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Abstract In this contribution a survey of
Laguerre-based Reduced Order Modeling methods
applied to FDTD systems is presented. The combi-
nation of robust Laguerre-based reduction methods
and a Laplace transformed state space description
of the discretized Maxwell’s equations results in ac-
curate broadband reduced models.

1 INTRODUCTION

The discretization of Maxwell’s equations on a Yee
grid combined with reduced order modeling is a re-
cent approach to solving interconnect problems. In
this survey we will restrict ourselves to a space dis-
cretization using traditional Yee cells. In contrast
with the FDTD method, the time variable remains
undiscretized. This allows a representation of the
electromagnetic system as a state space model. In
this overview, attention will be focussed on the ad-
vantages offered by the application of a specific sub-
set of reduced order modeling techniques. A gener-
alization will be proposed for bandlimited systems.
The Laguerre based techniques for model order re-
duction guarantee a more or less constant accuracy
over the simulation bandwidth. The Laguerre-SVD
(LSVD) method presented in [1] and [2] results in
a reduced model valid from DC up to a specified
frequency. In [3] this approach is extended to ban-
dlimited systems.

The combination of the Yee cell based dis-
cretization and the reduced order modeling meth-
ods under scrutiny allows to circumvent the small
time step problems of classical FDTD due to the
Courant limit. In this context, the advantages of
the Laguerre-based methods when large-size broad-
band systems are to be reduced, become clear. An
interconnect type example is included in order to
illustrate the feasibility of the presented methods.

Specific attention is devoted to the comparison
of the simulation results with results obtained using
the Padé Via Lanczos (PVL) [4] and the Multipoint
Padé reduced order modeling algorithm [5].
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2 STATE SPACE FORMULATION OF
YEE CELL EQUATIONS

2.1 THE 3D SISO APPROACH

In order to obtain a state space description, the spa-
tial derivatives of the three dimensional Maxwell’s
equations for a charge-free region are discretised.
The E- and H-fields are staggered according to the
standard Yee-type arrangement of fields. The time
derivative remains untouched. The equations for
the time derivatives of e.g. the z-components of
the electric and magnetic fields for a source free
region are :
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where A is the space step. The equations for
the y- and z-directions are cyclic permutations of
(1). We now write the field equations (1), together
with the current excitation and the recording of the
voltage, in a descriptor state space format :

Cz =
yy =

—Gz + Buy
Lz (2)

In the SISO approach vector z contains all the
and H field variables, the scalar u; is the imposed
current and the scalar yy is the recorded voltage.
The C-matrix contains the permittivities of the me-
dia and the G-matrix stores the conductivities and
the topological connectivity information. The C'—
and G—matrices are large but sparse. We refer to
[6] for more detailed information. The system can
be rewritten in the Laplace domain as :

sCx =

Yyvy =
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For simplicity we took the same notation in the
Laplace domain as in the time domain. The ratio-

nal transfer function H(s) = LT (sC + G)"'B is a



scalar impedance function of s with yy(s)/ur(s) =
H(s). Since the McMillan degree (more simply the
number of poles) of the state space description (3)
is too large, we need to perform a model order re-
duction. The reduced system can be written as :

sC,z = —Ggrz+ Bgruy
yv = Lz (4)

with Cgr, Ggr, Lr and Bpg the reduced coun-
terparts of C, G, L and B respectively and with
z the internal variables vector of the reduced sys-
tem, with ¢ = dim(z) < dim(z) and with Hg(s) =
L} (sCr + Gg) ' Bg the transfer function of the
reduced system. We need to project the system (3)
onto (4) with a rectangular projection matrix V.
The projection is determined by :

Cr = Vicv
Gr = VIigv
Br = V'B
L, = viL

(5)
2.2 THE 2D SUBCELL APPROACH

In the context of subcell modeling, the combina-
tion of reduced order modeling with Laguerre tech-
niques has been applied to 2D problems [7] [8]. The
method uses reduced order modeling in order to
generate subcell equations for a portion of space
only. Large 2D structures with a repetitive geom-
etry e.g. photonic crystals [9] were also succesfully
simulated with this technique. However, the tech-
nique appears to be too cumbersome for 3D prob-
lems, due to the high number of inputs/outputs in
comparison with the systems’ dimension. Never-
theless, the basic state space formulation is com-
pletely parallel to the approach in the previous sec-
tion.

3 LAGUERRE-SVD REDUCED ORDER
MODELING

In order to determine V', the transfer function H (s)
is expanded in a Laguerre basis:

o (5 =)
n = oV N A—
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quency properties emerge. We can rewrite [3] the
transfer function as :
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This last expression is a consequence of the re-
producing kernel identity [3] :

L S 6u(5)onu) R(s), Rw) 20 (8)

S+ u
n

Defining the column vectors T;, as :
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we consequently construct the matrix

K,=[To,T1,...,T, 1] (10)

which is a Krylov matrix, due to the simple poly-
nomial form of the Laguerre basis functions (6). As
a result, the T, can be written as T,, = AT, .
The T, can thus be calculated recursively, and it is
not needed to calculate the integrals (9) explicitly.
More details on the straightforward algorithm can
be found in [2]. The last step is then to orthogo-
nalize K ,, which provides the projection matrix V.
This matrix contains all the neccesary information
to reduce the system. In the generic method [2],
the SVD algorithm is used for its numerical accu-
racy. Depending on the particular problem, other
orthogonalization methods can also be used.

4 BANDLIMITED LAGUERRE
REDUCED ORDER MODELING
(BLSVD)

The technique from the previous section can be
generalized to bandlimited reduced order model-
ing. The crux is to find a new set of basis func-
tions, orthonormal over the compact support B =
[-8,—a] U [a,f], with 8 > a > 0. A frequency
transformation can be defined that maps the La-
guerre basis (6) onto the desired new basis, thus
preserving the advantageous frequency properties
associated with the Laguerre basis functions. As a
result, we obtain the following set of orthonormal
expansion functions :

Un(s) = 7(s) pn(n(s)) n=0,1,... (11)
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Completely analogous to the previous section, we
are then able to construct a matrix K, built from
the column vectors :

- 1 -
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The resulting matrix
K, = [To,ﬁ,...,fq,l (14)

is not a Krylov matrix anymore and has to be cal-
culated by evaluating the integrals (13) by means of
numerical integration. The number of quadrature
points is m. It is then sufficient to orthogonalize
K, to obtain the projection matrix V.

5 EXAMPLE

As an illustration of the Laguerre-based methods,
we consider a parallel-plate transmission line exam-
ples, one of which is depicted in Fig. 1. The line
is terminated symmetrically by two lumped resis-
tances of 2407} each. In this way, the DC input
impedance of the line should be the free space wave
impedance. The elementary space step is 1lmm.
The transmission line length is L2 = 30mm.

Figure 1: Parallel plate transmission line example.

The simulation domain has a length of L1 =
35mm, with cross-sectional dimensions of 8mm by
9mm. The transversal dimensions of the conduc-
tors are 2mm by 1mm. The dimension of the unre-
duced system is 14295. The PEC transmission line

is embedded in free space. The real part of the in-
put impedance (simulated with LSVD) is depicted
in Fig. 2 as a function of frequency up to 10 GHz,
together with the result for a reduction of the state
space description with the PVL method. The re-
duced systems have dimensions of ¢ = 22 for the
LSVD reduction and ¢ = 25 for the PVL reduction.
PVL matches 2¢ = 50 moments whereas LSVD
only needs ¢ = 22 moments. The correspondence
between both results is very good over the entire
range. For longer transmission lines, the difference
in number of required moments between LSVD and
PVL becomes more pronounced. The technique is
able to reduce other relatively simple interconnect
type problems of size over a million internal vari-
ables on a 2GByte machine correctly, the reduced
system having a dimension of 240.
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Figure 2: The transfer function of the example of
Fig. 1 (L2 = 30 mm and L1 = 35 mm) simulated
with LSVD (q = 22, full line) and with PVL (q =
25, crosses (+)).

As a next illustration, we compare the intercon-
nect example, reduced with BLSVD, against the
Multipoint Padé algorithm. In Fig. 3 the mean of
the relative L; error norm of the real parts of the
transfer functions with respect to their ’converged’
transfer function at ¢ = 40 is shown. The num-
ber of integration points is m = 30 . The same
frequency points were chosen for both reduction
methods. The Multipoint Padé method thus uses
complex matching points. The curves shown cor-
respond with only one Krylov vector per match-
ing point. It is apparent that the Multipoint Padé
reductions are excellent in the lower part of the
spectrum. The bandlimited Laguerre algorithm is
slower in providing a low error in the lower part of
the spectrum, but guarantees a more or less equal
error over the complete simulation bandwidth. The
Multipoint Padé method performs not so well in the
higher parts of the spectrum, even for a relatively



high reduction order.

Figure 3: Mean error of the curves of Fig. 2 as
a function of reduction q. Bandlimited Laguerre
(squares) and Multipoint Padé (diamonds).

6 CONCLUSIONS

An overview of Laguerre-based methods in combi-
nation with Yee-cell type discretizations has been
presented. The robustness of the methods with re-
spect to the ability of obtaining a broadband re-
duced model was stressed and illustrated with a
numerical example.
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