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Abstract—We introduce a dynamical model of mutually attracting agerts A Lipschitz condition onf is introduced for technical reasons;

with the long term behavior consisting of agents organizednto several jt guarantees a unique solution to the differential equatiith
groups or clusters. The cluster structure is completely cheacterized by respect to a set of initial conditions

means of a set of inequalities in the parameters of the modeha transitions
between different cluster structures take place when the itensity of the at- For convenience we will present our results for the model (1)

traction is varied. We illustrate the relation with the Kura moto model on b . he followi lization i al:
interconnected oscillators and we discuss an applicatiornocompartmental ut an extension to the following generalization is possjél:

systems.
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The clustering phenomenon is observed in fields ranging from

the exact sciences to social and life sciences; consider €9 eR, Vie{l N1. The function has the same char-

iwarr; ber:gwolr oftanlr_na:E 0; social insects [1]]; oplnlormfaf_ acteristics as before. The interpretatiorbpfemains unaltered.
lon [2] or the clusters in the frequency space for sync ' The parameterd; and~; are all positive. The matriXx is sym-

coupled oscillators [3] asa model for heart cells. We pr‘egenm tric and irreducible witlf;; > 0. It is important to notice
model that captures this phgnomenon and at the same tim it the interaction structure of (2) is completely arbitravhile
lows a mathematical analysis. We formulate necessary &nd sy | (1) involves all-to-all coupling. The elements of rhat

ficient conditions for the occurrence of a given clustercitice. represent levels of attraction between agent pairs (e.gt-no

The model, or elaborated versions, may be used as a tool letion between agentsnd; if &;; = 0); the extent to which

explallnllng some of the phenome_na mentioned above, for S¥&ch individual agent tends to attract other agents is denoted
tematizing arguments, for prediction and for control.

by v;. The parameterl; reflects the sensitivity of agertto
Il. THE DYNAMICS interactions with other agents.

In general interacting agents are bound to generate unpre-
dictable unstructured behavior. We propose a mathematical I1l. ANALYSIS AND RESULTS
model with a particular type of interaction such that thioug
self-organization a structure emerges where sets of chdste
agents find themselves in balance.

We present a simple model admitting a succinct formulati
of the conditions governing the cluster configuration atclihi

the system settles. The differential equations for the hoate:  , The distances between agents in the same cluster remain

Assume that, for a particular solution of (1), the behavibr o
the agents can be characterized as follows by an ordered set o
%sters(Gl, ..., Gyr) defining a partition of 1,..., N'}:

sisting of N agents {V > 1) are bounded (i.e|z;(t) — z;(t)| is bounded for alt,j € Gy, for
N anyk € {1,..., M}, fort > 0).
. 1 « After some positive timd", the distances between agents in
() =b;i + — i(t) —xi(1)), 1 . ' oo
2i(t) N ;ﬂx]( )~ @ilt) @ different clusters are at leagtand grow unbounded with time.

« The agents are ordered by their membership to a cluster:
Vt e R,Vie {1,...,N}, with z;(t),b; € R; z;(t) describes | = z;(t) < z;(t),Vie Gy, Vje G, Vt > T.
the state of agent at timet, &,(¢) the time derivative, and; ) ) ) ) )
represents the autonomous component in each agent's be¥g-will refer to this behavior aslustering behaviar
ior. The summation term represents the attraction exestéked For any non-empty set, C {1,..., N}, with the number of
other agents on each agent. The functfon R — R is odd elements denoted by7,|, we introduce the notatiotb), for
and non-decreasing with respect to distances betweensagafk average value &f overGy:
This implies asymmetric attractiorbetween any two agents.
We assume that the interaction intensifies with separatoto u 1
: i ) A
a certain saturation level: ba, = ol Z b;.

3d>0: f(e)=F, Va>d reco
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initial condition: there is no interaction. When the coupling strength is irsgda
F oscillators tend to form clusters, with all members of a ®us
O — Oay, > = (IGer] +|Grl) moving at the same long term average frequency. Simulations
Vhe{l,... M—1): |ndlcg'Fe that the clustering behavior is mdepende.n_t oftitiial
T ’ condition, as in the model (1), and also the transitions betw
By, — B, < E\Gkh the different clusters for varying coupling strength araikr.

’ ’ N Although analytical results for the Kuramoto model exist,
VGr,1,Gra2 C Gi, With G2 = G \ Gi.1, @ a complete analytical description — as we have given for the
Vke{l,...,M}. model (1) — is not available, and therefore the results far sy

tems (1) and (2) may be useful in the investigation of the Ku-

The characteristics of the interaction play a key role in th@moto model or in the investigation of synchronization afi-c
proof. Sincef is odd all internal interactions (i.e. interactiong|ed oscillators in general.

between agents in the same cluster) cancel when calcutagng
velocity of the ‘center of mass’ of a cluster, similar to theacel- B. Compartmental systems

!atiqn of internal' interac'tions in mechanics. The sat.orab'ff ConsiderN different basins connected by horizontal pipes,
implies that the interactions between agents from diffecrs- o0 pasin furthermore subject to either a constant externa
ters reduce td”/N or —F//N whenever agents from differentf o o outflow of a fluid, e.g. water. We assume that the pipes
f:lusters are separated over at least a.dlstdn&'ee_monotom_c- have a maximal throughput, which is independent of the direc
!ty of f will guarant_et_a_that the_ _resultlng clustering behavior isyn of the flow, and denoted b, for the pipe connecting
independent of the initial condition. , . basinsi andj. Representing the water height of basiby z;,
Under the assumption of clust.erlng behawor. and taking infRe pressure difference between basiamd j will be propor-
account the previous considerations, the ordering of te®B9 tional to ; — @, and thus the volume flow rate through the

and distances growing unbounded with time for agents in dgbnnecting pipe can be representediy f(z; — ;) where f

. i _ . J )
fe_rent clusters will lead to the condition (3). S|m|larlynse relates throughput through a pipe — normalized to one — to
distances between agents from the same cluster remain @dunf, pressure difference — expressed in difference in watet |

the condition (4) can be derived. This implies the necessity poight Defining the appropriate parameters one easilyeri
the inequalities (3) and (4) for the existence of a solutibd e model ).
satisfying clustering behavior. Next we give an outlinet## t  thg ghjective consists in checking whether a network of con-

proof of sgffi_cienc_y. . o . . nected basins is prone to flooding. Assuming that the totatex
The main idea is to pick an initial condition for which agentg | infiow equals the total external outflow, the desired bighta
from differentG, will always (i.e. for allz > 0) be separated o responds to one cluster at zero velocity. This will béilfed

over at least a distanaé with their interaction saturated as ays ong as, for all partitions of the set of basins into two-non
consequence. Invoking the condition (4) it can then be showp,ry supsets, the interconnections have the capacitprs-tr

that the differences in(t)-values will be bounded for agentsyot 5 net external inflow rate from one part of the network to
in the samety;,. From this boundedness together with the Cofig gther part with the same net external outflow rate. This ca

dition (3), it will follow that the differences inc(¢)-values for g expressed by conditions analogous to (4). If these are not
agents from differentz). will grow unbounded. The solution g4tisfied. a set of basins will overflow.

of (1) corresponding to this particular initial conditionlhvex-
hibit clustering behavior (witl” = 0, and the clusters equal to ACKNOWLEDGMENTS
the G). Any other solutiont of (1) will exhibit the same clus-
tering behavior (i.e. identical clusters, possibly a d#fe value
for T). This follows by observing that the distance in the sta
spaceR” between: andz is a non-increasing function of time:
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