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Abstract—All known integral equation techniques for simu-
lating scattering and radiation from arbitrarily shaped, p erfect
electrically conducting objects suffer from one or more of he
following shortcomings: (i) they give rise to ill-conditioned sys-
tems when the frequency is low (ii) and/or when the discretiation
density is high, (iii) their applicability is limited to the quasi-static
regime, (iv) they require a search for global topological lops,
(v) they suffer from numerical cancelations in the solutionwhen
the frequency is very low. This work presents an equation tha
does not suffer from any of the above drawbacks when applied
to smooth and closed objectsThe new formulation is obtained
starting from a Helmholtz decomposition of two discretizatons of
the electric field integral operator obtained by using RWGs ad
dual bases respectively. The new decomposition does notéeage
Loop and Star/Tree basis functions, but projectors that deive
from them. Following the decomposition, the two discretizéons
are combined in a Calderon-like fashion resulting in a new ograll
equation that is shown to exhibit self-regularizing propeties
without suffering from the limitations of existing formula tions.

Numerical results show the usefulness of the proposed mettio
both for closed and open structures.

Index Terms—Integral Equations, Loop-Star/Tree bases, EFIE,
MFIE, Calder 6n Equations.

|. INTRODUCTION

equations applicable to resistive, surface impedancepane
etrable surfaces. This explains the large effort of thergifie
community, currently underway, to stably discretize ancgkin
the EFIO, a process that is plagued by numerous problems.

When the EFIO is discretized with boundary elements
with average diametéft, the resulting matrix has a condition
number (the ratio of the matrix’ largest and smallest siagul
values) that grows agkh) >, wherek is the wavenumber
(see [4] and references therein)Vhen using an iterative
method to solve an ill-conditioned linear system, the numbe
of iterations tends to be large and the solution inaccurate.
As a result, whenk approaches zero, the EFIE becomes
increasingly difficult and sometimes impossible to solvieisT
so-called low frequency breakdown phenomenon traditlgnal
has been remedied by using Loop-Star/Tree (quasi-Helmholt
or Hodge) decompositions [5], [6], [7], [8], [9]. When using
these decompositions with the EFIO and after appropriate
matrix scaling with suitably chosen powers @fh), the low
frequency breakdown is solved; that is, in the limitkofjoing
to zero, the matrix condition number is constant.

That said, these methods do not cure the undesirable scaling
of the matrix condition number with. Following their appli-

NTEGRAL equation solvers are widely used for simulatin§ation, the matrix condition number scales fas', 1=2, or

electromagnetic scattering and radiation from arbityaril? > (depending on the formulation). This dense discretization
shaped, Perfect Electrically Conducting (PEC) objectsig-o breakdown phenomenon is due to the combined effect of the
popular in academic circles, these solvers recently haga b&pectral properties of the EFIO [10], [4] and the instapibf

incorporated into several commercial electromagnetityaisa

the Loop-Star/Tree bases [11].

and design tools as well. Their attractiveness stems fram th In addition to suffering from dense discretization break-

fact that they only require surface discretizations, ofgecan  down, Loop-Star/Tree decompositions also require the de-

(comparatively) small interaction matrices that can beliagp tection of global loops when the surface is a non-simply

rapidly to arbitrary vectors by fast multipole and relate§onnected geometry, i.e. it contains holes and handles [5].

algorithms [1], [2], [3], and yield solutions that autonuatly ~EXisting general-purpose algorithms for finding globaldso

satisfy the radiation condition. exhibit quadratic complexity. Their cost therefore scalesse
Among the many available alternatives, the surface Elelan that of fast integral equation solvers, which exhibiasj-

tric Field Integral Equation (EFIE) plays a dominant rolginear complexity.

Although the EFIE initially was developed for simulating Recently a new family of augmented equations that is im-

scattering and radiation from PEC surfaces, its underlyifgune to low frequency breakdown and that, remarkably, does

Electric Field Integral Operator (EFIO) also is used ingng  not require the detection of global loops has been introduce
[12]. Even more recently, a clever approach based on the
This work was supported in part by the Agence Nationale deslehBrche  gg|ytion of a moderately Iow-frequency EFIE problem, akow
under the Grant ANR Blanc JCJC2012 FASTEEG, by the Europeam-C . . .
mission under the Grant Marie Curie GIC NEUROIMAGEEG, andthg for a solution of the EFIE that is also immune from the_ low-
Foundation Telecom under the Grant “Futur et Ruptures” CPIGR2. frequency breakdown [13]Unfortunately, these formulations
F. P. Andriulli is with the Microwave Department of Teleconteliagne -  «tijl| suffer from dense discretization breakdown, sinceyth
Institut Mines-Telecom, Brest, France. . . .
K. Cools is with the Electrical Systems and Optics Researahsibn, inherit the SpeCtral prOpert'?S of the EFIO.
University of Nottingham, Nottingham NG7 2RD, U K. To protect an EFIE against both low frequency and the
I. Bogaert is with the Department of Information Technologyhent dJense discretization breakdown, asimple rescaling of HOE
University, Ghent 9000, Belgium . . . .
E. Michielssen is with the Department of Electrical Engiieg and does not suffice. Instead, a more invasive procedure aimed at
Computer Science, University of Michigan, Ann Arbor, Ml 4BLUSA. modifying its spectrum is called for. This can be achieved
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by using hierarchical quasi-Helmholtz decompositions],[14loops. This paper presents a new equation that does not suffe
[15], [16], [4] and/or Calderbn techniques [17], [18], [19 from any of these drawbacks. It introduces a new basis-
[10], [20], [21], or the Epstein-Greengard method based dree Loop-Star decomposition that derives from projection
generalized Debye sources [22]. On a related note, the wankd is used to rescale the standard EFIO and remove low
in [17] uses a discrete Helmholtz-Hodge decomposition foequency breakdown and very low frequency current can-
construct a valid dual boundary element space for use witklation phenomena. Moreover, the rescaled EFIO is self-
Calderbn formulas. It hints at the fact that Helmholtz-iged regularizing, and when squared in a Calderon-like fashion,
decompositions and Calderén techniques nicely fit, and itimmune from dense discretization breakdown. Differentrfro
a premonitory fact that the scheme we present in this wottke standard Calderon EFIO, however, our new operator does
succeeds. not have any static null-space. In conclusion, the regltin
When analyzing non-simply connected geometries, hieraguation simultaneously is free from low frequency and dens
chical schemes explicitly call for global loops in their remt  discretization breakdown, very low frequency cancelajon
expansions and Calderdon schemes require the construaftiomnd the need to detect global loops.
global loops at very low frequencies due to the existence of This paper is organized as follows. Section Il presents
the toroidal and poloidal static null-spaces of the inteamal background material and introduces notation. Section Il
external magnetic field operator [23]. At very low frequessci presents the new equation. Section IV analyzes the new
both solver families therefore require the constructioglobal equation’s properties. Section V focuses on implememiatio
loops. A similar problem stands for the Epstein-Greengardetails. Section VI presents numerical results that deinates
method. the effectiveness of the proposed scheme. Section VII ptese
Finally, several of the above schemes are susceptibleatar conclusions and avenues for future research.
very low frequency cancelations in the solution vector.datf
even if the equations are made well-conditioned, for plane Il. BACKGROUND AND NOTATION
wave scattering problems the physics dictates that the nonlet I' be the surface of an orientable PEC object residing
solenoidal and solenoidal components of the current scaleia @ background medium of permittivityand permeability:
k and are frequency independent, respectively. If these t@pd let7, denotels normal vector atr. Surfacel’ can be
components are not separated during the solution procd¥n-simply connected, i.e. it can potentially have holet/an
numerical cancelations that deteriorate the accuracy ef thandles. The incident electric field*(r) impinges onl" and
far field computation ensue. This phenomenon has been fiffluces the surface current densifyr), which satisfies the
pointed out in [24], and further studied in [25], [26] and=FIE _
[27] and [28]. The reader should be aware of the meaning T (J) = —n, x E* (1)
of “very low frequency” in this context. The above dispusse@,hereT(J) =k To(J) + L () with
low frequency breakdown, for a structure of few centimeters
in size, typically kicks in when the frequency is on the order (J) = i /
of few MHz. For the same structure, the very low frequency ° " r
cancelation of the current only becomes problematic at a few
Hz. This is why Calderon techniques can be successfully  7x(J) = ife, x V/
applied to the analysis of most scattering problems, only r
requiring special care when approaching statics. The ve¥yd the wavenumbet = 27/ = w,/ep. Note that with
low frequency cancellation problem can be solved either fese definitions/(r) is the jump across’ of the (rotated)
using perturbation methods [24], [25], [29] or by augmegnintOta' magnetic field multiplied by the medium charactecisti
a Calderdn scheme with Loop-Star/Tree decompositionf [28mPedance) = +/ 1/
[21]. Perturbation methods are a valuable solution, butireq ~ T0 Solve the EFIE by the boundary element methibds
one to switch formulations when passing from the low tgPProximated by a mesh of planar triangles with average edge
the high frequency regime - their application in the lattdengthh, andJ(r) is approximated as
regime would requiretoo many termsin the perturbation N
series. Moreover, they inherit the spectral problems of the J(r) ~ anfn(T) (4)
starting equations, that is dense discretization breakdeien n=1
applied to the augmented EFIE or the necessity of global looghere f,,(r), n = 1,..., N are Rao-Wilton-Glisson (RWG)
extraction when applied to the MFIE or to the Calderon EFIEliv-conforming basis functions defined on the mesiVs
The use of Loop-Star/Tree decompositions on the other hanternal edges [30]. To simplify the notation, the RWGs are
requires the extraction of global loops and regularizattdn defined without edge length normalization: for two adjacent
the dense discretization breakdown related to the ingiabif triang;;IeSCj+ andc; with areasA + andA_- and free vertices
the decomposition (present in decomposed Calderon Wtivectorsﬁ andr’ (Fig. 1), f,, is defined as
in [21] and [11]). N
In summary, to the best of our knowledge, there exists """ forp et
no integral equations that is simultaneously immune to low £, (r) 24+ "
frequency and dense discretization breakdown, and frea fro " r, —T

very low frequency cancelation and the need to detect global 2AC;

eik|r—r’| o
mJ(r ) dr’, @)
eik|'r-77"| / /
m s J(r)dr’,  (3)

®)

forr ¢,
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v If the surfacel’ is closed and if (for notational simplicity)

we assumd” to be a single scatter€a body with only one
connected componentye set of Loop functions defined on
all the vertices of the mesh is not linearly independent. The
rt r A . .
n n matrix A has a one-dimensional null-space spanned by the
vector1? of length NV, containing all ones, i.e.

A1M = 0. (10)

Un The Star functions are denoted ¥,,j = 1,..., N.} where

N, is the number of cells of the mesh. The Star to RWG
transformation matrix, i.e. the matrix whose columns aee th
coefficients of Star functions when expressing them as flinea
After substistuting (4) into (1), the EFIE is tested with th@ombinations of RWG functions, is denoted By With the
functionsn,. x f; yielding theN x N discretized EFIE system conventions of Fig. 1, the matriX can be expressed as

Fig. 1. Conventions used in the definition of RWG, Loop, arat 8inctions.

Z1= <k Z.+ lih) I=V (6) _ 1 if the cell j equalsc;
k S, =4 —1 ifthe cell j equalse; (11)
where (Z.); = (e x fi,T(f)) (Zn); = 0 otherwise
(Ar X fi, Tu(£;)), (V)i = (fihexn, xE'), and The set of Star functions is not linearly independent. The

(I); = I,. Here(a, b) = [.a-bdI'. Upon solving (6) fod, J matrix ¥ has a one-dimensional null-space spanned by the
can be approximated using (4). It should be noted that, & sceéctor 1> of length N, containing all ones, i.e.

factor of ) aside, (6) is identical to the standard EFIE system =—5 -

of equations in [30]. The EFIO can be alternatively disaedi ¥17=0. (12)
by using the Buffa-Christiansen (BC) basis functions defing=rom their definitions it follows immediately that the Loop

on the mesh’s barycentric refinement [31]. These functiongad Star transformation matrices are mutually orthogoBial [
similar to RWGs, are div-conforming and defined on thge,

mesh's N internal edges. In what follows, they are denoted STA = 0. (13)
by ffc. The BC functions are also quasi curl-conforming in

the sense that the mixed gram maté,,;, between BC and ILt ShOUIdd bSe notegﬁgt the fpamcu_larly S'”_‘p'e _forrg of ;h.e
curl-conforming rotated RWGs oop and Star to transformation matrices in (9) and in

g (11) is a consequence of (5), where the RWGs are defined
(Guiz)ij = <ﬂr x i, ffc>. (7) without edge length normalization.

WhenT' is simply connected, the Loop and Star functions
span the entire RWG space, i.e. given an arbitrary RWG
r?:‘gefficient vector there exist two (in general non unique)
vectorsl ands such that

is well-conditioned. The explicit definition and furthertdis
regarding these functions can be found in [31] and [10]. T
BC discretized EFIO will be denoted

- - 1= - -
2= (vZ.+12:) ® I— Al+ 5. (14)
where (z Vi = (fin x ffc,ﬂ(ffcw and (zhm_ _ WhenF.i.s nqt simply connected, the above expression should
Bo Bo be modified in o -
(Aur x FPCTH(STO)), I- Al+Ss+ Hh (15)

To construct the new EFIE, we need to define Loop and

Star transformation matrices. Since Loop and Star bases Wfe"€H is the so-called global loop to RWG transformation
very well-known [5], [6], [7], [8], [9], the treatment will & matrix. Global loops are the discretized counterparts ef th
minimal and solely meant to introduce notation. harmonic space of the Helmholtz decomposition. It is im-

Loop functions are denoted by ;, j = 1 N,} where possible to provide a complete description of this family of
] - AR v

N, is the number of inner vertices of the mesh. Each LodfP”Ctions and the interested reader is referred to [5] agil [2
function can be expressed @; = V x #,.\;, where); |he column dimension OH iS 2Nhandies + Nhotes, Where

is the piecewise linear Lagrange basis function that equdlgandes and Nhoies are the number of handles and holes of
one on thej-th inner node of the mesh and zero on all othdr: "€SPectively. The orthogonality properties

nodes. The Loop to RWG transfqrmation matrix, i.e. .the mRatri STH -0 andATH = 0. (16)
whose columns are the coefficients of Loop functions when _ -

expressing them as linear combinations of RWG functions f#9ld. It should also be noted that baMi and Hh are RWG
denoted byA. With the conventions of Fig. 1, the matrix ~ coefficients of solenoidal functions. Given the decompmsit

can be expressed as in (15), a dual decomposition exists for the BC functiond[[3
1 if node i lsu [32], [20], [21]): given an arbitrary BC coefficient vectdr
I node; equaisy; the following decomposition holds

jzx,-,j =<¢ —1 if node; equalsv, 9 L o
0 otherwise I=Al+ 35+ Hh a7)
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where the two vector$ ands are in general not unique. It~ dependent ill-conditioning would have been present in (20)
should be noted that botBs and Hh are BC coefficients of even if the blocks would have been scaled with instead

solenoidal functions. of k. Observations (ii) and (iii) suggest a _different strategy
to decompose the equation. Note that sir;b@A = 0 and
[1l. THE NEW EQUATION STH = 0 then for an arbitrary RWG vectdr
We next describe a new EFIE that, contrary to currently STI=3TAl+37Ss+X"Hh=3TSs  (22)

available ones, igoncurrently immune to the low frequency . .
. o o that if we assumeg to be a single scatterer we can use the
breakdown and the dense discretization breakdown, as wel ; h Tav
egree of freedom we have in choosi®igo sets* 1~ =

very low frequency solution cancelation. Moreover, the new -
equation will not require an identification search of gIoba\llfle get _ =T a4 ST

. = : = (=')*x’1 (23)
loops, that is the matri¥I defined above. The new formulation o s=( o
is obtained in two steps: (i) first, a quasi-Helmholtz deconwhere(X7X)* denotes the pseudoinverse(@’X). Finally,
position is applied to the EFIO to cure it from low frequencyhe star component of is obtained by using the projection
breakdown. For this purpose, we introduce a new, basis-ffB&I, where the projectoP> is defined as
decomposition, since a standard quasi-Helmholtz decoimpos = S ST LaT
tion introduces a basis-related dense discretizatiorkblen P==3(ET%)"> (24)
(see [11]) and would require the explicit determinatioridf The loops and global loops componentsiafan be obtained
(the global loops). (ii) The new decomposed equation will bgy the complementary projector
“square(j” in a su.itable, Calderon like fashion to cure dnfr PM T _(STE)TST (25)
dense discretization breakdown.

Space limitations do not allow for a thorough discussion dfote that it is not necessary to discriminate further betwee
the low frequency breakdown of the EFIO and the treatmelaops and global loops, since the associated scaling fagtor
here will be minimal; further details can be found, for exdep be the same (observation (iii) above); this renders unisacgs
in [7]. The low frequency breakdown is due to the differerthe explicit and costly recovery of global loops. Finallgfide
scaling of the terms involving, and Z;,, with k [7]. Since the decomposition operator
both Al andHh are RWG coefficients of solenoidal functions, = .1 =
it is easily verified that M =P N +iP>Vk, (26)

Z,A=0, Z,H=0, ATZ,=0, H"Z, =0 (18) and note thaM? — M. The role of the imaginary constant

Then the Loop-Star decomposition solves the on'/ﬂ the definition (26) will become clean Section IV. Using

frequency breakdown since, by definingAH® the decomposition operator, the EFIO takes the form

_ _ _3T _ r_ _ _ o T = = = —w= =
[A, H, z} Z [A, H, z}, we have M7ZM = (PAHZSPAH —~ PEZ;LPE)
== = == = == = BAHZ7 DY | Y7 PAH) ;
, A'ZA ATZE ATZ,3 +(PYZPE L PUZ M ik (@])
ZAHS _ . H'ZH A"ZH H'Z> (19) _(f,z;zf,z) 12
STZA £TZH LSTZS ‘

k = e —
. o = (PAZ,PM - Z,) + O(k)
so that a simple block normalization matriD =

diag{\/E, VE, 1/\/E} eliminates the matrix ill-scaling which is clearly immune from low frequency breakdown.
(27) we have used®*Z,P* = Z, which easily follows
ATZA ATZH KkATZ.® from P* + PA =1 and Z,PM = PAHZ, = 0. Note
DZMED = | ATZ.H ATZH KHTZ.S |. that, contrary to decompositiof20), (27) does not require
kiTiZ kSTZH STZS the identification of global loops and, in addition, is a &ab
) ‘ (20) decomposition sincé®** and P> are projectors and thus
Three things should be retained by an analysis of equatiomd (MTMz is independent of:, which compares very
(20). (i) Equation (20) still suffers from amk dependent favorably with (21). B
ill-conditioning due to the operator spectra Af'Z,A and  The treatment for BC discretized mati#is the same pro-
»TZ3% and due to the instability of the Loop-Star basis, i.evided that the role of the loop and star matrices is exchanged

Z
A

the fact that the following condition number bound In fact it should be recalled that in (13)s andHh are BC
Y C coefficients of solenoidal functions. Thus we will define the
cond ([A,H, E} [A,H, ED > 72 (21) dual projectors ~ -
P* = A(ATA)TAT (28)

holds [11], WhereC:is:an:h iDdependent constant. (i) The PSH _f_ K(KTK)JFKT (29)
combined action of A, H, | D takes each loop, global loop,

and star component of the initial RWG current vector ar@nd the associated decomposition operator
scales them by the appropriate factor. (iii) The scalingdiac o ]?EHL LB

for loops and global loops is the same. As a side note: the Vk (30)
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so that the decomposed BC-discretized EFIO reads M andM are well-defined and non-singular. Let's study the

= = Ce = = _ = = static limit of (27), i.e. let's prove that the operator
]MTZ]M:(IPEHZSIPEH—IPAZ;LIPA) ( ): o P S P
(PZ,PM - P¥Z,P) (34)

+ (]?EHZ]?A + ]?AZITDEH) ik (31)

SN does not have a null-space. Sileé” P> = 0 it is sufficient
- (P Z,P )k to prove thatP*Z ,P* is non-singular on the range of
_ (Il:DEHzSH:)EH B Z) +O(k) [K, ITI} and thatP>Z, P is non singular on the range &f.
Since on these spaces b@h andZ,, in statics are symmetric
Sositive definite matrices [34], then we get tiatin the range
of [K,Ifl}

which is also immune from low frequency breakdown. Th
practical computation of£73)* and (ATA)* will be de-
tailed in Section V.Moreover, note that i’ has more than
one connected components, i.e. whercomprises multiple . _ _ N
scatterers, the treatment in this section goes throughanity v Z;PTv=0=P"v=0 B
minor modifications. Specifically, the dimension of the null = v isin the range o = v =0 (35)
space of2”X will equal the number of scatterers, while the . _
dimension of the null-space &7 A will equal the number of dually, Vq in the range o
closed scatterers. Definitions (24)-(31) remain intact. _TEYS BT =x_ =

The reader notices that and X are the edge-vertex and 4 P*2,P"q=0=P"v=0 o
edge-cell incidence matrices of the mesh, respectively. In = q is in the range of[A,H} =q=0 (36)

graph theoretical terms they stand for the topological igrad ) )
on the standard and dual meshes. The matrgds and from this we deduce that (27) does not have a static null-

AT similarly represent the topological divergences on theSBace. The same statement is proved for (31) by using the
meshes. Not surprisinglyA”A and £7S are the graph Same approach. Finally we deduce that the newly proposed

Laplacians of the standard and dual meshes, and the pnajecffation (33) has no static null-space since it is the produc

PA — A(KTK)-{-KT andP® = E(§T§)+§T are the graph- of three non-singular matrices.

theoretical counterparts of the smoothing proje&tony; v, L€ts now study the conditioning behavior of (33) as a
in the irrotational space [33]. function of frequency and discretization. Since both (279 a

The EFIO, after solving the low frequency breakdown with31) aré immune from the low frequency breakdown, so will
(33), sinceG ! is a frequency independemnatrix.

a Loop-Star decomposition, has a condition number thdt s{ﬂe mix @ 1= ]
grows as an inverse power bf this is the dense discretization'0 Show that the equation is also immune from the dense
breakdown problem (refer to [10], [4] for further detans)gls_cretlzatlon br(_aak_down. We will prove this in th(_a static
For the standard EFIO both the low frequency and the derl&8it: After substituting (27) and (31) in (33) and using the
discretization breakdown are solved by Calderon precondflationshipZ, G, Z, = 0, the operator of the new equation
tioning: the EFIO discretized matrig is replaced by the ©@" be written as
Calderon preconditioned matri®G., ;. Z and the Calderon (=
preconditioned EFIE

ZG ! Z1=7G_ ' V B2 = (I_PEHZSI_PZH) G, 7, —7,G,}, (PAHZSI—)AH)
is solved instead of solving the EFIE system in (6). The matri + (ﬁszsﬂ:’EH) Gh (PAHZP:’AH) +O(k) (37)
ZG,}.Z is provably immune from both low frequency and = = .= _
dense discretization breakdown, however it has a nullespa¢here the propertyZ,G,,;,Z, = 0 has been :uged:(Asge, for
in statics [23] and it can suffer from current cancelation &ample, [32] and [35])At the same time, SincB™+ P =
very low frequencies. The new equation proposed in this wolk  + P> = I and since, from the properties of the mixed
is obtained by replacing the RWG- and BC-discretized EFIGram matrix we havéG, | Z), = (IPAG;LL;PZ) Z,=0
operators_Z and Z with the respgctlve decomposed ones 'Qndiné;%mf’z — 7 (I:PA(:;r_n%zf)E) — 0, then the standard
(27) and in (31). Our new equation reads _ L _
o o _ Calderon EFIE operatdf.G,} Z can be written as
MZM) Y = (MTZM) GLL MV o o o ol e
( " gy PG =TGP, + BPG L+ O(F)
=\ (38)

with I = (M) Y. In (37), the third term can be neglected since it is a dis-
cretization of the compact operat@g. Given this it is clear
IV. PROPERTIES OF THENEW EQUATION that (37) maps the range dPH into the range of PA
Let’s first prove that the operator of the new equation has thed the range ofP* into the range ofP>" and these
same null-space of the EFIO and thus, in particular, it das rsets are mutually orthogonal. When these sets are used to
have the global loops spanned static null-space of the @aldedecompose both (37) and (38) the two equations will have the
EFIE. It is sufficient to prove the statement in statics, iotfasame diagonal blocks and the former will be block diagonal.
G ! is non-singular and, away from statics, also the matric@us the singular values of the new equation (33) will be

mix

mix

(317251 &)
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(asymptotically) bounded by the maximum and minimuroolumn of Table Il always contains the union of the rightios
singular values of the standard calderon equation. Thus tedumns of Tables | and Il so that the new equation always
operator in (33) will have the same conditioning behavior ascover correctly both physical currents and far-fieldsislt

the standard Calderon EFIO. The reader should notice thairth noticing the role played by the imaginary constant in
although the termf PHZ, IPEH) G, (PAHZ PAH) does the definition of the matrixM in (26) that ensures that all

not influence thé:-dependent condmomng of (37), itis insteadhe necessary components are always recovered by the new
important for determining its null-space. In fact, it cowdé equation either in the real or in the imaginary part¥of

shown that the presence of this operator (which is absent in

the static Calderon EFIO) is responsible for the absentieof ﬁ&fge\/vave (1({15’]5;) (FEZ;’ ZS) Current ;fad'”g term
static null-space of (33) (this absence has been prove@earl |y \oitage Gap (K2, 1) (k% k) I
in this section by using another approach). Cap. \oltage Gap  (k*, k) (k%K) Is,Ins
To complete the analysis of the properties of (33) we will TABLE |
study the frequency behavior of the solution for differemues SCALINGS OF THEPHYSICAL CURRENTI

of excitation in order to show that the solution of (33) does
not suffer from very low frequency cancelations. If we assum
that, as a function of, the solenoidal part of the physical ,
currentl scales asgR,, I,) (real part and imaginary part) and—>24rce (kls, kRs) (Fins,Ins) Current Leading term

2 2

if we assume that the non-solenoidal part scalegas, I.s), f:j”io‘{f;‘g: Gap Elf k{fj EZ 47’2 Rsl,fns
then the scattered far-field due to the solenoidal part wéles  cap. Voltage Gap (kﬁ,k ) (k4:k Ins
as(RE,IF) = (kI,, kRs) while the scattered field due to the TABLE Il
non-solenoidal part will scale E(SR,I;, IE) = (Rus, Is) [24]. SCALINGS OF THEFAR FIELD
Then from the relationshifY = M~'I and the definition of
M it follows that the solenoidal part of the solutioi of

i Y 7Y
(33) will scale as(RY, 1Y) = (\/_RS, VEI, ) while the non ——— (\/ERS,«/EIS) (I\/— %) v —

H Y Y
soIen_cndaI part will scale agRY,,I),) = (ﬁl,.bs, _WR_”S)' “Plane Wave (\/Ek\/%) (\/Ek\/E) Rl Rl
We will c0n5|der_ thg cases of plane wave excitation, inanecti Ind. Voltage Gap (k2f i) é\/E ksﬂg Ll
voltage gap excitation (the geometry is such that at least on : .
global loop runs through the excitation port) and capagitiy ©2°- Voltage Gap <k4\/Ek\/E> VE kVE Ls Ins
voltage gap excitation (the geometry is such that no global TABLE Il -
loop runs through the excitation port). For these sources we SCALINGS OF THESOLUTION Y OF (33)

will use the scalings obtained in [26]. The current scalings

as a function oft are summarized in Table I. The rightmost

column of the table identifies the current components thatine

to be recovered precisely in order to obtain a correct résult V. IMPLEMENTATION RELATED TOPICS

the current (and, where applicable, for the input impedance This section provides further information to stably and
The far-field scalings as a function &f are summarized in rapid|y imp|ement the new|y proposed equation Startingn‘fro
Table I1l. The rightmost column of the table identifies thg standard EFIE code. The implementation presented here
current components that need to be recovered preciselyaifows for a stable use of the new equation (33) from high
order to obtain a correct result for the far-field. The s@#in frequency till arbitrary low frequencies. It is not exclubigat

of the components of the solutioyi of (33) as a function of the implementation could be simplified if a shorter frequenc

k are summarized in Table Ill. The rightmost column of thﬁange of operation is sufficient. For the sake of brevity,
table identifies the current components that can be recdvergwever, we will not distinguish between different freqagn
from Y since do not undergo numerical cancelation, i.e. th@nges and we will present the most conservative choices
components corresponding to the lowest powek of the real that will allow the implementation to operate in the entire
and in the imaginary part oY. frequency spectrum.

For example, when the excitation is a plane wave, bothin order to limit the length of the treatment, we will rely
Rs and I,,; are necessary to correctly recover the far fieldn some of the definitions used in [10] for implementing the
Given that, as it is clear from Table I, only; is recovered at standard Calderon EFIE. More in detail, in the following we
low frequencies byany method that does not decompose th@ill use the matriceZ’, R, P, and G whose explicit (and
current, i.e. any method that has the (solenoidal/normsi@l  simple) definition can be found in [10]. Moreover we will
undecomposed) physical current as a solution. This is thefer to the matrice&’, ande that are the vector and scalar

very low frequency cancelation phenomenon that has beﬁ&enUal contributions oZ?, W|th 7Zb — Zb Jrzb In addition,

recognized and analyzed in [24]. From Table lll, howeve\gve define the edge matrii as theN x N d|agonal matrix
it is clear that the new equation recovers all the necess

s to obtai i i d %rgthatE i = l; wherel; is the length of the edge associated
components .o obtain a correct curren (rgcqverﬁg} and \\ith the RWGi. With these definitions we have
a correct far field (recovery aR, and,,,). Similarly, for the - - -

other two classes of sources, it is evident that the rightmos kZ, =

= TZZA = = =

kZ, = E'RTZY,RE" (39)

ae]]
ae]]
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7y = kPTZLP  Z,— KB 'R'ZLRET  (40)
(41)

)
Ay = (M (kZ,) M) G, (M (kZo) M) (42)

Ao = (PN (2) V) Gk (M (k2) M) (@3)
= = = = = = Fig. 2. Geometries used in testing the new equation: sphguare inductor,
= (_IPA (Zh) IPA) Grn}ia: ((‘/EZS) M) and parallel plate capacitor.
A N/ 7 ) —1 5y (7 5%
As = (]M (st) ]M) Gz (—P (Zh) P ) (44) " with geometric junctions, the same strategies that can &é us
— (v (VEZ G- (_p=(z, \p= with standard Calderbn t.echnlques [37]_ can be used .h.ere.
( (\/_ s ) m”( ( h) ) We conclude the section by eprIralnlng how to+eff|C|entIy
N compute the pseudoinvers¢A”A) and (£7%) . The
Vv, = (]M (kZS) ]M) G, —=PMvV (45) first step is to deflect the matrices in order to transform the
D f - pseudoinverse into a standard inverse. In fact it is easlda/ s
— (P2 (Z0) PY) Gl =PV that
vk A e N A T
TS+ —17(1%) =22+ 17 (1%)
- = =\ ) A1 SOy Ne Ne
Vo = (M (KZ,) M) G1 VEP™V (46) 51)
_ (i (17 A—1 By sre\ " l 227
= (M (kZ,)) Gt PV - (578) s Ly

After solving the system

(1:&1 + 1&2 + lia) Y=V+V, (47) 1
_ s (ara\T & S (ST Loy o7\ &
the solution vectol is recovered as z (ETE) =% (ETE Tt (1) ) T (52)
I
I,=— (P*MY 48) and dually
v (BY) ) y
_ L Ny e _
., = ivk (P2Y) (49) A(ATA) AT=A (ATA T (1A)T> AT (53)
I=1 +1, (50) .

‘note however that the latter is strictly necessary only when
The usual techniques used when dealing with very low fr&” A is singular (on closed structures for example). Since the
guency problems should be used over here. A particular C&igenvectors of the matrice(g:fox + NLiA (iA)T)_l and
should be devoted in evaluating (45). As pointed out in [36] _ _ I v
when V is generated by the plane wav&* 7, in order to (X7 + 3-1% (1) ) are those of a graph Laplacian,
avoid unstabilities, the vectdv in (45) should be replaced by standard multigrids provide optimal preconditioning aradhb
the vectorV.,; generated b eikkr _ 1Y) with the standard matrices can be inverted in linear time (further details on

techniques to avoid numerical cancelation. A similar cauti this can be found in [11]).Note moreover, that ifl" is

should be used when calculating the scattered far field. THi@de out of multiple scatterers, the generalization of the

field should be calculated frorl,, and I, separately and formulas above is straightforward. The graph Laplaciarukho

in the latter the kernel of the radiation integral should b@e deflected with a number of vectors equjl'TtQ the number of
¢kkr _ 1), These techniques are standard and we will ngl{sconnected compqnentsbﬁn the case ot 2_ and to the

provide further details that can be found, for example, ].[3 number of closed disconnected components'ah the case

s ) .
Similar cautions should be taken for the other two typolsgié)f A" A. Each of these vectors is unitary and constant on the

of excitation. When the excitation is a capacitive voltage.g corresponding connected component while it is zero on all th

V1 should be put to zero to avoid numerical cancelatioR"e"s:

Moreover, the projectioP*?Y in (48) should always be

done accurately. In particulaB*”Y should be replaced by VI. NUMERICAL RESULTS
an exact zero anytimgP*# Y|/ ||| is in the order of the  The new equation was tested for plane wave, inductive, and
machine precision. capacitive excitations of a sphere, a planar square ring, an

We note that when dealing with open structures, the app-two plate system, respectively (see Fig. 2). The first test
priate definition of P (which makes use of half barycentricinvolves a sphere of unit radius that is excited by a planeawav
RWGSs) should be used [10]. Likewise, when treating striegurFigs. 3 and 4 show the condition number of the matrix on the
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. . L Fig. 6. Sphere, frequencyt0—4% Hz. Comparison of the Loop component
left hand side of (33) as a function of the excitation freqren of the induced current calculated with (33) and with a LodarEFIE.

and the discretization density, respectiveljhe proposed

equation clearly is immune from low frequency and dense

discretization breakdown. The behavior of the equatiolsig a cancelation. This is also confirmed by Fig. 7 and Fig. 8 which
compared with that of Loop-Star-decomposed and Augmentgabw the far field calculated using (33) for frequenciesidf
EFIEs ([12], equation (9)). In Fig. 3, for the Augmented EFIEand 10~*°Hz, respectively. The solution of (33) is in good
the three smallest frequencieg £ 1Hz,f = 1072°Hz, and agreement with the solution of the standard Calderon EBIE a
f = 107%°Hz) produce convergent, but incorrect solutionsvell as with the Mie series result. It is clear that although a
This is because, as explained in [26], at very low frequencistandard Calderén equation can provide a stable soluiion t
the Augmented EFIE should be coupled with a perturbatidow frequenciesiHz), the new equation (33) is immune from
method. The star component of the current for a frequendye very low frequency current cancelation and providdslista
of 1074°Hz computed using (33) is shown in Fig. 5; thesolutions even when the frequency is arbitrarily low.

loop component is shown in Fig. 6. Each time, the current To study the behavior of the new equation (33) when
obtained by solving (33) is compared to that obtained kpplied to inductive structures with voltage gap excitagio
solving a standard Loop-Star EFIE, a formulation that isonsider the square ring with side lendtth and width0.25m
known to provide the correct current in both the solenoidahown in Fig. 2); the voltage gap is located in the center of
and the non-solenoidal components, although it is diffitult one of the ring’s sides. Fig. 9 shows the absolute value of
solve as it suffers from dense discretization breakdown igs i the input inductance as a function of frequency. The values
clear from Fig. 4. From these two figures it is clear that thebtained by solving (33) are in very good agreement withéhos
new equation is immune from the very low frequency curreobtained using the standard Loop-Star EFIE. The computed
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value of the static inductance is ndar97,H, the approximate
mdu,ctancg value predicted using clflossmal expressmhe. T Frequency: 107 Hz
ring’s far fields for a frequency of0~*"Hz computed using 10° R
(33) and the Loop-Star EFIE, are shown in Fig. 10 and ®,
match very well. Clearly, when the new equation is applied to
inductive structures with voltage gap excitations, thefiields 10° | i
do not suffer from very low frequency cancelations. Fig. 11
compares the singular values of the system matrix producecz
by the standard Calderdn approach and (33) for a frequeincy OE 10° | |
10~4°Hz. A static null-space of dimension one is expected for 3
the Calderon EFIO, since the open structure has one hole. Ar.(%
almost zero singular value is evident in Fig. 11. In confrast 10720 |
and as predicted by our theory, the new equation however doe o
not have a static null-space. O Standard Calderon
To study the behavior of the new equation (33) when applied | 15|l * This Work ‘ ‘
to capacitive structures with voltage gap excitations,sober 0 10 30 40

the parallel plate capacitor composed of plates with sidgtte

1m that are separated bicm shown in Fig. 2); a voltage _.
gap is located in a narrow strip that connects the two plates
Fig. 12 shows the absolute value of the input capacitance as

20
Spectral Index

Fig. 11. Square inductor: singular values of the standatde®an EFIO and
operator in (33).
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9.1% 107" ‘ cost of all calculations in the new formulation not required
——Loop-Star EFIE by the solvers it builds on scale linearly in the number of
ol & This Work | unknowns; hence the new formulation can be applied in tan-
dem with fast methods without degradation in computational
g 8.9 1 complexity. Numerical results demonstrated the beneficial
S properties of the new technique. It should be noted that
‘§ 8.8r 1 standard and Calderon EFIOs are not uniquely invertiblenwhe
g defined on closed objects when the frequency corresponds to
087 | an internal resonance. This problem is traditionally sdlve
ég ol | by using combined field operators. It appears that a similar
' approach can be applied to the new EFIO presented in this
8.5 A o | work and this is the subject of current research.
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