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Abstract—In this paper we introduce a new theoretical for- advantage of lumped models is that they can be solved by
mulation for the description of the blood flow in the circulatory ordinary differential equations.
system. Starting from a linearized version of the Navier-Stokes One-dimensional models of the human arterial system

equations, the Green’s function of the propagation problem . . .
is computed in a rational form. As a consequence, the input- Were introduced for the first time by Euler [11] and more

output transfer function relating the upstream and downstream  recently, in [12]. It has been shown numerically that the
pressure and blood flow is written in a rational form as linearization of the one-dimensional model around a constant
well, leading to a time-domain state-space model suitable for state matches the non-linear system itself. The first direct
transient analysis. The proposed 'theoretlcal formulation has derivation of a linearizedlD model from axisymmetric
been validated by pertinent numerical results. . . . .

Navier-Stokes equations was carried out in [13].

. INTRODUCTION Over the last years, one-dimensional models of human

The cardiovascular system can be considered as a wi %terlgl sl)r/wstelzm i?ivaes bbeee:nIr]stﬁgvscr\wletlzzipvﬁ)srtltgt?eteda[rii]éjlt?]7
hydraulic network working under the action of a pulsatil a,se[ (])'f blo[ozj’ flow. lumped networks ’can be r('; arded as
pump. This hydraulic network is a closed loop and show . W, [ump . : . 9

érst order discretization of one-dimensional linear systems.

a different behavior at various locations. For instance, thI this work. starting from a linearized version of the Navier
wave propagation in the arteria tree is of greater influenc S work, starting from a linearized version otthe Navier-
tokes equations, we present a spectialmodel which is

than in the capillary bed where the flow is almost steady [1] . i ) )
The mathematical and numerical modeling of the huma uitable for transient blood flow analysis. Using the analogy

cardiovascular system has become a topic of great interes % the blood flow propagation problem with transmission

the recent years (see e.g. [2], [3], [4], [5] and the referencii es, the corr.esponding Green'’s functior_1 is developed in
therein). The development of this research field arises frof spectral (rational) form [15]. Hence, rational models that
the medical community interested in scientifically rigorougelates downstream and upstrea}m pressure gnd bI.OOd flow
and gquantitative investigations of cardiovascular disease€" be computed and used for time-domain simulations.
which are responsible today for about ttiepercent of death

in industrialized societies [6].

Human arterial system can be mathematically described
by different models with a different level of detail (see A basic description of RLC networks as an approximation
e.g. [7], [8], [9]). For instance, the Windkessel and similabf non-linear conservation laws for blood flow can be found
lumped models are often used to represent blood flow anal[16]. In [1], a new approach is described to introduce RLC
pressure in the arterial system [1]. These lumped models castworks as approximants of non-linear equations. Starting
be derived from electrical circuit analogies where currenffom a simplified version of the Navier-Stokes equations
I represents arterial blood flow and voltafe represents in the axisymmetric form and integrating them over each
arterial pressure. Resistors represent arterial and periphetebss-sectiond(z, t) of the vessel, the following set dfD
resistance that occur as a result of viscous dissipation insidguations is obtained fdr < z < ¢ (¢ is the vessel length)
the vessels, capacitors represent volume compliance of thed allt > 0:
vessels that allows them to store large amounts of blood,

Il. FROM NON-LINEAR CONSERVATION LAWS TO
TELEGRAPHER S EQUATIONS

. Lo . 0
and inductors represent inertia of the blood [10]. The main aA(z,t) + a—Q (z,t) =0 (1a)
z
This work was supported by the Italian Ministry of University (MIUR) QQ( t) i 2 aQ2 (Z, t) A (Z, t) QP (z t)
under a Program for the Development of Research of National Interest, ot ) 0z A (z t) P) Oz )
(PRIN grant n. 20089J4SM9-002) and by the Research Foundation Flanders ’
(FWO) _ Q (Z7 t) (1b)
V.  Tamburrelli and S. Cristina are with  Univemit " A (z,t)
Campus  Biomedico, Roma, italy {v.tamburrelli,
scristina  }@unicampus.it _ ‘ wherea (the momentum-flux correction coefficienp),(the
G. Antonini is with Dipartimento Ingegneria Elettrica e blood d . d<.. (the fricti d
dell'Informazione, Universit degli Studi dell’Aquila, 67100 L'Aquila, ood density) an r (t € ”CUO'_“ p_aramEter) are suppose
Italy, giulio.antonini@univag.it to be constant. A Poiseuille profile is assumed for velocity in

F. Ferranti, T. Dhaene and L. Knockaert are are with the Department ghe yessel. Under these hypotheses, the friction parameter can
Information Technology (INTEC), at Ghent University - IBBT, Sint Pieter- b dak. — 8 h is the blood Vi itvA
snieuwstraat 41, 9000 Ghent, Belgiurffrancesco.ferranti, e assumed ak . = 8mv, wherev IS the blood viscosityA,

tom.dhaene, luc.knockaert @ugent.be P and(@ are the unknowns to be determined. The following



relation between? and A is assumed [1] the corresponding Green’s function can be developed in a
38 series form.
P(A(z,t)) = T (\/A (2,t) — \/Ai()) (2 The Green’s functioii?(z, z’) satisfies the Sturm-Liouville
0 problem corresponding to a unit source with homogenous
where 4, is the section area at rest and the coefficiént poundary condition of the Neumann type:
supposed constant along the whole vessel, is: , ,
JFhE [L+ Ar(2)] G(z,2") = d(z,2) (9a)

d d
p= (1—02) ®) iG(z,z') |z=0 = %G(z,z’) lr=¢ =0 (9b)

The constantsE, h and ¢ are the Young modulus, the where §(z,2’) is the one-dimensional Dirac distribution.
wall thickness and the Poisson ratio, respectively. Then, tl@nceG(z, z’) is computed, (7) can be solved as:

system (1) can be rewritten in a non-conservative form by ¢

expressing (1) in(P,Q) variables and using the pressure P(z,5) :/ G(z,2') (=Z'(5)Qs(z,5)) dz’ (10)
law (2). Linearizing the system around the constant state 0

(A,u) = (Ao, 0) and setting the following parameters The Green’s functiorG(z, z’) can be expanded as a series
2407 P DK, of a complete set of orthonormal eigenfunctions:

) (4) & /
A Ao AS Glz,2) = fn(i ) o (2) (11)
a simple linear model is obtained: n=0" "

Cl

9 9 The orthonormal functiong,,(z) and eigenvalues,,, are
/ . . . .

CoP =) + 5-Q(z8) =0 (5a) obtained by solving the corresponding eigenvalue problem
0 F) , with homogenous boundary conditions of Neumann type.

L'5@1t) + - P(zt)=-RQ(zt) (5b) They are found to be:

0z

Equations (5) can be regarded as Telegrapher’s equations A\, = (Ef n=0,1,2,--- (12)
[17] whose per-unit-length parameters are given in (4). We ¢
propose a new approach to build rational models of linearized bn (2) = A, cos (EZ) (13)
system (5), which are suitable for transient analysis of 4
vessels. where

[1l. THE TELEGRAPHERS EQUATIONS AS A A = \/T A, = \/5, n=1,---,00 (14)

STURM-LIOUVILLE PROBLEM 4 ¢

The Laplace-transformation of the Telegrapher's equatior@na”y’ the Green’s function for the one-dimensional wave

(5) yields [17]; propagation is
d N . 5008 (%Ez) cos (LE2)
—P = — ! L G(Z, z ) - An (15)
e (2,8) (1/% +sL)Q(z,5) nz:% V2(s) + (nTW)2
= —Z'(5)Q(59) (62) The general solution for the downstream and upstream pres-
iQ (z,5) = —(sC")P(z,5)+Qs(z,3) sure (voltage_:) of the vgssel (transmissic_m line) is computed
dz , by (10) leading to the input/output matrix representation of
= “Y'(s)P+Qs(z,9) (6D)  the vessel:
Qs(z,s) is a per-unit-length blood flow source located at [ Po(s) ] _ { Hir(s) Hiz(s) ] _ [ Qo(s) }
abscissaz [15]. Taking the one-dimensional divergence of Py(s) Ha1 (s) Haz (s) Qe(s)
(6a) and replacing it into (6b), we obtain: (16)
d? where
5P (2,5) =(s)P(2,5) = —Z'(s)Qs(25) (7) o
dz " _ x B A27(s) (17a)
where~2(s) = Z'(s)Y(s). Equation (7) can be regarded as 1n(s) = Haa(s) = ZO 72(s) + (2x)?
a Sturm-Liouville problem [18]. !
If we assume that the blood flow is specified only in Hia(s) = Hai(s) = Z A Z'(s) cos (n;T) (17b)
correspondence of abscissa= 0 and z = /, it can be —o Y(s)+ (%)
described in terms of per-unit-length sources as: Assuming that the infinite summation in (17) is truncated to
Qs(2,8) = Qo(s)0(2) + Qu(s)d(2 — 0) (8) Mmodes the transfer function matri¢f (s) can be rewritten

in a pole/residue form as:
where §(z) is the one-dimensional Dirac distribution and Tipotes
Qo(s), Qu(s) represent the blood flow at the ends of the H(s) = Z Ry, (18)

vessel. Since the differential problem (7) is self-adjoint [18], — S T Pk



wherenpoies = 2(nmodes + 1) represents the total number 10° ‘ ‘ ‘ ‘
of poles and the residueR;,k = 1,--- ,npoes and poles —TLT
Pe,k = 1,-++ ,npeles Can be computed by standard tech- ---GF
niques [19].

The rational representation (18) is well-suited for both 10*
circuit synthesis [20] and state-space realization [21]. The
state-space equivalent form can be written as:

Hll

x(t) = Ax(t)+BQ(t) (19a) 10°}
P(t) = Cz(t)+DQ(1) (19b)

where A € RP*P, B € RP*1, C € R*P, D € R4,
p is the number of states angl = 2 is the number of 10 20 20 0 30 100
ports. Q (t) = [Qo(t) Qe(t)]" and P (t) = [Po(t) Pu(t)]” Frequency [Hz]
correspond to upstream and downstream blood flow and s
pressure, respectively. 10 — LT
It is to be pointed out that the proposed approach does ---GF
not require any space discretization since the Green’s func-
tion G(z,z’) is written in a closed-form in terms of the 10"
eigenfunctions of the differential problem (7). Furthermore,
the proposed technique is also well-suited to incorporate &
frequency-dependent effects (e.g. the sleeve effect [13]) by
means of a rational form of th&’(s) andY”(s) operators. 10°
The overall cardiovascular tree can be obtained by properly
connecting the state-space models of each vessel.

2
IV. NUMERICAL EXAMPLE 10, 20 20 60 20 100
The proposed modeling approach has been validated by a Frequency [Hz]
numerical simulation that computes the presshyé) and  Fig. 1. Magnitude spectra of transfer functiokg 1 (s) and M1 (s).
the blood flowQ, (t) for a vessel of fixed lengtt (= 60 cm),
while enforcing the pressure and blood flow at abscissa0
and z = /, respectively. We have considered a vessel with a
radius equal to 0.5 cm and thickness equal to 0.1 cm. The
blood viscosity is set te=0.035 cnd/s, its density is equal ~We have presented an innovative methodology fd?
to 1 g/lcn?, the Young modulus is set to-BF dyne/cni, blood flow transient analysis. The Green's function of the
while the momentum-flux correction coefficieatis 1 [1]. one-dimensional propagation is evaluated and used to gener-
The transfer functiori(s) has been computed by using theate a rational model whose poles and residues can be easily
proposed Green’s function based method (GF) and comparé@mputed by means of standard techniques. The rational
with that of standard transmission line theory (TLT) [22].model can be directly incorporated into ordinary differen-
The order of the spectral model is setrtg,.q., = 60. The tial equations or SPICE-like circuit solvers. The numerical
algorithm to choose the number of modes is described figsults have demonstrated the robustness of the proposed
[23]. Fig. 1 shows the magnitude spectra of transfer functiof®ethod in capturing the D blood flow propagation and,
Hii(s) andHya(s). hence, the downstream and upstream pressure and blood flow
Then, the state-space representation (19) has been ge¢veforms. The proposed methodology will be experimen-
ated. The pressure is imposed at the left boundary and tidly validated in the next future.
blood flow is enforced at the right boundary. The reference
results are computed in the time-domain by using the exact
formula based on Bessel functions [24]. The proposed statdll V. Milisic, A._ Quar_teroni, “Analysis of_ Iump_ed parameter models for
. . . . . blood flow simulations and their relation with 1d modeslathemat-
space model has been integrated in the time-domain by using jca| modelling and Numerical Analysisol. 4, pp. 613-632, 2004.
the Gear-Shichman scheme [25]. Figs. 2 and 3 compare the] S. Sherwin, L. Formaggia, J. Peiro, V. Franke, “Computational mod-

downstream and upstream pressure and blood flow obtained €lling of 1d blood flow with variable mechanical properties and its
application to the simulation of wave propagation in the human arterial

by the proposed a_pproach (GF-Gear) with the reference system,” International Journal for Numerical Methods in Fluids
results (TLT), showing a very good agreement. As clearly vol. 43, pp. 673-700, 2003.

seen by the numerical results, the proposed approach is adf§ R- Botnar, G. Rappitsch, M.B. Scheidegger, D. Liepsch, K. Perktold,
P. Boesiger, “Hemodynamics in the carotid artery bifurcation: A com-

to accurately capture theD blood flow propagation in a parison between numerical simulations and in-vitro measurements,”
vessel structure. Journal of Biomechanigsvol. 33, pp. 137-144, 2000.

V. CONCLUSIONS
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