
Methods Ecol Evol. 2025;16:2145–2163.	﻿�   | 2145wileyonlinelibrary.com/journal/mee3

1  |  INTRODUC TION

Across diverse taxa of gregarious animals, unravelling dominance 
relationships between individuals is key to understanding the social 
structure in animal societies. Dominance relationships between an-
imals, and at a higher level the emergent dominance hierarchy, can 
have an impact on the health of individuals (Sapolsky, 2005), their 
reproductive success (Clutton-Brock & Huchard,  2013), access to 
food resources (Kura,  2016) and safe resting places (Shackelford 
& Weekes-Shackelford,  2021). Moreover, the welfare of captive 

animals in a controlled environment might benefit from the under-
standing of the social dynamics; for instance, the effect of introduc-
ing a new member to a group or removing the alpha animal, which 
disturbs the stability of the current dominance hierarchy (Kura 
et al., 2015).

When studying social dominance relationships at the group level 
and the influence of intrinsic (such as age and physical characteris-
tics (Kura et al., 2015)) or extrinsic factors (such as group compo-
sition and size, or past experiences of an animal (Dugatkin,  1997; 
Landau,  1951)) on their formation, researchers generally do not 
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Abstract
1.	 Inferring dominance hierarchies is key to quantifying social dynamics within ani-

mal groups. Observed dyadic agonistic interactions remain an important source 
of data for studying dominance hierarchies. As a result, numerous (statistical) ap-
proaches attempt to derive and characterize dominance hierarchies from dyadic 
interactions. However, most of them ignore the temporal component of these 
interactions.

2.	 We introduce a novel model to characterize dominance hierarchies using a sequen-
tial pairwise relationship model called Animal Dominance Network (AniDomNet). 
This model is inspired by the Elo ranking model, yet relaxes several of the underly-
ing assumptions and allows us to study the dynamics of hierarchy formation.

3.	 While addressing certain shortcomings of the current sequential methods, 
AniDomNet also excels at predicting the outcome of future interactions. 
Moreover, we propose a social agony-based approach to obtain a directed acyclic 
graph (DAG) that represents the dominance hierarchy according to a fitted model.

4.	 AniDomNet is shown to be a useful tool to detect mistakes (such as identity 
switches) made during the observation process.
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directly observe dominance hierarchies as tangible entities. Instead, 
dominance hierarchies are latent structures that must be inferred 
from a network of dominance relationships among individuals. To 
achieve this, researchers typically collect and analyse a sequence of 
discrete occurrences (often sparse) of agonistic behaviours between 
individuals, which serves as the main source of information for re-
vealing the underlying dominance hierarchy within that group. An 
observation minimally consists of the identities of the winner and 
the loser of an agonistic interaction, the time of occurrence and, op-
tionally, the type of agonistic interaction.

Using an early definition by Schjelderup–Ebbe of a dominance 
relationship as a ‘pattern of repeated, agonistic interactions be-
tween two individuals, characterized by a consistent outcome in 
favor of the same dyad member and a default yielding response of 
its opponent rather than escalation’ (Schjelderup-Ebbe, 1922), such 
observations can be used to unravel the dominance relationships 
among the animals in a group. A plethora of sociometric measures 
have been proposed over the past decades that allow to quantify 
different properties of dominance relationships and potentially cor-
relate them with intrinsic or extrinsic factors. These sociometric 
measures can be divided into two groups, depending on whether 
or not they use the temporal component of the observation. The 
first group relies on winner–loser (or actor–reactor) matrices of the 
agonistic interactions obtained by counting the number of (directed) 
agonistic interactions during one or several periods of observation. 
For this reason, they are often referred to as matrix-based methods 
(David, 1987; Hemelrijk et al., 2005). The second group, referred to 
as sequential methods (Albers & de Vries, 2001; Elo, 1978; Vilette 
et al., 2020), also incorporates the chronological order in which the 
interactions took place.

Matrix-based methods are further subdivided into three groups, 
according to the dimension of social dominance (dyadic, group or 
individual) they consider (Langbein & Puppe, 2004). At the dyadic 
level, dominance relationships can be characterized by simply count-
ing the (relative) number of dyads in which there is a clear winner, 
that is where the number of wins of one animal significantly differs 
from the other (Lohse et  al.,  1982). As this level is closest to the 
definition of a dominance relationship, it is a natural point to start 
for an analysis. At the group level, indices such as the improved 
Landau h (De Vries, 1995) allow for expressing the degree of linear-
ity of a dominance hierarchy. Finally, at the individual level, several 
sociometric measures have been proposed that use observed in-
teractions to compute a dominance strength for each animal. This 
strength can be expressed by a cardinal score such as the Average 
Dominance Index (ADI) (Hemelrijk et  al.,  2005) or the normalized 
David score (David, 1987; De Vries et al., 2006), which can be re-
duced to dominance ranks. Alternatively, some methods can directly 
infer a dominance rank order from the interaction matrix, such as the 
Percolation and Conductance (P&C) method (Fujii et  al.,  2015). At 
the individual level, the methods mainly differ in how they account 
for the overall dominance level of an animal, whether they compen-
sate for an outcome that occurred by chance, how dyads for which 
no interactions have been observed are treated and whether they 

rely on the counts of directed interactions per dyad or only consider 
the dominance direction (thus binary) per dyad.

By construction, matrix-based methods ignore the temporal 
component of dominance relationships. This makes them particu-
larly ill suited to model the dynamic aspects of hierarchy formation. 
Even in studies that do not focus on the dynamics of social domi-
nance, the presence of (potentially unknown) temporal effects can 
obscure the results. For example, when, due to the dynamics, the 
individual ranks of two animals flip in the middle of an extended 
observation period, the outcome of a pooled winner–loser matrix 
might be that the individuals cannot be ranked reliably. However, 
in reality, an unambiguous, yet time-dependent, ranking can exist. 
For example, Madge Pimentel et al. (2022) showed that dominance 
hierarchies in cichlid fish were observed to change dynamically in 
response to resource competition. Additionally, Sheng et al. (2024) 
found that dominance hierarchies in dairy cows flatten under height-
ened competition. One simple solution to overcome this problem is 
to partition the time domain into several intervals, construct winner-
loser matrices per interval and compute the values for the sociomet-
ric measure multiple times. However, such a heuristic partitioning 
might not use the available data optimally, nor does it guarantee 
that, within each interval, the dominance relationships are stable.

Sequence-based methods provide an alternative to matrix-based 
methods by allowing to incorporate a temporal component. In ad-
dition to the outcome of an interaction, these methods also include 
the order in which the interactions took place. Most sequence-
based methods described in literature and applied to model animal 
dominance hierarchies (to the best of our knowledge) are variants 
of the Elo rating (Elo, 1978), a scoring system originating from the 
world of chess which sequentially updates the scores of opponents 
based on the outcome of each game. Elo rating-based dominance 
analyses are gaining popularity through extensions such as the 
modified Elo rating (Newton-Fisher, 2017) and the steepness met-
ric (Neumann & Fischer, 2023). The Elo rating considers dominance 
as a stochastic process in time (more precisely a Markov process 
(Hofman et al., 2020; Krifa et al., 2021)) that models the probabilities 
of the outcomes of agonistic interactions in time. It assigns a dom-
inance score to each animal and models the winning probability of 
an animal against another as a function of the difference between 
the dominance scores of these animals. An initial dominance score 
is assigned to every animal at the start of the observation process. 
These initial values are often chosen to be equal (1000 is often used 
(Wooddell et  al., 2017)) or can differ when, for instance, previous 
experiences correlated with dominance are available (Strauss & 
Holekamp,  2019a). When observing an agonistic interaction, the 
score of the winning animal is increased by an amount that is pro-
portional to the winning probability of that animal against its oppo-
nent, with a proportionality constant k (called the update parameter) 
steering the magnitude of the updates. The dominance score of the 
loser is reduced by the same amount.

Variants of this basic method include the randomized Elo 
method (Sánchez-Tójar et al., 2018), where this process is repeated 
several times using random permutations (in time) of the observed 
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interactions and the obtained scores per permutation are averaged 
to obtain final dominance scores. The averaging is claimed to stabi-
lize the Elo rating (Sánchez-Tójar et al., 2018), which is an advantage 
when the dominance relationships are stable. However, when tem-
poral trends are present, this approach has the same disadvantages 
as the matrix-based sociometric measures. The Optimized Elo rat-
ing (Foerster et al., 2016) is an Elo variant in which the initial dom-
inance scores, as well as the update parameter k, are considered 
estimatable parameters. Being a probabilistic model, these parame-
ters can be estimated by likelihood maximization using an observed 
sequence of interactions. Interestingly, this approach allows for the 
use of the data to back-track the dominance scores to the start of 
the observation period and, using the update rules, compute the 
evolution of the scores as a function of time (Newton-Fisher, 2017). 
A further development of the Optimized Elo rating was proposed 
by Goffe et al. (2018). They use Bayesian inference techniques and 
assign a multivariate normal prior to the initial weights, however, 
at a considerable computational cost. This prior allows to stabilize 
the likelihood maximization process, especially for larger groups of 
animals with a limited number of observed interactions. As a side 
effect, this method also provides credibility intervals on the param-
eters, which are useful for uncertainty assessments as in the Glicko 
rating system (Glickman, 1995; Goffe et al., 2018).

Sequential methods allow to model time-dependent domi-
nance scores and can be used to visualize the evolution of dom-
inance over time. However, they are also criticized for several 
reasons. An important drawback is that they do not model dom-
inance relationships at the dyadic level but at the individual level 
(Krahn et al., 2023), and thus do not align with the definition of 
Schjelderup–Ebbe. Moreover, in the context of a study on ba-
boons, Gordon et al. (2022) claim the following issues concerning 
the original Elo rating method and its variants: (i) the rate of rank 
changes is slower compared to matrix-based ranking methods; 
(ii) the absence of observed interactions (absence of evidence) is 
treated as evidence that those interactions did not occur (evidence 
of absence). However, this assumption is often invalid in wild an-
imal populations where often only a fraction of the interactions 
is observed. As a result, an animal can fall in rank by just having 
a few (observed) interactions, and changes in ranks can happen 
without any proof in the data for these changes; (iii) unexpected 
interactions result in disproportionate effects, as animals that 
have much-expected wins (e.g. a high-ranked animal wins against 
a low-ranked one) will have limited effects on their Elo scores as 
compared to a single unlikely loss (e.g. a high-ranked animal losing 
to a low-ranked one) against a much lower-ranked animal.

We argue that the Elo rating method conflates two separate pro-
cesses. First, it attempts to model a stochastic process at the dyadic 
level. Second, it computes a sociometric measure that aims to quan-
tify a property of the society at the individual level. By separating the 
stochastic model from the computation of the sociometric measure, 
a sequential model can be obtained that is able to address most of 
the criticisms given above. Therefore, in this paper, we propose a 
sequential matrix-based method called Animal Dominance Network 

(AniDomNet) that builds upon ideas from the extensions of the Elo 
rating to model the winning probabilities as a function of time. Figure 1 
provides an overview of AniDomNet, showing its pipeline from inter-
action data to the inference of dominance hierarchies over time. As 
opposed to the existing Elo rating variants, it models the evolution of 
the pairwise winning probabilities as a function of time, rather than the 
evolution of the individual scores directly. The resulting model allows 
output of estimated pairwise winning probabilities at each point in 
time and can be plugged into many existing matrix-based sociometric 
measures. More precisely, optimizing multiple parameters in the up-
date functions allows AniDomNet to determine the best rate of dyadic 
dominance changes. Additionally, the pairwise modelling of relation-
ships with safeguards to prevent modelling relationships for animals 
that have never interacted tackles the problem of absence of evidence 
that Elo rating variants face when building dominance hierarchies.

Moreover, the use of the Cauchy distribution and the proposed 
updating scheme balance the disproportionate effects of unexpected 
events. Lastly, we propose an anomaly detector that is capable of pin-
pointing the most likely false positive events and identity switches. 
Together with the AniDomNet model, we propose a hierarchical rank-
ing method that uses the estimated winning probabilities to rank the 
animals and also allows us to visually represent that ranking as a di-
rected acyclic graph (DAG). In this paper, we mainly focus on groups 
with stable memberships (no inclusion or exclusion of individuals). 
However, a simple extension allows accommodating groups with 
changing membership. The proposed method is quantitatively com-
pared to different existing Elo variants using a simulation study and 
a number of publicly available benchmark datasets from DomArchive 
(Strauss et  al.,  2022). An implementation of AniDomNet is publicly 
available at https://​github.​com/​nusre​tipek/​​AniDo​mNet.

The remainder of this paper is organized as follows. Section 2 
briefly introduces the sequential methods existing in the literature 
and the mathematical notations used. It then proceeds by introduc-
ing AniDomNet as the proposed stochastic method for the sequen-
tial dominance data and presents the experimental setup. Section 3 
shows the quantitative benchmark results including AniDomNet as 
well as some qualitative results. A discussion of the advantages and 
shortcomings of the proposed method and possible applications is 
presented in this section. Lastly, the paper concludes with the most 
important insights and future research directions.

2  |  MATERIAL S AND METHODS

2.1  |  Formal problem definition and Elo-based 
methods

The methods developed in this paper require edge-list format inter-
action data ordered in time, where each entry minimally consists of 
a winning animal and a losing animal. All interactions are assumed 
to be of the same type. Let I = {1, 2, … ,N} be an index set labelling 
the individuals in a population of N animals. The dyad (i, j) ∈ I × I, 
with i ≠ j, represents an interaction between i  and j with winner i  
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and loser j. For notational convenience, whenever i  is used as an 
index, it will refer to a winning animal, whereas j will refer to a los-
ing animal. Moreover, the index � will be used to refer to an animal 
without the specific connotation of winning or losing. Additionally, 
we denote the observed interaction in the ordered edge-list at posi-
tion (or time) t as 

(
it , jt

)
. For example, 

(
it , jt

)
= (2, 1) indicates that at 

time t animal 2 won in an agonistic interaction against animal 1. The 
sequence of interactions starting at t = 1 up to t = T is denoted as:

Let Pt
i,j
 denote the probability that i  defeats j at time t in a 

Bernoulli trial (with Pt
j,i
= 1 − Pt

i,j
). When considered as a function of 

t, the sequence of probabilities Pt
i,j
 are the winning probabilities of a 

discrete-time stochastic process of Bernoulli trials. Both the differ-
ent Elo variants as well as our proposed model will estimate these 
probabilities from the dataset XT.

2.1.1  |  The original Elo method

The original Elo method (Elo, 1978) assigns a score to each animal. 
Let st

�
∈ ℝ represent this score for animal � at time t. The winning 

probability at time t is calculated as:

where � is a scale parameter, which is often set to 100. After observ-
ing (i, j) (thus an interaction where i  defeats j), the scores st

i
 and st

j
 are 

updated as follows:

and the scores of all other animals are kept unchanged. The parameter 
k ∈ ℝ

+ is called the update parameter regulating the maximal gain or 
loss due to a single interaction and is often set experimentally (Neumann 
et  al.,  2011) (when not specified, we set k = 100 in this paper). The 
scores at time T are used as dominance measure to rank animals.

2.1.2  |  The randomized Elo method

The randomized Elo method (Sánchez-Tójar et al., 2018) randomly 
permutes the observed ordered edge-list multiple times (n; n = 1000 
is used in this paper) and the scores obtained at time T are subse-
quently averaged over the repetitions.

2.1.3  |  Optimized Elo and Bayesian inference 
methods

The optimized Elo method (Foerster et  al.,  2016) considers the 
initial scores s1

�
 for � = 1, … ,N and k as estimable parameters 

XT =
{(
it , jt

)| t = 1, … , T
}
.

(1)Pt
i,j
=

1

1 + e
−
(
st
i
−st

j

)
∕�
,

(2)st+1
i

= st
i
+ k

(
1 − Pt

i,j

)
, st+1

j
= st

j
− k

(
1 − Pt

i,j

)
,

F I G U R E  1  Overview of AniDomNet: The model uses agonistic interaction outcomes over time to infer dominance relationships. 
AniDomNet estimates the dynamical winning probabilities and represents hierarchical structures using a directed acyclic graph (DAG).
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and maximizes the likelihood of the data. The likelihood function 
L
(
XT ; s

1
1
, … , s1

N
, k
)
 is defined as the probability of observing the data 

XT given the parameters s1
1
, … , s1

N
 and k:

Note that Pt
it ,jt

 represents the estimated probability that it will de-
feat jt when they interact at time t and is thus computed after (re-
cursively) applying the update formulae in Equation  (2) to all dyads (
i1, j1

)
, … ,

(
it−1, jt−1

)
. For computational reasons, in practice the 

negative log-likelihood is minimized instead of maximizing L. The au-
thors use the Broyden–Fletcher–Goldfarb–Shanno (BFGS) algorithm 
(Fletcher, 1987) without constraints for solving this minimization prob-
lem. Additionally, Goffe et al. (2018) embed this model in a Bayesian 
framework and define a Gaussian prior on s1

1
, … , s1

N
 and on k. Formally, 

they define the posterior of the parameters as:

where p represents a probability density function, s1
1
, … , s1

N
∼ N

(
0, �2

)
 , 

� ∼ N+(0, 1) and k ∼ N(0, 1). Here, N+ refers to the truncated Gaussian 
distribution. The mean of the posterior is used to estimate s1

1
, … , s1

N
 

and k.

2.2  |  AniDomNet: Modelling winning probabilities

Just as the Elo method, AniDomNet models the winning probabilities 
of the animals involved in the interactions. However, instead of one 
score per animal, AniDomNet uses a real-valued N × N dominance 
matrix Dt, to characterize the dominance relationships at time t 
(see Figure  3 for an example). More precisely, we only use the 
strictly upper triangular part of Dt, thus elements Dt

i,j
 for which i < j . 

Therefore, Dt
j,i
 decreases if i > j (see Equation  (7)). Even though the 

elements of the lower triangular part are not used by the model, we 
set these elements equal to zero as this will simplify the notation 
in the following sections. The interpretation of Dt follows from the 
following definition of a winning probability Pt

i,j
:

Note that 1
2
+ arctan

(
Dt
i,j

)
∕� is the cumulative distribution function 

of the Cauchy distribution with location parameter 0 and scale pa-
rameter 1, evaluated at Dt

i,j
. This means that Pt

i,j
= 0.5 in case Dt

i,j
= 0 

and Pt
i,j
> 0.5 only if Dt

i,j
> 0. Therefore, i  dominates j only if Dt

i,j
 is pos-

itive and sufficiently large. On the other hand, j dominates i  if Dt
i,j
< 0. 

Equation (5) ensures that the computation is symmetric in the indices. 
The Cauchy distribution was selected for its heavy tails. As a result, 

unlikely but impactful events (such as a lower ranked animal winning 
against a highly ranked animal) are attributed a higher probability as 
compared to the Gaussian case, for instance. Nevertheless, it can be 
interchanged with any distribution that is symmetric about 0. When 
comparing Equations  (1) and (5), it can be seen that Dt

i,j
 is used as a 

substitute for st
i
− st

j
 and thus characterizes the dominance relationship 

between i  and j in a similar, yet more flexible manner.
After observing (i, j), the entries of Dt are updated. To that end, 

we make a distinction between the primary dyad (i.e. the one in 
which both it and jt are involved) and the auxiliary dyads (i.e. the 
ones in which only one of them is involved). The primary update is 
defined as:

(i) if i < j, then

(ii) if i > j, then

Here, 𝛽1 > 0 is an update parameter similar to the parameter k in the 
Elo method. As a result of this update, the estimated winning proba-
bility of the winning animal will increase and the size of this increase is 
determined by �1. Moreover, the effect of �1 is modulated by the ratio 
of two elements from a time-dependent N × N weight matrix Wt. Just 
like Dt, the matrix Wt is updated using the following equations after 
observing (i, j):

To motivate this approach, we recall that Equation  (2) uses 
st
i
+ k

(
1 − Pt

i,j

)
 to update the Elo scores. Here, 1 − Pt

i,j
 modulates the 

update parameter k by reducing the size of the update caused by in-
teractions of which the outcome had a high probability. The intuition 
there is that, when i  has a much higher score than j, an observed 
win of i  against j should not affect the scores of i  and j too much 
as the current scores already reflect this situation. Especially in the 
case of repeated attacks, this feature mitigates the updates. From 
Equation (8), it can be seen that Wt

i,j
 accumulates winning probabili-

ties, again with an update constant (�3 for the winner and �4 for the 
loser). Note that the truncation with the maximum operation pre-
vents Wt+1

j,i
 from becoming too small or even negative (even though 

in our experiments, this rarely happened even without such trunca-
tion). This modulation has three advantages over the Elo method: (i) 
it disconnects the direct link between Pt

i,j
 and the modulation of the 

update parameter �1, thus adding flexibility to the model as the ef-
fect of Pt

i,j
 on the modulation can be estimated; (ii) winning and losing 

can be treated differently if the data would require so; and (iii) the 
gradually accumulated history of Pt

i,j
 is used in the modulation as op-

posed to only its current value.

(3)L
(
XT ; s

1
1
, … , s1

N
, k
)
=

T∏
t = 1

Pt
it ,jt
.

(4)p
(
s1
1
, … , s1

N
, k, �|XT

)
∝ L

(
XT ; s

1
1
, … , s1

N
, k, �

)
p
(
s1
1
, … , s1

N
, k, �

)
,

(5)Pt
i,j
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1

2
+
arctan

�
Dt
i,j

�

𝜋
, if i< j,

1−

⎛
⎜⎜⎜⎝
1

2
+
arctan

�
Dt
i,j

�

𝜋

⎞
⎟⎟⎟⎠

, if i> j.

(6)Dt+1
i,j

= Dt
i,j
+ �1

Wt
j,i

Wt
i,j

;

(7)Dt+1
j,i

= Dt
j,i
− �1

Wt
j,i

Wt
i,j

.

(8)

Wt+1
i,j

= Wt
i,j
+
(
1 − Pt

i,j

)
�3, Wt+1

j,i
= max

(
1,Wt

j,i
−
(
1 − Pt

i,j

)
�4

)
.
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The primarily statistical arguments given to motivate the model 
structure are complemented by biological insights. The asymmetry 
in the effects of winning and losing (item (ii) above) is reviewed 
by Hsu et al. (2006) and has been demonstrated in several species 
(Camerlink et  al.,  2016). For instance, a series of papers showed 
that in sticklebacks the prior losing experience highly reduces the 
probability of winning while winning experience has only marginal 
effects (Bakker et al., 1989; Chase et al., 1994). Previous work also 
shows differences in the hormonal (e.g. testosterone) effects of 
winning and losing (Fuxjager et  al.,  2011). In several species, the 
effect of a winning experience disappears sooner than the effect of 
a losing experience (Hsu et al., 2006). Items (i) and (iii) can be linked 
to the work by Houston and McNamara (1999), which states that 
interaction outcomes can be described by the following cascade: 
experiences of previous interactions lead to (modified) expecta-
tions that subsequently affect the behaviour of the animals, and, as 
a consequence, also the outcome of an interaction. This two-stage 
cascade of expectations/experiences and behaviour also suggests 
a two-stage modelling approach. Using this analogy, Wt represents 
the expectations/experiences whereas Dt is an aggregate measure 
of behaviour.

The auxiliary updates will propagate the effect of the observed 
dyad (i, j) to interactions only involving one of i  and j. First, we con-
sider the relationships between the winner i  and all other animals 
� ∉ {i, j}. The corresponding updates are:

(i) if � > i, then

(ii) if � < i, then

Here, 𝛽2 > 0 is an auxiliary update parameter. This update prop-
agates the winner's bonus to the relationships with the other an-
imals, by increasing the probability that i  will also win from the 
animals not involved in (i, j). Moreover, this update formula uses 
a binary interaction matrix Mt in which Mt

i,j
= Mt

j,i
= 1 only if i  and 

j have interacted before time t  and Mt
i,j
= 0 otherwise. This ap-

proach avoids auxiliary updates affecting the winning probabilities 
between animals that never interacted before. At time t = 1, the 
matrix M1 is a zero matrix.

Secondly, consider the relationships between the loser j and all 
other animals � ∉ {i, j}:

(i) if � < j, then

(ii) if � > j, then

This auxiliary update propagates the loser's tax to the relationships 
with the other animals, by increasing the probability that j will also lose 
from the animals not involved in (i, j).

2.3  |  AniDomNet: Parameter estimation

AniDomNet depends on initial values for the matrices D (N(N − 1)∕2 
values as only the strictly upper diagonal part is needed) and W 
(N2 − N values) and the parameters �1, �2, �3 and �4. Initial values 
and the parameters can be estimated by maximizing the following 
likelihood function:

where Pt
it ,jt

 is computed using Equation (5).
The parameter space can be constrained by several inequalities. 

A first inequality we consider is �1 ≥ �1�2 to enforce that primary up-
dates have a larger impact on Dt than auxiliary (indirect) updates. We 
set �1 = 3 in our experiments. Moreover, the constraint �3 ≥ �2�4 
can be added to enforce asymmetry in the updating of Wt. We ex-
perimentally found little effect on the fit of the model, but adding 
this constraint (with �2 = 3) was beneficial for the runtime of the (nu-
merical) optimization process (see experimental result for a compar-
ison of the results without this constraint). Lastly, we set W1

i,j
= 1 for 

every i  and j and minimize the negative logarithm of Equation (13) 
resulting in the following optimization problem:

To solve this minimization problem, the sequential least squares 
programming optimization method (SLSQP) is utilized as it allows to 
minimize non-convex loss functions with constraints (Kraft,  1988; 
Virtanen et al., 2020). As the problem is non-convex, the solution 
might depend on the choice of the initial values of the parameters. 
Therefore, we perform the minimization 100 times, sampling each 
D1
i,j
 from a uniform distribution over 

[
− 1.0, 1.0

]
. Initial values for �1

, �2, �3 and �4 were resampled uniformly from 
[
0, 0.1

]
 until values 

were obtained satisfying the inequality constraints. After each op-
timization run, the negative log-likelihood loss is stored. In the end, 
the random initial parameters that yield the lowest negative log-
likelihood are retained. To increase the computational efficiency, 
we further: (i) Omit elements Di,j for couples (i, j) for which no inter-
actions are observed during the experiment. As the binary interac-
tion matrix Mt

i,j
= 0 for all values t, these values are not relevant to 

both the model and the optimization process. In the resulting model, 
Dt
i,j
= 0 for all such couples. (ii) The objective function in Equation (14) 

and the update rules in Equations  (6–12) are implemented in the 

(9)Dt+1
i,�

= Dt
i,�

+ �2M
t
i,�

Wt
�,i

Wt
i,�

;

(10)Dt+1
�,i

= Dt
�,i

− �2M
t
i,�

Wt
�,i

Wt
i,�

.

(11)Dt+1
�,j

= Dt
�,j

+ �2M
t
j,�

Wt
j,�

Wt
�,j

;

(12)Dt+1
j,�

= Dt
j,�

− �2M
t
j,�

Wt
j,�

Wt
�,j

.

(13)L
(
XT ;D

1,W1, �1, �2, �3, �4
)
=

T∏
t = 1

Pt
it ,jt

(14)

minimize
D1,�1,�2,�3,�4

T∑
t=1

− log
(
Pt
it ,jt

)

subject to �1≥�1�2

�3≥�2�4

�1, �2, �3, �4 ≥0
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low-level language C. The code is coupled with the SLSQP imple-
mentation of SciPy (v.1.11.3) (Virtanen et al., 2020) to obtain a user-
friendly end product that can be called from Python. The code and 
the data are open source in the GitHub repository referred to in the 
introduction.

2.4  |  AniDomNet light

In Section 2.2, the ratio W
t
j,i

Wt
i,j

 in Equations (6–12) was motivated as an 
alternative to the Elo rating update which uses 1 − Pt

i,j
 for this pur-

pose. A simplified version of AniDomNet can thus be obtained by 
changing the update rules in Equations (6–12) into an Elo method like 
update. For the primary updates, the equations become

Similarly, for the auxiliary updates, in Equations (9) and (10) the ratio W
t
�,i

Wt
i,�

 
is replaced with 1 − Pt

�,i
, whereas in Equations  (11) and (12), the ratio  

Wt
j,�

Wt
�,j

 is replaced with 1 − Pt
j,�

. These changes effectively allow to eliminate 
the matrix Wt from the method leading to a significant simplification. 
In the results, we describe the impact of this simplification on the per-
formance of AniDomNet and further elaborate on this in Supporting 
Information.

2.5  |  Quantitative evaluation of AniDomNet

Sequential methods, such as AniDomNet, enable the accurate 
prediction of future outcomes based on past interactions over time. 
In our experiments, the parameters for AniDomNet were estimated 
once using the complete dataset. However, after the initial 
estimation, the model dynamically updates based on the previous 
interactions, Xt, to predict the probability of the next interaction 
(Pt+1

it ,jt
). This evolving probability, although not directly reflected 

in the previously established hierarchy Dt, plays a critical role in 
calculating both the accuracy and loss of the model. This approach 
is consistent with similar methodologies used in optimized Elo and 
Bayesian inference models (Foerster et al., 2016; Goffe et al., 2018). 
During the optimization process, the model's parameters are 
expected to converge by incorporating all available data, meaning 
that the accuracy measured here is not akin to traditional machine 
learning accuracy, where distinct training and test sets are used. 
Instead, the goal is to measure how well the model can predict the 
interaction outcomes and thus how well it represents the underlying 
(dominance) phenomena. Consequently, AniDomNet continuously 
refines its predictions and optimizes its parameters iteratively across 
the entire dataset.

Given a sequence of interactions, the accuracy of a model can be 
computed as the ratio of the number of interactions for which the out-
come was predicted correctly, to the total number of observed inter-
actions. Formally, given a sequence of interactions XT =

{(
it , jt

)}T
t=1

, the optimal values for the parameters of the optimized Elo method 

and AniDomNet can be estimated by maximizing the likelihood 
(Equations 3 and 13) or using Bayesian inference.

The resulting parameters can subsequently be used to predict 
the outcome of each interaction in XT.

Note that Pt
it ,jt

 is the predicted probability that, at time t, animal 
it dominates jt. To transfer this probability into a crisp forecast, we 
use the common convention that Pt

it ,jt
≥ 0.5 means that the model 

predicts that it dominates jt at time t. Following our notational con-
ventions, 

(
it , jt

)
∈ XT means that it was observed that it won against jt 

at time t (and is thus the ground truth). The agreement between the 
crisp forecasts and the observed outcomes at t = 1, … , T is referred 
to as the accuracy and is computed as follows:

where 1[
Pt
it ,jt

≥0.5
] = 1 if Pt

it ,jt
≥ 0.5 and 0 otherwise. Note that the models 

involved are dynamic, which means that Pt will evolve over time by ap-
plying the update rules. Similarly, the negative log-likelihood (generally 
referred to as the loss) can be computed for each model as:

When interpreting the accuracy and the negative log-likelihood, it 
should be stressed that both performance measures only indicate 
how well the model can describe the observed (agonistic) interactions. 
These measures do not distinguish between outcomes that are the re-
sult of elucidations of the dominance hierarchy and outcomes that are 
the result of social dynamics not related to the dominance hierarchy 
(for instance, aggression because of leverage (Lewis, 2002)). Moreover, 
more subtle interactions that are indicative of the dominance hierarchy 
are often overlooked in datasets focusing on high-intensity agonistic 
interactions. Claims regarding accurate modelling of the dominance 
hierarchy should be made with care.

2.5.1  |  Evaluation on real-world data

To compare the predictive capabilities of our model with the 
Elo variants, both performance measures were computed on all 
sequential (benchmarking) datasets collected in DomArchive 
(Strauss et al., 2022). Table 1 provides some details on the datasets 
used for comparing the models.

AniDomNet can also be used as an anomaly detector. After fit-
ting the model, for each 

(
it , jt

)
 in a dataset, the probability Pt

it ,jt
 can be 

computed. When Pt
it ,jt

< ϵ, the observed interaction can be flagged 
as an anomaly. Especially for (fully) automated, sensor-based tech-
nologies for the detection of agonistic interactions, detection er-
rors are to be expected (Hrolenok et al., 2018; Ipek et al., 2023), 
though anomalies may also arise from various causes. These anom-
alies should be the focus of further investigation, rather than simply 
being treated as erroneous readings. For instance, the identity of 

(15)Dt+1
i,j

= Dt
i,j
+ �1

(
1 − Pt

i,j

)
, Dt+1

j,i
= Dt

j,i
− �1

(
1 − Pt

j,i

)
.

(16)Acc =
1

T

T∑
t = 1

1
[
Pt
it ,jt

≥ 0.5
]
,

(17)ℒ =

T∑
t = 1

− log
(
Pt
it ,jt

)
.
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the animals involved in an interaction can be incorrect or an inter-
action is wrongfully identified as being agonistic. Also, human ob-
servations are subject to subjectivity and errors while interpreting 
interactions (Tuyttens et al., 2014). In those cases, Pt

it ,jt
 is expected to 

be small, which can help to identify potential anomalies for further 
review. To investigate the application of AniDomNet as an anomaly 
detector, a subset of the data described in Ipek et al. (2023) is used. 
In this work, the authors developed a computer vision pipeline that 
allows to detect agonistic interactions (and the identity of the an-
imal involved) among group-housed lactating female rabbits. In a 
sequence of 1760 hours of video, 1633 interactions were detected 
and used to fit AniDomNet. Out of these interactions those for 
which Pt

it ,jt
< 0.5 were inspected by a human expert.

2.5.2  |  Evaluation on simulated data

While the results obtained on real-world datasets can be used to 
numerically compare AniDomNet with the Elo variants, the true 

dominance hierarchy is unknown for these datasets. To evaluate 
how well AniDomNet can recover the true hierarchy, a simulation 
experiment is set up. Four scenarios are considered. In each sce-
nario, the underlying hierarchy is represented by a directed graph 
(see Figure 2 for an example). From these graphs, 800 interactions 
are sampled by randomly selecting two nodes that are connected by 
a directed path. The outcome of the interaction respects the domi-
nance relation imposed by the graph. With a small probability, the 
outcome is flipped to mimic observer or sensor errors or momentary 
animal incentives (Ipek et al., 2023; Tuyttens et al., 2014) that op-
pose the dominance hierarchy. This probability depends on the pair 
of animals and is for every pair sampled from a uniform distribution 
over 

[
0, �

]
. This means that the average probability of flipping over 

all pairs approaches � ∕2. The scenarios differ, however, in the fol-
lowing ways: Scenarios S1 and S2 simulate a stable hierarchy, using 
� = 0.2 and � = 0.3, respectively, that is represented by the transi-
tive, directed graph State 1 in Figure 2, excluding the connection in 
the red edge. Scenario S3 represents a non-transitive setting, where 
the hierarchy is given be State 1, but now including the red edge. 

TA B L E  1  Descriptive dataset information; dataset name, species, sex, captivity, number of animals and number of interactions, * not 
included in DomArchive, but available in Vilette et al. (2020).

Dataset name Species Sex Captive No. of animals
No. of 
interactions

Foerster2016a (Foerster et al., 2016) Pan troglodytes (Chimpanzee) M No 22 2741

Foerster2016b (Foerster et al., 2016) Pan troglodytes (Chimpanzee) F No 44 1015

Franz2015a (Franz et al., 2015) Papio cynocephalus (Yellow baboons) M No 61 4118

Franz2015b (Franz et al., 2015) Papio cynocephalus (Yellow baboons) M No 28 1667

Franz2015c (Franz et al., 2015) Papio cynocephalus (Yellow baboons) M No 36 2387

Franz2015d (Franz et al., 2015) Papio cynocephalus (Yellow baboons) M No 53 4464

Franz2015e (Franz et al., 2015) Papio cynocephalus (Yellow baboons) M No 52 3281

Langley2018 (Langley et al., 2018) Phasianus colchicus (Common 
pheasant)

M Yes 18 367

McCune2019a (McCune et al., 2019) Aphelocoma wollweberi (Mexican jays) MF No 7 201

McCune2019c (McCune et al., 2019) Aphelocoma wollweberi (Mexican jays) MF No 8 163

McCune2019d (McCune et al., 2019) Aphelocoma wollweberi (Mexican jays) MF No 8 151

McCune2019e (McCune et al., 2019) Aphelocoma wollweberi (Mexican jays) MF No 7 80

McCune2019f (McCune et al., 2019) Aphelocoma wollweberi (Mexican jays) MF No 8 53

Strauss2019a (Strauss & 
Holekamp, 2019b)

Crocuta crocuta (Spotted hyena) F No 23 1065

Strauss2019b (Strauss & 
Holekamp, 2019b)

Crocuta crocuta (Spotted hyena) F No 35 1848

Strauss2019c (Strauss & 
Holekamp, 2019b)

Crocuta crocuta (Spotted hyena) F No 29 1913

Strauss2019d (Strauss & 
Holekamp, 2019b)

Crocuta crocuta (Spotted hyena) F No 151 9096

Vilette2020a* (Vilette et al., 2020) Chlorocebus pygerythrus (Vervet 
monkey)

MF No 61 8301

Vilette2020b (Vilette et al., 2020) Chlorocebus pygerythrus (Vervet 
monkey)

MF No 41 2980

Note: The McCune2019f dataset contains only 53 interactions for 8 animals, which is below the minimum number of interactions suggested for the 
calculation of a dominance hierarchy (Sánchez-Tójar et al., 2018). Thus, the results should be interpreted with caution.
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Scenario S4 represents an evolving case where the initial hierarchy 
is represented by State 1, but changes to State 2 after every 200 
observed interactions, and to States 3 and 4 after another 200 ob-
served interactions. Each scenario is repeated 100 times.

2.6  |  Post-processing AniDomNet: Ranking and 
representation as a DAG

AniDomNet is designed to model the evolution of dominance rela-
tionships over time. After fitting the model, the matrix Dt contains the 
information that allows the dominance relationships at time t to be 
described. Note that also at small values of t, for instance, D1 at the 
start of the experiment, AniDomNet allows the state of the domi-
nance relationships to be estimated as it backpropagates the interac-
tions at later time points back to the start of the experiment. However, 
Dt (which is a strictly upper triangular matrix) can be challenging to use 
directly. Interestingly, several quantities can be derived from Dt that 
are much simpler to interpret. In the next paragraphs, we describe 
how to use Dt to compute the dominance score and dominance rank 
for each animal at time t. Additionally, we describe how to visually 
represent the dominance hierarchy as a directed acyclic graph (DAG).

From the definition of the model, it follows that when Dt
i,j
≫ 0, 

animal i  dominates j. Moreover, when Dt
i,j
≪ 0, the opposite is true 

and when Dt
i,j
≈ 0, the relationship is unsettled. Also, the magnitude 

of Dt
i,j
 can be used as a measure of the strength of the dominance of 

one animal over another. Therefore, by summing the entries of Dt 
that involve an animal �, a score can be obtained that characterizes 
the overall dominance of �. However, due to the construction of Dt , 
one needs to deal carefully with the signs of the elements that are 
added. When � is the row index, then Dt

�,j
≫ 0 means that � dom-

inates j and Dt
i,�

≪ 0 means that � is dominated by i . Therefore, a 
dominance score can be obtained by adding all elements of the �-th 
row and subtracting all elements from the �-th column to obtain a 
score s

�
 for the �-th animal:

where we complete the strictly upper triangular matrix Dt into a regu-
lar matrix by setting Dt

i,j
= 0 for all i ≥ j. The resulting scores st

1
, … , st

N
 

can be interpreted as dominance scores and can be used to rank the 
animals.

The obtained scores can be complemented by a representation 
of the dominance relationships as a directed graph G = (V , E), where 
each vertex in V = {1, … ,N} represents an animal and the directed 
edges E ⊂ V × V indicate the (dyadic) dominance relationships. The 
(strictly upper triangular part of) matrix Dt can be used to define E, 
where (i, j) ∈ E if Dt

i,j
> ϵ and (j, i) ∈ E if Dt

i,j
< − ϵ, where ϵ is a threshold 

that distinguishes between settled and unsettled relationships. Note 
that, following our definition of Dt, Dt

i,j
= 0 for all couples (i, j) that 

never interacted. Therefore, the absence of an edge either means 
that: (i) there is an absence of evidence of a relationship between i  
and j; or (ii) the relationship is unsettled.

Despite its simplicity, the graph construction procedure above 
often leads to visualizations that are overcrowded and hard to 
interpret (Douglas et  al.,  2017). A more structured, simplified 
representation can be obtained by exploiting some properties of 
dominance relations. Mathematically, a dominance relation is a bi-
nary relation on N × N. Strict total order relations are a specific 
type of binary relations that are irreflexive, antisymmetric, tran-
sitive and complete. In a dominance context, irreflexivity means 
no animal dominates itself. Antisymmetry means that whenever i  
dominates �, then � does not dominate i . Transitivity means that 
whenever i  dominates � and � dominates j, then i  also dominates 
j. Completeness means that there are no unsettled relationships. 
A dominance relation that satisfies these properties allows us to 
linearly rank the animals, meaning that the individuals constitute 
a total order. When dropping the completeness property, a strict 
partial order relation is obtained, which can be represented as a 
directed acyclic graph (DAG). It should be noted that dropping the 

(18)st
�
=

N∑
j= 1

Dt
�,j

−

N∑
i= 1

Dt
i,�
,

F I G U R E  2  Illustration of the true dominance hierarchy and its changes over 800 interactions for the simulated datasets. The hierarchy 
updates every 200 interactions, with rank changes shown by colour-coded nodes: Green for rises and red for drops. Three major shifts 
occur: A mid-hierarchy change (t = 200), an alpha replacement (t = 400) and a rank drop without replacement (t = 600 ). A cycle is marked by 
a red dashed arrow (State 1), from Animal 6 to Animal 0. The transitivity assumption holds across all hierarchies, except the cycle.
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completeness property implies that animals can be incomparable, 
which can be interpreted as the absence of a dominance relation-
ship between the animals involved. On the other hand, when the 
completeness of the underlying dominance hierarchy can be as-
sumed but, due to limitations of the observation process or the 
statistical analysis, the relation cannot be observed, the lack of 
evidence can also be represented using a DAG. However, in this 
case, the DAG is only a tool used to express uncertainty about a 
relationship rather than the absence of one.

Our DAG construction method mostly adheres to the second 
point of view, where the absence of a relationship represents uncer-
tainty about its direction. Additionally, our representation assumes 
that the underlying dominance relationship is transitive and that 
violations of transitivity are due to limitations in the observation 
process or the statistical modelling. The starting point is the graph 
G introduced earlier. In the first step to obtain a DAG, cycles are 
broken by removing a limited number of edges from G. In the first 
iteration, all fixed-length cycles of length k = 3 are detected. The 
task of finding all cycles of length less than or equal to k can be com-
pleted in O

(
(c + n)(k − 1)dk

)
 steps, where n is the number of vertices, 

c is the total number of cycles discovered, and d is the average vertex 
degree, using a depth-first search algorithm with backtracking, as 
proposed by Gupta and Suzumura (2021). For edges that are present 
in at least one cycle, the social agony is computed, a measure orig-
inating from social network analysis (Sun et al., 2017). For an edge 
(i, j) , the social agony is defined as:

When the social agony is large, it means that even though (i, j) is an 
edge and thus according to G animal i  dominates j, the score st

j
 of j 

is much larger than that of i . The edge (i, j) thus contradicts the order 
that would be obtained when using the scores to rank the animals. 

Therefore, the edge with the largest agony is removed from G (see 
Figure 3). Subsequently, the procedure is repeated using the updated 
graph until all cycles of length k = 3 are removed. In the next iteration, 
all cycles of length k = 4 are considered. This procedure is iterated until 
k = N. The resulting graph, denoted G∗, is thus guaranteed to be free of 
cycles. Lastly, we provide a layered layout procedure for G∗. Similar to 
ADAGIO (Douglas et al., 2017), the layout is constructed bottom-up. 
The first layer consists of all animals that do not dominate any other 
animal according to G∗, that is those nodes that do not have any out-
going edge. The second layer consists of all animals that only dominate 
animals from the first layer, that is all nodes in G∗ that only have out-
going edges to nodes in the first layer. This procedure is repeated for 
the remaining layers. In general, the m-th layer consists of nodes with 
at least one outgoing edge to a node in layer m − 1 and all outgoing 
remaining edges only to layers m − 2, … , 1. The algorithms are pre-
sented formally in the Supporting Information.

2.7  |  Qualitative analyses with AniDomNet

AniDomNet can be used to gain insight into the evolution of the 
dominance relationships as a function of time. Interestingly, at any 
point in time t, the matrix Dt contains all information on the domi-
nance relationships extracted from the data. Moreover, Dt encodes 
information at the pairwise level, which resembles the format needed 
by the so-called matrix-based methods, especially those that focus 
on binary dominance relationships rather than the number of occur-
rences of a specific dyad. Recall that i  dominates j if either Dt

i,j
> ϵ 

or Dt
j,i
< − ϵ. Using these inequations, a binary dominance matrix can 

be constructed that is used by dominance measures such as the im-
proved Landau h (De Vries, 1995) or Kendall's K (Appleby, 1983) (lin-
earity indices). In an additional experiment, we compute the linearity 
of the dominance hierarchy using the improved Landau h index. We 

(19)agt
i,j
= max

(
0, st

j
− st

i
+ 1

)
.

F I G U R E  3  (a) Matrix Dt represents a hypothetical example of pairwise dominance relationships among six animals with Cauchy-
distributed variables. (b) Directed graph of dominance relationships based on matrix Dt assuming � = 0. Each directed edge represents a 
dominance relationship from dominating animal to the subordinate one. In this hypothetical example, two cycles are present: 1 → 2 → 4 → 1 
and 1 → 5 → 4 → 1 . (c) Directed Acyclic Graph (DAG) representation of the dominance hierarchy. The cycle from 4 → 1 is broken based on 
the social agony and layers are formed according to bottom-up layout.
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compared the indices computed from the interaction matrix created 
directly from Xt with those from Dt, where the relationships were 
binarized based on Dt

i,j
> ϵ or Dt

j,i
< − ϵ using ϵ = 0. These computa-

tions were performed for each dataset in DomArchive and graphi-
cally presented in the Supporting Information.

Additionally, the dominance hierarchies were visualized using 
the DAG layout procedure described in Section 2.6, primarily focus-
ing on the Langley2018 (Langley et al., 2018) dataset. To stress the 
impact of the visualization procedure on the conclusions that tenta-
tively can be drawn, we compare our DAG layout method with visu-
alizations derived from optimized Elo, randomized Elo and Bayesian 
inference methods.

3  |  RESULTS AND DISCUSSION

3.1  |  Quantitative analysis

3.1.1  |  Evaluation on real-world data

Table  2 presents the (weighted) accuracy (Equation  16) and loss 
(Equation  17) of the sequential methods and the corresponding 
runtime (see Supporting Information for detailed hardware/
software information). In terms of predictive power, the original 
Elo method performs the worst, whereas Bayesian inference is the 
best among the Elo variants; however, at the cost of a significant 
increase in runtime. Bayesian inference results in an average loss of 
226 and weighted accuracy of 97.04% over all datasets. AniDomNet 
outperforms all Elo variants in terms of both average loss and 
weighted accuracy with 125 and 98.20%, respectively.

The significant overall reduction of average loss and increase in 
accuracy suggests that AniDomNet has a better fit to the observed 
interactions. This improvement indicates that dominance relation-
ships derived from the model will also be more reliable and accurate.

Sequential methods in the literature often use a burn-in period 
to overcome the lack of a reliable estimate of the initial state of 
the dominance relationships. Note that in Table 2, no burn-in pe-
riod is used, as estimating the initial state of the dominance rela-
tionships is part of the optimized Elo, Bayesian inference (Foerster 
et al., 2016) methods and AniDomNet model. For this reason, the 
results are not directly comparable with to those that use a burn-in 
period (Foerster et al., 2016; Goffe et al., 2018). Moreover, Vilette 
et al. (2020) used a train and test set approach to evaluate sequen-
tial methods. Although this approach implies that train and test sets 
show similar dynamics (which was not verified), we use the train 
(Vilette_2020a) and test (Vilette_2020b) datasets from Vilette 
et  al.  (2020), along with their approach, to evaluate AniDomNet 
for completeness. Hence, the state of Elo ratings in Bayesian infer-
ence and state of DT are preserved without additional adjustments 
during the test phase. The Bayesian inference method results in an 
accuracy of 83.69% (we were not able to reproduce the 82.2% in 
Table 2 (Vilette et al., 2020)), while AniDomNet reaches 85.8% for 
the test dataset.

For validation of anomaly detection, 1633 automatically an-
notated agonistic interactions from Ipek et  al.  (2023) are used. 
AniDomNet results in 359 anomalies where Pt

it ,jt
< 0.5. Among these 

detections, 290 are either identity switches of the two animals in-
volved or false positives. In this dataset, AniDomNet is capable of 
pinpointing mistakes with a precision of 80.8%. Albeit simple, the 
anomaly detection technique based on the contribution of an ob-
servation to the loss seems to be able to detect (at least a significant 
amount of) anomalies. Removing these anomalies can improve the 
validity of conclusions drawn about the dominance relationships.

AniDomNet Light was benchmarked on the same datasets. This 
ablation study reveals that the simplified version resulted in accu-
racy of 96.01%, which is moderately better than the optimized Elo 
method, but substantially worse than the full AniDomNet. For a 
more elaborate comparison, see Supporting Information. We con-
clude that the matrix Wt and its updating rules contribute substan-
tially to the overall performance.

3.1.2  |  Evaluation on simulated data

Table 3 shows the loss and accuracy obtained for the four scenarios 
included in the simulation study. Comparing AniDomNet with 
Optimized Elo and Bayesian Inference, a notable reduction in the 
loss can be observed. This is not unexpected as AniDomNet is 
designed to be more flexible (it has more parameters than the Elo 
variants). For scenarios S1 and S2, the difference in accuracy is very 
small (the marginal accuracy gain likely stems from AniDomNet's 
extended parametrization). All approaches obtain an accuracy that 
approaches the average noise level of � ∕2. This is expected as State 
1 represents a (transitive) dominance hierarchy where the winning 
probabilities can be modelled using the Elo variants. By selecting the 
Elo scores such that:

with a sufficiently large margin for the inequalities, an optimal accuracy 
can be obtained. For scenario S3, it can be seen that the introduction 
of a cycle has a negligible impact on AniDomNet, whereas it results in 
a strong drop of the accuracy for the Elo variants. This scenario shows 
that the increased flexibility of AniDomNet allows it to outperform 
the Elo variants when modelling non-transitive dominance hierarchies. 
Lastly, in dynamic scenario S4 (where hierarchies are transitive but 
change in time), a slight drop in accuracy is observed for the Elo vari-
ants compared to S1, whereas AniDomNet is less affected. Lastly, it 
can be observed that the setting of �2 has limited effect on the results 
of AniDomNet. Overall, the loss and accuracy are slightly better when 
�2 = 0, but computation time almost doubles when �2 = 0, compared 
to when �2 = 3.

Figure 4a shows the DAGs of scenarios S1 and S2 at t = 800, ob-
tained by AniDomNet's bottom-up graph construction algorithm. 
Figure 4b shows the result of the graph construction procedure for 
scenario S3 at t = 800 with and without cycle removal. In each case, 
the recovered graph is equal to the one used to simulate the data (we 

s0 > s1 = s4 > s2 = s5 = s6 > s3,
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show the results of a representative simulation). Figure 4c shows con-
structed DAGs at multiple time points for scenario S4. Note that the hi-
erarchy switches every 200 interactions. This example shows that the 
model and DAG construction procedure allows to adapt to a changing 
hierarchy. In this simulation, 25 interactions after the changes hap-
pened, the switches already resulted in updated hierarchies that re-
semble the changes. It should be noted that this is the result of one 
simulation. To study this effect more generally, Figure 4d shows the 
hierarchy recovery rate (the Hamming distance on the adjacency 

graphs of the true hierarchy and the one obtained with AniDomNet) 
averaged over all simulations. It can be seen here that, for the evolv-
ing hierarchy, the average recovery rate exceeds 90% over about 100 
observed interactions. When a change in the dominance hierarchy is 
induced, the drop in recovery of the average recovery rate disappears 
after observing about 50 interactions. Care should be taken, however, 
not to overgeneralize these findings to other cases as the number of 
observations/time needed heavily depends on the number of animals 
involved, the type of change and so on.

TA B L E  3  Simulation results: AniDomNet, Optimized Elo and Bayesian Inference ratings across four simulation scenarios.

Scenario AniDomNet (�2 = 0) AniDomNet (�2 = 3) Optimized Elo Bayesian inference

Name T � Loss Accuracy Time (s) Loss Accuracy Time (s) Loss Accuracy Loss Accuracy

S1: State 1 800 0.2 204 91.16% 45 214 90.62% 21 278 90.05% 267 90.06%

S2: State 1 800 0.3 269 87.16% 45 279 86.06% 22 349 85.07% 335 85.26%

S3: State 1 
+ cycle

800 0.2 216 90.38% 46 221 89.89% 20 334 83.68% 321 84.79%

S4: 
Dynamic

800 0.2 207 91.01% 71 219 90.43% 29 307 88.44% 264 89.47%

Note: The parameter � indicates the average noise level during interaction sampling. Two settings for AniDomNet are considered, with � = 0 and 
� = 3, which effectively remove the constraint on the W matrix update parameters. The loss and the accuracy metrics are average of 100 randomly 
generated simulation datasets. The time refers to the average run time for fitting AniDomNet per simulation.

F I G U R E  4  (a) Bottom-up DAG illustration based on pairwise relationships of S1: State 1 at t = 800, same for � = 0.2 and � = 0.3 . (b) 
Bottom-up DAG illustration based on pairwise relationships of S1: State 1 + Cycle before removal of the cycle. (c) Bottom-up DAG illustration 
based on pairwise relationships of Evolving Hierarchy in continuous time scale. The hierarchy before t = 100 and after t = 625 can be 
extrapolated to t = 0 and t = 800, respectively. (d) Recovery rate of the true dominance hierarchy in simulated settings using AniDomNet. 
Lines indicate the average recovery rate over 100 simulations. The number of interactions required for convergence depends on �—a higher 
� increases the interactions needed to infer the true hierarchy. In the evolving hierarchy setting, changes in dominance structure highlight 
AniDomNet's adaptability (green line).
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3.2  |  Qualitative analysis

Figure 5 shows the evolution of the improved Landau h (a linearity 
index) computed on the observed interaction matrix (interactions 
are accumulated over time) and computed using the DAG from Dt 
after estimating the parameters of AniDomNet once using the whole 
dataset. Both converge to 0.615 at the end of the observation period. 
On the other hand, the improved Landau h calculated using only the 
interactions up to t shows a rise in the linearity over time compared 
to the relatively stable linearity based on the matrix Dt. These, at first 
sight conflicting observations, can be attributed to the way in which 
h handles unknown relationships. When the number of observations 
is limited (small t), most relationships are considered unsettled 
due to a lack of observation data. However, as time passes, the 
interaction matrix fills up and Landau h increases. This phenomenon 
is considered undesirable as the apparent rise of linearity is merely 
an artefact of the lack of data. Moreover, disentangling a change in h 
due to lack of data on one hand and a change due to a true change in 
the linearity of the dominance hierarchy becomes very challenging. 
On the other hand, by design, AniDomNet is not affected by this lack 
of data in the early stages of an experiment. A change in h computed 
using Dt is therefore likely to be more indicative of the stability and 
linearity of the hierarchy.

The convergence also suggests that Dt effectively captures the 
global dominance structure that the matrix-based methods aim to 

model at the end of the observation period. Figure 5a–c displays the 
directed graph obtained from Dt for t = 100, 200 and 300, respec-
tively. The red edges indicate the cycles broken based on the social 
agony.

Figure  6 shows several DAG representations of the estimated 
dominance hierarchy at the end of the experiment (time T). Figure 6a 
uses the Elo scores from the optimized Elo method to linearly order 
the animals and represents the result as a graph. Similarly, the ran-
domized Elo method (Figure 6b) uses the mean Elo scores to rank 
the animals. Here, the random permutation of the data gives rise to 
an empirical score distribution per animal. For animals 6 and 8, the 
90% confidence intervals derived from these distributions overlap. 
Therefore, they were assigned the same rank in the visualization. 
The Bayesian inference method (Figure 6c) uses the posteriors on 
the Elo scores. The resulting DAG is constructed by ordering the an-
imals according to the mean of the posterior. Moreover, the credibil-
ity intervals based on the 10th and 90th percentiles are derived from 
these posteriors (using the original code implementation) (Goffe 
et al., 2018). When the intervals of two animals overlap, the animals 
are considered to be incomparable and are not connected by an 
edge. Lastly, Figure 6d displays a bottom-up DAG constructed from 
DT using the procedure described in Section 2.6. Comparing these 
representations, it is clear that the method used has a significant 
impact on how the dominance relationships are represented. Clearly, 
the DAG derived from the optimized Elo ratings (as in Figure 6a) is 

F I G U R E  5  Evolution of linearity for the Langley2018 (Langley et al., 2018) dataset using the improved Landau h based on observed 
interaction data and the improved Landau h based on matrix Dt. At interaction points 100 (a), 200 (b) and 300 (c), dominance hierarchies with 
bottom-up ranking are given. The black directed arrows show the final DAG, whereas the red directed arrows indicate the cycles that were 
broken during the construction process.
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linear. We argue that this approach can be misleading because it 
suggests that the true dominance relationship is linear. However, 
there is not necessarily robust evidence in the data that supports 
a strongly linear dominance hierarchy. The approaches used to ob-
tain Figure 6b,c do try to capture some degree of uncertainty in the 
scores and translate the uncertainty in the ordering of two animals 
into incomparability. Even though the resulting graphs do relax the 
overall assumption of linearity, they are based on the Elo method 
that does assume a linear ordering, which again is too strict for some 
species or animal groups. Linearity constraints that are inherent to 
these methods also lead to spurious orderings among animals. For 
instance, animals 10, 14 and 17 did not win any agonistic interac-
tion (in Langley2018 (Langley et al., 2018)); their final positions in 
the hierarchy are only influenced by defeats. For instance, even if 
animal 10 had fewer defeats compared to all other animals within 
this group, ranking it higher in the hierarchy despite not having a 
single win would be counter-intuitive and highlights the issue of in-
terpreting the absence of evidence as evidence of dominance (as is 
the case in Figure 6b,c). The DAG in Figure 6d, which is based on 
AniDomNet, relies less heavily on the assumption of linearity as the 
probabilistic model underlying AniDomNet does not assume linear-
ity. Nevertheless, the algorithmic choices made to translate Dt into a 
graph do assume that the underlying dominance hierarchy is at least 

representable as a DAG. Indeed, the cycle-breaking procedure was 
motivated by interpreting some cycles as being the result of model-
ling errors and are therefore removed. Moreover, the incomparabil-
ity of animals is rather the result of an absence of evidence of the 
nature of the relationship as opposed to a proof of them being equal. 
Nevertheless, given enough interactions, the DAG construction pro-
cedure of AniDomNet would converge to a linear hierarchy as Elo 
rating and its variants. In case this property is unwanted, the cycle 
removal procedure should be omitted from the DAG construction.

Social dynamics are complex due to factors such as the environ-
ment, coalitions and other latent factors (Chase et al., 2002). Coupled 
with a limited number of observed interactions, these complexities 
result in some pairwise relationships lacking sufficient evidence to 
determine dominance. The original Elo and optimized Elo methods 
almost always boil down to a perfectly linear DAG unless more than 
one animal in the dataset neither wins nor loses. In such cases, a 
statistical deficiency arises in the optimized Elo method, where the 
marginal likelihoods are flat.

Although the randomized Elo method and the Bayesian infer-
ence method might relax the perfectly linear DAG by quantifying 
uncertainty around the estimated ratings, the assumption of tran-
sitivity combined with completeness results in a DAG representa-
tion without evidence. Compared to the other sequential methods, 

F I G U R E  6  Visualization of DAG representations of the Langley2018 dataset (Langley et al., 2018) using sequential methods. Dominance 
hierarchies are calculated with all observed interactions, hence representing the state at the end of the study (T). For illustrative purposes, 
some animals are assigned the same rank based on overlapping dominance measures (mean Elo or likelihood). An animal is placed at lower 
rank level if its dominance measure is lower and does not share overlapping confidence/credibility intervals with all animals at the current 
level. For animals within the same rank (see b–d), individual dominance measures decrease from bottom to top. For instance, the mean Elo 
score of animal 6 is higher than that of animal 8 in (b). (a) Optimized Elo method: Results in a linear order. (b) Randomized Elo method: Results 
in confidence intervals based on 1000 original Elo method repetitions (α = 0.1). (c) Bayesian inference method: Partial pooling allows for the 
estimation of uncertainty around the mean Elo estimate of individual animals (10th and 90th percentiles, namely Q1 and Q9, are used). (d) 
AniDomNet: Bottom-up DAG based on pairwise relationships.
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AniDomNet does not assume completeness; hence, the pairwise 
unsettled dominance relationships are not represented without 
evidence. In fact, the DAG constructed on the basis of the DT ma-
trix provides a comprehensive view by allowing for the representa-
tion of both linear and non-linear hierarchies. Moreover, the social 
agony-based cycle breaking improves the consistency in the rep-
resentation of dominance hierarchies while preserving transitivity. 
Consequently, the AniDomNet DAG representation is expected to 
be closer to the underlying dominance hierarchy.

Figure 7 shows the evolution of the layer rank for each animal, 
as determined from AniDomNet's DAG. At certain time points, there 
are additional levels of hierarchy emerging whereas the overall 
ranks appear to be stable over time. Between t = 0 and t = 150, the 
layer rank of the top-3 animals (0, 1 and 2) is stable. After t = 150 , 
there is a change in the hierarchy where animal 0 rises to the first 
rank with only short-interval interruptions during the settlement. 
Furthermore, animal 7 ranked higher early on (t = 40 to t = 75) due 
to wins against higher-ranking animals. In comparison, the origi-
nal Elo rating using observed data until t = 75 rank animal 7 higher 
than animal 0, even though both animals have an equal number of 
wins and losses. Overall, a graphical illustration of ranks over time 
is useful to represent the social dynamics and rank stability. The 
AniDomNet layer ranks strive for a balance between flexibility when 
there is evidence of change in hierarchy and stability when there is 
an absence of evidence.

3.3  |  Limitations and extensions

The work presented in this paper generalizes Elo rating by model-
ling dominance at the pairwise level. The previous sections have 
shown that modelling at the pairwise level increases the flexibil-
ity, for example in non-transitive dominance hierarchies. It comes, 
however, at the cost of an increased complexity of the model. 
Also, whereas the scores resulting from the Elo rating can be di-
rectly interpreted, the output of the AniDomNet model is harder 
to interpret and should be post-processed. The DAG construction 
procedure proposed to post-process the modelling outcome will 
eliminate edges that result in cycles to obtain a representation 
of the hierarchy as a directed acyclic graph. Therefore, this post-
processing method should be used with caution if transitivity can-
not be assumed.

An important aspect that has not been considered in this study 
relates to the occurrence of demographic events (births, deaths and 
migration) or, even more generally, sudden events that have a strong 
impact on the dominance hierarchy on a short time scale (Strauss 
& Holekamp,  2019a; Strauss & Shizuka,  2022). Similar to Elo rat-
ing, the updating mechanism of AniDomNet is a global mechanism 
that assumes that dominance hierarchies (and the resulting winning 
probabilities) change gradually in time. Societies where such grad-
ual changes are mixed with sudden events that abruptly shake up 
the hierarchy remain hard to model. A study on the ability to model 

F I G U R E  7  Illustration of the AniDomNet hierarchy rank evolution over time for all animals in the Langley2018 (Langley et al., 2018) 
dataset. The coloured numbers corresponding to the lines indicate the animal identification. The AniDomNet layer rank represents the 
ordinal rank, ranging from 1 to 13, where 1 is the highest level in the hierarchy. The ranks are updated after each observed interaction, 
serving as a proxy for time.
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such a mix is beyond the scope of this paper, but considering the 
structure of both Elo rating and the AniDomNet model, the ability 
of these models to adapt to sudden changes requires large values 
for the update parameters. Such values will, however, lead to an 
overresponse to gradual changes or temporal outbursts that do not 
reflect the dominance hierarchy. This may in turn lead to overesti-
mation of the dynamics. In the case of demographic events, a care-
ful implementation would allow to extend or reduce the matrices D 
and W as a function of time (see Supporting Information for a more 
elaborate discussion and implementation), but this extension would 
not account for the potentially impactful and abrupt change of the 
hierarchy.

The experimental evaluation showed that AniDomNet can im-
prove upon Elo rating. When the true dominance hierarchy is known 
and non-transitive, it is clear that Elo rating is not flexible enough 
and that the added flexibility provided by the AniDomNet model is 
of added value. Also, the graph construction procedure allows for a 
more nuanced view of the dominance hierarchy. However, the sim-
ulation experiment included in this paper is limited to a small group 
of animals. We did not systematically compare AniDomNet with Elo 
rating in large groups nor groups where the rules that decide which 
animals will interact are more complex (such as simulation models 
involving spatial components). Such analysis could allow a user to 
make more informed decisions on when to use AniDomNet and to 
assess, for instance, how many interactions should be observed to 
make reliable claims on the dominance hierarchy. To decide on that, 
we can only advise a user to set up a simulation experiment that 
reflects the situation (in terms of group size and an assumed struc-
ture of the hierarchy) to create the recovery plots such as those in 
Figure 4d. A simple example of how such a study can be set up is 
added in the Supporting Information.

Lastly, it should be noted that AniDomNet has no mechanisms 
to explicitly model ternary relationships, where, for instance, by-
stander effects or the formation of coalitions are taken into account.

4  |  CONCLUSIONS

As an alternative to sequential methods that estimate dominance 
relationships from pairwise interaction data, this study presented 
the AniDomNet model. Particularly, AniDomNet addresses sev-
eral shortcomings of the current sequential methods, resulting in a 
better fit to the underlying observed interaction data, reaching an 
overall weighted accuracy of 98.20%. Consequently, the dominance 
hierarchies derived from the pairwise relationships are closer to the 
true dominance hierarchies of the animal group under study. Existing 
Elo-based methods use the scores assigned to each animal both as 
a sociometric measure and as latent variables in the probabilistic 
model describing the evolution of the dominance relationships over 
time, which constrains the types of relations that can be modelled 
accurately. AniDomNet decouples the modelling and the derived 
sociometric measure, leading to a more flexible modelling approach.
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Additional supporting information can be found online in the 
Supporting Information section at the end of this article.
Figure S1. Bottom-up ranking of ‘Langley2018’ dataset using 
ADAGIO method.
Figure S2. (A) Illustration of the AniDomNet hierarchy rank evolution 
over time for one simulated case (α = 0.2). A short interval of 
disruption of the dominance ranks can be observed. (B) Illustration of 
the Optimized Elo rating scores for the same dataset as comparison 
to the AniDomNet. While there is no rank changes between Animal 
3 and 5, inconsistency in the ranking of Animal 4 can be observed 
around t = 50.
Figure S3. Recovery rate of the true dominance hierarchy under 
varying group sizes and known dyad percentages.
Table S1. Benchmark results: AniDomNet parametrization.
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