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ABSTRACT

This paper critically assesses the claim by Gaveniles that Regiomontanus
knew about the Chinese Remainder Theor@RTj through theShu sk Jii
zhing (SSJZ written in 1247. Menzies uses this among mangstiarguments
for his controversial theory that a large fleetGlfinese vessels visited Italy in
the first half of the 15th century. We first refuteat Regiomontanus used the
method from thésSJZ CRT problems appear in earlier European arittorastd
can be solved by the method of the Suna&ididFibonacci. Secondly, we pro-
vide evidence that remainder problems were treatdtn the European abbaco
tradition independently of theRT method. Finally, we discuss the role of recre-
ational mathematics for the oral disseminationuti-scientific knowledge.

" Post-doctoral fellow of the Research Foundatican&érs (FWO). An early
draft of this paper was presented at the SymposiuRonor of Chikara Sasaki,
Mathematical Sciences & Philosophy in the Mediteran & the East4 — 7
August, 2009, Kamena Vourla, Greece, and benefiteah constructive com-
ments by Roshdi Rashed and Li Wenlin.
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1 Introduction

The title of this paper is inspired by the sectimading of Gavin Men-
zies’s latest book 434 (Menzies 2008, p. 147) titleRegiomontanus’s
Knowledge of Chinese Mathematib4enzies already stirred considerable
controversy with his first work titled421 (Menzies 2002) in which he
claims that the Chinese fleet circumnavigated tbedwuring the Ming
and travelled to parts of the world yet undiscodeby the Europeans,
such as the Americas. Menzies is a retired navaintander with no
command of the Chinese language. His methods wéigized and his
conclusions dismissed by several historians anolagists but his hypo-
thesis also attracted many followers, gatheredrat@website. They call
themselves “friends of the 1421 website” and tlain is to support
Menzies’s theories with “additional evidence”. drtritical assessment of
Menzies’ “evidence” that has escaped “distinguisheddemics in the
field”, Bill Richardson concluded that “[ijmaginogphy’ and unin-
formed, wildly speculative ‘translations’ of topang are not conducive
to a credible rewriting of history” (Richardson 20@. 10).

His latest book is no less controversial. The ngywothesis in1434
becomes apparent from the subtitle “The Year a Magnt Chinese
Fleet Sailed to Italy and Sparked the Renaissaaeording to Menzies
a large fleet of Chinese vessels visited Italyhia first half of the 15th
century. As a consequence, many great men frorRén@issance such as
Paolo Toscanelli, Leone Battista Alberti, NicoldsQusa, Regiomonta-
nus, Giovanni di Fontana and Mariano Taccola fodindct inspiration
for their knowledge from the Chinese. He claimsdgample, that many
of the inventions that Leonardo da Vinci is crediter actually depended
on knowledge of Chinese contrivances through Tacaod Francesco di
Giorgio. The evidence is presented sophisticallyslgwing the similari-
ty of Renaissance and Chinese illustrations sideitlg (see figure 1).
Alberti's knowledge of perspective would depend the Shu sk Jii
zhing (BEJLE, Mathematical Treatise in Nine SectipigenceSSJZ
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Libbrecht 1973) byQin Jiishao (F/Li#) written in 1247- And so it
goes on.

From the Nung shu, 1313 (Need- Late 15" C. copy of Tac-
ham, 1965) cola (Ms. Palatino 767,
f. 32r, BNC Florence)

Figure 1: A typical example of Menzies’s “evidence” for Chinese
influences.

It is all too easy to dismiss the claims by Mendggseasons of a lack
of historical scrutiny and his limited knowledgetbg Chinese language
and discard all of his observations. However, hads are challenging,
the parallelsare surprising, and some evidence cries out for ahaesp
tion. As it is our belief that scholars should sby away from the claims
presented in the book we will take up the challemge will focus here
on one of Menzies’s arguments dealing with math@sabecause of his
knowledge of the Chinese Remainder Theor&@RT) Regiomontanus
knew the relevant Chinese mathematical works. Wled@monstrate that

1 'We will use the pinyin transcription for the nan@sChinese books and au-
thors.
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the argument is false and that the criticism apgpiiemany similar claims
in his book.

However, there has been a transfer of mathemdtiwakledge from
East to West. ThR€RT method oDa-yanshu (Kfi7ii Great Extension
Mathematics)s a Chinese invention. Therefore we will also adsirde
guestion of how then to account for disseminatibknowledge through
distant cultures without the availability of writtevidence.

2 The dayan rulé

Let us first recall that thda yanrule describes that for a set of congru-
encesX = a(modm) in which them are pair wise relative primes, the
solution is given by

. M
X=2.8b—
230 m

in which M is the product of all then and theb are derived by the

congruence relation M =1(modm ).
m

The Chinese version of the rule depends on a $peauibcedure
which we will illustrate by a numerical example eS¢eedhamJCC Ill,
pp. 119-120), Libbrecht 1973, pp. 333-354), Ka®92, p. 188, or
Martzloff 2006, pp. 310-323 for other examples. Wik abbreviate con-

gruence sets by the compact notatio® a(m), a(m),..., a( m). Our
example isx = 2 (3), 3 (5), 4 (7). This would translate irtural lan-

guage asx is a number which divided by three leaves 2, antled by
five leaves 3, and divided by seven leaves 4.

2 The name is in Western publications better knonaen its Wade-Giles transli-
terationta-yen.
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1)

2)

3)

4)

5)

6)

7
8)

9)

Reduce the moduliding muor fixed denominators) to a multip-
lication or a power of prime numbers unless they@ime or a
power of a prime already (which is the case inexample). The
relative prime moduli are calleding shu This procedure is
calledda yan qgiu yi shygreat expansioprocedure for finding
the unity) from which thela yanname is derived.

Find the least common multiple of the moduli, cdlteeyan mu
(multiple denominators). In our example the prodcd, 5 and 7
is 105.

Divide theyen muby all theding shu The result is callegan shu
(multiple numbers or operation numbers), in ournepia 35, 21
and 15 respectively.

Subtract from thegsen shuthe correspondinging shuas many
times as is possible. The remainders are cajiezhu (surplus).
Thus 35-3(11) =2,21-5(4)=1,15-7(2) = 1.

Calculate thehéng Il(multiplying terms) ad) M =1(modm ),
m

being 2 =1(mod3)h = %, 1b, =1(mod5)h, = - and
b, =1(mod 7)p, = ..

Multiply the chéng liwith the correspondingan muand the re-
mainders. These are callgdng shuluseful numbers). Thus 2.35
=70, 3.21 =63 and 4.15 = 60.

Multiply the yong shuwith the remainders. Thus 70.2 = 140, 63.1
=63 and 60.1 = 60.

Add these products together and you will getabieg shusum)
thus 140 + 63 + 60 = 263.

Subtract theyan mufrom this sum as many times as possible to
get the solutionx = 263 — 105 — 105 = 53.

The terminology is taken fro®in Jizishaa An English translation of the
complete text of the procedure is given by Libbtet®73, pp. 328-332
and Dauben 2007, pp. 314-15.
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3 An epistemic claim

In this section we provide a fair representatiothef epistemic argumen-
tation developed by Menzies. The first premise msf the fact that
Regiomontanus had knowledge of tdea yanrule. The evidence pre-
sented stems from his correspondence with the restrer Francesco
Bianchini in 1463. The Latin correspondence wasliphed by Curtze
1902. In a letter to Bianchini (not dated but |a#63 or early 1464) Re-
giomontanus poses eight questions, the last omg l€uero numerum,
qui si dividatur per 17, manent in residuo 15, etem diviso per 13,
manent 11 residua, Apso diviso per 10 manefria residua: quero, quis
sit numerus ille” (Curtze 1902, p. 219). Within tbentext of thequatro-
centosuch questions should be understood as challeatjes than ge-
nuine enquiries. Regiomontanus probably had thetisal before posing
the question. But Bianchini met the challenge amadpced a correct
answer in his letter of 5 Feb 1464 (Curtze 19023Y). Bianchini an-
swers the above problem with the solutions 110338148 and adds that
there are many more solutions, but that he doeswigdt to spend the
labor for finding more (“Sed in hoc non curo labmrexpendere, in aliis
numeris invenire”). This comment leads Curtze tonatede that Bianchi-
ni did not know the general method. In his answgtetter (not dated,
Curtze 1902, p. 254) Regiomontanus reveals that ikean infinite num-
ber of solutions and that the solutions are eaglyerated, annotated by a
figure in the margin (“Huic si addiderimus numeraomeratum ab ipsis
tribus divisoribus, scilicet 17, 13 et 10, habeb#ecundus, item eodem
addito resultat tertius etc.”). Every time one atlisleast common mul-
tiple of the three divisors, additional solutione generated, not much
labor required at all. But concluding from this,@srtze does, that Regi-
omontanus knew the general solution for the renaimdoblem, is one
step too far. As we shall demonstrate below, thetism can be obtained
by tables or trial and error and the rule for gatieg additional solutions
was known within the abbaco tradition. It even litgsdown name. It is
impossible from the correspondence to establisispleeific procedure he
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used for finding the first solution. The secondmpise, that a general
procedure for applying theRTis explained in th&hu sk Jiiz zhing, is
of course justified. From this Menzies concludeat ttit follows that
Regiomontanus must have been aware of this Chinaesle of 1247 un-
less he had quite independently thought upRhaeyan rule, which he
never claimed to have done” (Menzies 2008, p. 186).Menzies tacitly
assumes that Regiomontanus did not reconstrucERieby himself. We
also believe this to be true on basis of what wewkof his writings and
the historical context, discussed below. Howevemark that Menzies’s
argument thus can be used to pose the oppositéoltatvs that Regi-
omontanus must have independently thought u #¥enrule unless he
was aware of this Chinese book of 1247, which hemnelaimed to have
known”. He further adds: “The implications of Regiontanus knowing
of this massive book, which was the fruit of therkvof thirty Chinese
schools of mathematics, could be of great impoda(q) It may lead to a
major revision of Ernst Zinner's majestic work oediomontanus” (ib-
id.).2 In summary, in we keep tacit the premise that iB@gntanus did
not discover th€RTindependently”, the argument runs as follows:

Premisses: 1) Regiomontanus had knowledge dERi€in 1463.
2) TheCRTis explained in th&SJZof 1247.
Conclusion: Regiomontanus had knowledge ofS884Z.

In the sections below we will show that this argatagion is wrong. First
we start with a historical reconstruction of thermrses and conclusion
and show that the first premise cannot be justifédcondly, we will
provide new historical evidence that before 143drdhwas European
tradition of dealing with remainder problems whialas sufficient to
explain Regiomontanus’s solutions without tBRT Thirdly we will

% Ernst Zinner 1939 is the biographer of Regiomousan
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demonstrate that even if one accepts Menzies's ipesmalternative ex-
planations are still possible.

4 Other sources for theda yan rule

4.1 Earlier European source$

Already in 1202 Fibonacci discusses seven remaipdablems in his
Liber abbaci His last problem is actually the one which weduas an
example (Latin in (Boncompagni 1857, p. 304), Estgby (Sigler 2002,
pp. 428-29), also discussed and translated by (edstt 1973, pp. 236-
238)). Fibonacci predates ti&hu sk Jiz zhang and while he gives a
general method for the moduli 3, 5 and 7 and amathe for the moduli
5, 7 and 9, his procedure is different from the wedlisted above (Sigler
2002, pp. 428-9):
He divides the chosen number by 3, and by 5, and by

and always you ask what are the remainders fro é&csion. You truly

for each unit of the remainder upon division byeef 70, and for each
unit of the remainder upon division by five you ge&l, and for each unit
of the remainder upon division by seven you keepAl whenever the
total exceeds 105, you throw away 105, and thathvhémains for you
after all the 105 are thrown away will be the chosember. For exam-
ple, it is put that after division by 3 there rem@aR for which you twice
seventy, that is 140; from this you take away t@B feaving 35 for you.

* We will limit the discussion of European sourcesthie period before 1464.
Shortly after the correspondence of RegiomontamasBianchini the problem
appears in Maestro Benedetto da FirenZeattato (c.1465, pp.68-69), in the
Pseudo-dell’Abbaco of 1478 (ff. 69r-69v) and inBidella FrancescaBrattato
d'abbacoof c. 1480 (f.122). For its later history and ughce on Gauss see
Bullynck 2008.
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And after division by the five there remains 3 fanich you keep three
times 21, that is 63, which you add to the afock&Hi; there will be 98.
After the division by the seven there remains 4 \idrich you retain
quadruple 15 that is 60 which you add to the atice88; there will be
158 from which you throwaway 105; there will rem#&m you 53 which
is the chosen number.

In Fibonacci’'s procedure theong shuare not calculated but given and
theyan muare subtracted fromong shibefore they are summed togeth-
er. In fact, Fibonacci’'s method corresponds closeityh the text of the
Sun Zi Suan Chinpr the similar problemx = 2 (3), 3 (5), 2 (7).(Mi-
kami 1913, p. 32; further discussed below):

In general, take 70, when the remainder of theatsukdivisions by 3 is
1; take 21, when the remainder of the repeatedsidivs by 5 is 1; and
take 15, when the remainder of the repeated divishy 7 is 1. When the
sum of these numbers is above 106, subtract 1G5rebwve get the an-
swer. (...) The remainder divided by 3 is 2, and aket140. The re-
mainder divided by 5 is 3, and so take 63. The nedeat divided by 7 is
2, and so take 30. Adding these together we get P8&re from subtract
210, and we obtain the answer.

Libbrecht (1973, p. 240) also discusses Fibonacwleition and con-
cludes that he “does not give the slightest thexalebr general explana-
tion of his method of the remainder problem, and tfis reason his
whole treatment is on a level no higher than tHabun Zi”. Needham
(SCC,I, p. 4, p. 34) and Libbrecht (1973, pp. 241-2) tena four-

teenth-century Byzantine manuscript of teagoge Arithmeticdby Ni-

chomachus of Gerase which contains an appendiindeaith a problem

® Martzloff 2006, p. 322 comes to the same conctusim 1202, Fibonacci (..)
proposed a solution to the remainder problem simbdahat of Sun Zi, in other
words incomparably less powerful than that due ito Jushao”.



96 A. HEEFFER

finding a contrived number. The solution methodaedl as the recrea-
tional context is very similar to Fibonacci.

Two additional occurrences of the problem are damted in extant
writings before Regiomontanus in Europe. The astmoer Giovanni
Marliani was the teacher of Giorgio Valla and wratgernacular treatise
on arithmetic. HisArte giamata arismetichadates from ¢.1417 (codex
A. 1l. 39, Biblioteca Universitaria de Genova) aedlescribed and partly
transcribed by Gino Arrighi 1965. The remainderipbem is basically the
same as the one by Fibonacci and the limited eafitam provides no
clues concerning the knowledge of the CRT. Two otkenainder prob-
lems appear in a pseudo-Paolo dell’abbaco of ¢,1440 moduli 2 to 10
and the congruences one less than the moduli and 1:

Truova uno numero che partjto per 2 ne rjmanghi, enpartjto per 3 ne
rjmanghi 2, e partjto per 4 ne rjmanghj 3, e partier 5 ne rimanghj 4, e
choxj per insino in 10 (Arrighi 1964, p. 95).

Truovamj uno numero che partjto per 2 ne rjmangtg, e partjto per 3
ne rjimanghi uno, e partjto per 4 ne rimanghj unpasjto per insino in 10
(Arrighi 1964, p. 96).

Now, these two problems are quite interesting asatithor seems to have
heard of these or similar remainder problems butides not know the
answer or the method of tHeRT. For the first problems he gives the
answer 3628799 and for the second 75601. Bothisptuare valid, but
of course not the smallest integral solutions awiged by theCRT me-
thod, 2521 and 2519 respectively. The author sdivedirst problem by
multiplying all the moduli and subtracting one:

Fa’ choxje di:inchesitruovail2e’l3edle’l5e’'l6e’l7e’l8e’l
9 e 'l 10? E pero multjpricha 2 via 3, fa 6, e 4 6i, fa 24, e 5 via 24, fa
120, e 6 via 120, fa 720, e 7 via 720, fa 5040yv&a&040, 40320, e 9 via
40320, fa 362880, e 10 via 362880, fa 3628800. &puioj dire: jo 0e
trovato uno numero che partjto per 2 no’ rrimarehaha choxa, e partjto
per 3 no’ rimane nulla e choxj per 4, per 5, pepd, insino in 10. E ora
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di’: traendo uno di questo numero, si nne verraxdzzo 1 meno che nel
numero nel quale io 0 partjto, uno di questo nunwéwé di 3628800 che
rresta 3628799 e questo numero é desso.

For the solution to the second problem he finds07&6 a common mul-
tiple, though not the least common multiple, andsadne, and 7561 in-
deed is a solution. He then claims that 75601asrfore secure solution”.
While we can relate some remainder problems tétabic tradition and
Fibonacci, it seems that such kind of problems wearewn, discussed
and solved by methods which do not reflect any Kedge of theda yan
rule. The occurrences of the problems as discuseesl exhaust all our
published sources of abbaco texts. Convinced Hesethad to be found
something more we looked at a number of previousfyublished manu-
scripts. We will come back to the abbaco traditiora further section.
First we look at the problem in German cossic telts appearance is
unnoticed by Menzies but could be used as an angumdavour of his
first premise.

4.2 The cossic tradition

In a classic overview of fifteenth-century algebr&ermany Maximilian
Curtze points out that by the middle of the fiftéeoentury the CRT was
a well known subjectAs evidence he refers to tBeutsche Algebrahe
manuscript 14908 of the State library in Munichtter in a mixture of
German and Latin. Curtze names the author Gerbaitdf is since then
established that it is the monk Fredericus Amana adthored the text in
1461 (Folkerts 1996, Gerl 1999, Gerl 2002 and Vd@s&1). While this

® Curtze 1895, p. 65 note?lch will jetzt hier den Beweis filhren, dass um die
Mitte des 15. Jahrhunderts sigt ihrem Beweisand ohne Benutzung des chine-
sischen Beispiels eine ganz bekannte Sache war”.
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treatise was written two years before the corredpoce between Regi-
omontanus and Bianchini it still is difficult to teblish who got it from
whom. According to Folkerts (1996, 26) Fredericasdd his text on the
still unpublished Regiomontanus’s manuscript orelatg written in 1456,
Columbia University, Plimpton 188, (ff. 82v-96r)olWever, the algebra
problems by Fredericus run from ff. 133v-157r ahe method for solv-
ing the CRT is discussed on the preceding pagedv{125r, Curtze
1895, p. 65). Though we do not have a transcriptioRegiomontanus’s
problems we know that it includes one remaindebler (problem 60, f.
93r). According to Folkerts 2002, p. 421, it is teeplent” to the problem
in his correspondence. If at all Regiomontanus dgeneral method for
solving remainder problems, which cannot be esthbti from the cor-
respondence, it is safe to assume that he and Anmseththe same me-
thod. As we have a transcription available of Aniarsolution let us
therefore take this as a reference. In a curioxsuna of old German and
Latin, Amann provides the following solution to theoblems with mod-
uli (3, 5, 7) (Curtze 1895, p. 65; Vogel 1954, pp0-1):

Item ich wil wissen, wie vil pfenning in dem peutedor im synn hast.
Machs also. Hays yn dy dn, dy er hat, zelen mitaBnachcum15, postea
cum7?, vnd alz oft eins vber pleibt mit 3, so merck vAd alz oft 1 vber
pleibt mit 5, merk 21, vnd mit 7, merk 1Bostea adde illos numeros in
simul, et abista summasubtrahe radicem, hoc est multipli8gper 5 et 7
erit 105, als oft du magst, vnd wz do pleibt, alz vil hatyer sinn oder in
peutel.

Amann further lists a table with the moduli (253, (3, 4, 5), (3, 4, 7), (2,
3,7),2,7,9), (5,6, 7), (5 8, 9) and (9, 13) including the least com-
mon multiple of the moduli and but not what the igsie calleggen shu

So for the moduli (3, 5, 7), Amann gives 105 anehtthe numbers 70,
21, 15 instead of thgen shu35, 21 and 15. We can thus conclude that
Amann — and possibly Regiomontanus — followedntie¢hod of theSun

Zi Suan Chingalso employed by Fibonacci instead of the one rdeest
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in the Shu sk Jiiz zhang. As the method for solving remainder problems
in fifteenth-century Europe is different from thepgrior one discussed in
the Shu sk Jiz zhang it can actually be interpreted as evideagainst
the hypothesis posed by Menzies:

Premisses: 1) If Regiomontanus knew the generaitisal to the
CRT as explained in th®SJZ he would have used it.
2) Regiomontanus (and Amann) did not use the method
of theSSJZ.

Conclusion: Therefore Regiomontanus had no knogdedf the
SSJz

4.3 The rule of numbers with no end

From a study of a number of unpublished manuscwetsliscovered that
remainder problems were treated already in théitahbbaco tradition
since the fourteenth century. We identified a fgroil at least six manu-
scripts which contain a table with remainders faduodi 3, 5 and 7. The
table is listed in relation to one in a series ehainder problems. The
purpose of that problem is to find numbers thasBak = 2 (3), 3 (5),
1 (7). The unpublished manuscripts containing &didetare the following
(including sigla and folio location):

* Z (c. 1395) Florence, BNC, Conv.Soppr.G7.1137, IQueste
sonno le fegurre nostre dello aboccho ceh le gwagiot inscri-
vere qualungque numero tu vogli.cafsiva mercantesca formata
ff. 241r-241v

* a (c.1417), a lost archetype of which the following alerived
copies; the table of contents in a later copy sdiotf. 141

* A (c.1433) Florence, BNC, Magl. Cl. XI. 119, Inc: d@cio sia
cosa che sono nove figure nell'abacho per le qehaliconoscie
quelle agievolmente conosciera poi l'altre ..” (nearsiva can-
cellaresca formatpff. 141(?)
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B (c1440) Florence, Biblioteca Mediceo-Laurenziahsh. 608,
Inc: “Concio sia chosa che sono nove fighure nelchb per le
guali chi chonoscie quele agievolmente chonosgierdialtre ..”

(rapidcorsiva mercantes¢df. 101v-106r

C (c1440) London, BL, Add. 10363, Inc: “Concio siesa che
son 9 fighure nell’abbaco per le quali chi choneswpielle age-
volmente conosciera poi l'altre ...”, (very neat humistic boo-
khand) ff. 149r-152r

E (1442) London, BL, Add. 8784, Inc: “E choncio siaosa che
sono 9 fighure nell’abacho per le quale chi conapeelle agie-
volmente conoscera poi l'altre...”, (fairly negdlian Gothic bo-
okhand, by Agostino di Bartolo) ff. 138v-140v

The manuscripte andA to E are part of a related family of copies of an
abbaco treatise which is described in Heeffer 2008.will here use the
same sigla. The table (see figure 2) in its edrfi@sn is contained in a
zibaldone(an author’s notebook, henZ¢ from the end of the fourteenth
century. All the cited manuscriptentain the table and the main problem
to find 11 numbers which satisfy the congruencatiah. The solution is
listed (8, 113, 218, 323, 428, 533, 638, 743, &3 and 1058) and it is
verified that they have the same remainders fothihee moduli 3, 5 and
7 but apart from the table no method is presented.



101

REGIOMONTANUS & CHINESE MATHEMATICS

T el olo ] W[l ol [] H1 ] s | =[] =] <[ S|
T =[Sl s =l o [ il s = el el 1=
o=l wlo|~]dlo]=|o[o]lw d|o|=ldio|~ la|s|<{c{o ||
B HEDSNSMEEBNEOEHRERRNEER
o 5Aoolz,z+.c/.oolz.zf.rfoio\a,,-!
-~ wlo| ~]n[edldlol-|A | rlola]aldltol=])n |
=Wl alalN| 0]l ~]]o]~vlalol=]nlof=|d Jo |~InN|o|=-|a
BEEIEERRRRBE SHEBERBNBEERERN
- wl ¥ Slol-)afe wlelofl=[ud | ldtlnlGlo]) =T
¥ o] =} #le]ol ]t el =lcd|et]d=]o [«|ct][~]d 0o
dlol jalolalnjol-fa]ol=]alo|=l] oo |Jalol~][~]o
- sl=ld ol sla[s]d] 5] SNEIBREIESE




102 A. HEEFFER

= 1 T
72712 |2 1o 911“ ¢ wgf‘,f_f"—:jl
78[a o1 )| (loz[2]2a |t || [we 1 [1]T
7oly a2 2402 B 72|22
2ol |l 1|12 08l '1]7.
CICACNES | = ENENED  EE R
‘?z Z.;F gélo || 7 J‘Lwl"iﬂ
22 (2|8 llor]t {216 f&|012ﬁ
s 5ol | (7]
2|0l 98 %] wet |2l
g/t ot ol v (wml2]z]1}
gl 2|12 |toq 19| 2 aooTxof
>lo 2% i RN A
(s8] v 12] 4] feoal o ]2 4] [LIRIEK
249 ZEE XXXLC
of * [o[r] Jrd 2] 4] o] [F6[54%[%
—= =

Figure 2: Table of remainders for moduli 3, 5 and 7 (used with
permission © The British Library Board, ms. Add.10363 ff. 152rv)

These texts therefore show no evidence of any keage of theda yan
rule, not even the limited version from thiber abbaci The table starts
from 8 and runs to 113, the first two numbers i@ tongruence set. The
accompanying text explains how to generate additisalutions. First it
is observed that if you add one to the solutior®@® 113, the numbers 9
and 114 will have the same remainders for moduli 8nd 7. When you
add 2, 3 and more, the resulting numbers will &lage the same rea-
minders. Thus when one adds the difference bet@eard 113 (which is
105) to 8 and to 113, the remainders will alsoHgedame. This allows us
to generate infinitely many numbers with the saemaainders for a given
set of moduli. In fact, as far as we know, the oeay is the earliest in-
stance of mathematical induction in European wggirfHeeffer 2010).
Because of the demonstrated infinity of possibleitimns the rule is
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called “la reghola del numero sanza fini” or théeraf numbers with no
end.

We remark that the limited knowledge about remainueblems in
these manuscripts is sufficient to explain the oeasy of both Regi-
omontanus and Bianchini in their correspondencesr@tare infinitely
many solutions and these solutions are in an aetizal progression.
This undermines Menzies's argument since all whagi&nontanus
needed to know was available already in fourteestitury Italy.

4.4 Earlier sources in Asia

A typical fallacy of Menzies’s argumentation is thee was looking for
an explanation which necessarily involves Chineseatedge, sources or
artifacts which supposedly have been dissemindtedigh a hypotheti-
cal visit of the Chinese in Italy in 1434. He tHere looks for Renais-
sance sources after 1434 and tries to match thém@tiinese ones be-
fore that date ignoring all other contextual explzons. In our case he
matches a very specific problem from the correspond of Regiomon-
tanus with one specific Chinese book. We will ndvows that theCRT
was known long befor8hu sh Jiz zhing.

It is generally acknowledged by historians of Chmenathematics
that remainder problems grew out of calendar catmns in China dur-
ing the third century. The problem of finding a aoon cycle for the
lunar months and the tropical year can be formdlatefinding a period
of N days in which

N =r,(modD) =r,(modL) = r,(modY)

with D as the length of a dal, the duration of a lunar month aivd
the duration of a tropical year and theas the remainders. Thaving
cycle (&) of 19 tropical years corresponding with 235 lumamths was
determined in China already in the sixth century. Bdch a cycle was
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also known by the Babylonians around 500 BC anthbyancient Greeks
(Meton at 432 BC).

Remainder problems appear in different forms buwtallg within a
practical setting. The earliest extant source dgalith such problems is
the Sun Zi Suan Jing*] 7-%2%, Master Sun’s Arithmetical Manuat.

400). An English translation and discussion is gy Lam Lay Yong
2004. Sun Zi describes the probleam= 2 (3), 3 (5), 2 (7) (Chap. 3,
prob. 26, p. 10b, also translated and discussadeaglham $CC llI, p.
119), Mikami 1913, p. 32, Li and Du 1987, p. 93blviecht 1973, p.
269). Remainder problems are also known in Indid,fast appear in the
Aryabhafiya of Aryabhda (of 499) where they are solved by t#faka

or pulverizer method (Clark 1930, pp. 42-50, Dattal Sing 1934, pp.
87-99, pp. 131-133, Libbrecht 1973, p. 229). In the
Brahmasphdasiddhinta by Brahmagupta of 628 the method is applied
within the context of astronomy (Colebrooke 181@, B26-7). In the
Bijagarita of 1150 Blaskara Il uses algebra to calculate the solution
(Chap. VI, stanzas 160 & 162, Colebrooke 1817,238-239). Although
remainder problems are rare in Arabic treatisey tiere known by lbn
al-Haitam (c.1000), in particular the problem= 1(2, 3, 4, 5, 6), 0(7),
as discussed by Wiedemann 1892, Libbrecht 1972 3p5, and Rashed
1994. Libbrecht points our attention to the siniifapf the Arabic and
Indian solutions.

5 Transmission from China to Europe

We concluded that Regiomontanus did not get hisvienige of theCRT
from the Shu sk Jiz zhing. Without conceding to Menzies’s claim that
Chinese knowledge about mathematics was passeunl Barope through
a visit during the fifteenth century, some questioemain. How did he
and other Europeans like Fibonacci learn aboutdéhsinder problems
and possible ways to solve them? The close comelgnee between the
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remainder problems in tHeun Zi Suan Chingnd Fibonacci'd.iber Ab-
baciremains puzzling.

As with regard to transmission between cultureswesstern historio-
graphy is deeply influenced by the humanist prejadihat all higher
intellectual culture, in particular all sciencedh#sen from Greek soil. A
most typical example is the monumental and infliz¢nfiour-volume
work on the history of mathematics by Moritz Cantb880-1908). Like
many men of his era Cantor was entrenched with high&eas about
the cultural superiority of Western knowledge. Egample, when deal-
ing with Hindu algebra Cantor takes every oppottiuitd point out the
Greek influences on India. Some examples: the edlaarned algebra
through traces of algebra within Greek geometrghBragupta’s solution
to quadratic equations has Greek origins; or tdeammethod for solving
linear problems in several unknowns depended orGiteek method of
Epanthemaand so ori. However, when he comes to tlRT, Cantor
writes the following®

It is not impossible that the Chinese problem aadsolution could have
become known somewhere by a Byzantine who took abte possibly
through Arabic mediation. The reverse course, wiscto often the case,
where Western knowledge penetrates China, is hediyhpossible, be-
cause it is only in Chinese texts that the explanadf the procedure is
provided, quite difficult to understand, but confpasible nevertheless,
as experience has shown us.

" See Heeffer 2009 for a discussion on the receptfathe first translations of

Hindu classics on mathematics.

8 Cantor (I, p. 644) “Es ist nicht unméglich, dass dhinesische Aufgabe und
ihre Auflosung etwa durch arabische Vermittlungeimd einem Byzantiner

hekannt geworden sein kann, der sie sich aufnoltiteumgelrehrter Gang, dass
also hier wie so vielfach im Westen Bekanntes n@tiina drang, ist kaum

anzunehmell, weil nur im chinesischen Texte die rBedung des Verfahrens
angedeutet ist, freilich schwer zu verstehen, atwah zu verstehen, wie die
Erfahrung gezeigt hat.” (my translation).
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This is one of the few instances were Cantor adamtsfluence from the
East to the West although he is puzzled about hask & transmission
could have taken place. The whole of Wizrlesungersolely depends on
written sources. He knew about the Byzantine maiptswse cited before
and did not know of any Arabic sources dealing wilmainder prob-
lems. The quotation reflects perfectly the curdemdwledge about writ-
ten resources at that time. So does Menzies dlgomenritten sources is
his latest book.

However, remainder problems do not solely belonght scholarly
domain of mathematics, the kind of mathematics si@ported the state
and bureaucracy of ancient China. They also haetear recreational
value. These problems and their solutions belong/hat Jens Hgyrup
has coined as sub-scientific mathematics. The tamraf stories, riddles
and recreational puzzles is the most importanifaict the transition of
arithmetical problems and their solution methodsveen generations,
cultures and continents. They are passed on throtajhtraditions from
master to apprentice and are mostly situated iptaetices of merchants,
lay surveyors and craftsmen. To get a grip on thétoadition | proposed
elsewhere a concrete implementation for sub-séiekinowledge in the
form of proto-algebraic rules (Heeffer 2007). A toralgebraic rule is a
procedure or algorithm for solving one specific aypf problem. Our
main hypothesis is that many recipes or preceptarfthmetical problem
solving, in abbacus texts and arithmetic books fleefbe second half of
the sixteenth century, are based on proto-algeltdis. We call these
rules proto-algebraic because they are or coulddsed originally on
algebraic derivations. Yet their explanation, comioation and applica-
tion do not involve algebra at all. Proto-algebmaites are disseminated
together with the problems to which they can beliagp The problem
functions as a vehicle for the transmission of thib-scientific structure.
Little attention has yet been given to sub-scientifathematics or proto-
algebraic rules. We provided a framework for idigiig proto-algebraic
rules which are common to Renaissance and Indigmraatic and alge-
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bra. Some Chinese rules such asYdhg bu zG‘excess and defi-
cit' (£~ /&) definitely fall under this category.

The recreational aspect of remainder problems dasnjorent from its
earliest occurrence. Libbrecht 1973 provides a celmmsive overview
of all Chinese sources and we note that severaiuiations of the prob-
lem are in verse and belong to the recreationalaitormGeneralHan
Xin's method of counting soldiergi(f7 il 5 1) is a cryptical formula-
tion of a remainder problem but we can recognizenthultipliers 70, 21
and 15 and the least common multiple 105 of mo8ub and 7, which
occurs in many of the problems already cited. H&m Was a general of
Emperor Liu Bang of the Han Dynasty and lived artb280 AD:

Not in every three persons is there one aged Sue® and ten,

On five plum trees only twenty-one boughs remain,

Every fifteen days rendezvous the seven learned men

We get our answer by subtracting one hundred aedofirer and again.

The folk rhyme is still known in the oral traditisaday by many Chinese
and also Japanese. Li and Du 1987, pp. 93-94 stisseveral other ver-
sions over the next centuries. Libbrecht 1973 86. Quotes a stanza from
the Zhiyatang zachaowritten in 1290 by Zhou Mi:

A child of three years old [when the father] iseaty, it is rare.

° The problem appears already in the earliest extimese treatise, tHguan
shu sl (E#E) or ‘Writings on reckoning’: “In sharing cash,[#ach] person
[gets] 2 then the surplus is 3. If [each] persogtghy3 then the deficit is 2. Ques-
tion: how many persons, and how many cash? Resylersons and 13 cash”.
Christopher Cullen (2004, 81-88), who published titaascription of this trea-
tise, identifies this rule with the rule of falsegition. However, the rule of false
position, also known in Chinese arithmetic, is camniy considered as a general
method for solving linear problems of the tygwe= b. TheYing bu zthowever
corresponds with the Indian ruipilikz-antara or theregula augmentin Euro-
pean arithmetic, for problems of the foax+ b =cx—d (Heeffer 2007, 15-21).
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At five to leave behind the things of 21, it is avaore rare.
At seven one celebrates the Lantern festival, ailjgip meet together.
The Cold meal holiday [on the 108ay] then you will get it.

Again we recognize the numbers of Master Sun’simgigproblem in a
form which facilitates the recollection of the bamenbers to solve prob-
lems for moduli 3, 5 and 7. Alexei Volkov 2002,402 describes a Viet-
namese mathematical work of the fifteenth cenftmgn phap dai thanh
in which a similar verse appears. So, with thesamgples we find evi-
dence that the problem travelled in South-East Asithe form of folk
rhymes. As to its influence on Hindu mathematicgioms vary, with
Indian scholars favoring the precedence of Indiara®hina. As men-
tioned before, remainder problems in India are kmaskuffaka or pul-
veriser problems and are very prominent in schypli@xts on mathemat-
ics and astronomy. However, any sensible analgsisl.ibbrecht 1973
does in his chapter 18, must come to the conclutiah the methods
differ too widely to assume any influence from tree side to the other.
However, the difference between tkigffaka and theda-yenmethod do
not exclude that the recreational version of thén€e problem circu-
lated in India. The early classic period of mathiesan India is charac-
terized by the merging of two traditions, the sellgl astronomical tradi-
tion to which thedryabhafiya belongs, with the sub-scientific tradition of
merchant and surveying mathematics, such as thbsBadk Manuscript
Hayashi 1995. The ktaka method belongs to the first, the recreational
version would fit in the second tradition.

We finally come to the question of how the probleame to Europe.
As we remarked already the treatment by Fibonaegi well reflects the
Chinese method of Master Sun and bears little ioslatvith methods
from Hindu arithmetic. On the other hand, problesush as that of men
finding a purse, where Fibonacci deals with mangavas in theLiber
Abbaciand theFlos seem to have originated in India (Heeffer 200f7). |
we look at the context in which the two remaindeiptems are discussed
in theLiber Abbaciit comes as no coincidence that Fibonacci tréwst
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within a series of recreational problems. The sectialledde quibusdam
divinationibusconcerns divination problems in which a numbeolgect
has to be guessed (Boncompagni 1857, I, p. 303erSap02, p. 427).
Such number divination or combinatorial divinatimmblems were quite
popular in Medieval Europe. Menso Folkerts (1968)nd many in-
stances in a study of 32 fourteenth and fifteerghtury Latin manu-
scripts. Also the German text by Fredericus Amaited earlier, sets the
remainder problem as a divination problem: “I welko to know how
many coins he has in his purse or in his mind"n@tation by Libbrecht
1972, pp. 244-5). After Regiomontanus we find rerdar problems
treated as part of divination problems in Luca 8lésiViribus Quantita-
tis (c. 1500, problems 22 to 25, Peirani 1997), ad a&lin the seven-
teenth-century workBroblemes Plaisantdsy Bachet 1612 (problem V)
and theRecréations Mathématiqug$Leurechon] 1624, problems 51,
52). The problem continues to appear in books oreational mathemat-
ics during the following centuries. Our suspicidratt the Chinese re-
mainder problem travelled to Europe as part of @t twadition is par-
ticularly difficult to prove. However, the recreatial version of the prob-
lem, being part of this oral tradition of challengiothers with riddles and
puzzles, would not be out of place on the tradéesotrom East to West.
We do not have to assume a single visit of a Chiletegation in Italy in
1434 to explain the fact that mathematical knowéedgvels between
cultures and continents. Mathematics, being a podf culture, has
been exchanged between cultures for centuriesthigaiith other arti-
facts and products of cultures.

6 Conclusion

We have demonstrated that the argumentation fap#siemic claim by
Menzies is fallacious. Menzies claims that Regiotanas had know-
ledge of a Chinese book written in 1247 becauseohtl solve remaind-
er problems in 1463. The structure of the arguraentthe reason for its
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failure applies to many similar claims in the bot¥e have shown that
some of Menzies premises cannot be proved fronorigal sources, in
our case the claim that Regiomontanus knewQRE. But even if we
would accept his premises then his conclusion eutjinout his book
being the dependence of Renaissance scholars aegglsources — does
not necessarily follows. For all of his claims there contextual histori-
cal sources which provide a more acceptable exptam#han his wild
speculation that the Chinese visited Renaissamate it 1434. We have
provided two lines of explanations: 1) new histakievidence for solving
remainder problems within the abbaco tradition Wwhis sufficient to
account for Regiomontanus’s solutions, and 2) tkistence of an oral
tradition of telling stories and riddles travelliafpng the silk route which
could have included mathematical problem solvinghoés such as the
CRT.

Ghent University
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