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Figure 4 Comparison of the characteristics of the aperture-coupled
microstrip antenna: (a) return loss; (b) H-plane; (c) E-plane

ment in the radiation patterns of the aperture-coupled microstrip
antenna under test was achieved by employing the GA/FSS ground
plane.
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ABSTRACT: Starting with the general expression for the m-dimen-
sional scalar Green’s function or its singular part, we transform the
2n-dimensional moment integral into an n-dimensional integral in the
Fourier domain. This allows us to perform a powerful singularity ex-
traction and to replace the singular Green’s kernel by a nonsingular
truncated kernel, for which the moment integrals can be evaluated by
means of numerical-quadrature methods. Additionally, when utilizing a
Galerkin pulse basis, a double Gauss theorem permits us to replace the
2n-dimensional moment integral with a 2(n — 1)-dimensional boundary
integral, again offering dimensionality and computational gain. © 2005
Wiley Periodicals, Inc. Microwave Opt Technol Lett 47: 22-26, 2005;
Published online in Wiley InterScience (www.interscience.wiley.com).
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1. INTRODUCTION

The numerical evaluation of multiple integrals with singular ker-
nels arises quite naturally in the method of moments (MoM)
solution [1] of electromagnetic-scattering problems. One of the
most important of these integrals is the so-called seif-term element
or self-patch integral, which extracts the near-field interaction of
the excitations and sources in the same cell or patch. Most of the
methods currently in use perform preliminary calculations to ob-
tain analytic or quasi-analytic expressions for some Green’s func-
tion-based potentials [2-5], most often by invoking a judicious
Gauss theorem [6], while afterwards employing numerical-quadra-
ture techniques to calculate the remaining scalar products [7, 8].

Here we follow another approach. Starting with the general
expression for the m-dimensional scalar Green’s function or its
singular part, we transform the 2n-dimensional moment integral
into an n-dimensional integral in the Fourier domain. This allows
us to perform a powerful singularity extraction and to replace the
singular Green's kernel by a nonsingular truncated kernel, for
which the moment integrals can be evaluated by means of numer-
ical quadrature methods [9].

As an additional technique, when utilizing a Galerkin pulse
basis, a double Gauss theorem permits us to replace the 2n-
dimensional moment integral with a 2(n — 1)-dimensional bound-
ary integral, again offering dimensionality and computational gain.
Applied to some pertinent examples, the methods prove highly
accurate.
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2. METHOD OF MOMENTS

Consider the m-dimensional Green’s function g,,(r; k) obtained
as the fundamental solution of the Helmholtz equation in R™ as
follows:

27
Vg, + kign = 8(x) k=20, (1

with outgoing spherical wave condition, assuming an e ™ har-
monic time dependence, with ¢ the vacuum speed of light. It is
well-known that

i kO (m—-2)/2
8n(rs ko) = 7 (ﬁ;) HQ) ko), 2

where r = ||x], the Euclidean norm of x, and H{))_,,,,(") is the
Hankel function of the first kind of order (m — 2)/2. Note that

i
&ir; ko) = Z—kOeW ko> 0 3

which is nonsingular, while g,(r; k) exhibits a logarithmic sin-
gularity

1
gar; ko) =~ — spnr r—0+ €]
and
(-1 +m/2)

gn(rs ko) = g r > 0+ m=3. ®)

In order to focus on the MoM, we consider the following canonical
problem. In the presence of a wavenumber discontinuity with
simply connected compact support 5 C R", with k, outside = and
k, inside E, one needs to solve the Lippmann-Schwinger integral
equation:

D(x) = Bo(x) + (K — k1) f &l
=

= x| k)®(x') du(x') xEE (6)

Here, ®y(x) is the incoming wave and u(x) is the Lebesgue
measure in R". A typical moment-method [1] procedure with basis
functions {b,(x)} and test functions {z,(x)} is to write the un-
known ®(x) as Z5_; ¢;b,(x) and then test the resulting equations

with £,(X), ..., tx(X), leading to the matrix equation
Dc = u + (k) — k3)Ec, @)
where, for [, k =1,..., N,
D, = J 1(x)by(x) dp(x), ®)
u = j H(x)Dy(x) du(x), )]

E,= J' f 1(x) galllx — x'[}; ko)bi(x") dpa(x) dpu(x).  (10)

When the supports of #,(x) and b,(x) do not overlap, the double
integral in the right-hand side of Eq. (10) can be evaluated using
standard numerical quadrature procedures [9]. On the other hand,
when the supports of #,(x) and b, (x) do overlap, the singularity of
the Green’s function comes into play, and we need to evaluate the
double integral differently.

3. SELF-PATCH CALCULATIONS

For the sake of generality, we will take on singular kernels K(r) =
8m(t; ko), with m = 2, or their singular parts as defined in Eqs.
(4) and (5). In general, we need to evaluate integrals of the kind

$(t, b) = f f 1(x) K(x — x'[)b(x’) dp(x) dp(x’),  (11)

when sup,|#(x)b(x)| > 0. Taking p > 0, we can write $(z, b) as
$(t, b) = 9,(t, b) + $,.(1, b), (12)

where

S oult, b) = f j 1x) K(lx — x'[Db(x’) dpu(x) dn(x")  (13)
Ix—x'[|>

'|>p

and
$ (¢, b) = j j 1) K(Ix — x'Db(x') dps(x) dus(x’).  (14)
Ix—x"|=p

The contribution $,,,(t, b) can be calculated using standard
numerical quadrature procedures [9], but see also subsection 3.1.
The term $ (¢, b) represents the self-patch contribution. It can be
written as

9t b) = f K(p) d f J 1(x)Y(p — |l
0

- x')b(x’) du(x) du(x’), (15)

where Y(r) is the Heaviside unit step. We therefore need to
evaluate

Ap, 1, b) = j f t(x)Y(p — [x — x'[Db(x") du(x) dun(x’). (16)

Introducing the Fourier transforms,

k) = f e~ *%(x) du(x), an

and similarly for 5(k), we can write
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9-([7, t b) = (2,”_)—271 fffj eik-x+ik’-x’Y(p _ le

= x'Dr(k)b(k’) dun(x) du(x') du(k) du(k’).  (18)

Putting X" = x + v and integrating with respect to x and k' yields

2p, t, b)) = 2m)™ J f e”*"Y(p — [M)HK)B(—k) dpu(v)dp(k)
(19

Now the multiple integral with respect to v in Eq. (19) is known
{10, p. 587], that is, we have

f e Y (p = |Ivl)) du(v) = f

Ivi=p

e—ik~v d}L(V)

2 nl2
= (ﬁ) TPk, 20)

where J,,,(+) is the Bessel function of order n/2. In other words,
we obtain

2p, 1, b) = f (m) Tua(pIKDARB(-1) du®), 1)

and of course we keep in mind that
p
$,(t,b)=| K(p)d2p,t,b). 22)
0

For p — 0+ we have, by Parseval’s identity and the series
development of J,,,,(2) in the vicinity of z = O:

p, 1, b) — V,(p) f 1(x)b(x) du(x), (23)
where V,(p) is the volume of the n-dimensional Euclidean ball,
that is,

/2,

L
V.(p) = J du(x) = W"%ﬁ (24
[l di=p

Hence the self-patch contribution is approximately
P
$,(t, b) = | 1(x)b(x)du(x) | K(p)dV,(p) p — 0+. (25)
0

Note that, for expression (25) to exist, we need

lim K(p)p" = (26)

p—0+

and also |f #(x)b(x) du(x)| < . Since we tacitly assumed #(x),
b(x) in L,(R™)—otherwise, the Fourier transform (17) would not
exist for sure—by Holder’s inequality it is sufficient that one of
t(x), b(x) is in L (R™).

3.1. Truncated Kernels
Putting (#|b) = [ t(x)b(x) du(x), and for p small enough, we
have the approximate formula

$(1, b) = $,,(1, b) + (1]b) JP K(p) dV.(p). 27

0

Now $,,.(t, b) can be written as

$oult, b) = f J t(x)K)([x — x'|Db(x") du(x) ds(x’), (28)

where

Ko(0) = {ff ® e 29)

which is a discontinuous kernel. Since numerical-quadrature meth-
ods often rely on the continuity of the integrand, one may expect
that the evaluation of $,,,(¢, b) by means of standard numerical
procedures may not be as straightforward as it looks. A better
kernel is the truncated kernel

K (1) = K(max(t, p)), (30)

which is continuous. Defining

$out, b) = f j 1(x) Ky ([x — x'Pb(x') dp(x) du(x), (31

it is readily seen that

$oult, b) = $1,(1, b) — K(p)2p, 1, b) = $,,(1, b)
= (1K (p)V.(p), (32)

and hence a more suitable approximation is
$(t, b) = 9,,(t, b) + (t|bYZ(p), (33)

where Z(p) is given by
p

Z(p) = j K(p) dv.(p) — K(p)V.(p). 34)
0

We now calculate Z(p) in some important cases. Firstly, take m =
2 and take K(p) as in Eq. (4), the singular part of g,(p; ko). It is
easily shown that

—i+n/2 n

_ P
Zp) = 2n(1 + n/2)° (35
Secondly, take m = 3 and take K( p) as in Eq. (5), the singular part
of g,.(p; ky). We have

r'(-1 +m/2)[ 1 1]

— n-m)/2 n—m+2 Z
Z(p) = 7" 2T (n/2)

n—-m+2 n

m<n+2 (@(36)
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Note that Z(p) is a monomial in both cases, and that (35) can be
obtained from (36) by means of the limit procedure m — 2.

4. A GALERKIN PULSE BASIS GAUSS THEOREM

Consider the Galerkin pulse basis case #(x) = b(x) = 1 with
compact support {3 C R" with piecewise smooth boundary (2.
The self-patch integral is

$(Q) = J J K(|x — x'l) dpu(x) du(x’) €
ava

and {(t|b) = w(}). The 2n-dimensional integral (37) can be
reduced to a 2(n — 1)-dimensional integral by means of the
following Gauss theorem procedure, borrowed from [6]. Suppose
we have two kernels K(||lx — x’[[) and K(x — x’[}) such that

V- {(x — x)K(x — x'|)} = K(lx — x'|), (38)
VR(Ix — x'[) = x — x)K(x — x'|]. (39

Then
$(Q) = - j j n,- 0 K(x — x'[) dv(x) du(x’),  (40)
an Jan

where n, and »(x) are the outward unit normal and Lebesgue
measure on 9{), respectively. This follows from applying the
Gauss theorem for divergences with respect to x and afterwards the
Gauss theorem for gradients with respect to X’ to the integrand of
(37). The kernels K(r) and R(z) are given by [6]:

1
K@) = f K(@w)u* du, 41)
[

R@) = f ' K@)u du. (42)

Note that (41) is a definite integral, while (42) is an indefinite
integral—one can always add a constant to it. It is easily seen that
K(¢) satisfies the differential equation

dR n-14dR
T At K(r). (43)

When K(z) = %, B + n > 0, we obtain

£B+2 s
—_ # =2
+2)(B +
ko ={BFDEFN , (44)
n—2 B=-2
and when K(t) = In ¢, we obtain
t2
R = Zzl-n—2+2nln f. (45)

Note that K(r) is not singular when 8 > —2. As a last result we
calculate Ia(t), given K(#). It is obvious that we can take
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Figure 1 The approximations ¥ ,,,(p) and $,,({2) as compared to the
exact value 3/8m

K(p)?
2n

If}:(t) = t<p. (46)

Also, from the differential equation (43), it is seen that
Kt)=A+BE"+R(H t=p, (47)

where A, B are coefficients to be determined in order that IE}:(t) and
its first derivative are continuous at ¢ = p. Note that for n = 2, the
term £2~" in (47) has to be replaced by In ¢. From (46) it follows
that, since

|K(p)|p”
2n

\K0)| < t=p, 48)

when lim,_,, K(¢)* = 0, we do not need even to bother about
the truncated K,‘,(t) procedure; K(#) and R(?) alone suffice to

calculate the self-patch integral by means of the Gauss theorem
procedure.

5. NUMERICAL SIMULATIONS

As a first numerical experiment, we consider m = 2, n = 1 with
logarithmic kernel, #(x) = x and b(x") = 1 over the unit interval
Q) = [0, 1]. The exact value is

1 (' (! 3
§(Q)=—-2—7;JJxln|x—x'|dxdx'=-§r. (49)
0

0

Since {¢|b) = 1/2, for p small enough, we have the approximation
[see (35) with n = 1]:

() = F0plp) = Sl + 5. 50)

In Figure 1, the approximations $,,,(p) and $,,(€) are
compared with the exact value $(Q2) for 0 < p = 0.02. The
numerical calculations were done by means of the adaptive MAT-
LAB® routine db1quad. It is seen that the self-patch term p/2 is
really necessary in order to achieve sufficient accuracy.
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As a second numerical example, we consider n = 2, m = 3
with Coulomb kernel and Galerkin pulse basis over the unit square
Q1 = [0, 17%. The exact value is

1ffd;.t(x)du.(x’)_l—\fi+3ln(l+\/i)

) = x| I

(1)

By the formulas in (44), we have R(#) = t/47, and hence by result
(40), we have

Q) = - %r j 0, nfx — x'|| dv(x) du(x’).  (52)
a0 Y0

This can be written as

9(0)=%f f [V +(x—x)—|x—x']dxdx'. (53)
0 0

Evaluating (53) numerically with dblquad, we have obtained
$(Q) = 0236600507 ...as compared to the exact $({}) =
0.236600502.. . ..

As a third numerical simulation, we consider n = m = 2 with
a logarithmic kernel and Galerkin pulse basis over the unit square
Q = [0, 1] The exact value is

1
Q) = - j f In(lx — x'[}) du(x) dpu(x’)
[V R

1
=— m[hr— 25+4In2]. (59
By formula (45), we have
t2
R = g, 1~ 1nd, (55)

and hence by result (40), we can calculate the integral on a
straightforward basis. We have, with £(¢) = *(1 — In 1),

1 1 1
$(Q) = oy fo J; [E(J1 + (x—x)) — €(]x — x'])] dxdx’.
(56)

Evaluating (56) numerically with dblquad, we have obtained
$(Q) = 0.12813349...as compared to the exact $() =
0.12813353....

REFERENCES

1. R.F. Harrington, Field computation by moment methods, Macmillan,
New York, 1968.

2. SM. Rao, D.R. Wilton, and A.W. Glisson, Electromagnetic scattering
by surfaces of arbitrary shape, IEEE Trans Antennas Propagat AP-30
(1982), 409-418.

3. D. Schaubert, D.R. Wilton, and A.W. Glisson, A tetrahedral modeling
method for electromagnetic scattering by arbitrary shaped inhomoge-
neous dielectric bodies, IEEE Trans Antennas Propagat AP-32 (1984),
77-85. '

4. D.R. Wilton, SM. Rao, A.W. Glisson, D.H. Schaubert, O.M. Al-
Bundak, and C.M. Butler, Potential integrals for uniform and linear
source distributions on polygonal and polyhedral domains, IEEE Trans
Antennas Propagat AP-32 (1984), 276-281.

5. R.D. Graglia, On the numerical integration of the linear shape func-
tions times the 3D Green’s function or its gradient on a plane triangle,
IEEE Trans Antennas Propagat 41 (1993), 1448-1455.

6. L. Knockaert, A general Gauss theorem for evaluating singular inte-
grals over polyhedral domains, Electromagn 11 (1991), 269-280.

7. P. Arcioni, M. Bressan, and L. Perregrini, On the evaluation of the
double surface integrals arising in the application of the boundary
integral method to 3D problems, IEEE Trans Microwave Theory Tech
45 (1997), 436-439.

8. L. Rossi and P.J. Cullen, On the fully numerical evaluation of the
linear-shape function times the 3D Green’s function on a plane trian-
gle, IEEE Trans Microwave Theory Tech 47 (1999), 398-402.

9. A.H. Stroud, Approximate calculation of multiple integrals, Prentice-
Hall, Englewood Cliffs, NJ, 1971.

10. A.P. Prudnikov, Y.A. Brychkov, and O.I. Marichev, Integrals and
series 1: Elementary functions, OPA, Amsterdam, 1986.

© 2005 Wiley Periodicals, Inc.

CHARACTERIZATION AND
APPLICATIONS OF A COMPACT CPW
DEFECTED GROUND STRUCTURE

Bindu M. Karyamapudi and J.-S. Hong

Department of Electrical, Electronic & Computer Engineering
Heriot-Watt University

Edinburgh, EH14 4AS UK

Received 4 April 2005

ABSTRACT: A compact coplanar waveguide (CPW) defected ground
structure is investigated. Its frequency characteristics are modeled by
Sull-wave EM simulations. Some applications are investigated, including
two electronic bandgap (EBG) devices which are constructed based on
a periodical structure of the proposed defected ground without and with
loading of lumped-element capacitors. Also, a varactor-tuned defected
ground structure of this type has been demonstrated. The theoretical,
simulated, and experimental results are presented. © 2005 Wiley Peri-
odicals, Inc. Microwave Opt Technol Lett 47: 2631, 2005; Published
online in Wiley InterScience (www.interscience.wiley.com). DOI 10.1002/
mop.21071

Key words: coplanar waveguide (CPW); electronic bandgap (EBG)
structures; resonant elements; bandstop filter

1. INTRODUCTION

The rapid growth in the field of wireless communications or
RF/microwave communications demands new microwave fre-
quency-selective devices or filters to meet the requirements of
small size, light weight, low cost, and tunability. To this end, there
is an increasing interest in developing microwave components
using coplanar waveguide structures. The main advantages of
CPW technology are: (i) a required single metal level, which eases
the shunt connections to ground and allows further flexibility (as
compared to microstrip technology) for the design of EBG-CPW
structures; (ii) integration with active devices. Since coplanar
waveguides are also capable for technologies such as microwave
monolithic integrated circuits (MMIC), micro-electro-mechanical
systems (MEMS), it would be desirable to develop CPW filters
[1-6].
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