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Abstract

In our earlier work we have developed the axiomatic theory of the
scalar cardinality of interval-valued fuzzy sets following Wygralak’s ax-
iomatic theory of scalar cardinalities of fuzzy sets. The cardinality has
been defined as a mapping from the set of interval-valued fuzzy sets with
finite support to the set of closed subintervals of [0, +00). We have shown
that each scalar cardinality of interval-valued fuzzy set can be charac-
terized using the appropriate mapping called cardinality pattern. More-
over, we have found some basic conditions under which the valuation
property, the subadditivity property, the complementarity rule and the
cartesian product rule are satisfied using different cardinality patterns t-
norms, t-conorms and negations on the lattice £7 (the underlying lattice
of interval-valued fuzzy set theory). The presented paper is the first from
the collection of papers consisting of the further investigation of the pro-
posed theory providing the description of cardinality patterns, t-norms,
t-conorms and negations satisfying the above mentioned properties. We
restrict ourselves to the valuation property here.
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1 Introduction

The cardinality is a very important characteristic of crisp sets. The concept of
cardinality for finite crisp sets is easily understandable and used by researchers
in different research areas. Nevertheless, in some cases we are interested in si-
multaneous modeling of vagueness (gradations in the membership degree) and
uncertainty (lack of information), e.g. we need to assess the linguistically quan-
tified propositions (fuzzy querying in databases, expert systems, evaluation of
natural language statements, aggregation, decision making in fuzzy environ-
ment, metrical analysis of grey images, etc.). For such situations we can use
interval-valued fuzzy sets and we need a related concept of cardinality. There
are two basic ways how to generalize the notion of cardinality for (interval-
valued) fuzzy sets — a scalar cardinality (a single number or interval), see e.g.
in [6, 15, 14, 16, 12, 18, 19, 20, 21, 3, 5], and a fuzzy cardinality (a fuzzy or
interval-valued fuzzy set), see e.g. in [21, 4, 17]. The historical remarks related
to the development of the concept of cardinalities of (interval-valued) fuzzy sets
can be found in [11].

Following Wygralaks approach [21] we have introduced in [11] the axiomatic
definition of scalar cardinalities for interval-valued fuzzy sets. We have consid-
ered the notion of cardinality as an approximation of the number of elements of
a finite (interval-valued) fuzzy set. The motivation for such approach is quite
straightforward. It is trivial that a cardinality of a finite crisp set can be ex-
pressed as a sum of values of the corresponding characteristic function. Further,
characteristic functions can be seen as a special case of fuzzy set membership
functions. Therefore it seems natural to take elements belonging to the support
of a fuzzy set and sum their (transformed) membership grades to get its car-
dinality, a real number in general. A real number can be estimated using an
appropriate interval of real numbers. So, because an interval-valued fuzzy set
can be assumed as an approximation of a fuzzy set, it is quite natural to intro-
duce cardinalities of interval-valued fuzzy sets as intervals of real numbers. The
lower limit of such interval can be seen as an pessimistic and the upper limit
as an optimistic evaluation of the number of elements of an (interval-valued)
fuzzy set, respectively. Assuming the ordering of intervals based on compari-
son of interval limits and the fact that the cardinalities of crisp and fuzzy sets
have to be special cases of cardinalities of interval-valued fuzzy sets, we get that
cardinalities of interval-valued fuzzy sets form a special lattice.

We have also shown in [11] that each scalar cardinality of interval-valued
fuzzy set can be characterized using the appropriate mapping called cardinality
pattern. Moreover, we have found some basic conditions under which the val-
uation property, the subadditivity property, the complementarity rule and the
cartesian product rule are satisfied using different cardinality patterns, t-norms,
t-conorms and negations on the lattice £! (the underlying lattice of interval-
valued fuzzy set theory). These properties have been simply adopted from the



crisp case because, in our opinion, they can be crucial for possible practical ap-
plications. From the same point of view it is necessary to have at least a partial
description of cardinalities satisfying the above mentioned properties for.

In the presented paper we restrict ourselves to the valuation property and
provide the description of cardinality patterns, t-norms, t-conorms and nega-
tions satisfying it. Such description can simplify selection of appropriate cardi-
nalities for a particular application. Since Atanassov’s intuitionistic fuzzy set
theory [1, 2] is equivalent to interval-valued fuzzy set theory [10], all results
presented in this paper can be straightforwardly transformed to intuitionistic
fuzzy set theory.

The paper is organized as follows. In Section 2 we present some basic prelim-
inaries connected to interval-valued fuzzy sets, scalar cardinalities, cardinality
patterns, t-norms and related operations on £. There we also briefly mention
some results from [11]. In Section 3 we study the valuation property with respect
to the generalized pseudo-t-representable t-norms and t-conorms. In Section 4
and Section 5 we discuss the connection between the valuation property and
the pseudo-t-representable t-norms and t-conorms of the first and the second
kind, respectively. Finally, in Section 6 we focus on the valuation property and
t-representable t-norms and t-conorms.

2 Preliminary definitions

This section consists of basic notions, definitions and properties of scalar cardi-
nalities used in [11] in order to make this work self-contained. Throughout the
paper, let U denote a universal set.

2.1 The lattice £/

Definition 2.1 [8] We define LI = (L1, <.1) by

L' = {far,2s] | (e1,2) € 0,117 and 21 < 2},

(21, 20] <pr [y1,92] <= (21 <1 and o < yo), for all [x1,x2], [y1,y2) € L.

In the sequel, if z € L!, then we denote its bounds by z; and zs, i.e.
& = [x1,72]. The length of the interval = [x1,22] € L! is called the degree of
uncertainty of x and is denoted by 7(z) = x2 — 1. We define for further usage
the sets

L' = {lw1, 2] | (21, 22) € R? and z; < xo},
Ei— ={[z1,22] | (x1,22) € [O,+oo[2 and 1 < za},
D = {[z,z] | z € [0,1]}.
For all a € R, we define asr € L! as agr = [a,a], e.g. the smallest and the

largest element of £ are given by 0.r = [0,0] and 1.r = [1,1]. We also extend
<pr to LT as follows: for x,y in L, x <;:y <= x; <y and 25 < 1.



Definition 2.2 [13] Let £ = (L, <) be a complete lattice. An L-fuzzy set on
U is a mapping A:U — L.

Clearly interval-valued fuzzy sets are L£-fuzzy sets since £ is a complete
lattice. From now on, we will denote the class of interval-valued fuzzy sets on
U by Fz1(U). Let A € Fpr(U), then we define

supp(A) = {u|u e U and A(u) # 0,1},
core(A) ={u|ue U and A(u) =1,1}.

If A is a crisp or fuzzy set in U, then we will identify A with the associated
interval-valued fuzzy set.

An interval-valued fuzzy set A on U with finite support will be called a finite
interval-valued fuzzy set. The class of all finite interval-valued fuzzy sets on U
will be denoted by FZ; (U).

We will use only interval-valued fuzzy sets with finite support in the rest of
our paper.

Finally, we define the constant interval-valued fuzzy set a,r by a,r(u) = a.r,
for all u € U.

2.2 Triangular norms and related operations on £!
Definition 2.3 [9]

o A t-norm on L' is a commutative, associative mapping T : (LI)2 — L'
which is increasing in both arguments and which satisfies T(1pr,2) = x,
forallx € L.

o A t-conorm on L is a commutative, associative mapping S : (LI)2 — L
which is increasing in both arguments and which satisfies S(0p1,x) = x,
forallx € L.

o A negation on L' is a decreasing mapping N : L' — LT which satisfies
N(Ogr) =1zr and N(1zr) = 0z, If N(N(x)) = x, for all x € LY, then

N is called involutive.

Theorem 2.4 [9] A negation N on L1 is involutive iff there exists an involutive
negation N on [0,1] such that, for all x € L,

N(z) = [N(x2), N(21)]. (1)

From now on, if a negation ' on £ can be represented by (1) using a
negation N on [0, 1], then we call N the representant of A
The mapping N : LT — LT defined by, for all x € L',

Ne(z) =1 — 29,1 — 1]

is a negation on £! which is called the standard negation on £/. Note that
N (z) = [Ns(x2), Ns(z1)], for all z € LT, where Nj is the standard negation on
[0,1] given by Ns(z) =1 —z, for all x € [0,1].



Lemma 2.5 [11] Let T be a t-norm and N an involutive negation on L.
Then the mapping Tn : (LY)? — LT defined by, for all z,y € L, Ty (x,y) =
N(T(N(z),N(y))), is a t-conorm on LF.

Let S be a t-conorm and N an involutive negation on LL. Then the mapping
Sx: (L1 = L1 defined by, for all 2,y € LT, Sy (x,y) = N(SW(x), N (1)),
is a t-norm on L.

If N =N, and T and S are a t-norm and t-conorm on £!, then we will
abbreviate Ty, to 7" and Sy, to S*. Similarly, if N = N;, and T and S are
a t-norm and t-conorm on [0,1], then we write also T* and S* instead of T,
and Sy, .

Special classes of t-norms and t-conorms are:

o the t-representable t-norms 77, 1, and t-conorms Sg, g, (the class T, 1,)
given by, for all z,y € LT,

7—Tl7T2 (.f, y) = [Tl('r17y1)7T2(1‘27 y2)]a
Ss,,5,(x,y) = [S1(w1,y1), S2(22,y2)],

e the pseudo-t-representable t-norms 77 and t-conorms Sg of the first kind
(the class T7) given by, for all x,y € L,

7}(1},y) = [T(l‘l)yl)’maX(T($17y2)’T('T2’y1))]’
Ss(w,y) = [min(S (21, y2), S(x2,y1)), S(w2, y2)],

e the pseudo-t-representable t-norms 77 and t-conorms S§ of the second
kind (the class 77.) given by, for all z,y € L!,

T%(x’y) = [min(T(l‘l,yg),T(.’Eg,yl)),T(Z‘g,yg)],
Ss(x,y) = [S(x1,91), max(S(z1,y2), S(22,91))],

o the generalized pseudo-t-representable t-norms 77, and t-conorms Sg
(the class T7) given by, for all z,y € LI,

TT,t(mvy) = [T(xhyl)’maX(T(t’T('r%y?))?T(xlva)’T(xQ’yl))]’
Ss,t(@,y) = [min(S(1 — ¢, S(z1,91)), S(1,92), S(22,41)), S(22, y2)),

where T1, Tp and T are t-norms and S, Se and S are t-conorms on [0, 1] which
satisfy T) < Ty and S; < S5, and where t is an arbitrary element of [0,1]. We
call Ty, Ty, T, S1, So and S the representants of the corresponding t-norm or
t-conorm on £. Note that if ¢ = 0, then the generalized pseudo-t-representable
t-norm Tro = Tr is a pseudo-t-representable t-norm of the first kind, and if
t =1, then Tr1 = Trr is a t-representable t-norm. Some examples of t-norms
and t-conorms on £! can be found in [11].

For further usage we give the following definitions. Let 7 be a t-norm on an

arbitrary lattice £ and a € L, then we define agp = q and a%rf) =T (a, a%rf*l)),



for all n € N\ {0,1}. Let T be a t-norm on [0,1], then we say that T is

Archimedean if, for all a,b € ]0, 1], there exists n € N\ {0} such that ag,?) < b.
We say that T has zero-divisors if there exist a,b € ]0, 1] such that T(a,b) = 0.

If for an element a € |0, 1[ it holds that a'”) = 0 for some n € N\ {0}, then a is
called a nilpotent element of 1. We say that T is nilpotent if T is continuous
and if each a € 0, 1] is a nilpotent element of T'.

Using t-norms, t-conorms and negations on £, the intersection, union and
complement of two interval-valued fuzzy sets A and B is defined as follows.

Definition 2.6 [7] The generalized intersection Ny, union Us and complement
con of interval-valued fuzzy sets is defined as follows: for all A, B € Fp:1(U)
and for all u € U,

2.3 Scalar cardinalities of interval-valued fuzzy sets

In [11] we have introduced the axiomatic theory of scalar cardinality of interval-
valued fuzzy sets following Wygralak’s approach [21] using the following defi-
nitions of the addition on L’ and multiplication on Li: for all a,b € L' and
c,d e Ei,

a+b= [a1 + b1, a9 +b2]7
c-d= [Cldl,CQdQ}.

Definition 2.7 [11] A mapping card; : FL;(U) — L% is called a scalar cardi-
nality of interval-valued fuzzy sets if the following conditions hold:

(1) coincidence: for allu € U,
cardy (11 /u) = 1.1
(2) monotonicity: for all a,b € L' and u,v € U,
a<prb = cards(a/u) <pr cards(b/v);
(3) additivity: for all A, B € FL,(U),
supp(A) Nsupp(B) =0 = card;(A Ugs B) = card;(A) + card;(B),

where a/u denotes, for an arbitrary v € U and a € LT, the interval-valued fuzzy
singleton A given by

_Ja, if v=u,
Alv) = {05, ifve U\ {u).



The following theorem brings a useful characterization of a scalar cardinality
cardy:

Theorem 2.8 [11] A mapping card; : .7-'51 U) — Ei is a scalar cardinality iff
there exists a mapping fr: L' — L1 (called scalar cardinality pattern) fulfilling
the following conditions:

(1) f1(0gr) =0p1, fr(ler) =1z,
(2) fr(a) <pr fr(b) whenever a <pr b,

such that

cards(A) = Z f1(A(u)),

u€supp(A)

for each A € FE(U).

We recall some definitions and properties that we will need later on.
Valuation property: For each A, B € F£,(U),

card; (A Ny B) + card; (A Us B) = card;(A) + card;(B),

for a t-norm 7 and a t-conorm S on £I.

Proposition 2.9 [11] The scalar cardinality induced by a cardinality pattern fr
satisfies the valuation property for a t-norm T and a t-conorm S on LT iff for
each a,b € LT,

f1(T(a,0)) + f1(S(a, b)) = fr(a) + f1(b). (2)
Definition 2.10 [11]

e A scalar cardinality of interval-valued fuzzy sets cardy is called repre-
sentable if there exist scalar cardinalities of fuzzy sets card; and cards
such that, for all A € F,(U),

cardy(A) = [card;(A;), carda(Az)],

where Ay, Ay € F£71}(U) are given by Ai(u) = (A(u))1 and As(u) =
(A(u))2, for allu € U. We denote a representable cardinality by card.

o A scalar cardinality of interval-valued fuzzy sets cardy is called 1-semi-
representable if there exists a scalar cardinality of fuzzy sets card; such
that, for all A € Ff,(U),

(card;(A))1 = card; (4),

where Ay € ]-'[g’l](U) is given by A1(u) = (A(u))1, for allu € U. We

denote a pseudo-representable cardinality by card?rl.



o A scalar cardinality of interval-valued fuzzy sets cardy is called 2-semi-re-
presentable if there exists a scalar cardinality of fuzzy sets cardy such that,
for all A€ FE(U),

(cardr(A))2 = cards(As),

where Ag € f[lg,l](U) is given by As(u) = (A(u))a, for allu € U. We

denote a 2-semi-representable cardinality by card§r2.

e A scalar cardinality pattern of interval-valued fuzzy sets fr is called rep-
resentable if there exist scalar cardinality patterns of fuzzy sets f1 and fo
such that, for all a € L,

fr(a) = [fi(a1), f2(a2)].

We denote a representable cardinality pattern by fy.

o A scalar cardinality pattern of interval-valued fuzzy sets fr is called 1-
semi-representable if there exists a scalar cardinality pattern of fuzzy sets
fi such that, for all a € LT,

(fr(a))1 = fi(a1).

We denote a 1-semi-representable cardinality pattern by fivl.

o A scalar cardinality pattern of interval-valued fuzzy sets fr; is called 2-
semi-representable if there exists a scalar cardinality pattern of fuzzy sets
fo such that, for all a € L',

(f1(a))2 = fa(az).
We denote a 2-semi-representable cardinality pattern by fiv2.

A scalar cardinality which is 1- or 2-semi-representable will be called semi-
representable. Similarly, a scalar cardinality pattern which is 1- or 2-semi-re-
presentable will also be called semi-representable.

Theorem 2.11 [11] A scalar cardinality pattern fr is 1-semi-representable iff
(fr(la1; a2))1 = (fi([a1, as]))s, (3)

for all [ay,as)], [a1,ah] € LE.

Theorem 2.12 [11] A scalar cardinality pattern fr is 2-semi-representable iff

(fr([la1,a2]))2 = (fr([a}, az]))2, (4)

for all [ay,az)], [a},as] € LY.



Theorem 2.13 [11] A scalar cardinality pattern fr is representable iff

(fr([a1,a2)))1 = (fr(la1,a5)1 and (fi([a1, az]))2 = (fr([a}, az2]))2,  (5)
for all [a1, as)], [a1,db), [a},as] € LL.

Theorem 2.14 [11] Let card; be a scalar cardinality of interval-valued fuzzy
sets and let f; be its associated cardinality pattern. Then card; is 1-semi-
representable iff fr is 1-semi-representable. Furthermore, if (cardj(A)); =
cardy (A1) and (fr)1 = f1, then f1 is the cardinality pattern associated to card, .

Theorem 2.15 [11] Let card; be a scalar cardinality of interval-valued fuzzy
sets and let fr be its associated cardinality pattern. Then cardy is 2-semi-
representable iff fr is 2-semi-representable. Furthermore, if (cardj(A))s =
cardya(As) and (fr)2 = fa, then fa is the cardinality pattern associated to cards.

Theorem 2.16 [11] Let card; be a scalar cardinality of interval-valued fuzzy
sets and let fr be its associated cardinality pattern. Then cardy is representable
iff fr is representable. Furthermore, if cardy = [cardy,cards]| and fr = [f1, f2],
then f1 and fs are the cardinality patterns associated to card; and cards respec-
tively.

3 The valuation property and the class 7r;

Proposition 3.1 Lett; € [0,1], t2 € [0,1], and let Tr¢, and Ss,, be a general-
ized pseudo-t-representable t-norm and t-conorm on L respectively. If (fr, Trte,
Ss.t,) satisfies the valuation property, then for all a € L

fr([0, max(T'(t1, az2),a1)]) + fr([min(S(1 — t2,a1),a2),1]) = fr(a) + f1([0, 1]).

Proof. Assume that 77, and Sg, are generalized pseudo-t-representable and
(f1,Trt,,Ss1,) satisfies the valuation property. Then for all a € L' it holds
that

f1(Tr.4,(a,[0,1])) + f1(Ss.1,(a, [0, 1)) = fr(a) + f1([0,1]),

from which the result immediately follows. O

By putting a = [a1,a1] € D, a = [a1,1] and a = [0, ag] respectively, we obtain
the following corollaries.

Corollary 3.2 Lett; € [0,1], t2 € [0,1], and let Try, and Ss, be a generalized
pseudo-t-representable t-norm and t-conorm on L respectively. If (f1,Tr.t,,
Ss.1,) satisfies the valuation property, then for all a; € [0,1],

J1([0,a1]) + fr([a1,1]) = fr([ax, a1]) + f1([0,1]).



Corollary 3.3 Lett; € [0,1], t2 € [0,1], and let Try, and Ss, be a generalized
pseudo-t-representable t-norm and t-conorm on L' respectively. If (fr:Trtys
Ss.1,) satisfies the valuation property, then for all a; € [0,1],

f1([0, max(ty, a1)]) + fr([S(1 = t2,a1),1]) = fr([as, 1]) + f1([0, 1]).

Corollary 3.4 Lett, € [0,1], t2 € [0,1], and let Trt, and Ss, be a generalized
pseudo-t-representable t-norm and t-conorm on LI respectively. If (f1,Tr.t,,
Ss.1,) satisfies the valuation property, then for all az € [0,1],

f1(10,T(t1, a2)]) + f1([min(1 — t2, a2),1]) = f1([0, az]) + f1([0, 1]).
By putting as = 1 in the previous corollary we obtain the following.

Corollary 3.5 Lett, € [0,1], t2 € [0,1], and let Try, and Ss,i, be a generalized
pseudo-t-representable t-norm and t-conorm on L' respectively. If (fr:Trte,
Ss,1,) satisfies the valuation property, then

f1([0,41]) + fr([1 = t2, 1)) = f1([0, 1)) + f1([0, 1))

Corollary 3.6 Let t; € [0,1], ta € [0,1], and let Try, and Ssy, be a general-
ized pseudo-t-representable t-norm and t-conorm on L' respectively. Let fr be
1-semi-representable. If (fr,Tr,,Ss.,) satisfies the valuation property, then

Fil—ty) =0.

Proof.  Under the given conditions it follows from Corollary 3.5 that f1(0) +
f1(1 —t2) = f1(0) + f1(0). Since f1(0) = 0, we immediately obtain that f;(1 —
ta) = 0. O

Corollary 3.7 Let t; € [0,1], to € [0,1], and let Try, and Ssy, be a general-
ized pseudo-t-representable t-norm and t-conorm on L' respectively. Let fr be
2-semi-representable. If (fr,Trt,,Sst,) satisfies the valuation property, then

fa(t1) = 1.

Proof. Under the given conditions it follows from Corollary 3.5 that fa(t1)

+
f2(1) = fa(1) + f2(1). Since f2(1) = 1, we immediately obtain that fa(t1) = 1.
O

Theorem 3.8 Lett; € [0,1], t3 € [0,1], and let Trt, and Ss, be a generalized
pseudo-t-representable t-norm and t-conorm on LI respectively. If (f1, T4,
Ss.1,) satisfies the valuation property, then

e for alla € LY for which ay < T(t1,as) and ay > S(1—ta,ay) it holds that

f1([0,a2]) + fi([ax,1]) = f1(a) + f1([0,1]);
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e for alla € L' for which a1 > T(t1,a2) and az < S(1 —ta,a1) it holds that
f1(10,a1]) + f1([az, 1]) = f1(a) + f1([0, 1]);
e for alla € LY for which ay > T(t1,a2) and ag > S(1 —ta,a1) it holds that
f1([0,a1]) + fr([ar,1]) = fi(a) + f1([0, max(t1, a1)]);
o foralla € L' for which ay < T(t1,a2) and ay < S(1—ty,ay) it holds that
fi(laz,1]) + f1([0, a2]) = fi(a) + fi([min(1 - t3, az), 1]).

Proof. Assume that 77+, and Sg, are generalized pseudo-t-representable and
(fr,Tr,t,,Ss,t,) satisfies the valuation property.

e From Corollary 3.3 it follows for all a; € [0, 1] for which a; < 1, that
fr([0,t1]) + fr([S(1 = t2,a1),1]) = fr([a1,1]) + f1([0, 1]). (6)

On the other hand, for all a € L! satisfying a; < T(t1, as) we obtain from
Proposition 3.1 and Corollary 3.4 that

fr([0, T (1, a2)]) + fr([min(S(1 — t2,a1),a2),1]) = fi(a) + f1([0,1]),
f1([0,T(t1, a2)]) + fr([min(1 — t,a2),1]) = f1([0, a2]) + f1([0,1]),

from which it follows that
fr([min(S(1 —t2,a1),a2),1]) + f1([0, az]) = fr(a) + f1([min(1 —t2, az), 1]).
If furthermore ay > S(1 — t,a1), then also ay > 1 — £y, so we obtain
fr[S(A = t2,a1), 1)) + f1([0, a2]) = fr(a) + fr([L —t2,1]).  (7)
From (6) and (7) it follows that
F1((0.t1]) + fr(a) + fr([1 = t2,1]) = f1([0,a2]) + fr(la1, 1]) + f1([0, 1)),

for all a € L' for which a1 < T(t1,as) and az > S(1 — t3,a1). Using
Corollary 3.5 it follows that

fl([ov 1]) + fl(a‘) = fI([()?a?D + fI([ah 1])7
for all @ € LT for which a; < T(t1,a2) and az > S(1 — to,ay).

o Let a € LT with a; > T(t1,a2) and as < S(1 — t3,a;). Then from
Proposition 3.1 it follows that

f1([0, a1]) + f1([az2,1]) = f1(a) + f1([0,1]).

11



e Let a € L! such that a; > T(t1,a2) and ag > S(1 — t3,a;1). Then from
Proposition 3.1 it follows that

fr([0,a1]) + f1([S(L = t2,a1),1]) = fr(a) + f1([0,1]).

Combining this with Corollary 3.3, we obtain
f1(10,a1]) + fr([ax,1]) = fr(a) + f1([0, max(t1, a1)]).

e Let a € L! such that a; < T(t1,as) and az < S(1 — t3,a;). Then from
Proposition 3.1 it follows that

f1([0,T(ty, a2)]) + fr([az, 1]) = fr(a) + f1([0,1]).

Combining this with Corollary 3.4, we obtain
fi(laz, 1)) + f1([0, az]) = fi(a) + fi([min(1 — 23, az), 1]).
O

Theorem 3.8 shows that if (fr, Tr+,,Ss,t,) satisfies the valuation property,
with 77, and Sg:, generalized pseudo-t-representable, then f; is completely
determined by its action on {[0,z2] | z2 € [0,1]} U {[z1,1] | 1 € [0,1]}, T and
S.

Corollary 3.9 Lett; € [0,1], t2 € [0,1], and let Try, and Ss,, be a generalized
pseudo-t-representable t-norm and t-conorm on L' respectively. If (fr:Tr e
Ss.t,) satisfies the valuation property, then

fr([t1, 1 = t2]) = f1([0,1]).

Proof. Let a = [t1,1—ts], then obviously a; > T'(t1,a2) and as < S(1—t3,a4),
so from Theorem 3.8 it follows that

fr((0,01]) + fr([1 = t2,1]) = fr([tr, 1 = t2]) + f1([0,1]),

Using Corollary 3.5 we obtain the desired result. O

4 The valuation property and the class 77
Lemma 4.1 Let 71 and Ss be a pseudo-t-representable t-norm and t-conorm of
the first kind on L respectively. If (f1,Tr,Ss) satisfies the valuation property,
then, for all a € L7,

f1(a) = f1([0, a1]) + f1([0, az)).
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Proof. Let b=0,1], then from (2) it follows that, for all a € L7,

f1([0, a1]) + f1([az2, 1)) = fr(a) + f1([0, 1]). (8)
Let also a = [0, 1], then we obtain that [1,1] = f7([0,0])+ f7([1,1]) = fr([0,1]) +

f1([0,1]). Hence fr([0,1]) = [3, 5]-
Let now a = [ag, 1], then from (8) it follows that

fr([0,a2]) + f1([1,1]) = fi(laz,1]) + f1([0,1]).
Using the fact that f7([1,1]) = f7([0,1]) + f1([0, 1]), we obtain
f1(laz,1]) = f1([0, az]) + f1([0, 1]). (9)
Using (9) in (8), we obtain that, for all a € L',
f1([0,a1]) + f1([0, a2]) + f1(10,1]) = fi(a) + f1([0,1]).

Hence we obtain what we had to prove. O

Lemma 4.2 Let Tr and Ss be a pseudo-t-representable t-norm and t-conorm of
the first kind on L respectively. If (f1,Tr,Ss) satisfies the valuation property,
then, for all a,b € [0,1],

ff([oa T(a> b)D - f[([(), min(a’ b)Da
f1([0,8(a, b)]) = f1([0, max(a, b)]).

Proof.  Let za,y2 € [0,1] be arbitrary, then 7r([0,x2],[0,y2]) = [0,0] and
Ss ([0, 22], [0, y2]) = [min(x2,y2), S(x2,y2)]. So, from (2) it follows that

f1(10,0]) + fr([min(x2, y2), S(@2, y2)]) = f1([0, z2]) + f1([0,y2]).
Using Lemma 4.1 we obtain
J1([0, min(wa, y2)]) + f1([0, S(22, y2)]) = f1([0, 22]) + f1([0, 12])- (10)
If 25 <y, then from (10) it follows that
f1([0, z2]) + f1([0, S(22,y2)]) = f1([0, z2]) + f1([0,32]),

or, equivalently,
f1([0, S(@2,y2)]) = f1([0, y2]).

Similarly, from xo > yso it follows that fr(]0, S(x2,y2)]) = f1([0, z2]). Hence, for
all z2,y2 € [0,1],

f1([0, S(22,92)]) = f1([0, max(z2,y2)])- (11)
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Let us now choose arbitrarily x;,y; € [0,1], then 7—7‘([$1,$1] [y1,11]) =

[T(-Thyl)aT(mlayl)] and SS([xhxl]a [ylayl]) = [S(mlayl) 3317?!1)] SO7 from
(2) it follows that

fr(T (@1, 91), T(z1,y0)]) + fr([S(w1,91), S(@1,91)]) = fr([1, 21]) + fr([ys, va])-

Note that for all z,y € L!, from x + x = y + y it follows that 2z; = 2y; and
2x9 = 2ys, so x = y. Thus, using Lemma 4.1, we obtain

Jr([0, T (2, y1)]) + f1([0, S(z1, 91)]) = f1([0,24]) + f1([0, y1]).

Taking into account (11), it follows that

f1([0,T (21, y1)]) + f1([0, max (21, y1)]) = f1([0,21]) + f1([0, y1])- (12)

If 1 <y, then from (12) it follows that

fl([()?T(xlayl)]) + fI([anl]) = ff([oaml}) + ff([oayl])a

or, equivalently, fr([0,T(xz1,y1)]) = f1([0,21]). Similarly, if 27 > y;, then
fI([O,T(l"l,yl)D = f[([oayl]) Hencea for all T1,Y1 € [07 1]7

f1([0,T (21, 91)]) = f1([0, min(zy, y1)])-

O

Theorem 4.3 Let T and Ss be a pseudo-t-representable t-norm and t-conorm
of the first kind on L1 respectively. Then (f1,Tr,Ss) satisfies the valuation

property iff

(i) for alla € LT,
fi(a) = ff([o’a’l]) + fI([OvG'?])v

(i) for all a,b € [0,1],

fI([O’T(a’b)]) fl([ovmin(a)b)])v
fI([07 S(a7 b)]) = fl([07 maX(av b)])

Proof.  From Lemmas 4.1 and 4.2 it follows that if (fr, Tr,Ss) satisfies the
valuation property, then (i) and (ii) hold.

Assume conversely that (i) and (ii) hold and let =,y € L! be arbitrary. Then,
using (i), (2) is equivalent to

J1([0, T(z1,y1)]) + f1([0, max(T'(z1,y2), T(x2, y1))])
+ fr([0, min(S(w1,y2), S(w2,y1))]) + f1([0, S(z2,y2)])
= f1([0,z1]) + f1([0, 22]) + f1([0,y1]) + f1([0,y2]),
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or, using (ii), equivalent to

f1([0, min(zy,y1)]) + fr([0, max (T (21, y2), T'(z2,91))])
+ fr([0, min(S(w1,y2), S(w2,y1))]) + f1([0, max (w2, ya)])
= f1([0,z1]) + f1([0, 22]) + f1([0,1]) + f1([0,y2]),

We consider the following cases.

o If x1 <y and xa > yo, then (2) is equivalent to

f1([0,21]) + f1([0, T(w2, y1)]) + f1((0, (21, 92)]) + f1([0, 22])
= J1([0,21]) + f1([0, 22]) + f1([0,31]) + f1([0, 92));

or, equivalently,

fI([07min(fU2,y1)]) + fI([O’maX(xlay2)]) = fl([ovyl]) + ff([oayﬂ)a

which holds, since y1 < ys < x5 and yo > y1 > 1.

e If x1 <y; and xo < yo, then (2) is equivalent to

ff([ov maX(T(xhyQ)’T(z?’yl))]) + ff([oamin(s(zla y2)7 S(l‘27y1))])
= f[([ova]) + f[([ovyl])

Let

a = fr([0,max(T'(z1, y2), T(x2,91))]) + f1([0, min(S (21, y2), S(2, y1))])-

Since T, S, min, max and f; are increasing and yo < 1, we obtain that

a <pr fr([0,max(zy, T(z2,y1))]) + f1([0, S(x2,y1)])

<20 ([0, minCea, 1)) + ([0, max(ez, 1), (13)

using the fact that 1 < min(zg,y1), T(z2,y1) < min(ze,y1) and (ii). It
is easily seen that

f1([0, min(z2, y1)]) + f1([0, max (2, y1)]) = f1([0, z2]) + f1([0,31]). (14)

On the other hand, if o > y;, then, since 7', S, min, max and f; are
increasing and x5 < yo, we obtain that

a >pr fr([0, max(T'(z1, x2), T(22,1))])
+ f1([0, min(S(z1, z2), S(z2, y1))])
= f1([0, T (z2,91)]) + f1([0, S(x1,72)]) (15)
= f1([0, min(z2,y1)]) + f1([0, max(z1, z2)])
= f1([0,y1]) + fr([0, z2]),
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using (ii). From (13), (14) and (15) it follows that a = f1([0,z2]) +
fr([0, 11])-

If 29 <y, since T, S, min, max and f; are increasing, S(x1,y2) > y2 > y1,
S(x2,91) > y1 and z3 < yo, we obtain that

a>pr fi([0, max(T (z1, z2), T(22,91))])
+ fr([0, min(S(z1, y2), S(22,y1))])
>pr f1(10, T(x2,y1)]) + f1([0,31]) (16)
= f1([0, min(z2,y1)]) + f1([0,y1])
= f1([0, z2]) + f1([0,31]),

using (ii). From (13), (14) and (16) it follows that o = f7([0,x2]) +
f1([0, 1))

The other cases are analogous. O

Corollary 4.4 Let Tr and Ss be a pseudo-t-representable t-norm and t-conorm
of the first kind on LI respectively. Let f1([0,.]) be strictly increasing. Then
(fr,Ss,Tr) satisfies the valuation property iff fr satisfies Theorem 4.3 (i), S =
max and T = min.

Proof. Assume that 7r and Sg are a pseudo-t-representable t-norm and
t-conorm of the first kind on L! respectively, f7([0,.]) is strictly increasing
and (f1,Ss, Tr) satisfies the valuation property. Then fr([0,S(a,b)]) = f1([0,
max(a,b)]) and fr([0,T(a,b)]) = fr([0, min(a,bd)]). Hence S(a,b) = max(a,bd)
and T'(a,b) = min(a, b).

The converse part of the statement is obvious. O

Corollary 4.5 Let Tr and Ss be a pseudo-t-representable t-norm and t-conorm
of the first kind on L respectively. Then there does not exist a 1-semi-represen-
table scalar cardinality pattern fr such that (fr, Tr,Ss) satisfies the valuation

property.

Proof. Assume that (fr,Sg, Tr) satisfies the valuation property and fr is 1-
semi-representable. From Lemma 4.1 it follows that f;([0,1]) = [%,1]. From
Theorem 2.11 we obtain (f([0, 1]))1 = 0, which is a contradiction. O

Corollary 4.6 Let Tp and Sg be a pseudo-t-representable t-norm and t-conorm
of the first kind on L respectively. Then there does not exist a 2-semi-represen-
table scalar cardinality pattern fr such that (fr,Tr,Ss) satisfies the valuation
property.
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Proof.  Assume that (fr,Ss, Tr) satisfies the valuation property and fr is 2-

semi-representable. From Lemma 4.1 it follows that f;([0,1]) = [4,3]. From

Theorem 2.12 we obtain (f7([0,1]))2 = 1, which is a contradiction. O

Corollary 4.7 Let Tr and Ss be a pseudo-t-representable t-norm and t-conorm
of the first kind on LT respectively. Then there does not exist a representable
scalar cardinality pattern f; such that (f1,Tr,Ss) satisfies the valuation prop-
erty.

Note that from Theorem 4.3 it follows that in the case that 7 and S are
pseudo-t-representable of the first kind, if (f7, T, S) satisfies the valuation prop-
erty, then fr is completely determined by the value of f;([0, a]), for all a € [0, 1].
In the case that the representant of one of 7 and S is Archimedean, we can find
even stronger results. First we prove some lemmas. Let us remind the reader
that T* (S*) denotes the dual t-conorm (t-norm) to a t-norm 7' (t-conorm S)
with respect to the standard negation N, respectively.

Lemma 4.8 Let Tr and Sg be a pseudo-t-representable t-norm and t-conorm
of the first kind on L' respectively. If at least one of T and S* is Archimedean
and (fr,Tr,Ss) satisfies the valuation property, then fr([0,a]) = f1([0,b]), for
all a,b €10, 1].

Proof.  Assume first that T is Archimedean. Let us choose arbitrarily a,b €
]0,1] and assume a > b (the case a < b is shown similarly). From Theorem
4.3 it follows that f7(0,a?]) = fr([0,T(a,a)]) = f([0, min(a,a)]) = f7([0, a)).
Recursively, using Theorem 4.3, we find for all n > 2 that

F([0,a]) = £1((0, T(a, a~)))

0,7
= f1([0, min(a,ay" "))
= f7([0,a$"V])

= #1([0, 1)

(n

Since T' is Archimedean, there exists an n € N'\ {0} such that a}. ) < b. Hence,

since fr is increasing,
Fr([0,a]) = f1([0,a$]) < f2([0,0)) <11 f1([0,a)).

Assume now that S* is Archimedean. We have for all z € [0, 1] that xg) =

S(x,z)=1-5"(1-z,1—-2)=1—(1— )(2). We find recursively for all n > 2,
that
1§ = 8,05 ")
=1-8(1—=z1-207)
—1-5"(1- (1—@;’1 V)

=1-(1-2)W.
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Since S* is Archimedean, for all z,y € ]0, 1], there exists an n € N\ {0} such
that (1 — x)fgn) <1-—y,so0 xg") =1-(1- x)gn) > y.

Let now arbitrarily a,b € ]0,1[ and assume a < b (the case a > b is shown
similarly). From Theorem 4.3 it follows that fI([O,ag?)}) = f1([0,S(a,a)]) =
f1([0,max(a, a)]) = f1([0,a]). Similarly as above for T', we find recursively that
fI([O,a(Sn)]) = f1([0,a]), for all n € N\ {0}. Since S* is Archimedean, there

exists an n € N\ {0} such that afg") > b. Hence, since fr is increasing,

fr((0,a]) = f1(10,a5"]) =10 f1([0,8]) =11 f1(]0,a)).
O

Lemma 4.9 Let Tr and Ss be a pseudo-t-representable t-norm and t-conorm of
the first kind on LT respectively. If at least one of T and S* is Archimedean and
(f1,Tr,Ss) satisfies the valuation property, then there exists an o € {x | x € L'
and xo < %} such that, for all a € L,

01, ifa=0g1,
11,11, if a=1[0,1],
1,1, ifa=1,1,
fr(a) = a, if ay =0 and ay €10,1], 1
[5+ang+as], farelo 1 andar=1,
[2a1, 2as], else.

Proof. From the definition of scalar cardinality pattern and from the proof of
Lemma 4.1 it follows that fr(0zr) =0g1, fr(1zr) = 1zr and f7([0,1]) = [1,1].

From Lemma 4.8 it follows that there exists an a € L! such that f7([0,a]) =
a, for all a € ]0,1[. Since f; is increasing, f1([0,a]) <pr f1([0,1]), so as <

=

5
Hence, for all a € [0, 1],
0[:17 lfa: O,
fi((0a]) =4 [5,3], ifa=1, (18)
« else.

3

Using Theorem 4.3(i) it is easy to see that f(a) is given by (17), for all a € LL.
O

Theorem 4.10 Let T and Ss be a pseudo-t-representable t-norm and t-co-
norm of the first kind on L' respectively. If at least one of T and S* is
Archimedean and at least one of them does not have zero-divisors, then (fr, Tr,
Ss) satisfies the valuation property iff there exists an o € {x | x € L' and
xy < 3} such that fr(a) is given by (17), for all a € L*.

Moreover, if T has zero-divisors, then o = Ozr, and if S* has zero-divisors,

then a = [%, %}
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Proof.  Assume first that (f7, 77, Ss) satisfies the valuation property. From
Lemma 4.9 it follows that f7(a) is given by (17), for all a € L?.

Assume conversely that there exists an o € L! such that ay < % and such
that f7(a) is given by (17), for all a € L!. It is easy to see that f; is a scalar
cardinality pattern and that f;(]0,a]) is given by (18), for all a € [0, 1].

We prove that ( fr, Tr, Sg) satisfies the valuation property. A straightforward
calculation shows that fr(a) = fr([0,a1]) + f1([0,az]), for all a € L1. Let now
a,b € [0,1] such that a < b (the case a > b is analogous). If a = 0, then
fl([07 T(a’ b)]) = f[([07 0]) = ff([ov min(a’ b)]) If b =1, then fI([O’ T(a7 b)D =
f1([0,a]) = f1([0,min(a,b)]). Similarly, if @ = 0 or b = 1, then f([0, S(a,d)]) =
f1([0, max(a,b)]). Assume now that 0 < a < b < 1. Then we have the following
cases.

o Neither T' or §* has zero-divisors: then 0 < T'(a,b) < 1 and

a,be€]0,1]

= 1—-a,1-0€]0,1]

= 0<S"(1—q,1-0b)<1
= 0<S5(a,b) <1

Hence fr([0,T(a,b)]) = o = f1([0,min(a,d)]) and f1(]0,S(a,bd)]) = a =
ff([oa max(a, b)])

e T has zero-divisors: then from the assumptions it follows that S* does
not have zero-divisors. So, similarly as in the previous case we find
that fr([0,S(a,b)]) = « = f7([0,max(a,b)]). Let o', € ]0,1] be such
that T'(a’,b’) = 0. Then f7([0,T(a’,b")]) = f1([0,0]) = Ozr, but on
the other hand f;([0, min(a’,b")]) = a. Thus, if f;([0,T(a’,¥)]) = f1([0,
min(a’,b")]), then a = 0,r. Conversely, if & = 0,1, then for all a,b € ]0, 1],
T(a,b) < 1, so f([0, T(a,b)]) = 0z = £1([0, min(a, b)).

e S* has zero-divisors: similarly as in the previous case we find that T
does not have zero-divisors, fr([0,T(a,b)]) = a = f1(]0, min(a,d)]) and
f1(10,8(a, b)) = f1([0, max(a, b)]) iff a = [3,

From Theorem 4.3 it follows that, under the mentioned restrictions for «,
(fr, Tr,Ss) satisfies the valuation property. O

[ I |
i

Theorem 4.11 Let T and Ss be a pseudo-t-representable t-norm and t-co-
norm of the first kind on L' respectively. If at least one of T and S* is
Archimedean and both have zero-divisors, then there does not exist a scalar
cardinality pattern fr such that (fr,Tr,Ss) satisfies the valuation property.

Proof.  Assume that there exists a scalar cardinality pattern f; such that
(fr, Tr,Ss) satisfies the valuation property. Then from Lemma 4.9 it follows
that f1([0,a]) is given by (18), for all a € [0, 1].
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Since T has zero-divisors, there exist a, b € ]0, 1[ such that T'(a,b) = 0. From
Theorem 4.3 if follows that

Ozr = f1(10,0) = f1(10,T(a, b)]) = f1([0, min(a, b)]) = a. (19)

On the other hand, since S* has zero-divisors, there exist a’, b’ € ]0, 1] such
that S(a’,b") = 1. Thus, using Theorem 4.3, we obtain

53] = 00,1 = (05D = (0 max(@' W) =a. (20

From (19) and (20) it follows that

0 11
== _. —
Lr 2'91"

which is a contradiction. O

5 The valuation property and the class 7;

Lemma 5.1 Let 7] and S§ be a pseudo-t-representable t-norm and t-conorm
of the second kind on LI respectively. If (f1,T},S%) satisfies the valuation
property, then for all a € L',

f1([0, a2]) + fi([ax, 1]) = f1(a) + f1([0,1]).

Proof.  This follows immediately from applying the valuation property for
a€ L’ and b =0,1]. O

Lemma 5.2 Let 7] and S§ be a pseudo-t-representable t-norm and t-conorm
of the second kind on L' respectively. If (f1,T},S%) satisfies the valuation
property, then, for all ai,as,by,by in [0,1],

f1(10, T(az, b2)]) = f1([0, min(az, ba)]),
fI([S(a’lv bl)v 1}) = fl([max(ala bl)a 1])

Proof. Let a = [0,az] and b = [0,bs] in L!. Then from the valuation property
it follows that

fr([0,T(az, b2)]) + f1([0, max(az, b2)]) = f1([0, az]) + f1([0, b2]).

If ag < bg, then it follows that

f1([0,T(ag, b2)]) + f1([0, b2]) = f1([0, az]) + f1([0, ba]),
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or, equivalently (since from x + z = y + z it follows that x = y, for all z,y, z in
LY,
f1([0, T(az,b2)]) = f1([0, az]) = f1([0, min(az, b2)]).
Let a = [a1,1] and b = [by,1] in L. Then from the valuation property it
follows that

fr([min(a1,b1),1]) + fr([S(a1,b1),1]) = fi([a1,1]) + fr([b1,1]).
If a1 < by, then it follows that
fr(lax, 1)) + fr([S(a1,b1),1]) = fr([ax, 1]) + fr([b1, 1)),
or, equivalently,
ff([S(a17b1)7 1]) = ff([bh 1]) = fl([max(alvbl)v 1])
O

Lemma 5.3 Let 7] and S5 be a pseudo-t-representable t-norm and t-conorm
of the second kind on LT respectively. If (f1,T},S%) satisfies the valuation
property, then, for all ai,as, by, by in [0,1],

ff([T(alv bl)? 1]) = ff([min(ah bl)’ 1])’
fI([Ovs(CLvaQ)D = fl([ovmaX(GQﬂbQ)D'

Proof. Let ag,bse in [0, 1] be arbitrary. Assume that as < bg. Then from the
valuation property it follows that

fr([0, T (b2, b2)]) + f1([az, S(az,b2)]) = fr([0,b2]) + fi([az, b2]).

Adding f;([0,1]) to both sides of this equality, we obtain, using Lemmas 5.1
and 5.2, that

fr([0, min(bz, b2)])+£1([0, S(az, b2)])+ f1([az, 1]) = f1([0, b2])+f1([0, b2])+ f1 (a2, 1]),
or, equivalently,
J1([0, S(az,b2)]) = f1([0,b2]) = f1([0, max(az, b2)]).

Let now arbitrarily aq,b; in [0,1]. Assume that a; < b;. Then from the
valuation property it follows that

fr([T(a1,01),b1]) + fr([S(a1,a1),1]) = fi([a1,b1]) + fr([a1,1]).

Adding f;([0,1]) to both sides of this equality, we obtain, using Lemmas 5.1
and 5.2, that

f1([0, b1 )+ f1 ([T (a, br), 1)+ f1([max(ar, a1), 1]) = f1([0, ba])+f1([ar, 1)+ f1([as, 1)),

or, equivalently,

fI([T(al’bl)’ 1]) = fI([a'lv 1}) = ff([min(alﬂbl)’ 1])
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Theorem 5.4 Let T} and S be a pseudo-t-representable t-norm and t-conorm
of the second kind on LI respectively. Then (f1,Th, S%) satisfies the valuation

property iff
(i) for alla € LY,

fr([0,az2]) + f1([a1,1]) = fr(a) + f1([0,1]).

(i) for all ay,az,b1,bs in [0, 1],

Proof. From Lemmas 5.1 and 5.2 it follows that if (f7,7;,Ss) satisfies the
valuation property, then (i) and (ii) hold.

Assume conversely that (i) and (ii) hold and let us choose arbitrarily «,y in
L!. Then, using (i), (2) is equivalent to

f1(10, T(z2, y2)]) + fr([min(T'(z1,y2), T(22, 1)), 1])
+ f1([0, max(S(x1,y2), S(x2,y1))]) + fr([S(z1,11),1])
= f1([0,z2]) + fr([z1,1]) + f1([0, y2]) + fr([y1,1]),

or, using (ii), equivalent to

fr([0, min(z2,y2)]) + fr((min(T'(z1,y2), T'(z2,y1)), 1])
+ fI([O,max(S(xl, y2)7 5(552,111))]) + fl([max(ml’yl)a 1])
= f1([0,22]) + fr([x1,1]) + f1([0,92]) + fr([y1, 1]).

We consider the following cases.

o If x5 < yy and x1 > y1, then (2) is equivalent to

f1([0, za]) + f1([T (w2, y1), 1)) + f1([0, (21, y2)]) + f1([21,1])
= f1([0, z2]) + fr([x1, 1]) + f1((0, w2]) + f1([y2, 1)),

or, equivalently,
fr(lmin(z2,y1),1]) + f1([0, max(z1, y2)]) = f1([0,32]) + f1([y1,1]),
which holds, because y; < x1 < x5 and 1 < 23 < yo.

o If x5 < ys and x1 < y1, then (2) is equivalent to

f1([0, 22]) + fr([min(T'(z1,y2), T(z2,y1)), 1])
+ f1([0,max(S(w1, y2), S(w2,y1))]) + f1([y1,1])
= fr([0,22]) + fr([2z1,1]) + f1([0,y2]) + f1([y1, 1)),
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or, equivalently,

fr(min(T (21, y2), T'(x2,91)), 1]) + f1([0, max(S(z1,y2), S(x2,y1))])

= fI([fvlv 1]) + ff([ov yQ])
(21)
Using (ii) and using the fact that 7 < y; and xo < yo, we obtain that

fr(min(T (21, yo), T'(w2,v1)), 1])

fr(T(T (21, y2), T(22, 1)), 1])
([T(T(x1,22), T (y1,92)), 1])
((min(T' (21, 22), T'(y1,y2)), 1])
([T (21, 72),1])
([mi
({

|
~

I

Il
~

I

I
=

= fr([min(z1,z2),1])
.%'171])

Similarly, we find

fr([0, max(S(z1,y2), S(22,91))]) = f1([0, S(S(z1,2), S(x2,51))])
= f1([0,S(S(z1,22), S(y1,y2))])
= f1([0, max(S(z1, 22), S(y1,y2))])
= f1([0, S(y1, y2)])
= f1([0, max(y1, y2)])
= f1([0,32])

Hence (21) holds.
The other cases are shown in a similar way. O

Note that from Theorem 5.4 it follows that in the case that 7 and S
are pseudo-t-representable of the second kind, if (f;,7,S) satisfies the valu-
ation property, then fr is completely determined by the values of f;([0,a]) and
f1([a,1]), for all a € [0, 1]. In the case that the representant of one of 7 and S
is Archimedean, we can find even stronger results. First we prove some lemmas.

Lemma 5.5 Let 7] and S§ be a pseudo-t-representable t-norm and t-conorm
of the second kind on L' respectively. If at least one of T and S* is Archimedean
and (fr, T}, S%) satisfies the valuation property, then for all a1, as, b1, by in]0,1]
such that a1 < ag and by < by,

fr([a1, az]) = fr([b1, ba]).

Proof. Assume that T or S* is Archimedean and (fr, 7}, Sg) satisfies the valu-
ation property. Similarly as in the proof of Lemma 4.8, we find using Theorem
5.4(ii) that f;([0,a]) = f1([0,D]), for all a,b in |0, 1[.
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In a similar way we find that fr([a,1]) = f1([b,1]) for all a,b in ]0,1[. Let
now arbitrarily a,b in L! such that 0 < min(a,b;) and max(az, by) < 1. From
Theorem 5.4 it follows that

fr(a) + f1([0,1]) = fr([0, az]) + fr([a1,1])
= fl([ov ba]) + fr([b1,1])
fr () + f1([0, 1]),

which implies that fr(a) = fr(b). O

Lemma 5.6 Let 7] and S§ be a pseudo-t-representable t-norm and t-conorm
of the second kind on L' respectively. If at least one of T and S* is Archimedean
and (f1,TH, S%) satisfies the valuation property, then there exist o, 3,y in Lt
satisfying o <pr B <pr v such that, for alla € L',

0pr, ifa=0,r,
8, if a=[0,1],
11, ifa=1gr1,
fr(a) = o if ay = 0 and as €10,1], (22)
- if a; €]0,1[ and az = 1,
[ar+ 71 = Br,o2 +72 — Ba],  else.

Proof.  From the definition of scalar cardinality pattern it follows that f7(0,1) =
OLI and f[(lﬁ[) = 1,61'

From Lemma 5.5 it follows that there exist o € LT and v € LT such that
f1([0,a]) = « and fi([a,1]) =, for all a € ]0,1[. Let 8 = f7([0,1]). Since f;
is increasing, f7([0,a]) <pr fr([0,1]) <pr fr([a,1]), so a <pr 8 <pr v. Using
Theorem 5.4(i) it is easy to see that fr(a) = [a1 + 71 — f1, @2 + v2 — B2] for all
a € L' such that 0 < a; < ap < 1. So fr(a) is given by (22), forall a € L!. O

Theorem 5.7 Let T and S5 be a pseudo-t-representable t-norm and t-conorm
of the second kind on L' respectively. If at least one of T and S* is Archimedean
and at least one of them does not have zero-divisors, then (fr,T1,Sg) satisfies
the valuation property iff there exist cv, 3,7 in L' with o <p1 B <p1 v such that
fi(a) is given by (22), for alla € L'.

Moreover, if T has zero-divisors, then a = Ogr and 8 = v, and if S* has
zero-divisors, then o« = 8 and v = 1.

Proof.  Assume first that (fr, 7;,S%) satisfies the valuation property. From
Lemma 5.6 it follows that fr(a) is given by (22), for all a € L'.

Assume conversely that there exist o, 8, in L! such that o <;r g <1 v
and such that fr(a) is given by (22), for all a € L!. It is easy to see that f; is
a scalar cardinality pattern.
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We prove that (f7, 71, S§) satisfies the valuation property. A straightforward
calculation shows that f;([0,az]) + fr([a1,1]) = fr(a) + f1([0,1]), for all a €
L. Let now a,b in [0,1] such that @ < b (the case a > b is analogous). If
a = 0, then fr([0,T(a,b)]) = f1([0,0]) = fr([0,min(a,bd)]). If b = 1, then
f1([0,T(a,b)]) = f1([0,a]) = fr(]0,min(a,b)]). Similarly, if @ = 0 or b = 1,
then f1(T(a,8),1]) = fr([min(a,b), 1), fr([0, S(@,b))) = fr([0, max(a,b))) and
f1([S(a,b),1]) = fr([max(a,b),1]). Assume now that 0 < a < b < 1. Then we
have the following cases.

e Neither T or S* has zero-divisors: then 0 < T'(a,b) < 1 and, similarly as
in the proof of Theorem 4.10, 0 < S(a,b) < 1.

Hence f1([0,T(a,b)]) = o = fr([0,min(a,b)]), f1([T(a,b),1]) = v =
fz([min(avb%l])’ff([Ovs(a’b)])=Oé=f1([07maX(aab)])ande([ (a,0),1]) =
7 = fi([max(a,b),1]).

e T has zero-divisors: then from the assumptions it follows that S* does
not have zero-divisors. So, similarly as in the previous case we find
that f1([0,5(a,b))) = a = f;(]0, max(a,b))) and fr([S(a,b),1])) = 7 =
fr([max(a,b),1]). Let &/, in ]0,1[ be such that T'(a’,b') = 0. Then
fr([0,T(a’,0")]) = £1([0,0]) = 0,1, but on the other hand f; (][0, min(a’, b")]) =
a. Thus, if f7([0,T(a’,b")]) = f1([0,min(a’,)]), then o = 0zr. Con-
versely, if & = 01, then for all a,bin ]0, 1], T'(a, b) < 1, so f1([0, T(a,b)]) =
Ozr = fr([0, min(a, b)]). Similarly f;([T'(a,b),1]) = fr([min(a,b), 1]) for all
a,b in ]0,1[ if and only if 5 =~.

e S* has zero-divisors: similarly as in the previous case we find that T" does
not have zero-divisors, f7([0,7(a,b)]) = a = f7(][0, min(a, b)]), fr([T(a,d),1]
v = fi([min(a,b),1]), f1([0, S(a,b)]) = f1([0, max(a, b)]) and f1([S(a,b),1]) =
fr([max(a,b),1]) iff « = 8 and v = 1,1.

From Theorem 5.4 it follows that, under the mentioned restrictions for «, 5 and
v, (fr, T, S%) satisfies the valuation property. O

Theorem 5.8 Let T and Sg be a pseudo-t-representable t-norm and t-conorm
of the second kind on L' respectively. If at least one of T and S* is Archimedean
and both have zero-divisors, then there does not exist a scalar cardinality pattern
fr such that (fr,7T],Sg) satisfies the valuation property.

Proof. Assume that there exists a scalar cardinality pattern f; such that
(fr, T, S%) satisfies the valuation property. Then from Lemma 5.6 it follows
that fr([0,a]) is given by (22), for all a € [0, 1].

Since T has zero-divisors, there exist a,b € |0, 1] such that T'(a,b) = 0. From
Theorem 5.4 if follows that

Ocr = f1([0,0]) = f1([0, T(a,b)]) = f1([0, min(a, b)]) = a,

8= (0,1 = f([T(b). 1) = fr(min(a b)) =, )
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On the other hand, since S* has zero-divisors, there exist a’, b’ € |0, 1] such
that S(a’,b") = 1. Thus, using Theorem 5.4, we obtain

8= fI([Oﬂ 1]) = f]([O, S(a’,b’)]) = ff([07max(a/7b,)]) ’

24
Lo = fr([L1]) = fr(S(@, W), 1) = fr(max(@,b), 1) =7, O
From (23) and (24) it follows that
O =a=f=v=1g,
which is a contradiction. O

6 The valuation property and the class 77, 1,

Now we consider the case that 7 and S are t-representable.

Theorem 6.1 Let Tr, 1, and Ss, s, be a t-representable t-norm and t-conorm
on LT respectively. Then (fr, T, 1,,Ss,.5,) satisfies the valuation property iff

(i) for alla € LT,
f1(10,a2]) + fr([a1,1]) = fr(a) + f1([0,1]),
(i) for all a,b € [0,1],

f1([0, T5(a, 0)]) + f1([0, S2(a, b)]) = f1([0,a]) + f1([0,0]),
f1([Ti(a, b),1]) + f1([S1(a, ), 1]) = fi(la, 1]) + f1([b, 1]).

Proof.  Assume first that (fr, Tr, 1, Ss, s, ) satisfies the valuation property. Let
a€ L' and b= [0,1] € L, then Tz, 1,(a,b) = [0,as] and S, s, (a,b) = [a1, 1],
so from (2) it follows that (i) holds. Let now arbitrarily as,by € [0,1], then
a = [0,az],b=[0,by] € L, so from (2) it follows that

fr([0, Tz (az, b2)]) + f1([0, S2(az, b2)]) = f1([0,az2]) + f1([0, bz]).

Similarly, the second equality of (ii) can be proven.
Assume conversely that (i) and (ii) hold. Then for all a,b € L',

f1(T1, 1,(a,0)) + f1(Ss,,5,(a, b)) + f1([0,1]) + f1([0, 1])

= f1([0,T2(az, b2)]) + f1([0, Sa(az, b2)]) + fr([T1(a1,b1),1]) + f1([S1(a1,b1),1])
= f1([0, az2]) + f1([0,b2]) + fr([a1, 1]) + fr([b1,1])

= f1(a) + fr(b) + f1([0,1]) + f1([0, 1]).

Since from x + z = y + z it follows that @ = y, for all z,y,z € L, we obtain
that (2) holds. O

From Theorem 6.1 it follows that in the case that 7 and S are t-represen-

table, if (fr,T,S) satisfies the valuation property, then f; is completely deter-
mined by the value of f;([0,a]) and f;([a,1]), for all a € [0,1].
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Corollary 6.2 Let Tr, 1, and Ss, s, be a t-representable t-norm and t-conorm
on LT respectively. Then (f1,Tr, 1y, Ss,.s,) satisfies the valuation property iff
there exist an element o € LT and scalar cardinality patterns fi1, fi2, fo1 and
foo on the unit interval such that

(i) for alla € LT,

fr(a) = [a1 far(az) + (1 — a1) fi1(ar),
as fa2(az) + (1 — a2) fr2(a1)], (25)

(ii) (f11,T1,51), (fi2,T1,51), (f21,T2,52) and (faz,T5,S2) satisfy the valua-
tion property.

Proof.  Assume first that (fr, 71, .1, Ss,.s,) satisfies the valuation property.
Let a = f7([0,1]). Define for all a € [0,1],

puto) = PO i 0. <
ia(a) = LU RO i (110,112 <1,
for(a) = GG i (F2(10. 1) > 0

It is easy to verify that fi1, fi2, fo1 and foq are scalar cardinality patterns on
the unit interval. From Theorem 6.1(ii) it follows for all a,b € [0, 1] that

(f1([0, Ta(a, b)]))1 + (f1([0, S2(a, 0)])1 = (f1([0, al))r + (f1([0,0]))1,

J21(To(a, b)) + f21(S2(a, b)) = fa1(a) + f21(b),

i.e. (fa1, Ty, S2) satisfies the valuation property. Similarly (fi1, 7%, S1), (fi2, 11,
S1) and (foe,Ts, S2) satisfy the valuation property.

Now we calculate the right hand side of (25) for all @ € L!. We have the
following cases.

o If (f1([0,1]))1 = 0, then the first projection of the right hand side of (25)
is equal to 0+ f11(a1) = (fr([a1,1]))1. On the other hand, from Theorem
6.1(i) it follows that 0+ (f7([a1,1]))1 = (f1(a))1 +0, so the first projection
of the right hand side of (25) is equal to (fr(a));.

o If (f7([0,1]))1 = 1, then the first projection of the right hand side of (25)
is equal to f21(az2) +0 = (f1([0,az2]))1. On the other hand, from Theorem
6.1(i) it follows that (f7([0,a2]))1+1 = (fr(a))1+1, so the first projection
of the right hand side of (25) is equal to (fr(a));.
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e (f7([0,1]))1 €]0,1], then the first projection of the right hand side of (25)

0,
is equal to (f7([0,1]))1f21(az) + (L = (f7([0,1]))1) f11(a1) = (f1([0, a2]))1 +
(fr([a1,1]))1 — (f1([0,1]))1, which according to Theorem 6.1(i) is equal to

(f1(a))1-

A similar calculation shows that the second projection of the right hand side of
(25) is equal to (fr(a))2. So (i) holds.

Assume conversely that there exist an element o € L and scalar cardinality
patterns fi1, fi2, fo1 and fas on the unit interval such that (ii) holds and
define the mapping f; : L — L! by (i). A straightforward calculation shows
that f; is a scalar cardinality pattern on £. It only remains to show that
(fr, T1y.15,Ss, .s,) satisfies the valuation property. We have the following cases.

o If a; =0, then (f;(a)); = fi1(a1), for all a € L!. So, for all a,b € L, we
obtain that

(f1(Try, (@, b)) + f1(Ss,,5,(a, b))
= fu(Ti(a1,b1)) + f11(Si(a1, b1))
= fu1(a1) + f11(b1)

= (fr(a) + fr(0))1,

using the fact that (f11,T1,S1) satisfies the valuation principle.

o If a; = 1, then (f7(a))1 = fo1(az), for alla € LY. We obtain similarly that
(f1(Try 1, (a,0)) + f1(Ss,.5,(a,b)))1 = (f1(a) + f1(b))1, for all a,b e L.

e If oy €]0,1[, then for all a,b € L',
(f1(7—T17T2 (a’ b)) + fI(Ssl,Sz (a7 b)))l

= a1 fa1(T2(az,b2)) + (1 — o) fr1 (T (a1, b1))
+ a1 fo1(S2(az, b2)) + (1 — 1) f11(S1 (a1, b1))
)+

= a1f21(a2 (1 - Oél)f11(a1) + Oé1f21(52) =+ (1 - Oél)fn(b1)
= (fr(a) + f1(0))1,
using the fact that (f11,7%1,51) and (fa1, T2, S2) satisfy the valuation prop-

erty.

Similarly we obtain that (fi(Tr, 1, (a, b)) + f1(Ss,.s,(a,b)))2 = (f1(a) + f1(b))s,
for all a,b € L'. This completes the proof. Note that for any choice of o € L,

fl([()’l]):a' t

7 Conclusions

We provided in this paper the characterization of cardinality patterns for which
the corresponding scalar cardinalities of finite interval-valued fuzzy sets satisfy
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the valuation property with respect to different classes of t-norms and t-conorms
on the lattice £7. The paper covers the t-representable t-(co)norms, the pseudo
t-representable t-(co)norms of the first and second kind and the generalized
pseudo-t-representable t-(co)norms. Our future research will focus on further
description of cardinality patterns, t-(co)norms and negations satisfying the
subadditivity property, the complementarity rule and the cartesian product rule.

The choice of the appropriate cardinality pattern is based on the intended
application and therefore strictly context dependent. Obviously it goes beyond
the scope of our paper. Nevertheless, we suppose that the presented charac-
terization can increase the applicability of the cardinality theory presented in
[11].
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