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ABSTRACT

Surrogate models are data-driven models used to accunaielyc the complex behavior of a system.
They are often used to approximate computationally exgersimulation code in order to speed up the
exploration of design spaces. A crucial step in the buildiigsurrogate models is finding a good set
hyperparameters, which determine the behavior of the mddes is especially important when dealing
with sparse data, as the models are in that case more pronerfdtong. Cross-validation is often used to
optimize the hyperparameters of surrogate models, howeiecomputationally expensive and can still
lead to overfitting or other erratic model behavior. Thisgraiptroduces a new auxiliary measure for the
optimization of the hyperparameters of surrogate modelghwylwhen used in conjunction with a cheap
accuracy measure, is fast and effective at avoiding unegalamodel behavior.

1 Introduction

In engineering design, many routine tasks such as desige gx@loration, sensitivity analysis or optimiza-
tion can quickly become impractical due to the (relativétigh cost of computing a single design point.
One way of speeding up the design process is by using suerogadlels, also referred to as metamodels
or response surface models. Surrogate models are dagardhri@ck box models, which accurately approx-
imate the input-output behavior of the real simulator over éntire design space, using as little data as
possible. Examples of surrogate models are Artificial NieNetworks (ANN), Support Vector Machines
(SVM), Kriging models and Radial Basis Function (RBF) maedddecause they can be evaluated almost
instantaneously, they can replace, in a first design steprethl simulator in order to quickly explore the
design space.

The quality of the surrogate model is in a great deal depeanderithe hyperparameters that govern
its behavior. High quality models are not only able to actlyaapproximate the data samples that were
used to construct it, but also to accurately predict the emlof unseen data points. Optimizing these
hyperparameters, however, is a non-trivial problem, sthiserequires an accurate estimation of the model
quality. Finding a good set of hyperparameters becomes mae difficult when dealing with sparse
data, as the models are more prone to overfitting in such caspscially when high in-sample accuracy
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Figure 1: Surrogate models of the input noise curre\y{ti_?,{) of a Low Noise Amplifier generated with
different model selection criteria. The dots representasspintermediate training during model construction
(7x7 samples).

is required. Overfitted models can for example exhibit aréfiripples and bumps while in reality the true
response is smooth and there is no data to support this higitliiinear behavior. An example of this is
shown in Figurel(a) where the model, built with sparse data, has a low in-sampte, dout is unable to
capture the true behavior shown in Figure).

Cross-validation is a common technique to optimize the ipgrameters of surrogate models, especially
when little data is available. It is simple to implement aad be applied to any model type. However it can
be quite time and resource consuming, especially if theafdstilding one model is high (e.g. when working
with large ANNSs), as each model has to be rebuilt severalgifoeeach set of hyperparameters. Moreover
models optimized with cross-validation can still exhihitifecial ripples and bumps when approximating
models have high complexity5orissen et al. 2009 This paper presents a new generic auxiliary measure
model selection measure called the Linear Reference Mdd@M] which is designed to be fast and
to avoid spurious model behavior in such cases. The LRM meadentifies regions where the model
exhibits complex behavior (such as oscillations) but lablesdata to support this and penalizes the model
accordingly. When used used in conjunction with a cheapracgumeasure, the LRM measure is able to
achieve competitive results with cross-validation at mugeghuced computational cost. Figuréb) show the
effect of the LRM measure on the earlier example, where oping solely using LRM results in a model
with worse in-sample error, but which is able to capture thad of the true behavior more accurately.

The paper is organized as follows: sectbpresents related works relevant to the LRM measure. The
LRM measure itself is discussed in secti®nSection4 applies LRM on a mathematical example and a
real-world application. Sectiof concludes with a summary and pointers for future work.

2 Related work

Several model selection criteria have been discussed iliténature: re-sampling methods such as cross-
validation, bootstrap sampling or hold-out se®hérkassky and Mulier 200 Meckesheimer et al. 2002
Bengio and Chapados 2003nformation theoretic methods such as the Akaike infdfoma criterion,
Minimum description length, Bayesian information criterj etc. Anderson and Burnham 20§3and
methods from statistical learning theorvapnik 1995 Cherkassky and Ma 2008Bartlett et al. 200p

Most of this work has been done on model complexity measuresse measures penalize the complexity
of the model itself, as opposed to the complexity of its baraExamples include discrepancy-based mea-
sures, Rademacher complexity measures, and GaussiansxitypieasuresRartlett and Mendelson 2003
Bartlett, Bousquet, and Mendelson 2008sually these measures are used to build bounds drivinighse-
lection, and may serve as regularization terms in a strabtisk minimization approach. Anoverview ofthese
and other regularization related topics is given@hérkassky and Mulier 200Chen and Haykin 2002
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Figure 2: Intuitive 1D illustration of the LRM measure. Theadjis to minimize the deviation between the
surrogate model and the linear fit. The LRM measure penalimsnodels proportionally to the distance
between a number of probe points and the linear fit (thesardiets are denoted by the arrows).

Less work has been done on measuring the behavioral of a rddetly. In Girosi et al. 199%the
function smoothness is estimated, based on techniquessigral analysis. RecentlyK¢o and Kil 2008
proposes a new model selection measure based on the mod@lglustiouity of a function Lorentz 1986
and provide upper bounds for the modulus of continuity fdiedent estimation functions. From Genetic
Programming (GP), a new complexity measure is introduc@dadislavleva, Smits, and den Hertog 2009
that measures the order of non-linearity of a given GP treés lbased on the degree of the best fitting
polynomial of the symbolic equation represented by the tidwis it is a kind of hybrid between structural
and observable complexity. However, due to numerical caimgs the algorithm does not scale well beyond
two dimensions and is thus applied on each sub-tree indepéigpdunivariate case only).

In general, though, there is no universally optimal modé&a@n procedure and much depends on
the model type and on the amount and distribution of datatpditin 2004).

3 LRM measure for response nonlinearity estimation

The LRM algorithm scores a model on the basis of its behavamaplexity. The LRM measure is based
on the assumption that, all other factors being equal and d@ther information is available, the model with
the most parsimonious behavior between any two neighbgyrinints should be chosen. In other words,
the model whose behavior is the most linear-like. Any comlehavior (such as oscillations) exhibited
by the surrogate model has to be supported by data. TheleRivepenalizes a surrogate model by giving
it a score proportional to its deviation from a local lineaterpolation (large deviations indicating high
behavioral complexity). Note that although the LRM measioes not penalize the structural complexity
explicity, some correlation might exist.

Applying the LRM measure alone will usually not result in aoganodel, since a LRM score of zero
corresponds to a local linear interpolation. The LRM measdsrtherefore only intended as an auxiliary
measure to be used along side some (cheap) accuracy meassing)g the optimization of the models
towards models with a more parsimonious behavior. The fiskderfitting due to LRM is usually neglible
as the high accuracy typically required of the surrogateetsocan only achieved by using high complexity
models, in which case the LRM measure will only reduce thegidency to overfit but never to the extent
that the models will underfit.

The deviation from the linear interpolation can be quartifie many ways, for example as the
(hyper)volume between the surrogate model and the lineaitfiurns out that a simple estimation of
this deviation is sufficient to drive the optimization in thight direction. Thus, in order to limit the
computational burden, the deviation is quantified as theageedistance between a number of probe points
p; of the candidate model and the interpolating hyperplanesws in Figure2). The LRM score for a
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model withd input values and 1 output value is calculated as follows.dbethek x d matrix X and the
kx 1 matrixY, as the respective input and corresponding output vasaided to construdt(x), wherek

is the number of already selected samples. Together, usenglock matrix notation, they form the data
samples matrbD = (X|Y), given by:

X11 .- X1d | Y1
D=| : . | (1)
X1 oo Xkd | Yk

The first step is to construct(d + 1)-dimensional local linear interpolation &f. The LRM algorithm
starts by constructing a Delaunay tesselatidjele and Daehlen 20Q6f the input valueX. A graphical
illustration of the resulting tesselation of the input spéor the 2D case is shown in FiguBe

Lets be a simplexi(=1..1 < km) given by the Delaunay tesselation X¥fand defined by the input
values of data sampleg = (v;,...,Vv} ), wherev, = (v'nl, ..Vi.q-¥in) is one of the data samples in
D. The sampled/ are then used to construct a unique interpolating hypeepfan simplexs, H; with
following equation:

X1+ ... + 8 Xd + &y, Y+ g, =0 2

Next for each simplex a number of probe points are chosen to calculate the devidtor that purpose
the centroidp{ belonging to simplexs, which is given by:

zd+1V'
C
i 3
andd+ 1 inner pointsp!, which are given by:
ph=avi+(1-a)pfj=1...d+1 (4)

are chosen. There are many ways to chomséor example as discussed iHgmmer and Stroud 1956
however in the rest of this paper we keap=0.5. The probe points are then placed into a maRix
(corresponding to simpleg) together with their output values given by the surrogatel@ehd(x).

P p. a | fp7) |1

p_ pT,l pld f(pT) 1 5)
I — . . . .
Pia1 - Piad fg ) | 2

The LRM score for simples is then equal to the average perpendicular distance betthieemyperplane
H; with coefficientsa = (a,, ..., a,,,) and P!, whereP! is the j" row of R:

1 d+2|a pJ|

A= d72 2, Tl ®)

The scores?; for each simplexs are then averaged to obtain the overall LRM score for suteogeodel

f(x).
LRM(f =7 Zly (7)

Models with a large deviation from the local linear fit will\vi@higher LRM scores.



Nguyen, Couckuyt, Gorissen, Saeys, Knockaert and Dhaene

® Samples
Delaunay triangles
° x  Centroid probe point

0.8F \° ° !
O Halfway probe points

xoM 0 x x ° =

07 /o

o
09\ « °

0.6f)
o
% 0.5
04l
o
03l
02t " o
0if°

o q © L o
0 0.2 0.4 0.6 0.8 1
x1

Figure 3: 2D Delaunay tesselation of the input space. Thatilo of the probe points in the input space
are denoted by the circles and crosses. The location of thplea are denoted by the black dots.

The dominating cost of computing the LRM score is perforntiregtesselation of X. The implementation
used in this paper is based on QHW@Hull 2008, which has a computational complexity in the order of
O(k‘—va), wherek is the number of pointsy is the number of output vertices arfiglis the maximum number
of facets for a convex hull of vertices. The latterfy, is tightly bound to the dimension of the problem
and grows rapidly as the number of dimensions increase.

4 Applications

4.1 Configuration

Both examples are modeled using the SUrrogate MOdeling (SUMolbox Gorissen et al. 2090 The
models are built for a different number of samples, whichsalected by an adaptive sampling algorithm,
called LOLA-Voronoi Crombecq et al. 2009 LOLA-Voronoi determines the non-linear regions of the
true response and samples those more densely. It dependsrotiie true data and not on the surrogate
model. LOLA-Voronoi starts from a small optimized Latin lgrpube design augmented with the corner
points of the domain. Each sampling iteration LOLA-Voroselects a small number of new samples until
a pre-determined limit is reached.

ANNSs are used as the approximating models. A genetic algor{GA) is used to optimize the topology
and the initial weights of the ANNs. The GA is run for 10 genienss between each sampling iteration
with a population size of 10. The networks are trained usiegelnberg-Marquardt backpropagation in
conjunction with Bayesian regularizatiofRdresee and Hagan 199acKay 1995 for 300 epochs.

The tests were performed using the LRM measure in conjumgtith the in-sample error as the model
selection criterion on one hand and using 5-fold crossdaéibn on the other. In addition, the results
of using only the in-sample error is also provided to showittirience of LRM. The LRM measure is
combined with the in-sample error by taking the average eif thutput values for these experiments. The
total scoreT is thus given by:

1
T = 5(LRM-+ SampleErroy (8)

The cross-validation score and the in-sample error sca@ecalculated using the Root Relative Square
Error (RRSE) which is given by

SiLa(yi —Vi)?
Sy —y)?
wherey;,Vi,y are the true, predicted and mean true response values tigsfyecThe tests were repeated

to smooth out random effects. To estimate the generalizathility of the models, a dense independent
grid test set was used.

RRSHy, ) = (©)
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Figure 4: A plot of the bird function.

4.2 The Bird function
The first example is the modeling of the bird functidRy( et al. 2002 given by the following formula:

W2
bird(x,y) = exp(cogx—y))sin <(X1+yzx—i_;;y> (10)

with x,y € [—4,4]. A plot of this function is given in Figurd. The adaptive sampling algorithm starts from
100 samples and stops once the number of samples is greateB@b. The experiments were repeated 20
times on a Intel Xeon CPU E5504@2.00GHz machine with 6GB totmory. The average result of the
different repeat runs is shown in Figuséa), where the error on a dense independent test set (witk 401
samples) is plotted as a function of the of samples chosernéadaptive sample selection algorithm.
The plot shows that the LRM measure in conjunction with thesample error (SampleError+LRM)
outperforms cross-validation, especially for smaller bemof samples. As the number of samples grows,
the difference in accuracy between cross-validation amapBzError+LRM becomes much smaller because
the cross-validation estimate of the quality of the modeldnees more accurate. SampleError+LRM also
outperforms when only using the in-sample error (SamptafE@s a measure for model quality. As the
number of samples increases the test error of SampleEmains worse than that of cross-validation and
SampleError+LRM.

When looking at the running time for the tests shown in Figh(t®), it is clear that cross-validation
always takes considerably longer time to compute, thisiteefpvoring less complex ANNs (Figure(c))
which take less time to train. SampleError+LRM is also dliglfiaster SampleError, because the of the
(slightly) higher complexity of the models favored by Saetairor (Figure5(c)). This also suggests that
models chosen using in-sample error are overfitting, siheariodels are more complex and have worse
test errors. SampleError+LRM can therefore achieve beiteuracy than the two other model measure
and in less time.

4.3 Low Noise Amplifier (LNA)

The second example is taken fro@drissen et al. 20Q9where the goal was to accurately model the
non-linear behavior of a Low Noise Amplifier (LNA) while atdrsame time minimizing the number of
samples used. An LNA is the first stage of a receiver, used duige the gain needed to suppress the
noise of subsequent stages. The resulting surrogate madehen be used for example to find one or
more sets of device parameters resulting in a circuit whitfill the specifications, i.e., constraints given
on the performances.

The behavior LNA can be calculated in two different ways: Bing an analytical small-signal model
of the device or by directly simulating the device (we referGorissen et al. (2009jor more details
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Figure 5: Comparison between cross-validation and SammeE.RM on the bird example.
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on obtaining the small-signal representations). Submez#.3.1and 4.3.2 will model both approaches
respectively using ANNSs trained both with the LRM measure enoss-validation. The in-sample error will
also be used in these experiments. The number of samplaesitedito 1500 for the small-signal approach
and to 3000 for the direct simulation approach. The experimtor both approaches are repeated 15 times
to account for stochastic effects. All tests were run on GQAlcthe cluster available at the University of
Antwerp, which consists of 256 Sun Fire V20z nodes (dual AMté@on with 4 or 8GB RAM), running
SUSE linux, and Matlab 7.7 R2008b.

4.3.1 Small-signal example

The goal here is to build a surrogate model of the input-noiseent response variabl\g/% using the 4D
formulation of the LNA problem inGorissen et al. 2009 The input parameters are the MOSFET width
W, the inductancegs, L, (we refer to Gorissen, De Tommasi, Crombecq, and Dhaene p@&%urther
details). Figures(a) shows how the true error decreases using the LRM measurenjunmbion with the
in-sample error (SampleError+LRM), in-sample error (Skpror) and cross-validation model selection
measures as more data points are added. The true errorusatadcas the RRSE (see E9).on a test set
of 11* points.

Like in subsectior4.2it can be seen that by using SampleError+LRM vyields bettsulte than using
5-fold cross-validation for all number of samples and impke error (SampleError). The difference
between in-sample error and SampleError+LRM however isermpoonounced as more samples are added.
Figure6(c) shows the complexity of the ANN models chosen by each modekore. Using SampleError
results in more complex models than when using SampleHrR¥4-and cross-validation, which is a likely
indication that those models are overfitting. Fig@¢b) shows that also in this example SampleError+LRM
runs faster than the other measures.

4.3.2 Direct modeling of the LNA

An alternative approach to using a small-signal formutaisato model the performance parameters directly.
Note that this is a completely different modeling problenthnéompletely different response behaviors.

The relevant input parameters here are the transistor WAdthihe transistor length., the source
inductanceLs, the load resistancBL, the voltage bias of the transist¥gs, and the resistance in series
with the generatoRS(the generator series resistance). The second order earitinlIP2 is taken as the
output parameter. The dimensionality is varied from twoixo A comparison of the three model selection
criteria (as in the previous section) is not done for comgmnal cost reasons. The goal here is to see if
applying the LRM measure can lead to satisfactory ANN moadélsin the sample budget for an increasing
number of input variables. Reference test sets of siZel5i, 114, 7°,5° are available for this purpose.

Figure7 shows the curve for each number of inputs. The curves agaictdeow good the SampleEr-
ror+LRM combination is at minimizing the error on the refece grid. Ideally, the graph should display a
smooth, monotonic decrease of the error in function of thalmer of data points. The steeper the descent
the better. Erratic jumps should be avoided but temporarseases in error are acceptable, as long as the
error continues to decrease globablly. The error can teanippincrease if adding new data points reveals
new features in the data or a new interpretation, allowingafenore accurate estimation of the model
quality.

Satisfactory accuracy can be reached in for all number dfitiimensions, with convergence be-
ing particularly fast in the 2D and 3D case. The curves for 5 &D much more erratic than
the 2D-4D curves. This is confirmed by preliminary results the other performance parameters
(Gorissen, Couckuyt, and Dhaene 2R09he most likely reason for this lies in the fact that for mor
than 4 dimensions the number of LRM test points chosen peplsiis too small to allow for an accurate
estimation of the deviation. Note that 3000 points in 6 digiens is only 3-4 points per dimension. The
average simplex volume grows exponentially with the nuntdifedimensions while the number of test
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Figure 6: Comparison between cross-validation and SammeE.RM for the LNA small-signal example.
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points only grows linearly. Thus these results seem to ity a different test point distribution is needed
in more than four dimensions in order to more accurately gyt hyperparameter optimization.

4.4 Summary

The motivation for the LRM measure stemmed from the need ffastauxiliary parsimony promoting
measure that was just as generic and easy to apply as clastiva, and that was faster and better
and suppressing erratic model behavior in a sparse sarmigle abcuracy requirement context. The two
examples show that the LRM measure has been able to achisyattieast for the ANN models employed
here. The accuracy curve is comparable or better than thaffafl cross-validation with a lower model
complexity and computational cost.

5 Conclusion

Surrogate models are commonly used to speed up many rout@ireering tasks such as optimization,
design exploration or sensitivity analysis. The hyperpeai@rs of the surrogate model has to be optimized
however, if a high quality model is to be obtained.

This work presented a new model selection criterion (LRMjt,thvhen combined with some cheap
accuracy criterion, can be used to quickly find accurateogate models while at the same time avoiding
erratic model behavior. The LRM measure penalizes the gateamodel if there are regions in the design
space where it exhibits complex behavior (oscillations) vehere there is no data to support this. When
used in an applications with high risk of overfitting, the LRiveasure leads to equally or better models
but at much reduced computational cost compared to crdisktian.

Various extensions to the basic LRM idea are also possilide.elample one could also include the
volume of the simplex in the LRM equation and thus give morneléss) weight to certain areas of the
model. The same applies to the prediction uncertainty. Alstead of aggregating the LRM measure with
some other accuracy measure using a simple average, weighteages can also be used. Pareto-based
optimization can also be used to create a Pareto-optimat Wwith LRM and the accuracy measure.

The full LRM algorithm is implemented as a plugin in the SUM@olbox (Gorissen et al. 2090
which is available for download frorhttp://www.sumo.intec.ugent.be
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