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Abstract—We present a novel parameterized model order reducing the CPU efficiency. Parameterized model order re-
reduction technique applicable to the Partial Element Equivalent duction (PMOR) methods are therefore needed to efficiently
Circuit analysis that provides parametric reduced order models, perform these design activities. PMOR techniques can reduce

stable and passive by construction, over a user defined designI ¢ f fi ith tto f d oth
space. We treat the construction of parametric reduced order '2'9€ SySI€mS OF equalions with respect {o frequency and other

models on scattered design space grids. This new parameterizeddesign parameters and finally build a parameterized reduced
model order reduction technique is based on the hybridiza- order model.

tion of traditional passivity-preserving model order reduction A number of PMOR methods have been developed. Some
methods and interpolation schemes based on a class of positivep\1OR techniques are based on statistical performance anal-

interpolation operators, in order to guarantee overall stability - ; .
and passivity of the parametric reduced order model. Pertinent ysis [8], [9]. The multiparameter moment-matching methods

numerical examples validate the proposed approach. presented in [10], [11] use a subspace projection approach
and guarantee the passivity. However, the resulting reduced
|. INTRODUCTION models usually suffer from oversize when the number of

moments to match is high, either because high accuracy (order)

The analysis and design of complex high-speed systeigsrequired or because the number of parameters is large.
require the use of 3-D electromagnetic (EM) methods [1[Fhe Parameterized Interconnect Macromodeling via a two-
[3]. These EM methods usually results in very large systerdiectional Arnoldi process (PIMTAP) algorithm presented in
of equations which are often prohibitively expensive to sold 2] is numerically stable, preserves the passivity of parameter-
and model order reduction (MOR) techniques are therefowed RLC networks, but, such as all multiparameter moment-
needed to reduce the resulting high model complexity amngatching based PMOR techniques, it is suitable only to a low-
computational cost of the simulations [4], [5]. The Partiadimensional design space.
Element Equivalent Circuit (PEEC) method has gained in- This paper proposes a PMOR method applicable to PEEC
creasing popularity among electromagnetic compatibility eanalysis that provides parametric reduced order models, stable
gineers, since it is able to transform the EM system undand passive by construction, over the design space of interest.
examination into a passive RLC equivalent circuit [2], [6], [7]wWe treat the construction of parametric reduced order models
Nonlinear circuit devices, such as drivers and receivers, aye scattered design space grids that are more flexible than fully
usually connected with PEEC equivalent circuits using a tinfiled grids and allow the use of adaptive sampling schemes
domain circuit simulator (e.g. SPICE). However, inclusion ahat can be useful to select a minimal and well-distributed
the PEEC model directly into a circuit simulator may b&et of points in the design space. This new PMOR technique
computationally intractable for complex structures, becausembines traditional passivity-preserving MOR methods and
the number of circuit elements can be in the tens of thousantgerpolation schemes based on a class of positive interpolation
MOR techniques become necessary to reduce the size ofperators [13], in order to guarantee overall stability and
PEEC model [4], [5]. passivity of the parametric reduced order model. The hy-

Optimization and design space exploration are usually péridization of PEEC models, MOR methods and interpolation
formed during a typical design process that consequenfighemes is used in the proposed PMOR methods. Recently,
requires multiple frequency-domain simulations for differerd method has been proposed in [14], based on an efficient
design parameter values (e.g. layout features). Performiaigd reliable combination of rational identification and positive
these design activities by means of EM simulations may oftémterpolation schemes to build parameterized macromodels,
be not feasible due to the high computational complexitgtable and passive by construction, over the design space of
Traditional MOR techniques perform model reduction onlinterest, starting from multivariate data samples of the input-
with respect to frequency and a new reduced model has todagput system behavior and not from system equations as in
generated each time a design parameter is modified, theralyPMOR techniques previously discussed.



This paper is organized as follows. Section Il describes

the modified nodal analysis (MNA) equations of the PEEC dx(t)

method. Section Ill describes the proposed PMOR method. C—~ = —Gx(t)+Bu() (1a)

Finally, some pertinent numerical examples are presented in i,(t) = LTx(t) (1b)
» =

Section IV, validating the proposed technique.

wherex(t) € Rm«*1, C € R™*"u, G € R«*" and B =

L, B € ®™*". This is an admittance,-port formulation
Y (s) = L7 (sC + G)~!'B, whereby the only sources are the
, . voltage sources at the,-port nodes. If we consider N design
The PEEC method [2] stems from the integral equation forBhrametersg = (g™, ...,¢g™) in addition to frequency, the
of Maxwell's equations. With respect to other EM methOd%quations (12)-(1b) become

it is worth pointing out its capability to provide a circuit

interpretation of the EFIE equation, thus allowing to handle

Il. PEEC FORMULATION

complex problems involving both circuits and electromagnetic ~ ¢(g) dx(t.g) _ —G(g)x(t,g) + B(g)u(t) (2a)
fields [2], [7], [15]-[17]. In what follows, we describe a quasi- . dt T
static PEEC formulation [2] that approximates the full-wave ip(t,g) = L(g) x(t,g) (2b)
PEEC approach [15]. A. Properties of PEEC formulation

p

The original approach [2], requires the discretization of . - .
) i tability and passivity are fundamental properties for a
volumes and surfaces into elementary regions, hexahedra an . : . :
. ) model that is used in a simulator that performs transient
patches respectively [17], over which the current and charge_, . ; . .
o . : . nalysis. While a passive system is also stable, the reverse
densities are expanded into a series of pulse basis furc-

tions. Both conductors and dielectrics can be easily modelé%l.nOt necessarily true [19]. Passivity refers to the property of

Conductive elementary volumes are modeled by their ohnﬁ]XStemS that cannot generate more energy than they absorb

. i C . r]pugh their electrical ports. When a passive system is ter-
resistance, while polarization effects are described by means 0 . .
minated on any set of arbitrary passive loads, none of them

the excess capacitance which is placed in series to the partv\#a}, cause the system to become unstable. A linear network

inductance of each elementary volume cell. An example Qhscribed by admittance matri(s) is passive (or positive-
PEEC circuit electrical quantities is illustrated, in the Laplace y P P

domain, in Fig. 1 where the current controlled voltage sourc<reesal) i [22]: . s
sL,.;I; and the current controlled current sourdgg model 1) Y(s7) = Y(s) for all s, where %" is the complex
conjugate operator.

the magnetic and electric field coupling, respectively. : T
2) Y (s) is analytic inRe(s) > 0.

3) Y(s) is a positive-real matrix, i.e. :

. +/V{ I, 2T (Y(s)+ YT (s*))z > 0; Vs : Re(s) > 0 and any
" arbitrary vectorz.
AR SLy 1k | R L SLyly , Since the ma_ttrice?*l, L,, C4, R are symmetric nonnegative
$ ] definite matrices by construction, it is straightforward to prove
Ly Lo ls that the matrice<C, G satisfy the following properties

VPHJj 1 P y 33 1. cC=CT>0 (Sa)
T | G+GT>0 (3b)

i i _ _ T
Fig. 1. lllustration of PEEC circuit electrical quantities for a conducto-rrhe properties of the PEEC m.at.”C& =L C=C _2
elementary cell. 0, G+ GT > 0 ensure the passivity of the PEEC admittance

model Y(s) = LT (sC + G)~'B [21] and allow to exploit
the passivity-preserving capability of the Laguerre-based MOR
Let us assume that the meshing process of conductors aigbrithm.

dielectrics has generated volume cells where currents flow
and n,, surface cells where charge is located; the resultant
number of elementary cells of conductors and dielectricsIn this section we describe a PMOR technique that is able to
is n. and ng4, respectively and that of electrical nodes igenerate reduced order models as a function of frequency and
nn. Furthermore, let us assume to be interested in genbr-design parameterg = (¢, ..., ¢™)), such as the layout
ating an admittance representatidfi(s) having n, output features of a circuit (e.g. lengths, widths,...) or the substrate
currentsi,(t) under voltage excitationv,(t). If the MNA parameters (e.g. thickness, dielectric constant, losses,...). The
approach [18] is used, the global number of unknowns BIMOR method aims at accurately approximating the original
ny, = n; + ng + ny, + np and an admittance representatioscalable system (having a high complexity) with a reduced
of the PEEC circuit is obtained scalable system (having a low complexity) by capturing the

IIl. PARAMETERIZED MODEL ORDER REDUCTION



behavior of the original system with respect to frequendy. Y-S transformation

and other design parameters. Stability and passivity of therne gefinition of theS-representation and its relation to

parametric reduced model are guaranteed over the enfifig oiher system representations depend on the reference

design space of interest by construction. The different Stelﬂ"f‘pedance at each por,,Z that in practice is often chosen

of the proposed PMOR method are shown by a flowchart i, 51 1050 Q. Let Z, be a real diagonal matrix such that

Fig. 2. Zo(i,i) = Zo s, then theS-representation is related to thé-
representation by

Compute Y(s,g,(;), ...,g,(:jv)) models by PEEC

for different design parameters values S(S) _ (I o Z(1)/2Y(S)Z(1)/2) (I + Z(1)/2Y(S)Z(1)/2) -1 (4)
It is possible to obtain a descriptor form
S,-(S,g) = [Cr(g)’Gr(g)’Br’Lr(g)7D!‘(g)] from
MOR step Y (5,5, 913)) — Yr(s1), ) a descriptor form of the reduced order model
for different design parameters values by means of Yr (S, g) — [Cr (9)7 Gr (9)7 :Br(g)7 Lr (g)] obtained by
the Laguerre-based MOR algorithm means of the Laguerre-based MOR algorithm, using the

following equations [22]

YT(s,g,ill),...,gSjv)) — ST(s,g,(c?,...,gg)) transformation by Cr(g) = Cr(g)
the set of equations (13 ~
S 1) ™) 13) Gr(g) = Gr(g) +Br(g)ZOLr(g)T
(85 Gy s+ Gy ) Called root ROMs T s
B.(9) = \/iBr(g)Zo
L:(9) = =B:(9)
Parametric ROM S,.(s, g) obtained by Dr(g) = (5)
multivariate interpolation of root ROMs S,(s, g,(c?, ey g,(eljv))

We note that the transfer functio¥i(s) is positive-real if and
only if S(s) is bounded-real [20], i.e.:

1) S(s*) = S*(s) for all s, where %" is the complex

conjugate operator.

2) S(s) is analytic infe(s) > 0.

3) I-S7(s*)S(s) > 0; Vs : Re(s) > 0.
The bounded-realness property represents the passivity prop-

As first step, the proposed PMOR technique computesty for systems described by scattering parameters. Once a
a set of stable and passive reduced order models of {eessive and stabl¥ -reduced model is obtained by means of
PEEC admittance matri%Y (s, g) using the Laguerre-basedthe Laguerre-based MOR techniqueYaS transformation is
algorithm for different design parameters values in the desigerformed using the set of equations (5), which results in a
space{gk}f;"f. The S-representation is used to describe theeducedS-representation that is still stable and passive.
broadband frequency behavior of microwave systems, since
at microwave frequencies, th¥ -representation cannot beC- (N+1)-D PMOR
accurately measured because the required short-circuit test®nce a set ofoot ROMsis available, the next step of the
are difficult to achieve over a broad range of frequencieBMOR algorithm is focused on gluing together thet ROMs
Consequently, a transformation frof¥-representation into by a multivariate interpolation scheme to obtain a parametric
S-representation is performed, while preserving stability arrdduced modeS,.(s, g) that preserves stability and passivity
passivity by the procedure described in Section IlI-B. In thigver the entire design space. Multivariate interpolation can be
paper we refer to these initi&-reduced order models agot realized by means of tensor product [23] or tessellation [24]
ROMSs This initial step allows the separation of frequencynethods. Tensor product multivariate interpolation methods
from the other parameters, in other words frequency is treatedjuire that the data points are distributed on a fully filled, but
as a special parameter. Evergot ROM is related to a not necessarily equidistant, rectangular grid, while tessellation-
specific point in the design space. The construction of thased multivariate interpolation methods can handle scattered
root ROMsresults in a family of univariate reduced model®r irregularly distributed data points. In this paper, we treat the
related to a specific set of points in the design space. Teeattered design space grids that are more flexible than fully
design spac®(g) is defined as the parameter sp&es,g) filled grids and allow the use of adaptive sampling schemes
without frequency. The parameter spaés, g) contains all that can be useful to select a minimal and well-distributed set
parameterss, g). If the parameter space is N-dimensional, thef points in the design space. We propose an interpolation
design space is (N-1)-dimensional. scheme able to cope with scattered design space grids.

Fig. 2. Flowchart of the proposed PMOR method.

A. Root ROMs



Multivariate simplicial interpolation: Before performing «
the multivariate interpolation process, the design space is L
divided into cells using simplices [24]. In 2-D this process Sr(s,9) = ZST(S’gk)gk(g) (10)
is called triangulation, while in higher dimensions it is called k=1
tessellation. A simplex, or N-simplex, is the N-D analogue dfhere K is the number of theoot ROMs and the interpola-
a triangle in 2-D and a tetrahedron in 3-D. A simplex in Nion kernels/,(g) satisfy conditions (7)-(9).
dimensions has N+1 vertices. For each data distribution many’he proposed PMOR technique is able to deal with scattered
tessellations can be constructed. The minimal requiremdl@sign space grids, it is general and any interpolation scheme
is that the simplices do not overlap, and that there are Hat leads to a parametric reduced model composed of a
holes. Delaunay tessellation [24] is a well-known tessellatiokeighted sum ofroot ROMswith weights satisfying (7)-(9)
technique stemming from computational geometry. It is us€@n be used.
in different fields such as mesh generation, surface recqy-
struction, molecular modeling and tessellation of solid shapes.
Delaunay tessellation in an N-dimensional space is a spaceln this section we prove that the proposed PMOR method
filing aggregate of simplices and can be performed usiij€serves passivity over the entire design space. Concerning
standard algorithms [25]. We indicate a simplex region éheroot ROMswe have already proven in Section III-B that all
the design space a@;, i = 1,..,P and the correspondingthree bounded-realness conditions are satisfied. Condition 1) is
N+1 vertices ag %’, k =1,...,N+1. Once the tessellation ofpreserved in (10) and the proposed multivariate extension (6),
the design space is accomplished, a tessellation-based lird@ge they are weighted sums with real nonnegative weights
interpolation (TLI) is used to build a parametric reduced ord&f Systems respecting this first condition. Condition 2) is
model. TLI performs a linear interpolation inside a simpleRreserved in (10),(6), since they are weighted sums of stable
using barycentric coordinates [26] as interpolation kernels afgfional reduced models of. Condition 3) is equivalent to
it is therefore a local method. If the N-dimensional volume dfS(s)llsc <1 (Ho norm) [27], i.e., the largest singular value
the simplex does not vanish, i.e., it is non-degenerate, a®lyS(s) does not exceed one in the right-haiplane. Using
point enclosed by a simplex can be expressed uniquely ad§ equivalent condition, in the bivariate case we can write
linear combination of the N+1 simplex vertices. A parametric
reduced model can be written as:

Passivity-Preserving Interpolation

K1 Kl
1S:(5:9)lloc < D 118w (5, 90) oo £r(g) <> lilg) =1
N+1 k=1 k=1

S.(5,9) = 3 S.(5,9 %)% (g) © | .

k=1 Similar results are obtained for the proposed multivariate
case (6), so condition 3) is satisfied by construction using
our PMOR method. We have demonstrated that all three
bounded-realness conditions are preserved in the novel PMOR

algorithm, using the sufficient conditions (7)-(9) related to the

where 2; is the simplex that contains the poigt and the
barycentric coordinateés?i (g) satisfy the following properties

0<#li(g)<1 (7) interpolation kernels.
Q'L 91 —
6;(9;") = Ok, (8) IV. NUMERICAL RESULTS
Ni:l P (g) =1 ) 3-D example: Multiconductor system with variable separation
Pt g A multiconductor system composed of six conductors with

. . . % lengtht = 2 cm, a widthWW = 1 mm and a thickness
We remark that the interpolation process is local, because % € 1.2 mm has been modeled in this example. Fig. 3 shows
parametric reduced modl (s, ) at a specific poing in the its cross section that depends on the horizofitadnd vertical

?he3|gnt§pacd?§[ﬁ) only rﬂeptin(:s or}[ t_he tl;l:ﬂooi I?I'(f?M'T'ET Sy spacing between the conductors. A trivariate reduced order
€ vertices ot the simpiex that contains the pgntlhe model is built as a function of frequency and the horizontal

method belongs tolt'he.general cl'ass of positive |'nterpola'lt| Hd vertical spacing. Table | shows their corresponding ranges.
schemes [13]. Stability is automatically preserved in (6), since

it is a weighted sum of stable rational modelssofThe proof W

of the passivity-preserving property of the proposed PMOR -

scheme over the entire design space is given in Section IlI-D. t 4
We note that the interpolation kernels we propose only depend S, I
on the design space grid points and their computation does ' ‘ ‘ ‘ ‘ ‘ ‘
not require the solution of a linear system to impose an — “—
interpolation constraint. In the bivariafe, g) case, the inter- x ®

polation scheme boils down to piecewise linear interpolation.
The bivariate reduced model we adopt can be written as

Fig. 3. Cross section of the multiconductor system.



TABLE | _— .
PARAMETERS OF THE MULTICONDUGTOR SYSTEM S14(s, Sz, Sy) over a validation grid composed 80x 15x 15

(freq, Sz, Sy) samples. The maximum absolute error of the

trivariate reduced model of th® matrix over the validation

[ Parameter Min Max | Vel ]
Frequency (freq) 1kHz | 15 GHz grid is bounded by-60.12 dB. The parametric reduced order
Horizontal spacing§;) | 2mm | 3 mm model describes the behavior of the system under study very
Vertical spacing §) 1 mm 2 mm . . e L
accurately, while guaranteeing overall stability and passivity.
The PEEC method is used to compute tieG,B,L 0.12
matrices in (1a)-(1b) over an estimation grid composedof
scattered values of,, S, and a validation grid composed of 01
15 values ofS, and15 values ofS,. The order of all original 0.08
PEEC models is equal t®, = 702. Then, the Laguerre-based —,

MOR algorithm is used to build reduced models for e 0.06

scattered values in the design space, each with a reduced ordero.04
q = 54. These scattered points in the 2-D design space com- 5,
posed of the variablesS,, S,) are chosen by a maxmin Latin
hypercube design [28], enhanced by adding some data points 9~
on the boundary of the design space.YAS transformation

has been performed choosing Z= 50 2, ¢ =1, ..., 6, which

results in a set 067 root ROMs The six ports of the system y Frequency [GHZz]

are defined between a conductor and the corresponding one ) o

above. A trivariate reduced mod8},(s, S, S,) is obtained fr:?n)s Magnitude of the trivariate reduced modeBaf (s, Sz, Sy) (Sz = 2
by multivariate simplicial interpolation of th@ot ROMs Fig.

4 shows all data points in the design space selected to build

(o) and validate €) the parametric reduced model.

0.12
22} - Validation grid i 01
o Extended Latin hypercube grid
2l 6«0+ « « 6 + « w0 so0e0.+ c0- © 0.08
g Coe e T AR .
£ I I R < 0.06
o 1.8 Coe e s e e e 2T e e e o, ﬂ‘_'
= . . C e & e e ioe e
S P T T 0.04
]
v . 0 P T T 0.02
© ©® * s e e e e e e R .
) .° .0 w0 . . 0-l
T oo ° ot e 2
Q ® 8 O. . &
1t e o °. o °. o © o e
. . . . . . S [mm]
2 22 24 26 28 3 Frequency [GHZ]

Horizontal spacing [mm]
Fig. 6. Magnitude of the trivariate reduced model $f4(s, Sz, Sy) .(

Fig. 4. Data points in the design space to buitd &nd validate ¢) the Sy =3 mm).
trivariate reduced model.

Figs. 5-6 show the magnitude of the parametric reduced V. CONCLUSIONS

model of the forward crosstalk terr84(s,.S;,.S,) (input We have presented a novel parameterized model order re-

port of the first couple of conductors on the left and outputuction technique applicable to the PEEC method. An efficient
port of the couple of conductors in the middle) obtained bgnd reliable hybridization of traditional passivity-preserving
multivariate simplicial interpolation for the horizontal spacindOR methods and interpolation schemes based on a class
values S, = {2,3} mm. Fig. 7 shows the magnitude ofof positive interpolation operators is able to provide stable
the parametric reduced model 8%, (s, S, .S,) obtained by and passive parametric reduced order models over the design
multivariate simplicial interpolation for the horizontal spacspace of interest. We have proposed an interpolation scheme
ing value S, = 2.5 mm and the vertical spacing valuesdbased on scattered design space grids that are more flexible
S, = {1.07,1.5,1.93} mm. These specific spacing valueshan fully filled grids and allow the use of adaptive sampling
have not been used in thhleot ROM generation process. Fig.schemes that can be useful to select a minimal and well-
8 shows the absolute error distribution 84 (s, S;, S,) and distributed set of points in the design space. Pertinent numer-
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Fig. 7. Magnitude of the trivariate reduced modelSefi (s, Sz, Sy) (Sz =
2.5 mm, Sy = {1.07,1.5,1.93} mm). [12]
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g 3000+ H 1 [15]
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& 2000} .
g 16
E [16]
1000t 1
[17]
0 ‘
-120 -100 -80 -60
Absolute error [dB]
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Fig. 8. Histogram : error distributions of the trivariate reduced models
of Sa1(s, Sz, Sy) (light grey) andS14(s, Sz, Sy) (dark grey) over 67500
validation samples. [19]

(20]

ical examples have validated the proposed PMOR approagt
on practical application cases, showing that it is able to build
very accurate parametric reduced models, while guaranteeﬂ{g
overall stability and passivity.
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