 0 d%Z’n—l ’

with H2"~! denoting the (2n — 1)-dimensional Hausdorff measure.

(ii) the Hermitian Teodorescu transform, given, for G3 € La(f2), by

TaGY(Y) = - / E(Z - V)GL(X)dW(Z.21), Y € R,
Q

where dW (Z, Z) is the associated volume element given by
n(n—1) 7 n t
av(x) = ()" (L) aw(z.2h)

(iii) the Hermitian Hilbert transform given, for G& € Ly(I'), by

(HrGH(U) =2 [ E(Z~ W)Ny 5\ GHX) ar !, UeT,
r

where the circulant matrix

N -Nt
N(Z,ZT):<_NT N >

contains the Hermitian projections N and N T of the unit normal vector n(X)
at the point X € I.

Remark
The following mapping properties hold:

(i) Dygry: WEQ) — WETH(Q), keN

(i) To: WEQ) — WHT(Q), ke NU{0}
(i) To: W (Q) — WETH () ke NU {0}
(iv) Cr: WET2(T) — WE(Q), k € .

They are a direct translation to our matrix setting of the corresponding properties
given in [7, 11] for the corresponding entries of the operators involved.



3.1 Integral formulae for H-monogenic functions

From now on we reserve the notations Y and Y| for Clifford vectors associated to
points in QF. Their Hermitian counterparts are denoted by

1 1
V=¥ +iY]) V= —5 (¥ —iY])

The following fundamental statements are known; for the proof we again refer to
[7, 11].

Theorem 1 (Stokes) Let F Gy be arbitrary matriz functions in W(Q). It
then holds that

/ [trrF3] Nz gty [trrGY] dH?" ! = / [(FYD 5 1)) Gy + F3(D 4 1) G3)| dW(Z, Z1).
r Q

By means of the matrix approach sketched above, the following relation between
D(Z Zf),CF and T o was established.

Theorem 2 (Borel-Pompeiu formula) Let G} be a circulant matriz function
in W3(Q). It then holds that

n(n+1)

1 1y ] ()T 20nGA(Y), Y et
CrGL(Y) + TQD(;ZT)GQ(X) = { 0, ’ Y eQ™

Corollary 1 Let G} be a circulant matriz function in Wi(Q) N Hy(Q). It then
holds that

| ()5 20rGLY), Y et
cr&:E =1 T Yeor

The following theorem expresses the basic property that the matricial Hermitian
Teodorescu transform is the algebraic inverse to the operator ’D( 2.7t

Theorem 3 If G} € Ly(R), then

n(n+1)

— 3 N ¥all +
D 2,21 TaG,(Y) :{ (=1) (21)"GL(Y), Y €Qt,

0, Yenr.

1
Theorem 4 (Plemelj-Sokhotski formulae) Let G3 € W3 (T'). Then the traces
of the Hermitian Cauchy integral CrG3, for any U € T' are given by

n(n+1)
2

e[ = (15 0 (JZ6Y + el

n(n+1) i

rpCrlGY = (-1 20 (76 + il

where tr. denotes the trace operator in the exterior domain 2~ and I stands for
the identity operator.



We now introduce the operators
PHIGY = trrCr[GY and  Pr(GY] = —trpCr[GY)

Since it holds that P + Pr = Z, [P:]?> = P: and PPy = Pr P = 0, the
operators ’Pljf clearly are projections. More precisely 'Pff is the projection onto
the space of all CM?*? matrix functions which are H-monogenically extendable
into the domain Q% and vanish at infinity.

For a study of classical versions of the operators Cr, Hr, 'Ple we refer to [1, 2, 3].

3.2 Orthogonal decomposition of the Hermitian
Sobolev spaces

Orthogonal decomposition of the Hilbert space of square integrable functions in
the context of Euclidean Clifford analysis have been studied by many authors, seen
their importance in solving boundary value problems, see [7, 8, 9, 10]. Here we
investigate the structure of the Hermitian Sobolev spaces W5(Q), k € N U {0},
with respect to the (2 x 2) matrix Dirac operator D, ;1.

Proposition 1 One has

(W’;(Q) n KerD(sz)) ND 40 (W; Q)N WZ;“(Q)) — {0},

where W4 () denotes the subspace of all functions in W3(Q2) whose trace on T
vanishes.

Proof
Let Uy € (W(Q) NKer Dy 41) N Dy 41y (W3 () N W5TH(Q)) and Uj # 0.

Then there exists V3 €W35 (2) N W5+ (Q) such that Uz = D, 41 V3 and
(D(Z,Z)ﬁD(Z,ZT) V3 =0. Thence AV = 0 and the Dirichlet problem for har-

monic matrix functions implies that V3 = 0 in Q and so also U3 = 0 in Q. O

The following decomposition is the central idea of the below described solution
strategy for the boundary value problem (4)—(5).

Proposition 2 The Hermitian Hilbert Sobolev spaces W’g(Q) show the orthogonal
decomposition

WE(Q) = (W’g(Q) NKerD, zf)) ® D4 4t <W§ Q)N wgﬂ(g)) ,
with respect to the CM?*?-valued inner product

UL Vi, = [0 VEawz.2)



Proof
For any U} € W§() one has that Vi = ToUL € W5 (Q) and D(Z,ZT)V% =Ul.

i
Assuming that U3 € (W’g(Q) N Ker D(LZ*)) , then
<U§7G%>L2 = /Q['D(z,zf)vé]T Gy dW(Z,2') =0
for all G3 € W§(Q) N Ker D 4 41y~ In particular,
[ PenViiEz-v) aviz.zh o,

for Y € Q~, since obviously £(Z—V) € W5(Q)nKer D 4 z1)- The Borel-Pompeiu
formula (Theorem 2) then yields

t
0= M“’(z,zf)V%JT £(Z - V) dW (2, Z1)
- /Q[S(Z_V)]T['D(Z’ZT)V%] dw(z,z")
- /r[g(Z ~ V)N g trr V(X) dH*"

whence also Cr[trrV3](Y) = 0 for Y € Q. This last equality yields trpCr[V}] =
1
0 and hence trrV3 € im P N W§+2(F). Consequently, there exists a matrix
H} ¢ W’g“(Q) N Ker D(Z’ZT) with the property that trpHS = trp V3. For
ZY =Vl -—Hl cWl (Q) n Wi (Q)
one then has D, 4125 € D4 41 (W3 () N WE(Q)). Clearly

Us=DzznV2=Dz21%
whence U3 € D(Z,ZT)(W% (Q) N WET(Q)). This last result means that
1 (¢]
Conversely, taking J} € Dy h <W% (Q) HWSH(Q)>, there exists a matrix
function S3 €W} (2) N WET1(Q) for which J} = D(Z,ZT)S%’ and thus
| Wi T awz.2) = [ U3 1D SY awiz. 20,
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By Theorem 1 one then has that
| W DS av(z.2) = ~ [ [0ND )8k aw(z.2)
=~ [ (D)WY S} awiz.21) = 0
for all U} € Ker Dy 2ty whence

o 1
D (W% ()0 w’5“<ﬂ>) < (Wh@) nKer D, 1))

which completes the proof. Il

The above orthogonal decomposition generates two orthoprojections on the
corresponding subspaces, more precisely we have

P:W5(Q) — W5(Q)NKer Dy 4

Q: WE(Q) — Dy, (W; () nWEH(Q)).

Moreover, the operator P can be seen as a Hermitian matrix generalization of the
classical Bergman projection.

We end this section with an interesting property needed in the sequel.

Proposition 3 Let F} € Ly(2). Then trToF} = 0 if and only if F} belongs to
imQ.
Proof

First assume that F3 € imQ, then there exists U3 €W1 (Q) such that Fi =
’D( 7 ZT)U%' The Borel-Pompeiu formula implies that

Uj = CrUs + Ta[Dy 41 Usl = Ta[D 41 Usl = ToF}.

Because U3 € W1 (Q) we have trToF3 = 0.

Conversely, let trToFi = 0. Now decompose F3} according to Proposition 2:
Fi =PF}+QFi. Asalways trToQF3} = 0. Then trToP F} = 0. From the
given factorization of the Hermitian Laplacian we have

ATQ[PF%] = 4('D(Z£T))T[’D(Z£T) TQ[PF%H = 4('D(Z7ZT))T[PF%] =0,

which asserts that T o[P Fi] = 0, due to the uniqueness of the solution of the
Dirichlet problem for the Hermitian Laplace equation. Therefore, applying the
Hermitian Dirac operator ’D( 2.2t We have

0= D(ZE)TQ[PF;] =PF},

i.e., F% € imQ. [l



4 Main results

In this section we deal with the boundary value problems (2)-(3) and (4)-(5) stated
above.

4.1 Necessary and sufficient condition for solvability
of the problem (2)—(3)

_1
Theorem 5 Let F3 € WE(Q) and G} ¢ W’; 2(I'). Then the boundary value
problem (2)-(3) has a solution if and only if

PrlGy) = trr Tol[F). (6)
The unique solution =} € W§+1(Q) admits the representation
E% = CFG% + TQF%

Proof
From the Borel-Pompeiu formula it follows that

TaoF} =TalD ;155 = Eb — CrE3 = 25 — CrGy
The Plemelj-Sokhotski formulae now yield
G} = PL[G3] + trr To[F)]

from which the neccessary condition (6) follows. Conversely, assume condition (6)
to be fulfilled. Then CrG3 € H;y(Q), and using the invertibility of Dy 4ty in Q

it follows that D, ZT)E% = F1. The boundary condition (3) then follows from
PL+Pr=1T. O

4.2 Treatment of the problem (4)—(5)

The aim of this subsection consists in the study of the second-order boundary
value problem (4)—(5) by means of the orthogonal decomposition of the Hermitian
Hilbert Sobolev spaces and the mapping properties of the operators ’D( 2,21y Ta
and Cr.
3
Assume that F} € W5(Q) and G} € W§+2 (T"), k > 0. First let us investigate
the boundary value problem:

D?ZZT)E% = F%a n €, (7)
28 = 0, onl. (8)

10



Using the mapping properties of Tq we have To[F3] € WETH(Q). We thus get
that Q[T o F3] € W5T1(Q) and, again by the mapping properties of Tq we now
obtain that
TaQTalFi € Wi2(Q).
Now using ’D( Z. ZT)TQ = Z, the Borel-Pompeiu formula and the existence of a
matrix function 2y €W3 () N WETH(Q) for which Q[T F}] = ’D(Z,ZT)E%’ we
see that
TalQTa F%] =Tq 'D(ngf)E% = E%,

and therefore Z3 € W52(Q). Finally
DiyznZ2 = DgznQTalF] = Dy —PTolF)
Diyzt)TalF3] =Dy 4 PTalF3] = Fs,
since iImP C KerD ; 41y. So TaQTaq [F3] is a solution of (7)-(8).

Moreover, we can use this result to solve the boundary value problem

D?MT@; = 0, in Q, (9)

E} = Gi onT. (10)

As G e W +2( I), there exists a W5T2(Q)—extension, not necessarily unique,
with trpH = G3. If we put 2} = J} + H}, we have the last boundary value
problem transformed into

J % = 0, on I'.

Applying our solution of (7)—(8) one has the representation
77’9 Q TQ Z ZT) 1

The Borel-Pompeiu formula implies that

J; = ~TaQ[Dy znH3l+ ToQCr[trrDyy 41 Hyll = ~TaQ[D 4 41 Hj
= _TQ (ZvZT)HQ + TQ PD(ZvZT)HQ == —H2 + CF[G2] + TQ ]P)D(ZaZT)H27

and so
_2 = J2 + H2 = C]_"[G2] + TQ ]P)D(Z ZT)H2

Note that adding the solutions of both boundary value problems described
above, gives a solution of (4)—(5), which leads to the following theorem.

11



3
Theorem 6 Let F3 € WE(Q) and G} € W;H_Q(I’), k > 0. Then the boundary
value problem (4)-(5) has the unique solution =5 € WET2(Q) of the form

Ey = Cr[Gs] + TaP[D 4 41 Hy + ToQTaolF3,
where HY denotes a W5T2(Q)-extension of G3.

Proof
The only point remaining to be proven is the uniqueness of the solution. To that
end we remark that the boundary value problem

2 =1 _
Pgzm= = 0
tI‘FE% = 0
admits the unique solution =} = 0, when invoking the fact that ’D( P ZT)HZ =0
also implies that AZ; = 0. O

At this point, we are able to prove representation formulae for the orthopro-
jections P and Q in terms of trp,Cr, T q, similar to those developed in [7]. To
this end we first prove a useful result on the existence of an isomorphism between
Slobodetzkij spaces.

Proposition 4 Let k€ NU{0}. Then the operator

k+3% + k+2 N
trrToCr : Wy, *(I) NimPL — W, (D) NimPL

is an isomorphism.

Proof
Using the mapping properties of T and Cr we obtain

k+3 k+3
(trrToCr) (W, *(I) € Wy 2(T).
The task now is to prove that Ker (trp7ToCr) = {0}. Let =1 € Wk+2 (T) Nim Py
with trp T oCr[Z3] = 0. From the study of the second—order boundary value prob-
lem above and since ’D?Z ZT)TQCI‘[E%] = 0 we have that ToCr[=] = 0. Hence
D(Z’ZT)[TQCF[E%H = 0 and it follows that Cr[Zi] = 0. We then obtain that

= 0, since E} € imPy yields Cr[E}] = (1) 2 e (29)" =1, in view of Corollary

= [

Now, let V) € im Py, so we have that Cr[V}] = 0. Again, the study of the
solution of the second-order boundary value problem enables us to conclude that
the problem

=1 _
D(ZZT)“2 =0
= = Va)
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has the solution =3 = Cr[V3i] + T PD(ZZ)H%’ where H} denotes a W5T2(Q)-
extension of V1, whence =} = Tq ]P”D( 7 ZT)H%' Corollary 1 now implies that
B = : ToCrPD, 4 H}
=2 = n(n 7,7
(—1)"5 (20)n ez

From this we conclude that =} € im [trr T oCr], which completes the proof. O

Theorem 7 Let =3 € WE(Q), k > 1. Then the orthoprojections P and Q have
the respective algebraic representations

P[Eé] = CF(tI'FTQCF)_ltITTQ [E%] € Wg(Q),
QEY = (T -Cr(trpToCr) ttrrTq)[EL] € WE(Q).
Proof
Assume 2} € W’QC(Q) and put P, = Cr(trrToCr) 'trr7Tq. Then we have that

1
TolZL] € WETH(Q), which yields trr T =3 € W;H_Q (I'). From trp T o=} € imPp

" — k-1
we have, by Proposition 4, that (trp7ToCr) 'trr7ToZ € W, 2(I'). Conse-
quently, applying the mapping properties of Cr we obtain

P.[S}] € W5(Q) N KerDy 4.

It is easily verified that P2 = P,. Also Z — P, is a projection onto the subspace
WE(Q) N Dy 41, (W3 (2) N WET(Q)). Obviously (Z — P.)*> = Z — P, holds.

Furthermore, we have
(Z-P.)E; = E)}—P.E) =Dy TalE —P.E3)
= 'D(;ZT)[TQE% — TQIP*E%].

It is clear that

trr [TQE% — TQP*E%] = tI‘FTQE% — trFTQP*E%
= tI‘FTQE% — tI‘FTQCF(tI‘FTQCF)_ltI‘FTQE%
= trrT oS5 —trrToZs = 0.

Invoking the uniqueness of the orthoprojections P and QQ concludes the proof . [

5 Acknowledgments

This paper was written during the scientific stay of R. Abreu-Blaya, J. Bory-
Reyes and T. Moreno-Garcia at the Clifford Research Group of the Department
of Mathematical Analysis of Ghent University; the financial support and kind
hospitality are gratefully acknowledged.

13



References

1]

[12]

[13]

[14]

R. Abreu Blaya et al., Hermitean Cauchy integral decomposition of continuous
functions on hypersurfaces, Bound. Value Probl. Vol. 2008 (2008), Article
ID 425256, 16 pages.

F. Brackx, B. De Knock, H. De Schepper, A matrix Hilbert transform in
Hermitean Clifford analysis, J. Math. Anal. Appl. 344 (2008), 1068-1078.

F. Brackx, B. De Knock, H. De Schepper, F. Sommen, On Cauchy and
Martinelli-Bochner integral formulae in Hermitean Clifford analysis, Bull.
Braz. Math. Soc. 40(3) (2009), 395-416.

F. Brackx et al., Fundaments of Hermitean Clifford analysis I. Complex struc-
ture, Compl. Anal. Oper. Theory 1(3) (2007), 341-365.

F. Brackx et al., Fundaments of Hermitean Clifford analysis II. Splitting of
h-monogenic equations, Compl. Var. Ell. Equ. 52(10-11) (2007), 1063-1079.

F. Brackx, H. De Schepper, F. Sommen, The Hermitian Clifford analysis
toolbox, Adv. Appl. Clifford Alg. 18(3-4) (2008), 451-487.

K. Giirlebeck, W. Sprossig. Quaternionic and Clifford Calculus for Physicists
and Engineers, Wiley and Sons Publ.; 1997.

K. Giirlebeck, U. Kéhler, On a boundary value problem of the biharmonic
equation, Math. Meth. Appl. Sci. 20(10) (1997), 867-883.

U. Kéhler, On a direct decomposition of the space L,(2), Z. Anal. Anwend.
18(4) (1999), 839-848.

U. Kahler, Elliptic boundary value problems in bounded and unbounded do-
mains. In: Dirac operators in analysis, Pitman Res. Notes Math. Ser. 394,
Longman, Harlow, 1998, 122-140,

S.G. Michlin, S. Prodssdrof, Singuldre Integraloperatoren (German), Mathe-
matische Lehrbiicher und Monographien I1. Abteilung: Mathematische Mono-
graphien 52, Akademie-Verlag, Berlin, 1980.

R. Rocha-Chévez, M. Shapiro, F. Sommen, Integral theorems for functions
and differential forms in C™, Research Notes in Mathematics 428, Chapman
& Hall/CRC, Boca Raton, FL, 2002.

I. Sabadini, F. Sommen, Hermitian Clifford analysis and resolutions, Math.
Meth. Appl. Sci. 25(16-18) (2002), 1395-1413.

J. Wloka, Partielle Differentialgleichungen (German), Sobolevraume und
Randwertaufgaben, Mathematische Leitfaden, B.G. Teubner, Stuttgart, 1982.

14



R. Abreu Blaya: Facultad de Informéatica y Matematica, Universidad de Holguin,
Holguin 80100, Cuba.
E-mail: rabreu@facinf.uho.edu.cu

J. Bory Reyes: Departamento de Matemética, Universidad de Oriente, Santiago
de Cuba 90500, Cuba.
E-mail: jbory@rect.uo.edu.cu

F. Brackx: Department of Mathematical Analysis, Faculty of Engineering, Ghent
University, Galglaan 2, 9000 Gent, Belgium.
E-mail: fb@cage.UGent.be

H. De Schepper: Department of Mathematical Analysis, Faculty of Engineering,
Ghent University, Galglaan 2, 9000 Gent, Belgium.
E-mail: hds@cage.UGent.be

T. Moreno-Garcia: Facultad de Informatica y Matematica, Universidad de Holguin,
Holguin 80100, Cuba.
E-mail: tmorenog@facinf.uho.edu.cu

F. Sommen: Department of Mathematical Analysis, Faculty of Engineering, Ghent

University, Galglaan 2, B-9000 Gent, Belgium.
E-mail: fsQcage.UGent.be

15



