Faculteit Wetenschappen
Departement Wiskunde

Clifford Analysis
on the

Hyperbolic Unit Ball

David Eelbode

promotor: Prof. Dr. Franciscus Sommen

Proefschrift voorgelegd aan de Faculteit Wetenschappen van de Universiteit Gent
tot het behalen van de graad van doctor in de Wiskunde.

Academiejaar 2004-2005



Faculteit Wetenschappen
Departement Wiskunde

Clifford Analysis
on the

Hyperbolic Unit Ball

David Eelbode

promotor: Prof. Dr. Franciscus Sommen

Proefschrift voorgelegd aan de Faculteit Wetenschappen van de Universiteit Gent
tot het behalen van de graad van doctor in de Wiskunde.

Academiejaar 2004-2005



1 have no particular talent.
I am only inquisitive.
(A. Einstein)
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Introduction

In this thesis we consider a projective model for the hyperbolic unit ball,
realized as the manifold of rays inside the future cone in the real orthogonal
space RV ie. the flat Minkowksi space-time. Using Clifford algebras it
is possible to define a Clifford algebra structure on this manifold, and this
structure enables us to define the Dirac operator on the hyperbolic unit ball
as the Dirac operator on flat Minkowski space-time acting on the sections
of a homogeneous Clifford line bundle, which is an associated principal fibre
bundle. This thesis then deals with a function theory for Clifford algebra
valued nullsolutions for the Dirac operator on the hyperbolic unit ball, the
so-called hyperbolic monogenics.

William Kingdon Clifford (1845-1879) introduced the algebras which were
named after him in 1878 as a generalization of both Grassman’s exterior
algebra and Hamilton’s algebra of quaternions. His objective was to incor-
porate inside one single structure as well the geometrical as the algebraic
properties of the Euclidean space, so he called these structures geometrical
algebras. These Clifford algebras were often rediscovered later, in particular
by physicists. For instance when P.A.M Dirac in 1928 - in his famous article
[24] on the electron - introduced the y-matrices to linearize the Klein-Gordon
equation, he actually constructed the generators for the Clifford algebra R, ;.

When constructing the universal Clifford algebra over R, the algebra of com-
plex numbers is obtained. The Cauchy-Riemann operator, which lies at the
very heart of the theory of complex holomorphic functions, factorizes the
Laplace operator in two dimensions. Therefore, holomorphic functions in
the complex plane may be considered as functions in the kernel of a first
order rotationally invariant differential operator factorizing the Laplacian.

It is in this sense that Clifford analysis must be understood as a natural
generalization to higher dimension of the theory of holomorphic functions in
the complex plane, the Dirac operator being the higher dimensional analogue



of the Cauchy-Riemann operator. The generalized holomorphic functions,
known as monogenic functions, are thus to be interpreted as nullsolutions
for the first order rotationally invariant differential operator factorizing the
Laplacian in m dimensions. In the 1930’s, the first attempts to develop a
function theory for this operator were made by R. Fueter, G. Moisil and N.
Théodorescu. A profound study of the monogenic function theory can be
found in the book of F. Brackx, R. Delanghe and F. Sommen, see [8].

Whereas most of the classical literature on Clifford analysis deals with the
Dirac operator on the flat Euclidean space R™, a very natural generalization
consists in studying the Dirac operator on general manifolds. Much research
has been done in this direction by theoretical physicists and people study-
ing differential geometry, consider for example the so-called Atiyah-Singer
Dirac operator on manifolds. However, the language used in this approach
differs substantially from the approach followed in e.g. [10], [18] and [40]. In
these latter references the Dirac operator on manifolds is studied within the
framework of Clifford analysis, by embedding the manifold into an orthogonal
space and using the properties of the Dirac operator on the embedding space.

For the specific case of the Dirac operator on a Riemannian space of constant
positive curvature we refer to the work of J. Ryan and P. Van Lancker, see
for instance [58], [59], [75] and [76]. These references are concerned with the
Dirac operator on the sphere S™~! in R™. The aim of this thesis is to study
the Dirac operator on a Riemannian space of constant negative curvature,
i.e. the Dirac operator on the hyperbolic unit ball. As both the sphere and
the hyperbolic unit ball are real submanifolds of the complex sphere in C™,
one might argue that the function theory on the sphere extends to a function
theory on the hyperbolic unit ball by analytic continuation. However, this is
far from trivial because in order to obtain a fundamental solution one needs
the analytic continuation of distributional solutions for the Dirac equation
on the sphere and this requires the use of residues for holomorphic functions
in several complex variables. This can all be avoided by using the theory of
distributions, and the easiest way to do so is to use the projective picture.
Moreover, by fully exploiting the projective nature of our model for these
Riemannian spaces of constant curvature, originated by Gel'fand (see [37]),
one is easily lead to results that cannot be obtained by analytic continuation.
Indeed, in the thesis we consider the limit of the hyperbolic Dirac equation
as the singularities approach infinity, i.e. the nullcone, which is of course not
possible in the Euclidean space.

Research on a monogenic function theory in Poincaré space, a conformal
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model for the hyperbolic unit ball, has been started by H. Leutwiler and his
students (see e.g. [34] and [49]) and is based on the study of harmonic func-
tions on conformally flat domains. In this context we also mention the work
of P. Cerejeiras and J. Cnops, see for instance [11], concerning the Hodge-
Dirac operator for hyperbolic spaces. However, as was noted in reference
[12] these attempts generalize the Dirac operator for Spin(1)-fields whereas
in this thesis we work with the true hyperbolic generalization of the Dirac
operator on Spin(3)-fields.

In Chapter 0 we have collected all prerequisites : basic facts concerning
Clifford algebras and Clifford analysis on the flat Euclidean space, a short
introduction to the theory of special functions, definitions for and elementary
properties of Riesz distributions and the Radon transform, etc.

Chapter 1 deals with hyperbolic geometry. First we give a historical overview
of the developments in geometry that have ultimately lead to the discovery
of non-Euclidean geometry, in particular the hyperbolic plane, and then we
give several models for the hyperbolic unit ball (i.e. the higher dimensional
analogue of the hyperbolic plane). These include the classical Klein and
Poincaré model, the hemisphere model relating these two, the hyperbola H
in the future cone containing all space-time vectors of unit hyperbolic norm
and most essential for what follows : the projective model, realizing the hy-
perbolic unit ball as a manifold of rays in the flat m-dimensional Minkowksi
space-time RV™.

Chapter 2 deals with the so-called hyperbolic Dirac equation and its fun-
damental solution. We first introduce the homogeneous Clifford line bundle
Ry o (with a € C arbitrary) as an associated principal fibre bundle and
we then define the Dirac operator on the hyperbolic unit ball as the Dirac
operator on flat Minkowski space-time acting on sections of this bundle, the
projective nature of our model for the hyperbolic unit ball being essential
to this construction. Using the fact that the delta distribution in a point
of a general manifold can be defined as the delta distribution in the tangent
plane to the manifold at that point, we derive the equation for the hyperbolic
fundamental solution, labelled as the hyperbolic Dirac equation, and we give
several explicit constructions for this fundamental solution.

A first construction uses Frobenius’ method to obtain the projection of the
hyperbolic fundamental solution on the Klein and Poincaré model for the
hyperbolic unit ball as a modulated version of the classical Cauchy kernel.
A second construction reduces the hyperbolic Dirac equation to a problem
in two dimensions, and the solution to this problem leads to a fundamental



solution consisting of a singular part and a regular part. Although this latter
part is not unique, it arises very naturally as is shown at the end of the
Chapter. It also allows to rewrite the fundamental solution in terms of the
so-called hyperbolic polar co-ordinates, leading to Gegenbauer functions of
the second kind.

These Gegenbauer functions of the second kind are then reobtained by means
of a third construction, using Riesz distributions.

In the last construction we strongly rely upon properties of the fundamental
solution for the wave-operator on the flat Minkowski space-time to obtain a
recursive definition, in which the hyperbolic fundamental solution on Ry ;42
can be expressed in terms of the solution on Ry ,,.

In the third Chapter we generalize the idea behind the first construction
for the hyperbolic fundamental solution, leading to the so-called Modulation
Theorems, stating that homogeneous monogenic functions with respect to
the Dirac operator on the flat Euclidean space can be modulated to obtain
solutions for the hyperbolic Dirac equation. This is proved for both the Klein
and Poincaré model for the hyperbolic unit ball. In proving the equivalence
of both Theorems we then obtain a geometrical interpretation for certain
properties of the hypergeometric function.

Next, we consider two generalizations of the Modulation Theorems : we con-
struct solutions for natural powers of the hyperbolic Dirac operator and we
also construct solutions for the Dirac operator on ultrahyperbolic spaces of
arbitrary signature (p, q).

At the end of the third Chapter we consider a specific bi-axial problem for the
projection of the hyperbolic Dirac operator on the Klein model. Although
at first sight this problem does not seem to be related to the Modulation
Theorems, it leads to a new interpretation for the modulated solutions as
generalized hyperbolic power functions.

In Chapter 4 we define arbitrary complex powers of the hyperbolic Dirac
operator and using Riesz distributions we construct a fundamental solution
for these operators. This Chapter is inspired by reference [7].

Chapter 5 contains a function theory for the hyperbolic Dirac operator, both
on the hyperbola H, in the future cone in R and on the Klein model for
the hyperbolic unit ball. For that purpose, the Cauchy-Pompeju Theorem,
Stokes” Theorem and Cauchy’s Theorem are essential.

In order to establish the Taylor and Laurent series for hyperbolic monogenic
functions defined in an open (annular) domain of the hyperbolic unit ball,
an axial decomposition for the fundamental solution is given. To do so, we



use the Modulation Theorems of Chapter 3 and this leads to an alternative
interpretation for the Addition Theorem for Gegenbauer functions (see [25]).
At the end of the fifth Chapter we briefly discuss the notion of eigenfunctions
for the hyperbolic Dirac operator.

In Chapter 6 we introduce the photogenic Cauchy transform (PCT), de-
fined as an integral transform whose kernel is to be seen as the fundamental
solution for the hyperbolic Dirac equation with singularity at infinity. In
contrast to the flat Euclidean case, it makes sense to consider singularities at
infinity in the hyperbolic setting by considering a delta distribution on the
nullcone. As functions f € Ly(S™™ ') can be decomposed in a series of inner
and outer spherical monogenics on the sphere S™ !, we then determine the
PCT of these spherical monogenics, leading to a new interpretation for the
modulated solutions for the hyperbolic Dirac operator from Chapter 3.
Next we determine the photogenic boundary values of these transforms by
letting the argument of the PCT of spherical monogenics approach the sphere
Sm=1  Under certain restrictions on the complex parameter «, this leads to
a mapping from the Sobolev space W5(S™7!) on the sphere to the set of
boundary values of hyperbolic monogenic functions on the Klein model.

By considering the extension of these boundary values to the Lie sphere, it is
then also proved that this latter set yields a Hilbert module with reproducing
kernel, again under certain restrictions on the complex parameter a.

Chapter 7 deals with the conformal Dirac operator and illustrates how the
hyperbolic Dirac operator considered in the thesis must be understood in
terms of the Dirac operator on a general manifold. By defining a spin bundle
on the hyperbola H, it is shown that the Clifford algebra valued functions
considered throughout this manuscript are actually Clifford sections, and by
refining this spin bundle to a spinor bundle it is shown that for one specific
value for a our hyperbolic Dirac operator reduces to the Atiyah-Singer Dirac
operator.
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Introductory Notes : the
Mathematical Toolbox

FEach problem that I solved became a rule which served
afterwards to solve other problems. (René Descartes)

In this Chapter all prerequisites are collected : the introduction of a Clifford
algebra, the main results from Clifford analysis on the flat Euclidean space,
some results from the theory of the hypergeometric function, the Legendre
function and the Gegenbauer function, the definition and basic properties
of the Riesz distributions, some results on the fundamental solution of the
wave-operator, an introduction to the theory of bundles and to the theory
of Clifford analysis on the Lie ball and Lie sphere. This Chapter also settles
the notations that will be used throughout the thesis.

0.1 The Clifford Setting

In this section an introduction to Clifford algebras and Clifford analysis is
given. As we will encounter orthogonal spaces of different signatures through-
out this manuscript, we consider three subsections. First we consider the
most general Clifford algebra R,, and then we consider the algebras Ry,
and Ry ,,, associated to the flat Euclidean space R®™ and the flat Minkowski
space-time R™ respectively.

0.1.1 The General Clifford Algebra R, ,

Consider the real orthogonal space R”Y where p + ¢ = m, with orthonormal
basis By, ,(€;, €;), given by

Bp#](eivej) - {617"' y €py €1, 7 7€q},
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endowed with the quadratic form

QL Z I? ZX ; (1)
where the elements of RP? are labeled as (p, ¢)-space-time vectors
(Ivi) = (Tla”'7Tp7X17"'an) .

In terms of the inner product < -,- >, , on RP? given by

< (T,X),(8,Y) >, = ZTS ZXY

the quadratic form @, ,(T, X) can also be defined by
Qp,q (I? X) = <<Iu X)J (I? X»p,q

The signature of the orthogonal space under consideration will be indicated
where necessary to avoid confusion.

An arbitrary space-time vector (I, X) € RP? thus consists of two parts :
the vector T belongs to RPY endowed with the inner product

p
<T,S>,0 = ZTiSi ;

where < T, T >,0= @Qpo(L). This vector T forms the so-called temporal
part of the (p, ¢)-space-time vector (T, X ) and is a linear combination of the
temporal unit vectors ¢;, 1 < i < p.

The vector X belongs to R%? endowed with the inner product
q
<X Y >, = - XY,

where < X, X >¢,= Qo4(X), and forms the spatial part. Spatial vectors
are a linear combination of the spatial unit vectors e;, 1 < j <g.

Throughout this thesis, temporal unit vectors will always be denoted by

¢, and spatial unit vectors by e. A summation over temporal components
will always be denoted by ) . whereas a summation over spatial components

12



will be denoted by >_.

Also note that the standard Fuclidean inner product on R™, i.e. the inner
product on the real orthogonal space R™°, will be denoted without explicitely
mentioning the signature (m,0). By definition we thus put for two vectors x
and y in the Euclidean vector space R™ :

m
<zy> = > Tl
j=i

The Clifford algebra R, , associated to the orthogonal space RP? is the real
2™-dimensional associative, but non-commutative algebra generated by the
following multiplication rules : e€e€; 4+ €j¢; = 20;; for all 1 < 4,5 < p,
eres +ese, = —20,5 forall 1 <r,s < qgand ¢gej +eje, =0forall 1 <7 <p
and 1 < j <gq.

The Clifford algebra R, , can also be defined by means of the associative
tensor algebra T(RP?), generated by the unity element 1 € R together with
the vector space RP?. The ideal J of T(RP?) consisting of sums of terms of
the form a @ (T, X) ® (I, X) — Q,,((T, X), (T, X))) ®b, with a,b € T(RP)
and (T, X) € RPY is essential to this construction and allows to interpret
the Clifford algebra as the vector space of exterior forms, i.e. the totally
anti-symmetric tensors, with a Clifford product containing both the exterior
product and the inner product on RP?. For an explicit construction we refer
e.g. to reference [5]. The idea to incorporate inside a single structure as
well the inner product as the exterior product was the main motivation for
William Kingdon Clifford to introduce the geometric algebras, as he called
these structures which were later named after him in 1878.

An element of R, , is called a Clifford number; it has the forma = ) Ach @A€A
where ay € Rand M = {1,--- ;p+q}. If A C M is given as the set
{i1, -+ ,ig}, with 1 < iy < --+ < i < p+ ¢ then the element ey is given
as the product of the (temporal or spatial) basis vectors corresponding with
these indices whereas ey = 1. If A has k elements, ey is called a k-vector.
The space of k-vectors is denoted by R,(ffg. If [a]y is the projection of the

Clifford number a on Rgf), then

a = laly , VaeR,,.

k=0

The algebra R, , inherits a natural Zs-grading by introducing the notion of
even and odd Clifford numbers, which are defined as linear combinations of

13



basis vectors ey with respectively an even or odd number of indices. The
subsets of R, , containing respectively the even or odd Clifford numbers are
eigenspaces for the so-called main involution, defined a bit further, with
eigenvalues £1. The subspace R;(;;) = i even @Rgfg is a subalgebra of R, ,,
called the even subalgebra.

In order to make a clear distinction between a (p, ¢)-space-time vector (T, X)
in R”? and the 1-vector associated to this (p+ ¢)-tuple, we denote the latter
by T'4+ X. There is a canonical embedding of the orthogonal space RP¢ into
its Clifford algebra R, ,, given by :

RF — RO CR,, : (T,X) —» T+X.

For two 1-vectors T + X, S+ Y € R,(j;, the inner and outer product are
defined as follows :

C+X)-(S+Y) - 1(<z+x><§+x>+<§+x><z+x>)

[\

C+0AE+Y) = (@ X0E+D) - E+0T+X)

whence (L +X)(S§+Y) = (L+X) - (S+Y)+ (L+X)A(S+Y). This
expresses the Clifford product on Ry, ; in terms of the inner and outer product.

On R, , we have three important involutory (anti-)automorphisms. For all
a,b e R,, and A € R we define :

e the main involution a — @

Ei = —€ , g] = —€j s (ab)~: ?ﬂ)

e the reversion a — a*
* * x k%
€ =¢, e =¢;, (ab)"=0b"a
e the conjugation (also known as bar-map) a — a

€ =—¢, € =—e, ab=ba

These definitions extend to the comlexified Clifford algebra C,, = C® R, ,,
where we also have

14



e the Hermitian conjugation a — a™, which is the tensorproduct of the
bar-map on R, , and the classical complex conjugation on C

(a+ib)" = a—ib.

The Clifford group I'(p, q) is the set of all invertible elements g € R, , such
that foral T+ X € R](f; 9T+ X)g ' e Rg&, the Pin group Pin(p, ¢) is the
quotient group I'(p,q)/R™ and the Spin group Spin(p, ¢) = Pin(p, ¢) N Rﬁ&).

For each s € Pin(p,q) the map x(s) : RP? — RP? : T + X — s(T 4+ X)s
induces a map from RP? onto itself. In this way Pin(p,q) defines a double
covering of the orthogonal group O(p, q), defined as the set of linear trans-
formations on R leaving the quadratic form @, ,(Z, X) invariant, whereas
Spin(p, ¢) defines a double covering of the group SO(p, ¢), which is the sub-
group of O(p, ¢) containing all elements of unit determinant. For more details,
the reader is referred to [23] and [56].

Definition 0.1 The Dirac operator on the real orthogonal space RPY is the
vector derivative

p q

D(T,X)py = Y &dr,— ) ¢0x; .

i=1 Jj=1

We prefer to use a notation for the Dirac operator which indicates both the
signature of the space on which this operator acts and the variables used
to describe elements of this space. When working with a specific Clifford
algebra, in casu Ry, or Ry ,,, we will introduce more appropriate notations.
We refer to the next subsections for this.

Let 2 be an open subset of RP? and let f € C'(2) be an R, ,-valued function
on RP4. This function is then called left (respectively right) monogenic with
respect to the Dirac operator on R4 if and only if D(T, X),,f(L,X) =0
in Q (resp. f(I,X)D(T,X),, = 0, where this latter notation denotes the
action of the Dirac operator from the right). It is the concept of monogenic
functions which lies at the very heart of Clifford analysis.

In Chapter 3 the operator D(T, X),, will be studied in greater detail and
we will prove a Theorem to construct nullsolutions for this operator.
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0.1.2 Clifford Analysis on Flat Euclidean Space

Most of the literature concerning Clifford analysis deals with the so-called
flat FEuclidean space R™. In this section we gather the most important results
for the Dirac operator on R™. As a general reference for this subsection we
mention [8], [23] and [40]. A nice overview of the most basic results can be
found in [22].

In order to fit the classical situation into the framework of the previous
subsection, our starting point is the real orthogonal space R%™ generated by

the orthonormal basis By ,(e;) = {e1, -+, en}, endowed with the quadratic
form
m
Qom(z) = = 27 = —* = <gz>ym = —<zz>,
j=1

JI

The Clifford algebra Ry, associated to R%™ endowed with the quadratic
form Qo (z) is generated by the multiplication rules e;e; + eje; = —24;, for
all 1 <7,57 < m. In literature this Clifford algebra is often denoted as R,,,
without any specification concerning the quadratic form which lies behind
the algebra. However, since we will consider orthogonal spaces of different
signature throughout this thesis we prefer to indicate this signature (0, m).

Vectors in R%™ are identified with 1-vectors in Ry,, under the canonical
map

m
(@) = (tmm) = oz o= Y ey
j=1

(1)

o.m, We have

For two 1-vectors z and y € R
vy = z-y+zAy,

where the Clifford inner product is given by
Ty = ) wy = —<ay>,
j=1

with < z,y > the standard Euclidean inner product, and the outer product
by

TNy = Zejk(%'yk—xkyj)-
j<k

16



Apart from the general definitions given in the previous subsection, we may
define the Clifford group I'(0,m) and its subgroups as follows :

1. the Clifford group I'(0,m) is generated by the non-zero vectors of R™

2. the Pin group Pin(0,m) is the subgroup of I'(0,m) consisting of pro-
ducts of unit vectors in R™

3. the Spin group Spin(0,m) is the subgroup of Pin(0,m) consisting of
products of an even number of unit vectors in R™ .

According to Definition 0.1 the Dirac operator on R%™ is given by the vector
derivative

D(@)om = — Y €0a, -
j=1

However, the overall minus sign may of course be omitted and that is why
we adopt the standard notation for the Dirac operator on the vector space
R™ endowed with the quadratic form Qo () :

Definition 0.2 The Dirac operator on the real orthogonal space R%™ is the
vector derivative

Remark : In what follows we will sometimes use two vector variables z and
y on R™, so it becomes important to indicate on which variable the Dirac
operator acts. In that case we will respectively use 9, and 9,.

Let & C R™ be an open subset and let f : Q — R™ be a C'-function
on 2 which is Ry ,,-valued. If f satisfies f = 0 (respectively f0 = 0) in Q,
f is called left (respectively right) monogenic in 2. As the Dirac operator
satisfies 0% = —A,,, with A,, = 831 + -4 8§m the Laplacian on R™, mono-
genic functions in €) are a refinement of harmonic functions in €.

In polar co-ordinates we have x = r§ with { € S™=1 the unit sphere in
R™. The Dirac operator 0 admits the following polar decomposition :

Q = g(ar_‘_lrmm) )
- T

17



where I'y,, = —x A 0 is the spherical Dirac operator (or Gamma operator)
on S™~ 1. In terms of the so-called angular momentum operators L;;, we also
have :

Lom = —E ek Lk
i<k

= —Zejk(xjak —{L‘kaj> .

j<k

When it is clear that we are dealing with the Gamma operator on S™ 1, the
subscript (0, m) will be suppressed to avoid overloaded notations. This will
be the case in the rest of this subsection.

Remark : In case we are considering functions f(§,7) depending on two
co-ordinates § and n € Sm=1 we will label the Gamma operator respectively
as I'c and I'; to indicate on which of the variables the operator acts.

Note that

Q = _EQ = ED(Q)O,m = ET+F7

|81

with E, =r0, = > y x;0; the Euler operator on R™ measuring the degree of
homogeneity with respect to the co-ordinates x on R™.

Definition 0.3 An Ry ,,-valued C™ function Py(w) on S™ ' is called an
inner spherical monogenic of order k if it is the restriction to the unit sphere
of a polynomial monogenic function on R™ of order k.

Definition 0.4 An R ,,-valued C* function Qx(w) on S™ ! is called an
outer spherical monogenic of order k if it is the restriction to the unit sphere
of a monogenic function on R™ \ {0}, homogeneous of degree (1 — k —m).

These classical spherical monogenics are the only global eigenfunctions of the
Gamma operator on S™!, satisfying :

I'p, = —kP,

Local eigenfunctions for the Gamma operator have been studied extensively
in [68, 75, 76], but we return to this point later.
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The set of inner (respectively outer) spherical monogenics provided with the
obvious laws of addition and (right) multiplication with Clifford numbers is
a right Clifford-module, denoted as M (k) (respectively M~ (k)). Inner and
outer spherical monogenics are related in the following sense :

Pi(w) € M¥(k) = whi(w) e M~ (k)
Qr(w) e M~ (k) = wQi(w) € MT(k) .

The fundamental solution for the Dirac operator 0 on R™ is the so-called
Cauchy kernel F(z), defined by

E(z) = I(3) = _ 1z

B 2m2 |z|™ Apy |z|™

|3

I3

with A,, the area of the unit sphere in R™. The Cauchy kernel is both
left and right monogenic in R™ \ {0} with respect to 0 and it satisfies the

equation 0F(z) = —d(z) in distributional sense. Since the Dirac operator
0 is invariant under translations, we have dE(z —y) = —d(z —y). A series
representation for the Cauchy kernel can easily be found as follows :
1 z—y 1 1 1
E@x—y) =F1T—"m="71" 9y e
A |z —y[™  Amm =27 |z —y|
x
With z = |z| &, y = |y| n and putting s = H and
T Y

b= <&n>= —&n o= 3 &
j=1

one can easily verify that for [z| < |y|

1

|z — y|™

5 = |g|2_m (1-— 2ts—|—32)_(%_l) )

As

m_q

(1—2ts+ )Y = cz o (t)s",

o0

k=0

with CJ/(t) the classical Gegenbauer polynomial, we get immediately that

m_q

- ng{@—m—mqﬁ (1) + T, (1)

Sl

CRONr==3
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Using the fact that

Fﬂ(t) = I(<&n>) = EAn

and the recurrence relations for the Gegenbauer polynomials (see also section
0.2.3) the following series expansion for the Cauchy kernel is obtained :

jz|” 7

Ba-y) = —4 ZWM {ciem-cioe} . @

Note that the function between brackets is an inner spherical monogenic
with respect to the Dirac operator d, and an outer spherical monogenic with
respect to the Dirac operator 9, :

(t)g} — —k {C

e

m
2

N\S

(t)n —

re{ci im-c £}

r,{c; () — 0§1<t>§}

Arbitrary functions f € Lo(S™™!) can then be decomposed as

e

m
2

(- CE,wg} = k+m-1{c

> PE)AE) + QR)SIE)

k=0

where the series converges in Ly-sense on S™~!. The projections P(k)[f] and
Q(k)[f] of the function f on the spaces M T (k) and M~ (k) of inner and outer
spherical monogenics of order k are given by :

PO = —n [ {cfon-cf 0g} r@ase
awinm = -5 [ {clon-cliog)ergase.

Sm—1 -

On the module Ly(S™™ 1), provided with the inner product

ro) = [ F9u@ase.

the spherical Dirac operator I' on S™ ! is a self-adjoint operator. This is a
consequence of Stokes’” Theorem on the sphere, and in explicit form it says
that

/Sm1 [(Tfg—f(Tg)]dS(€) = 0 = (ITf.g) = (f,Tg). (3
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Using the conjugation map, this can also be written as

| [uma+ rralas©) = o, ()

where (fI") denotes the action of the spherical Dirac operator from the right.

Next, let us consider the Moebius transformations over the compactification
R™ U {oo} = S™ of R™. As shown in [1], [73] and elsewhere any Moebius
transformation y = 1 (x) can be expressed as

ar +b
gy = cx+d

where a,b,c,d € Ry, are Clifford numbers satisfying
1. a,b, c,d are products of vectors from R™
2. ac, C(fiv7 db and ba € R™
3. ad — bé € Ry

The matrix M, defined as

a b
w= ()

with entries satisfying these conditions is then called a Vahlen matrix and
gives a Moebius transformation, i.e. a finite composition of orthogonal trans-
formations, inversions, translations and dilatations. The set of all Vahlen
matrices is a group under multiplication, the so-called Vahlen group.

Suppose now that y = ¥(z) = (az + b)(cz + d)~"' is a Moebius transfor-
mation, and suppose that f(y) is a left monogenic function in the variable
y. Then, see reference [15], the function

(cx +d)~

J(,z) f (¢(z)) |C£+d|mf(¢(£))

is left monogenic in the variable z, with |cz + d|? = (cz + d)(cz + d)~. This
means that the space of monogenic functions is not closed under the action
of the Moebius group, one needs an additional conformal weight factor to

maintain monogenic functions. It should be mentioned that H. Leutwiler
and his students dealt with this problem by modifying the Clifford system
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in such a way that the space of modified monogenic functions, the so-called
(H)-solutions, is closed under the action of the Moebius group. We refer e.g.
to [34], [49] and [50] for more information.

Another way to obtain solutions for the Dirac operator 0 on R™ is given
by the so-called Cauchy-Kowalevska Theorem, which answers the following
question :

" Given an Rg,,-valued function f(x) on R™ which is analytic in an open
subset 0 of R™, does there exist a monogenic function f*(xg,x) in some
open neighbourhood 0* of Q in R™Y such that f*|z0—0 = f in Q77

First of all, note that an open neighbourhood Q* of Q C R™ is said to be
xo-normal if for each (zg,z) € Q* the line segment {(xo, z)+tey : t € R}NQ*
is connected and contains just one point in 2. We then have the following
Theorem :

Theorem 0.1 (Cauchy-Kowalevska) Let Q@ C R™ be open and let f(z) b
an Ry, -valued analytic function on ). Then the function f*(xo,z) given by

*(zo, Z k' xo (200)* f ()
k=0

satisfies (€9Ozy +0) f* (0, 2) = 0 in an open connected, normal neighbourhood
O of Q in R™. Moreover f*|z,—0 = f in Q.

Note that the extension f*(xg,z) of f(z) is formally given by

[Hxo.z) = e ™% (z) .

We end this section with some considerations on the algebra P of Clifford
polynomials, generated by the set {x1, -+ ,xy;e1,-+ ,en}, where the set
{x1,- -+, 2y} is to be considered as a set of commuting symbols. This algebra
inherits a natural Z-gradation by putting

Z Pk )
k=0

with Py the set of k-homogeneous polynomials. Note that each space P
is an eigenspace for the Euler operator E, on R™ with eigenvalue k. The
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elements of P, which are monogenic with respect to the operator 9 give rise
to the inner spherical monogenics defined earlier, after restriction to the unit
sphere S™1,

Making use of the basic operator identities

= -E,.+T'—m
= —-E,—-T,

R I
I I8

when acting from the left, we have immediately that the simultaneous eigen-
spaces of E, and I are the spaces My, s of polynomials of the form z°Py(x),
where Py (x) stands for a spherical monogenic of degree k. We also have the
following identity for these polynomials :

BQk,s = —-2s

d(2°Pi(z)) = Brea™ 'Pi(z) with {szﬂs — —(25+ 2k +m)

These polynomials are important, as they are the building blocks for the
so-called Fischer decomposition, which provides the space P of Clifford poly-
nomials with an inner product for which the spaces Py are orthogonal :

(R(z),S(z)) = [R(D)S(x)lo]a=o -

Any homogeneous polynomial Rj(z) € P, then has a unique orthogonal
decomposition of the form

k

Ri(z) = P(z)+zRp1(z) = Z&jpk—j(£)7
=0
with
OP,_j(z) = 0 = 2/Pij(z) € My_j; .

This orthogonal decomposition refines the classical Fischer decomposition for
polynomials Ry(x) of degree k in terms of solid harmonic polynomials :

4]
Sk(z) = Zr”Sk,Qj(g),

with Sy_9j(2) a polynomial of degree (k — 2j) such that A,,Sk_s;(z) = 0.
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0.1.3 The Space-Time Clifford Algebra R, ,,

In this thesis we will mainly be interested in R, ,,-valued functions, so it is
important to fix our notations and nomenclature here. The signature (1,m)
will be referred to as the space-time situation, without further specification.
This in contrast to the signature (p,q) # (1,m), with p and ¢ # 0, in this
thesis always referred to as the (p,q)-space-time situation. The signature
(0,m), treated in the previous subsection, will always be referred to as the
flat Euclidean case.

Our starting point is the real orthogonal space R™ of signature (1, m) with
orthonormal basis By ,,(€,e;) = {€, €1, -+, e}, endowed with the quadratic
form

Ql,m(T,X) = T%— ZXJQ = T2 _ R? 7
j=1

where we have put R = [X| = (3, X?)%. The orthogonal space RM™ will
be called the m-dimensional space-time, m referring to the number of spatial
dimensions.

The space-time Clifford algebra R; ,, is generated by the following multi-
plication rules : eje; +eje; = —20;; for all 1 < 4,5 < m, e;e+ee; = 0 for all 7
and €2 = 1. Vectors in RY™ ie. (m+ 1)-tuples (T, X) or space-time vectors,
are identified with 1-vectors in R, ,, under the canonical map

(T,X) = (T,X1,,Xn) — T+XeRY

For 1-vectors in R;,, we also introduce the notation X = €I' + X. Both
notations will be used throughout this thesis. The capital X will mainly
be used for the hyperbolic polar representation (cfr. infra), whereas €T + X
will mainly be used to express formulae explicitely in space-time co-ordinates.

Consider then a space-time vector X = €I' + X € Rgl,)n We will tem-
porarily restrict ourselves to space-time vectors X for which @y ,,(7, X) > 0,
for reasons that will be made clear in what follows. Such a vector may be

written as

T+ X
X = Ir+X = Ql’m(T’X)%L—l - p§
Ql,m(T>X)§
with
po= Qual.X)F = (I*—|XP):
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the hyperbolic norm of the space-time vector X and with

el'+ X

T ol

the space-time unit vector associated to the given vector X. The notation
X = p& will be referred to as the hyperbolic polar decomposition of the space-
time vector X.

For two 1-vectors X =eI'+ X and Y =eS+Y in Rﬂn, we have :
XY = X - Y+XAY,
where the inner product is in explicit space-time co-ordinates given by
(T+X)-(eS+Y) = ST-)Y X}V,
j=1

and the outer product by

(T+X)A(eS+Y) = SXe—TYe+ Y ep(X;Y; — X,Y))
i<k

= SXe—TYe+ XANY .

In agreement with Definition 0.1, we introduce the following :

Definition 0.5 The Dirac operator on the m-dimensional space-time RM™
1s given by the vector derivative

D(T7X)1,m = EaT_Zejan = Ox
j=1

This canonical first order Spin(1, m)-invariant operator factorizes the wave-
operator [,, on R>™ :

0y = O, = 07-A,
and has a hyperbolic polar decomposition given by :

1 §
8)( == g (@; ‘I— ;FLm) = ;(Ep + FLm) .

Remark : It is important to note that the polar decomposition given here
is only valid in the region where Q1 ,,,(T', X) > 0, due to the presence of both
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the hyperbolic norm p and the hyperbolic unit vector £. However, as will be
made clear in the following Chapters, for our purposes it is not necessary to
extend the definition outside the future cone.

The operator
]Ep = TOr+ ZXjan = p(?p
j=1

is the Euler operator on R measuring the degree of homogeneity with
respect to the space-time co-ordinates (7', X), and the operator

Fl,m = XA 8X = XE@T — TeZe]@Xj — Z ejk(Xjan — Xkaxj)
j=1 i<k

= KG@T — TEQ + FO,m

is the so-called hyperbolic Gamma operator, with 0 (resp. I'g,,) the Dirac
operator (resp. the spherical Dirac operator) in terms of the co-ordinates X
on the Euclidean space R™ endowed with the quadratic form Qg ., (X).

Recalling the fact that 9% = [J,, and making use of the polar decompo-
sition for the wave-operator [,, on RY"™ given by

m 1
O, = 024 —0,+ =An,
p p P p2

with Ay the Laplace-Beltrami operator on the hyperbolic unit ball, see e.g.
reference [15], we easily get :

Fl,m+£rl,m£ = m = 1—‘l,mg = mf,

a relation that will be of major importance in what follows.

0.2 Special Functions

In this section we give a short introduction to the hypergeometric function,
to the Legendre function and the Gegenbauer function and we list some
important properties that will often be used. As a general reference for this
section, we refer to [25], [35] and [46].
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0.2.1 The Hypergeometric Function
The hypergeometric differential equation, given by

d’f df
2(l—2)—~=+|c—(a+b+1)z|— —abf = 0, 5
(1=2) 0% +le— (@+b+1)2]5 —abf (5)
is one of the most important differential equations arising in mathematical
physics. In fact, a wide class of problems in mathematical physics leads to
equations of this form. The solutions to this equation are the well-known

hypergeometric functions.

We define the Pochammer symbol (a),, for arbitrary complex a, by

I'(a+n)

(@) = W’

ie. (a)p=1and (a), =ala+1)---(a+n—1) for all n € Ny.

o If c ¢ —N, then

f-1<2) _ Z (a)n<b>nzn

= nl(c)n
= F(a,b;c;2) (6)

is a solution for equation (5) which is regular at z = 0. This function
F(a,b;c; z) is the hypergeometric series with parameters a, b and c.
It is also known as Gauss’ hypergeometric function, because he was
the first to study it (1812). The series converges for |z| < 1, and if
Re(c —a —b) > 0 it also converges for |z| = 1.

A second, independent solution to equation (5) is then given by
fo(2) = ZFla+1—cb+1—c¢2—c2). (7)

o If c = —Fk with k € N, fi(z) is ill-defined and fy(2) is regular at z = 0.
Dividing the first solution by the Gamma function I'(¢) leads to a new
solution, usually denoted as ¢(a, b; ¢; z), which is then well-defined and
equal to f2(z) up to a constant. This is expressed in the following :

lim F(a,b;c; 2) _ (a>1+k(b)1+kzl+kp

—_— = 14+ kb0+14+k2+F;
Jm =T el (a+1+kb+1+Ek2+kz2)
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Putting

(@)14x(D) 14k

T A+kl

a second, independent solution which is singular at z = 0 can then be
found as

. olabye;z) =yt F(a+1—c,b+1—¢;2—c¢;2)
lim .
c——k c+ k

(8)

This method to construct a second independent solution for the hyper-
geometric differential equation by means of a limit will play an impor-
tant role in this thesis. It gives rise to logarithmic functions, and will
be referred to as the limit procedure.

The hypergeometric series has several integral representations. The most
important for what follows is Euler’s formula : for Re(c) > Re(b) > 0 we
have :

F(a,b;c;2) = %/{) 1 =) (1 — )Tt . (9)

Since the right-hand side is a one-valued analytic function of z within the
domain |arg(l — z)| < 7, expression (9) also gives the analytic continuation
of F(a,b;c;z). Still denoting this analytic continuation by F'(a,b;c; z), we
have thus defined the hypergeometric function as a holomorphic function in
the complex plane cut along the real axis from 1 to 4o0.

The hypergeometric function has many properties, a few of which will be
listed here for future purposes. A complete list can be found e.g. in [35].

e Derivation of a hypergeometric function yields a new hypergeometric
function :
n

(@)n(b)n
L Fla b = n\Pnp : :
TR (a,b;c; 2) ©. (a+n,b+n;c+n;z)

e Kummer’s relations (a list of 24 solutions for the hypergeometric equa-

tion and 20 linear relations with constant coefficients connecting any
three of them) :

F(a,b;c;2) = (1—2)"""F(c—a,c—b;c;z)
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Goursat’s table of quadratic transformations :

1 ~2a 1 222
Flaa+=;c;2z| = <l—l—z%> Fl2a,c¢c—=;2c—1; Z21
2 2 1+ 22

Some elementary functions expressed by means of a hypergeometric
series :

9

F(aa+ .zz) B ) Bl e B
Y Y 2

R
’ 2(1 —2a)z

?

N — DN —
| W DN =

F(a,a+

In case Re(c —a —b) > 0 and ¢ ¢ —N, we have

L(e)T(c—a—10)
I'(c—a)l'(c—b)

F(a,b;¢;1)

The contigious relations :

d
(z%%—a)F(a,b;c;z) = aF(l+a,b;c;z)
d
<z%+b)F(a,b;c;z) = bF(a,1+b;c;z2)
d
(zd——i—c—l)F(a,b;c;z) = (c=1)F(1+a,bc—1;z)
2

0.2.2 Legendre Functions in the Complex Plane

The Legendre functions are solutions to Legendre’s differential equation

L A B A o A )

with v and p unrestricted complex parameters.

Under the substitution f = (2% — 1)% g, Legendre’s equation becomes :

1-T o102 - a1y = 0 (11)
S M z 2 )V p g = U,
and with { = 152 as the independent variable this equation reduces to a

differential equation of the hypergeometric type :
d*g
d¢?

(1= QTS+ (1m0 =20 4 v~ )+ pt g = 0.
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It follows that the function f(z) = P¥(z), for |1 — z| < 2 defined by

1 2+1\" 1—z
pPY = Fl—v1 i1 — 12
10 = e () F(eteni-wtE)

is a solution to Legendre’s differential equation.

On the other hand, setting ¢ = 2? in equation (11), we get the following
differential equation of hypergeometric type :

d? d
(=g + 2= W+ O gi + (= +pt1)g = 0.

Hence, the function f(z) = Q#(z) for |z| > 1 defined by

e (v + p+ 1)

12 — 2_1% —1—v—p
A = Gy o0
l+v+p 24v+p 3 1
F( 5 ) 5 ;V+§;;)7 (13)

yields a second solution to equation (10). The functions P#(z) and Q"(z)
are known as the associated Legendre functions of the first and second kind
respectively. They can be analytically extended to the whole complex plane
supposed cut along the real axis from —oo to 1, and they are regular and
one-valued in this region. By means of the transformation formulae for the
hypergeometric function, P*(z) and Q*(z) can be expressed, in several ways,
as

PH(z) = AiF(ay,by;c15Q) + AsF (ag, be; co; ()
Qi(z) = €rn (A3F(a3, bs; ¢35 C) + AsF(aq, ba; ca; C))

where ¢ is a function of z, such that |(| < 1. The various expansions for
P!(z) and Q¥(z) can be found e.g. in [35]. The following expansions for the
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Legendre function Q#(z) will often be used throughout the thesis :

IN(D) e”‘”z”ﬂ‘F vtp l-v—p
2K (2 _1)% 2 2

1
Qu(2) %1—m1—;ﬂ +

C(—p)T(1+p+v) errzrr Uw—v 1+u—u‘1+ 1 1
2T (1 +v—p) (2-1)5 2 2 T
(14)

i WﬂﬁZ“F(l +u+v) (2% — 1)%
Qu(z) = e 3 I\ I tptv

F+3)  (z+(-1)3)

1 1 z—(z2—1)2

Flotpuldptvvy2E 707 15

The Legendre function of the second kind satisfies :
M1+ v —p)Qu(z) = " T(1+v+p)Q,"(2) (16)
and can be written in terms of the Legendre function of the first kind as
i _ methT PH(s) I(v+p+ 1)P_“ 17
In case p =0 and v = n € N the Legendre function of the first kind reduces

to the classical Legendre polynomial P,(t). Classically, these are defined by
means of Rodrigues’ formula :

1 a
2! din
for arbitrary real or complex values of the variable t. They can also be defined
in terms of their generating function :

P,(t) = #-1", neN,

[ I

(1—2xt+t*)"2 = Z P,(z)t" .

n=0
In Chapter 6 we will need the Legendre polynomials in higher dimensions.
In order to define these special functions, we need some definitions from the
theory on harmonic polynomials of degree k£ on the m-dimensional Euclidean
space, i.e. k-homogeneous solutions for the Laplace operator 4A,, on R™ :

The restriction of a harmonic polynomial to the unit sphere is then called a
spherical harmonic of degree k. Note that the spherical monogenics defined
earlier refine these spherical harmonics. The Legendre polynomial of degree
k in m dimensions is then defined as the unique harmonic polynomial P(z)
of degree k on R™ satisfying the following properties :
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L. In a certain point 1 of the unit sphere, the Legendre polynomial has
value 1. Choosing the co-ordinate system in an appropriate way, we
may always choose n = e; = (1,0,---,0) such that P(e;) = 1.

2. The polynomial P(x) is invariant under SO(m),, i.e. the subgroup of
SO(m) fixing n € S™ . This means that for each R € SO(m) such
that Ry = n we have : P(Rx) = P(x).

As a consequence, the Legendre polynomial of degree k in m dimensions is a
zonal function, depending on the Fuclidean inner product ¢ =< x,7 > only.
It will be denoted by Pj,(t) and can be defined in terms of a Rodrigues
formula :

o) = (-3) a0 -0 () 0o

From this formula it is clear that the Legendre polynomials defined above
are actually Legendre polynomials in 3 dimensions.

We also mention the recurrence relation for the Legendre polynomial in m
dimensions :

(k +m — 2)Posrim(t) — (2k + 1m0 — 2)tPyp(t) + mPe_ym(t) = 0 (18)

and the classical Hecke-Funk Theorem :

Theorem 0.2 (Hecke-Funk) Let § and n € S™ " and let Sy(n) be a spherical
harmonic of degree k on S™ 1. The integral of a zonal function F can be
calculated by means of the following formula :

/Sm_l F(<n,€ >)Sk(n)dS(n) = AmSk(g)/ F(t) Pen(t)(1 — )" dt |

-1

A,, denoting the area of the unit sphere S™! in R™,

0.2.3 Gegenbauer Functions in the Complex Plane

Classically, Gegenbauer’s polynomial C*(z) for integral value of n is defined
as the coefficient of ¢" in the expansion of (1 — 2tz + t?)™* in powers of ¢ :

(1—2tz+13)* = i CH()t" (19)
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for [t| < |z & (22 — 1)2|. If we compare this with the generating function for
the Legendre polynomials in 3 dimensions, we immediately see that

(#).

The Legendre polynomials in higher dimension can also be expressed in terms
of the Gegenbauer polynomials, by means of the following formula :

(e

T ol

Pk73(t) - O

Pk,m(t)

The coefficient of ¢" in expression (19) is found to be

pin N~ DM+ BT Ru+n+k) (1—2\"
Ch(z) = Z KIT ()T (21 + 2k) (n — k)! ( 5 ) 5

k=0
which by means of the definition for the hypergeometric series reduces to

I'(n +2p) 11—z

Hence, by means of (12) we get

I'(n+2p)

Fram T ey

Ch(z) = m227hts

and this function satisfies the differential equation

d*f df
2 _
(1—2z )@—(2u+1)za+n(n+2u)f—0.
We therefore define the Gegenbauer functions for arbitrary complex values
i and v as the solutions to Gegenbauer’s differential equation
d*f df
2 _
(1—2)@—(2u+1)za+u(u+2u)f—0. (20)
These Gegenbauer functions are defined in terms of the associated Legendre
functions as follows :

1ot D +2p) 1_p _—pti
ct = 2 L R S 2_1 P 21 21
A 7S (R A AR A A (21)
, r 2 u el
Di(z) = rbetin-hgowrs LW 2 oo QT () (22)



In view of the different expansions for the Legendre functions in terms of
the hypergeometric function, we have several expansions for the Gegenbauer
functions in terms of the hypergeometric function too. In Chapter 5, the
following formulae will be essential :

[(v+2u) v 1—v 1 1
cH = "Fl—=, —; -1 —-— 23
e T (v + 2u) (22— 1)z~

D =
v(2) 2Dy +p+1) 2v+l
v vr+3 1
F(1+§, 5 ,1+v+u,;) (24)

The Gegenbauer functions C¥(z) and D¥(z) are holomorphic functions in the
z-plane cut along the real axis from —oco to 1. Note that the Gegenbauer
function of the first kind can be considered as a Gegenbauer polynomial of
complexified degree.

Both Gegenbauer functions satisfy the following recurrence relations, which
will often be used later :

Loz = Cite)
VCIz) = 2ulz0M(z) — CPH(2)]
(v +20)Cl(z) = 2u[CI(2) — 2CEH(2)] | (25)

v

These relations generalize the recurrence relations of the classical Gegenbauer
polynomials C*(z) to complex values of n.

The Gegenbauer function of the first kind satisfies

sin(v + 2u)m
sin(v)

CM

Loau(2) = Cl(z), (26)

whereas the Gegenbauer function of the second kind satisfies

i SNV + )

Dl/j(z) = Diu—2u<z)+e sin(wr)

Ch(z) . (27)

34



In Chapter 5, the addition formula for the Gegenbauer function of the second
kind will be essential, see reference [25] :
Dt (a:l:cg —z(2? — 1) >

(z3 — 1)
_ T@p-1) i<—1)k(2’f o 1)4’fr(1 +v—k)[D(p+ k)

TP v+ 20+ k)

(22 — 1)2 (23 — 1)2 DI () P (22)Cp 2 (2) (28)

N|=
D=

valid for z1,z9 and z € R, with x1 > x5 > 1.

0.3 Riesz Distributions

The aim of this section is to introduce Riesz distributions Z, € D'(RM™),
defined for all 4 € C. For that purpose we first introduce the distributions
:/Ej\r € D'(R) on the real line, A being an arbitrary complex number.

Consider the function z7%, defined by

A 1:)‘ z >0
71 0 <0

For Re(A) > —1 this function is locally integrable and hence defines a regular
distribution 23 € D'(R) :

<rh,p> = / 2 p(z)dz , ¢ € D(R) .
0

In the strip —n — 1 < Re(\) < —n, the distribution 22 may be defined by
analytical continuation :

ar
“+n
S gt v

A+1DA+2)---(AN+n)’

A
<zy,p> =

where the derivatives with respect to x must be interpreted in distributional
sense. Hence, if —n — 1 < Re(\) < —n one defines

A
<y ™ >

A+1DA+2)---(A+n)’

<rh,p> = (=1 v € DR) .

This means that for all test functions ¢ € D(R), the function < z%},¢ >
defines a meromorphic function of A with simple polesat A = —1—n, n € N.
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The residue at A = —1 — n is given by

(n) _1)n
"™ (0) (=1 (n)
n! —nl <OTe>,

and we thus conclude that

Res(z),A=—1—-n) = ﬂ6(")(x) :

n!

In order to remove the simple poles of x;\L we divide by I'(1 4+ \), and so the

A <y, p>
distribution ﬁ is well-defined on D(R) for all A € C with _FEC;:OU

a holomorphic function of A for all ¢ € D(R).

These distributions % on the real line can be used to define the Beta integral
Ig(A, p) for arbitrary complex values :

1
Ig(\p) = /tk—l(l—t)“—ldt.
0

In case Re(A) > 0 and Re(u) > 0 this integral converges in the classical sense
to the Beta function B(\, u), defined in terms of the Gamma function as

T ()

B = tatn

For more general A\ and g this relation remains valid, and this can easily
be seen as follows : the Beta integral Ig(\, ) may be interpreted as the
distribution #} (1 — ¢)%~" acting on the constant function 1 :

1
Is\p) = <71 -0f 1> = /t“(l—t)ﬂldt.
0

The product of the distributions 3" and (1 —t)4~" is well-defined for those
values for which they respectively exist (i.e. for Re(A) > 0 and Re(u) > 0),
as they have a ”problematic behaviour” for different values (in casu 0 and
1), and it has compact support [0,1] =] — o0,1] N [0,400]. This means
that as a function of (\,p), the distribution ¢37'(1 — )4~ is defined in
C*\{(\,p) € C?>: X € —N, p € —N} which is the complex plane minus a grid.
In the complex strip {(A, z) € C? : Re(\) > 0,Re(u) > 0} this distribution
yields the Beta function B(\, i) when acting on the test function 1, and for
all other possible values this equality follows by analytic continuation. We
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may thus conclude that for all (A, ) € C?\ {(A\,n) € C*: X\ € —N,up € —N}
we have :

Is(hp) = % | (20)

Next we introduce the distributions p* € D/(RY™), X\ being an arbitrary
complex number. As a general reference, we mention [21], [42] and [57].

The function p is defined for space-time vectors (7, X) € RY™ as :

| QunlT,X)? T>|X]|
p 0 otherwise

In the half-plane Re()\) > —2, the function p* defines a regular distribution
since p* is locally integrable for these values of A. Hence, for all test functions
¢ € D(RY™), the integral

A
<> = / Q2 ,(T. X) (T, X)dTdX
R JR™

defines an analytic function of the complex parameter A when Re(\) > —2.
Using analytic continuation < p*, ¢ > may be extended to a meromorphic
function in the whole complex plane.

For that purpose we use the wave-operator [J,, on RY™. Letting this operator
act on p* we get for Re(\) > —2:

Onp = MA+m—1)p* 2.

This suggests the following definition for the distribution p* in the strip
—4 < Re(\) < —2:

< Onp*? 0 >
A+2)A+m+1)’

<ptp> = ¢ € D(RY™) .

By iteration we obtain more generally for the distribution p* in the strip
—2n —2 < Re(\) < —2n:

<|:|nmp>\+2n,80>
A+2) - A+20)A+m+1) - Atm+2n—1)

<phep> =

for all ¢ € D(RY™). From this relation it follows that the distribution p* has
poles at A = —2 —2n and at A = —1 —m — 2n, n € N. For m even all the
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poles are simple, while for m odd the points —2, —4,--- ,1 — m are simple
poles and the points —m — 1, —m — 3,--- are double poles.

The distributions p* are normalized by introducing suitable factors. Putting

—m—1
p#

e (M) p (AL
2 2

the functional < Z,,,¢ > becomes an entire function of y € C, for all test
functions ¢ € D(RM™).

Zy

(30)

These so-called Riesz distributions Z, enjoy remarkable properties, a few
of which will be listed here :

1. The support of Z, is contained in FC = {X € R : T > |X|}. In
particular : for (u—m—1) not singular (i.e. not belonging to the set of
poles) the support of Z, is the set FC, for p = —2k, k € N, its support
is the origin and for p =m+1—2k,k € Ny and p # 0, -2, —4,-- -, its
support is the surface {X € RV : T = | X|}.

2. The distributions Z,, satisfy the convolution property 7, * Z, = Z,,,,.

3. For all k € N, we have : Z_,, = [IF §(X), with §(X) = §(T)6(X) the
delta distribution in space-time co-ordinates (7', X). This shows that
for p = =2k, k € N, the support of Z, is indeed the origin.

4. For all p € C and k € N, D’fnZ# = Z,—or. In particular, we get
Ok Zop = 6(X).

Let us then introduce D (R'™) as the set of distributions f € D'(RY™) with
support contained in FC. The convolution of two elements of D;(Rl’m)
belongs to D, (RY™), whence D’ (RY™) is a so-called convolution algebra.
The distributions Z,, belong to D;(Rl’m), and their uniquely determined
inverses in D’ (R1™) are the distributions Z_,, :

ZyxZ_, = 6(X), peC.
It follows that the differential equation
Onf = 9,
with f and ¢ belonging to D;(Rl’m) has unique solution
[ = Zuxg,

a property that will be essential in what follows.
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0.4 The Radon Transform

The Radon transform of a rapidly decreasing function f(z) € S(R™) is a
function f7(p,w) on P™, the space of all hyperplanes in R™. A hyperplane
IT in R™ may be represented as the set

I = {zeR™ :<z,w>=p,peR,we "'},

As the pairs (p,w) and (—p, —w) give rise to the same IT € P™, the mapping
(p,w) — IT is a double covering of R x S™! onto P™.

The Radon transform f7(p,w) of a function f(z) € S(R™) is obtained by
integrating f(x) over a hyperplane IT € P™ :

flpw) = . f(2)d(< z,w > —p)dz . (31)

It may thus be identified with a function fT on R x S™~! satisfying
finw) = fl=p,~w).

Introducing the space S(P™) as the set of all f € S(R x S™!) satisfying
f(p,w) = f(—p, —w), and Sy (P™) as the space of all f € S(P™) such that
fR f(p,w)ptdp is a k-homogeneous polynomial in w (for all k € N), we have
that the Radon transform is a linear one-to-one mapping of the space S(R™)
onto Sy (P™) (see e.g. [43]).

Functions f(z) € S(R™) can be recovered from their Radon transform by
means of the following inversion formula :

G = Ar Bl )] (32)

(—1)"
flz) = 22ny

The operator B, defined as

[Bg(p, w)](z) = /Sm_1 g9(<z,w > w)dw ,

is the so-called back-projection operator, defined on functions g(p,w) € S(P™).
This operator forms a dual pair with the Radon transform in the sense of
integral geometry : while the Radon transform integrates over all points in
a hyperplane, the back-projection operator integrates over all hyperplanes
through a point.
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The Radon transform satisfies the following elementary properties w.r.t.
derivatives :

(33)

The Radon transform can also be defined for compactly supported distribu-
tions S € &'(R™)

<Stp> = <SBp> Voe&Pm).

For all S € &(R™), the Radon transform ST is a distribution of compact
support on P ie. ST € &(P™). For more details concerning the Radon
transform, we refer to e.g. [20] and [43].

0.5 The Fundamental Solution for the Wave-
operator

In this section, a few considerations concerning the fundamental solution
E1.m(T, X) for the wave-operator [J,, on the real orthogonal space R"™ are
gathered. As a general reference to this section, we mention [72].

We first give an explicit formula for & ,,(7, X) and its support property
(classically known as the Huyghens principle). We thereby have the make a
distinction between even and odd space-times :

e The case m € 2N

In case of an even-dimensional space-time R™ we have :

Eon(T,X) — (—1)"177211 (m— 1) ( H(T - |X])

m—+1 2 m—1

o T2 | X[2)%

where H(z) € D'(R) stands for the classical Heaviside distribution, or
step-function, on the real line.

From this it is immediately clear that the set {(7, X) € RM : T > | X|}
is the support of & ,, (T, X).
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e The case m € 2N+ 1

In case of an odd-dimensional space-time RY™, & ,,,(T, X) is given by

m—3
11 ONT o
Em(T,X) = o (%_T@_T) o(T" —|X[%)
and has the set {(7,X) € RY : T = +|X]|} as support. As
o(T —|X]) | o(T +|X])
2|X] 21X

oT* —|X[*) =

this gives
m—3
1 1 0\ z [dT—|X|) &T+|X)
En(T X)) = — | —==— — — .
A = o (%T 8T> ( X[ T 2X]
In what follows we will restrict ourselves to the region in space-time

defined as FC = {(T,X) € R" : T > |X]|}, for reasons that will be
made clear in Chapter 2, and that is why we will refer to

m—3
1 1 0\ % (T - |X])
Eim(T, X)) = — | —— —_
(T, ) 2 (%T 8T> 2| X]
as the fundamental solution for the wave-operator in an odd-dimensional
space-time.

In chapter 2 the following Lemma will be needed :

Lemma 0.1 The fundamental solution &,,(T, X) for the wave-operator
U, is for all odd integers m > 3 given by

a (a) (a—k)( _
3 o 0T —1X])
gm(T;&) - m—1 2|X|a+k+1 9 Ck S NO ’

o (2m) 2
m—3
where 4 = ——.
2
Proof : For m = 3, the statement becomes trivial, and the rest can be
proved by means of induction on the dimension m. 0

Notice that we are not interested in the exact values for cfﬂa).

Next we note that the singular support of the fundamental solution for the
wave-operator, which is by definition the smallest closed set outside which it
is a O™ function, is given by the set {(7, X) € RY : T = +|X]|} (this is the
so-called nullcone, cfr. infra).
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0.6 Bundles and Sections

In this section we give a short introduction to the theory of bundles. The
reason for this lies in the fact that the Dirac operator on the hyperbolic unit
ball, which is the object of study in this manuscript, will be defined as an
operator on a Clifford bundle. The theory of bundles plays a central role
in the underlying mathematics of differential geometry and hence of general
relativity. It is an important part of pure mathematics too, especially within
the field of algebraic topology. Some good references on the theory of bundles
are [45], [47] and [69].

Definition 0.6 A bundle is a triple (E, 7, M) with E and M topological
spaces and with w : E — M a continuous map. The space E is called the
bundle space, or total space, of the bundle and M is the base space of the
bundle; the map 7 is called the projection, and for all x € M the inverse
image 7~ ({x}) is the fibre over x. A C*°-bundle is such that both E and M
are C*-manifolds and with m a C*°-map.

This definition is very general. However, in all existing applications in physics
and most uses in pure mathematics, the bundles have the special property
that the fibres 7#—'({z}) are all homeomorphic (diffeomorphic in the case
where E and M are manifolds) to a common space F', which is then known
as the fibre of the bundle. The bundle is then said to be a fibre bundle.

Examples :

1. One of the simplest examples of a fibre bundle is the so-called product
bundle over M with fibre F, defined as the triplet (M x F,pr,, M)

with

pry: MXx Fr— M:(z,f)—x.

2. The Moebius band is a famous example of a so-called twisted fibre
bundle, which is a twisted strip whose base space is the circle S! and
whose fibre can be taken to be the closed interval [—1,1]. Note that
the total space E is not the product space S' x [—1,1], whence the
name twisted.

3. Let G be a Lie group, which is by definition a group in the usual sense
with the additional property that it is also a differentiable manifold, in
such a way that the group operations are smooth with respect to this
structure and let H be a closed subgroup of G. One can then form
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the space of right cosets G/H. This is a manifold with a transitive
G-action, whereby an element g € G acts by left multiplication :

goH +— ggoH .

Any two points on G/ H are related by such a mapping. At each point in
G/ H there is a subgroup of G such that left multiplication by elements
of this subgroup leaves the point invariant, this is the so-called isotropy
group of the point. At the identity eH € G/H the isometry group is
the subgroup H itself, at other points it will be a translation of H.
Defining the map 7 by

7:G— G/H:gw— gH ,

we then have a bundle (G, 7, G/H) with fibre H. The inverse image
71(gH) of a point in G/H, i.e. the fibre above that point, is a copy
of H and one can think of the total space G of the bundle as a family
of copies of H, parametrized by elements of G/H.

This example will be essential in Chapter 2, when the hyperbolic unit
ball is defined as a so-called homogeneous space.

Definition 0.7 A cross-section of a bundle (E, 7, M) is a map s : M +— E
such that the image of each point x € M lies in the fibre 7' ({z}) over z.
This means that for a cross-section s we have

mos = 1n,
where 1, denotes the identity map on M.

For example, for a product fibre bundle (M x F, 7, M) a cross-section s
defines a unique function s’ : M — F' given by

s(z) = (x5 (z))

for all x € M. Conversely, each such function s’ gives a unique cross-section
s. Thus, in a product bundle, a cross-section is equivalent to a function from
the base space to the fibre in the ususal sense.

A special type of bundles is given by the so-called principal fibre bundles,
the importance of which lies in the fact that all non-principal bundles are
associated with an underlying principal bundle. Let G be an arbitrary Lie
group, we then define the concept of a principal G-bundle :
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Definition 0.8 A bundle (FE,m, M) is a principal G-bundle if E is a right
G-space, where G acts freely on E, and if (E, 7, M) is isomorphic to the
bundle (E, p, E/G), where E/G is the orbit space of the G-action on E and
where p is the usual projection map. Note that the fibres of the bundle are
the orbits of the G-action, and that the freedom of this action implies that
these orbits are all homeomorphic to G. A principal G-bundle is thus a fibre
bundle with fibre G.

Let us first clarify some of the concepts introduced in this definition :

o A set F is called a left G-space if there exists a homomorphism g +— 7,
of G into the group Perm(FE) of bijections of E :

Ye(p) = p forallpeF
YgO Y = Ygh for all g, h € G

For a right G-space this becomes an anti-homomorphism : y,07;, = Ypg,-

e The G-action is free if, for all p € E, {g € G : gp = p} = {e}. This
means that given any pair of points p, q in E, either there is no g € GG
such that ¢ = gp or there is a unique g such that ¢ = gp. If there
indeed exists a unique g for each pair, the action is called transitive.

e Two bundles (E, 7, M) and (E’, 7', M’) are isomorphic if there exist
two bundle maps (u, f) and (u/, f’) such that

wvou = lg wou = lp

flof = 1u  fof = Lu

A bundle map (u, f) between (E, 7, M) and (E', 7', M') is defined as
a pair of maps u : £ — E" and f: M +— M’ such that 7’ ou = fo.

Next we show how one can construct a fibre bundle with fibre F', starting
from a principal bundle (E, 7, M) with structure group G, where G acts on
the space F'. For that purpose we need to introduce the 'G-product’ of two
spaces on which G acts.

Definition 0.9 Let X and Y be any pair of right G-spaces. The G-product
X xgY is then defined as the space of orbits of the G-action on the Carthesian
product X XY . This means that there is an equivalence relation on X XY in
which (z,y) ~ (2',y') if there exists a g € G such that 2’ = xg and y' = yg.

We then come to the following crucial definition of an associated fibre bundle :
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Definition 0.10 Let & = (P, 7, M) be a principal G-bundle and let F' be a
left G-space. Define Pp = P xXg F where the action of G on the Carthesian
product P x F is gwen by (p, f)g = (pg, g~ ' f) and define a projection map
r : Pp— M by e([p, f]) = w(p). Then {[F] = (Pp,7p, M) is a fibre
bundle over M with fibre F', and is said to be associated with the principal
bundle & via the action of the group G on F.

The following property will be crucial for what follows, see Chapter 2 :

Theorem 0.3 If the bundle (Pp,mp, M) is an associated fibre bundle then
its cross-sections are in one-to-one correspondance with maps ¢ : P — F
that satisy

o(pg) = g 'o(p) ,

for allp € P and g € G. The cross-section s, corresponding to such a map
15 defined by

se(x) = [p, o),
where p is any point in the fibre 7= ({z}).

0.7 Clifford analysis on the Lie sphere

In this section we first define the Lie ball and the Lie sphere and then we
give a short introduction to the theory of Clifford analysis on the Lie sphere.

0.7.1 The Lie sphere

Consider z = (21, ,2y) € C”, with z; = z; +iy; € C. Identifying C™
with R*™, we will sometimes write z = z + 7y. The complex conjugate of
z is given by Z = (Z1,--- ,Zn) and the inner product between two vectors
z and w € C™ is given by < z,w >= Zj zjw;. In what follows we will
write 2% for < z,z >= Zj 2]2 The Fuclidean norm on C™ is given by
2> =< 2,Z >= 3", |7|*. Note that

2
2.5

J

12| = < |z,

whence |z|* — [22|> > 0. We then define the Lie norm :
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Definition 0.11 For arbitrary z € C™, the Lie norm L(z) is given by

1

LE? = |2+ (w _ w)

Remarks :

1. For x € R™ we have L(z) = |z|, such that the restriction of the Lie
norm on C™ to R™ reduces to the Euclidean norm on R™.

2. The Euclidean norm on C™ is equivalent with the Lie norm :
z < L(z) < V24,
which means that both norms determine the same topology.
3. In terms of z = z + iy, we have
L(z)* = |z + 1yl +2lz Ayl
where |z A y|* = |z*ly|*— < z,y >* (Lagrange’s identity).

In terms of this Lie norm, we then define :

Definition 0.12 The Lie ball LB,,(1) in C™ is given by

LB,(1) = {ze€C":L(z2) <1}

We also define the Lie sphere :

Definition 0.13 The Lie sphere LS™ ! in C™ is given by
LS™ ! = {e'w:teR, weS™1}

Remarks :

1. The Lie sphere LS™ ! is only a subset of the boundary OLB,,(1) of the
Lie ball : it is that part of OLB,,(1) which intersects the unit sphere
in C™, given by those z = (z,y) for which z and y are proportional to
each other. B B
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2. The Lie sphere can be topologically identified with S x S™~1/ ~ where
the equivalence relation is given by

it

<€it7£) ~ (_6 7_6—‘})'

This means that functions f on the Lie sphere LS™ ! can be written
as f(e",w) = f(—€", —w) = f(c"w).

3. Both the Lie ball LB,,(1) and the Lie sphere LS™ ! can be given a
geometrical definition. For that purpose we define, for all z = x + iy
in C™, the following sphere of dimension m — 2 (or, equivalently, of
codimension 2) in R™ :

S(z) = Suly) = {teR™:|t—zl=|yl, <t—z,y>=0}.

This sphere is the intersection of the sphere |t — x| = |y|, with t € R™,
centre x and radius [y, and the hyperplane orthogonal to y through z.

Note that S(z) = S(Z) and that for z € R™ the sphere S(z) reduces to
{z}. Defining an orientation for spheres of codimension 2 in R™, it is
then possible to define a bijection between C™ \ R™ and the manifold
of non-trivial oriented spheres of codimension 2.

In terms of these spheres we then have the following definition for the
Lie norm :

L(z) = max |w|,
@) wESy(y) lul

for all z = 2 + iy € C™. This means that the Lie ball LB,,(1) can be
identified with the manifold of oriented spheres of codimension 2 inside
the Euclidean unit ball B,,(1) C R™ :

LB, (1) = {z€C™:5(2) C Bn(1)}.

Recalling the fact that the Lie sphere is defined as the subset of 0LB,,(1)
containing those z € C™ for which z and y are parallel, we also have
that

LS™t = {zeC™:8(z) cs™'}.

The importance of the Lie ball lies in the following Theorem, for which we
refer to [60] :
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Theorem 0.4 (Siciak)

1. If a series Y, Ri(x) of homogeneous polynomials converges normally in
the unit ball B,,(1) C R™, its complezification ), Ry(z) will converge
normally in LB,,(1) C C™ and hence yield a holomorphic function
there.

2. The Lie ball is the mazximal region in which this results holds in its
full generality : there exists a harmonic function h(z) such that the
complexification ), Si(z) of its expansion in spherical harmonics can
not be holomorphically extended beyond the Lie ball.

The proof of this Theorem is beyond the scope of this section, but we mention
the fact that the first part follows viz. from the fact that the Shilov boundary
of the Lie ball is given by Lie sphere LS™~!. In order to define the Shilov
boundary, we recall the maximum modulus priciple in complex analysis : for
an open bounded region Q2 C C and a function f(z) which is holomorphic in
Q and continous up to the boundary, we have
max |f(z)] = max|f(z)] .

This Theorem holds for functions depending on several complex variables
too : a non-constant function f(z) which is holomorphic in a bounded open
region $2,, C C™ and continuous up to the boundary, reaches its maximal
modulus only on the boundary. In particular, we thus have :

max 4 = max Z)| -
max [f() = _max 1/(2)

However, one can prove the following Theorem (which offers an alternative
definition for the Lie sphere) :

Theorem 0.5 The Lie sphere is the Shilov boundary of the Lie ball in C™ :
max |f(z)| = max [f(z)].

2€LBm (1) z€LSmM—1

0.7.2 Clifford analysis on the Lie sphere

From now on we consider functions f(z) on C™ which are Cy,,-valued. The
relevant operators on the Lie sphere are the Gamma operator Iy, and the
Euler operator —i0;. On the Lie sphere, the simultaneous eigenfunctions of
these operators are given by

(W) Py(ew), 1€Z, Pye M (k).
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By analogy with the term ’spherical monogenics’ to describe the simultaneous
eigenfunctions of Iy, and E on the sphere S™~! we call these functions on
the Lie sphere spherical monogenics of order (k,1) on LS™ 1. Note that these
functions are the restrictions to LS™ ! of complex extensions of the Clifford
monomials z'Py(z) in My,;. This latter notation will thus also be used to
denote the set of spherical monogenics of order (k,[) on the Lie sphere :

My = {("w)'Pu(e"w) , l€Z, Poe M (k)} .

Defining the Hilbert module Lo(LS™™1) of square integrable functions on the
Lie sphere as

Ly(LS™) = {f(e"w) : [|fllzamsm-1y < 00},

where the Lie norm is given by ||f||L2 Lsm-1y = [(f, [)lo with

(f,g9) = QWA / /Sml tw)dS (w)dt

- | [ reerteesasio

and f(e"w)™ the Hermitian conjugate on the complexified Clifford algebra
C,n, we have the following orthogonal decomposition of Ly(LS™™1) :

o(LS™ ) ZZMM

k=0 leZ

Putting § =< w, & > for w and { € S™!, we have for f € Ly(LS™!) :

Z Z(eitg)leiktpk7lf(g)

k=0 leZ

with Py, f(w) given by the integral

ﬁ/ow/sm_le_ikt{(]g(@)+£§O§_1(9)}(eit§) fle"e)dS(g)dt

where
o0
YO Pl sm-ny < o0
k=0 lcZ

This decomposition refines the decomposition of functions f € Lo(LS™ 1)
into spherical harmonics on the Lie sphere, see e.g. references [52, 64].
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The inner product of two functions f and g in Lo(LS™ ') then reduces
to

(f.9) = —ZZ / P f () Porg(w)dS(w) |

Denoting the set of holomorphic functions on the Lie ball by O(LBm(l)),
we then define the space L (LS™™!) as the following Hardy-type space :

Li(LS™ 1) = {feO(LB 11m//sm1 (rew)|?dS(w )dt<oo}.

Crol—

As was pointed out in reference [64], this module is a Hilbert module with
reproducing kernel; the so-called Cauchy-Hua kernel H(z,w). This means
that a function f € L3 (LS™!) can be represented as

flz) = i/j s H"(z,e"w) f(e"w)dS(w)dt ,

where the Cauchy-Hua kernel is defined by

1
( — (w— efit§)2)?
The module L3 (LS™ ') can then also be defined as

L;<Lsm—1):{feL2(Lsm Y. f= ZZ W) Py f (€ )},
=0 =

H(z,e"w) =

which defines L3 (LS™!) as a submodule of Ly(LS™™!) containing boundary
values of holomorphic functions in the Lie ball.

We end this Chapter with a brief overview of a technique used to construct
a reproducing kernel for a Hilbert module containing Clifford algebra valued
nullsolutions for certain Clifford differential operators P(z,d) on the unit
ball B,,(1) with polynomial coefficients, the so-called operators of Frobenius
type satisfying the conditions of the following Theorem (see [9] and [74]) :

Definition 0.14 A differential operator P(z,0) is of the Frobenius type if
its nullsolutions f(x) in B,,(1) can be represented as

o0

fl@) = > o) Pi(w) + rwBi(r?) Puw)} |

k=0
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where for all k € N the functions ay(r?) and By.(r*) can be written as positive
power series

o0

() = > ar’ B = D b
=0

=0

converging on the open interval | — 1,1[ and with Py(w) and Py(w) belonging
to M (k).

Theorem 0.6 Consider the differential operator P(x,0) of Frobenius type
with nullsolutions in B, (1) given by

fl@) = > {aw(r®)Pu(z) + zB(r*) Pr(z)} |

where the series converges normally on B,,(1). If the conditions

1.

sup lag(z)| =1 and sup |Bk(2)| = 2
|z|<1 |z]<1

o0 o0
Z||pk|\§2(sm,1) < oo and ZHPkHiz(Sm,l) < oo,
k=0 k=0

are satisfied, the complexified series f(e'w) will belong to Ly (LS™™1).

If the nullsolutions of the Frobenius operator P(z, 0) satisfy the requirements
of the Theorem, one may consider the submodule H C L (LS™™ ') contain-
ing the complexified nullsolutions, i.e. H = kerP(z,0,) N Ly (LS™'). Due
to the closedness of the operator P(z,d,) the submodule is also closed and its
reproducing kernel, for the inner product on L3 (LS™!), can be obtained as
the projection of the Cauchy-Hua kernel H(z, e"w) on H. The reproducing
property can then be restricted to the Euclidean unit ball B,,(1) leading to
a reproducing kernel for the Hilbert module of nullsolutions for the operator
P(z,0) satisfying the requirements of the Theorem. In particular we also
have that this module is a closed submodule of Ly(S™~!). Note that the last
step is not always possible, it depends on whether the inner product on the
Lie sphere can be reduced to an inner product on the sphere S™~!.

This construction will be applied in Chapter 6, when a reproducing kernel for

a function space containing nullsolutions for the hyperbolic Dirac operator
is constructed.
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Chapter 1

Hyperbolic Geometry

Let no man ignorant of geometry enter
(Sign over Plato’s Academy in Athens)

In this chapter a brief introduction to hyperbolic geometry is given, and
several models for the hyperbolic unit ball are introduced.

1.1 Non-Euclidean Geometry

The aim of this section is to describe the concept of hyperbolic geometry
from the historical point of view. Although this section is not essential for
what follows, we have included it for the sake of completeness. It is partially
based upon Chapter 6 in Tristan Needham’s book [54].

In order to tell something on hyperbolic geometry we have to start from
Euclidean geometry. One way to approach Euclidean geometry is to begin
with definitions of such abstract concepts as "points” and "lines”, together
with a few assumptions (or azioms) concerning their properties. From this
one deduces, using nothing but logic, further properties of these objects that
are necessary consequences of the initial axioms. This was the path followed
in Euclid’s famous book, The Elements, which was published around 300 BC.
Euclidean geometry did of course not come into life as a fully formed logical
system of axioms and theorems, but instead it was developed gradually as
an idealized description of physical measurements performed on physically
constructed lines, triangles, circles, etc. In this sense Euclidean geometry is
thus not simply mathematics, but a theory of space.

However, Euclidean geometry is not perfect from this point of view : expe-
riments have revealed extremely small discrepancies between the predictions
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of Euclidean geometry and the measured geometrical properties of figures
constructed in the actual physical space. These deviations from Euclidean
geometry are now known to be governed by the distribution of matter and
energy in space, which is the essence of the theory of gravity discovered by
Einstein in 1915. It is important to realize just how small these deviations
typically are for figures of reasonable size : if we would measure the cir-
cumference of a circle having a radius of one meter, no deviation from the
Euclidean case would be found, not even with a measuring device capable
of detecting a discrepancy the size of a single atom! No wonder that for
approximately two thousand years mathematicians were seduced to believe
that Euclidean geometry was simply the only logically possible geometry.

However, non-Euclidean geometry was already discovered a century before
Einstein found that it could be used to describe gravity. To locate the origin
of this mathematical discovery, we return to Euclid. He began with only five
axioms, the first four of which never aroused any controversy :

1. It is possible to draw one and only one straight line from any point to
any point.

2. From each end of a finite straight line it is possible to produce it con-
tinuously in a straight line by an amount greater than any assigned
length.

3. It is possible to describe one and only one circle with any centre and
radius.

4. All right angles are equal to one another.

The fifth axiom however, the so-called parallel axiom, became the subject
of investigations that have ultimately led to the discovery of non-Euclidean
geometry :

Parallel Axiom : Through any point p not on the line L
there exists precisely one line L' that does not meet L.

Historically, mathematicians fervently believed in the parallel axiom, so much
that they even thought it had to be a logically necessary property of straight
lines. But in that case they ought to be able to prove it. Many attempts
were made to actually deduce the parallel axiom from the first four axioms,
one of the most penetrating being that of Girolamo Saccheri in 1733. His
idea was to show that if the parallel axiom was not true, then a contradiction
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would necessarily arise. He thus divided the denial of the parallel axiom into
two alternatives :

Spherical Axiom : There is no line through p that does not meet L.

or

Hyperbolic Axiom : There are at least
two lines through p that do not meet L.

In the case of the spherical axiom, Saccheri was able to obtain a contradic-
tion, provided "lines” are assumed to have infinite length. If we drop this
requirement, we obtain a non-Euclidean geometry called spherical geometry,
for which a model will be given in the next section.

However, in case of the hyperbolic axiom, Saccheri and later mathemati-
cians were able to derive strange conclusions, but they were not able to find
contradictions. The hyperbolic axiom yields a second viable non-Euclidean
geometry, called hyperbolic geometry. It was devised independently by Gauss,
Lobachevsky and Bolyai in the first half of the nineteenth century. Gauss
never published his ideas on non-Euclidean geometry, because he was afraid
that the mathematical society would not accept this revolutionary theory,
and so the two men who are usually credited for their independent discovery
of the hyperbolic geometry are Bolyai (1832) and Lobachevsky (1829). In
the next section two well-known models for the hyperbolic plane will be given.

In order to illustrate how non-Euclidean geometries differ from Euclid’s, we
list some basic facts that can easily be derived from the familiar theorem in
Euclidean geometry that in any triangle 7' the angles add up to 7 radians.
This theorem is equivalent to the parallel axiom, from which it follows that
in non-Euclidean geometry the angle sum of a triangle differs from 7. This
difference is the so-called angular excess E :

E(T) = (Anglesum of T') — 7 .

Euclidean geometry is thus characterized by the vanishing of E(T), for any
triangle 7. Both Gauss and Lambert independently discovered that the two
non-Euclidean geometries depart from Euclid’s in opposite directions :

e In spherical geometry the angular sum is greater than m : E > 0.

e In hyperbolic geometry the angular sum is less than 7 : £ < 0. Or,
like Gauss formulated this himself :
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The assumption that the sum of three angles is less than 180
degrees leads to some curious geometry, quite different from ours,
but thoroughly consistent. (C. F. Gauss, November 8, 1824)

They also discovered the striking fact that E(7T) is completely determined
by the size of the triangle 7' :

E(T) = rA(T),

with A(T') the area of the triangle 7" and x a constant that is positive in
spherical geometry and negative in hyperbolic geometry. Several interesting
conclusions can be drawn in connection with this result :

e Although there are no qualitative differences between them, there are
infinitely many spherical and hyperbolic geometries, depending on the
value of the constant k.

e In non-Euclidean geometry, similar triangles do not exist : the formula
above tells us that two triangles of different size cannot have the same
angles. In other words : similar figures are automatically congruent.

e Closely related to the previous point : in non-Euclidean geometry there
exists an absolute unit of length. A natural way to define this is in terms
of the constant x. Since the radian measure of angle is defined as a
ratio of lengths, F is a pure number. On the other hand A has units
of (length)®. It follows that & has units of (length) > and so it can be
written in terms of a certain length R as :

where the plus (resp. minus) sign is choosen in case of a spherical (resp.
hyperbolic) geometry. Later, we will give meaning to this length R.

e The smaller the triangle, the harder to distinguish it from a Euclidean
triangle : only when the linear dimensions are a significant fraction
of R the difference will be obvious. Eintein’s theory explains why the
angular excess cannot be measured by means of figures of reasonable
size : the weak gravitational field in the space surrounding the earth
corresponds to a microscopic value of k, or an enormous value of R.
It would of course be a different story if the experiments were to be
performed in the vicinity of a black hole!
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1.2 Models for the Hyperbolic Unit Ball

In this section we define the m-dimensional hyperbolic unit ball. First of
all we define the hyperbolic unit ball as a homogeneous space, making use
of group theoretical concepts, and we induce a geometry on this space and
provide several explicit realizations.

Before defining the hyperbolic unit ball in m dimensions as a homogeneous
space, let us consider its Euclidean counterpart first : the m-dimensional unit
sphere in R™*!, which may be defined as the homogeneous space

SO(m +1)/SO(m) .

It may sound strange to call the Euclidean counterpart of the hyperbolic
unit ball in RY™ a sphere, but this nomenclature has grown historically. We
return to this point later.

This unit sphere in R™*! is a typical example of an m-dimensional space
of constant positive curvature 1, and it can be represented by the surface
S™ c R™*L. More generally, a model for the m-dimensional positively curved
space with curvature K € R, is obtained by embedding the sphere ., given
by
2 2 2 2 1
Ve Xg+ X7+ 4+ X, =R, R:?,

in the flat Fuclidean space R™! of one dimension higher. In view of the
obvious symmetry, it is convenient to identify opposite points, but instead
of pairs of points one can also consider the lines through these points. The
m-~dimensional elliptic space, or positively curved Riemannian space (which
is a manifold with a symmetric and positive definite metric defined on the
tangent space at each point), can then be defined as the space of all lines
passing through the origin in the flat Euclidean space R!*™. The co-ordinates
(Xo, -+, X;n) of the points on these lines may be considered as homogeneous
co-ordinates in the Riemannian space, thus generating a projective model.

In case m = 2 we obtain a sphere in R® as a model for the spherical plane
geometry described in the first section by considering the spherical axiom as
an alternative for the parallel axiom. The ”lines” in this model are great
circles, which makes it very easy to verify the fact that there are no ”lines”
through a given point parallel with a given "line”, since all great circles on
a sphere intersect. It was already mentioned that there is an absolute unit
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of length in non-Euclidean geometry which can be expressed in terms of a
certain length R. We can now explain the true meaning of this length R in
case of the spherical plane : it is the radius of the sphere embedded in R3
by which the spherical geometry can be represented. In other words, if we
consider a triangle 7" on the sphere with radius R in R? we have the following
formula for the angular excess :

A(T)

BT) = ®A(T) = 5> = KPA(T),

with K the curvature of the sphere.

On the analogy of these Riemannian spaces of constant positive curvature
we now turn to the spaces of constant negative curvature, which can also be
defined as homogeneous spaces. Indeed, the m-dimensional hyperbolic unit
ball is given by the homogeneous space

SO(1,m)/SO(m) ,

with SO(1,m) the set of linear transformations of unit determinant on R!™
leaving the quadratic form Q4 ,, (7, X) invariant.

This m-dimensional space can also be represented as a surface embedded
in an orthogonal space of one dimension higher :

e First of all it can be embedded in the flat Minkowski space-time RY™.
It is important to note that this does not mean that the hyperbolic unit
ball is a Lorentzian manifold, by definition a pseudo-Riemannian space
with symmetric nonsingular metric tensor of signature (1, —1,--- , —1).
Instead, it is a classical Riemannian manifold. This will be explained
below when we define a metric on the hyperbolic unit ball.

e On the other hand it is also possible to model a negatively curved space
by embedding a surface into the flat Fuclidean space. In case m = 2,
this can be done by considering the pseudosphere (sometimes called the
antisphere or tractrisoid) which is a surface of revolution obtained by
rotating the tractrix around its asymptote. The tractrix is the curve
characterized by the condition that the length of the segment of the
tangent line to the curve from the tangent point to the asymptote is
constant. However, the pseudosphere has a serious disadvantage : it
does not model the entire hyperbolic plane. This follows from a result
obtained by David Hilbert in 1901, who proved that it is impossible
to isometrically embed the hyperbolic plane (i.e. the two-dimensional
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hyperbolic unit ball) in its entirety in R®. The pseudosphere also de-
parts from the Euclidean plane in the following unacceptable way : it
resembles a cylinder instead of a plane. Indeed, a closed loop in the
Euclidean plane can always be shrunk to a point, but a loop on the
pseudosphere that wraps around the axis of revolution cannot be.

Note that Riemannian manifolds can be embedded isometrically into
Euclidean spaces, but one has to consider spaces of higher dimension.
Gromov for example proved that an m-dimensional Riemannian mani-
fold can isometrically be embedded into a Euclidean space of dimension
$(m +2)(m + 3), see [41]. We will return to this point in Chapter 7.

In our approach we prefer the embedding in the flat Minkowksi space-time.
Let us therefore consider the m-dimensional space-time RV, where m refers
to the spatial dimension, with orthonormal basis

Bl,m(6>€j> = {eaela"'>6m}

and endowed with the quadratic form Q1 ,,,(T, X) = T?—|X|?. The following
SO(1, m)-invariant subsets of R™ are essential :

e the time-like region TLR = {(T, X) € RY : Q1,,(T, X) > 0}
e the space-like region SLR = {(T, X) € RV : Q1,,(T, X) < 0}
e the nullcone NC = {(T, X) € RV : Q1,,(T, X) = 0}

The time-like region itself is the union of the future cone F'C' and the past
cone PC', given by

FC = {(T,X)eR" :Qy,n(T,X) >0 and T >0}

PC = {(T,X)eR"" : Q1 (T, X) >0 and T <0} .
Both TLR and SLR contain a canonical SO(1, m)-invariant surface which
can be seen as a hyperbolic analogue of the sphere S™ C R™*! in the sense
that these surfaces contain, whether or not up to a minus sign, all vectors of

unit hyperbolic norm. In this section however, we will focus on TLR. We
therefore define the double-branched SO(1, m)-invariant surface Br(1,m) by

Br(1,m) = {(T,X) e R" :Qy,.(T,X)=1}.

The two branches of Br(1,m) will be denoted as H, and H_ respectively,
and they are given by

Hi = {(T,X)eR" :Q,(T,X)=1 and T >0}
H = {(I'X) e RY™ Qim(T,X)=1 and T <0} .
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We thus have :

H, = Br(l,m)nFC
H_ = Br(l,m)nPC .

We can now obtain a space of constant negative curvature — K, with K € R,
by embedding the m-dimensional surface ¥y, given by

2 2 2 2 1

Yy — T"-X{—---—X, =R, R=—,
K

in the flat Minkowski space-time RY™. In case m = 2 there is again a link be-
tween this "radius” R and the angular excess E(T'), similar to the one derived
in case of a positively curved space. Choosing R = 1 we see that Br(1,m)
is an m-dimensional space of constant curvature —1, and hence the true hy-
perbolic analogue of the sphere S™ in the flat Euclidean space. Due to the
obvious symmetry it is convenient to identify diametrically opposite points.
This justifies the fact that the upper sheet H, of By (1, m) will be referred to
as the hyperbolic unit ball throughout this thesis. Just like the geodesics on
the sphere S™, i.e. the great circles, can be obtained as the intersection of
two-dimensional planes through the origin in R™ and the sphere, geodesics
on H, can be obtained as the intersection of two-dimensional planes through
the origin in R» and H,.

Remark : We would like to draw attention to the following remarkable
fact : although both S™ and H, are nothing but an explicit realization of
a symmetric homogeneous space, we cannot visualize H in a symmetric way.

Consider for example the case m = 2 : the sphere S? in R? looks completely
symmetric, whereas the surface H, in R"? (i.e. the classical hyperboloid)
does not! Indeed, it looks as if the intersection of the hyperboloid with the
T-axis has a special meaning. One should be aware of the fact that this is
not really the case, all points on the hyperboloid H, are equivalent. Hyper-
bolic rotations, under which H, remains invariant, cannot be percepted as
symmetries in a visualization because the metric of the visualization (i.e. the
metric of a sheet of paper, or a computer screen) is essentially different from
the Minkowski metric. It is however possible to ”visualize” the hyperboloid
H . by means of a physical experiment of thought using light rays, since the
true meaning of the Lorentz invariance has to be understood in the sense of
relativistic phenomena.

Instead of just identifying diametrically opposite points on Br(1,m), we can
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again consider the lines through these points and this leads to a projective
model for the m-dimensional hyperbolic unit ball, concentrated inside the
future cone F'C. This prompts the following definition :

Definition 1.1 A projective model for the m-dimensional hyperbolic unit
ball H, is given by the manifold of rays Ray(FC), defined as

Ray(FC) = {{MT,X):A€R,}:(T,X)e FC}.

Remark : In the next Chapter it will be shown how this manifold of rays
can be interpreted as a principal fibre bundle. This will be crucial when
defining a Dirac operator on this manifold.

Other models for the hyperbolic unit ball are readily obtained by intersecting
the manifold Ray(F'C') with an arbitrary surface inside the future cone F'C,
such that each ray intersects the surface in a unique point. This gives rise to
different models for the m-dimensional hyperbolic unit ball H,. Before giv-
ing two such well-known models we first define a metric on H, by restricting
to the hyperboloid H, the natural metric on the space RY™, which is the
Minkwoski space-time metric given by

dsy, = dT° =) dX; .
j=1

Let us illustrate this in case m = 2, where we choose co-ordinates (7, X,Y")
on RY2, Using (X,Y) € R? as parameters to describe the hyperbolic unit
ball in 2 dimensions, we immediately get that

(XdX +YdY)?

2 2 2 _ 2 2
(@1* = dX* = dY*)|n, = S mys — A —dY
= =) g;(X,Y)dXdYy
1,J

where the coefficients of the metric tensor on H, are given by the matrix

B 1 1+Y? —-XY
W) = Trxerve (—XY 1 +X2)

Since the eigenvalues of the matrix (g;;) are strictly positive for all (X,Y) in
R2, the restriction of the Minkowksi metric to H, gives a metric which is, up
to an overall minus sign, symmetric and positive definite. This means that
H, is a Riemannian manifold.
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Note that the unit ball Bg(1,m) in the space-like region, defined by
Bs(1,m) = {(T,X)eR": Q. (T,X)=—1},

yields an example of a Lorentzian manifold. In case m = 2 the restriction
of the Minkowksi metric to Bg(1,2) «» X? +Y? —T? = 1 gives rise to the
metric

(XdX +YdY)?
X24+Y2-1
= ) gy(X,Y)dXdY

]

(dT? — dX2 — dY?)|p, —dX? — dy?

where the coefficients of the metric tensor on Bg are now given by the matrix

(0) = 1 1-Y? XY
Gij - X2—|-Y2—1 XY 1_X2 :

This time the matrix (g;;) has a positive and a negative eigenvalue, which
proves that the manifold Bg(1,2) is indeed a Lorentzian manifold.

The induced metric on H. , denoted by ds?, gives rise to a notion of distance
on H,. In order to compute the shortest hyperbolic distance dy between
two arbitrary points on H, it suffices to calculate the length of the geodesic
on H, between € and an arbitrary point. Indeed, if we are to compute this
distance between two arbitrary points £ and n on H, we can always perform
a hyperbolic rotation (i.e. let an element of SO(1,m) act on the space-time
co-ordinates of these points) in order to make one of these points, say £ € H,,
coincide with €. Because the geodesic on H, joining ¢ with 7 is given by a
hyperbola, viz. the intersection of H, with the hyperplane through these
two points and the origin, it suffices to determine the arc length of the curve
v(z), parametrized by

z) = ((@®+1)2,2,0,..,0) , = €0,
with n = ((x% + 1)%@0,0, ...,0) €EH,.

To do so, we have to integrate the arc length differential ds determined
by the differential equation
dy(z)\*
dx '

ds\?
dx
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This equation arises from the requirement that the derivative of the curve

d
v(z) with respect to the arc length, i.e. the vector d_v’ must be a unit vector
s

at each point of the curve, with respect to the Minkowksi metric ds%; in the
tangent space to the curve at that point. For the curve v(z) from above, this
becomes

dH(Ean) = /dS
Y
_ _/“d_x
o (22+1)2

The minus sign appears because the geodesic v joining € and 7 has a space-
like character. If we adopt the convention to define the distance dy(e,n) as
the absolute value, we immediately get :

dy(e,n) = argsinh(zg) .
Two other models are defined as follows :

e The Klein model

This model is obtained by intersecting the manifold Ray(F'C) with
the hyperplane 11, given by

I = {(ILX)eR:T =1},

and projecting the point of intersection vertically down onto the unit
ball B,,(1) C R™. We thus have the following mapping :

X
(T,X) e FC CRY gz?eBm(l)cRm.

Providing B,,(1) with the so-called Cayley-Klein-Hilbert metric ds%,
we obtain a metric equivalence between the metric spaces (H,,ds?%)
and (B,,(1),ds%). This means that the mapping from H, to B, (1)
described above, preserves distance for the respective metrics. Note
that the metric ds% is not the metric on the hyperplane IT induced by
the Minkowksi metric, the latter being simply the standard Euclidean
metric up to a minus sign. In case m = 2 this metric is given in
co-ordinates (z,y) on R? by

(1 — y?)dz? zydxdy (1 — 2?)dy?
Q-2 — 22  (I—a2—y2)2  (1-a2—g22"

2 _
dsp =
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Let us then explicitely verify the metric equivalence between the spaces
(Hy,ds?%) and (B,,(1), ds%) by calculating the Klein distarllce along the
geodesic between the images of the points n = ((x% + 1)z, 20,0, ..., O)
and e under the mapping from H, to B,,(1) described above. These
points are respectively mapped to

€ — € =0
Y _ Lo
n o Ng = Tpep = ————€] .

(23 +1)2

The Klein geodesic joining these points is the straight line between
them, where ”straight” is to be understood in terms of the standard
Euclidean metric; we thus find

% dx
d / / —
K (eKanK) /0 1 — 42

= argtanh Ll ,
(2§ +1)2

from which it immediately follows that

dK (6/](77]}() - dH (5777> :

In case m = 2 the classical Klein model for the hyperbolic plane is
obtained, realized inside the unit disc. From the explicit form of the
metric ds% it immediately follows that the Klein model for the hyper-
bolic plane is not conformal, which means that the angles measured
on the model differ from the true hyperbolic angles. This is a serious
disadvantage, but it is compensated for by the fact that the "lines” in
the Klein model are restrictions to the unit disc of sraight lines in R?
with respect to the standard Euclidean metric on R?. Given a line in
the Klein model and an arbitrary point inside the unit disc, there are
infinitely many lines through the point not intersecting the given line
in a point belonging to By(1). This is in fact a manifestation of the
hyperbolic alternative for the parallel axiom. In the higher-dimensional
case m > 2 these lines are to be replaced by the intersection of B,,(1)
with planes of any dimension d < m.

The Klein model for the hyperbolic unit ball is sometimes referred
to as the velocity ball. This nomenclature comes from the fact that the
4-velocity V in relativistic kinematics, which is an element of R whose
components are the derivatives of the space-time co-ordinates (7', X)
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with respect to the proper time, can be expressed in terms of the ob-
served speed u

v 1 U h dX
= with ©u = —
(1-u2)? (1—-u2)?) T AT’

N|=

where we have put the speed of light ¢ = 1. In the same way a vector
x € B,(1) gives rise to the space-time vector (1,z) € II, i.e. an
element of the Klein model for the hyperbolic unit ball which uniquely
determines the 4-vector X = (T, X) € H, as

X = ( ! ) = 1)7
(1—1z[*)2 (1—lz)?

Another way to see this is the following : the hyperbolic norm of the
4-velocity is always equal to one. So if we study the hyperbolic unit
ball H,, we actually study the set of relativistic speeds.

The Poincaré model

This model is obtained by intersecting the manifold Ray(FC) with
the parabolic surface P, given as the set

1+ | X
b (e g )
and projecting the point of intersection vertically down onto the unit
ball B,,(1) in R™. Note that each ray in Ray(F'C') intersects P in two
points, so we have to specify the point of intersection as the one having

a temporal co-ordinate 7' < 1. We then have the following mapping :
X

(T,X) e FCCR"™ 2 = — - € B(1) .
T+ (T - |XP):

Providing B,,(1) with the Poincaré metric

437, da?

2
dsp = (1—r2)2

we obtain a metric equivalence between the metric spaces (H,,ds%)
and (B,,(1),ds%). We will explicitely verify this, to illustrate that the
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earlier calculated hyperbolic distance dg (€, ) remains unaffected under
the mapping from H, to B,,(1) defined above. By definition, the points

eand n = ((x?) - 1)%,950,0, ...,0) are mapped to

e — e =10

2 1
rg+1)2 —1
an}D:xGelz—(o ) er .
Zo
The Poincaré geodesic joining these points is the Euclidean line between
them, which is a circle with infinite radius intersecting the boundary
under a right angle (cfr. infra); so we find

b % dy
dp (€p,np) = 2/0 1— 22
1
Zo '

As

Sinh(dp (6/]37773—"’)) = Sinh(dH<€>77)) = dp (6/]3’77;3) = dH(Evn)

and this proves the metric equivalence between the spaces (H,,ds%)
and (B,,(1),ds%).

It should again be noted that the Poincaré metric on B,,(1) differs
from the metric on P induced by the Minkowski metric.

In case m = 2 the Poincaré model (B,,(1),ds%) for the hyperbolic unit
ball reduces to the classical Poincaré model for the hyperbolic plane in
which the "lines” are circles intersecting the boundary under a right
angle. It is easy to verify that the axioms for the hyperbolic plane,
in particular the hyperbolic alternative for Euclid’s parallel axiom, are
satisfied : given any ”straight line” and an arbitrary point, one can
draw infinitely many ”straight lines” not intersecting the given line,
that is : circles through the given point orthogonal to the boundary
S and not intersecting the given line. In the higher-dimensional case
m > 2 these lines are to be replaced by spheres of any dimension d < m
intersecting the boundary S™! under a right angle.

In contrast to the Klein model for the hyperbolic unit ball, the Poincaré
model offers a conformal model. This follows immediately from the fact
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that
4

dsp = f(z)dsk J@) =g

with ds% the standard metric on the flat Euclidean space.

Remark : These two classical models are realized inside the Euclidean unit
ball and that is the reason why the hyperbolic counterpart of the sphere
in flat Euclidean space is called the hyperbolic unit ball in flat Minkowksi
space-time.

Both the Klein and the Poincaré model for the hyperbolic unit ball are
linked to each other through the hemisphere model. For convenience, let
us consider the case where m = 2. In order to explain how we can go from
the Poincaré model to the Klein model and vice versa, we start from the unit
ball By(1) C R? and we embed the plane R? in the 3-dimensional space R?.
Consider then the sphere S? C R? centred around the origin, which inter-
sects the plane R? in the boundary S* of the unit ball By(1). If we consider
the point (0,0, —1) as the south pole of a stereographic projection from the
plane R? onto the sphere S?, the unit ball By(1) will be mapped onto the
northern hemisphere S? whereas its boundary S* will be mapped onto itself,
considered as the great circle on S? dividing the northern from the southern
hemisphere. If we now consider a line in the Poincaré model, i.e. a circle
intersecting S' under a right angle, its image under the stereographic projec-
tion will be a curve on the sphere S? which is to be seen as the intersection
of S? with a hyperplane in R? orthogonal to the plane R?. Indeed, as the
stereographic projection preserves orthogonality, the image of the Poincaré
line must be orthogonal to S, i.e. a vertical section. Projecting this curve
on S?% vertically down, back on the unit ball By(1) C R?, we obtain a line
in the Klein model. Conversely, a line in the Klein model can be projected
vertically upwards, its image being a curve on S?, and this will be mapped
onto a line in the Poincaré model under the inverse stereographic projection.
This remains true in higher dimension.

The stereographic projection also appears in the following argument, leading
to a model for the m-dimensional hyperbolic unit ball on the flat Euclidean
space R™, provided with the standard metric ds%. Let x = (xq,--- ,x,,) be
an element of R™ and consider the map

1—7r2 1 2
r = X = L1, T, ra T
2 2

= (Xla"' ;XmaXm—‘rl;Xm—i-Q)
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which is a conformal embedding of R™ into a paraboloid P on the nullcone
NC in the orthogonal space RV of two dimensions higher :

m—+1

NC « X2, = > X7.
7=1

When introducing on RY™*! the standard Minkowksi metric

m—+1

dsy = dXp 5~y dX,

j=1

it becomes clear that this mapping x — X is an isometry, up to a sign.
Indeed, as X belongs to the plane V' with equation

V < Xerl_'_XerQ = 17

we have dX,,,1 = —dX,,12 and so
m+1 m
dsy = dX2.,— Y dX; = =) di} = —dsj, .
i=1 j=1

Conversely, any point from the intersection of the plane V' and the cone NC|,
i.e. any point from the paraboloid P = NC NV, satisfies

m
_ oy 2 _ 2 _ 2
Xtz = X1 = X5 —Xo = E:Xj = T
j=1

so that, putting z; = X, we obtain

1—r? 1+172
Xm+1 — 2 and Xm+1 — 2 .

Let z — X, and consider then the positive half ray
Ray(X) = {Y =XAX:AeR,}

inside NC, = NCN{X : X,,.2 € R, }. The mapping x — Ray(X) is
an embedding of R™ into the manifold of rays Ray(NC' ) which is injective
and covers the whole positive cone NC with the exception of Ray(0, —1, 1).
This single ray may be considered as a unique point at infinity and leads
to the one-point-compactification R™ U {oco} = S™, whereby S™ may be
topologically identified with a sphere on NC'; :

S™ = NC,N{X: Xpo=1}.
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This sphere is precisely the one used to illustrate the relation between the
Klein model and the Poincaré model for the hyperbolic unit ball by means
of the hemisphere model. In fact, the map from R™ +— S™\ {oco} given by

z — X — Ray(X) — Y € ™\ {0}

is precisely the stereographic projection

2(L’j .
Y} = 1-'-7"27 .7:17"'7m
1 —7r?
Y. =
1 1+ r2

from the south pole (0,—1) of the sphere S™ intersecting the hyperplane
X,e1 = 0, i.e. the space R™, in the sphere S™~!. Note that the south pole
is the point at infinity, i.e. the intersection Ray(0, —1,1) N {X : X2 = 1}.

In some sense the stereographic projection "factorizes” the mapping from
R™ to the nullcone NC in RV : instead of mapping x € R™ immediately
to X € RY™*! one passes by the image of z under the conformal stereo-
graphic projection on the sphere S™, identified with a sphere on the cone
NC,ie. NCN{X : X,,,2 =1}. The image of z on the sphere S™ is then
finally moved along the rays in NC to a point on the paraboloid P C NC.

From this point of view the conformal character of the Poincaré model for
the hyperbolic unit ball can also be seen as follows : the orthogonal group
SO(1,m + 1) preserving the cone NC, maps rays onto rays and leads to an
angle preserving map on the manifold of rays Ray(NC) = S™. Since the
inverse stereographic projection from SY' back onto the unit ball B,,(1) is
conformal too, we easily obtain the desired result.
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Chapter 2

The Dirac Operator on the
Hyperbolic Unit Ball

Mathematics is the tool specially suited for dealing
with abstract concepts of any kind and there is no
limit to its power in this field. (P.A.M. Dirac)

In this chapter the Dirac operator on the hyperbolic unit ball is defined, and
several explicit constructions for the fundamental solution for this operator
are given. The projective nature of our model for the hyperbolic unit ball is
essential to these constructions.

2.1 The Hyperbolic Dirac Operator

In Chapter 1 several models for the m-dimensional hyperbolic unit ball H
were defined. One of these was the manifold of rays, see Definition 1.1 :

Ray(FC) = {{MI,X):AeRy}:(T,X) e FC} .

Note that this model is concentrated within the F'C', and that is why we
restricted ourselves to space-time vectors (7, X) such that Qq,,(7,X) > 0
when we introduced a polar decomposition for the operator dx (see section
0.1.3).

Due to the projective nature of this model, all concepts on the hyperbolic
unit ball must be defined in such a way that they correspond to an invariant
object on Ray(F'C'). This can be done by considering, for arbitrary complex
a, the homogeneous Clifford line bundle

Rima = {((T,X),a) € Ry™ xRy n}/ ~ (2.1)
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where the equivalence relation ~ is given by
(T, X),a) ~ (MT,X),\*a) , AeR, .

In other words : the bundle space of the bundle R ,,., is the set R(l)’m X Ry,
and the base space consists of the equivalence classes under the projection 7,
with

W((T17X1)7a1> = 7T-<(T?7X2)7a2) = ((T17X1)7a1> ~ ((T27X2>’a2)
= (11, X)), a1) = (MT2, X,), \ar)

for a certain A € R,. Sections of this bundle have the following form :

(r0rx) ~ (ArxxFrD),

which means that sections of the Clifford bundle R, ,,., are homogeneous
Ry -valued functions on the flat Minkowksi space-time R,

Remark : Since the term homogeneous Clifford line bundle is no standard
term in the literature, although it was already used in e.g. [12] and [13], we
here present a rigorous definition for this bundle. In what follows we will

then always refer to this construction when using the name ’homogeneous
Clifford line bundle’.

e Let G be the multiplicative group R, and consider its (abelian) action
on punctured Minkowski space-time ]Ré’m given by

AT, X) = (MT,AX) forall A € R,.

This is a free action and the orbit space is the space of halfrays in
flat Minkowski space-time RM™. In other words, the subset of the
orbit space obtained by considering the action on F'C' is precisely the
manifold Ray(FC') defined earlier. In this way, Ray(#C) becomes a
principal G-bundle (FC, 7, FC/G). We already mentioned this fact
in the previous Chapter, when we first defined the manifold Ray(FC).
This means that functions defined on the hyperbolic unit ball are in fact
functions defined on a bundle, i.e. sections. However, since monogenic
functions are normally defined as Clifford algebra-valued functions, we
would like to construct a bundle associated to Ray(F'C') whose fibre
is precisely the Clifford algebra R;,, such that its sections become
Clifford-algebra valued functions on F'C'. This can be done by means
of the general theory of associated principal fibre bundles!
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e We thus define the following representation A of G on the Clifford
algebra R ,, :

A:G — End(Ry,,)
A =AY

where the mapping A™* € End(RR, ,,) acts by multiplication
A% ra— A% .

e Because we now have the principle G-bundle Ray(F'C') and the Clifford
algebra Ry, playing the role of a (left) G-space, we can define an
associated fibre bundle with fibre Ry ,,,. To do so we first introduce the
G-product

FC Xa Rl,m

of orbits under the action of G on the Carthesian product F'C' x Ry ,,.
Here, we have that ((T, X), a) ~ ((S, Y), b) if and only if there exists
a A € G such that

(S, Y)=XNT,X) and b=\ "'a= ).

By definition, the associated bundle (FCg, ., 7g,,.,FC/G) is then
given by : FCg,, = FC xRy, and g, (T, X),a) = 7(T,X)
with 7 the projection associated to the principal G-bundle Ray(FC),
i.e. the bundle (FC, 7, FC/Q).

e Since (FCg,,,, Tr,,,, F'C/G) is an associated fibre bundle, its sections
are in bijective correspondance with functions ¢ : F'C' +— R, ,, satisfying

P(MT, X)) = (V) 'o(T, X) = X\*¢(T, X) .

This expresses precisely the fact that sections on the Clifford line bundle
are homogeneous functions on F'C'!

The Dirac operator on the hyperbolic unit ball can thus be defined as the
Dirac operator Ox = edr—0x on RY™ acting on sections of the bundle Rimia-
This immediately leads to the following definition :

Definition 2.1 The Dirac operator on the hyperbolic unit ball H, is defined
as the Dirac operator on RY™ acting on a-homogeneous functions on FC, o
being an arbitrary complex number.
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As the Dirac operator dx on R"™ is homogeneous of degree (—1), it maps
a-sections onto («—1)-sections, whence the Dirac operator on the hyperbolic
unit ball is well-defined. From now on, this operator will be referred to as
the hyperbolic Dirac operator.

By analogy with the notion of monogenic functions f defined in an open
subset Q of R™ with respect to the Dirac operator 9 on R%™, we introduce
the following :

Definition 2.2 Let ) be an open subset of the hyperbolic unit ball H,. An
open conical region R ) of the future cone F'C is then defined as the set

R,Q = {(T,X)€ FC:(T,X)=\r¢£), A€R, and (1,£) € Q} .

Definition 2.3 Let o be an arbitrary compler number. An a-homogeneous
function F(T,X) defined in an open conical region R.Q of the future cone
FC in RY™ which is monogenic with respect to the Dirac operator Ox, is
called a monogenic function on the hyperbolic unit ball H, defined in R, ).

Recalling the polar decomposition

1 §
(9X == f (ap ‘I— ;Fl,m) = ;(]Ep —I— Fl,m)

of the Dirac operator on the time-like region of the m-dimensional space-time
RY™, we introduce two function spaces :

Definition 2.4 Let R, ) be an open conical region in F'C and let o be an
arbitrary complex number. We then put :

HYQ) = {Fel' (Q): &M, +a)F =0 inQ}
H' R, Q) = {FeC'(RQ):E,F=aF and OxF =0 in R, Q}

Provided with the obvious laws for addition and multiplication with Clifford
numbers both sets are right R; ,,-modules. The space H*(R;€) is the set
of all monogenic functions on the hyperbolic unit ball defined in R, ). The
space H*(£2) contains the restrictions to 2 C H, of monogenic functions on
the hyperbolic unit ball defined in R, €2, and we will label these restrictions
as hyperbolic monogenics :
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Definition 2.5 Elements of H*(Q2) are called hyperbolic monogenics in Q.

This means that there is a link between monogenic functions on the hyper-
bolic unit ball and eigenfunctions for the hyperbolic Gamma operator I'y ,,.
Indeed, if F/(X) is a monogenic function on the hyperbolic unit ball, defined
on R,y H,, we have
oxF(X) = 0
{ E,F(X) = aF(X)

whence the restriction of F(X) to H; yields an eigenfunction for I'y ,, :

EC1m+a)F(E) = 0.

Conversely, an eigenfunction F(§) for the operator I'y,, with eigenvalue «
gives a monogenic function F(X) = |X|*F(£) on the hyperbolic unit ball,
homogeneous of degree a.

2.2 Fundamental Solutions

In this section the hyperbolic Dirac equation will be derived, i.e. the equation
determining the hyperbolic fundamental solution. In order to do so, we use
the Klein model for the hyperbolic unit ball realized as the intersection of
Ray(FC) with the hyperplane IT < T' = 1. Four different constructions for
the solution to this equation are then given.

Consider thus an arbitrary space-time vector X = ¢I'+ X € FC. We
then have :

r'+X = Me+z)

X
where we have put z = ? € By,(1) and A =T € R,. Interpreting (A, x) as
a new set of co-ordinates on the F'C', and rewriting the Dirac operator dx in
terms of these co-ordinates we find :

1

8X = e@T — 85 — \ (Q =+ E(Er — E)\))

with @ (resp. E,) the Dirac operator (resp. the Euler operator) on R%™ in
terms of the co-ordinates z on the Euclidean unit ball B,,(1). In view of our
definition of monogenic functions on the hyperbolic unit ball, we then define
the hyperbolic fundamental solution E, (7T, X) as follows :

E.(T,X) = TE,(1,z) = \'E,(z).
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This function E,(z) must be a solution for the operator — (0 + €(E, — «))
on the punctured Euclidean unit ball B,,(1) \ {0} with singularity for z = 0.
Therefore, it satisfies the following equation :

(Q + E(Er - a))Ea(i) = _5(£) :
In space-time co-ordinates (7', X) this becomes
(e0r —0x)Eo(T, X) = T 16(X) (2.2)

with 72! the distribution defined in section 0.3. Equation (2.2) is the
hyperbolic Dirac equation; solving it is the subject of this section.

Remark 1 : As the distribution TfJ“m’l is not defined for a + m € —N,
these values for a will be excludes throughout this section!

Remark 2 : The motivation for choosing 79" '§(X) to be the right-hand
side of the hyperbolic Dirac equation can also be illustrated in the following
way : if we multiply it with the delta distribution (7% — |X|* — 1), hence
restricting the integration over the flat Minkowski space-time to Br(1,m),
we obtain the point-evaluation in the intersection of the ray through (T, X)
and Br(1,m); i.e. a delta distribution on the hyperboloid. Indeed, for an
arbitrary test function ¢ we have :

(1580 - IXP - g = [ TR - Dp(r 0
R
which by means of the fact that

Sy = ¥

Y

reduces to

(1580 - XP - 1) = [T - Derr

= »(1,0) .

Remark 3 : In Chapter 5 we will briefly return to this point and show how
the distribution 797" '§(X) arises from the point of view of the general
theory of delta distributions on manifolds. We postpone this explanation
until then because it would be inappropriate to discuss it here.
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2.2.1 Method 1 : Projection

The idea behind this first method is to project the hyperbolic Dirac equation
onto an arbitrary surface ¥, and to rewrite the hyperbolic Dirac operator
in terms of co-ordinates on this surface. We will do this for two particular
choices for X : first we consider the hyperplane Il < T" = 1, thus projecting
the hyperbolic Dirac equation onto the Klein model for the hyperbolic unit
ball, and next we consider the parabola P «— T = %
the projection onto the Poincaré model.

, hence obtaining

e The Klein Model

The projection of the hyperbolic Dirac equation onto the hyperplane
IT gives rise to the following equation on the unit ball B,,(1) C R™ :

(Q+€(E, —a)) Ea(z) = d(z), (2.3)

X
with x = ? and with F,(T,X) = T*E,(x) the resulting hyperbolic

fundamental solution in space-time co-ordinates (7, X).

The idea is to construct a hyperbolic fundamental solution F, (x) which
is a modulated version of the classical Cauchy kernel E(z) on R%™ :

E, (@) =

bj(ze) E(z)

(e 9]

oz
> (sz + sz+1£€) |£‘2]W

)

H= 10

J
where the unknown coefficients are to be determined in such a way that
we obtain a solution for the hyperbolic Dirac equation (2.3).

Letting the operator 0 act on E,(z) we get for the scalar part of the

summation
oo oo
Z bajla|* lem = 2 (2 + 2)byysolz/¥ ‘jm
and for the bivector part
o0 o0
03 bayzelaf T = e 3 (22 —mibayiale
j=0 = j=0 =
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Letting the operator E, act on the scalar part we get

E S boslaf S = S (142) — )byl
=0 2 =0 2
and for the bivector part
E, szﬁlgem”% = ze) (242 - m)bgj+1|§|2j% .
x|m x|m
j=0 = j=0 =

Expressing the fact that (9 + €(E, — @))Ea(z) = 0 on the punctured
unit ball we get the following system of equations to hold, for each
JjEeEN:

(2 + 2] —m — Oé)bgj+1 = (2] + 2)b2j+2

(1+2j —m—oz)bgj = (2+2j—m)b2j+1

Choosing by = 1, this will eventually give the following coefficients b; :

(1 o a;m)j (H%)]
7! (1_%)3‘
1—a—m(—25"), (1L+557),

2—m jHe-%), ’

baj1
which means that we have found the following fundamental solution :

E (T, X) = X*Mod(a,1 —m,z)E(z) (2.4)

where we have put

1 —m —
Mod(a,1 —m,z) = Fi(]z|*) + eil—

z 5 —zeb(lz’)

with

a+m l—a—m m
F = F(1-— ) ——
1(t) ( 2 9 2 b 27t)

1— o —
R(t) = F(1—O‘J;m,1+ O; m;z-%;:&).

Remark 1 : Note that in case of an even-dimensional space-time,
these hypergeometric functions are ill-defined. This follows from the
fact that the hypergeometric function F'(a,b;c;t) becomes ill-defined
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for ¢ € —N. We will return to this point in section 2.2.2. For the

moment we thus restrict ourselves to the case of an odd-dimensional

space-time. There is however an exception to this, because for « = —2*

2
this fundamental solution is defined for both odd and even dimensions

m. Indeed, for this value we get

Fi(t) = F<;<1——> ‘< _%> _% )

and

such that

14+ (1—|z?)2) "
Mod (—T,l—m,g) = ( — ) 1+ £ -1 .
2 22 (1 —[zf?) 1+ (1 —[z]?)?

We will postpone the explanation of this phenomenon until a later

m

Chapter. Right now it suffices to remember that the value o = —%

leads to an interesting special case of the hyperbolic Dirac equation.

N

Remark 2 : In Chapter 3 the idea of modulating solutions for the
Dirac operator 0 on R%™ to obtain solutions for the hyperbolic Dirac
equation will be generalized. This will enable us to obtain a whole class
of nullsolutions for the hyperbolic Dirac operator.
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e The Poincaré Model

With an arbitrary point €1'+ X € F'C we associate the intersection
of the ray through this point and the parabola P. Since there are
two points of intersection, we choose the one which has a temporal
co-ordinate less than 1. This gives

1 2
el'+X = Ap (e +2|£| —i—@)

X
= )\: € B(1) and A\p =T + /T? — | X|?. We then interpret
P

Y
(Ap,z) as new co-ordinates on the future cone, and the Dirac operator
Ox on R becomes :

with

1 T +e
EaT—ai — —E <Q+21_—‘£|2(ET‘_EAP))

with O (resp. E,) the Dirac operator (resp. the Euler operator) on R™
in terms of the co-ordinates z € B,,(1). In view of Definition 2.3 we
then put

E (T, X) = MpE.(2),

and this eventually yields the following projected hyperbolic Dirac
equation :

(225 56 -0 B = ). @)

1 —|zf?

The idea is again to look for a fundamental solution F,(z) which is a
modulated version of the classical Cauchy kernel :

Eolz) = ) a;(ze) E(x)
j=0
- T
— LS (o sl
=0

m |£|m

where the unknown coefficients a; are to be determined in such a way
that we get a solution for the hyperbolic Dirac equation. Putting

(e+z)? = 1—|z?
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and recalling the fact that 92 +2 0 = —m — 2E, on R%™, we see that
equation (2.5) is equivalent with the following equation :

(Q(g—i—e)—i—m—i—Za)Ea(g) = J(x)e .

Letting the operator 9 x act on E,(z), we get for the scalar part of the
summation :

o oo . T
dx )y aslz[” B |m = > (242 —m)a2j|$|2jw
=0 - £
and for the bivector part :
o) T 00 ‘ y T
x> agpzelz]” mm o > (25 + 2)agj x| PR
=0 = =0 =

Letting the operator Je act on E,(x), we get for the scalar part :

ad Xz
e Z a2; @‘QJ |£_|m
7=0

and for the bivector part :

ze ) (2 + Dagysalel? |
7=0 -

[e’e] z [e¢) . x
Oe Z G2j+1£€|£| \x_ Z (2 + 25 —m)agj|z[Y —
= j=0

i=0 =

jz|™

Expressing the fact that (0(z + €) + m + 2a)E,(z) = 0 we get the
following set of equations, for each 7 € N :

(2 + 2] —m — 2oz)a2j+1 = (2] + 2)(12j+2
(2 + 2] —2m — QOZ)CLQJ' = (2 + 2] - m)a2j+1

Choosing ay = 1, this will eventually give the following coefficients a; :

]

A25+1 = ™

This means that we have found the following fundamental solution :

E.(T,X) = XpModp(a,1 —m,z)E(z) (2.6)
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where we have put

1—m—
Modp(a,1 —m,z) = FP,I(@F)"‘#@EFRQ(@P)
2
with
Fpa(t) = F<1—a—%,1—m—&;1—%;t>
FP,Q@) = F<1—a—%,2—m—a;2—%;t> .

The same remarks as for the projection on the Klein model hold here
as well :

Remark 1 : In case we are dealing with an even-dimensional space-
time RY™ the hypergeometric functions in the formulae above are again
ill-defined. We return to this point in the next subsection. There is
however again one exception, when o = —2. Indeed, in that case we

5
easily get that

m m i 1
Fralt) = Fra(t) = F(1,1-251-250) = St = —
k=0

such that the Modulation factor reduces to
) L4 ze
1z

Modp <—%, 1—m,zx

= (I4ze) .

If we then recall the projection of the hyperbolic Dirac operator on the
Poincaré ball in case o = —7, given by 9(z +¢), it is immediately clear
that this is no coincidence since

((Q(z +€) + (m+ 204))&(&))

as it should be! We return to this point in later Chapters.

Remark 2 : In Chapter 3 the idea of modulating the Cauchy kernel
to obtain a fundamental solution for the hyperbolic Dirac equation will
be generalized to arbitrary monogenic functions. In this way a second
class of nullsolutions for the hyperbolic Dirac operator will be obtained.
Both classes of nullsolutions, obtained by projection on the Klein and
Poincaré model of the hyperbolic unit ball, will then be proved to be
equivalent. This will give rise to geometrical interpretations for certain
identities for the hypergeometric function.
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2.2.2 Method 2 : Radon Inversion

The idea behind this method is to use the Radon transform to reduce the
hyperbolic Dirac equation, which is an m-dimensional problem for a vector-
valued differential operator, to a scalar problem in two dimensions. One
might argue that we are dealing with an (m + 1)-dimensional problem, since
we need the Dirac operator on RM, but it should be stressed that the need
for homogeneity allows us to have one degree of freedom and this reduces the
dimension of the problem. At the end of this subsection we will also explain
why the even-dimensional case differs substantially from the odd-dimensional
case.

The starting point is of course the hyperbolic Dirac equation (2.2). The
Radon transform can be used to transform this equation into an equation
for EI(T,p,w), the Radon transform of the fundamental solution E (T, X)
with respect to the variable X € R™ :

(edr — wd) EL(T,p,w) = T{H"'6(p) .

Here we have used expression (33). Putting £ (T, p,w) = (e0r—wd,)®. (T, p),
it suffices to solve the scalar equation

(07 = 3,)@a(T'p) = T¢T4(p)

for ®,(T,p). A Radon inversion allows us then to conclude that

Bl X) = §ooo A By - w07, X)
_ T mo1
= W(EaT — AR [BPJ(T, X) .

It should be stressed that the Laplace operator A,, and the Dirac operator
0 on R%™ are both given here in terms of the co-ordinates X on R™.

With & (T, p) the fundamental solution for the wave-operator on R, we
find for ®,(7,p) :

,(T,p) = (E*T™16(p))(T,p)
_ / E/(T — S, p)S*T™1dS |
0

As we are looking for a fundamental solution F, (T, X) with support in the
future cone, we put

sry = TOAT b
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whence

Q.(T,p) = %/0 H(T—S)H(T_S_|p|)5a+m—1ds

1 (T —[p)*
= —-H(T)H(T — |p|)————
SHOHT = [p) =P
eventually leading to
()T e (T — p)+
E (T, X) = ———0xA»? H(T)H(T — |p|)—————
(TX) = (GO B HDHT —p) =L

This expression will now be calculated in case of an odd dimension m > 3,
because in case of an even dimension m it contains a fractional power of the
Laplace operator. These fractional derivatives can be defined in terms of
Riesz potentials, see e.g. [44], but this makes the calculations less straight-
forward. The even-dimensional situation is thus again excluded until the end
of this subsection.

By definition we get :

e e Il e e )

Note that inside the future cone the factor H(T)H(T — | < X,w > |) reduces
to the constant 1.

—

Choosing the vector X in such a way that 6, = (X,w), with 6; one of
the spherical co-ordinates appearing in the Lebesgue measure on S™ !,

dS(w) = (sin )™ 2(sin Oy)™>...(sin Opy_2)db, ...d0,

we have < X, w >= | X|cos#; and the above integral becomes

m—1

/ (T — | X]|| cos 0y ])>t™ A3
Sm—1

a+m dS(g) = F(mT_l)I<T7X)a

with I(7, X)) given by

I(T,X) = /1 (T_ym)wm(l—yQ)mT%dy.

a-+m

As |X| < T for all X € FC and y € [0,1], we may consider the following
series expansion :

= (a+m IX\"
T -yl X atm Tonrm «Q ]
(T - yix) S () ()
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which leads to :

Tot+m o0 a+m 1 ko r1 -
I(T,X) = Z( 1 ><—% /O Y (1 —y?) T dy
k=0

a+m

- a1

k=0

We thus find the following expression for I(7T

S e e ()

(07 m
™ k=0

such that for all space-time vectors X = €T + X € F'C we get

a+m\ (=DFk -1 /1X]\"
k (k+m-=-2) \' T ’
with A,, the Laplacian in the co-ordinates X and adopting the classical
notation

al/ = ala—2)---4-2 if a€2N

a!/ = ala—2)---5-3 if a€2N+1.

This expression for E, (T, X)) can now be rewritten in such a way that for odd
spatial dimensions m we recover the formulae that were found in subsection
2.2.1. To that end, we need the following technical Lemma which can be
proved by means of induction on the parameter a € Ny :

Lemma 2.1 If A,, = ZT’:l a,%j denotes the Laplacian on R™, we have for
all positive integers a € Ny :
n!! (n+m —2)!!

A noo__ AmAm n _ n—2a
mlzl %,—/m (n—2a)!!(n—2a—|—m—2)!!m

Using this Lemma, we find for arbitrary (7, X) € FC' :

Cl€dr — Ox) Tot™ SN (T kN IXN\"
BT X) = a+m ygm—lkzzo(kﬂ—m)!! -7 ) @D
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where we have put

(=T
2(2m) "

Due to the presence of the factor k(k—2)--- (k—(m—3)) in expression (2.7),
the even series Y¥.,., starts from k = m — 1 if m is odd, which means that
this series loses its singular behaviour at | X| = 0. Indeed,

[o's] a+m 2]{: ” 2k
#Eeven — 1 Z ( )( )! g’
X[ X1 £ (2k F1-mlI\ T

_ LU () s
(1 +m3) T ' '

The following Theorem, stating that the even series (2.8) belongs to the
kernel of the wave-operator [J,,, on RY™ is proved by direct calculation :

Theorem 2.1 For all (T, X) € FC we have :

rem s (e (XN
Dm{mm—lkzzo(zkﬂ— m)!! (T) }_0

Hence, in case of an odd spatial dimension m, the fundamental solution
E.(T,X) as obtained by means of the Radon inversion consists of a singular
part B (T, X), given by the odd series, and a regular part EY (T, X) given
by the even series.

In what follows we will prove that the singular part can be written as a
modulated version of the Euclidean Cauchy kernel E(z), with z = %, and
that the regular part can be written as a modulated version of the constant

function 1, a trivial solution for the Euclidean Dirac operator 9 on R%™.

Remark : It is important to note that the regular part of the hyperbolic
fundamental solution E, (T, X)) cannot be unique, since one can always add
an arbitrary a-homogeneous nullsolution for the Dirac operator dx on RY™.
However, as will be illustrated a bit further : the regular part Eg) (T, X)
which shows up here is in fact very natural and will allow us to rewrite the
hyperbolic fundamental solution E, (7, X) in terms of Gegenbauer functions
of the second kind.
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Using expression (2.7) for the fundamental solution and result (2.8) for the
even series, we find :

m—1

) 2"5 Cn(edr = 0x) 0 G ) U+ DY 71X\
EOCX) = — “Z iz 1

Using the following identity, known as Legendre’s duplication formula for the
Gamma function

2z—1 1
['2z) = —I'(z)T (z + —) ,
T2 2
it follows immediately that
< a+m ) (+nr W%F(O‘"’_m‘i'l) (_%)z(_HTa)l
24m—-1)(1+22)  2mI0 () De+2) (),

Hence, E"” (T, X) takes the form

EO(T X) = (=17 (dr — 0x) Mla+m) o1y (_%’_1+a m W)

omr" T (m)  Dla+2) 2 2

X
with £ = =. Using the contigious relations for the hypergeometric function,

straightforward calculations now yield :

1
@ _2ta m;|_l2) = (14 a)T*Mod(a, 0, z)e

(EaT — 8X>Ta+1F <—§, —T, E

where Mod(«, 0, z) is defined by
Mod(a,0,2) = Fi(|z*) — —zeF(|z|*)
m

with

l—a am
Fi(t) = F ——:—:t
1() ( 2 ) 2a27)

1—
Fy(t) = F( a,l—g;l—i—m;t) .

This eventually yields the regular part ED (T, X)) of the fundamental solution
for the hyperbolic Dirac equation, in case of an odd spatial dimension :
()" T(a+m)

(r) _
BT X) omy zQP(m) I'(a+1)

T*Mod(a, 0, x)e
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Next, the singular part Eés)(T, X)) of the fundamental solution for the Dirac
equation on the hyperbolic unit ball is determined. Recalling expression (2.7)
we get :

Cm(éaT o aﬁ) Taerfl 0 (g]:—:;) (Qk + 1)” <@) 2k

EWN(T, X) = —
o (1,X) a+m |X|m—2kz;(2k:+l—(m—3))!! T

In case of an odd spatial dimension m, the coefficients reduce to

(G ) 2l (2, (),
2k+1)(2k+1—-(m=3)'  T(2-2) k((2-2) -

k

In view of the fact that

™

D(2)0(1—2) =

sin(mz)

the following expression is eventually obtained :

E9N(T, X)

(edp — Ox) Totm—1 l—a—m 2—a—m2 m’ 2
X 9,
(m — 2)A,, | X2 2 T 2 Tk

= T°Mod(a,1 —m,z)E(x)

This formula thus states that the singular part EY (T, X)) of the hyperbolic
fundamental solution is a modulated version of the Euclidean Cauchy kernel,
identical to expression (2.4).

Remark : Note that these calculations are only valid in case of an odd-
dimensional space-time R"™. We already encountered this phenomenon in
previous subsections and the time has now come to explain this substantial
difference between the even- and odd-dimensional situation. To do so we
refer to the introductory theory on the hypergeometric function, where we
have seen how to obtain two independent solutions for the hypergeometric
differential equation.

For if we look at the solution for the hyperbolic Dirac equation obtained
by means of the Radon transform, we note that both the regular and the
singular part can be expressed in terms of the Dirac operator on RV acting
on a hypergeometric function. In case of an odd dimension we get for the

86



hyperbolic fundamental solution £, (7, X) :

r2-12) o+t

Eo(T, X) W(EaT ax)W X (2.9)

(_1)m F<a+m) |£|m72F _g _1+a;ﬂ;|x|2
22T (2) T(a + 2) 27 2 2

+

1 2 1—a—m’2—a—m;2_@;m2
re-12) 2 2

Both hypergeometric functions between the square brackets are a solution
for the hypergeometric differential equation

t(l—t)%+[2+<a—l>t}zg Mf = 0, (2.10)

arising very naturally if we recall the fact that (edr — dx)* = O,,. Indeed, if
we are to find a-homogeneous solutions F, (T, X) for the Dirac operator on
RY™ it is sufficient to find (a+ 1)-homogeneous solutions @1 (7T, X) for the
wave-operator first, and to put

Fu(T, X) = (e — 0x)®oir (T, X) .

So if we put

X
Do (T, X) = TP, 4 (1’?)

= )\aJrl(I)aJrl (&) )

X
with A = T and z = T and if the function ®,1(z) is to depend on the

argument ¢ = |z|? only, we arrive at equation (2.10) for f(t) = @41 (|z|?).

If we then put f(t) = t'"2g(t) and 8 = —a — m, we get the following
hypergeometric differential equation :

t(1—t)d2_9+{(2_ﬂ>_(ﬁ+ )]dg 1+5)C+6)  _

dt? 2 dt 4

According to the general theory, two independent solutions for this equation
can be found as follows :
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o If 2— % ¢ —Norif m > 2 is not even, then

12— —;t

a+m l—a—m m
t) = F|1-—
() ( 2 ' 2 2 )

is a first solution, regular at ¢ = 0, whereas a second independent
solution is given by

m a l4+a m
) = te 'Fl—— —— -t .
92() 2 ( 27 2 72a )

This gives two independent solutions for equation (2.10) :

1_m
- Fl1- 0
fl(t) t 2 ( 9 ) 9 ) 27t

a l1l4+a m
_ p( 2 _2Ta
fQ(t) ( 9’ 9 72at> 5

a+m 1l—a—m m >

and these are precisely the functions occurring in the expressions for
respectively the singular and regular part of the hyperbolic fundamental
solution (cfr. supra).

o If 2 -2 € —N, or if m > 2 is even, the first solution g;(¢) becomes
ill-defined and the second solution g,(t) is no longer independent in the
sense that it coincides with ¢;(¢), up to a constant :

i DS Eemat) (=), (55 x
T He (5 - 1)!
ey _« _1—1—04'@.
22 T2t

which can be reduced to

(=)™ T(a+m)

m a l1l4+a m
tz P ——, — Pt
. om—2T (2) T(a+2) 22 ’2’>
lim 2 atm l—a—m. .. =0
e2-% (e mat)
['(c)

Note that this factor between square brackets is, up to a relative minus sign,
equal to the factor between square brackets in the expression (2.9) for the
hyperbolic fundamental solution E, (7, X) in case of an odd dimension. In
other words, this limit expression clearly exhibits the fact that the formulae
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for E,(T, X) derived above are only valid for odd spatial dimensions m.

However, from the general theory on the hypergeometric function we then
immediately get a fundamental solution for the hyperbolic Dirac equation in
case of an even dimension m > 2 by means of the limit procedure :

(eOr —0x) Tt 1
E (T, X) = E 1 s
X (m — 2) Ay |22 oo o — (2—m)
(—1)m F(Oé+m) |£|m_2F < « 1+a@,|£|2)

2m 2T () Mo +2) 2

1 l—a—m 2—a—m
F . 2
T(c) ( 2 2 ’C’m)

Let us now calculate this limit expression in an appropriate way. To do so,
we will use the hyperbolic polar representation for space-time vectors :

THX = X = p¢ = pler+(- 1))
with £ € S " and 7 = p7'T.

If we look at the expressions for the hyperbolic fundamental solution, for
both even and odd dimensions, we see that up to a relative minus sign the
factor between square brackets is identical. It consists of two hypergeometric
functions multiplied with the factors 7> and T*!|z|>~™ respectively, which
can be rewritten in terms of the Legendre function of the first kind :

a—m a m. 1_m
Ta+1 F (1 L ’ 2— 72 o ’ |2) _ ot (7_2 _ 1)2 . P%_l(T)
Bl e 3) 23
and

(=)™ T(a+m) atip(_© _1+a m af?
22T (2) T(a + 2) 22 2
Dla+m) (2= Di%

INa+2) 231 at

(~1)mptt i) (2.11)

We will then use expression (17) to simplify the sum of these two Legendre
functions of the first kind :

Quit() = 5= m (Pawg(”_rr((jig)]);*_l( )) '



From this formula we can immediately observe two things : first of all there is
a factor sin (”;”) which vanishes for even dimensions m and this explains the
need to take a limit in case m € 2N. On the other hand we note that there
is a minus sign, whereas formula (2.11) only has a factor (—1)™, explaining
the need to introduce an additional relative minus sign in case m € 2N.

e In case of an odd dimension m we get :

sin (%) T(3)T'(1=%) Dla-+m

EJT.X) = 0x| em(3-1)  22a2%  T(a+2) 7
(e 1_m 1-
p +1( 1) 271 Qa—l—%(T)

which by means of definition (22) for the Gegenbauer function of the
second kind in terms of the Legendre function reduces to

EJT,X) = 0y [e_wﬁl)r (m - 1) D:jll(T)]

2w 2

e In case of an even dimension m > 2 we get :

E. (T, X) = P2 - 1)1 Q,

Note that we do not have to replace all factors (2 — %) by the variable
¢, which should be done according to formula (8), because only one term
will survive after taking limits due to the presence of the factor sin(crr).
Eventually the expression for the hyperbolic fundamental solution in
case of an even spatial dimension m > 2 will coincide up to a constant
with the one we have already found in case of an odd dimension. In
the next subsection it will be shown that this constant is actually equal
to 1. This was of course to be expected because the expression for the
hyperbolic fundamental solution for odd m in terms of the Gegenbauer
function is also defined for even m, and this expression for odd m gives
the correct right-hand side (which is also defined for both odd and even
dimensions m).

We end this subsection by noting that the difference between determining the
hyperbolic fundamental solution for odd and even dimensions is no typical
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hyperbolic feature. Indeed, the fundamental solution for the Laplacian A,, is
given by the function ¢,,7>~™ where ¢,, = [(2 —m)A,,]"*. However, if m = 2
the function 72~™ reduces to the regular nullsolution for the Laplacian A,
i.e. the constant function 1. In that case, a fundamental solution must also
be obtained by means of a limit expression :

2.2.3 Method 3 : Using Riesz Distributions
The idea behind this third method is to consider the scalar problem

0,9 (T,X) = T '5(X) (2.12)
related to the hyperbolic Dirac equation, and to solve this equation using
Riesz distributions.
As the distribution at the right-hand side of equation (2.12) belongs to the
set D/ (R™), we get immediately that

(T, X) = ZoxTO15(X),

which in view of the definition for the Riesz distribution Z5 reduces to
P T IO(X)

27T ()

®o(T, X)

1-m

H(T - R) [} " (T - S)> - |X]?>) * Setm-1dS

27T (52) |

where we have put R = |X|. The integral in the denominator can further be
reduced to

i=m

ponr - rye [ Um0 -] e, (23)

with p = (T2 — |X|?)2 the hyperbolic norm and with

T-R T— (12— 1)z T
= — = —— for T = ——4mMmM.
T+R T+ (P —1): (17 — | X]?)>

Recalling Euler’s integral formula for the hypergeometric function, expression
(2.13) can be written as
I(a+m)l (52

2 ) 1-m a+m
Tarmg) 0 H P

m—1 n +m+3
a+m; o 12
2 ) ) 2 )
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if we assume that m < 3.

Recalling formula (15), this hypergeometric function can be written as a
Legendre function of the second kind

—1 3 s (o4 M2
F(m 7Oé+m;oé+m+ ;z> = e 5_2 )
2 2 72272 [(a+m)
T+ (12 — 1)% atm m_q
( ) Qag-i-%(T) ’

and eventually, using the definition for the Gegenbauer function of the second
kind in terms of the Legendre function, we get the following expression in
case m < 3 :

—im

_ e 2 m—l o m—1
Zyx TP 10(X) = H(T — R)—= F( 5 )p“Dail (1) -

In view of the fact that the Gegenbauer function of the second kind needs
a cut in the complex plane along the real line from —oo to +1, the factor
H(T — R) may be omitted. Indeed, as 7 € R the condition |arg(t —1)| <7
is equivalent with 7 > 1 < T > |X|. The Gegenbauer function has poles
at « + m € —N. These were to be expected, because the distribution
T9™15(X) has poles at the very same values. This means that both the
left-hand side and the right-hand side of the previous expression determine a
distribution with poles at a+m € —N. As they are equal in the strip m < 3,
they are equal in the whole complex plane by analytic continuation.

In other words, the fundamental solution E, (7, X) for the Dirac equation
on the hyperbolic unit ball is found to be the distribution

Eo(T, X) = 0xPu(T,X)

- _m—1
e "2 m—1 m—1
- [ o ( 2 ) P Dl (T)]
This is precisely the expression for the hyperbolic fundamental solution in

case of an odd dimension, found in the previous subsection, which indeed
proves that this formula holds for both even and odd dimensions.

Recalling the polar decomposition



for the Dirac operator on R and using the fact that

Fl,m(T) — Fl,m(f'e) = 5/\6 )
we get

Oxp* D2y (1) = &p° <(m - UD‘TTH (MEne+ 1+ Q)D:?_ll (T)) ’

which by means of the relation (€ A €) = € — 7€ and the recurrence relations
for the Gegenbauer function reduces to

m—+1 +1

oxpDE () = (-1 (D2 (e - DIF (1)e)

This yields the following expression for the hyperbolic fundamental solution,
incase a+m ¢ —N, forall X =eT'+ X € FC :

E (T, X) = pae_i; r (mH) (DE(TK—D?(W) (2.14)

T 2

Remark : In Chapter 4 we will use Riesz potentials to define arbitrary
complex powers of the hyperbolic Dirac operator.

2.2.4 Method 4 : Using an Inductive Argument

This last method makes use of the fundamental solution for the wave-operator,
and allows us to deduce a recursive definition for the hyperbolic fundamental
solution. In this subsection, we again restrict ourselves to the case of an
odd-dimensional space-time RY™. However, the results for the case of an
even dimension easily follow by taking appropriate limits.

First we focus on the scalar problem
On®am(T,X) = TP 1o(X)
such that the hyperbolic fundamental solution is given by
Eom(T,X) = (e0r —0x)Pam(T,X) .

Note that, in contrast to previous subsections, we now label the fundamen-
tal solution E, (T, X) for the hyperbolic Dirac equation on RY™ with an
additional subscript m. This is necessary because we will derive a recursive
formula, expressing the hyperbolic fundamental solution on RY™ in terms of
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the hyperbolic fundamental solution in a lower-dimensional space-time. We
prefer to not adopt this notation throughout the whole text because it is only
in this section that there is a need of space-times of different dimensions. We
thus agree that, if there is no subscript indicating the spatial dimension, we
are dealing with m-dimensional space-time R>™.

As we are looking for a recursive formula for the hyperbolic fundamental
solution, we first consider the trivial case m = 3 and next we consider the
general case m € 2N + 3.

1. The 3-dimensional case

By definition the fundamental solution for the wave-operator [3 with
support on the upper part of the nullcone is given by

o(T — |X])

&(T,X) = 47| X]|

Hence, we immediately get

Cop(T,X) = TEM6(X) + &(T, X)
Ta+2(1 _ |£|)a+2
dr|X|

= H(T)H(T — |X])
X
where x = ? Note that z € Bs(1), for all (T, X) € FC. As we are

constructing the hyperbolic fundamental solution, which has support
in the future cone, the factor H(T)H (T — | X]|) will again be omitted
throughout the calculations.

The function @, 3(7, X)) may then be decomposed into a singular part
Fos(T,X) and a regular part R, 3(7, X) as follows :

éa,S (Ta X) = Fa,gw (T7 X) + Ra,3 (Ta l) )

where
T2 (1 — |z))*™2 + (1 + |z])*+?
ws(T, X — —
Fas(T: X) A X | 2
Tot? 2 11
= F _a+ 7_a+ 7_7|£’2 )
47| X| 2 2 2
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and
Ta+1 (1 _ |£|)a+2 _ (1 + |l|)a+2
A 2|z|

a+1
= — 2 Fl—-= —

Ra,3 (T7 X) -

a+1_
2 b

Qe

DO | o

;Mﬁ-

We now derive an addition formula for ®,,,(7,X) by means of an
induction argument.

. The general case

We start with the following observation : for all m € 2Ny + 3 we
have

110
gm-&-Q(TaX) - %Ta_Tgm(Tal) )

which is a trivial consequence of the definition for &,,(T, X).
Hence,

q)a,m+2 (T, X) = (gm—l—Q * Tﬁ+m+1) (T, X)

1 [ (0r&En)(T — 5, X) coimsr
2WA S sas

By means of Lemma 0.1 it is easily verified that
0r&n)(T' = 5,X) = —(0s&n)(T - 5,X)
and that the support of
& (T — S, X) ,
when considered as a distribution in the S-variable, is {T" — | X|}.
As our fundamental solution E,,,(7,X) is supported by the future

cone F'C, we know that 7" > | X|. Hence there exists n € R* such that
T—|X]| € I,,, where I, is defined as the interval [T'—|X|—n, T —|X|+7].

Consequently,
1 a+m+1_ ...,
Dymia(T,X) = o J,, En(T — 5, X) T—3 Sermds
1 1
— [ (T -8, X)— =8>S
Ty ), ST S gy
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Because S < T in I, both (T'— S)~! and (T'— S)~? can be expanded

as a series in T whence

a +m+1 ot
q)a,m—l—Q(Ta X = [ Titk gm(T - S, X)S + +k+1d5

n k=0

/ ZHI‘“ (T - 8, X)§o+mh+2qg
Iy

T2+k

By termwise integration, we obtain :

Il —~a+m+1

Pomi2(T,X) = 7 W(gm*Tme)(T,X)
k=0
1 1+k
oo T (En k TEY(TLX) L (215)
k=0

We then prove the following Theorem :

Theorem 2.2 For all m € 2N + 3 the solution to the equation

Dm(Da,m(TaX) = T-|O-é+m_16(i)

s given by
q)a,m(T; X) = fa,m(T7 X) + Ra,m<T7 X)
with
Tetm=1 l—-a—m 2—a—m m
Fom T,X = ) 12— —; ?
) = et (0 > jilaf)
and
THe(—1)" T(a+m)  [(—a —1—a m
Ram(T, X) = = Fl—, — —:|z]*) .
m(T, X) 2mp ~1T (%) Mo+ 2) 2 2 2 2]

Proof : The case m = 3 was already proved. By an induction argument
we will prove the Theorem for an arbitrary dimension (m+2) € 2Ny+3,
under the assumption that the Theorem holds for m € 2N + 3.
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If the Theorem holds for m € 2N + 3, we have from (2.15) :

l ~a+m+1
(I)a,m—i-Q(Ta X) = % W {Fa—&-k—&—l,m + Ra+k+l,m} (T, X)
k=0
1 1+k

+ Tz Fatkrzm + Ravwszm} (T, X) -
0

o
k=
Let us first calculate X, defined as

1 Oo{a+m+1 1+ k&

¥ = TRl Fatht1m + Thi2 -7:a+k+2,m} :

2T
k=0

Using the induction hypothesis, we find for Foipq1m :

Fa—i—k—l—Lm _ Ta+m+1|£|2 y
2rTHL (m — 2)mA | X|™
F _a_k_m,l_a_k_mﬂ—ﬂ;\ﬁ ,
2 2 2
and for Foyriom :
fa+k+2,m B Ta+m+1|£|2 y
2nTh+2 (m — 2)mA,, 0| X|™
—1l—-a—-k—m —a—k—m m
F 12— —:z*) .
(T T - e

In order to carry out the summation, we would like to rewrite the hyper-
geometric functions appearing on the previous lines. For this purpose,
we introduce a differential operator in the real variable u (representing
the argument of the hypergeometric function on which this operator is
supposed to act, i.e. u = |z|?) :

Using the contigious relations for the hypergeometric function, we get

2 2’ 2
As z € B,(1) for all (T, X) in the future cone F'C, the following
expansions are valid :

Soe L = S )

2l T— (1~ [a])

1 11
F(a,a—i——;Z—@'u) = Om20m4---OgOlF(a,a+—;§;u> .
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and

1 1 -
- = = 1+ k)(1+ |z])* .
WP T G armye - Rl
Recalling the fact that
11 —2a _ —2a
F<a7a+_;_;22> I G ) e ol Ul
22 2

we can now carry out the summation over k£ in the summation ;.
Indeed, we respectively get

ia+m+1f = (a+m+1) re el X
k=0 aRel ek (m — 2)mAp o X|™
1— at+m _ (] at+m
Om—2"'01( lz) L+ |a) ;
2|z|
and

e Ta+m+1|x|2

L QTR TR (= 9)m Ay o] X[
(1 o |£|)1+a+m + (1 4 ’£|)1+o¢+m

Opm—z-+-0Oy 2|z|?

Adding both terms and using the contigious relations for the hypergeo-
metric function, we get :

Tt F (===, = — 5 zf)

|z[?

Y, Opo--+ Oy

(m = 2)m A o X[

Now that we got rid of the summation over k, using the differential
operators O,, we are still left with the following expression :

F M7w;_l; z|2
Opm—20m—4 -+ 050, ( 2 D) 3 |z| )
|22
Using the fact that
nkF (a,b; —2;u Fla,b,—2—1;u
On ( 2 ) — (n+2> ( 2 ) :
u U

a relation that can easily be verified by means of the definition of the
hypergeometric series, we get

F (a,b; —3; |z[?
Om720m74~-'0301 ( |f‘22 | |) = (m—2)

F(a,b;1—2;z?)

|z
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Eventually we thus find :

Totmtl —1l—a—-m —a-—m m| 2
-
mAm 2| X|™ 2 o2 ’

X1 = 5 i 1L
= Fa,m-{—Q(Ty K) )

giving rise to the following inductive formula :

Il o= (a+m+1 kE+1
fa,m+2 {—

o TR Fotht1m + ThiZ fa+k+2,m} :
k=0

Next we consider the summation Y5, defined by

1 Oo{oz+m+1 kE+1 }
k=0

Yy = o TR Rotk+1,m + ThiZ Rotk+2,m

Before using the induction hypothesis, the regular part R, (T, X)
is transformed into a more useful form. For this purpose we use the
derivation property of the hypergeometric function, leading to

—a —1l—a m 2) ms
F e — 2
(2’ 2 ’Z’U) (3—04—m) (Q—Q—m) x
m=3 m—3

2 2

2

d mT%F 3—a—-m 2—a—-m 3
du 2 ' o2 ¢

where u = |z|®. Using Legendre’s duplication formula and the identity
F(z)I'(1—2) =

- , we will eventually obtain :
sin(7z)

e L ()L

= 2" 3(a+m—1),

hereby using the fact that m is odd. This means that R, (T, X) can
also be written as :

Ra,m(Tal) — —,1(oz+m—1)><

d\ 2 3—-m—a 2—-m—-—a«a 3
—_— F 5 oy u )
du 2 2 2




with u = |z|?.

Using the induction hypothesis together with previous expressions, we
thus find for Roskt1m :

Ra k+1,m (_1)m2_1Ta+1
27:T’j+1 = Pz (o +m+ k) x
d &N 2—-m—a—-kl—-—m-a—Fk 3
—_— F y o U )
du 2 2 2
and for Roqptom :
Ra k+1m -1 mT_lTOH_l
d & l-m—a—-kt - m—a—k 3
F ; 0 I
du 2 2 2
Recalling the fact that

N W

#) - o

1
F .
(a’a+ 2 2(1 — 2a)z

and the expansions for |z|™! = u~% and lz|72 = u~

1 we then carry
out the summation over k to find the following expressions (in terms

of u = |z|?) :

oo

a+m+1 (=1)"2 Tot!
—— R, m = 1 X
kX; o Th+1 etk (a+m+1) 8
d\ T (1- u%)a—i—m F (1t u%)cx—i—m
du 2u
and
i it o (- TTet y
27TTk+2 a+k+2,m — 87(#
d m2 (1- u%)a+m+1 1+ u%)a+m+1
du 2ug .

Eventually we thus find for > :

m m—3
(_I)T“Ta+1 d )
Yo = ZHTT Tu flu),
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where we have put

fw) = {<1—u5>“+m“ (1+ %WH}

Njw

4du
(1 u%)a—l—m_i_ 'LL% a—l—m}

+ (Oz~|—m+1){ ™

Comparing this expression for ¥, with the alternative expression for
Ramt2(T, X), it becomes clear that

E2 - Ra,m+2<T7 X)
provided the following identity holds :

(1 _ u%)aer + (1 + u%)aer (1 _ u%)a+m+l _ (1 + u%)a+m+1

4u 4(a—l—m+1)u%
d -m—a l—-m-—«a 3
N 2. _
du ( N ’?0

This formula can easily be verified by means of the definition for the
hypergeometric series.

Hence, the following inductive formula has been proved :

l =~ (a+m+1 k+1
Ramyz = o Z {W Ratktim + Thia Ra+k+2,m} .

We conclude by :

Il e=~a+m+1

Do mio(T,X) = o TR {Fosrt1im + Raserim} (T, X)
k=0
1 14+ k
+ 27 Tk+2 {Foatirzm + Ravirom ) (T, X)

- Jfoa,m—‘r2 (T, X) + Ra,m+2 (T, 1) 5

which completes the proof. O

Recalling the fact that E,,,,(T,X) = (e0r — 0x)Pam(T, X), we are
lead to the following formulae :

Ea,m(Tv X) = (EaT - a&){fa,m + Rmm}(Ta K) 5

101



with
(e0r — Ox)Famn = TMod(a,1 —m, z)E(z)

and
(-1)"z  T(a+m)
2mm s T (%) D(a+1)

(e0r — 0x)Ram = T*Mod(a, 0, x)€ .

These formulae are identical to the ones derived in previous subsections.

2.3 Extending the Delta Distribution

In this section an alternative interpretation for the regular part R, (7, X)
of the hyperbolic fundamental solution E, (7T, X) is given. As was already
mentioned in a previous section, we can not talk about the regular part of
the hyperbolic fundamental solution because a homogeneous nullsolution for
the Dirac operator on R can always be added to the fundamental solu-
tion, leading to a new hyperbolic fundamental solution. However, the Radon
method and the method using the inductive argument have lead - in a very
natural way - to a regular part R, (7, X). The aim of this section is to
show how this function arises even more naturally from the distributional
point of view.

Because the singular behaviour of the fundamental solution does not change
if a regular function is added, the difference between two hyperbolic funda-
mental solutions must be a regular homogeneous function on the future cone.
If we then restrict this function to the hyperplane 7' = 0 (i.e. the spatial
part of R1™), we obtain a function supported at the origin. This can only be
a linear combination of derivatives of the delta distribution 6(X). In view of
the degree of homogeneity of the regular part of the hyperbolic fundamental
solution, this can only be the delta distribution itself.

Let us therefore consider the distribution §(X), with X € R™, in its Fourier

representation :

1

— <X, Y>
(X)) = R /Rme ay .

According to the classical Cauchy-Kowalevska Theorem there exists a unique
distribution (7', X) satifying the following requirements :

(dr — 0)U(T,X) = 0 and V(0,X) = 6(X).
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This distribution is the so-called CK-extension of 6(X), given by :
U(T,X) = exp(eT0x)d(X)

1 oy |
= W/ |:COS<|X|T) + Z|€7_| SlIl(|X|T) 61<£,X>dX 7
R™ Y

from which it is clear that W(T, X) contains a scalar part ¥(T,X), and a
bivector part W(7T, X),. Let us explicitely determine these distributions, in
case of an odd dimension m.

e Let us first determine the scalar part W(T, X)o. Putting Y = [Y|n, we

get :
1 :
Q(Tvl)o = —/ Cos(|K|T)6Z<X7X>dX
(2m)™ Jpm
1

= G [ a8 [ eos(Yme Syt

In order to rewrite the left-hand side in such a way that we obtain a
Fourier transform, we need an integration in |Y| from —oo to +oco. For
that purpose, it suffices to perform the change of variables |Y| — —|Y|
and to note that for odd m

0
/ a5 (n) / cos(|Y| )<y [m gl |
gm—1 -

_ / ds(
Sm—1

= [ sty [ cos(menise vy
Sm—1 —Jo

where we have used the fact that

/5 - J)dS(m) = /5 _ f=mdS() -

Using the fact that

S

)/0°° cos(—|Y|T)em 0> (— |y )" d(~|Y])

/ edr = 2md(a),

—0o0

we easily get, for odd m :

cos(|Y|T)e™ <>y [ ld]y |

S—

= g(—l)mT_laj”?‘l (5(< X,n> -T)+0(< X,n> +T)) .
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Recalling Hecke-Funk’s Theorem 0.2, this reduces to

1

W, X)y = _)/_(1_3)2 5(1X]s — T)ds

1

(
_ mTfl m—1 1 3
PR G )/ (1= )" §(X s + T)ds
As

/_1(1_5 V"Q( (1X]s - >+6<msw>)ds

_ é (1_%) 2 <H(T)H(\§\—T)+H(—T)H(]§\+T)) ,

we eventually find for the scalar part U(7', X),

am 1(T2 |X‘2)’";3
gm-17 "5 (m=l) | X |m-2

\P(Ta K)O

where we have put

D(T\X) = H(MH(X|-T)+H(-T)H(|X]+T).

Next we determine the bivector part (T, X),, given by

1€ Y .

U(T,X), = —sin(|Y|T)e"~XY>qy

TX)h = G [ sn(VIT)e>ay
1€ > . 7 m—

— g [ mdst) [ sin(yimeni=se ey

For odd m, we have
Yt = oy i< X, Y >)

whence

6am—l

U(T, X), W/Sm1Q<5(<X,Q>+T)—5(<K,Q>—T))dS(

Using Hecke-Funk’s theorem, we eventually find :

~1)"7 ey T(T? ~ |X
wrx), = S Q(P(mT'l)” émza(:r,z).
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If we then convolute the distributions W(T, X) and 777!, we obtain an
a-homogeneous solution for the hyperbolic Dirac equation. This will in fact
be the function R, (T, X).

We will again perform these calculations in two steps :

e First, let us determine the scalar part W(7T, X)o * 79T

op (T — | X )"
- m—1 — m—
2m71ﬂ' 2 [ (Tl) |X’ 2

Ro(T, X)o D(T, X) = Totm !

Using the fact that Op(f x g) = Orf x g = f % Org, we get :

— | X)) D(T, X) x op—27etm—t

(7°
Ro(T,X)y = —0
( )o T om—1, "5 F(mTl) | X |2

a+m—1
T+

As long as the exponent of is not a negative integer, we have

in distributional sense

P(Oé + m) 14+«

ameTaerfl
r [(a+2) 7 7

whence for a +m ¢ —N we get

Lo +m) (1% — |X[*)"5 D(T, | X]) T2

R (T, X)y = —0
20 TT@+2)  2moir () x|

Using the explicit definition for the distribution D(T, | X|) and putting
|X| = R, we thus find :

T+R s
( |X| ) (T |X|)*T0t+1 / ((T—S)2—RQ)TSa+ldS,
T-R

Rewriting this integral in terms of the new variable

S—T+R

Vo= oR

and recalling Euler’s integral representation for the hypergeometric
function, we arrive at

") o pvitam( .. m—1 2R
R™*(T — R) F( 1 a,—2 :m 1’—T—R ,
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which by means of the transformation formulae for the hypergeometric
function due to Kummer and Goursat, can be reduced to

m=3 1 m—
<_1> 2 FQF(Tl)Rm*ZT].‘FOlF —l -« —_a@R_Q
2 1 272'T2) "

Eventually, we have thus found that

1\l 1 i 2
RuTX)o = Oyt g o e (S SR )

2m AT (2) T+ 2)
Next, let us determine W (7, X), + T2t
(D)% Oy ' T(T? — |X )" D(T, | X))« T¢™™ " X

gLy T (mL) | X[

Roc (Ta X)Q -

Putting | X| = R, and introducing the shorthand notation

I(T,X), = T(T?>—R»)" D(T,R) T

Hﬂ&b::T/ wuﬂf—ﬁf?pw—&Rw%st
0
—L/(ausf—ﬁfﬁpw—&wamw.
0

A similar integral was already calculated above; we immediately find :

152 /AT (=L
[(TaX)Z ( ) - \/ib ( 2 )Rm_QTOH_m(Fl(T?X)_FQ(T7X))7
AT ()
with
l—a-m 2—a- X|?
A(TX) = Fp(lzozm2zazmm X
2 2 27 T2
and
—a—m l—a—-—m m |[X]?
FQ(Tai) - F( 9 ) 9 a?) T2>
As for odd m



we get

m—3
)" TA M AT -~
RoT.X) = OxDn o o ATX) = BT, X)

2m+1ﬂ.%—1P (%) 2 |X’2

As both Fy(T, X) and Fy(T, X) only depend on the norm R = | X]|, and
as OxX = —m — ROg and A,, = 0% + mT’I(?R for functions depending
on R only, this reduces to

(_].)mT_lTOé—'—m_QaKG

Ra(Tyi)b = 2m+1ﬂ_%711—\ (%)

_1 2
(ag#” aR) (m + Eg)

F\(T, R) — Fy(T, R)
(F)°

First of all, note that the function at the right-hand side is given by

R

(§)2 a4+ m

F\(T,R) - F»,(T,R) 2 F,(—a—m 1—a—m'm.t)
9 ) 9 7?a )

where the prime denotes a derivation with respect to t = (%)2. As
R? d d
) =2t— =2 —=t—-1
Ront (5 ) = 25550 =2 (Gt =1) 0.

we get by means of the contigious relations for the hypergeometric
function :

F—F, | —a—m l—a—m m
Ep)———s" = —4-2 F’ — —1;
On the other hand, we also have that
s m—1 R? 4 d(m d
- —)=—=—(=+t— ) fl¢
(aR+ R aR)f<T2> ma\2 Tla) I
whence
-3
-1 T F—F Qm—l(m_l)
2Ly Ep)—t -2 _— =2 \2 7/
( R+ R R> <m+ R) (%)2 (a+m)Tm_3

d [m d I —a—m l—a—m m
— | = +t— F’ pe— N
(dt<2+dt>) ( 2 2 2 )
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Introducing the notation F(a,t) for the hypergeometric function on the
right-hand side,

o — 1—qa—
Fl(ait) = F( a2 =, O; m;a;t> :

we get :

d (m d m d? (m d m
Gt )P (5 -ut) = S (5 -1+t ) F (5 - 1t)
dt(2+tdt> g ~ bt dt2<2 +tdt> p it

This scheme repeates itself, so that eventually we will find :

(2(mead)) " () = HED ()T (L)

Recalling the derivation property of the hypergeometric function, we

arrive at
m—3
1\ F\(T,R) — Fy(T, R
(a§+mR aR> (m + ) U R) = BT R)
(7)
1 Te+m), [ 1+a o m R’
773 T(a + 2) 2 2R

whence the final expression for R, (7, X), :

Ra (T7 X)Q

(—1)"z T(a + m)T dxe l4+a o m | X
2m+lrs 70 (2) T« + 2) 2'27T1% )

Adding up R (T, X)o and R, (T, X)2, we find an a-homogeneous nullsolution
for the Dirac operator on R¥™ defined by

(-1)"z  T(a+m) Lo l+a o m |X]?
21T (2) T(a + 2) 2 22T )

Ra(Tai) = %aX

with Oy = €dr — dx the Dirac operator on R'™. This is the same expression
as the one that was found in the previous section.
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Chapter 3

Modulation Theorems

The art of doing mathematics consists in
finding that special case which contains
all the germs of generality. (D. Hilbert)

In the first section we prove the hyperbolic Modulation Theorem which allows
to generate monogenic functions on the hyperbolic unit ball by means of
classical monogenic functions. This idea is then generalized in several ways;
in section 2 we consider arbitrary powers of the hyperbolic Dirac operator
and in section 3 we turn our attention to the most general ultra-hyperbolic
case RPY. In section 4 we consider a specific bi-axial problem, allowing us
to reinterpret the modulation hyperbolic monogenics in terms of so-called
generalized hyperbolic powerfunctions.

3.1 The Hyperbolic Modulation Theorems

In this section we construct solutions for the Dirac operator on the hyperbolic
unit ball H, by means of the projection method, already introduced in the
previous chapter where it was used to construct the hyperbolic fundamental
solution. Because the hyperbolic Dirac equation will be projected both on
the hyperplane II and the parabola P, there are three subsections : first the
Klein model and the Poincaré model are considered, and in a third subsection
the two models are linked.

3.1.1 The Klein Model

In Chapter 2 it was already explained how to obtain the projection of the
hyperbolic Dirac equation on the Klein model, by choosing apropriate co-
ordinates on the future cone F'C. Indeed, writing an arbitrary space-time
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vector €'+ X as A(e + z) with

L: -

and using the set (A, z) as co-ordinates on F'C', the hyperbolic Dirac operator
was found to be the differential operator
1
A

S|

Y

(Q + 6(Er - EA)) )

with 9 (respectively E,) the Dirac (respectively Euler) operator on R%™. In
view of the projective model for the hyperbolic unit ball, we now construct
a-homogeneous solutions F(T,X) = A*F(z) for this operator. The idea
behind the Modulation Theorem is to propose the following form for F'(z) :

F(z) = ) bilae) flx),

Jj=0

where f(z) is an arbitrary homogeneous solution for the Dirac operator d on
the unit ball B,,(1). If F(T, X) is to be globally defined on F'C the function
f(z) is to be defined on the whole unit ball. In view of its homogeneity,
this means that the restriction f(w) to S™ ! must be globally defined. In
other words, f(w) must then be an inner or outer spherical monogenic. One
may also choose f(z) to be a locally defined homogeneous solution for the
Dirac operator @ on R™, which is equivalent with saying that f(w) must
be a locally defined eigenfunction for the Gamma operator I'y,, on an open
subset € of the unit sphere S™™ !, and this yields locally defined solutions
F(T,X) € H*(R4Q). These local eigenfunctions for the Gamma operator
on the unit sphere S™~! in R™ have intensively been studied by Peter Van
Lancker in his PhD-thesis, see reference [75]. Note that the open subsets 2/
and  are linked in the following way : €' C S™ ! gives rise to an open
sector-like subset of the unit ball B,,(1) C R™ which is then to be projected
from the origin on the hyperbola H,. The result is the open subset ).

Theorem 3.1 Consider an arbitrary p-homogeneous solution f(z) for the
Dirac operator @ on R%™ defined in an open subset ' of B,,(1), such that
p+ % ¢ —N. An a-homogeneous solution F(T,X) for the Dirac operator
(€07 — Ox) on RY™ is then given by

F(T,X) = T“Mod(a,u,%)f(%) ,

110



where the modulation factor is defined as

n—
Modo,z) = " (2f’) + o — -aeFy" (o)

with

l+p—a p—a m
FP(1) = F( SR ;u+§;t>

1+u—a —« m
FPi) = F( g ,1+”2 ;1+u+5;t).

This function F(T, X) belongs to H*(R.Q), with

X
Q0 = {(T,X)GHJF:?GQ’} :

proof : The proof for this theorem is constructive : since we have put
F(T,X) = \*"F(z) with
F(z) = ) bilzey f(z),
5=0

we only need to determine the coefficients b; in such a way that
(0+€E, —a))F(z) = 0.

First of all, note that the summation over j yields the sum of a scalar and a
bivector-valued function :

[e.e] oo oo
D bi(ze) = D bylz[Y 4+ ze Y bojialz7
=0 =0 =0
Letting the Dirac operator d act on F(z) we get :

e for the scalar part :

9y baylzPf(x) = x) 2balalY 7 f(2)
j=0 Jj=0

o0

= z ) (2j+2)byalz¥ f(2)
=0
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e for the bivector part :

Qe boalz[Yf(z) = eTom—EBr—m) D byjalzl” f(z)
j=0 Jj=0
= —c Z(m + 25 + 2ﬂ)b2j+1|£|2jf(£) .
=0

Letting the Euler operator E, act on F'(z) we get :

e for the scalar part :

E, D bylal¥f(z) = D (27 +m)bylzl” f(z)
j=0 5=0
e for the bivector part :
E,ze Z bojir|zl¥ f(z) = e Z(l + 27 + )by lzf* f(z) -
j=0 j=0

Expressing the fact that (9 + €(E, — «)) F(z) = 0 gives for each j € N rise
to the following set of equations :

(27 + 2)bajt2 = (142j+p— a)byn
(m+2j 4+ 2ubgj1 = (27 +p— )by .

This enables us to recursively define the coefficients b;, for all j € N :

I+2j+p—a 2j+p—a
2] +2 m—+2j + p
2+ p—a2j—14+pu—«

ba; = 1.
2j+1 2 M+ 2+ 251

bajt2 25

Choosing by = 1, this eventually yields :
(=52), (%),
IMu+3),

p—a (55), (L+15°),
2u+m 4! (1+u+%)j

bgj =

baj 11
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proving that

- : l+p—a p—« m
D bojlal? = F( ;u+5;lzl2>
j=0

2 T2

- : W — 1+p—« b — m
bojii|z/¥ = F 1 i1 —; :
jz_; 2j+1|£| 2#+m < 9 ) + 9 3 +:u+ 9 7|£| )
These hypergeometric series are well-defined on the future cone FC' if the
coefficient p + % does not belong to —N. OJ

Remark 1 : Note that the hyperbolic fundamental solution easily follows
from the Theorem by choosing f(x) to be the classical Cauchy kernel F(z),
a monogenic function on R™\ {0} with respect to the Dirac operator @ which
is homogeneous of degree (1 —m). The monogenic function on the punctured
hyperbolic unit ball thus obtained is the fundamental solution E, (7T, X) from
the previous chapter (see 2.4).

Remark 2 : The value a = —% is again exceptional, since for this value

the modulation factor is defined for all u. Indeed, we easily find that

1 my 1 m m
R0 = F(5 () g (1 5) i i)

ENCIETE S
2

1 my 1 m m
FA(4) = F<§<1+u+5>,§<2+u+5);1+y+5;t)

1+ (1—t)2)  °
2 )

such that the modulation factor reduces to

1+ (1—|z2)3)+%
Mod(_%%@:( (1—|z?)?) (1+ re )

21 F (1~ [zf?)? L+ (1 |z

N|=

— (-1

N

— (-1

3.1.2 The Poincaré Model

In Chapter 2 it was already explained how to obtain the projection of the
hyperbolic Dirac equation on the Poincaré model, by choosing apropriate
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co-ordinates on the future cone F'C'. Indeed, writing an arbitrary space-time

1 2
vector €1+ X as Ap <e + || —i—g) with

Ap = T+ (17— |X]P):
X

xr = —,

z p

and using the set (Ap,z) as co-ordinates on F'C, the Dirac operator on the

Poincaré ball was found to be the differential operator

1 x4+ e
- 2 LT¢ (R -E ,
" (Q+ Tz < W)

with O (respectively E,) the Dirac (respectively Euler) operator on R®™. In
view of the projective model for the hyperbolic unit ball, we now construct
a-homogeneous solutions G(T', X)) = A3G(z) for this operator. The idea is
again to propose the following form for G(z) :

G(z) = Zaj(£€)j9(£)a

where g(z) is an arbitrary homogeneous solution for the Dirac operator 0.
The same remarks concerning the domain of definition as for the Klein model
apply here : depending on whether the restriction f(w) to the unit sphere
S™=1 is locally /globally defined, a local/global monogenic on the hyperbolic
unit ball is obtained.

Theorem 3.2 Consider an arbitrary p-homogeneous solution g(x) for the
Dirac operator & on R®™, where p + % & —N, defined in an open subset
Y of B,(1). An a-homogeneous solution G(T',X) for the Dirac operator
(edr — Ox) on RY™ is then given by

X X
G(T,X) = NpModp (o, =) g (=
Ap Ap

with
Ao = T+ (T°— X))z,
where the modulation factor is defined as

n—
Modp(aiz) = FEaf) + —zeFi ()
2



with
() = F<1—a—%,u—a;u+%;t)

FW@1) = F<1—a—%,1+u—a;1+u+%;t>.

This function G(T, X)) belongs to H*(R,.Q), with
X
Q0 = {(T,X)GHJF:ZGQ’} .
Ap

proof : The proof for this theorem is again constructive : since we have put
G(T, X) = \3G(x) with

D> aj(aeVg(z)

we only need to determine the coefficients a; in such a way that

(a+2 ‘L g, —a)) Glz) = 0.

1—|z]?
Since (e + x)? = 1 — |z|?, this is equivalent with
Oz +¢)+m+2a)G(z) = 0.

Rewriting the summation over j as the sum of a scalar and a bivector-valued
function

oo (o) o
Y aj(@e) = Y aglzY +zed aginlz/Y,
=0 =0 =0

we get for the action of the operator 0 z on G(z) :

e for the scalar part :

o

du Y aylz[Pg(x Z m + 2 + 2p)ag;|z|¥ g(z)
j=0 Jj=0

e for the bivector part :

dx xe Z A2j+1 |£|2j9(£) = €l Z A2j+1 |£|2j+29(£)
j=0 Jj=0
— 26> (2 + 2ay 2P g(a) |
j=0
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Letting the operator Je = —ed act on G(z) yields :

e for the scalar part :

—ed Y agla[Yg(x) = ze)  2jayla|¥g(x)
j=0 J=0

o0

- £62(2j+2)@2j+2|£|2j9(£)

J=0

e for the bivector part :

—edze Y azla|Pgx) = (m+E.—Tom) Y azlz[7g(z)
=0 =0

= > (m+ 2+ 2)azylzg(a)
j=0

Expressing the fact that (0(z + €) + m + 2a)G(z) = 0 gives for each j € N

rise to the following set of equations :
(27 + 2p — 2a)ay; = (m+2j+2u)azjn
(2j+2—m—2p)azgy1 = (2] +2)az4 -

This enables us to recursively define the coefficients a;, for all j € N :

2427 —m—2a 27 +2u — 2«

@2j+2 2 +2 m+ 25 +2u ¥
274+ 2pu —2a 25 —m — 2«

ao; = as;_1 .

2+l 2] m+2j+2u 2

Choosing ay = 1, this eventually yields :

(1—@—%)],(/1,—&)].

Q25 = . m
’ Me+3),
Tty (U u+y), ’
proving that
> . m m
> aglzl? = F<1—a—5,u—a;u+§;lgl2)
=0
> . — m m
D sz = MJFEF(l—Of—§a1+ﬂ—a;1+u+5;lzl2) :
=0 s
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Note that these hypergeometric functions are well-defined on the future cone
if p+ 5 does not belong to —N. 0J

Remark 1 : The hyperbolic fundamental solution again follows from this
Theorem by choosing g(z) to be the Cauchy kernel F(z). The monogenic
function on the punctured hyperbolic unit ball thus obtained is the funda-
mental solution E, (7', X) from the previous chapter (see 2.6).

Remark 2 : In case a = —7 we again obtain a very simple expression
for the modulation factor :
1
F(N) t = F (1 T mt) -
P,l() au+ 2aM+ 27 1—¢
1
AP = F (11 o ) = —
2 (1) At il o -
such that

m 14 xe
Modp (~5m2) = T,

As the modulation factor does not depend on p, this means that in case
a = —7 there is a one-to-one correspondence between monogenic functions
on an open subset Q@ C B,,(1) and hyperbolic monogenic functions on 2,
considered as a subset of the Poincaré ball.

This can be explained as follows : we start from a monogenic function on
the Poincaré ball in co-ordinates x € B,,(1). In order to ”lift” these co-
ordinates from B,,(1) to the hyperbolic unit ball H,, passing the parabola
P« 2T =1+ |X|?, it suffices to determine X in such a way that

1+ |z 2
A = H — )\ = .
( 9 y L € + 1 — |£’2

In other words, the mapping from the Euclidean unit ball B,,(1) to H, is
nothing but the stereographic projection sending

1+ |z 2z
€ B, (1 L Veq,
z€Bull) = (1—@\2 —ep) €

Because the operator 0 on B,,(1) is the conformally invariant operator, where
the invariance is to be understood in the sense that for any Moebius trans-
formation ¥ (x) we get that

of(z) = 0 = O(J(W,2)f(¥(z) = 0,
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the one-to-one correspondence requires the operator on the hyperbolic unit

ball to be the conformal operator too. As we will show in Chapter 7, this is

the operator corresponding to the value o = —7.

3.1.3 Equivalence of Both Models

In this subsection, the equivalence between Theorem 3.1 and Theorem 3.2 is
proved, providing us with a geometrical interpretation for certain relations
between hypergeometric functions.

Consider an arbitrary p-homogeneous function f(x) which is monogenic with
respect to the Dirac operator @ on R%™ and defined in an open subset of the
unit ball B,,(1) C R™.

We may associate two functions on the F'C with f(z) :

e Theorem 3.1 provides us with a monogenic function F(7,X) on the
hyperbolic unit ball given by

F(T,X) = A\*Mod (a,u, %) f(%) ,

with A =T.

e Theorem 3.2 provides us with a monogenic function G(7T,X) on the
hyperbolic unit ball given by

G(T.X) = A2Modp (a,u, f:P) / (%) ,

with Ap = T + (T2 — | X|?)z.
We will now prove the following :
FT,X) = 2"7°G(T,X) .
For that purpose we rewrite G(T, X) in terms of the co-ordinates (A, z) on

FC’,Withg:%and)\:T:

G(T.X) = M(1+(1—|z*)?)""Modp (a,u, -~ (1f |x|2)%) flz) .
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It then remains to prove that

1\ o— xr
Mod (a, p,z) = 207(1+ (1 —[z]*)2)" "Modp | @, p, — ,
( ) 1+ (1= [zl

NI

which by means of the definition for the occurring modulation factors reduces
to :

vpea (lhp—a p—
2071 (14 (1 — |z?)7)" F( Tk a;u+%;|£!2)

m m |z|?
= Fll-a-5p—op+ o —
( 2 2 (1+(1—|£I2)5)2>

and
—a 1 — —
20 (14 (1— z)) R (BT By g2
2 2 2
Fl1 ™oy 1+ 4+ 2 zf
= — = n— o M+ = .
2 27 (1 (1= Jz))°

We will prove the first equality, the latter is quite similar. To prove this
equality, a formula from Goursat’s table of quadratic transformations and
one of Kummer’s relations for the hypergeometric function are necessary :

1 26—1
1 i_ j) (142)""x

a+1 a 4z
F —bl4=—ba—b+1l—
( 2 g Thasb ’(1+z)2)

F(a,bja—b+1;z) = (

and
F(a,b;c;2) = (1—2)"""F(c—a,c—b;c;z) .

In some sense these formulae will thus be given given a geometrical meaning,
illustrating the subtle connection between special functions on the one hand
and the geometric model on the other hand.

Putting

|z |?
(1+(1—|z2)2)"

ya =
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andchoosinga:u—ozandb:1—oz—%,weget:

1 m—1

F(a,bja—b+1;z) = 20"”(1 +(1- |£|2)2)u_a(1 — |z[*)* 7T x
F<k+agm_1,k+§+m;k+%;lzl2) ,

which by means of Kummer’s relation reduces to
Plabia=b+1i2) = 2741+ (1+ (1= |2)5)" ™

1+k— k —
o) ity Sk ozl
9 2 2

yielding

—a 1 — -
(1 (1= ) (AT A )

m m |z|?
= Fll-a—-5,p—ap+ - — :
( 2 2 (1+<1—|g|2>%)2>

This proves the equivalence between the Modulation Theorem in both the
Klein and the Poincaré model. 0

Remark : We already encountered a manifestation of this equivalence when
we studied the modulation factor for = —7. Indeed, recalling the fact that
for this value we get in the Klein model

(1+ (Lo <1+ e )

217 F (1 |z]?)2 L+ (1 |zP?)2

Mod <_%7/'L7£> =

and in the Poincaré model

14 ze
27

1—|z
a simple computation indeed shows that

14+ (1= |z?)z) %
U0l D o [ =2 ——E ) = Mod (<% ) -
2% 27 14 (1= o)’ :

120



3.2 GGeneralization to Natural Powers

The aim of this section is to generalize the Modulation Theorems from the
previous section to natural powers of the Dirac operator on the hyperbolic
unit ball. The motivation for this is to have a hyperbolic version of the
classical Fischer building blocks. As we have seen in section 0.1.2, each
homogeneous Ry ,,-valued polynomial on R™ has a unique orthogonal de-
composition of the form :

with P,_;(§) € M (k — j) an inner spherical monogenic of degree k —j. The
functions 27 P,_;(z) are the so-called Fischer building blocks, simultaneous
eigenfunctions for E, and I'y,,. The following property of these building

blocks is crucial :
Qs+1(£spk<£>) — 0 .

Since we have proved that it is possible to construct monogenic functions
on the hyperbolic unit ball by means of monogenic functions Py(x), it seems
natural to look for a Theorem that enables us to do the same with the Fischer
building blocks x*® P (z) with regards to higher powers of the Dirac operator
on the hyperbolic unit ball. In view of the projective nature of our model
for the hyperbolic unit ball, we are thus looking for a-homogeneous solutions
for natural powers of the Dirac operator (edr — dx) on RY™ that can be
interpreted as modulated versions of the classical Fischer building blocks. In
order to construct these functions we will again work with the Klein model
and project the equations on the hyperplane II. Note that it is sufficient
to work with the Klein model only, since we have proved the equivalence
with the Poincaré model in the previous section. Formulae for the Poincaré
model may easily be derived from the formulae for the Klein model, using
transformation properties of the hypergeometric function.

We already know that the projection of the hyperbolic Dirac operator on
the hyperplane II gives rise to the operator

—% (Q + €[E, — EA])

acting on homogeneous functions of the form A*f(z), z € B,,(1). Through-
out this section we will adopt the following notation :

Da(ﬁ) - Q—FE(ET—Q),
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for all « € C. The projection of the k-iterated hyperbolic Dirac equation, i.e.
the equation for the operator (edp —0dx)* acting on a-homogeneous functions,
then becomes :

Do (k-1)(2) Da—(e—2)(2) - - - Da1(z) Da(z) f(2) = 0,

with z € B,,(1). The projected k-iterated hyperbolic Dirac operator will be
denoted by

Da(z) = Da-(e-1)(2) Dar(o-2)(2) - Da1(z) Dalz) |
with D! (z) = D,(z). This operator satisfies the following properties :
Dg(z) = DgZi(z)Dalz)

Dy(z) = Dari-i(z)Da'(z) -
The aim is to construct solutions for the equation
D (z)f(z) = 0
of the form
flx) = Mod(a, k; s;z)z°Py(z) -
For s = 0, Theorem 3.1 offers a solution :

Do (z)[Mod(a, k; 0;2) Pi(z)] = 0 forall Py(§) € M (k) .

Note that we have introduced an extra parameter s in comparison with the
previous section. If this parameter s is omitted, we will implicitely assume
that s = 0.

Theorem 3.3 Consider an inner spherical monogenic Py(§) € M*(k), a

complex number o € C and an arbitrary integer s € N. We then have :

DY (2)[Mod(a, k; s;2)2* P(z)] = 0,
where the modulation factors are given by
1 T'(k+%
Mod(a, k;2s;2) = ( + 2) Mod(a — s,k + s;0; )

458!IT (k+ s+ 2)
1 C(k+2+1)
Mod(a, k;2s + 1;2) = ! Mod(a — s,k + s;1;
od(c, k;2s + 1; ) FAT (st 2+ 1) od(av — s,k + ;15 2)
with Mod(a, k; 0; x) given by Theorem 3.1 and

1 1+k—« k—« m
— F 1 A +k+—:|z]?) .
ST < 14 1+ +2,|£|)

Mod(cv, k;1;2) = 5 5
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In order to prove this Theorem, two technical Lemmata will be proved first :

Lemma 3.1 Let Py(§) € M*(k) be an inner spherical monogenic, let o be
an arbitrary complex number and let s € N be an arbitrary integer. We then
have :

Do(z)[Mod(ar, k; 253 2)a* Py(2)] = Mod(a — 1,k;2s — 1;2)2* ' Py(x) -

Lemma 3.2 Let Py(§) € M*(k) be an inner spherical monogenic, let o be
an arbitrary complex number and let s € N be an arbitrary integer. We then
have :

Dy (z)[Mod(a, k; 25 — 1;2)2* ' Pu(z)] = Mod(a — 1,k;2s — 2;2)2* 2Py (2) .

Proof of Lemma 3.1 :

Using the definitions for the modulation factors, the Lemma may be rewritten
as follows :

1 T(k+2)
453!F(k+3—|—%)
1 U (k+%+1)

— 2 Mod _ k, —1:1: 25—1P
4371(8_1>[F<k+8+%) Y (Oé S, + s ) 7£)£ k(g)

D, (z)[Mod(a — s,k + 5;0; 2)2* Py ()]

or equivalently :

Do (z)[Mod(a — s,k + 5;0; 2)z* Py(z)]

k — 14+ k—
_ —25F(s+ 2a,s+ +2 a;s+k+%;|§|2).

The modulation factor Mod(« — s, k + s;0; ) is bivector-valued. The action
of the operator D, (x) on this modulation factor thus consists of two parts :

e D,(x) acting on the scalar part of the modulation factor :
Do (z) Fs(|z|*)z* Pi(z)

where we have put

k — 1+ k—
Fs(|lz|?) = F(s+ a,s—l— 5 a;s+k+%;|z|2) )
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e D,(x) acting on the bivector-valued part of the modulation factor :

———2 _Dy(x)zeFs(|lz|>)z*Py(z) ,
s+ k 7721 (—)— B(|_| )_ k(_)
where we have put

k—« 1+k—«
S+ 5

m
Fp(|z*) = F(1+s+ ;1+s+k+5;lzl2)

If F(z) stands for the hypergeometric funcion F'(a, b; ¢; z), we use the short-
hand notation F*(z) for the hypergeometric function F(a+1,b+1;c+ 1; 2).

We then get :

Da(z)Fs(|z*)z* Pe(z)

= (Lo — E, —m)Fs(|z|*)z* " Pi(z)
+ €(2s+ k — a)Fs(
(5 +57)

2 2
+ 2ele] (s—i—k—l—%)

(s+%5%) (s + =5-2)

2|zf? kT D) F (|z|*)z* " Pi(z)
2
k—o 1+k—a
2&6@’2 (S + (82—'_)158_:-@) 2 )Fg(|£|2)£2571P]€<£) :
2

and

Dy (z)zeFp(|z|*)z* Py(x)
= €(Com — B, — m)Fp(|z*)z* Pi(z) — (B, — ) Fp(|lz[*)2** Py(z)
_ (s+k+ )xeF z[?)2 1 P,(z)

(
+2< Hk ) 2)a* " Py(z)

1+k—a
+ 2£L‘E|:L"2( +?+ _|_k8+ )2 )Fg(@’Q)&ZsflPk(i)
1+s+ s 4 Ltk
* ot (1+S+),§+ ) )FE(@IQ)zZS‘lPk(z) :
2
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This gives terms in 227! P, (z) and terms in xex* ' Py(z). First we gather
all terms in 2271 P (z) :

55 (s Fhee) (14 4 52)
(s+k+2)(1+s+k+2)

g4 k=a) (g4 Ltk=a
(+@f£j;f i (Fullaf) - £ 12

erg(lap) + 24 2l F(|z?)

+ 2

Recalling the definitions for the functions Fs(|z|*) and Fp(|z|?), and writing
the previous sum as a single power series, we get :

k — 1+k—
5 % s+ %;34—]6‘1‘ %; |£|2> 271 Py(z) .

—2sF (s +

Next, we gather all terms in zez® ™' Py(z) :

2 (s 552 (Ballaf) - e

S+I<:—_o¢ S+1+k—a
( (j—g/ﬁ—i—m) 2 )|£|2FS+<|2’2)
2
(s+5%) (s + =5) (L+s+5°%)
(s+k+2)(1+s+k+2)

-2

+2 |z |*Fif (|z]?) .

Writing this as a single power series yields zero, so that we finally have :

Do (z)[Mod(a — s,k + 5; 0; )2 Py ()]

k — 1+k—
— _23F(s+ 2a,s+ + a;s+k+%;|£|2)a

2

which proves Lemma 3.1. O
Proof of Lemma 3.2 :

Using the definitions for the modulation factors, the Lemma may be rewritten
as follows :

1 Dk+2+1)
4810 (k+s+241)
1 T(k+12)
4810 (k+s+1%)

Do (z)[Mod (v — s,k + 57 1; 2) 2 P()]

Mod(a — s — 1,k + 5;0; 2)2* Py (z)
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or equivalently :
Dala) [F(lz)a* ' Pula)] = =2 (s+k+ T ) Mod(a —s—1,k+s:0:z)

where we have put

—« +1—|—k:—oz
s
2 2

k
F(|z]?) :_FOﬁw+ ﬂ+s+k+gﬂﬂﬁ.

We get immediately :

Do(z)F(|z|*)2z** Pe(z)

= (Tom — Er = m)F(|z]")2* Pi(z) + e(1 + 25 + k — ) F(|z|*)z* " Pi(z)
(L+s+52) (s + 5=
(1+s+k+2)

+ 2¢ )|£FF*O£FXf&”f%@D

1 _
= =2k st ) FePhe o) - 2e (s 2570 ) PP o
_2(1—|—s+k*7“)(5—|—1+’§7°‘
(I+s+k+12)
(I+s+52) (s+ 25
(1+s+k+2)

M\FWMHQVM)

M|FWMU2¥M)-

— 2xe

Gathering the scalar terms on the one hand and the terms in ze on the
other hand, and making use of elementary properties of the hypergeometric
function, we finally arrive at :

—2 (s—l—k—i—%) Mod(av — s — 1,k + s;0;2)
which proves Lemma 3.2. O

We then prove Theorem 3.3, hereby making use of Lemma 3.1 and Lemma
3.2. Consider an arbitrary complex o and an arbitrary integer s. We have :

D5 (x)[Mod(a, k; 55 2) 2 Py ()]
D} (z)[Mod(or — 1, k; s — 1; 2)2° ' P(2)]

Do—s(z)[Mod(ar — s, k; 0; 2) Py (z)]
0.

This proves the Theorem. 0
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3.3 The Ultra-Modulation Theorem

The aim of this section is to generalize the Modulation Theorem to the
ultra-hyperbolic setting, i.e. to the orthogonal space RP? endowed with the
quadratic form

qu ZTQ Zx2

For that purpose we first introduce the following essential subsets of RP? :
1. The (p, ¢)-time-like region TLR,, = {(ZT, X) e R??: Q, (T, X) > 0}
2. The (p, q)-space-like region SLR,, = {(T, X) e R??: Q, (T, X) < 0}
3. The (p, g)-nullcone NC,,, = {(T, X) e RP?: Q, (T, X) =0}

In case the signature (p, q) is equal to (1,m), we are dealing with the space-
time situation and these definitions then reduce to the ones already given in
section 1.2.

Both the TLR, , and the SLR,, , contain a so-called ultrahyperbolic unit ball,
defined as follows :

Br(p,q) = {(T,
Bs(p,q) = {(T,

Together with NC,, these are canonical SO(p, ¢)-invariant surfaces. Note
that Br(p, q) and Bg(p, ¢) contain respectively the elements ¢; and e; of the
orthonormal basis B, ,(€;,€;) = {€1, - ,€p, €1, , €4} for RP.

On the analogy of the definition for the Dirac operator on the hyperbolic
unit ball H, in the m-dimensional space-time R»™, a Dirac operator on the
ultrahyperbolic unit balls Br(p,q) and Bg(p, q) is defined and nullsolutions
for this operator are constructed. To do so, we first introduce a projective
model for Br(p,q) and Bs(p,q) :

e the manifold of rays Ray(T'LR,,) in the (p, q)-time-like region, given
by

Ray(TLR,,) = {{MT,X):NeR{}:(I,X)eTLR,,} ,

yields a projective model for the ultrahyperbolic unit ball Br(p, q)
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e the manifold of rays Ray(SLR,,) in the (p, q)-space-like region, given
by

Ray(SLR,,) = {{\MI,X):XeR{}:(T,X)eSLR,,},
yields a projective model for the ultrahyperbolic unit ball Bg(p, q) -

As for the space-time situation, the projective model for Br(p,q) (resp.
Bgs(p, q)) forces us to define the Dirac operator on these ultrahyperbolic unit
balls as the Dirac operator D(Z, X),, on the orthogonal space RP? acting
on a-homogeneous R, ,-valued functions on the TLR, , (resp. SLR, ).

Remark : The manifolds of rays Ray(T'LR, ,) and Ray(SLR,,) can also be
defined as principal G-bundles, with G = Ry, and the Dirac operator on these
manifolds can then rigorously be defined as the Dirac operator D(T', X),,
acting on sections of an associated principal fibre bundle, see Chapter 2 for
this construction.

This means that the wultrahyperbolic Dirac operator acts on sections of the
homogeneous Clifford line bundle

_ D,q
Rp,q;a = Ro XRP#}/N

where the equivalence relation ~ is given by (T, X),c) ~ (AT, X), \%).
In other words : the bundle space of the bundle R, ., is the set R? x R, ,
and the base space consists of the equivalence classes under the projection
m, with

77((21751):@1) = W((IQaXQ)ﬂQ) <~ ((Il,X1),@1) ~ ((IQyXQ)aaz)
= (T, X)), 1) = (Mo, X,), \az)

for a certain \ € R(}r. The aim of this section is to construct nullsolutions for
this ultrahyperbolic Dirac operator, by means of a recursive argument.

First of all we need the ultrahyperbolic version of the polar decomposition of

(p, q)-space-time vectors and of the Dirac operator D(T, X), , on the space
RP4. Consider therefore a (p, g)-vector (I, X) € TLR, ,, and write it in the

( e — — )
prq (T’ X) ; ’ Qp’q( 3 X) ;

(z.8) - (3.1)

[><

N

(I, X) = @pq(LX)

I~

N

Qpq(T, X)
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Expression (3.1) represents the (p, ¢)-time-like vector (I, X)) € TLR,, as a
unit vector (z,§) belonging to Br(p,q) multiplied with its ultrahyperbolic

norm @, 4(Z, X)%, i.e. its distance to the origin in RP? with respect to the

metric ds? = @, 4(dL,dX). One possible ultrahyperbolic decomposition for
the Dirac operator on RP? is then given by

(7,€)
Qpo(T. X)2

with [E, , the Euler operator on R”? measuring the degree of homogeneity
with respect to the (p, ¢)-space-time co-ordinates (7', X)) on RP¢ and with
'), the ultrahyperbolic angular operator on R, tangent to Br(p,q); i.e.
when acting on functions depending on the ultrahyperbolic norm only, this
operator is identically zero.

D(I7 X)p,q = (Ep,q + Fp,q) ) (3~2)

For space-like (p, q)-vectors (T', X)) € SLR,, ,, the factor @, (T, X )% belongs

to iR and must be replaced by ( — Qpy(L, X )) 2. The distance to the origin
in R” is then given by ds* = —Q, ,(dT, dX)

In both cases the (p,q)-space-time vector (T, X) and the Dirac operator
D(T, X),, are written in terms of a unit vector, the ultrahyperbolic norm
and the Euler and Gamma operators.

In terms of the co-ordinates (7', X) these operators are given by :

p q
By = Y Tior + > X,x,
i=1 j=1
and

Lpy = Y e, — Tudr) — > ejen(X;0x, — Xidx,)
j<k j<k
Z ejek(Tjﬁxk + Xké?Tj) .

Jk

This can easily be verified by calculating (T', X)D(T, X), , by means of the
multiplications rules on the Clifford algebra R, , and by collecting the scalar
terms (giving E, ,) and the bivector-terms (giving I',,). Note that there is no
decomposition given on the nullcone. For the definition of the Dirac operator
on the nullcone we refer to the work of Sommen, see [66]. We briefly return
to this point in Chapter 7.
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Using the explicit expressions for E,, and I',,, one can easily verify the
following operator equality :

D(Ia l)p,q(z» X) = (p +q— 1) + ]Epyq - Fp,q :

We now consider a (p, g)-vector (I', X)) and we construct an a-homogeneous
solution for the Dirac operator on RP¢ which is defined in a neighbourhood
of (T, X). In view of the fact that our model for the ultrahyperbolic unit
balls Br(p, q) and Bs(p, q) is projective, a neighbourhood of (T, X) is to be
understood as a small cone, consisting of all half rays in a neighbourhood of
the half ray connecting (7', X') with the origin.

Depending on whether (7, X) € TLR,, or SLR,, this construction yields
by definition a monogenic function for the ultrahyperbolic Dirac operator on
Br(p,q) or Bs(p, q). If (T, X) belongs to the nullcone NC,,, in R”4, a neigh-
bourhood of (T, X) contains both rays in TLR,, and SLR,,. There exist
a-homogeneous distributional solutions for the Dirac operator D(T, X), ,,
defined in a neighbourhood of a nullray on NC, ,, but here we only consider
(p, q)-vectors for which there exists a neighbourhood entirely consisting of
(p, q)-time-like or (p, q)-space-like half rays.

3.3.1 The (p, q)-space-like situation
If (T, X) € SLR,,, we have by definition :

p

P
Qp,q(z7i) = ZTE—ZXJ? < 0.
j=1

=1

This means that there is at least one spatial co-ordinate X; # 0, for if X; =0
forall 1 < j < ¢ we get Q) ,(L,X) > 0 and this contradicts the fact that
(I', X) € SLR,,. Without loosing generality we may assume that X, # 0.
Let us then consider the tangent plane W, to the ultrahyperbolic unit ball
Bs(p,q) in e,. If X, > 0, the half ray connecting (7', X) with the origin
intersects W, in the (p, ¢)-vector

1

1 1 &

. 1,1 .
ZI"’Z : Gij+€q with (ZI,E;63X3> € RPH 1

1

In fact, this holds for all (p,q)-vectors in a (p, q)-space-like neighbourhood
of the given vector (T, X). If X, < 0 we replace X, by |X,|, whence the
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nullsolutions under construction are even with respect to the co-ordinate
X, This expresses the rotational symmetry of the ultrahyperbolic unit ball
Bs(p, q). It also means that the conical neighbourhood in which the solutions
are locally defined actually consist of rays (minus the origin) instead of half
rays. This is not surprising, in view of the projective model for the sphere
S™ considered earlier. The reason why we considered half rays in case of the
hyperbolic unit ball in space-time is because the manifold H, is, in contrast
to the manifolds considered here, not connected.

As we will use an inductive argument to construct solutions for the Dirac
operator on the unit balls Bg(p,q) and Br(p,q), it is important to have a
clear notation for vectors belonging to orthogonal spaces of different dimen-
sions. Therefore, we adopt the following notation : for » > 0 and s > 0, the
vector (T, X ) is an (p—r, g — s)-vector, belonging to RP~"9~¢ and it stands
for the vector

i &Ti 251 €X))

LTy Ty X Xgm1 - Xgm(sm1)

This means that r (resp. s) indicates how many temporal (resp. spatial)
co-ordinates are to be removed from the (p, q)-vector (T, X), starting with
T, (resp. X,). The resulting vector must then also be divided by this co-
ordinate. If r = 0 (resp. s = 0) the temporal part T (resp. the spatial part
X)) remains unchanged and therefore this will not be written explicitely.

The argument above thus shows that all (p, ¢)-vectors in a neighbourhood of
the given (I, X)) € SLR,, may be written as

(T,X) = XN(eg+ (T, X))

with A\, = X, and (T, X,) the (p,q — 1)-vector obtained by removing the
spatial component X, and dividing the resulting vector by X,. We then
use (A, (I, X)) as new co-ordinates on SLR,,, valid in the small conical
neighbourhood of the given (T, X'). In terms of these co-ordinates the vector
derivative on RP*? may be written as

P P 1 d
(Z €0, — Z ejan) - . <D(Ia X1)pa—1+ € {Ep,q—l - Aqa]) J
Jj=1 q

i=1 q

D(T,X,)pq—1 and E, ,_; denoting respectively the Dirac and Euler operator
on the orthogonal space RP?~! in terms of the co-ordinates (T, X).
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In view of the fact that nullsolutions F'(T,X) for the Dirac operator on
the unit ball Bg(p, q) are defined as homogeneous solutions for the operator
D(I? X)p,q we pUt

F(IJK) - )‘gqu(I7K1> 9

with
(D(Ia Xi)pg-1+eq[Epg1 — o )Fq<z> X,) = 0.

The idea is to construct F, as a modulated version of a homogeneous nullsolu-
tion for the operator D(T, X ), ,—1 on RP?~!. This is the inductive argument
we alluded to, because this means that a monogenic function with respect
to the Dirac operator on the unit ball Bg(p, ¢) will be written in terms of a
monogenic function with respect to the Dirac operator on a unit ball in an
ultrahyperbolic space of lower dimension. We must however be careful be-
cause we do not know whether the projection of the (p, ¢)-vector (I, X), i.e.
the (p, ¢—1)-vector (I, X;), belongs to SLR,, ,—1, TLR, ;1 or even NC,, ;.

The only thing we know is that @, (7, X)) < 0, whence
P 2 g1 2
T; X;
(1) -X(F) <1 = Quamxn<t.
i=1 q j=1 q

This means that all three possibilities are likely and those (p, ¢)-vectors for
which the projection (I, X,) € NC,,1 will temporarily be excluded. We
return to this point later. This also means that the explicit form of F| will
depend on whether (7', X;) belongs to TLR,, ;1 or SLR, ;1.

Let us then put
Fq(zu X)) = MOd(O‘q? Ag; (7, Xﬂ)fq(la X)) (3.3)
with

MOd(Oéqa )‘q§ (I> Xl)) = Flo‘q)(NQ

p,q—1

)+ e X)F (NG 0) 5 (3.4)
where N7, stands for Qp4-1(T, X ), and with
D(T, X )pg1fo(L, X,) = 0
Epog-1fo(L, Xy) = Afo(L.X,)
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ie. with f,(T,X;) a A\, -homogeneous solution for the Dirac operator on
RP47L Note that (e,(T,X,))? = Qpqo1(L,X,) = N2 This means

pq—1-
that the modulation factor is actually a power series in the bivector-variable

e,(T, X;). This is in agreement with the Modulation Theorem 3.1, where
the modulation factor was given by a power series in the bivector xe.

) and F* (N2

In order to determine the functions F (N2 S

p,q—1 ) ; We put

) 00 00 P T 2 g1 X 2\ *

q 2 _ 2k _ ? J

0 = S - S (S(E) S (5))
k=0

k=0 i=1 j=1
1 k
(Aa) ( AT2 S 2k - - T tS X; ’
B (Npgm) = D beNgi = D bi| D X, -2 X, '
k=0 k=0 =1 q = q
Making use of the fact that
D(T, X1)pq-1 Ny 2k(L, X, )Npo
Epq 1 N2i = 2kNZ%

D(T, Xl)p,qfl(z7 X)p,qfl = (p+q—-1)+ Epg-1—Tpg-1,

we find immediately :

(D(I, Xl)p,q—l +eq [Ep,q—l - O‘q] ) Zzio a’fNI?,];—lfq

oo

{20+ Dot e+ 26 - 0o fy,

k=0

and

(D(I, Xi)pg-1 T € [Epg1 — )eq(z, X)pg-1 Z;ozo ka;?,];—lfq

g (L, X)) (1 + 2k + Ay — g by
- = Z + N§,2—1fq
k=0 eq(2k+2X, +p+q—1)bg

This leads to the following recursive relations :

(2k +2)ar1, = (14 2k + A, — ag)by
k+ XN, —agar = 2k+2\,+p+q—1)b .
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Choosing ay = 1, we conclude :

( 14+Xg—ay ) (Aq—aq )
2 kN 2 g

a =
g k(A + 2HL)
day (Hgen) (14 A
b = 2p+q—1 \ ptg—1 - ’
)\‘1 + 2 k! (1 + )\q + 2 )k
whence
1+ A —ag Ag— —1
FO() = F( T Sty 4 P ;t) (3.5)
Ag—aq
e 1+, —« Ay — p+qg—1
FM (1) = 2 F( e q;1+Aq+—;t)
A+ EEEL 2 2 2

(3.6)

Note that these hypergeometric functions are well-defined as long as A\, + mT_l
does not belong to —N, unless oy = 1’Tm In that case, the operator is again
related to the conformal Dirac operator on the ultrahyperbolic unit balls.

We have thus proved : for (I, X) € SLR,,, an a,-homogeneous solution
for the Dirac operator D(T, X),, on R”? defined in a neighbourhood of
(T, X), is given by the function F(T,X) = X,F,(T,X,), with F, the pro-
duct of a power series in the bivector-variable e, (T, X ) (i.e. the modulation
factor (3.4) given in terms of the hypergeometric functions (3.5) and (3.6))
and a homogeneous nullsolution for the Dirac operator on an ultrahyperbolic
space of lower dimension This latter nullsolution is homogeneous of degree
Ay, with A\, + 21 ¢ —N.

3.3.2 The (p, g)-time-like situation

In this subsection we construct a locally defined monogenic function for the
Dirac operator on Br(p,q). Consider a (p,q)-vector (I',X) € TLR,,. We
then have by definition :

Qp.q(T ZT2 ZX2 >

This means that there is at least one temporal co-ordinate T; # 0, for if
T, =0forall 1 <i<kweget@,,L,X) <0 and this contradicts the
fact that (I, X)) € TLR,,. Without loosing generality we may assume that
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T, # 0. Let us then consider the tangent plane V, to the ultrahyperbolic
unit ball Br(p,q) in €,. If T, > 0, the half ray connecting (7', X') with the
origin intersects V), in the (p, ¢)-vector

1 1 =t 1 4 1
— X 4 — T ith | —Y T, —X | eRr1e,
T, = + T, 2 €id; + €, Wi (Tp ; € Tp_>

In fact, this holds for all (p, ¢)-vectors in a neighbourhood of the given vector
(I, X). If T,, < 0 we replace T}, by |T},|, which means that the nullsolutions
that we are constructing will be even with respect to the co-ordinate 7},. This
expresses the rotational symmetry of the ultrahyperbolic unit ball Br(p, q).
Again, it means that the conical neighbourhood in which the solutions are
locally defined consist of punctured rays instead of half rays.

So, all (p, g)-vectors in a neighbourhood of the given (T, X) € TLR, , may
be written as

(I’l) = /\P(€P+(II’£))

with A\, = T}, and (I, X)) the (p — 1, ¢g)-vector obtained by removing the
temporal component 7, and dividing the resulting vector by 7,,. We then
use (A, (I}, X)) as new co-ordinates on T'LR,, ,, valid in a neighbourhood of
the given (T, X). In terms of these new co-ordinates the Dirac operator on
RPY may be written as

p p
1 d
(Z €07, — ; ejan) - N (D(Ilai)pl,q + € [)‘pd_)\p - Epl,q}) )

i=1 P

D(Ty,X),—1, and E,_; , denoting respectively the Dirac and Euler operator
on the orthogonal space RP~1¢ in terms of the co-ordinates (T';, X).

In view of the fact that nullsolutions F'(T,X) for the Dirac operator on
the unit ball Br(p, q) are defined as homogeneous solutions for the operator
D(I? X)p,q we pUt

F(Ia X) = /\;pr(Ilvz) )
with

(D<p—1,q>T1,x+ep [ap—Ep_Lq])Fp@l,z) _ 0. (3.7)
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The idea is to construct F,(T';, X) as a modulated version of a homogeneous
nullsolution for a Dirac operator on an ultrahyperbolic space of lower dimen-
sion. However, the situation in the (p,q)-time-like region is slightly more
complicated than the situation in the (p, ¢)-space-like region and the reason
is the following : (I, X) € TLR,, does not imply that Q,_1,(T;,X) < 1,
making it impossible to use this variable as the expansion parameter in the
modulation factor which will again, as for the (p, ¢)-space-like situation, be
constructed as a hypergeometric series. On the other hand, we have the
following :

p—1 7\ 2 q X\ 2
%) (7)o = e,
i=1 NP

j=1 p

where (X, T;) stands for the (¢, p — 1)-vector obtained by switching the role
of the spatial and temporal co-ordinates in (T}, X).

This means that for (I, X) € TLR, , the (¢,p — 1)-vector (X,T,) belongs
to R%?~! but we do not know whether it belongs to SLRy,-1, TLR,, 1 or
even NCy,_1. As Qgp—1(X,T) < 1, the three possibilities are likely and we
will again temporarily exclude those (p, q)-vectors (T, X)) € TLR for which
the (¢, p — 1)-projected vector (X,T;) belongs to the nullcone NC,,_;. We
return to this point later.

Let us now return to equation (3.7) :

(D(Ila X)p-1q+ 6 lap —Ep 1] )Fp(zla X) =0.

Since we want to use (), ,—1(X,T;) as the expansion parameter in the modu-
lation factor, i.e. the argument of the hypergeometric series, it seems natural
to recast this equation in another form. Indeed, we will replace the Dirac
operator D(T4, X), 1, by the Dirac operator on the space R¥?~'. Let us
therefore multiply this equation by €, from the left, i.e. let us project this

equation on the even subalgebra REZI). We then get :
p—1 q
DL, X)p1q = T (Z ep€i0r, — ZEpej@XJ) :
i=1 j=1

As (6y6,)* = —1 and (e,¢;)> = 1, we may formally identify the operator
epD(T,,X),-1, with the Dirac operator D(X,T;),,-1 on R%??~1 We thus
rewrite equation (3.7) as follows :

(D(&, Zl)%P—l + [O‘p - IE’tLp—l] ) Fp(iv T,) =0, (3.8)
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where we have used the fact that E, ,, = E,,_1. We will now solve this
equation, and at the end we replace (X, T';) by €,(Z;, X) to obtain a solution
for equation (3.7). In order to make a clear distinction between the solutions
to equation (3.7) and (3.8), the solution to the latter equation will be labelled
with a prime.

We thus put
Fy(X,T,) = Mod'(ay, Ay; (X, T1)) (X, T)
with
Ap)! Ap)
Mod' (e, Api (X, T1) = B (Ngo)?) + (0 L) E (NG, 0)°)
(3.9)
where (N}, 1)? stands for Qg,—1(X,T), and with

{D(X7Z1)q,p1f;(x7zl) =0
]Eq,pflf;g(z?Il) = )\pf;/y(X>Il)7

i.e. with f(X,T,) a A,-homogeneous solution for the Dirac operator on the
orthogonal space R%P~1,

In order to determine FI(A"),((N;@A)?) and FZ()“’)/((N(;pfl)Q), we put
) 00 00 q X 2 p-l T 2\ ¥
FY (W) = S ap )™ = (Z (%) - (%))
k=0 k=0 j=1 p i=1 p
) 00 00 q X. 2 p-l T 2\ ¥
B (Nl = hp)® = 3o (Z (%) - (;))
k=0 k=0 j=1 p i=1 p
Making use of the fact that
D(i7zl)Q=p—1(N¢;,p—l)2k = 2]‘5(&721)(]\[;@—1)%_2
Egp1(Ngp-1)™ = 2k(Ng,_1)*

D(Ku I1)q,p—1<xa Il) = (p +q— 1) +Egp-1—Tgp-1,

one finds immediately :

<D(K, Ty)gp-1—Egp1+ O‘p) ZZO:O ak(Né,p—OQkf;/)
S {(z, T)(2k + 2ares — (2K + A, — ap>ak}<N;,p_1>2’ff;
k=0
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and

QXXQDMA—Em4+aOCLIDZQWANVWZ

s (X, L) (L4 2k 4+ Ay — )by
= —Z - (Ng{(,p—l)2kf;/7 ’
k=0 2k +2)\, +p+q—1)by

leading to the same recursive relations as for the (p, ¢)-space-like situation :

(2k +2)ar = (14 2k+ N\, — )by
2k+ X, —ap)ar, = (2k+2\,+p+q—1)b; .

We immediately conclude :

' 1+, — Ap — —1

FO ) = p(2 e o, PRIT D, (3.10)
2 2 2
Ap—ap

/ L—r 1+ —«a Ay — p+qg—1

F(/\p) t — 2 F 14 P 1 M e U 1 A ¢
(3.11)

Note that these hypergeometric functions are well-defined for A, + mT’l ¢ —N
(unless oy = 35™) as their argument (N] _1)* = Qqp1(X,T,) < 1.

Now that we have found this solution for equation (3.8), we return to (3.7).
A solution F,(T';, X) is given by :

FP(II’X) = MOd(apv)‘p; (Ilal))fp(zlal)
with
MOd(am )‘p§ (Il, X)) - MOd/ (ap7 )‘p§ Ep(IlaK))

)\p/ Ap /
= FO(NL, D)) + (T, X)FY (N! )2
(3.12)

Note that if we replace (X, 1) by €,(L, X) in Mod’(ay, \p; €,(X, 1)), we
do not alter the argument of the hypergeometric functions. Therefore we
still write Ny ,_; with

e - 2B

j=1 i=1

Q
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As (6,(T),X))* = Qqp—1(X,T,) = (N, ,,)* the modulation factor (3.12)

may again be interpreted as a power series in the bivector-variable €,(T;, X).

The function f,(I, X) can be found as follows : we start from an arbitrary
solution f/(X,T)) for the Dirac operator D(X,T)qp—1 on R#?~" which is
Ap-homogeneous and we put

fp(Ilyi) = fg,;(ep(IlaK))

This is of course equivalent with choosing f,(T;,X) as a \,-homogeneous
solution for the Dirac operator D(T;, X), 1 on RP~14.

3.3.3 The unifying picture

In this subsection we unify both the (p, ¢)-time-like and (p, ¢)-space-like case,
and this will lead to an explicit construction for nullsolutions on Br(p, q) or
Bs(p, q). For that purpose we rewrite the results from previous subsections.
Let us first introduce the following function, defined as a power series in a
bivector-variable B :

Definition 3.1 For an arbitrary bivector B € ]RI(,?; such that [B*)y < 1, we
define the following bivector-valued function :

A—a
Py, \B) = FM(BY) + —2—BE([B*o)

T—1 =
At o

with Fi(A)([QZ]O) (i =1,2) given by the following hypergeometric functions :

1+4XA—a A— -1

2 2 SR
1+ A -« A—a« +qg—1
FV(t) = F( S A P ;t) .

Consider then an arbitrary (p, q)-vector (T, X) € RP? :

1. if (I X) € TLR,, and T, # 0, a locally defined a-homogeneous solu-
tion for the operator D(T', X)), , is given by

‘Tp’aPp,q (a, A, Ep(Il,X)) fA(Ip X) )
with f\(T, X) a A-homogeneous solution for D(T;, X),_1, on RP~14
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2. if (T,X) € SLR,, and X, # 0, a locally defined a-homogeneous solu-
tion for the operator D(T', X)), , is given by

|Xq|app,q (a» A %(I, Xﬁ) f)\(Ia X1) )

with f\(T, X;) a A-homogeneous solution for D(T, X;),,_1 on RP~!

We are now able to construct a-homogeneous solutions for the operator
D(T, X),,, on RP in a neighbourhood of (p, ¢)-vectors (T, X), , belonging to
certain regions of the orthogonal space RP¢, by performing consecutive pro-
jections on tangent planes, to either space-like or time-like ultrahyperbolic
unit balls.

This goes as follows : at a certain stage of the procedure we will have
a vector (I,,X,) belonging to either TLR,_,, s or SLR, ,,s. In the
first case a homogeneous solution for the operator D(T,, X ), s may be
written as a modulated version of a homogeneous solution to the operator
D(T, 1, X,)p—r—1,4—s, Whereas in the latter case a homogeneous solution for
the operator D(L,, X,),—rq4—s may be written as a modulated version of a
homogeneous solution for the operator D(T',., X, . 1)p—rq—s—1. The next step,
before we can use the recursion argument, is to look at the projected vector.
By this we mean the following : if (T, X,) belongs to TLR,_, ,—s (resp.
SLR, ., s) we project onto the plane tangent to the ultrahyperbolic unit
ball Br(p—r,q—s) (resp. to Bs(p—r,q—s)) at the basis element €,_, (resp.
eq—s). If this projected vector (I, ,X,) (vesp. (T,,X,,,)), which clearly
belongs to an orthogonal space of lower dimension, belongs to the nullcone
of the lower-dimensional space, then the recursion argument breaks down.
In that case we can only consider distributional homogeneous solutions for
DT, 1, X )p—r-1,4-s (resp. D(T,, X, |)p-rq—s—1). If the projected vector
does not belong to this nullcone, we repeat this procedure.

Eventually this means that there exist (p, ¢)-vectors in the orthogonal space
RP4 for which small conical neighbourhoods may consecutively be projected
onto either the space-like or the time-like subset of the lower-dimensional
orthogonal spaces. This means that for certain (p, g)-vectors, homogeneous
solutions for the operator D(T', X), , may be found as 'multiple-modulated’
versions of homogeneous solutions for the Dirac operator on R™.
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3.4 On a Bi-Axial Hyperbolic Problem

In this section we construct new hyperbolic monogenic solutions for the Dirac
operator on the Klein model of the hyperbolic unit ball, by considering a bi-
axial splitting of R™. This allows to reobtain the solutions constructed by
means of the Modulation Theorem on the Klein ball in a totally different
way. Indeed, it is proved that these solutions can be interpreted as special
cases of so-called generalized hyperbolic powerfunctions.

3.4.1 Bi-axial hyperbolic monogenic functions

Let us consider a bi-axially symmetric domain in R%™ by splitting R%™ into
RY™ @ RO%™2 A general element z € R (1) . Will be denoted by z = z; + z,
with z, = =i, where & € Smi=t The Dlrac operator (resp. Euler operator)
on ROmi will be denoted by 0, (resp. E;).

Our aim is to contruct solutions f(z) = f(z;,z,) for the operator D,(x),

defined by
Dy(z) = 04+ €eE—-a) = 0,4+ ek + 0, + eEy — ae,

of the following form :

[e.e]

Fera) = Z{w%)+zQero«%)}@ﬁm@na@a, neRY,

=0

with Py(§,) € My, (k) and Py(£,) € My, (q). So, for each [ € N the factor
between brackets represents a power series in the variable x,e.

Note that we choose these inner spherical monogenics to belong to the spaces

R(()tn . and R(+ m, Tespectively, such that
01, Py(zy)] = [z, Pylz,)] = 0
[0y, Pilzy)] = [29, Py(zy)] = 0

Letting the operator D, (z) act upon the function f(z), hereby using the fact
that

9, (iflpk(iz)) = 2l$2l_1pk( )
9; (E?Hlpk@i)) = —(2k+ 20+ my)z} Pp(z;)
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putting t = 3 and E; = t%, we arrive at the following system S of equations

for the unknown functions F; and G, (I € N) :

i+ 2y = (Be+1+5E9Ey — (B4 g+ 22)Gy

1+ 1) Forpa (Be + 1+ 2 Fyy — (By + g+ %2)Gore
ktl+ MGy = SFy— (B + 1+ HHEE) Gy

14+ 1)Goryo = 4Py —E+1+1+ ’“*‘;‘a)sz

E
S (
(

This system must be interpreted in the following sense : given two analytic
functions Fy(t) and Gy(t), the functions F(t) and G,(t) can be determined for
all [ € N by means of these equations. Introducing the short-hand notation

k+q—«
@ =
l1+k+q—«
(1 +7

the system S can also be rewritten as a recursive set of equations :

( (Et+l+Qo)(Et+l—1+Q1)—(]Et‘i‘Q‘i‘—TgQ)—;t
Forpr = m Fyry
I(k+1+ %)

(Be+ 1+ Qo) (B + 1+ Q1) — (B + g+ %2) 4
Fopo = - Fy
A+ 0k +1+ 2

. B (Et+l+Qo)(Et+l+Q1)—(Et+1+q+%)%G
2041 — l(l{?—i-l—'—m) 20—1
2

o _ Bl 1+ Q)E+1+Q) = B+ 1+q+ 55
| A T U+ )k +1+ %) 2

In order to solve this system one needs to specify the so-called Cauchy data,
i.e. the explicit form of the solution f(z,,z,) for z; = 0. This function
f(0,z,) can then be extended to a solution for the hyperbolic Dirac equation
on the Klein model, by determining the functions F;(t) and G;(t) by means
of the recursive set of equations above.

3.4.2 Generalized Hyperbolic Power Functions

The aim of this section is to construct solutions for the operator D, (x) which
are generalizations of the monomials 2* in complex analysis. For that pur-
pose we define x3 for arbitrary complex A\, and we then use this function
multiplied by an inner spherical monogenic P,(z,) as initial Cauchy data
in the system S from the previous subsection, in order to obtain a solution
f(z,, z,) for the Dirac equation on the hyperbolic Klein ball.
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The function z3 was already defined in e.g. [23], where the authors have

put

A A
= 1 (COS%+§ZSin%>

A _ . TA
— A A—1
= 15 CoS +ry Txrysin— .
2 - 2

We will now use this function as Cauchy data, in two distinct steps : first
we consider inner power functions and then outer power functions.

e Inner Power Functions

Recalling the fact that ¢ = r3, let us first consider the function

Fo(t) = t*

Go(t) = 0.
In view of the fact that hyperbolic monogenic functions are defined as
homogeneous solutions for the Dirac operator dx on RY™, these initial

data are canonical : they come from the projection on the hyperplane
IT < T =1 of the a-homogeneous function

F(T,0,X,) = T2 X, | P,(X,)

defined for X; = 0. We are thus starting from an a-homogeneous
function in space-time variables (T',0, X,), and this function will be
extended by means of the system S to an a-homogeneous solution for
the Dirac operator dx on R"™  in space-time variables (T, X, X,).

With the aid of S, one finds :

A+
2
A
Gl(t) - k_i_—mt)\_l.
2

We can then derive expressions for Fy(t), Fyi1(t) and Goyq(t) by
means of the recursive set of equations.

Consider for example the formula giving Fyo(f) in terms of Fy(t).

Putting

(B + 1+ Qo) (e + 1+ Q1) — (Be +q + )5
I+ D(k+1+2L) ’

OZH—Z(F) =

143



we have Fyo(t) = Ogpo(F)Fy(t). Starting with Fy(t), the operator
O, (F') contains a part which multiplies F(t) with a (complex) constant,
and a part which lowers the degree of Fy(¢) and then multiplies with
a (complex) constant. This scheme repeates itself when the operator
Oq49(F') acts on Fy(t), whence Fyio(t) will have the following form :

F21+2(t) = Cot)\ + Clt)\il + -+ Cl+1t>\7171 with c; € C.

However, if A € N the scheme breaks down when the exponent of ¢
becomes zero and the remaining coefficients all vanish.

We then prove that

Fy(t) = ci(\, Dt (3.13)

M-

N
Il
o

with ¢;(\, ) given by

( 1)i(>\> ()\ —itat %)z ()‘ + k+g_a)l—i ()‘ + Hk—i_%)l—i
I R Ty —

7 .
1
Here it is understood that for A € N the series terminates when the
exponent of ¢ becomes zero, such that the remaining coefficients then

all vanish.

proof : We will prove this formula by induction. Since

Fy(t) = Oy(F) t*
A+ Q)A+@1) n (A1 +Ha+3 5,

k+ 1t k+ 5t

Y

the formula holds for [ = 1. Suppose the formula is correct for Fy(t),
we then prove that it also holds for Fyio(t) = Ogia(F) Fy(t).

First of all, the term in ¢* is given by

(B + 1+ Qo) (E; + 14 Q1)

(A + Qo)1 (AN + Q1)1 2
A+Dk+1+3)

I+ 1) (k+ )
= co(\ I+ 1)t

co(\, )t

I+1

while the term in t*!~! is given by

(Et+Q+%) d Al
- 2 Dt
(1+l)(k+l+%)dtcl(’) ’
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which by means of the fact that

A=L(N\ A
1+1\t)  \u+1)’
reduces to

AYA=l—=14qg+ 5
+ ( +7)1+1

For the term in t*, with 0 < i < 1+ [, we obtain

B¢ + 14 Qo)(Ee + 1+ Q1)
(L+Dk+1+ 53

(Et+q+%) d

H(l+l)(k+l+%)%(

A—1

Ci()\, l) (

)\, l)t)\+1fi ’

which by means of the fact that

(1+l—i)(?> (1+>\—z)(i\1) = (H—U(?)

may be written as

(_1)1'()‘) (A —ita+%), A+ Qo)A+ Qi i
i (k+m2),  (Q+1-i)(i+k+2)

14+1—1

which is equal to ¢;(A, 1+ 1)t*~%. Adding these terms we finally obtain

1+1
F21+2(t) = Z Ci()\, 1 + l)t)\_i s
i=0
as was to be proved. O

A similar approach can be followed to prove that

A Btee
Fy(t) = k+m1 Zd (A1) (3.14)

with d;(\, 1) given by

(~1) (A) (A—itgt ), A1), (0 2
(L+k+m),  @-l@+ith+m),

—1

l
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and

Gosa(t) = — Z A—1,1) A1 (3.15)

with f;(A —1,1) given by

S LS NIE, N
(L+k+m), (l—z) (L+i+k+2),

? —i
In both cases it is understood that the series terminates if the exponent
of t becomes zero, whence all remaining coefficients vanish.

Returning to the explicit form for f(z,,z,) proposed at the beginning
of this section, we have thus found a solution for the operator D, (),

with £ = 2, + x,, which generalizes the function |z,|**P,(z,) on R™ :
00 l

Bt = (XS0t ) meone
1=0 Li=0

)\+ k+q—a 00 l
=L OWIDBLCL i [} e

A l ]
kj_lii (Z [Z fi(A 2)\ 22 7’?) Py(z1) Py(5) -

=0 L=0

Remark : Let us consider a special case of this result by putting A = 0
such that Fy(t) = 1 and Go(t) = 0. The function I3, (z) then reduces
to

k+q a

Iyng(z) = (Z [00(0 [) + do(0, l)k xﬁ] 1 > Bi(z,) Py(z5)

=0

which by means of the definition for Mod(«, k, z) can be written as

IO ( ) = MOd(a_%k?&l)Pk(zl)PQ(&Q) .

ak:q

One can immediately see that this is a solution for the hyperbolic Dirac
equation on the Klein ball by decomposing the operator D, (z) as

D,(z) = Q1+E(E1—(Q_Q))+Q2+€(E2—Q)-

Note that in case ¢ = 0, one finds the solution given by Theorem 3.1,
showing that the modulated hyperbolic monogenics Mod(a, k, z) Py (z)
can be interpreted as trivial inner hyperbolic monogenic powers [ 27 ko(Z)-
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Outer Power Functions

Next, we consider for arbitrary A € C the outer power function as
initial Cauchy data :
Go(t) = t*.

These initial data form the projection on the hyperplane Il « T =1
of the a-homogeneous function

F(T7Qai2) = TQ_Q/\_l_kXﬂXﬂQ/\Pk(lz) )

defined for X; = 0. We are thus again starting from an a-homogeneous
function in space-time variables (7,0, X, ), and this function will be ex-
tended by means of the system S to an a-homogeneous solution for the
Dirac operator Oy on RY™, in space-time variables (T, X, X,).

With the aid of S one finds :

Atqg+ 5
R) = ——m
2
)\+ 1+k4+qg—a
Gi(t) = ——k+£ .
2

Since we have already found that

\ o kta—a )\+k+q a
F1(t):k+—£t)‘ =L Pyt = Thrm Zd (A1) £
2

)\ _ S )\ i
Gl(t):k_i_—mt)\ b= Ga(t) = k+m2fi()\_17l) et )
2 2

we get immediately :

>\+q+m2

Fyua(t) = — e Zd (A1) 2 (3.16)

with d;(\, 1) given by

Y

(_1)1(>\) ()\_i+q+%)i (A+1+M;a)l ‘(/\+M)l—i
(T+k+12), (=i (14i+k+m),

—1
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and
a1
\ o Lfkte—a

G (t) P DNIC K (3.17)
2 i=0
with f;(X\, 1) given by

(—1)i<)\> <1+>\_i+Q+%)i <1+>\+k+g_a)l—i (1+)‘+1+k+%>z
(14K +m) (=N (I+i+k+m), .

—1

?

In order to find Gg(t), we compare the formula giving Gy 1o(t) in terms
of Gg(t) with the formula giving Fy2(t) in terms of Fy(t). Up to a
substitution

q — q+1
both formulae are identical, so that we immediately get :

l

Gault) = Y g\ (3.18)

=0

with g;(A, 1) given by

(1) <)\) <)\ —itgtlt %)1 <)‘ +1+ k+g_a)z—¢ ()‘ + 1+kJ2rq_a)l
(k+ 1) (L=l (i+k+ %)

Note that in the formulae for Fy1(t), Goi(t) and Goyyq(t) it is under-

stood that if the exponent of £ becomes zero, all remaining coefficients
vanish.

—1

l
i I—i

Returning to the explicit form for f(z,,z,) proposed at the beginning
of this section, we have thus found the following solution for D, (z),
with 2 = z; + x,, generalizing the function z,|z,|**P,(x,) :

02 k.q(Z)

a,k,q
A q+ 52 g o
T%Q zp€ (Z [Z (A, Dr3 2] 7“?) Py(z1) Fy(z,)

=0 L1=0

00 l
— Iy€ <Z [Z 9i(A, Z)Tg/\_%] 7%) Pk(£1>PQ(£2>

=0

)\ + Lhta—a o [ 1 |
" H—i LyLy Z Z Fi D2
2

=0 Li=0

7"?) Pi(z1) Py(2)
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This allows us to define the generalized hyperbolic powerfunction 7327,67(1(@),
with (o, ) € C* and (k,q) € N°. When multiplying this function by 7% and
putting z = % we obtain an a-homogeneous solution for the Dirac operator
dx on RY™ whence the index oe. The index ) refers to the power function z3
in the Cauchy data z3 P,(x,), whereas the indices k and ¢ refer to the inner
monogenics Py(z,) and P,(z,) respectively. This function is in explicit form
given by :

TA

A A A=l
Porg(@) = 12, (z)cos % + 0, % 4(x) sin -

a,k,q
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Chapter 4

Arbitrary Powers of the
Hyperbolic Dirac Operator

The shortest path between two truths in the real domain
passes through the complex domain. (J. Hadamard)

In this Chapter arbitrary complex powers of the hyperbolic Dirac operator
are defined and a fundamental solution for these operators is constructed.
First the so-called natural powers of the Dirac operator on the hyperbolic
unit ball will be considered, and afterwards arbitrary complex powers.

4.1 Natural Powers of the Hyperbolic Dirac
Operator

In this section natural powers of the Dirac operator on the hyperbolic unit
ball are considered, i.e. integer powers of the Dirac operator dx on RY™
acting on sections of the homogeneous Clifford line bundle R, ,,., introduced
in Chapter 2 as an associated principal fibre bundle or, equivalently, acting
on a-homogeneous functions on the future cone in space-time co-ordinates
(T, X). In the previous Chapter we already encountered these natural powers
when we generalized the Modulation Theorem to the case of the k-iterated
hyperbolic Dirac equation (see Theorem 3.3).

When projecting the k-iterated Dirac operator 9% acting on a-homogeneous

functions F(7,X) on the FC onto the Klein model for the hyperbolic unit
ball, we obtain the differential operator

DE(z) = Da—(s-1)(2)Da—(p—2)(2) - Do—1(z) Dy (z)
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on the unit ball B,,(1) C R™ acting on functions f(z), with
X
F(T,X) = \F (LT) = \f(2),

and A = T and where the operator D,(x) = D! (z) stands for
Da(g) = Q+ 6<Er - 05) )
with 9 (resp. E,) the Dirac (resp. Euler) operator on R%™ in co-ordinates z.

On the analogy of our first method to construct a fundamental solution for
the hyperbolic Dirac equation, for which we refer to Chapter 2, we can try
to apply Theorem 3.3 to the outer spherical monogenic £ € M~(0), i.e. the
restriction of the Cauchy kernel to S, to obtain a fundamental solution
for the k-iterated hyperbolic Dirac equation.

We make a distinction between even and odd natural powers :

e Even Natural Powers of the Hyperbolic Dirac Operator

In case the power 0% of the hyperbolic Dirac operator is even, we are
dealing with a scalar-valued differential operator. Indeed, the product
of two consecutive operators reduces to

Das@Dale) = (04+e(E— (0= 1)) (24 B~ )

_ (Am—(ETJrl—a)(]Er—a)) .

This explains why Theorem 3.3 provided us with a scalar solution in
case of an even power of the hyperbolic Dirac operator.

To obtain a fundamental solution for the s-iterated Dirac equation on
the hyperbolic unit ball, with s = 2k, we try to modulate the Cauchy
kernel E(z) on R™. For those values for which the modulation factor
in Theorem 3.3 is well-defined, we get the following solution for the
operator D?¥(x), defined on the punctured unit ball B,,(1) \ {0} :

EX(z) = Mod(l4+a—k,—m+k;1;2)z** " E(z) .

For odd dimensions m this function is defined for all even powers s = 2k,
whereas in case of an even dimension m we have to restrict ourselves
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to those powers for which £ > 3 — 1 in order to make sure that the
hypergeometric function in the modulation factor is well-defined.

However, despite the fact that this solution is well-defined for these
latter values, the function z?*~1E(z) will no longer have a singularity
at x = 0. Thus in case of an even dimension m the function E?*(z)
does not lead to a fundamental solution for the iterated hyperbolic
Dirac operator. This phenomenon can be illustrated by means of its
Euclidean analogue : consider the Laplacian A,, on R™, with m even
and m > 2, its fundamental solution up to a normalizing constant given
by the function r*>~™. The fundamental solution for the operator A2
is then given by the function r#~™, again up to a normalizing constant.

According to this scheme the fundamental solution for the operator A%
should be given by the function =" but this is the regular constant
solution f(r) =1 for the operator A,2. The fundamental solution can
then be found as
e
lim ————
p—2 21 —m

)

leading to the logarithmic function Inr. The same thing happens in
case of an an even power s = 2k of the hyperbolic Dirac operator acting
on a space of even dimension m. This case will again be temporarily
excluded, and the special treatment involving logarithmic functions will
be tackled by the introduction of Gegenbauer functions of the second
kind, just like we did in Chapter 2.

As the singular behaviour of the fundamental solution does not change
when a particular regular solution for the s-iterated hyperbolic Dirac
equation is added, we will add a particular nullsolution to E?*(x). For
those values for which this function yields a fundamental solution, i.e.
in case of an odd dimension m, it is a modulated version of the fun-
damental solution for the operator 8** on R%™. It seems obvious to
add a regular nullsolution which is given by the modulation of a con-
stant, hereby inspired by the construction of the fundamental solution
for the hyperbolic Dirac operator. However, applying Theorem 3.3 to
the constant function Py(xz) = 1 would yield a function

X X 2k—1
Mod | 1 —-kE-1L1L=||=
od (1+a-ri-1u5) (F) .

and this is not what we are looking for because this function does not
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modulate a constant. Instead, we will add the regular solution

Mod(l—l—oz—k,—k:;l;%) ,

but we first need a direct proof for the fact that this is indeed a solution
for the iterated hyperbolic Dirac equation. This is expressed in the
following :

Lemma 4.1 Let k € Ny and a € C. For all x € B,,(1) we have :

D*(z)Mod(1 + o — k, —k;1;2) = 0.

Proof : First of all note that the operator D?*(z) can be written as a
k-fold product of hypergeometric differential operators in the variable
t = 2. Writing
' d? d
Hi(a,b;c) = t(1 —t)@—i- [c — (1+a+b)t]a —ab

we get for the operator D?*(z) :
Daf(Zkfl)(g)Daf(Qkfm (&) T Da71<£)Do¢ (i)

o (k1 Qg1 e mY g (e lzam
= ( 4)Ht(k 1 2,k 1+ 5 ,2) Ht( 2 3 ,2>.

In view of the fact that the modulation factor Mod(1 + « — k, —k; 1; z)
in terms of the variable ¢ is, up to a constant, given by the function

a l—« m
Fl—— —:1—-k+ —:t
( 5 g +2,),

it suffices in case k > 1 to prove that if all of the differential operators
H; above, except for the last one, act on this modulation factor we get
up to a constant the hypergeometric function

1_
Fle—1-Sp—14—210)
2 2 73

which is the regular solution for the last hypergeometric differential
operator in the expansion for D?(z). To that end it suffices to prove
that

abk

H; (a,b;c) F (a,b;c — k;t) = kF(1+a,1+b;1+c—k;t) ,

C —
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which can easily be verified by means of the definition of the hypergeo-
metric series.

In case k = 1 we get immediately that

DZ(z)Mod(er, =1;1;z) = 0.
This proves the Lemma. O
Returning to the (2k)-iterated hyperbolic Dirac equation, we propose

the following expression for the fundamental solution E?*(T,X) in
space-time co-ordinates (T, X) :

X\ /X\*! /x
2k _ le% . _ 1. f— f—
EX(T,X) = TMod(l—i—a k, m—i—k,l,—T) <—T> E(—T)

X
+  co 2 T*Mod (1 +a—k,—k;1; ?) ,

with ¢ 21 @ constant that will be determined in an appropriate way.
This goes as follows : using the definition of the modulation factors,
we get immediately

T x?k a+m l—a—m m
E?M(T, X)) = = _F k- k 4k — |2
o al—-a m
+ G T"F <—§; — - k+ 5 |£|2> :
Rewriting everything in terms of the hyperbolic polar co-ordinates
THX = g6 = (= |XP)i(er + (@ = 1)29) |
we get

and



Adding these functions, we thus get :

ENT,X) = (-1)F L 2%—3)? (%) « RYEET
m_ 21+m 2k F( Lm o k) -
2 o 9 ,

P2m () +(-1)F T E— =T (2) ChanPay i 1 (7)

Choosing ¢, 5, in such a way that the factor between square brackets
reduces to

m_ Fl+a+m—2k) o

we find with the aid of formula (17) that the fundamental solution for
the (2k)-iterated hyperbolic Dirac equation is, up to a constant, given
by

sin (k — %) T 9
SN 2] a2 g
Gn(i-z) (=1

k m fo—m
274

ENT,X) ~

Note the appearance of the sine function, clearly indicating the fact
that this formula does not yield a fundamental solution in case of an
even dimension m. Recalling formula (22) we then find the function
E?(T,X) for odd dimensions m in terms of a Gegenbauer function of
the second kind :

m+1
EXT,X) ~ p*Da? "

(1) -

This formula is also valid in case of an even dimensions m, and that will
be verified explicitely in the next subsection, where the fundamental
solution for the iterated hyperbolic Dirac operator will be obtained by
means of a different method. One can also see this by means of the
same argument that was used in Chapter 2 when we determined the
hyperbolic fundamental solution. There it was explicitely shown that
the fundamental solution obtained by means of the limit procedure, i.e.
the method that must be used in case of an even dimension and that
leads to logarithmic functions, also yields the expression in terms of the
Gegenbauer function of the second kind. We will however not repeat
these calculations here.
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e Odd Natural Powers of the Hyperbolic Dirac Operator

In case the power 0% of the hyperbolic Dirac operator is odd, we are
dealing with a vector-valued differential operator. We can again apply
the same trick to obtain a fundamental solution for this operator, by
using Theorem 3.3 to modulate the Cauchy kernel E(z), which yields

B = Moo~ k1~ m+ KO B

and by adding a particular regular nullsolution which allows us to find
an expression for E***1(T, X) in terms of the Gegenbauer function of
the second kind.

Since we will obtain these results in the next subsection by means of a
different method, we will not repeat this argument. Instead, it suffices
to note that the a-homogeneous fundamental solution for the operator
0¥+ may easily be derived from the (a+1)-homogeneous fundamental
solution for the operator 93 2. Hence,

E?vk+1<T7 X) ~ aXECQVTiQ (Tv X)
= p*¢Tim+14+a)D,2, (7).

Using the recurrence relations (25) for the Gegenbauer function, this
gives rise to the following fundamental solution for the (2k+1)-iterated
hyperbolic Dirac equation :

ENT,X) ~ OxESAH(TX)

m+41 m—+1 _k

= " (D2 ()E - Dt ()

4.2 Complex Powers of the Hyperbolic Dirac
Operator

In this section the definition for powers of the hyperbolic Dirac operator will
be extended from natural powers, treated in the previous section, to arbitrary
complex powers. Instead of using the technique from the previous section,
by projecting the s-iterated hyperbolic Dirac equation on the Klein model
for the hyperbolic unit ball, we will now use a different technique, based on
Riesz distributions. This technique was already used in Chapter 2, when we
determined the hyperbolic fundamental solution, but here it will be genera-
lized to arbitrary complex powers.
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In order to define arbitrary complex powers of the hyperbolic Dirac operator,
we first need to define arbitrary complex powers 0% of the Dirac operator on
the real orthogonal space R»™. Complex powers of the hyperbolic Dirac ope-
rator will then easily be found by letting the operator d% act on homogeneous
functions, i.e. sections of the homogeneous Clifford line-bundle Ry ,,,.4.

In order to define the operator 0% for u € C we must first focus on the
natural powers. Since the technique used here differs from the one of the
previous section, it is worthwhile to reconsider these powers :

1. Natural Powers of the Dirac Operator 0y on R™
First of all, the operator 9% is defined for all integer powers k € N.

For k = 2] we get 0% = L. Since Z o = O §(X) we get for all
f €D (RM™)

ORf = Ouf = O.0X)«f) = Zaxf,

whence the operator 9% may be defined as a convolution operator on
D' (Rb™) -
_l’_

Rf = Z.gxf forall feD, (RV™).

For odd powers k = 20 + 1 we have 0% f = O (Ox f) = (OxZ_2) * [.
This prompts the following definition :

O = OxZ g xf forall feD, (RY™).

In the following Lemma the distribution Ox Z_ o is rewritten as a new
distribution :

Lemma 4.2 For all p € C and for all p € D(RY™) we have

XZ,_
L2 0
w—2

<OxZy, o> = <
proof :  Consider an arbitrary ¢ € D(R"™). By definition we have :

<OxZy, o> = —€<Z,,0prp> +Z€i < Z,,0x,¢ >

i=1
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Let us first consider p such that Re(u) > 14 m.

Putting

m— 1_
c(um) = xPtonir (g)r(“Tm)

and using partial integration the first term yields :

1 © p—m—1
< Z,,0rp> = /d& T — | X)) 2 0rp(T, X
s Or o) o X | = 1XP) T Orp(T )
- —Hmw/ ax [T - X (T X))
c(p, m) m 1X|

where we have used the fact that ¢ has a compact support and that
Re(p) > 1+ m. Using the definition of the Riesz distribution Z,_,,
this can also be written as

1
< Z'u,aTgO > = ——< TZH_Q,QO >

The same argument can be used to obtain

p—m

1 % 1
< Z,0x,p> = —/ dT/ dX(T? — | X|*) 2 Ox,0(T, X
S c(p,m) Jo ' (T) ( XP) x el )

1

—_= m <X7:Z#72,S0>

where we have introduced B,,(T") as the ball with radius 7" in R™.

This means that for all 4 € C such that Re(u) > 1 + m and for
all p € D(RM) we have :

1
<OxZ,,p> = —2<XZu_2,g0>. (4.1)
M_

Note that the distribution at the right-hand side does not have a pole
at = 2 since

lim XZ, 5= X6(X)=0,

n—2

XZ,
from which it follows that K2 s well-defined for i = 2 if we remove

)
the apparent singularity, by putting
X7, 9
lim < —%*= o> = lim < dxZ,,p> .
#1_% 1 — 2 ¥ Hl—% XLy P
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As U, 75 = §(X) = 0% Z,, we thus have :

XZ,_
£g< M_“22,go> = <E(X),¢>,

with E(X) = 0xZ, the fundamental solution for the Dirac operator
Ox on RL™.

This means that both sides of equation (4.1) define a holomorphic
function of u for all ¢ € D(RY™). Since those functions coincide in
the region where Re(u) > 1+ m, they are equal. As ¢ was chosen
arbitrarily, this proves the lemma. O

Eventually this yields the natural powers of the Dirac operator on R%™
as convolution operators : for all k € N and for all f € D (RY™) we

have
a?gk = Zogx [
XZ o 9% f
2k+1 _ 7 _ 2k—2
8X f OxZ_o * —2k+2

2. Complex Powers of the Dirac Operator 0y on R™

On the analogy of what was done in [7] and [23] we then define J% f as
the following convolution operator, for all f € D/ (R*™) :

1 i 1—e™ X7
8§§f _ ( +2€ Z,u— 26 u1>*f

(1 tem L lzeml (=5) T (=57)

2

14 e
2
aé‘(f = (C+Z_M + C_ale_u) * f .

Introducing ¢ = , 0% f can also be written as

Note that, as a linear combination of Riesz distributions, the operator
9% belongs to D’/ (R™).

Now that we have defined complex powers 0% of the Dirac operator on the
real orthogonal space R, their fundamental solutions may be constructed.
For that purpose we consider the distributional equation

PLEMX) = (c4Zp+c0xZi,)* BMX) = §(X).
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The superscript u indicates the fact that E#(X) is the fundamental solution
for the operator d%. For p = 1, this superscript is omitted.

Since Z, x Z_, = Zy = 6(X) and OxZi_, * OxZ14, = OZ, = 0(X), it
seems natural to look for a fundamental solution which has the following
form :

EM(X) = aZ,+bdxZ1s,
XZ,

= aZ,+b
azy, + 1

with a and b two complex constants that still need to be determined. Letting
the operator 0% act on E*(X), one finds four terms :

acy  Z_, x 7, = acy 0(X)
bey  Zo, % OxZu = bey OxZ4
ac- OxZi—, * 2, = ac_ OxZy
be. OxZv_, * OxZu1 = bee 6(X)
In order to obtain a fundamental solution, we choose @ = ¢, and b = —c_

such that
HEMX) = (& —c2)5(X)
e (X)

Let us therefore define the fundamental solution for the operator d%, for all
neC, as

1+e ' 1 — et
EH(X) - TZ'M + TaXZl'hu
1+ e~imn 1 — e im XZ,

2 N

General complex powers of the hyperbolic Dirac operator may be defined
by letting the convolution operator d% act on sections of the homogeneous
Clifford bundle R; ;.. This means that complex powers of the hyperbolic
Dirac operator are defined as convolution operators acting on homogeneous
distributions f € D/ (R*™).

In what follows an a-homogeneous fundamental solution E*(X) for these
operators is constructed, thus yielding a basic example of a homogeneous
distribution in D/, (R"™). For that purpose we consider the equation :

ELX) = TI™5(X). (4.2)
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The right-hand side is a generalization to arbitrary complex powers of (2.1),
and expresses the fact that we are looking for a fundamental solution E*(X)
which is homogeneous of degree o. For fixed p we exclude those a for which
a+mel+p—N

Since E,,(X) is the fundamental solution for the operator d%, we immediately
get :
ER(X) = BM(X) TP 5(x)
_ (1 + e‘”"Z 1—e '

e A o ) # T S()

Let us therefore calculate Z, * T ™ #§(X), o being an arbitrary complex
number and o +m ¢ 1+ p — N. Denoting R = | X |, we get :

(T - 8)2 — R?)" 5 getm-nqg
WTZJflr(g)F<o‘+1—m)
RQ)U m— l(T R)1+a+m u

7T 201D ()T (2

/1 [(1—1)(1 = 2)] % gotmongy

ZyxTTHS(X) = H(T — R)f

= H(T—R)<

_ T-R : ) :
where we have put z = 7—3. Using Euler’s representation formula for the

hypergeometric function, the integral can be written as

L(14a+m— p)l (Z2)

T ((J{—[L—F J-l-?;-‘rm)

X

l+m—o oc+3+m
F{———— 14+a+m—pa—p+——;2 |,
2 2
if we assume that Re(o) > m — 1. Since
T—-R 71—(2—1) T
z = = - for 7= ———+
T'+R 714+ (r2-1)2 (T? — R?)z

we find with the aid of (15) that the hypergeometric function is equal to an
associated Legendre function of the second kind :

mpee_ L(a—pt @5m) (4 (72 -l e
VAU T T(1 4+ a+m — p) (12 —1)"7°
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With the aid of (16), we then find :

l14+m—o

r (MT_U) Da+¢277,u,(7—)

27177 T (5)

—m—

Z, T HS(X) = H(T — R)e™ 5 prtos

9

with p = (T2 — R2)2 = Q1,(T, X)? the hyperbolic norm on the future cone.

Because the Gegenbauer functions are defined in the complex plane cut along
] — 00, 1], the factor H(T — R) may be omitted. Indeed, as 7 € R the con-
dition |arg(T — 1)| < 7 is equivalent with 7 > 1 < T > R. The Gegenbauer
function has zeroes for +2=2 ¢ —N, cancelling the poles of the Gamma
function T'(¥2=2), and poles at & — = —k — m with k € Np. Note that
these poles were to be expected since the distribution 7¢ ™™ also has poles
at these values. This leaves us with two distributions, the left-hand side and
the right-hand side of previous expression, having poles at « — p = —k —m
and being equal in the strip where Re(¢) > m — 1. By analytic continuation,
these distributions are equal in the whole complex plane.

We thus have :

imb=m=l b (lbmep
atm— a e 2 F (—) 1+m—p
Z,x TOTHS(X) = p P T(;) Do 2 (1)

and

6)(21_5_,u *Tﬁ—‘rm_ué(i) = 8_){ [pl—i-a

Cb&

3

=

ol |

L 3

)1

—~

;

=

N—
=
e VL
\]
SN—

L

2
2 T ()

Recalling the polar decompositions X = p¢ and dx = £(0, + %Fl,m) and
using the fact that I'y ,,(7) = ['(£ - €) = £ A€, we get :

aXpl—f—aD:_T_: (7_) — gpa ((m _ M)D?+1(7—)§ N e+ (1 + Oz)Dlr:_T_: (T)> .

Since

§(ENe) = e—7¢

we eventually get, hereby using (25) :

Oxp" DG (1) = (u=m)p™ (Do7y T (7)E = D7 (7))
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This yields the fundamental solution E#(X) for an arbitrary complex power
of the hyperbolic Dirac operator, for all p € C and o # p — m — k, where
k c No .

. . 1— _
1 + e VTH 67“"% I (—1+m ”) 1+m—p

EY(X) = o D, *
a( ) 2 p 2M_17T"L2_1 F (%) (7—)
Lo () o e
- 9 P 2'u_l,n_mT—l T (H_H) (Da—l (7_)5 - DOé (7—)6)

2

Remark : Note that for the case of the natural powers these expressions
coincide with the ones that were found in the previous section, by means of
modulation Theorem 3.3. The advantage of working with the Riesz distribu-
tions is that we obtained the solution for both the even and the odd powers
of the hyperbolic Dirac operator by means of the same argument.
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Chapter 5

Function Theory on the
Hyperbolic Unit Ball

The construction itself is an art, its application
to the world an evil parasite. (L. Brouwer)

In this chapter a function theory on the hyperbolic unit ball is developped.
By means of Stokes Theorem and properties of the Gegenbauer functions,
basic integral formulae will be established and these will be used to obtain a
Taylor (and Laurent) expansion for hyperbolic monogenics on Hy. The main
results are then restated for the Klein model of the hyperbolic unit ball.

Throughout this Chapter, the hyperbolic angular operator will be denoted
by I instead of I'y ,,,.

5.1 The Boosted Fundamental Solution

The aim of this section is to obtain a fundamental solution for the hyperbolic
Dirac equation having its singularities on an arbitrary ray inside the future
cone F'C. The hyperbolic fundamental solution E,(X) = E, (7T, X) obtained
in Chapter 2 becomes singular for space-time vectors belonging to the time-
like ray through e. But if we want to establish integral formulae for arbitrary
points on the hyperbolic unit ball H,, we need to remove these singularities
from the time-like ray through € to an arbitrary ray inside the future cone.

In the flat Euclidean case, one first solves the Dirac equation

0E(z) = —d(z), z€R™,
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for the Cauchy kernel E(z), and one then translates the singularity from the
origin to an arbitrary point y € R™ :

0E(x—y) = —d(z—y), zeR™.

For the hyperbolic unit ball, the situation is more complicated because H is
not translationally invariant. However, as H, is SO(1, m)-invariant we can
use hyperbolic rotations (or Lorentz bootst) to remove the singularity. We
will illustrate this in two different ways : first of all we will consider the space-
time picture and explicitely construct the boosted hyperbolic fundamental
solution in co-ordinates (7', X), hereby making use of the group SO(1,m).
Afterwards we will show how this boosted hyperbolic fundamental solution
can be obtained by means of the group Spin(1, m), the double covering group

for SO(1,m).

By definition, a Lorentz boost or hyperbolic rotation is an element of the
orthogonal group SO(1,m). This means that a Lorentz boost B € SO(1,m)
is a linear transformation on R'™ leaving the quadratic form Qy,,(T, X)
unchanged :

Qn(BITX) = QlT.X).

Denoting by I; ,, the matrix of the quadratic form Q,,(T, X),
L,, = Diag(l,—1,---,-1),
we thus have for the matrix B of a Lorentz transformation :
Li;m = B'I.B.

A pure boost is defined as a transformation B(w) mixing up the temporal
co-ordinate 1" and the spatial co-ordinates X in a certain direction w, and
belongs to the Lie algebra generated by bivectors of the form vew, with
we S and v € R.

Because a pure boost B(w) can always be obtained as the composition
R(e1,w) o B(ey) o R(w, e1), where R(w,&) stands for the rotation mapping
we S i £ € S it is sufficient to consider pure boosts B(e;) in the
direction e; only, whence the label (e;) will be omitted. These boosts can all
be represented by a matrix of the following form :

coshf sinhf 0
By = |sinhf coshf 0 , 0eR
0 0 L1
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where I,,,_; stands for the unity matrix in (m — 1) dimensions. Under this
transformation, a space-time vector (T, X) transforms in the following way :

T T T cosh @ + X, sinh 0
X] X Xqcosh@ + T sinh 6
. = Bg| . = .

When considering Lorentz boosts By € SO(1, m) one often uses the so-called
rapidity v = tanh@ € | —1,1]:

T/ o T+UX1
1—w)}
X +0T
X, =
(- o)

Letting this boost By act on the hyperbolic Dirac equation 2.2, we get :
(e0r — 0x)By(Eo(T, X)) = Bp(T7™'6(X)) ,
with

o By(En(T,X)) = E%T, X) the function that needs to be determined,
i.e. the boosted fundamental solution

o By(T¢™™ '5(X)) the distribution at the right-hand side in the new
variables (7", X'), representing a delta function along the ray through
(1 X") :

Be (T.ﬁ+m_15(i)) — (T,)i+m_15(il)
a+m—1
_ (e o[ 2 Sx aey)
(1 —v?)2 (1 —v?)2
+
with 0(X A ey) = [I}2,6(X}), which can be reduced to

9 a+m—1
By (T 15(x)) = (u) 5<u> 5(X Aex)

(1—v?)% ), (1—0)3
atm

= (1—0v*)"2 T 15X +oT)6(X Aey) .
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We thus arrive at the boosted hyperbolic Dirac equation :

at+m

(e0r — Ox)E(T, X) = (1—2%)"2 T 15(X, +vT)5(X Aer)(5.1)

To solve this equation, we use the method involving Riesz distributions. Let
us therefore first consider the following related scalar equation :

at+m

O0.9%(T,X) = (1—0v*)"2 T (X, +0T)5(X Aey),  (5.2)

such that E°(T, X) = (edr — 0x)®% (T, X). As the distribution at the right-
hand side belongs to D’ (R"), we immediately get

+m

T, X) = (1—0)2" Zyx T 15(X, +0T)5(X Aey)
(1 — 022" /OO H(T — S — | X +vSey|)
) Jo((

Saerfl dS

m—1

T—8)? —|X +vSe,|2) 2

m—1

27T (e

Let us for a moment put f(S) =7 — 5 — | X + vSe;|. We then have :

f(8) = 0 = (T-57 = |X+vSef
= S = S.
with
5 T+vX, £ ((T+ vX1)? — (1 —0v*)(T? - ’XP))%
+ — 1_02 )
Note that

(T +0X1)" = (1=0")(T* = |X") = 1= X" > 0,

such that both S, and S_ are real-valued. One can easily verify that only
S = S_ gives a root of f(S5), whence

(1 o ,U2>O‘J5m Saerfl

m—1

S_
Q)Z(T7 K) = 3 / m—1
27z I (2352) Jo (T = 8)2 —|X +vSe)?) =

as ,

where we have omitted a factor H(S_). We will return to this point later.
Denoting the integral on previous line as Ig, we get immediately :

3

+1 1-m

1—m Sa+ 1 1—m _ T2
Is = (1—v?) 2" 2= / (1—t)=" (1 - S—t) gotm=lgy
s,z o Sy

N ‘
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Using Euler’s integral formula for the hypergeometric function, we get for
those m for which Re(?’_Tm) <0:

a+m2+1

r I (3=m —1 3 S_
I — (C:_:T) (%5 _ &7 F(a+m’m2 Y m2+ ;S_>
(1—1)) 2 (OZ—|—T) S+2 +
As
S_ T— (12 =1)2 T+ vX;
— = ———~ for 7 = - -
S+ T+ (77 —1)2 (1 —v?)2 (17 — | X]?)2

we get by means of formula (15) :

F(a—i—m m_l'a+m+3-i) - e F(a+T+3>
’ 2 ’ 2 ’S+ 2%7171'% F Oé+m
(7_ + (7_2 _ 1)%)a+m 17%
(12 — 1)%*% Qa+%(7—)

On the other hand we also have

m+1 14a
S5t T2 —|X[2\ 1\ —aem
5 (ﬁ) (T -1,
_l’_

such that by means of expression (22) we will eventually find :

- _m—1
—in —1 wi1 mo1
wrx) = or (M) @ - xR )

21 2

Note that we have omitted a factor H(S_) when we calculated the integral
Is. This puts no limitations on our result however, because the information
encoded in the Heaviside function H(S_) is also encoded in the cut of the

m—1

Gegenbauer function D, 2, (1) :
T>1 = S_>0.

Now that we have found an expression for ®% (T, X) we can easily derive
an expression for EY(T, X) by letting the Dirac operator (edy — dx) act
on ®%(T, X). To do so, we will use the polar decomposition for the Dirac
operator on R™. First of all, note that with X = €T'+ X = p€ we get :

B T+ vX, _ ¢ € — vep
(1—v2)3(T2 — |X])z (1—22)2
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the dot indicating the Clifford inner product on R™.

On the other hand, note that the space-time vector at the right-hand side is
nothing but the image of € under the inverse Lorentz boost B_g :

1 (1—v?)z
) N I Bl
0 0

This means that in polar representation we have

—iT 3

- _m—1
m— 1 ey %
q)i(p§> - m—1 I < 9 ) P +1Da+1 (5 : B—G(e)) )

such that with 0x = ¢ <8p + %F) we get :

m—+1
2 m+1 o m+1 m+l
BL09) = ot (M) o (0 s - D )5t )
where we have used (25) and where we have put 7 =& - B_y(e).

Now that we have obtained a fundamental solution for the Dirac equation
on the hyperbolic unit ball becoming singular on an arbitrary ray inside the
future cone, we introduce the following notation :

Definition 5.1 Consider two space-time vectors X = |X|€ and Y = |Yn,
with & and n belonging to the hyperbolic unit ball H, , and an arbitrary o € C
such that o +m ¢ —N. The restriction to H, of the fundamental solution
for the Dirac operator Ox on RY™ which is homogeneous of degree o in X
and has its singularities on the ray through the space-time vector n will be
denoted as E,(&,n), and is given by

Baen) = ot (M) (D2 e - DI o)

Tz

where T denotes the Clifford inner product & - n.
Note that E,(&,n) € H*(H. \ {n}).
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Remark : In terms of this new definition the fundamental solution (2.14)
obtained in section 2.2.3 can be represented as

Eo(T,X) = Euo(X) = p*Eu(6) .

To conclude this section, we illustrate how to obtain the boosted fundamental
solution by means of the action of the Spingroup Spin(1, m). For that purpose
we start from the hyperbolic Dirac equation (2.2) in polar representation :

OxEa(X) = [Tiﬁm_l‘;(i)]polar'

Note that we have not yet written the right-hand side in its polar represen-
tation, because this is far from trivial.

Using definition 5.1, the previous expression can also be written as follows :

T4 a)Ea(le) = —— [T 15(X)]

a—1

polar -

It seems intuitively obvious to define the distribution at the right-hand side
as 0(£ — €). The mathematical principle underlying this definition is the fact
that a delta distribution on a manifold, in casu the delta distribution (£ —€)
on the hyperbolic unit ball H,, can be defined as a delta distribution in
the tangent plane at the point where the delta distribution is to be defined.
In the tangent plane, one then considers a local co-ordinate system. In the
present situation this local system is obtained by the radial projection on
the tangent plane, defined as the map sending an arbitrary element £ € H
to the intersection of the tangent plane and the ray through £. This is pre-
cisely the projection on the hyperplane II leading to the Klein model of the
hyperbolic unit ball, and that is how we have derived the hyperbolic Dirac
equation in the first place (see section 2.2).

The idea is now to consider an arbitrary element s € Spin(1,m) and to let

this element act on the hyperbolic Dirac equation in its polar representation.
An arbitrary element s € Spin(1,m) has the following form :

0 0
s = Cosh§+egsinh§ ,0ER, we S

and acts on space-time vectors and on functions according to the transfor-
mation rules



Since the Dirac operator dx is Spin(1, m)-invariant, we get :
H(s)0xEa(&,e)] = Ox[H(s)Eu(&,0)] = H(s)0(E—€) .
By definition, we have
H(s)Ea(§,€) = sEa(5€s,€)5 .

Recalling the explicit expression for E, (&, €), given by

+1

) = r(m“) (D <T>£—D;”2“<T>e)

T2 2

with 7 = £ - €, making use of the fact that 5¢s-e€ = £ - ses and putting ses =17
we eventually get

—im 1 m1 mi1
sEy(5¢s,€)5 = = =y F(m+ )(Dail (€-m&— Da? (6-77)77)-

T2

In other words, the only effect of the action of an element s € Spin(1,m) on
the hyperbolic fundamental solution E,(&,¢€) is that e must be replaced by
its image under the inverse Spin-transformation .

Note that the distribution H(s)d(§ —€) = d(§ —n). This can be under-
stood as follows : since a delta distribution is a scalar object, it transforms
as

H(s)0(E—€) = s06(8€s—¢€)s§ = 0(5s —e).
Hence, its action on test functions ¢(€) reduces to
(H(s)d(§ =€), 0(€)) = (3(6 —€),0(s859))

= (ses)
= (0(&—1n),9(€)) .

The latter delta distribution can be defined by considering a local co-ordinate
system in the tangent plane to H, at n, obtained by a radial projection from
a uniquely determined point in the embedding space RY™ : the vertex of the
cone touching the hyperbolic surface H, at infinity. This point lies on the
normal on the tangent plane at 7.

If we choose s € Spin(1,m) to be the element
0 .. 0 1
s = COSh§+€6181nh§,9€R,C_UESm ,
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the space-time vector X = ¢1'+ X transforms as follows :

0 0 0 6
X — [cosh=+¢€e;sinh— ) X [ cosh - — €eq sinh =
2 2 2 2

— (T cosh @ — X;sinh0)e + (X cosh @ — T'sinh 0)e; + ZXjej :

Jj=2

which is of course the transformation of X under the Lorentz boost B_y,
because Spin(1,m) defines a double covering of the group SO(1,m).

5.2 Integral Formulae for £(I" + «)

In this section the basic integral formulae related to the classes of functions
HY(Q) and H*(R,Q) are established. These include the Cauchy-Pompeju
Theorem, Stokes’ Theorem and Cauchy’s Theorem. Also the Modulation
Theorems from Chapter 3 will be reformulated in terms of the polar co-
ordinates (p,&) on R which will be used throughout this whole section,
where p = (T2 — |X|?)2 denotes the hyperbolic norm and

el + X
¢ = — "= _cH
(1% — | X[?)2
the hyperbolic unit vector associated to X = €'+ X. In what follows we
will use, depending on the problem, two different expansions for arbitrary
hyperbolic unit vectors £ and n € H, :

& = 1e+ (2 -1)
n = oe+ (0% —1)

[NIES

§ = ecoshf + {sinhd
n = ecoshp+nsinhe

(SIS

with £ and n € Sm=1 with 7,0 € [1,4o00[ and 6, p € R.

First of all, we will apply the hyperbolic Modulation Theorem 3.1 to both
inner and outer spherical monogenics on R™ and write the resulting formulae
in terms of the polar co-ordinates on H, :

1. Consider an inner spherical monogenic P;(§) € M* (k). The following
function then belongs to H*(R . H,) :

X X
TM =P (=] .
od(a,k,T) k(T)
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The idea is to rewrite this function in such a way that we obtain an
element of the function space H*(Hy) expressed in terms of the co-
ordinates on H, that were introduced earlier. For that purpose formula
(23), expressing the Gegenbauer function in terms of a hypergeometric
function with argument (1 — 2z72), will be essential. As the modulation
factor consists of two hypergeometric functions whose argument is given
by |z|?, we get :

This allows us to rewrite the modulation factor in the variable 7 = £ - ¢,
the same variable occurring in the the definition of the fundamental
solution E, (&, €).

First of all, we have :

l+k—a k—a m | X|?
F( 2 TR
I'(1 — k)I'(2k —1 m=1
— kaa ( +a )( +m )Cjth (7_)’

MNa+k+m—1)
whence

l4k—a k—a m | X|? X
TF k+— — | P | =
< y o Mty ) U\T

iDL+ a— KPRk +m—1) ppm
MNa+k+m—1) Comi” (T)B:(E) -

= (-1

Next, we also have

1k — - X2
F( Thoay  k a;1+k+@'|_‘>

2 2 27 T
_ 1th-a L@ —K)D2k+m+1) pymit
T a—k—1 (T)7
a4+ k+m)
whence
k—a X l+k—a k—a m | XJ? X
T« —c F . .= \p =
Sk +mT ( o g Ty )T
= (= 1) ge ( )T )caszl (T)P(€) .

= ['(a+k+m) =
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As (72 — 1)%§6 =¢&Ne=(fe—17), and as
m=1 mil
(a+k+m—1C 7 (1) + 2k +m—1)rC 2 ()

= Qk+tm -1 (),

we eventually get :

X
T*Mod (o, k, = ) P
oo ook )

with P, x(&) given by :

3 <

) = PlE)

I'(14+a—k)I(2k+m)
I'(a+k+m)

+1 +1
k+mT k+mT

-0 e ) - A e ()

Note that the poles of I'(a + k + m) are cancelled by the poles of the
Gegenbauer functions and that the poles of I'(1 + « — k) are cancelled
by the zeroes of the Gegenbauer functions, whence no restrictions on
the parameter o are to be made.

Theorem 3.1 may thus be reformulated as follows :

Theorem 5.1 Let Pi(§) € M™(k) be an inner spherical monogenic
on R™ and let « € C be an arbitrary complex number. The function
P, (&) defined for all € = e+ (1> — 1)2§ € Hy by
T(1+a— k)D(2k +m)

I'(a+k+m)

= DH{ el ) - A bR

Pa,k(f) =

belongs to H*(Hy).

. Consider an outer spherical monogenic Qx(§) € M~ (k). If we denote

H, \ {e} by HJ(f), the following function belongs to H“(R+H§f)) :

X X
T“Mod 1—-k— = = .
0 (Oé, m’T)Qk(T)

The idea is to rewrite this function as an element of H*(H J(f)), expressed
in terms of the polar co-ordinates on H,. Note that all outer spherical
monogenics Q. (&) give rise to an a-homogeneous solution for the Dirac
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operator on RY™ with singularities on the ray through e. This singular
behaviour does not change if we add a particular a-homogeneous null-
solution for the Dirac operator, i.e. an element of H*(H, ). First of all

note that if Q(¢) € M~ (k), then

P& = e€Qu§) € MT(k).

The factor € is introduced for convenience, and has no effect on the
monogeneity of P} (£) with respect to the Dirac operator 9 on R%™,
Theorem 3.1 can then be used to modulate this function, and the result
will be an element of the function space H*(H, ). Using definitions for

the Gegenbauer functions we will then rewrite the function

X X
T*Mod (a, 1—k—m, ?) Qr (?)

F(1—k—2)T(a+k+m) X X
91-2k—m 2 T*Mod L=|P =
T(h+2) Ta—k+1) —\""T) " \T

belonging to HO‘(HJ(:)), in terms of the co-ordinates on H, hence ob-

taining an element of the function space H*(H J(:))

Before doing so, let us consider an explicit example by choosing Q(§)
to be  (i.e. k= 0). The previous expression then reduces to

o . X\ (X
F(1—=%) (o +m)

r(z) T(ae+1)

+ 2l—m

X
T*Mod (a,O, ?) €,

which gives for odd m up to the factor A,, :

X X
T*Mod (o, 1—m, = | E (=
(o1 7) e (7)

()" T(a+m)
omr 5 T (m) Do+ 1)

X
T*Mod (a, 0, ?) €,

precisely the expression for the hyperbolic fundamental solution as it
was obtained in Chapter 2.

X

Consider the modulation factor Mod(a, 1—k—m, ?). First of all we
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have

P 1—k—m—a’ _k:—km—l—oz7 —k—@;|X|2
2 2 27 T7?
T —k=3) (@ -1 n
B ok+3 Fatktm—1 wrn-1(T)
whence
l—k—m-—a k+m+a m | XJ? X
T*F - 1—k——; = =
( 2 ’ 2 i )@\ T
(k- 3) .

= p oh T (7'2 - 1)%7 Pji§_1(7—>Qk(§) :

Next, we also have

l—k—m-—a k4+m+a m | X|?
F(1 AN e P B L
( * 2 ’ BT
T 2—k-%) (2~ 1)%%%13’”%*1
o 2k+%71 Totk+m—2 atF -1 (7—) )
whence
l—k-m-aX l+k—a k-« m | X|? X
™ =cF D= =
2% -—m T ( y g R )@\ 7
o P(l—k—73% 1m, kTl
= p*(1—k—m-—a) (2“? 2)(7'2—1)2 18eP o (T)Qk(§)

On the other hand, the function TaMod(oz, k, %) P (%) in terms of

the Legendre functions can easily be found by means of preceeding

calculations :
l+k—a k-« m | X|? X
TF k4 — = P =
< > 2 TR ) U\T
N 1 D(E+5) 1ok
= pA(r?=1)2 4HPQ+*;_1(T)PIQ(§)7
and

k—a X l+k—a k—a m | X? X
e 2oF g 2D pr(2
ke tmT' ( 2 g MR )

m F(kﬁ—l— m) _fp_m
ige T—Té By ym?y(T)E(E)

~

N

= (k—ay(* =)
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where P,;(Q = €§Qk(§)

Let us then return to the function

T*Mod (a 1—k—m, ) Qr <X)

e e (o ) (7))

It has a component in Q(€) given by

JL(—k—3)
p o+ -

(2—1) % {PHZL_I(T) -

m
a+2

and a component in {eQy(€) given by

rfr—-k-—2 im
(1—k—m—a)p® ( T 2)(7'2—1)2 1 X
-1 MNa+k+m—1) 1-p-m
P 7% - m 2 .
{ a+?—1(7) Ia—k+1) a+2—1(7-):|

With the aid of formulae (16) and (17) we get for the term in Qx(§)

e”(“%)l“(a +k+m)
P E (0 — W (k+m)"

and for the term in £eQy (&)

eiﬂ(H%_l)F(a—{—k%—m)

ar. 2 1_m 1-k-2
m - ]_ 2 4 m 2 .
PFTa—k+ )0 (k+2)" (7= Dt Qg 4(0)

Recalling the definition for the Gegenbauer function of the second kind
in terms of the Legendre function of the second kind, the term in Q(§)
gives

k+7n+1
P (7' _1) ‘Da 1— k(T)

wery T (k4 251)
I'(k+2)

and the term in {eQx(§) gives

L (k+™5)
I'(k+2)

m—1
(= 12D (7).

1

r3emim (ko )(a +m+k—1)

=
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Adding both pieces and using the recurrence relations for the Gegen-
bauer functions eventually yields :

")

P — 1)§2W%€4w(k+m“) r (k +5
THE+y)

2
ke oL k+
{Di52 (g - DT (0} ee@u®)
Note that this expression has poles for « = —m — k — n with n € N.
We thus arrive at the following Theorem :

Theorem 5.2 Let Qr(§) € M~ (k) be an outer spherical monogenic on
R™ and let o € C such that o« ¢ —m — k — N. The function Qa(§)

defined for all ¢ = e + (7% — 1)%§ € H, by

—im (k+252) I (k + TH)
T (k+2)
(

(DL (e - DF (0} e

Qar(&) = (7'2—1)%271'%6

=

belongs to H"(Hf)).

Let us then consider the fundamental solution E,(£,n). We already know
that is satisfies the equation

(T +a)En(&n) = 0(E—n),

but in view of Cauchy’s Theorem we need an expression for this operator
acting from the right, as will be made clear a bit further. In order to indicate
on which of the variables the Gamma operator is acting, the variable will be
used as an additional label. We then have the following :

Lemma 5.1 Let E,(§,n) be the hyperbolic fundamental solution given by
Definition 5.1. Putting 5 = —a — m, the following relation holds :

E (&nT, = 8)n = 6(€—n).

Proof : Using conjugation, the previous expression is found to be equivalent
with

(T, —B)EL(&n) = 6(E—n).
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Since 77 = —n and ', = =T, we get
n(Ly+ B)Ea(&n) = 0(E—n).

In order to determine E, (&, 1) we consider its explicit expression in terms of
the Gegenbauer function of the second kind. Using expression (24) one can
easily verify that

m+1 m+1 . m4+1 mrl

D () = DT ()

such that E,(&,n) = —E5(&,n). We thus have to prove that

_77<Fn + B)E«i(fﬂ?) = 6E&—-m),

or equivalently

=y +B)Eu(§m) = d(E—n),

where 3 = —a — m. First of all we know that

n(ly+B)Es(n, &) = (€ —n),

or in explicit form, with 7 =n- ¢ :

efiﬂ'm;rl T (m+1

T 44%{’”%>n DMHWK} — (-

T 2

On the other hand, putting £ = 0 in Theorem 5.1, we also have

eim ol T (m+1

Te0) <-+m{ o2 (T —C lvx} ~ 0

T 2

Eventually making use of expression (27) to put

m+l gl -+ m+1 m41
Dy, () = € $1$ﬁ w) Cafi (1) = Da™ (7)
and
m+1 el m+l +1 m41
Dy (1) —e Sm%;@é)”qg<ﬂ = DA (n),
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or

=Ty + B E(&m) = d(E—n).
This proves the Lemma. O

Remark : This Lemma also proves that the function E,(X,Y), defined
for space-time vectors X and Y € FC, is monogenic with respect to the
Dirac operator dx on RY™ from the left and the operator dy from the right
if we impose the following homogeneity condition :

Eo(X,Y) = |X["Ea(&n)Y]".

It becomes singular if X and Y are on the same ray through the origin.

In the next Theorem we will give a homogeneous version of the following
basic identity, valid on R™ :

d(fo(z,dx)g) = ((fQ)g+f(Qg))dz, (5.3)

with dz = dx; - - - dz,, the volume element on R™, 0 the Dirac operator on
R%™ and o(z, dz) the oriented surface element. It is defined by means of the
contraction operator :

o(z,dr) = 0|dx = Z(—l)j+lejdm1 cedrjqdriy - day,

j=1
the contraction operator itself being determined by the relations

Remark : The contraction operator is sometimes referred to as a fermionic
deriwation operator. This is motivated by the fact that this operator acts as
a "derivative” on the ”"variables” dzj in such a way that it anti-commutes
with dx;.

In order to derive a homogeneous version of identity (5.3) which is valid
on RY™ we first define the Leray form and a homogeneous version of the
oriented surface element as contractions of respectively the volume element
dTdX and the surface element (7T, X;dT,dX) on RM™ with the Euler ope-
rator E, on R (in the following formulae, the variable Xj is to be replaced
by the time-variable T') :
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Definition 5.2 The Leray form L(X,dX) on RY™ is defined as

L(X,dX) = E,|dXodX;---dX,,
= XodX;---dX,, —dXoL(X,dX)
= XodX + (=1)"L(X, dX)dX,

m

= ) (1Y X;dX; .

=0
Definition 5.3 The homogeneous X-form on RY™ is defined as

S(X,dX) = E,|o(X,dX)
eL(X,dX) + To(X,dX) + (=1)"0] L(X, dX)dT .

The notation j hereby indicates that this index is omitted in the summation.

Both objects transform in a homogeneous way under the transformations

X — X
dX — XX + Xd\,

whence they are well-defined on the hyperbolic unit ball. As their restrictions
to the hyperbolic surface H, coincide respectively with the volume element
and the oriented surface element on H,, it seems natural to replace the
volume element and the oriented surface element in expression (5.3) by the
Leray form L(X,dX) and X(X, dX) respectively. A homogeneous version of
this identity is then given by

Theorem 5.3 (Cauchy-Pompeju) Let F and G € C*(RY™) with F(X) and
G(X) respectively homogeneous of degree a and (3, where a+F+m = 0. We
then have

d(FZ(X, dX)G) = —{(Fax)G—FF(@XG) L(X,dX) .
For a proof we refer to e.g. [12]. O

Since both sides of this equation are homogeneous of degree zero, if the
condition v+ 3+ m = 0 holds, the result is essentially valid on the manifold
Ray(FC) and can thus be realized on arbitrary surfaces inside the future
cone, in particular on the hyperbolic surface H,. Let us therefore consider
an open subset (2 of H, and let C' C €2 be compact with smooth boundary
0C. We are then lead to the following Theorems :
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Theorem 5.4 (Stokes) Let F' and G € C'(Q) with F(X) and G(X) respec-
tively homogeneous of degree 3 and o, where o+ 3+ m = 0. Then :

| Feedge = | (PG + PrEo)]Lie. @)
ac c

= [ 1P = 3) €6 = Fer + )G L (e,
Proof : We start from the Cauchy-Pompeju identity on RY™ :

FY(X,dX)G = —[(F@X)G+F(8XG) L(X,dX) .

Since
Fox = —0xF = —(C+P)F(E) = F(B-T)

on H,, integration over a compact subset C' C 2 with smooth boundary
yields immediately :

/ac FY(X,dX)G = /C [(F(F —B)E) G — FE(T + a)G] L(X,dX) .

As a4+ = —m and I' + (1€ = m this reduces to

/8 . FY(X,dX)G /C [(FF) (G — F(Ere — m)({G)] L(X,dX)

/C { (FT) G + FF(gG)} L(X,dX) .

This proves the Theorem. O

Theorem 5.5 (Cauchy) Let F' € H*(S2). The following formula holds :

_ JFm) if nec
/MEa(n,f)E(&,df)F(f) { LS

Proof : Follows immediately from Stokes’ Theorem and Lemma 5.1. O
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5.3 Taylor Series on the Hyperbolic Unit Ball

In this section the Taylor (and Laurent) series for hyperbolic monogenics on
SO(m)-invariant subdomains €, of H is established. An SO(m)-invariant
subdomain €2, of H, is defined as an open subset €2, C H, such that the
subgroup SO(1,m), of SO(1,m) fixing 7, leaves the subset €2, invariant. A
decomposition for the fundamental solution E,(n, &) will be given, using the
classical Cauchy kernel E(z) on R™ and Theorems 5.1 and 5.2. Cauchy’s
Theorem will then be used to establish the Taylor (resp. Laurent) series for
hyperbolic monogenics on open domains (resp. open annular domains) in
H, .

From the previous section (in particular Lemma 5.1) it is clear that the
fundamental solution E,(n, &) for the operator n(I" + «) with singularity for
n = & may be considered as the restriction to the hyperbola H, of a function
which is a-homogeneous in Y, S-homogeneous in X, monogenic with respect
to the Dirac operator dy on R“™ acting from the left and the operator Oy
acting from the right and having singularities for Y and X belonging to
the same ray through the origin. It seems therefore natural to consider the
Cauchy kernel E(y — z) on R™, and to modulate this function by means of
Theorems 5.1 and 5.2 in order to obtain E,(n, £).

So let us consider the series expansion for the Fuclidean Cauchy kernel
E(y — ), see formula (2), with t =< z,y > the standard Euclidean inner
product :

valid for |z| < [y|. Since the function between brackets is an outer spherical
monogenic on R™ with respect to the variable y, having a singularity for
y = 0, Theorem 5.2 can be used to construct a hyperbolic monogenic on

}-L(f) = H, \ {e}. With n = ge + (02 — 1)%Q € H,, this function is for all
n#eand a+m+ k ¢ —N given by
ors T (k‘ + mTH)
gn(k+m3t) T (k+ %)
k4 mtl k4 mtl m m
{5 e = D ) Jue {0 0 - € o)

k
2

(0? —1)2 x
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Using the various recurrence relations for the Gegenbauer functions, this may
also be written as

T L(k+25) k

A R I

{(1+a—k)leim2 (o) + (2k‘+m—1)(02—1)5Di+,:12+1(0)ﬂe}><
n{cEwm-ctme)

On the other hand, the function {C’k% (t)n — C’k%_l(t)g} is an inner spherical

monogenic with respect to the variable z. A slightly modified version of
Theorem 5.1 may then be used to obtain a hyperbolic monogenic with respect
to the operator (I' — )€ acting from the right :

FrA+p—-Kr2k+m), , E( m i
G —1)2{0 () — C; l(t)g}x
{0 - el

k+ m+1
In order to replace the indices (8 — k) and (8 — k — 1) of the Gegenbauer
functions by indices (o — k) and (1 + « — k), we use Legendre’s duplication
formula, relation (26) for the Gegenbauer functions of the first kind

] 2
O () = SRV EIT o

sin(vm)
and the Gegenbauer recursion formula

17

77.<

k4 AL ket oL l+a—Fk _pymst
(GLE @ -7 (1) = g Ol ()

This allows us to obtain the following hyperbolic monogenic with respect to
the operator (I' — $)¢ acting from the right :
I'l+a—k)
Mo+ k+m)

m
2

D2k +m — 1)(r% — 1)3 {(Jk (1) — Ckfl(t)f} X

1
k+75=

{<2k+m—1><r LR () 4 (1t a - O (- >}

When modulating the Euclidean Cauchy kernel E(y — x) to the hyperbolic
bi-monogenic function E, (Y, X), with o +m ¢ —N and

Y = [Yn = |Y|(U€+(J2—1)§ﬂ) = eS+Y

D=

X = | X[ = |X|(T€+(T —1) §> = I+ X
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Y X
we identify y with = and z with = (because the Modulation Theorems

essentially follow from the projection on the Klein model for the hyperbolic
unit ball). Since the series expansion for the Cauchy kernel converges for
|z < |y|, with

z| <yl <= 7<0,

we propose the following decomposition for the function E,(n,¢), valid for
all a +m ¢ —N and for 7 < 0 :

- 2
+ S n(—1)keHem it (k: Tl 1) FAt+a—Fk)
k=0

Am 2 L(a+k+m)
(02 — 1)’5{(1 +a— KD (o) + 2k +m—1)(0? - 1>%D§t:2“(a>ge}
{ef(cen=+ciicenone]
(r - 1>’5{<1 o= KO (1) + 2k +m = 1)(7 - DIECT <T>}

with a region of convergence that will be determined later.

In what follows, we will give a technical proof for the expansion we have
proposed here. The key ingredient is the addition formula (28) for the Gegen-
bauer function of the second kind, for which we refer to section 0.2.3. We
could have proved the expansion for E,(n,§) starting from this formula,
without mentioning the modulation of the Euclidean Cauchy kernel, but this
doesn’t help to understand the expansion. In some sense the modulation
argument, which is very natural, even gives a geometrical interpretation to
the addition formula for the Gegenbauer function.

Let us now put < 7,§ >= cosv € [~1,1] such that

n-&=or—((c®>=1)(r* - 1))% < n,&§ >= cosh ¢ cosh § — sinh psinh f cos ¥ .

The addition formula for the Gegenbauer function of the second kind, applied
m—1
to DT, (n-€), yields :

DI &) = SIS o (o, m)eeld, 0, 0)

L") %
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with

-1 ‘T2 +a—k)
= (—nkr (k)
arla,m) = (=1) ( > %) Tatktm)
— 242k
ce(0,0,0) = %(sinbgpsinh@)kx
m_

m-1 m_ m—1
leaj:(COSh ©)Cy 1(005 ¢)Cl+2ajkk(cosh 0) .

This series converges in the region where

2

(coshp F 1)(coshd + 1)

2.0 —1)%
|cos ¥+ (eos™ = 12| < | T ) (cosh 0 — 1)

The Gamma operator I' = Y A 0y on the hyperbolic unit ball H, has the
following representation in space-time co-ordinates (S,Y) :

r = —EX@S - Sé@x + Fo,m s
with Ty, the spherical Dirac operator on S™! in the co-ordinates 7.
With respect to € as a privileged direction, a co-ordinate system on the
hyperbolic unit ball is obtained by choosing ¢ € R and n € S™=1 as the

co-ordinates on H,. With respect to this co-ordinate system the hyperbolic
Dirac operator I' is given by

In view of the fact that the function E,(n, ), given by definition 5.1, can be
written as

m—1

Eo(n,€) = ﬁr(m_l)n(r+1+a)Da;1(7), (5.4)

where the hyperbolic Gamma operator acts on the Y-variable, we have the
following series expansion for all o +m ¢ —N :

1

e” ™ T'(m — 1)

E.(n, = m—1 —
Y
cosh ¢ 0 -
1 r —+1
|: ( +ﬂ6811’1h90) 0,m +ﬂ66¢ + 1+ Q:| ;ak(aam)ck(ey%w

Before actually calculating this expression, we define :
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Definition 5.4 Let § and n € S™=1 and let k € N. We then define

Z(n,€) = CE(<n&>)+néCE (< n,&>)

By(1,€) { _QZk—S(ﬂv &E Zi(l)

The motivation for this definition lies in the following equality :

— 242k m_
T <) = 4@ - B0,

As Zj(n,€) is an inner spherical monogenic of degree k and as By(n,§) is an
outer spherical monogenic of degree (k—1), both with respect to the variable
y on R™, we get :

FO,mZk(ﬂa ) = _ka(ﬂvé)
LomBe(n,§) = (m+k—2)B(n,§) -

Hence, considering the hyperbolic Gamma operator in terms of the co-ordinates
(¢,m) we find

2+2k

= eosw)

(F +1+ a) {(sinh o)k lea +k (cosh )

( (1+ a — k)sinh 90D1+a +kk(cosh ©)
= (sinh )" + Zy,

m+1l
(2k +m — 1) sinh® ¢D_ 2 +k(cosh ©)ne
(m+ a+ k —1)sinh goDHa i (cosh ©)
+  (sinh )~ - By .

(m+a+k—1)(a+2—Fk) m=3.
\ (m + 2k — 3) Dy (cosh ¢)ne

In view of the addition formula, both the left-hand side and the right-hand
side of the previous equation must still be multiplied with

F(m — 1) m*1+k
———/(sinh )*C, 2, ) (cosh 0)
r ()’

ar (o, m)

and summed over the parameter k, in order to obtain an expression for the

m—1
operator (I' + 1 4 «) acting on the Gegenbauer function D,?, (n-§). This
expression can then be cast into the form

> o (51 + SzQE) (53 + S §) (85 + SGE)

k=0
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with ¢ a constant, depending on k, and S; a scalar function (i = 1,2, -- ,6).

This goes as follows : first of all we write By as —nZ;,_1§. Since Z_; = 0, the
second series starts from k = 1. Rewriting this series, by putting &' = k — 1,
one finds :

(F +1+O‘)D1+a(77 5) = 21+227

where we have put

¥ = Lm y Zak (o, m) smhgp)klea J;k(coshé’)
(=)
(1+a-— k’)D1+2a +kk(cosh ©)
(sinh @)" + » Zr(n, §)
(2k +m — 1) sinh @DEM(COSh ©)ne
and

5, — Hm—gfﬂ%+m—n2

m+1
F(o)? 2 (L h) e CL  eoshd) x

m+1
sinh D, 2, * (cosh)n

(sinh §)F*+! . T Zi(n, E -
+a—k DmQ m-lik I
Bk m 10 vk (Cosh)e

—1 m—+1

Eventually gathering the terms in DﬁTaj:(cosh ©) (resp. DEJrk(cosh ©))
and making use of definition 5.4 to rewrite Z;({,n) in its explicit form, we
get :

(F+1+a>D§jm-@

D=1 N, g llet+l—k)  (m—1 2X
- Fe M e ()

{(1 +a— /{:)lea p (cosh ©) + (2k +m — 1) sinh @Dﬁ“c(cosh ©)ne

s ) OF (< 1.6 2) + n€GE (< 1.6 >)

m—1

{u+a—kxh;j@%mn+@k+m—Uammqﬁj%wmwg
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In view of expression (5.4) this has to be multiplied with

e (m—1
m—1 F 77 )
o ( 2 )

and the result is the function E,(n, &), defined for all « + m ¢ —N :

- e Dm— 1) & kg Dla+1—k) m—1 ?
E.(n,§) = p_— F(,n__l)nkzzo( 1)4F(a+m+k)r( 5 +k>

2

B otk T L
(1+a—Fk)D,2, , (coshyp) + (2k +m — 1)sinh D, 2, " (cosh p)ne

m
2

(sinh@sinhe)k{C’k (<n,€>) +Q§Ck%—1(< n,€ >)}

md otk . etk -
{(1 +a—k)C, 2, (cosh®) + (2k +m — 1)sinh0C, 2, " (cosh 0)§e}

Invoking the relation

22,271

I'(22) = I'(z)l <z + 1) ,

1
T2 2

using the explicit definition for A,, and recalling the fact that sinh ¢ (resp.
sinh #) stands for (o2 — 1)z (resp. (72 — 1)2), this expression for E,(n,¢)
reduces to the expression we have proposed earlier.

Remark : Although the calculations involved are rather lenghty, this proof
for the expansion for E,(n, ) is an important result : it gives an alternative
interpretation for the Addition Theorem for the Gegenbauer function of the
second kind as established in reference [25]. In [75] the Addition Theorem
for the Gegenbauer functions is used to obtain an axial decomposition for
the fundamental solution of the Dirac equation on the sphere S™~! in R™.
There too, the author gives an alternative proof, which is close to the spirit
of harmonic analysis.

The present approach enables us to obtain expansions for the hyperbolic fun-
damental solution by means of a natural modulation argument. This will be
used in the next section, when we describe the function theory on the Klein
model for the hyperbolic unit ball.

In order to characterize the region of convergence of the series expansion
for E,(n, &), we first introduce the following definition :

189



Definition 5.5 For all ¢ € Hy and for arbitrary R > 1 the set HC(R, () is
defined as
HC(R,() = {£€H :1<{-(<R}.

The notation HC' is inspired by the fact that this subset HC(R,({) C Hy
is a hyperbolic cap, by analogy with the term spherical cap. Note that the
set HC(R, () is invariant under the subgroup SO(1,m). of SO(1,m) fixing
¢ € Hy, or HC(R,() is an SO(m)-invariant subdomain of H.,.

Recalling our notations

n = oe+ (0? —1)%ﬂ = ccoshy +nsinhyp
¢ = Te+ (72 —1)%5 = ecoshf +&sinh o

the series expansion for E,(n,£) converges normally on each hyperbolic cap

HC(R,e¢), for all 7 < R < o, where o is being held fixed.

Definition 5.6 For two arbitrary space-time vectors n and §& € Hy, the
function EX(n, &) is for all k € N and o +m ¢ —N defined by

- — 1\’ T(1+a—k)
Evk — -1 k22k+m—2 —i 1F k m
a(1,6) n(—1) R +— F(a+k+m)

<a2—1>’5{<1+a—k>D’fI;k< )+ 2k +m - (0 - DI (o me}

{0,? (<&m>)+CE (<& >)n§}

k_,’_'m 1

<T2—1>’5{<1+a—k>cl+ak<> 2k +m - 12— )i *<>5e}

These functions E¥(n,£) are the building blocks of the axial decomposition
for E,(n,€). The term axial decomposition hereby refers to the fact that we
have singled out a privileged direction, or azis, in casu € € H,.

However, the following Theorem remains true if we replace € by an arbitrary
element ¢ of the hyperbolic unit ball. This is an immediate consequence of
the fact that the hyperbolic unit ball is a homogeneous space, in which all
points are equivalent by definition.

Theorem 5.6 The hyperbolic fundamental solution E,(n,§) has an azial
decomposition given by :

[e.e]

1
Ea(nag) = A_ ZEk
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This expansion is valid for all a +m ¢ —N and converges normally on each
closed hyperbolic cap HC(R,€) with T < R < o. By construction we also
have

Ef(n,€) € HI(HY)
Ea(n€) € HI(H,),

where we have indicated the variable on which the Dirac operator is supposed
to act.

This Theorem can then be used to establish a Taylor series for hyperbolic
monogenics defined in SO(m)-invariant subdomains .. However, we must
be careful because the decomposition for E,(n, ) established above holds for
o > 7. In order to find the Taylor series of a hyperbolic monogenic around
e we thus need to integrate the fundamental solution with respect to 7, in
contrast to the Cauchy integral obtained in Theorem 5.5. Using expression
(27) one can easily verify that E,(n,§) = —E3(&,n), up to a nullsolution
for the hyperbolic angular operator, such that for functions F' € H*(Q),
with Q2 C H, open and C' C ) compact with smooth boundary 0C', Stokes’
Theorem yields immediately :

nelC = F() = /aCEam,@z(&,df)F(f)

_ / Es(&,n)S(&, dE)F(E)
oC

or equivalently, for £ € C':

F&) = - / B, €)(n, dn)F(n) .

ac
which by means of the fact that E5(n,&) = —Ejs(n,£) eventually leads to :

F(e) = / )50 dn)Flr)

m—1

BS.6) = (e (b

m—1)2 (148 —k)
2 L(B+k+m)

(1+8— /g)cfiﬁ (1) + (2k +m — 1)(7% — 1)2(];3:%1 (T)§€}
{ef(cen=)+ i< enlen)
ket

(02— 1)5{(1 + 8= k)Dy % (0) = 2k +m — 1)(0® — 1)5Dgf:2+1(0)?}ﬁ
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This eventually leads to a Taylor series for functions F(§) € H*(HC(R,¢)),
with R > 1 arbitrary :

Theorem 5.7 (Taylor) Let F(§) € H*(HC(R,¢€)), with R > 1 arbitrary
and a+m ¢ —N. There exists a sequence of functions (Fg(k) (&))ken such that

the function & — F® (&) belongs to H*(H,) for each k € N and such that
the following expansion holds in HC(R,€) :

o0

F)=> FP(),

k=0

where Fg(k) (&) has the following integral representation, for each k € N :

FM(E) = AL/_ E3(n,€)S(n, dn)F(n)

where the integration goes over OHC(r,e), r €|1, R| arbitrarily and where
X(n,dn) = nds, n denoting the outer unit normal with respect to OHC(r,€)
and ds the Lebesque measure on OHC(r,€). Denoting the projection of a
function f on S™ ! onto the space of inner spherical monogenics of order k
by P(k)[f], this integral is in explicit form given by

FPe) =
(_1)k22k+m72 ( m — 1)2 F(]_ + ﬁ . k’) - g - %
(B4m+k—1)CET (1) + 2k +m—1)(72 = 1)ECE 2 (1)g e
(1+ 8= K)DYL%, (r)ne 1
P(k) + F(TE + (7"2 — 1)§ﬂ)
pmp

2k +m—1)(2 = 1)2 Dy % (1)

This series expansion for F(n) converges on closed hyperbolic caps HC(p,¢€),
with T < p <.

Proof : Consider a function F/(§) € H*(HC(R,¢)), such that
EC+a)F() = 0

for all £ € HC(R,¢), i.e. for all £ € H, such that £ - ¢ < R. Consider then
an arbitrary £ = 7e + (7% — 1)%§ € HCO(R,e). As 7 =¢ - e < R, there exists
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a real number 7 such that 7 < r» < R. The closed hyperbolic cap HC(r,¢),
with boundary

OHC(r,e) = {n€H :0=n-e=1},

may then be interpreted as a compact subset of the open set HC(R, €). Since
T < r, we have £ € HC(r, €) such that Cauchy’s Theorem gives :

F(&) = / By O dn)F()

In view of Theorem 5.6 for E(n, €), this becomes

= Aii/ VS (n, dn) F iFﬁ“

k=0 k=0

with

54
c

© = + / 50O dn)F()

Because the boundary dHC(r, €) is a sphere with radius (r2 — 1)z, we get :

[mwan = 00 [ s,

with dS(n) the Lebesgue measure on the m-dimensional sphere S~ ' and n
the outer unit normal to 9HC(r, ¢) with respect to HC(r, €). In an arbitrary
point of the boundary, this is nothing but the tangent vector to the hyperbola
obtained by intersecting H, with the 2-dimensional plane through this point,
its diametrically opposite point on the sphere and the origin. Considering
the point p = re + (r* — 1)%77 € HC(r,¢), the tangent vector n,, in p is given
as the unit space-time vector
n, = (r’ —1)Ze+r .

This can easily be verified geometrically : for » = 1 the point p = € and the
tangent vector n, is then given by a pure spatial vector, orthogonal to € with
respect to the hyperbolic metric. When considering another point p’ € H .,
obtained by applying a Lorentz boost to p, the tangent vector n, is boosted
to a new tangent vector n, such that p’ and n, are still orthogonal with
respect to the hyperbolic metric. In addition, n, remains a space-like unit
vector and this fixes n,. Note that in the limit for r — +oo the tangent
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vector becomes a nullvector.

The function F.*) (£) is thus given by

FOE = 07— 1) / B (07 = e+ r)dS(p)F () .

m

where 7 is to be replaced by re + (12 — 1)2

|3

Referring to the definition of Eg(n, €), the following factor may be brought
from under the integration :

2

_\ko2ktm—2 —irm=L m—1\"TA+8-Fk) o

(—1)%2 e F(k—i— 5 ) F(ﬂ+k+m)<7— 1)
k+m;l

{(1 +B-RCLLE (1) + @k +m = ) - RS (T>§€} '

[MIE
SIES

(=)

Under the integration sign, we are left with the following :

{C<gn>)+CEi(<&n>)n)
{(1 £ B RDMIE ) - @k m - )2 1Dl <r>@}
((r* — 1)%e + 7“§)F(7]) ,

which is equal to

—¢{cf(<en>)E-GE(<gn>m)
{(1 + 3= k)DI)Z, (e + (2K +m — 1)(r? 1)%Dgi,’:2“(r)}
F(re+ (r* — 1)%@ :

Note that the first factor is the projection kernel on the space of inner or
outer spherical monogenics on R™ (see also section 0.1.2). Recalling the
notation

PIIAE = —¢ [ {oF(<en>)-CF (< &n>n} Fnasty

Am_ Sm—1 - =
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for the projection of a function f on S™~! onto the space of inner spherical
monogenics, the integral representation for r® (&) can thus be reduced to

(—1)kg2ktm—2 m—1\>T(1+3—k) ; bt
e P(k+ 2 ) F(ﬁ+k+m)( — D)
{(5+m+k—1)0’“+ T (1) + 2k +m— 1) (72— 1)3 c}j*,gl (T)E e

(145 = )DL L% (r)ne 1
P(k) + F(re + (r? — 1)5@
k+m+1

(2k +m — 1)(r? —1)2D (r)

The series expansion for the function F'(§) converges normally on compact
subsets HC'(p,€), with 7 =¢-e < p <. O

Next, we consider a hyperbolic monogenic F'(§) € H*(¢), where (. stands
for the open annular SO(m)-invariant subdomain HC(Ry,¢€) \ HC(R2,¢€) in
H,, with R; > Ry > 1. For these functions, the following Theorem holds :

Theorem 5.8 (Laurent) Let F € HY(HC(Ry,¢) \ HC(Ry,¢€)), with a € C
such that a+m ¢ —N and Ry > Ry > 1. There exists a sequence of functions
(Fe(k) (5))1@\1 and a sequence of functions (G( (5))keN such that for all k € N

and such that for all £ € HC(Ry,€) \ HC(Ry,€) we have

i FM(€) + G (¢) .
k=0

This series expansion converges normally on compact annular subdomains
HC(r1,e)\ HC(r9,€) of Hy, with Ry > r1 > T > 19 > Ry, and the functions
F® (&) and G (&) have the following integral representation :

RO = / B3(0,€)S(n, dn)F ()
W) = - / S, dn) F(n)

where the integration goes resp. over the spheres OHC (11, €) and OHC(rq,€);
and where 3(n,dn) = nds, with n the outer unit normal field with respect to
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OHC(r1,€) and OHC(rg,€) and ds the Lebesque measure on these spheres.
Denoting the projection of a function f on S™ ' onto the space of inner
(resp. outer) spherical monogenics of order k by P(k)[f] (resp. Q(k)[f]),
these integrals are in explicit form given by :

FP(g) =
(—1)k22k+m72 m—1\2 F(l + 06— k) 9 k gy Emet
e : ) T3 D
{(ﬁ+m+k—1)0§ ( Y+ 2k +m—1)(2—1)2 C’ng:T(T)ée}
(1+8—k)D ]fig_;k (r1)ne 1
P(k) + 1 F(rle + (r? — 1)5Q)
(2k +m — 1)(r2 = 1)EDST,7 (ry)
and
GMg) =
(—1)ko2ktm—2 m—1\*T(1+a—k , & ket
ein st P(kle 2 ) Tasham ~D70i-D

(a+m+k—1)DTT (F)ge — 2k +m—1)(72 — DIDT2 (7)

4m= 1

(a+k‘+m—1)0 ? (1)

Q(k) + " F(roe+ (r2 — 1)
(2k +m —1)(r} = 1)3CLT 2 (ra)

N[

n)

Proof : Let us put Q. = HC(Ry,¢) \ HC(Ry,¢€), where Ry > Ry > 1, such
that

T +a)F(E) = 0,

for all ¢ € Q.. Consider then an arbitrary £ = e+ (72— 1)55 €N, e smL,
As Ry > 7 > Rs, there exist r; and r9 such that r; > 7 > rz._Hence,_Cauchy’s
Theorem may be applied to the compact subset HC (1, €)\ HC(ry,¢€) of H,
bounded by the spheres

OHC(ri,¢) = {n€Hy:0=n-e=r}
and

OHC(ry,¢) = {ne€H, :0=n-€e=ry}.
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We thus have that
F(&) = /  En &Sl dn)Fl) - / Eal&n) S A F ()

For the first integral, we refer to the proof of the Taylor Theorem 5.7. In
order to calculate the second integral, we use the expansion of F,(&,n) as
given by Theorem 5.6. This yields :

m

| Eenstnanrm) = 6= [ Biemnrms .

where 1 = rye + (r3 — 1)%ﬂ and n stands for the outer unit normal to the
sphere OHC (ry, €). This normal vector was already determined in the proof
of Theorem 5.7, and is in the point 7 given by n = (12 —1)2e+r97. Denoting
for each k € N -

e = [ BiemnPmas .

we can bring the following factor outside the integration in I (§) :

_ 1\ko2k+m—2 1\ 2 — & k
(—1)%2 F<k+m 1) 'l+« /~c)(72_1)§(7€_1)§

Ape™s 2 D(a+k+m)

m—1 1 m+1
f{(l +a— k;)leia_Qk () + 2k +m — 1)(r* — 1)§Ditk2 (T)§e}
which, in view of what follows, may be written as
(—1)kg2ktm—2 m—1\>TA+a—k), , & o ..k
— T |k —1 -1
A, ™5 * 2 F(a—i—k—i—m)(T )2y = 1)7

-1
k+mT

{(a +m+k—-1)D,", (T)§€ — 2k +m —1)(r* — 1)§D2t,;_2+11(7)}§ )

Note that we now have a factor § at the end. Under the integration sign in
I (&) we are left with the following :

{C,?(< §&mn>)+ C’,?_l(< & >)§Q}
{0+a=KCE )+ @k +m—1)(3 - 1)5C
{(r% — 1)%6—1—7’29
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The product of the last two factors may be simplified, hereby using the
recurrence relations for the Gegenbauer functions, and the factor £ mentioned
above may be brought under the integral sign. This eventually gives the
following integrand :

{ci<en>¢-chi<en>m)
{(a+k+m—1)CET (o) — 2k +m — 1)(r3 = DICET2 (r)e ]

[NIES

Recalling the formula for projection onto the space M_(k) of outer spherical
monogenics on ST,

awine - — [ {etcen=e-chi<en=mbumas),

this will eventually yield :

_/_ Eo(&m)2(n,dn)F(n) =

k+m 1

N

(—1)ko2ktm—2 m—-1\’TA+a—k)  ,
s Tk -1 -1
] ) Taskam Y (ri-1)
ket ko

(a+m+k—1)DTT (F)ge — (26 +m—1)(72 — DIDT2 (7)

627’(’

4Lm= 1

(ot kb m = DT () |
Q(k) + F(TQE + (r3 — 1)5Q)

m+1

2k +m—1)(r2 = 1)2C" 2 (r)

which also gives the explicit form for G¥ (€). This ends the proof. O

5.4 Function Theory on the Klein Model

The aim of this section is to restate the results obtained in the previous
sections of this Chapter in terms of the Klein model (B,,(1),ds?%) for the
hyperbolic unit ball. The main purpose is to find a Taylor (resp. Laurent)
expansion for functions f(z) defined in an open subset Qx (resp. in an open
annular subdomain) of the unit ball B,,(1), satisfying the equation

(Q—i—e(E—a))f(g) = 0, forall z € Q.

Such functions belong to the following function space, defined on the analogy
of the spaces H*(R. Q) and H*(2) from Chapter 2 :
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Definition 5.7 Let Qi C B,,(1) be open and let o be an arbitrary complex
number. We then put

Hx(Qk) = {feC'(Qk): (0+eE—a))f(z)=0inQx} .

Note that for an arbitrary open subset 2 C H,, we have immediately :

PTX) e He®0) — f(0)=F (1) € M0

Qg = {geBm(l):< ! -, = 1)69}.
(1= fz?)2 (1 —zf?)>

In order to establish a Taylor and Laurent series on (B,,(1), ds%), we need 3
key ingredients :

with

e Stokes’ Theorem
e Cauchy’s Theorem
e a decomposition for the fundamental solution

First of all, let us establish Stokes’ Theorem. Since the Cauchy-Pompeju
Theorem 5.3 is essentially valid on the manifold of rays it can be realized on
any surface inside the F'C| in particular on the hyperplane II «» T = 1. Let
us therefore determine the restrictions of both L(X,dX) and %(X,dX) to
this hyperplane (note that these restrictions are labelled by a superscript K,
referring to the Klein model) :

L(X,dX)x = Y (-1VX;dX; = dz
=0

L(z,dz) + o(z,dz) .

[

S(X,dX)x =

Consider then an open subset x of the unit ball B,,(1) and let Cx C Qg
be a compact subset with smooth boundary 0Ck. We already know that
the projection on the Klein ball of the Dirac operator on RY™ acting on

X
a-homogeneous functions F (T, X) = T“F (1, ?) is given by

(@ -dxhe = ~Due) = ~(2+cE-w),
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where 9 (resp. E) denotes the Dirac (resp. Euler) operator on R%™, so we
have the following version of Stokes’ Theorem on the Klein model for the
hyperbolic unit ball :

Theorem 5.9 (Stokes) Let f and g in C'(Qg) be arbitrary functions on an
open subset Qg of the Klein ball and choose o, 3 € C such that a4 G+m = 0.
We then have :

/ f(o(z,dz) + eL(z,dzx))g =/ [(fDa(z))ngf(Dﬁ(&)g) dx
OCk Ck

Cauchy’s Theorem on the Klein model for the hyperbolic unit ball then easily
follows from Stokes’ Theorem if we choose f(x) to be the restriction Ek (y, z)
of the hyperbolic fundamental solution F,(n, &) to II. This function has a
singularity for z = y, with z (resp. y) the intersection of II and the ray
through & (resp. 7), and satisfies B

Do(y)Eox(y,z) = —0(y —2) = Eox(y,z)Ds(z) .

This leads immediately to Cauchy’s Theorem :

Theorem 5.10 (Cauchy) Let f € H% (k). We then have :

- z)(o(x,dx) + el(z, dz r) = f(_) if yeéK
/acK Boe(y, D) (0(z do) + ellz d) @) { oy if yeQx\Ck

Let us then first consider the Taylor expansion of functions f € H%(B,,(r))
with » < 1. This follows from Cauchy’s Theorem, once we have established
a decomposition for the hyperbolic fundamental solution F, k(y,z). In view
of the construction of the axial decomposition for E,(n,€) in the previous
section, see Theorem 5.6, a decomposition for E, k(y, z) is easily obtained by
modulating the decomposition of the Cauchy kernel on R™ from both sides.
This is expressed in the following :

Theorem 5.11 The fundamental solution E, k(y,z) can be decomposed as
follows :

1 o0
Eax(y2) = —5 > Efk(y.)
™ k=0

_A_mk:() oaa, ks y ‘x|k+m—1



where we have put y = |y|n and z = |z|§ and with

m
2

Ch&n) = CE(<mE>)E—CE (<nE>n .

This series expansion is valid for all o +m ¢ —N and converges normally
on each B, (r) with |y| <r < |z|. We also have that

Egkyz) € Hi(Ba(D),
z) € My (Bn(1)\{0}), |

where we have indicated the variable on which the (projected) Dirac operator
acts.

=
IS

= (k)
Eoe,K(

<

We can now establish the Taylor expansion :

Theorem 5.12 (Taylor) Let f(y) € H%(Bn(R)), with R <1 and o € C
with o +m ¢ —N. Then there exists a sequence (%) (y))ren such that the

function y — [P (y) belongs to H% (Bn(1)) for each k and such that the
following expansion is valid :

fy) = > M),

where f*) (y) has the following integral representation :

fPy) = i/h E" (y,2) (o (z, dz) + eL(z, dz)) f(z) .

The integration goes over the sphere OB,,(r), with r < R, L(z,dz) = ds and
o(z,dz) = nds, where n denotes the outer unit normal with respect to 0B, (r)
and ds denotes the Lebesgue measure on OBy, (r). The Taylor expansion
for f(y) € H%(Bm(R)) converges normally on compact sets By, (p), with

lyl < p <r. An explicit expression for f (y) is given by :

fBy) = Mod(o, k;y)=-P(k) | Mod(8,1 — k — m; r&)(rée — 1) f(ré) | (n) ,

where P(k)[f] denotes the projection of a function f € Lo(S™') onto the
space of inner spherical monogenics.
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Proof : Let y € B,,(R) = |y| < R. Hence, there exists r < R such that
ly| € Bn(r) and with B,,(r) a compact subset of B,,(R). From Cauchy’s
Theorem, we then immediately get :

S0 = [ Pux(oiotda) + el d)i@)
As the integration goes over the sphere 0B,,(r), we have
| (owd s etiwdn) = [ (grrads©).
|z|= sm—t

Recalling the decomposition 5.11, this yields

with f* ( ) given by

Mod(a, k; y) \y]k

Ce(&,)Mod (8,1 — k — m;r&)(§ + re) f(r&)dS(E) -
Using the fact that

Cr(&n) = n*CuEne = —nCi(n,¢

I

the integral over S™ ! reduces to

1 [ Cul MO, — k= mir€) € + 1) [rAS(E)
so that by means of
EMod(B8,1 —k —m;r€)(§+re) = Mod(B,1—k —m;rf)(rée — 1)

we finally arrive at :
fP(y) = Mod(a, k; y) - P(R) [Mod(8,1 = k = m; ) (rée — 1) f (1)

The series expansion for f(y) converges normally on compact balls By, (p)
with [y| < p <. O

This means that hyperbolic monogenic functions f(y) on B,,(1), monogenic
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with respect to the operator (Q +¢(E — a))y, can be decomposed in a series

of modulated inner spherical monogenics on S™ ! with respect to the Dirac
operator 9 on R%™ :

f(g) = Z Mod(a, k;g)Pk(g) ,
k=0
with P (y) given by Taylor’s Theorem.

Next, we consider the Laurent expansion for functions f(y) € H%(Qx) with
Qk the annular domain in B,,(1) defined by

QK = Bm<R1)\Bm(R2) , R, > R, .

For that purpose we need both the decomposition for £, x(y,z) of Theorem
5.11 valid for |y| < |z| and the following decomposition, valid for [y| > |z] :

Theorem 5.13 The fundamental solution E, x(y,x) can be decomposed as
follows :

1 & Ly
Ea,K(Q: @) = A_ Z E(Ef;( <g7 &)

k=0
RN |z|*Cr(1,§) ——,
= E Z Mod(o,1 — k — m;g)|y|Tm—_1—MOd<57 ki)
k=0 2
where we have put y = |y|n and z = |z[§ and with

Ce(n,&) = CF(<n&>n—Ck (<nE>).

This series expansion is valid for all a4+ m ¢ —N and converges normally
on each By(R)\ Bp(r) with 1> R > |y| > r > |z|. We also have that

ESk(ya) € Hy(Ba(1)\{0}),
EVi(yz) € Hi(Ba(D),

where we have indicated the variable on which the (projected) Dirac operator
acts.

Remark : Note that we have labelled the building blocks Eék}; (y, ) of the
decomposition for |y| > |z| with a prime, to distinguish it from the building
blocks of the decomposition for |y| < |z].

We then have the following Laurent expansion :
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Theorem 5.14 (Laurent) Let f(y) € H*(Q), with Q@ C By,(1) the open
annular domain By,(Ry) \ Bn(R2), where 0 < Ry < Ry < 1. Then there
exists a sequence (f(k)(y))keN with y — f ( ) belonging to HY (Bm(l)) and
a sequence (g™ (g))kEN with y — g™ (y) belonging to HS (B, (1)\{0}), such
that the following expansion is valid :

= > P +9P)
k=0

where f*) (y) is given by the integral

FO) = Mo i ) P08 [ Mod(5,1 — = mim e — 1] )

1
with ly| < r1 < Ry and g™ (y) by the integral

k4+m—1
79

9¥(y) = Mod(o, 1 — k — m; y)m@(k‘) {M()d(ﬁ, k;ra€) (1 — 7’2§€)f(7“2§)} (),

with |y| > ry > Ry.

Proof : Suppose f(y) € H*(Bm(R1) \ Bn(Rz)) with 0 < Ry < Ry < 1 and
take y belonging to this open annular domain, so that we have R, < |y| < R;.
Hence there exist rq, ro such that Ry < ry < ]g\ <11 < Ry, whence y belongs

to the compact subset C' = B,,(r1) \ Bn(r:) in B, (1). From Cauchy’s
Theorem we then immediately get :

fly) = — /8 CEa,K(ya$>(0<Ld£)+€L(£ad£))f(£)

— _/|: Eox(y,z)(o(z,dz) + eL(z, dz)) f ()

b Bty ) ot de) + el ) 1)
|z|=r2

For the calculation of the first integral we refer to the proof of the Taylor
series. We have :

o0

_/|: Eok(y,x) (0(&, dz) + eL(z, dg))f@) — Zf(k)(g) ’

a k=0
with
k
F®) (y) = Mod(a, k;g)%P(k) Mod(8,1 =k —m;ri&)(ri€e — 1)f(7“1§)} .
1
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On the other hand, we have the following :

/ B se(y,2) (o(, di) + eL(z, o) ()
|z|=r2

Z/Sm ) E(ikK x)(§ + 1ro€) f(r26)dS(§)
with Eék}é(g, z) given by Theorem 5.13. Putting

/|_ Eox(y, z)(o(z, dz) + eL(z, dz)) ng) Y)

we then get :

rlgﬂ-i—m 1

1
gM(y) = - Mod(a, 1~k —m; y)w

m

[ O 9N, ki) € + re0hf ) aS(E)

Mod(, k; 12€)(§ +1r26) = EMod (B, k;m28) (1 — 12€e)
and recalling the formula for projection onto the space of outer spherical

monogenics on R, we finally arrive at

k4+m—1
T'a

9V(y) = Mod(a,1~k—m; y)WQ(k) {Mod(ﬁ, ki ra8) (1 — rage) f(rag)

This yields the Laurent series

o0

fy) = > P +9" )
k=0
for f € HE(Bn(R1) \ B,.(Ry)), converging normally on compact annular
subdomains B,y (1) \ By (re) with vy > |y| > 7. O

Remark : The Laurent Theorem on the Klein model for the hyperbolic
unit ball again illustrates that the function theory for hyperbolic monogenics
on the Klein ball can be described as a "modulation of the classical function
theory for the operator @ on R%™”,
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5.5 Eigenfunctions for the Operator &(I" + «)

In this section eigenfunctions for the Dirac operator on the hyperbolic unit
ball are constructed. It is important to make a clear distinction between the
eigenvalue problem related to the hyperbolic Dirac operator, i.e. the Dirac
operator dx on RY™ acting on homogeneous functions, and the eigenvalue
problem related to the hyperbolic Gamma operator I'. Eigenfunctions for
the latter problem give rise to nullsolutions for the Dirac operator on the
hyperbolic unit ball :

PFE) = aF(€) — M —a)F() = 0.

Eigenfunctions related to the first problem can by no means be related to a
single eigenvalue problem for the Gamma operator. However, in this section
it will be shown how they are related to systems of eigenvalue problems for
the Gamma operator.

The eigenvalue problem for the Dirac operator on the hyperbolic unit ball
arises from the following question : is it possible to generalize the idea of
an exponential function to the hyperbolic unit ball? In classical Clifford
analysis, i.e. Clifford analysis on the flat Euclidean space R™, a generalized
exponential function was constructed as an eigenfunction for the operator 9
on R%™ . This inspires us to look for a hyperbolic version of this exponential
function as an eigenfunction of the Dirac operator on RY™. However, in view
of the projective nature of our model for the hyperbolic ball, this hyperbolic
version of the exponential function must be defined on the manifold of rays
Ray(F'C). In other words, the hyperbolic version of the exponential function
must be homogeneous. In this sense we cannot find eigenfunctions for the
Dirac operator on the hyperbolic unit ball in the strict sense of the word, for
the operator itself is homogeneous of degree (—1). However, for an arbitrary
function ¢ (T, X)) which is homogeneous of degree (+1) one may consider the
following inhomogeneous equation :

F\(T, X)
O(T,X) -
It seems obvious to choose ¥ (T, X) in such a way that it corresponds to

a SO(1, m)-invariant object, because the Dirac operator itself is invariant
under Spin(1, m)-transformations. Choosing

(EaT—aK)F)\(T,X) = A

WT.X) = QuaTX): = (T°-|XP):
to be the hyperbolic norm, we thus arrive at the following equation :
(T +a)FA(E) = AR, € Hy (5.5)
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which is the eigenvalue problem related to the Dirac operator on the hyper-
bolic unit ball.

In order to solve equation (5.5) we will first rewrite this equation as a set of
equations, by means of the zero divisors (1 4 ). For that purpose we put
1

il gF+ + —gF*

F
A 9 2

Letting the hyperbolic Dirac operator act on F)\ and using the fact that

e+ =m,
we get respectively :
1 1-¢ m 14+¢
§§(F+a)(1+f)FA+ = —TFF;F—I—EF/\’L%—(a—/\)TF;“
and
1 1
D)1 - = ;%F— PR~ (at NE . 1=8p-

The eigenvalue probem for the Dirac operator on the hyperbolic unit ball is
thus equivalent with the following set of equations :

FF;+(%+&—A)F§—%F§ =0
m m
FF;+(3+a+A)F;—§F; =0

This can alo be arranged in a matrix formalism :

m m
B PR
I =
Fy LTSN m Fy
A B+ 5 + 5 A
where we have put f = —a — m. In other words, the eigenvalue problem for

the hyperbolic Dirac operator is equivalent with a two-dimensional system of
equations for the hyperbolic Gamma operator I'. Let us denote the (2 x 2)
matrix in previous expression as M. In order to solve the system of equations,
M has to be reduced to its Jordan canonical form N :

Q'MQ = N.
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o If M has two eigenvalues pq1 # u9, N is the diagonal matrix
0
N = :
(0 uz)

E (e
Q" = ,
Fy Gy

Putting

the system for (G, Gy ) decouples and reduces to

{FGY = mGy

This means that G} (resp. G ) is the restriction to H, of a solution for
the Dirac operator dx on R which is homogeneous of degree (—p)
(resp. homogeneous of degree (—pus2)). Once we have choosen (G, Gy),
the solutions (Fy, Fy) are found to be :

EX GX
= @
Fy Gy

e [f M has only one eigenvalue p, the Jordan normal form N reduces to

N-(gj).

The equations for (G}, Gy) are then given by

LGy = puGY +Gy
Gy = pGy

which means that the function G is easily found as the restriction to
the hyperbolic unit ball H, of an arbitrary (—u)-homogeneous solution
for the Dirac operator on R'™. However, in order to find G} one must
solve an inhomogeneous equation for the hyperbolic Gamma operator.

To do so, one may follow an approach which is very similar to the

one followed by P. Van Lancker for the case of the sphere S™~1 in R™
(see reference [75]). This approach is influenced by the work of S. Bell
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and D. Calderbank, see [4] and [10], in which the Dirac operator on
C*>-submanifolds-with-boundary of a given manifold is studied.

Another way to solve the latter system of equations makes use of Riesz
distributions. Suppose F' € D/, (R"™), such that we immediately have
that both G} and G2 belong to D', (R'™). As

T-=NG, = G = ox(p'G}) = p G,
it suffices to solve the scalar equation
O.®) = p e,
hereby using Riesz distributions, and to put

G, = 0xP) = Ox(Zoxp M GY) .
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Chapter 6

Boundary Value Theory

If in the infinite you want to stride,
gust walk in the finite to every side.
(J.W. von Goethe)

In this Chapter the fundamental solution for the hyperbolic Dirac equation
is considered in the limit as its singularities approach the nullcone. This
gives rise to the so-called photogenic Cauchy kernel, referring to both its
monogeneity with respect to the Dirac operator dxy on R and its relation
to the nullcone, which is the surface on which the worldlines of photons are
lying. This kernel will be used to define an integral transform on the unit
ball B,,(1), the photogenic Cauchy transform, and the boundary values of
this transform will be calculated as its argument approaches the unit sphere.
By considering the extension of these boundary values to the Lie sphere, it is
found that under certain restrictions on the parameter « the function space
containing boundary values of hyperbolic monogenic functions on the Klein
ball has a reproducing kernel.

6.1 The Photogenic Cauchy Kernel

In the previous Chapter a function theory on the hyperbolic unit ball was
developped. The starting point was the hyperbolic Dirac equation (2.2) for
the fundamental solution E, (T, X), being an a~-homogeneous solution for the
Dirac operator 0x with singularities on the temporal ray through e. These
singularities were boosted to an arbitrary ray inside the future cone, leading
to equation (5.1). It is a well-known fact that this ray can never be boosted on
the nullcone. Relativistically speaking, this would require an infinite amount
of energy. Nevertheless, we can still try to solve the following equation :

(€0r — 0x)Fauw(T,X) = T 5(Tw—X), weS™ . (6.1)
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The right-hand side of this equation contains a delta distribution becoming
singular on the upper part of the nullcone, and a factor Tf_“rm_l reassuring
our photogenic Cauchy kernel, i.e. the solution to the equation above, to be
a-homogeneous. The nullray containing the singularities will be denoted by

Ry, = {(TX)eR"™: X =Tw}, we ™.

In order to solve equation (6.1), from now on referred to as the photogenic
Dirac equation, we first consider the following related scalar problem :

00 @ow(T,X) = T 5(Tw — X) .

Since the distribution at the right-hand side does not exist for « € —m — N,
we expect the distribution ®, (7, X) to have poles at the same values. For
all other values a € C, T '§(Tw— X)) belongs to the set D', (R'™) whence
o, (T, X) is given by

Pou(T,X) = ZoxT{5(Tw — X) .

By definition, we thus get :

— 1 > a+m—1 1—-m
Vs PX) = oy [ ST - 8 S s

X
3

_ 1 /SO S ds
2T (5) o (12 X - 2S(T- < Xow )T

2
where we have put

1T |

Sy = 05— — .
0 2T— < X, w>

The integral with respect to S can be reduced to a Beta integral :

So Saerfl
/ s
0 (T?—|XP—25(T- < X,w>)) ?

(1 T2— X2\ ! m
= (T*— | X)) (0= / ot — )2 dt .
R e ey I L (R

In case of an even spatial dimension m, for a € C such that o« +m ¢ —N,
the integral at the right-hand side is the integral given by expression (29) :

1 3—m
/ T R G &
0 [ (a+25n)
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such that the distribution ¢, (7, X) is found to be

Do +m) (1 - X
oltatm "5 (a + mT”) (T— < X,w >)etm

Do u(T,X) = (6.2)

In case of an odd spatial dimension m, the Beta integral does not converge
in the classical sense. However, the distribution @, (7", X) as given above
is defined for both even and odd m as long as o ¢ —m — N, these values
being excluded because the Gamma function has poles there. Note that the
Gamma function in the denominator does not remove these poles in case
of an odd dimension! We demonstrate this by considering the residue for
a = —m. In that case, we have :

Res{T{"" 0(Tw — X) , a =—m} = 1W(Tw—X) = §(T)6(X) .

This latter equation can easily be verified by letting both distributions act
on a test function p(7, X) € D(R™). This means that

Res{Z, *» T} 1§(Tw — X) =-m} =
On the other hand, we also have by definition :

Res{®uo(T,X) , a=-m} = lim (a4 m)Pu(T,X)

a——m

= Zs.

Thus, although the simplification

%ﬂwm_l)...(w%w)

seems to remove the pole at & = —m, it only makes it less obvious to see that
there actually us a pole at this value. Because we now have two distributions
which are equal in a strip of the complex plane and which have poles at the
same values for «, they are equal in the whole complex plane minus the poles
by analytic continuation.

Using the fact that OJ,, = (edr — dx)?, we thus find the following explicit
formula for the photogenic Cauchy kernel :

[la+m) (T2 — | X?)~

o,wW T?l = -
Fou (T, X) (eOr — Ox) olrotmp B (o 4 123 (T— < X, w >)om
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The constant in previous expression will be denoted as ¢(a, m) throughout
this Chapter :

I'(a+m)

9ltatm "5 (OH— mT+3) :

cla,m) =

We are then lead to the following definition :

Definition 6.1 Let w € S™ ! be an arbitrary unit vector in R™ and let o be
an arbitrary complex number such that a«+m ¢ —N. The photogenic Cauchy
kernel is defined as the distribution

(T2 o |X’2)a+m7‘l

(T— < X,w >)otm
(T2 _ |X|2)a+%

(T_ < X?Q >)O¢+m+1 )

Fool,X) = 2a+m+1)c(a,m)(el + X)

— (a+m)c(a,m)(e +w)

and satisfies the photogenic Dirac equation
(€0r — Ox)Fau(T,X) = TO"15(Tw - X) .

Remark : In Chapter 3 we already mentioned the fact that there exist a-
homogeneous distributional solutions for the Dirac operator D(T, X),, on
R?? which are defined in a neighbourhood of a nullray. These distributions
were explicitely excluded when we proved the Ultra-Modulation Theorem.
The photogenic Cauchy kernel F, (T, X) in fact offers a nice example of
such a distribution, in case of the space-time Dirac operator on RY™!

6.2 The Photogenic Cauchy Transform (PCT)

Now that we have found the photogenic Cauchy kernel F, (T, X), we can
define a photogenic Cauchy transform. To do so, we project the photogenic
Dirac equation onto the Klein model of the hyperbolic unit ball. Putting

fa,g(Ta 1) = )\afa(ga g) 5

Where)\:Tandgz%

=r{ € By(1), we get immediately :
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with @ and E, respectively the Dirac operator and the Euler operator on R%™.
The projected photogenic fundamental solution F,(z,w) is hereby defined as
the distribution

Folz,w) = (2a+m+ 1)c(a,m)(e+ x)

(1 —r2)et™

— (a+ m)c(a,m)(e—l—g)(l_ PERRES =

We then consider the sphere S™~! as a subset of R™, and we define the
photogenic Cauchy transform of a function f(w) on S™ ! by means of the
photogenic Cauchy kernel, by analogy with the classical Cauchy transform.
This is expressed in the following :

Definition 6.2 Let f(w) be an arbitrary function defined on the sphere S™ 1.
The photogenic Cauchy transform CS[f|(x) of f is for all x € B,,(1) defined
by the following integral :
o 1
Cplfl(z) = . Folz, wwf(w)dw
m Sm—1

Remark : The additional factor w in the definition for C%[f](z) plays the
role of unit normal vector on S™ !, on the analogy of the definition for the
Cauchy transform on graphs of Lipschitz functions (see reference [19]).

Note that the photogenic Cauchy transform of a function f(w) on S™~!
yields a new function C%[f](z), defined for all z € B,,(1), which is a solution
for the projected hyperbolic Dirac operator (Q +e(E, — a)). This means that
the function C¢[f](7, X), defined by

(07 [eWg 167 X
csirx) = el (7)
belongs to the function space H*(R, H).
In view of the fact that square integrable functions f € Lo(S™!) can be

decomposed in terms of inner and outer spherical monogenics, by means of
the decomposition

O = Y PE)E) +QUIAE)

k=0
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we will now explicitely determine the photogenic Cauchy transform of inner
and outer spherical monogenics on R™.

We will use two Lemmata : the first one is a refinement of the classical
Hecke-Funk Theorem (see Theorem 0.2), the latter yields an explicit formula
for an integral that will often occur in what follows :

Pem(Ar) = /1 Pk’m((tl)(_l;;)th'

Lemma 6.1 Let Py(w) € MT (k) be an inner spherical monogenic of degree
k and let Py ,,(t) be the Legendre polynomial of degree k in m dimensions. If
we put x = r§, we have the following identities :

1
m—3

/Sm_1 fz,w>)P(wdy = A, ( 3 Frt) Pom()(1 — 7)™

dt) P(9)

/Sm_1 f(<z,w > wP(w)dw = A, </_11 Frt)Prpm(t)(1 — t2)mz_3dt) EP()

For a proof of this Lemma we refer to [63].

Lemma 6.2 Let Py ,,(t) be the Legendre polynomial of degree k in m dimen-
sions, let F(a,b;c;t) be the hypergeometric series and let v < 1. We then
have the following identity

ﬁi(AW)LkF(mT:) " <k+)\ 1+k+A_k+m;T2) |
2(3), T (%)

2 7 2 72
Proof : This Lemma will be proven by induction on the parameter k. For
k=0andr <1 we get:

/Z%d’* B i (?)H“)l /llt’(l—t2)"?3dt

=0

-y (5o | (GRIEE

=0

‘P]“m()\; 7’) =

which by means of the definition for the Beta integral reduces to

L= /= 1 m—1
A ) " — B - - 2l'
[ = 5 G)e ()

=0
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Writing the Beta function in terms of the Gamma function, we arrive at

1 2\ m=3 m—1
- L) (A ltAm
/_1 o SV e e )

For k =1 we get, hereby using that P ,,(t) =t :

/wﬂ_ﬂﬁfﬁ-— % /ﬁu_ﬂﬁfﬁ
(1=t D B A e L

which by means of the derivation property of the hypergeometric function
reduces to

L1 — )" Al (1) 1+A A m
4t = T2 L p (=l S =)
/_1 (1 —rt)* ﬁmr(%)r < > Y +2’T>

The rest of the proof uses the recurrence relation (18) for the Legendre poly-
nomials in higher dimensions. We then get for arbitrary £ > 1 :

m—3

/1 P1+k,m(t)(1—t2)’”7‘3dt 2%+ m—2 9, /1 Pem(t)(1 — £2)"3
) 1 —rt)» T kim_2a-1/), (Q—r)pt
Sy SPOTEE
- : dt
k+m-—2 )4 (1 —rt)M1

dt

Using the induction hypothesis and the elementary properties of the hyper-
geometric series, this can be simplified to

1 me—
72 (A1l (%572) kg (1+k+/\ - k+/\'1+k+@'r2) |
275 (3),,, T (3) 2 2 2

This proves the Lemma. O

6.2.1 The PCT of Inner Spherical Monogenics

Let us consider an arbitrary inner spherical monogenic Py(w) € M ™ (k). By
definition, we have :

CalP(z) = A—lm - Faolz,w)wPp(w)dS(w)
c(a, m) natmet [ (€ z)wPi(w)dS(w)
A (=) / (I- <z,w >)>tm
c(a,m) 2\t M (¢ + wwPi(w)dS(w)
4, ) / (1- < z,w >)otmtt

= (2a+m+1)

— (a+m)
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Using Lemma 6.1 it is readily verified that up to the factor Py(¢) the PCT

C%[P:](x) has a scalar component and a bivector-valued component. These
are respectively given by :

CRIP (@), = clasm)(a+m)(1 =) Pyl +m+ 1) Pe(§)

— (o, m) (20 +m 4 1)(1 = 1) T Py (0 4+ mi 1) Py(€)

ColP()l, = —claym)(a+m)(1 =1 Prygm(a+m+ 1r)es P(€)
+ cla,m)(2a+m+ 1)(1 =13 Py (a + m;r) e Py(€)
By means of Lemma 6.2, this reduces to

N B ol (a+m+k+ DT (25L) 2yat oL
CP[PkK&)’O - —c(a,m) kT (k‘ + %) F(a + m) (1 -T ) Pk(g)

2a+m+12F<1+a+m+k1+a+m+k_ mTQ)
2 ’ 2 ’ 2’

1+k+

2k +m TR
1 k k

_<1_7~2>F< ratmt H%;Hg;,ﬁ)

and

wil(a+m+k+2)0 (25)
Cp| P = ;
PP (2)], c(a,m 2HHD (14 k4 2) T(a +m)

20 +m+1 F<1~|—a+m~|—k a+m+k‘_1+k+@;r2)

(1 —r2)+*7 ez Py(z)

1
a+m+k+1 2 Al 2 ’
k 1 k
—(1—7"2)F 1+oz+m+ 14 +a+m+ ;1+k+@;r2
2 2 2
Using the definition of the hypergeometric series, these terms between square
brackets can repectively be rewritten as

_F<a+m+k—1 at+m+k m;yg)

k4 —
2 2 ’+2

for the scalar term and
k1 k
_(/g_a)F(O‘J”;Hr , +a;m+ ;1—1—/{:—1—%;7“2)

for the bivector-valued term. Eventually using one of Kummer’s relations, in
. m—1
order to get rid of the factor (1 —r?)** 72 | we find :

CplPil(z) = CplR(@)l, + CplP(2)l;

1

a2 E+ 1) (L
ml(a+m+k+1) ( 5 >Mod(a,k:,g)Pk(g),
25T (k+ 2) T'(a + m)

= c(a,m)
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with Mod(«, k, z) the modulation factor defined in Theorem 3.1. This means
that the hyperbolic monogenic functions on the Klein ball constructed by
means of this Modulation Theorem are reobtained as photogenic Cauchy
transforms of inner spherical monogenics.

6.2.2 The PCT of Outer Spherical Monogenics

Let us then consider an outer spherical monogenic Q. (w) € M~ (k). We will
hereby restrict ourselves to Qr(w) = wPx(w) such that the inner spherical
monogenic FPy(w) € MT(k) takes its values in the even subalgebra R(()j;)l,
whence the commutator [Py(w), €] = 0. By definition, we have :

1
Am Sm—1

CalQil(z) = Folz,w)Pr(w)dS(w)

c(a,m) (1- rz)a+mT—l / (e + 2)Pr(w)dS(w)

A, (1- < z,w >)atm
c(a, m) (1= p2)omit / ((6 + w) Pr(w)dS(w)

Ap 1— < z,w >)otmtl

= —Q2a+m+1)

+ (a+m)

Using Lemma 6.1 we immediately see that up to the factor P(§) the PCT

C3[Q)(z) has a component in € and a component in §, respectively given by

CRlQ(@). = cla,m)(a+m)(1 =12 Pyl +m + 1;7)ePy(€)
— cla,m)2a+m+1)(1 = r2) T Py (a + m; r)ePy(€)

m+1

Cpll(@)le = cla,m)(a+m)(1—r*)* 72 Prgm(a+m+ 1;1)EP(E)
— c(la,m)2a+m+1)(1 — r2>a+mT71r73k’m(Oz + m; )P ()
With the aid of Lemma 6.2 this reduces to

2
2T (k+ %) C(a+ m)

@I, = clomT et mE kDO,

2a+m+1 a+m+k 1+a+m+k mo
— F : ik+
a+m+k 2 2 2
1 k k
+u—ﬂﬁ( +a;m+,1+3i%iﬁk+%w2
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and
mel(a+m+k+2)T (251)
2T (14 k+ 2) T(a +m)
2a+m+1)(2k +m) (a—l—m+k l+a+m+k L m 2)
L
2’

ColP(@) = —claym) (1 =)™ zPy(z)

(a+m+k)(a+m+k+1) 2 ’ 2 ’

a+m+k l+a+m+k mo o
5 1+ 5 ;1+k‘+5;r

—(1=rHF (1 +

Eventually making use of the definition for the hypergeometric series to
rewrite the terms between square brackets respectively as

k+

k—1 k
_(1+a—k)F<a+m; 7@—}—7;%— : %;7’2)

for the term in € and

_ (a=k){d+a—k) 7 a+m+k 1+a+m+k'1+k+@'r2
(2k +m)(a + k +m) 2 ’ 2 ’ 2

for the term in § and recalling Kummer’s relation, in order to get rid of the

m—1 .
factor (1 —r?)** "2, we arrive at :

CPlR(z) = CRlQU@). + CBlQ ()l

T)Mod(a, k,2)Py(z)e .

6.3 Photogenic Boundary Values

Now that we have found the photogenic Cauchy transform of inner and outer
spherical monogenics on R, we will determine their boundary values. Since
both C3[Py](z) and C[Qx](z) are solutions for the operator (0 + €(E, — «v))
defined on the unit ball B,,(1) C R™, i.e.

CIPN) € Hi(Ba()
Q@) € H(Ba(D) .

it seems natural to investigate whether the following limits exist :

ColB] T(©) = lim [H(1 =r)CR[F(r)]
Cpl@i] 1) = lim [H(1—7)Cp[@i](r)]
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where we have put z = r§ and where the arrow T is used to indicate that
these limits are calculated with r approaching 1 from beneath.

In order to determine these limits, the following property of the hypergeo-
metric function is essential : for Re(c —a —b) > 0 and ¢ ¢ —N we have
['(c—a—-b)(c)

I'(c—a)l'(c—10)

ll,inll F(a,b;c;t) =

Recalling the definitions for the constant ¢(c, m) and the modulation factor
Mod(a, k, z), for which we respectively refer to Definition 6.1 and Theorem
3.1, we get for those o for which Re(a) + 2 > 0 :

calp 1 (e) — PSE;Z:) <a+m+k){<(zin£)k(;1+)ﬂt__(f;—a)ge}Pk@

[un

(6.3)

m—1 a—k a—Fk) — (a m b .
CHQ T () = Fgfr"?) (1+ ){(((Hzil)( ((L L) 1)gehQi(8)

=

(6.4)

Remark : It was to be expected that we would have to make restrictions
on the parameter a! Consider for example the value a = —7, for which the
projection of the hyperbolic Dirac operator on the Poincaré model reduces to
the operator d(z + €) on the unit ball B,,(1), see Chapter 3. If a hyperbolic
monogenic function f(z) on the Poincaré model - which is a function f(x)
on By, (1) such that d(z + €)f(z) = 0 - would have a boundary value f(&)
then also the function g(z) = (z + €) f(z) would have a boundary value, viz.
g(&) = (£ +¢€)f(€). From this it follows immediately that £g(&) = —eg(€).
On the other hand the function g(z) is monogenic on B,,(1) with respect
to the operator @ on R%™, such that g(&) stands for the boundary value

of a classical monogenic function. In other words, for all inner spherical
monogenics Py (&) € MT(k) we get

/Sm_lﬁk(é)@ﬂ@ds(é) = 0 = Pr()g(6)dS(E) = 0.

Sm—l

As this expression holds for all P(§) we get g({) = 0 and thus f(§) = 0,

which illustrates that for & = —% there are no non-trivial hyperbolic mono-
genic functions with boundary values on the sphere.
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Formulae (6.3) and (6.4) can also be expressed in terms of the spherical
Gamma operator I'g,, on the sphere S™~!| hereby using the fact that inner
(resp. outer) spherical monogenics of degree k are eigenfunctions for the
operator Iy, with eigenvalue (—k) (resp. (k+m—1)). For Re(a)+ 21 > 0
we get

CplP] T (§)
_ T () {(a+m—1—=Tom) — £e(Tom + @) Har+m — T ) Pi(€)
8 (a+27) (a+25) |
CplQx] T ()
_ r (m;1> {(O‘ +m—1-"Tom) — Ee(Tom + 04)}(04 +m —Lom)Qr(§) |
s (a+ =) (a+ 27)

This shows that in case Re(a) + 254 > 0 the boundary values C3[P] T (§)
and C%[Qk] T (§) can be found by letting the polynomial operator

Pu(Ton) = r(m;i){(a+m—1—Po,m)—ge(FO,era)}(aer_FO’m)

8T (a+=57) (a+=57)

act on respectively the inner and outer spherical monogenics P, (§) and Qx(§).

We will now reinterpret these formulae in such a way that the boundary
values C3[P:] T (§) and C3[Qk] T () can be recovered as the action of a
distribution on the spherical monogenics Py (§) and Qx(§).

Two different approaches can be followed here :

e The first approach uses the polynomial operator P, (I'g,,) introduced
above. Since we will need two different variables w and £ € S™~!, the
Gamma operator on S™ ' will be labelled with the variable on which
it is supposed to act from now on. So instead of I'y ,,, we will write I', :

BT (€) = /S 0~ @)Pall) Pelw)dS ()

GIT© = [ - 0PI
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Recalling formulae (3) and (4), this can also be written as

CGIRITE) = — [ (€~ 0PaIRISE)

_ Pa(TL)d(§ — w) Pe(w)dS(w)

Sm—1

and

Gl T = — [ - 2PrIQu)Sw

_ /S Pl 0Qu@)dS(w) -

Defining the action of a distribution D(w) on a test function p(w) by

<D(w),pw) > = Smilp(g)w(g)ds(g),

we get for all Re(a) + =L

ColP] 1 (8) = — <PallW)d(§ —w), whi(w) >

ColQ] 1 (8) = — <PallW)d(§ — w), wi(w) >

The second approach again uses the photogenic Cauchy kernel but in
contrast to previous considerations, the distribution F,(z,w), x = r¢,
will now be interpreted as a distribution in the variable & € S™ 1.
When acting on a test function (&), we get by definition (cfr. supra) :

< Fa(réw),0(§) > = Fa(ré,w)§p(§)dS(€) -

> gm—1 >

We will let this distribution act on an inner spherical monogenic Py (&)

(resp. an outer spherical monogenic Q()), and perform similar cal-

culations as in the previous subsection to simplify the resulting expres-
sions.
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For an arbitrary P(£) € M (k), we get :

< Falré,w), Po(&) > = cla,m)(1 —r2)*H 7 Py(w)

[ —r(a+m + 1)Prm(a + m;r)

| Ha+m)(1 - r2)771+km(a +m+1;7) |
— cla,m)(1 — ¥t wePk( )

[ a4+ m+ DPrygm(a+m;r)
—(a+m)(1 = r)Prigm(a+m+1;7) |

Lemma 6.2 can be used to calculate the expressions between square
brackets as a sum of hypergeometric functions.

Using elementary properties of the hypergeometric series, this can then
be simplified to

< Falré,w), Pu(§) >
W%I’(a—km—f—kz)I’(mT_l)
2T (a+m)T (1+k+2)

1+k— ke —
. <u,1+7&;1+k+%;ﬂ) Po(w)

= c(la,m)(a—k)(a—k+1)

2
kE—a 7T2F(a+m+k+1)F(m—1)
2k+m 2T (a+m)T (k+2)

1+k— k—a
rH'kF( +2 a,l—}- 5 ;1+k+5;r2)c_uepk(g).

+ c(a,m)

For Re(a) + ™% > 0 we thus get in the limit lim,_.; :

lim < Fo(ré, w), Pe(§) >

r—1 =

L (#5) (a=k){la—k—1) —we(a +m +k)} Pi(w)
8w (o +=25%) (o + =5+ |
Next we consider an arbitrary Q(§) € M~ (k). We get :

< FalrEw). Q) > = clam)(1 =T wPi(w)

[ —ra+m+ D)Prygm(a+m;r)

| Ha+m)A =) Pem(a+m+1ir) |
— ¢la,m)(1— 7’2)a+mTflePk(g)

[ a4+ m+ D) P (a+m;r)
—(a+m)(1 = r*)Pym(a+m+1;r) |
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Lemma 6.2 can be used to simplify the expressions between square
brackets as a sum of hypergeometric functions, and these can then be
reduced by means of the definition for the hypergeometric series to

W%F(a+m+k)F(m—’1)

< Falr§w), Q) > = C(a’m)QkHF (a+m)T (1 +k i m)
2

1+k—a k-« m
2 . LI
r F( 5 — k4 Q,T)c_qu(c_u)

w2l (a+m+ k)T (751)

2)T (a4+m) D (k+ %)

1+k—a k-« m
k . )
TF( 5 — ,k—l——2,7’)ePk(g).

— cla,m)(1+a—k)

For Re(a) + ™+ > 0 we thus get in the limit lim,_; :

lim < Fo (ré, w), Qx(§) >

() (@t mtk—D{{atm+k) —we(l +a — k)}Quw)

5 (4 "5 (o + 25)

If we now compare these expressions for
lim, ; < Fo(ré,w), Pr(§) >
limr_& < JTO& (T§7 Q), Qk (§) >
with the boundary values C§[Py] T (§) and C8[Qk] T (&) for the PCT of

inner and outer spherical monogenics on R, we conclude that

lim < Fo(r€,w), Fi(§) > = Cp[R] 1 (€)

lim < 7,6 w), Qu(&) > = CHIQU T (©) |

where we have put § = —a — m.

This can easily be understood as follows : if we consider for example
an inner spherical monogenic P,(w) € M (k), we have by definition

COP) 1 (¢) = lim Fp(r§, w)wPr(w)dS (w)

- r—1 Sm,1

lim < Fo(rw, §), Pr(w) > = lim Folrw, §)wPi(w)dS(w)

r—1 r—1 gm—1
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showing that both formulae are identical, except for the fact that the
arguments of the photogenic kernel are switched and that a < f.
We have already encountered this phenomenon in Chapter 5, where
the following observation was made : the fundamental solution for the
hyperbolic Dirac equation on H, is the restriction to H, of a function
E.(X,Y), defined for X and Y € FC, which is a-homogeneous in X
and monogenic with respect to the operator dx acting from the left
and [-homogeneous in Y and monogenic with respect to the operator
Jy acting from the right.

6.4 Hyperbolic Hilbert Modules

In this section, we introduce a function space containing square integrable
functions on S™~! C R™ which are boundary values of hyperbolic monogenic
functions on the Klein model, i.e. functions belonging to H% (B,,(1)). Con-
sidering the extension of these functions to the Lie sphere LS™! it can be
proved that this function space is a Hilbert module with reproducing kernel,
under certain restrictions on the parameter o. Throughout this section, the
spherical Dirac operator Iy, on S™ ! will always be denoted by means of
the variable on which it acts; i.e. as I, or I'¢ (with w and £ € S™1).

First of all, let us consider a function f € Lo(S™!). This function can
be decomposed as f = Y-, P(k)[f] + Q(k)[f], where the series converges
in Lo-sense. By definition, we thus have :

I Zasmry = D NPE S NLysmny + QK Il smry < o0,
k=0

which means that (Hp(k')fHLQ(Sm—l))keN and (“Q(k)fHLz(Sm—l))keN belong to
the space of square summable series l5. From the previous section we already
know that if we let the photogenic Cauchy transform act on these monogenic
building blocks P(k)[f] and Q(k)[f], we get for a € C :

CplP(k)fl(z) € Hi(Ba(1)
CRQ(E)fl(z) € HE(Bn(1)) .

with, up to a constant depending on «, m and k :

CplP(k)fl(z) ~ Mod(a,k;z)P(k)f(z)
CplQ(k) f](z) ~ Mod(a, k;z)P(k)f(x)e .
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For each k € N fixed and o € C such that Re(o) > 15™ | we also have that
for f € Ly(S™71) :

lim CR[P(k)fl(z) = CRIP(R)fIT(§) € La(S™7)

|z]—1

lim Cp[Q(K)fl(z) = CplQ(K)f]T () € Lao(S™7').

|z|—1

Indeed, consider for example

ColP(R) 1T () = &P R)f1E) + c,QE)[[1(E)e ,

with
- T et mtk)atm+k—1)
S N R
. F(mgl) (a+m+k)(k—«)
(= T
Since

ICEIPUI T 3,5y = [ CEIPEITT @CHP( T (©4S(E).
we get, in view of the orthogonality of P(k)[f] and Q(k)[f] :

ICEPERIA T2 gy = Ll NPR)A sy — eaPIQER) FIyisems
< 0.

A natural question to ask is the following : if

o0

fo= S P +QUS in Losense,

k=0

do we also have that
CRlIT = D CRP(K)I T +CIQK)S] T in Lo-sense ?
k=0

In view of expressions (6.3) and (6.4) the answer is clearly no, as both
C&[P(k)f] T and C%[Q(k)f] T contain factors k?*P(k)f and k*Q(k)f from
the second-order derivation with respect to the Gamma operator.

However, if we restrict ourselves to functions f belonging to the Sobolev
space Wo(S™™ 1), see e.g. [74], defined by
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Definition 6.3
Wo(S™) = {f: Lerf € Lo(S™7Y) , ol = |z] <2},
where Ly; = Lo, 7, -+ Lo, 7, for multi-indices o and T € N*,

it is immediately clear that f € Wo(S™ 1) = C&[f] T € Lao(S™1).

Lemma 6.3 The operator CE[-] T on Wo(S™™1) is continuous, for all a € C
such that Re(a) > 5™,

Proof : 1t suffices to verify that if (f;);en — f in Wa(S™ 1), we also get that
ICEL] T =CBlA T lasm—y — 0.

Since f; € Ly(S™ 1) we have f; = >, Pk(j) + Q,(Cj), and since (fj)jen — f in
the Lo-sense we also have f = )", P, + Q). Hence, we get that

Calfil 1 = > Mod(a, k; ) (Caskim + Chpm€) P (€)

k=0

CAlf1T = D Mod(a, k&) (Cagm + Chjom€) Pr(E) .

k=0

where the condition on « is needed to ensure the existence of the radial limits.
This means that

CELAIT—CRLAT = Y Mod(a, ki &) (Cakim + o) (P(E) = PL(E))
k=0

and in view of the fact that both ||P,§j) — Pi||z, — 0 and ||Ql(€j) —Qkllz, — 0
this yields the desired result. O

Since the photogenic Cauchy transform C®[f](z) of a function f in the
Sobolev space W5(S™~!) belongs to H% (By,(1)) it seems natural to define

a function space MLS(S™ 1) containing radial limits, in the Lo-sense, of
hyperbolic monogenics on the Klein ball :

Definition 6.4 Let o be an arbitrary complex number. We then put

MEIZ(S™) = {f€Lo(S™): f(w) =lim f*(z) , € H3(Bu(1)} -

227



For a € C such that Re(a) > 352, we thus have the following mapping :
CRLIT « Wa(S™) = MLY(S™Y) = f = CBlfIT -

Note however that this mapping is not one-to-one. Indeed, from the explicit
expressions for C§[Pg](z) and C3[Qke](x) we get for all k € N that

Coll+a—Fk)Pe+(a+m+k)Qre] T(§) = 0.

In view of the fact that the spherical monogenics are eigenfunctions for the
operator I',, on the unit sphere S™~!, this can be rewritten as

Col(Tu+1+a)(l+we)P] 1(§) = 0.

Recalling the explicit expression for the photogenic Cauchy transform, and
using the fact that (1 + we)we = (1 + we), this gives rise to the following
equalities :

Folz,w)w( + 1+ a)(1 +we)P(w)dS(w) = 0
Sm—l

and also

| Falzwe 4 1+ o)1+ w)Quwdsw) = 0.

We will now rewrite these expressions in terms of the inner product on the
space Lo(S™1) :

(Da(g)}'@(z, Q), Pk‘) = (,Doz(g)fa(ia Q)a Qk) = 0,
with D,(w) a differential operator on the unit sphere. Since
(faPk> = (f?Qk) = 0 = f:O7

this will give rise to a differential equation for the photogenic Cauchy kernel
when considered as a function of w € S™ L.

Using the fact that wl',w =T, — (m — 1), we immediately get

- Folz,w)w(Ty, + 1+ a)(1 + we) Py(w)dS (w)

- [ Aew ((1 )l +we) — (m— Vet (w + e)FW) Pu(w)dS(w) |
Sm—l
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which by means of the fact that (f,T'g) = (I'f, g) can be written as

({rseta-m-ves 0+ a@-orwa.n).

In other words, the operator D, (w) mentioned earlier is given by
Da(w) = Tuwte)—(m—-T)et (1+a)lw—e¢)
and its action on the photogenic Cauchy kernel is given by the following :

Lemma 6.4 The photogenic Cauchy kernel F,(z,w) belongs to the kernel of
the operator D,(w), for all z € By(1) :

D, (w)Folz,w) = 0.

Proof : Follows from direct calculations. O

Let us then consider a function f belonging to ML§(S™!). By definition,

there exists a function f*(z) € H$ (Bn(1)) such that f(§) = lim, ., f*(rf).
In view of the Taylor Theorem on the hyperbolic Klein ball, we thus have :

frz) = Y Mod(a,k;z)Plz) = f(§) §jmnak®&@m

k=0 k=0

with Py(xz) € M+ (k), its explicit form being given by Theorem 5.12. Since
f € Ly(S™ 1) we also have that

QﬁWMWwM) wd(wﬁuw&mg €l
k k

Remark : Note that the spaces ML§(S™ ') are trivial for Re(a) < 52,

since the modulation factor Mod(«, k; ) does not coverge for these values as
jz] — L.

In view of the fact that

[ ("5*) Mod(av, k; 2) P(2)

e P

(e
P

2T S) pool @) =

Tla+m+k+1) "

it follows that

< 2T (h+2)
Fa—i—m—l—k—l—l

L (%)

2a+m+17r——1p (a m+3

)Pk(g) EEy F© -
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where the convergence is understood in the Ls-sense. In order to verify
whether this series belongs to the space W5(S™!) it suffices to prove that

> 2T (k+ 2) me1
kz a+m+k+1)P’“(“—’) € Ly(5™7).

For that purpose we use Legendre’s duplication formula :

k28T (k + 2)
Fla+m+k+1)

k> 92-a=mysl (k4 1)
(a+m+Ek)(a+mtk—1)T (ebpth) p (atmtkl)
]{72
(a+m—|—k:)(oz—|—m—|—k:—1)‘ ’

< Com|FP (1)

with C,,, a constant depending on « and m only. Since the last term is
bounded by a constant for all k£, we immediately get that the desired result,
hereby using the fact that f € Ly(S™!) :

< 2T (k+ )

;r(a+m+k+1)

Pk(g) S WQ(Sm_l).

Since the kernel of the mapping C3[-] T is closed, which follows immediately
from the continuity, its domain can be characterized as the orthogonal com-
plement of its kernel, where

kerCp[-] 1 = {fGWQ(Sm DO =T +1+a)) el +§€)Pk(§)} :

k=0
Returning to f*(z) € H% (Bm(l)), we expand the hypergeometric functions
in the modulation factor as a series :
oo 00 k—o 1+k—a
(_>z (

* _ 2 2 ) 2
ffz) = k<2, Lz * Py(z)

Foa ongs (Hhe) (1455
2k +m & TN+ E+ D),

+ ) |z[* Py(2)e

0 1=0
which is a double series converging normally on the unit ball B,,(1). Hence,
Siciak’s Theorem tells us that the complexified double series

N (50) (5

f*(é) = ZZ ?(/{—F ) )Z‘Z’wp()

k=0 1=0
o oo o0 1+k—a 1 k—a
+ 2]{]; Q g( 2 l( +m2 )llglzlPk(g)e
+mk:0 1=0 (1+k+7)l
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will converge normally on the Lie ball LB,,(1), from which it immediately
follows that f*(z) is holomorphic in the Lie ball.

To examine the Ls-boundary behaviour of this holomorphic function, we
consider the extension of f to the Lie sphere LS™™!, given by

f(eitg) = ZMod(a,k;eitg)Pk(e”@.

k=0

By definition, we have :

f(eit@ € LQ(LSmil) < Hf(eitg)”Lg(LSm—l) < 0 s
where the norm on the Lie sphere is given by

. 1 i . .
LA smry = A—M/O /Sml €Yt F(eE)dtdS (€) |

with f(e”€)* the Hermitian conjugate on the complexified Clifford algebra.

In view of the definition of the modulation factor Mod(«, k; e“§), the Lie
norm ||f||L2 gm-1y reduces to

1 & g : —
—Z{ / \Ff’”(e%n?dt—\ oo
™ 0 2k +m

with as before :

, k—a 14+k— ,
Fl(k)<€21t) — F( - + Oé; k + T7 e2zt)

T k ;
/0 |F2( )(62 t)|2dt}||Pk||%2(Sm—1) )

2 72 2
Y = REUE .
Note that
f(e"6) € Lo(LS™) = f(e"e € Lyp(LS™),

where || fel|7, Lgm-1) is given by

k—«
- F(k 2it th
Z{/| ) +\2k

whence f(e"€) € Ly(LS™ ') if both

L[ o
_</ |F1( )(62 t)|2dt||Pk||%2(sm—l)> S
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and

1 T .
_</ |F2(k)<621t)|2dt||PkH%2(Sm—1)> S ll .

The aim is now to find conditions on « such that

A k

([ paln o) < (1P QOFIAR 6 )

T\ Jo k k

I k

([ 1oenpan ey ) < (IFPORARg-)
0 k k

where the inequalities mean that starting from a certain kg € N, each term on
the left-hand side has the corresponding term on the right-hand side as upper
bound. For « such that Re(e) > 5™ both Fl(k)(l) and Fz(k)(l) converge for
all k£ € N, respectively to the values

Fl(k)(l) = (( m21§ 11: Eljwnj;))
Py = Llot 2 11:5;2-61:1))

")
()
)

This means that for a € C such that Re(a) > 52 it suffices to prove that for
k large enough, the integrals at the left-hand side are bounded from above
by the modulus of these constants.

To so, we use the following : let a, b and ¢ be real such that ¢ > b > 0,
a > 0and c—a—0b > 0. We then have Euler’s integral representation
formula for the hypergeometric function F'(a, b; c; ™) :

REEINO) Ef;r(b) /0 #2711 — $)eb (1 — teim) gt |

From this, it easily follows that

F(a,b;c;e™) =

‘F(a,b;ﬁeix)‘ < ‘[‘(CE(—E))F@)}/O ‘tb—l(l_t)c—b—l}‘(l_tem)—aldt’

which, in view of the fact that the parameters are real, reduces to

['(c)

‘F(a7 b; ¢; ezz)} < m/{) tbil(l — t)cfbil ‘(1 — tem)‘_a dt .
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As a >0 and

M

[1—te™| = ((1+¢*)—2tcosx)® > 1—t,
we eventually find that
; I'(c) ! b—1 b—1
F(a,b;c;e”)| < ————— [ "7 (1—-1)" “dt
Flabee)| < g [0t a—ota -
= Fl(a,b;c;1) .
In the present situation this means that for real a such that a > 5™, we

have that f € ML$(S™ ') = f € Ly(LS™ ). Indeed, it suffices to choose
ko € N in such a way that ky > «. For all £ > kg, the hypergeometric series
F® (e2it) and F{P (eit) then satisfy the requirements to conclude that

1 T k i k
- / ()Pt PilLysm oy < IV OP 1Py om o
0

LT k), 2 k
= / B @Dt Pl < FP PP emo) -
0

In other words, for a € R such that o > 1_Tm we have the inclusion :

MLY(S™ Y < Ly(LS™1').

Note that this also means that the projection D, (x) of the hyperbolic Dirac
operator on the Klein ball is a differential operator of the Frobenius type,
and hence we can construct a reproducing kernel for hyperbolic monogenic
functions on the Klein ball belonging to the function space ML§(S™!) for
o > 5 if the inner product on L3 (LS™ ') can be rewritten in terms of
the i 1nner product on the sphere S™1.

Remark : From these estimates it is also clear that for real a > 1_77" we
have the following equivalence :

flw) e MLS(S™ ) = flw ZMod (a, k; w) Pe(w) -

k=0

Indeed, the ”=-" is a trivial consequence of Taylor’s Theorem and for the ” <"
it suffices to put f(z) = > o, Mod(a, k; z) P,(z), where the convergence is
understood in the sense of the supremum norm on compact sets K C B,,(1).
The estimates above then guarantee that this series indeed converges and by
construction we also have that f(w) = lim,_; f(rw).
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Let us then determine this reproducing kernel, which will be denoted by
Ko(z,w) (where from now on a € R satisfies the condition o > ™), with

flz) = Ko(z,w) f(w)dS(w)

Sm—1
for f € MLg(S™1).

As f € MLS(S™1) belongs to Ly (LS™ '), we have by definition for the
complex holomorphic extension f(z) on the Lie ball :

1

10 = o [ o,

which, by means of the definition for the Cauchy-Hua kernel, reduces to
1 o« [ 1k —ikt it, N—L (it
f(r§) = > (r&)'r"e™" Zy(€, w)(e"w) " f(e"w)dS(w)dt
> Amﬂ' k=0 0 gm—1 >

where § =< §,w > and (see Definition 5.4)

Zi(Ew) = CZ(0) +EwCE (6)

and with z = r{ € B,(1). As f € ML3(S™ '), we have by means of
Theorem 5.12

fl@) = > Mod(a,qz)Py(z)

such that the function f(r¢) is for all z € B,,(1) given by

[e.9]

1 m . .
T Z rk+l§l/ / ez(q_k_l)tZk(gc_u)g_lMod(oc,q; e"w)P,(w)dS(w)dt .
m o k=0 0 Jsm=t

In view of the definition for the modulation factor, this reduces to the sum
of two terms :

00 ,,,,k+ll T )
5= Y A§ /a0t (@) (2it) gy / Zi(§ w)w ™ Py(w)dS(w)
gri—o “mT Jo sm
and
00 k+1 ¢l T
g—a 1¢ i(14+g—k—1)t (a) (2
¥y = = [ ek D (2 gt x
TR



Consider for example the first term ;. Due to the orthogonality of spherical

monogenics on the sphere and the fact that Z,.(§, w) = Zx(w, §), with Zy(w, §)
an inner spherical monogenic of order k, the integral in w only differs from

zero if both [ € 2N and ¢ = k. Hence,

00
Tk+2l

— " —2ilt (k) ¢ 2i
X, = ZAmW/O e M EY (e If)dt/sm1 Z(§,w) Pr(w)dS(w) .

k,1=0

/ 6—2iltF1(k)(62it)dt _ Z 2 /y 2 J/ e—2i(j—l)tdt,
0

0 j=0 j' (k+%)

the sumation in [ dissapears, and only the term for which j = [ remains.
Note that this is a crucial step : it enables us to get rid of the variable ¢, and
therefore we can rewrite the inner product on the Lie sphere in terms of the
inner product on the sphere S™~!. We thus find :

J

N, = Zz—mek)(rQ)[q Zi(&, w) Py(w)dS(w) -

m—1

In a completely similar way, we arrive at

Sy = i ko ikﬂk)(r?)ge / Z(€,w) Py (w)dS(w)
2 =0 2k + m Am 2 - Sm—1 F == kA =

from which it then immediately follows that

f(ré) = ZMod(a,k;r§)Pk(r§),

k=0
as was to be expected!
We then propose the following form for the reproducing kernel K, (z,w) :

Mod(a, k; 7€) Zi (€, w)Mod (o, k; w)
RO - 5P ()2 |

Kolwz) = Y o
k=0

This kernel satisfies the necessary conditions :

e In view of its very own definition, we have

Ko(z,y) = Kaly,2),

which is the property of anti-symmetry.
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e The kernel K,(¢,w) belongs to the module ML§(S™1).

e [t has the reproducing property :

Ko(r§,w) f(w)dS(w)

Sml

Z Ko(ré, w)Mod(a, l;w) P(w)dS(w) |

Sml

which by means of the orthogonality of spherical monogenics on the
sphere reduces to

Sm—1

Theorem 6.1 For real o such that o > 5™, the space MLF(S™ ') is a

Hilbert module with reproducing kernel, given by

> Mod(a, k;r8) Zi (€, w) Mod(av, k; w)
(w, 7€) g r* :
FEP @R - 15

Remark : Note that for a = k the reproducing kernel Kj(w,§) reduces to
the classical Szego kernel

> 14w
;Zk(é,g) = @

In other words, the reproducing kernel for the space of hyperbolic monogenics
in the Klein ball can again be found as a modulation of the ”classical” kernel
for the Dirac operator on the flat Euclidean space R™, albeit only under
certain restrictions on the parameter a.
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Chapter 7

The Conformal Case

Mathematics is the art of giving the same
name to different things. (J. H. Poincaré)

This Chapter is dedicated to the so-called conformal Dirac operator on the
hyperbolic unit ball, which is well-known and has already extensively been
studied throughout literature. This conformal operator is only a special case
of the Spin(1, m)-invariant operator studied in the thesis, as will be shown,
which makes it possible to state some results for the conformal Dirac operator
(e.g. a Modulation Theorem).

7.1 Dirac Operators on Manifolds

In this section we consider the Dirac operator on the hyperbolic unit ball
from the classical point of view, i.e. we explain how the operator studied
in the thesis must be understood in terms of the general theory of Dirac
operators on manifolds.

A first possibility to define the Dirac operator on a general manifold is to
study the abstract metric manifold, and in this sense follow the original idea
of B. Riemann that a manifold exists in itself. This allows the study of
manifolds without any notion of ”exterior”, which is the main idea behind
differential geometry. In this theory vector bundles play an important central
role : to define a Dirac operator on a general manifold it is equipped with a
suitable structure, the so-called spinor bundle. Much research has been done
on spinor Dirac operators (or Atiyah-Singer operators), see for instance [3],
[6] and [71].

It is however well-known that Riemannian manifolds, with a certain degree of
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smoothness, are isometrically embeddable in a Euclidean space of sufficiently
high dimension, see reference [53]. This was later generalized to the pseudo-
Riemannian case, see reference [14], and in some sense these two Theorems
remove the principal objection to use embedded manifolds; that these are less
general than abstract metric manifolds. A second approach to define a Dirac
operator on a manifold fully exploits the idea of embedding the manifold
isometrically in a (pseudo-)Euclidean space, making it possible to use the
properties of the Dirac operator in the embedding space. This is actually the
approach followed in the thesis, as will be shown.

The main difference between both approaches lies in the mathematical frame-
work and language that is used. When working without an embedding, one
needs to define a ”comparison rule” to compare objects (such as tangent
vectors) in different points of the manifold, which can be done by means
of a connection on fibre bundles. When working with an embedding of the
manifold one uses properties of the embedding space. For example, consider
the sphere S™ ! as the (m — 1)-dimensional manifold embedded in R™. The
curvature of this manifold can be determined implicitely, using nothing but
the metric on this manifold, or it can be determined in terms of properties
of the unit normal.

In this section we will construct the Atiyah-Singer spinor Dirac operator
on H, and we will show that the R, ,,-valued hyperbolic solutions F(T, X)
considered in this thesis are so-called Clifford sections. We will explain how
these sections can be related to the spinor bundle on H,. For that purpose
H, will be considered as an m-dimensional manifold embedded in the flat
Minkowski space-time RY™. As a general reference to the rest of this section
we refer to [16], where the general method was outlined, and [18].

In order to define spinor bundles, we first need the concept of a spinor.
For that purpose we use the reqular representation L of the Clifford algebra
Ry ,, which maps the algebra into its endomorphism algebra End(RR; ,,,); that
is, into the algebra of linear transformations on the vector space structure of
the Clifford algebra :

L:Ry,, — End(Ry,,):a— L(a),
with
L(a)b = ab forall a, b € RY™ .
This representation will of course not be irreducible, in the sense that certain

vector subspaces will be preserved under multiplication from the left, namely
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the left ideals. In other words, the minimal left ideals transform irreducible
under the regular representation L. The mapping into the endomorphism
algebra of any minimal left ideal induced by the regular representation is
called the spinor representation and the minimal left ideal is called the space
of spinors. A spinor space can be realized as a minimal left ideal Ry ,,J,
with J2 = J a primitive idempotent of the algebra. The name spinor space
is inspired by the fact that a spinor space can also be interpreted as a repre-
sentation of the Spin group by left multiplication. To certain extent, a spinor
can be seen as a column vector. Any associative algebra can be embedded
into a total matrix algebra, and the columns of these matrices that carry an
irreducible representation of the algebra may be considered as spinors.

Let us then follow the approach of [16] and define a unit normal field on
H, as the mapping

N:H — RV &€

This unit normal field will be essential to the construction of the spin fibres,
cfr. infra. The tangent space T H, in an arbitrary £ € H is then given by

TeH, = {XeR"™ <X, >, = 0}.

As the restriction of the inner product < -,+ >1,, on R"™ to T¢H, is non-
degenerate, the Clifford algebra of this tangent space can be constructed.
This subalgebra of Ry ,, is denoted by Cl(T¢H,). In the point e € H, we
put CI(T.H) = R, 0, the Clifford algebra associated to the flat Euclidean
space R™ endowed with the quadratic form @,,o(X) = |X|®. Note that this
definition for the tangent space makes use of the embedding into R»™, since
we use a unit normal field, but in the literature tangent spaces are usually
defined intrinsically as equivalence classes of curves on a manifold.

Let us then define the Spin bundle, by means of its fibres :
Definition 7.1 The spin fibre o¢ in § € H, is defined as
o = {(5,0) € Hy x Spin(1,m) : oo = e} )

The Spin bundle 2 is the union U5 o¢ of all spin fibres over Hy with topology
inherited from H, x Spin(1,m).

In the language of bundles, we have the base space H, and the total space
H xSpin(1,m) with a projection 7 such that

m: Hy xSpin(l,m) — Hy :w(§,0)=¢ if 0 = €.
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Recalling the mapping x from the group Spin(1,m) into the group SO(1,m),
we get for all (§,0) € o¢ a mapping x (o) between two tangent spaces :

X(0) : TeH, v T.H, .

Indeed, consider an arbitrary Xy, € T¢H,, such that < X(,§ >1,,= 0. In
order to prove that x(o)X, € T.H, whenever (&, o) belongs to the Spin fibre
o¢, it suffices to prove that < x(o)Xo, € >1,,= 0 or that < Xy, 6ec >1,,= 0.
This is immediately clear from the definition of the Spin fibre : (£,0) € o
implies that gec = &.

This means that for all (£,0) € o¢ we have a mapping
x(o): Cl(TeHy) — CUT.Hy) =Ry
relating the Clifford algebras of tangent spaces at different points of H, .

Consequently, we also have a mapping 7 between the Spin bundle ¥ and
the subgroup of Spin(1,m) containing all elements mappping € to an element
of H, (since there are elements mapping € to an element of H_ too), defined
by

7: X — Spin(l,m) : ({,0) — o .
The inverse mapping is easily found to be
771 Spin(1,m) — ¥ : 0 — (Geo,0) .
The Spin bundle can then be used to define the Clifford bundle :
Definition 7.2 The Clifford fibre Cl¢ in § € H, is defined as
Cle = {(§,a) € Hy xRy, : 0ag € CUT.Hy) =Ry for (§,0) €oc} .

The Clifford bundle CU(X) is then defined as the union \J, Cle of all Clifford
fibres.

Again in the language of bundles we have a base space H,, a total space
H. xRy, and a projection 7 such that

W:H+XR17m'—>H+:(IS,a/)’—>£

if, for all o in the spin fibre o¢, we have cac € Cl(T,) = R;0.
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A Clifford section is a mapping s : H, — H, x Ry, such that 1o s =1g,.
In other words, a section of the Clifford bundle is a function F' on H, such
that

(&, F()) € Cle forall €€ H, .

It is important to note that, without explicitely mentioning, we have been
using the concept of Clifford sections on C1(¥) throughout this whole thesis.
Indeed, consider for example the construction of the hyperbolic fundamental
solution E, (&, n). This happened in two steps :

e First we have projected the hyperbolic Dirac equation onto the hyper-
plane Il < T = 1. This is of course nothing but the tangent space
T.H, whence the functions constructed by means of the projection on
the Klein model for the hyperbolic unit ball automatically take their
values in the Clifford algebra CI(T.H,) if they are evaluated at e.

This argument also explains why we have identified Cl(T.H,) with
R,,0 : in projecting the hyperbolic Dirac equation on II one obtains
an equation whose solutions can be written as modulated versions of
homogeneous monogenics with respect to the operator 9 on R%*™. These
modulation factors, for which we refer to Chapter 3, are power series in
the bivector-valued variable xe. This variable can be identified with a
vector variable u € R™ such that |u|? = u?. In other words : these hy-
perbolic functions take their values in R,, o = Rﬁj}l,
being generated by ee; (1 < j < m).

the latter algebra

e In a second step we mentioned the fact that e does not play a privileged
role in this construction : the solution in another point n € H, can be
obtained by replacing € < 7, i.e. by applying a Spin(1,m) transfor-
mation sending € — 7. This means that the functions at each point of
H . take their values in the Clifford algebra of the tangent space at this
point, turning these functions by definition into Clifford sections. The
Spin bundle actually formalizes this idea : € is choosen as a reference
point and the spin fibre o, at each n € H, is used to "translate” the
results at € to results at 1, by means of a Spin(1, m)-transformation.

In a completely similar way as for the Spin bundle, we can define the spinor
bundle. The only difference with the Spin bundle X is the fact that we now
use the regular representation for the Spin group, by left multiplication. As
the author notes in [16], the name ’spinor bundle’ is somewhat abused in
the sequel : classically in the literature the fibre of the spinor bundle in a
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point gives an irreducible representation of the Clifford fibre in that point,
while here it is defined in such a way that it is isomorphic to the Clifford
fibre. However, referring to the definition of a spinor, it is clear that one can
obtain an irreducible spinor bundle by means of a suitable idempotent J at
the right.

Definition 7.3 The spinor fibre S¢ in § € H, is defined as
Se = {(&,¥) € Hy xRy, = o € CUT.Hy) for (§,0) €o¢) .
The spinor bundle S is then defined as the union U£ Se of spinor fibres.

Note that in some sense the spinor fibre S¢ consists of "square roots” of the
Clifford fibre Cl¢, and hence of the Spin fibre o¢. Indeed, for all (§,0) € o

we have

&) €S = oy € CUT.H,)
— ooy € CUT.Hy)
= o5 € CU(T.Hy)

which means that (¢,1¢) € Cle.

Sections of the spinor bundle, or spinor fields, are defined in the natural way
as mappings from the base space H, to the total space such that the image
of £ € H under the section belongs to the spinor fibre Se. Let us denote the
space of C* spinor fields as I'*°(S). This space is a right Clifford module, for
if f € I'™°(S) we have for all ({,0) € o¢ that o f(§) € Cl(T.Hy) = Ry, 0. So,
if a € R,,, 0 we also have that o f({)a € R, o which means that fa € T'°(S).

The following Theorem characterizes the spinor sections :

Theorem 7.1 A function f on H, is a spinor section if and only if

Ef(&) = f(&e forall € Hy .

Proof : By definition f is a spinor section if o f(§) € R,, o for all £, with ¢ in
the spin fibre o¢. As the Spin structure is defined in such a way that 0o = €
we get that £ = geo. On the other hand, a belongs to C1(T.H ) if and only
if ea = ae. If we apply this to a = o f(£), we get

of(€)e = eof(€) = oEf(€),

if and only if f is a spinor section. Left multiplication with o~! completes
the proof. O
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As an example of this Theorem we note that
f&) = §€+e) = ((+ee = 1+&

is a spinor section, because it is easily checked that f(§) = ]?(5 Je.

Next, we define a connection on the spinor bundle S. We mentioned that a
connection is necessary to compare objects in different points of the manifold.
This can best be understood in terms of the Clifford bundle : the comparison
between two elements of the Clifford bundle at different points ¢ and 7 of
H . seems obvious, given the fact that the Clifford algebras of the tangent
spaces at these points belong to the enveloping algebra of the embedding
space. The logical infinitesimal comparison operator is thus given by the
ordinary derivation operator ¢, f in the direction z, where (&, z) belongs to
the tangent bundle TH, = U5 TeH. , defined as

Ocaf = OF(&+1z)|i=0

with F' an arbitrary smooth extension of f in a neighbourhood of £ in R™,
However, the result of this derivation is not necessarily an element of the
tangent bundle itself, and this leads to an operator

Veof = Peleyf

with P the orthogonal projection on the Clifford algebra CI(T¢) of the tan-
gent space at &.

In a similar way, a connection on the spinor bundle can be defined. Let
f be a smooth spinor section and let x be a tangent vector at £ € H,, i.e.
let (§,2) € TH,. Denoting the orthogonal projection on the spinor fibre by
I we put

v&@f - Hﬁaﬁﬁf

Note that the projection on the spinor fibre of an arbitrary Clifford algebra-
valued function on the hyperbolic unit ball is given by

f = (€5

Indeed, we have £I1f(€) = ﬁf(f)e and I12f = IIf.
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Taking into account that for spinor sections we have fe = ff we find
1 ~
Veaf = B <a§7£f + §(aﬁ,§f)€)
1 ~ ~
D) <8§7£f + Ogu(§f)e — (85@5)][5) 5

where we have used the chain rule for derivation. This can then further be
reduced to

1 1 1 ~
Veaf = §8£,£f + §8€,£(f€)6 - é(a&zf)f(gfe)
= Ouf - yatf
where we have used that 0¢ ;& = 0,(§ + tx)|i=0 = 2.

The spinor Dirac operator in £ can then be defined as follows : let eq,--- , e,
be an orthonormal basis for the tangent space T H,. For f € I'*°(S) we then
put

VIE) = D eVeef
j=1
— ;(ejagvejf—ej%f)

i m
= D ei0ce,f = SEF
J=1

If we then introduce the Dirac operator dx on R'™, its hyperbolic polar
decomposition given by

1
Ox =¢ (8,; + ;Fl,m) ;

and if we note that the set (£, ey, ,e,,) forms an orthogonal basis for R™
we have that

This means that the Atiyah-Singer spinor Dirac operator in £ € H. is given
by
VIE) = &(Tim—2) F€).
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In other words : the Dirac operator on the hyperbolic unit ball constructed
within the framework of differential geometry concides with the one we
have studied in the thesis, i.e. the Dirac operator on RY™ acting on a-
homogeneous functions F'(T', X), if we choose o = —.

This also means that hyperbolic monogenics f(§) € H*(Q2), with Q C H,
and o # —', give rise to (local) eigensections for the spinor Dirac operator
on Hy (see [17]). Indeed, suppose f € H*(Q2) such that £(I'y,,, +a)f =0
for all £ € 2. We then have the following eigensections for the spinor Dirac
operator V :

V(l+ie)f = +i (a+%) (1+i€)f .
On the other hand, if f(§) is an eigensection for the spinor Dirac operator

Vi) = A6,

we have the following hyperbolic monogenics :
m . . . IA— T
g(rlym— (EiM» 1Fi)f = 0 = (LFi)f € HF5(H,).

Hence eigenfunctions for the hyperbolic angular operator I'; ,,,, which is the
Dirac operator on H, induced by the Dirac operator dx on the embedding
space RY™, correspond to eigenfunctions of the spinor Dirac operator on H,
with shifted eigenvalues.

As mentioned in [17], this also means that sections of the spinor bundle
can be considered as Clifford algebra valued functions on the hyperbolic unit
ball. However, it is important to distinguish clearly between eigenfunctions
of V considered as an operator on C*°(H,) and eigensections of V acting
in I'°°(S). When looking for eigensections it suffices to describe all eigen-

functions and then pick out those which are sections, hereby making use of
Theorem 7.1.

7.2 The Conformal Fundamental Solution

In this section the hyperbolic fundamental solution E,(&,7) in case o = —%
is determined, to obtain the fundamental solution for the ”classical” Dirac
operator on H, and it is explained why this operator is often referred to
as the conformal Dirac operator. This will be done by means of a Moebius

transformation.
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Recalling the Definition 5.1 for the hyperbolic fundamental solution, we get
immediately :

71'71-’";1 1 +1 m+1
Eogen) = ot ("5 ) {03 Lme- D

Tz 2

3

+

Using formula (22) to rewrite these Gegenbauer functions in terms of the
Legendre function of the second kind, we get :

et eA (m-{—%)r m mQ:% T
D—Q%fl(T) T m(+21)( -1 1_(m>
27T2F( 2 ) F( 2)
and
im(m+3) m -5
D_T%l(’r) — € ik F<1+ 2)(7_2_ 1)—% QO ’ <T>

Next, we apply formula (14) to write the Legendre functions of the second
kind in terms of a hypergeometric function with argument 1 — 772. As we
are looking for a fundamental solution we will only use that part which has
a singularity for £ = n, i.e. for 7 = 1. This is allowed because the part that
will be omitted, which is regular for 7 = 1, is a solution for the hyperbolic
Dirac equation too : it is the function 7*Mod(«, 0, z). We thus have :

S I N
r(-2) ~ "5 (@-ni \2 4 4 27 P
+ Regular Function
and
Qi _ 2 T(g)  #F mlom om 1
FI-2) ~ &3 Tr(+o)@_DnF \ 42 4 27 7

+ Regular Function .

Using the following formulae, for which we refer to [35] |

(#)1% - F(a—%,a;Qa;z) = (1-2)

we then eventually find :

N[

1
F (a,a+ 5;2a; z>

1 &=
E*%(fﬂ?) - 2 Am(T—l)% :

1\3‘3
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This result was also obtained by Ryan and his collaborators by means of a
Cayley transformation, for which we refer to [58] and [59]. We briefly sketch
this approach here, by introducing the Cayley transformation

€—x

C:R" — Rl’m:g —
1+ ex

mapping the unit ball B,,(1) in R™ conformally onto the hyperbolic unit ball
H .. Indeed, one can easily verify that the inner product C'(z) - C(z) =1 on
Ry ,, whence C(z) € Hi. To see that this mapping is conformal, it suffices
to rewrite the image of z € B,,(1) under the Cayley transformation as

€e—x —2x 1+ |z
1—er) = Z Z
et = T TP

Cla) = - P
Recalling the mapping from (H ., ds?%) onto the Poincaré model (B,,(1), ds%)
of the hyperbolic unit ball, for which we refer to Chapter 1, it is immediately
clear that the Cayley transformation is actually the inverse mapping : a point
z € B,,(1) is projected vertically upwards onto the parabola P and the inter-
section of the ray through this point with H, gives C'(x). This means that
there is a metric equivalence between (B,,(1),ds%) and (H,ds%) under the
Cayley transformation. Since the Poincaré metric is conformally equivalent
with the standard Euclidean metric on B,,(1), the Cayley transformation
maps the unit ball B,,(1) € R™ provided with the Euclidean metric ds%
conformally onto the hyperbolic unit ball H, C R with its natural metric
inherited from the Minkowksi metric.

In [58] the author then considers two functions f(x) and g(x) defined on
an open domain €2 C R™. If ¥ is a Lipschitz surface in €2 bounding a subre-
gion of €, where the Lipschitz condition by definition means that there exists

an outward pointing normal for almost all z € ¥, and if 9f = 0 = g9 the
following holds :

/E g(@)o(z, dz) f(z) = 0.

Making use of the Cayley transformation to rewrite this integral in terms of
the variable £ = C(z) € C(X) C H, this yields :

/C AT T O 07,9107 (@) = 0,
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with J(C™1,6)3(&,d€E)J(C71,€) the vector-valued measure on C(X). The
factor J(C~1, &), for which we refer to the introductory Chapter, is given by

1+ et |
(1 +e€)(1+e)]?

Denoting the region bounded by the surface ¥ as V' and applying Stokes’
Theorem to the integral above finally gives

J(CTe) =

jﬂ@fﬂc_¥®yﬂcf%ng§¢%ymc~g§H(O_%@)
= [, (e @) 9pa ] e O8O @) LE b

v [ e )T D T (O ) Lie )

where Dy, stands for the Dirac operator on H arising from the application
of Stokes” Theorem and where L(&, d€) denotes the Lebesgue measure on H, .
As ¥ is arbitrary, it follows that

Dy, J(CTLOF(CTHE) = 0 = g(C M) J(C,&)Du, .

This allows to conclude that a function f(§) is left (resp. right) monogenic
with respect to the operator Dy, acting from the left (resp. the right) if and
only if the function

J(C,y) f(C(y)

is left (resp. right) monogenic with respect to the Dirac operator 9 on R™,
where C'(z) = . We also encountered this in Chapter 3, when we explained
why for o = —% there is a one-to-one correpondence between monogenic
functions with respect to the operator 0 on R™ and hyperbolic monogenics.

The author then applies this to the Cauchy kernel E(z), which is both left
and right monogenic on R{’, hereby making use of the following essential
relation :

E(C(z)-Cy) = J(C,z)"'Ex—y)J(C,y)~",

for which he refers to [55]. Putting C(z) = § € Hy and C(y) = n € Hy,
Ryan thus arrives at the fundamental solution

1 &=
Ap [€ =™
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which by means of the fact that

E—nP? = E-nE-7) = 2r-2,

reduces to
I &—n
B¢ — = — =
(&=m) 224, (T—1)2
This explains why the operator
m
D, = &(Tun—75)

is referred to as the conformal Dirac operator on the hyperbolic unit ball :
it arises very naturally by considering a Moebius transformation. Note that
this conformal operator is only a special case of the operator we have studied
in the thesis. The main reason for this is the following : the hyperbolic Dirac
operator is invariant under the group Spin(1,m) which is only a subgroup of
Spin(1,m + 1), this latter group being isomorphic to the Moebius group. So
in considering a subgroup of this conformal group we obtain a richer class of
invariant operators, and hence a richer class of functions.

7.3 Conformal Invariance and the Nullcone

In this section we show how to obtain the conformal character of the operator

(-3

by means of the isomorphy of the Moebius group with the Spin(1, m+1). For
that purpose we need some basic notions from the theory of Dirac operators
on nullcones, see [66]. We preferred not to put this into Chapter 0 because it
can be seen as a non-trivial continuation of the theory we have developped
throughout the thesis.

Consider the nullcone NC',,41 in RY™ 1 provided with the co-ordinates
(T, X, X,,,4+1)-This nullcone can be described by means of a projective model,
by putting

Ray(NCims1) = {{Mew): AeRf}:we S},

or equivalently as a principal bundle by considering the free action of R{
on NC 41 and identifying the orbit space with the manifold of nullrays.
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Hence, functions on the nullcone will have to be homogeneous with respect
to the co-ordinates (T, X, X,,+1). There is however a serious constraint on
the degree of homogeneity «, as was pointed out by Sommen (in joint work
with Soucek). Let Q be an open conical subset of Ry™ ", ie. Q = AQ for
positive A, and let NQ be the intersection Q N NC q1. If f(X, Xipp1) s
a given smooth a-homogeneous function in N2, then f admits smooth a-
homogeneous extensions to conical subsets (2 C ]Ré’m“ and any two of them
will satisfy

H(X, Xp1) = fo(X, Xongr) = (X2 = X7 11)9(X, X

for some smooth function g. Hence, if £,(U) denotes the set of smooth
a-homogeneous functions in & we have the isomorphism

E(NQ) = E(Q)/(X* — X7 11)€a2()

where the projection operator from &,(2) — &E,(NQ) is the restriction
f — flyc and where X? = T2 — | X|2.

In [66] the author considered a very natural refinement of this restriction
operator when working within the context of Clifford analysis :

fl ~ f2 <~ fl(X, Xm+1) - f2(X, Xm+1) - (X +Xm+1€m+1)9(X7 Xm+1) ,

which also implies that fi|yoc = folnve + (X + Xr1€ma1)g|ne. This leads
to the following definition :

Definition 7.4 Let « be an arbitrary complex number and let ) be an open
conical subset of Ré’mH. We then define

Go(NQ) = E,(Q)/(X + Xp1emi1)Ea—1(2)
>~ EL(NQ) /(X + Xor1€ma1)Ea1(NQ) .

We now want to define the action of the Dirac operator d on R¥*1  given

by

m+1

0 = 8x—€m+1aXm+1 = E@T— E ejan,
J=1

on this set G,(NQ). First of all, note that it doesn’t make sense to define
the Dirac operator as an operator from &,(NS2) to &,-1(INS2) because

O((X*=X2,1)9) = 2(X+ Xpnpieme1)g+ (X2 — X2 1)0g .
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It does however make sense to define 0 from &,(NQ) — G, 1(NQ), i.e. to
call a function f(X, X,,41) € E(NQ) (left) monogenic if

of = (X + Ximi1€my1)g

for some g(X, X;ni1) € Ea—2(NQ). But in view of the fact that
m

O((X + Xpy1€ms1)g) = 2 <E1,m+1 +1+ 5

> g — (X + Xm+1€m+1)ag )

where E; 41 denotes the Euler operator on RY™+L it only makes sense to
consider the operator

0 Go(NQ) — G, 1(NQ)

for a = —7. Indeed, only for g € £_m_;(NQ) we get that

3(f + (X +Xm+1€m+1)g) = Of — (X + Xpy16m41)09 .
We are thus lead to the following :

Definition 7.5 The Dirac operator on the nullcone in RY™ 1 s defined
as the operator O acting on the restriction of (—%)-homogeneous functions
F(X, Xpny1) to the nullcone.

In [66] the author then develops a function theory for this operator, by de-
riving a Cauchy formula on the nullcone, but this is beyond the scope of the
thesis. For our purposes it suffices to remember the definition of the Dirac
operator on the nullcone.

Consider then a hyperbolic monogenic, i.e. F(§) € H,(Q2) with Q € H,,

for a = —%. This means that
{ oxF(X) = 0
Ei.F(X) = |X *?F(@

By considering the constant extension of this function in the e, -direction,
we obtain a (—%)-homogeneous solution for the operator @ on R+ which
after restriction to NC' ,,41 gives rise to a solution for the Dirac operator on
the nullcone. On this function F'(X, X,,1)|nc the group Spin(1,m+ 1) may
act by means of the H(s)-representation.

We will now show that only for o = —7 this identification between mono-
genic functions on the nullcone and hyperbolic monogenics also works in
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the opposite direction. For that purpose we start from a solution for the

Dirac operator on NC' ,,41, i.e. the restriction to the nullcone of a (—%)—

homogeneous solution F(X, X,,,1) for the operator @ on R+ Our goal

now is to construct a uniquely determined (—%)—homogeneous solution F (X)
for the Dirac operator Ox on R"™ determined by the function F/(X, X, 1).

As monogenic functions on NC' ,,4+1 are defined up to a function

(X + Xm—l—lem—&-l)h(X’ Xm—i—l)

it suffices to find h(X, X,,+1) such that
Ox <F(X, [ XT]) + [X](€ + emy1)h(X, |X!)) = 0.

Note that the function between brackets represents the constant extension of
the function F(X, X,,41)|nc in the e,,1-direction. In other words, we have

to construct a (—2)-homogeneous function h(X,|X|) such that

Ox (F(X, X]) + (€ + emi) (X, \X|)) - 0.

This goes as follows : we know that both F(X, X,,;1) and F(X,|X]|) are
smooth extensions of the function F'|y¢, whence

F(X, Xpmi1) = F(X X)) = (X 4 Xgaemi1) (X, Xonpa) -

From this we get that
aF(X, Xm+1> = a(F(X, ‘X’) + (X + Xm+1€m+1>2h(X7 Xm+1>) = O y

such that
ONF(X,X]) = —(X + Xpiremen)g(X, Xpi)
with
9(X, Xmy1) = 20X, Xop1) + (X + Xppga€mr1)OM(X, Xoppa)

a (—%)—homogeneous function. Since the left-hand side does not depend on
Xma1 neither does the right-hand side, whence

aXm+1 ((X + Xm+16m+1)g(X7 Xm+1>> = 0.
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Choosing X,,,11 = |X| we are lead to
a)(17()(7 ‘Xl) = _<€ + em+1)§(X7 ‘X’) )

g(X,|X]) being a (—2 — 1)-homogeneous function. If we can find a function
h(X) such that

aX(f + €m+1)h(X) = (5 + €m+1)§<X7 ’X’) )

it follows immediately that
o (PUX XD + (€4 enn(0) = 0.

as required. The crucial step in proving the existence of the function h(X)
is the following observation : for (—%)—homogeneous functions, the factor
(£ + emy1) anticommutes with the operator dx. Indeed :

(9Xem+1 = _em+laX

and
1 1
ox¢ = ¢ <3p + ;Fl,m> § = 0,+ ;gpl,mé )

which by means of the fact that £I0 ,,,6 = m —I'y ,, reduces to

m 1
Ox{ = O+ ——-T'in
p P

= ¢ (€0, 2rum) + £ (04 281,

1

Corollary : For (—%)-homogeneous functions h(X) we get that

8){(5 + €m+1)h(X> = —(5 + €m+1)8xh(X) .

Eventually this means that it suffices to solve the equation
Oxh(X) = —g(X,|X]),

which can easily be done using Riesz distributions. The existence and unique-
ness of A(X) then follow from elementary properties of these distributions.
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Corollary : We have now thus showed how to obtain the action of the
conformal group on the hyperbolic unit ball H, by means of the spin group
on the nullcone NC ,,41. Indeed, one first lifts a hyperbolic monogenic F'(§)
on H, to a homogeneous function F(X, X,,41) on the future cone FC 41
by constant extension in an additional spatial direction e, and then re-
stricts the result to the nullcone. After that, the conformal transformation
group is given by Spin(1,m + 1) and acts by a simple spinor rotation. The
problem is however that the transformed function will no longer be constant
in the direction of e,, 1, such that after the spinor transformation we do not
necessarily end up with a solution for the operator dx. This can be realized
by adding a uniquely determined function, but it is only possible in case
m

Oé:—g.
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Samenvatting

In deze doctoraatsscriptie beschouwen we een projectief model voor de hyper-
bolische eenheidsbal, gerealizeerd als variéteit van halfrechten in de toekomst-
gerichte lichtkegel in de reéle orthogonale ruimte RY™, beter gekend als
de vlakke Minkowski-ruimte-tijd. Met behulp van Clifford-algebra’s is het
mogelijk om op de desbetreffende variéteit een Clifford-algebra-structuur
te definiéren, en dit stelt ons dan in staat om de Dirac-operator op de
hyperbolische eenheidsbal in te voeren als de Dirac-operator op de vlakke
Minkowski-ruimte inwerkend op secties van een homogene lijnbundel. De
doctoraatsscriptie beoogt het opstellen van een functietheorie voor Clifford-
algebra-waardige nuloplossingen voor deze hyperbolische Dirac-operator, de
zogenaamde hyperbolische monogenen.

Clifford-algebra’s zijn genoemd naar William Kingdon Clifford (1845-1879),
die deze algebra’s invoerde ter veralgemening van zowel Grassmans uitwendige
algebra als Hamiltons algebra der quaternionen. Zijn bedoeling was om de
meetkundige en de algebraische eigenschappen van de Euclidische ruimte
samen te brengen in een allesomvattende overkoepelende structuur. Vandaar
ook zijn oorspronkelijke benaming : ”geometrische algebra’s”. Deze Clifford-
algebra’s werden later vaak herontdekt, niet in het minst door fysici. Toen
bijvoorbeeld P.A.M. Dirac in 1928, in zijn beroemd artikel [24] over het elek-
tron, de y-matrices invoerde om de Klein-Gordon-vergelijking te linearizeren,
construeerde hij eigenlijk de generatoren voor de Clifford-algebra R 3.

Wanneer men de Clifford algebra construeert over het veld der reéle getallen
bekomt men de algebra der complexe getallen. De Cauchy-Riemann-operator,
die de basis vormt voor de theorie der complexe holomorfe functies, facto-
rizeert de Laplaciaan in twee dimensies. Met andere woorden, complexe
holomorfe functies kunnen worden beschouwd als functies die behoren tot de
kern van een rotatie-invariante eerste-orde differentiaaloperator die de Lapla-
ciaan factorizeert.
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Bovenstaande observatie stelt ons in staat om Clifford-analyse te beschouwen
als een canonische veralgemening tot hogere dimensies van de theorie van
holomorfe functies in het complexe vlak, waarbij de Dirac-operator fungeert
als analogon voor de klassieke Cauchy-Riemann-operator. De veralgemeende
holomorfe functies, die men monogene functies noemt, kunnen dus worden
beschouwd als nuloplossingen van de rotatie-invariante eerste-orde differen-
tiaaloperator die de Laplaciaan in m dimensies factorizeert. De eerste pogin-
gen om een functietheorie voor deze operator op te stellen werden in de jaren
1930 ondernomen door R. Fueter, G. Moisil en N. Théodorescu (zie [36]
en [51]). Een diepgaande studie van de monogene functietheorie kan men
terugvinden in het boek [8] van F. Brackx, R. Delanghe en F. Sommen.

Hoewel de klassieke literatuur omtrent Clifford-analyse zich voornamelijk toe-
spitste op de Dirac-operator in de vlakke Euclidische ruimte R, ging men
zich al vlug toeleggen op Dirac-operatoren op algemene variéteiten, wat een
voor de hand liggende veralgemening was. Er werd reeds veel onderzoek ver-
richt in die richting door theoretische fysici en differentiaalmeetkundigen, we
verwijzen bijvoorbeeld naar de Atiyah-Singer-Dirac-operator op variéteiten.
Er is echter een essentieel verschil tussen het wiskundig formalisme dat in
deze aanpak werd gebruikt en de aanpak die werd gevolgd in bijvoorbeeld
[10], [18] en [40]. In deze laatste werden Dirac-operatoren op variéteiten
werkelijk binnen het kader van de Clifford-analyse bestudeerd, doordat men
de variéteiten inbedt in een orthogonale ruimte en gebruik maakt van de
eigenschappen van de Dirac-operator in deze ruimte.

Het meer specifieke geval van de Dirac-operator op een Riemann-ruimte met
constante positieve kromming werd o.a. bestudeerd door J. Ryan en P. Van
Lancker in [58], [59], [75] en [76]. Daarin bestudeert men de Dirac operator
op de sfeer S™71 in R™. De bedoeling van onderhavige scriptie is de studie
van de Dirac-operator op een Riemann-ruimte met constante negatieve krom-
ming, d.w.z. de Dirac-operator op de hyperbolische eenheidsbal. Daar zowel
de sfeer als de hyperbolische eenheidsbal kunnen worden beschouwd als reéle
deelvariéteiten van de complexe eenheidsbal, zou men kunnen argumenteren
dat de functietheorie op de hyperbolische eenheidsbal uit de functietheorie
op de sfeer volgt via analytische voortzetting. Dit is echter verre van trivi-
aal omdat men de analytische voortzetting van distributionele oplossingen
voor de Dirac-vergelijking op de sfeer nodig heeft, wil men een fundamentele
oplossing bekomen, en dit vereist de berekening van residu’s van holomorfe
functies in meerdere complexe veranderlijken. Dit kan worden vermeden
door te werken met distributies, en de eenvoudigste methode om die in te
voeren maakt gebruik van het projectieve model. Bovendien kan men, steu-
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nend op de projectieve aard van dit model, resultaten bekomen die men via
analytische voorzetting niet kdn bekomen. Zo beschouwen we in deze ver-
handeling een limietsituatie voor de hyperbolische Diracvergelijking waarbij
de singulariteiten naderen tot oneindig, d.w.z. de lichtkegel, wat uiteraard
niet mogelijk is in het Euclidische geval.

Onderzoek naar een monogene functietheorie in de Poincaré-ruimte, welke
een metrisch model vormt voor de hyperbolische eenheidsbal, werd gestart
door H. Leutwiler en zijn studenten (zie bijvoorbeeld [34] en [49]) en ste-
unt op de studie van harmonische functies op domeinen die conform equi-
valent zijn met de vlakke ruimte. In deze context vermelden we ook het
werk van P. Cerejeiras en J. Cnops, zie bijvoorbeeld [11], omtrent de Hodge-
Dirac-operator op hyperbolische ruimtes. Echter, zoals reeds werd opgemerkt
in referentie [12], veralgemeent men op die manier de Dirac-operator voor
Spin(1)-velden, terwijl we ons hier toeleggen op de hyperbolische veralge-
mening van de Dirac-operator voor Spin(z)-velden.

In Hoofdstuk 0 wordt al het voorbereidende materiaal verzameld : basisbe-
grippen betreffende Clifford-algebra’s en Clifford-analyse op de vlakke Eucli-
dische ruimte, een korte inleiding tot de theorie der speciale functies, defini-
ties voor en eigenschappen van Riesz-distributies en de Radon-transformatie,
enz.

Hoofdstuk 1 is gewijd aan het begrip hyperbolische meetkunde. Eerst geven
we een historisch overzicht van de ontwikkelingen in de meetkunde die hebben
geleid tot de ontdekking van de niet-Euclidische meetkunde, in het bijzon-
der het hyperbolische vlak, en daarna geven we verscheidene modellen voor
de hyperbolische eenheidsbal (het hoger-dimensionale analogon voor het hy-
perbolische vlak). We beschouwen achtereenvolgens het klassieke Klein- en
Poincaré-model, het hemisfeer-model dat beide modellen met elkaar in ver-
band brengt, de hyperboloide H, in de toekomstgerichte lichtkegel die alle
ruimte-tijd vectoren met hyperbolische eenheidsnorm bevat en voor wat volgt
het meest essentiéle model : het projectieve model, dat de hyperbolische
eenheidsbal realizeert als variéteit van halfrechten in de toekomstgerichte
lichtkegel in de vlakke Minkowski-ruimte-tijd R%™.

In Hoofdstuk 2 bestuderen we de zogenaamde hyperbolische Dirac-vergelij-
king en haar fundamentele oplossing. We introduceren eerst de homogene
Clifford-lijnbundel Ry ,,,., (met o € C willekeurig) als een geassocieerde vezel-
bundel en nadien definiéren we de Dirac-operator op de hyperbolische een-
heidsbal als de Dirac-operator op de vlakke Minkowski-ruimte-tijd inwerkend
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op secties van deze bundel. De projectieve aard van ons model voor de hyper-
bolische eenheidsbal is hierbij van essentieel belang. Steunend op het feit dat
de delta-distributie in een punt van een algemene variéteit kan gedefinieerd
worden als de delta-distributie in het raakvlak in dat punt aan de variéteit
stellen we dan de vergelijking op waaraan de hyperbolische fundamentele
oplossing moet voldoen, de zogenaamde hyperbolische Dirac-vergelijking, en
geven we enkele expliciete constructies voor deze oplossing.

Een eerste constructie maakt gebruik van de Frobenius-methode voor dif-
ferentiaalvergelijkingen en levert de projectie van de hyperbolische funda-
mentele oplossing op het Klein- en Poincaré-model voor de hyperbolische
eenheidsbal op, als een gemoduleerde versie van de klassieke Cauchy-kern.
Een tweede constructie herleidt de hyperbolische Dirac-vergelijking tot een
probleem in twee dimensies en de oplossing van dit probleem geeft ons een
fundamentele oplossing die bestaat uit een sigulier en een regulier gedeelte.
Hoewel het reguliere gedeelte miet uniek is, komt het op canonische wijze
tevoorschijn zoals wordt aangetoond aan het einde van het tweede hoofd-
stuk. Dit regulier stuk stelt ons ook in staat om de hyperbolische funda-
mentele oplossing te herschrijven in termen van zogenaamde hyperbolische
poolcodrdinaten, en dat leidt tot Gegenbauer-functies van de tweede soort.
Deze Gegenbauer-functies duiken dan opnieuw op in een derde methode,
waar we de hyperbolische fundamentele oplossing bepalen aan de hand van
Riesz-distributies.

De laatste methode ter constructie van de hyperbolische fundamentele oplos-
sing steunt heel sterk op eigenschappen voor de fundamentele oplossing voor
de golfoperator op de vlakke Minkowski-ruimte-tijd, en leidt tot een funda-
mentele oplossing voor de hyperbolische Dirac-vergelijking in Ry ,,, 12 die kan
worden uitgedrukt in termen van de oplossing in Ry ,,.

In het derde hoofdstuk veralgemenen we de idee achter de eerste constructie
voor de hyperbolische fundamentele oplossing, en dit leidt tot de zogenaamde
Modulatiestellingen die uitdrukken dat homogene monogene oplossingen voor
de Dirac-operator op de vlakke Euclidische ruimte kunnen worden gemodu-
leerd tot oplossingen voor de hyperbolische Dirac-vergelijking. Dit wordt
aangetoond voor zowel het Klein-model als voor het Poincaré-model voor de
hyperbolische eenheidsbal. Beide stellingen zijn equivalent, en dat leidt dan
tot geometrische interpretaties voor eigenschappen van de hypergeometrische
functie.

Vervolgens beschouwen we twee veralgemeningen van de Modulatiestellingen.
Eerst construeren we oplossingen voor de zogenaamde natuurlijke machten
van de hyperbolische Dirac-operator en daarna construeren we ook oplossin-
gen voor de Dirac-operator op ultrahyperbolische ruimten van willekeurige
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(p, q)-signatuur.

Aan het eind van het derde hoofdstuk beschouwen we een specifiek bi-axiaal
probleem voor de projectie van de hyperbolische Dirac-vergelijking op het
Klein-model. Hoewel op het eerste zicht dit probleem geen uitstaans heeft
met de Modulatiestellingen, stelt het ons in staat de gemoduleerde oplossin-
gen te interpreteren als zogenaamde veralgemeende hyperbolische machts-
functies.

In Hoofdstuk 4 definiéren we willekeurige complexe machten van de hy-
perbolische Dirac-operator en construeren we een fundamentele oplossing
voor deze operatoren aan de hand van Riesz-distributies. Dit Hoofdstuk is
geinspireerd door [7].

Hoofdstuk 5 behandelt de functietheorie voor de hyperbolische Dirac-operator,
zowel op de hyperboloide H in de toekomstgerichte nulkegel als in het Klein-
model voor de hyperbolische eenheidsbal. Hiervoor maken we gebruik van
de Cauchy-Pompeju Stelling, de Stelling van Stokes en de Cauchy integraal-
stelling.

Om vervolgens de Taylor- en Laurent-reeks op te stellen voor hyperbolische
monogenen, gedefinieerd in een open (ringvormig) domein van de hyperboli-
sche eenheidsbal, stellen we een axiale decompositie op voor de fundamentele
oplossing. Daartoe gebruiken we de Modulatiestellingen van Hoofdstuk 3
en vinden we een alternatieve interpretatie voor het Additietheorema voor
Gegenbauer-functies (zie [25]).

Aan het einde van het vijfde hoofdstuk gaan we kort in op de vraag naar het
bestaan van eigenfuncties voor de hyperbolische Dirac operator.

In Hoofdstuk 6 introduceren we de fotogene Cauchy-transformatie (FCT),
gedefinieerd als een integraaltransformatie met als kern de fundamentele
oplossing voor de hyperbolische Dirac-vergelijking met singulariteiten op
oneindig. In tegenstelling tot de vlakke Euclidische ruimte kan men in het
hyperbolische geval spreken van singulariteiten op oneindig door een delta-
distributie te beschouwen op de lichtkegel. Daar Lo-functies op de sfeer S™1
kunnen worden ontwikkeld in een reeks van inwendig en uitwendig sferische
monogenen op S™ !, bepalen we vervolgens de FCT van deze sferische mono-
genen, en dat leidt opnieuw tot een andere interpretatie voor de gemoduleerde
oplossingen uit Hoofdstuk 3.

Vervolgens beschouwen we de fotogene randwaarden van deze transformaties,
door het argument van de FCT van de sferische monogenen tot de sfeer te
laten naderen. Onder bepaalde voorwaarden op de complexe parameter «,
verkrijgen we dan een afbeelding van de Sobolevruimte op de sfeer Wy(S™1)
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naar de verzameling van randwaarden van hyperbolische monogenen in het
Klein-model.

Door de extensie van deze randwaarden tot de Lie-sfeer te beschouwen, kun-
nen we dan ook aantonen dat de eerder genoemde verzameling van randwaar-
den van hyperbolische monogenen een Hilbert-module met reproducerende
kern oplevert.

Hoofdstuk 7 tenslotte behandelt de conforme Dirac-operator en illustreert
hoe de hyperbolische Dirac-operator uit dit proefschrift moet worden gezien
in termen van de Dirac-operator op een algemene variéteit. Door een spin-
bundel in te voeren op de hyperboloide H, wordt er aangetoond dat de hier
beschouwde Clifford-algebra-waardige functies eigenlijk Clifford-secties zijn,
en door deze bundel te verfijnen tot de zogenaamde spinorbundel wordt er
aangetoond dat onze hyperbolische Dirac-operator zich voor een specifieke
waarde voor « herleidt tot de Atiyah-Singer-Dirac-operator.
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