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Abstract. In this paper, we introduce the second-order Esscher pricing notion
for continuous-time models. Depending whether the stock price process S or

its logarithm is the main driving noise/shock in the Esscher definition, we

obtained two classes of second-order Esscher densities called linear class and
exponential class. Using the semimartingale characteristics to parametrize S,

we characterize the second-order Esscher densities (exponential and linear)
using pointwise equations. The role of the second-order concept is highlighted

in many manners and the relationship between the two classes is singled out

for the one-dimensional case. Furthermore, when S is a compound Poisson
model, we show how both classes are related to the Delbaen-Haenzendonck’s

risk-neutral measure. Afterwards, we restrict our model S to follow the jump-

diffusion model, for simplicity only, and address the bounds of the stochastic
Esscher pricing intervals. In particular, no matter what is the Esscher class,

we prove that both bounds (upper and lower) are solutions to the same linear

backward stochastic differential equation (BSDE hereafter for short) but with
two different constraints. This shows that BSDEs with constraints appear

also in a setting beyond the classical cases of constraints on gain-processes

or constraints on portfolios. We prove that our resulting constrained BSDEs
have solutions in our framework for a large class of claims’ payoffs including

bounded claims, in contrast to the literature, and we single out the monotonic

sequence of BSDEs that “naturally” approximate them as well.

1. Introduction. The Esscher transform is a time-honoured concept in actuarial
sciences, which was suggested by the Swedish actuary Esscher in [22], and it is also
statistically known as exponential tilting. Then, the idea of changing the probability
measure to obtain a consistent positive linear pricing rule, which appeared in the
actuarial literature in the context of equilibrium reinsurance markets in [7], gave
to the Esscher transform an important role in actuarial sciences. Afterwards, the
Esscher transform was extended by Gerber and Shiu in [25] to the case where
the logarithm of the stock is a stochastic process with stationary and independent
increments. The impact of the latter extension was huge in both actuarial sciences
and finance as well, see [26] and the references therein for more details and related
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discussions. The third key milestone in the evolution of the Esscher concept was
elaborated by Bühlmann-Delbaen-Embrechts-Shiryaev in [8]. Here, the authors
derive the dynamical Esscher transform, for discrete-time models, and coined it
as the conditional Esscher transform. In fact, for any t = 1, . . . , T , the Esscher
parameter θt is obtained based on the information up to time t− 1, and hence it is
stochastic and the obtained density process Z takes the form of

Zn = exp

(
n∑
k=1

θk(Xk −Xk−1) +

n∑
i=1

Ki

)
with Ki being observable at time i− 1,

where X is the logarithm of the stock price, and K is called the exponential cumu-
lant. This interesting formulation of the dynamical Esscher led Kallsen and Shiryaev
to extend the dynamical Esscher to the general continuous-time semimartingale set-
ting in [31]. In this latter paper, which is the first to define the general continuous-
time version of the Esscher, the authors singled out two classes, exponential and
linear Esscher, depending whether X or S is used as the “underlying” process in
the Esscher definition. For further developments about the continuous-time Esscher
and its numerous applications, we refer the reader to [3, 21, 28, 29, 39] and refer-
ences therein to cite a few. [31] gives various sufficient conditions on the cumulant
process to guarantee the uniform integrability of the resulting density process, while
it did not address the necessary and/or sufficient condition for the existence of those
Esscher densities nor their relationship.

Certainly the Esscher risk-neutral measures, when they exist, give a nice and
clear linear arbitrage-free pricing rule in incomplete markets besides other optimal
neutral-risk measures. However, as noted in [5] for instance, the Esscher rule might
not be as efficient as one can wish for the practical and the computational aspects.
In this spirit, the second-order Esscher transform was introduced in [35], where
they show that this two-parameters Esscher transform adds an important flexibility
compared to the one parameter Esscher for pricing derivatives. For given histori-
cal dynamics which are estimated using stock return data and under no-arbitrage
conditions, the two-parameters Esscher contrary to the one parameter Esscher still
provides free parameters to match derivative prices.

What are our achievements? We introduce the Esscher martingale densities/
deflators of order-two for any d-dimensional continuous-time semimartingale model
S. We single out, as in [31], that there are exponential and linear classes of Esscher
densities of order-two, and we characterize them using pointwise equations involving
the characteristics of the underlying model S (Theorem 3.4 and Theorem 3.13-(a)).
We elaborate the exact relationship between the first-order Esscher and our second-
order Esscher for each class, where the change of priors plays a central role (Theorem
3.8 and Theorem 3.13-(b)). For the class of linear Esscher of order-two, we single
out necessary and sufficient conditions for its existence in various manners. In fact,
in an equivalent manner, we use some local viability of the market or equivalently a
non-arbitrage condition, or the existence of a solution to an optimization problem
dual to an optimal portfolio optimization (Theorem 3.6). For the one-dimensional
case of S, we single out the exact relationship between the exponential Esscher
and the linear Esscher (Theorem 3.15). For the case when S is one-dimensional
and ln(S) follows a jump-diffusion model, we describe the upper and lower Esscher
price processes, and find that they are the smallest solution to constrained linear
backward stochastic differential equations (BSDE hereafter for short). The obtained
constrained linear BSDEs are new as they are involved with Skorokhod conditions
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even though the value process does not appear in the constraints. These latter
results and other related developments are summarized in Theorems 4.6 and 4.8.

The paper has four sections including this introductory section. The second
section presents the mathematical model and gives some of its preliminary analysis
that will be useful throughout the paper. The third section introduces the second-
order Esscher deflators/densities for the most general d-dimensional continuous-
time market models. The last section focuses on the class of one-dimensional jump-
diffusion models, for simplicity, and addresses the bounds resulting from the second-
order Esscher pricing for any claim that is “nicely integrable”. The paper has three
appendices, where the proofs for the technical lemmas are detailed therein, and
some useful results are recalled.

2. The mathematical model and preliminaries. Throughout the paper, we are
given a filtered probability space (Ω,F , (Ft)t≥0, P ). Here, the filtration is supposed
to satisfy the usual condition, i.e. it is right-continuous and complete.

2.1. General notations. Throughout the paper, for any probability Q on (Ω,F),
we denote A(Q) (respectively M(Q)) as the set of right-continuous with left limits
(RCLL hereafter) and F-adapted processes with Q-integrable variation (respectively
uniformly Q-integrable martingales). When the probability measure is not men-
tioned, then by default we are using the probability measure P . The set V+ denotes
the set of all RCLL, nondecreasing, and F-adapted processes with finite values. For
any process Y , we denote by o,H(Y ) (respectively p,H(Y )) the F-optional (respec-
tively F-predictable) projection of Y . For an increasing process V , we denote V o,F

(respectively V p,F) as its dual F-optional (respectively F-predictable) projection.
O, P, and Prog represent the F-optional, the F-predictable, and the F-progressive
σ-fields respectively on Ω × [0,+∞[. For a semimartingale Y , we denote by L(Y )
the set of all Y -integrable processes in the Itô sense, and for H ∈ L(Y ), the resulting
integral is a one-dimensional semimartingale denoted by H • Y :=

∫ ·
0
HudYu. If C

is a set of F-adapted processes, then Cloc is the set of processes, Y , for which there
exists a sequence of F-stopping times, (Tn)n≥1, that increases to infinity and Y Tn

belongs to C for each n ≥ 1.

2.2. The model and its parametrization. We consider a d-dimensional quasi-

left-continuous semimartingale X =
(
X(1), . . . , X(d)

)tr
which is described mathe-

matically using the predictable characteristics as follows:

X = X0 +Xc +B + hϵ(x) ⋆ (µ− ν) +
(
x− hϵ(x)

)
⋆ µ. (2.1)

Here, µ is the random measure associated with the jumps of X, and is defined by

µ(dt, dx) :=
∑
s>0

δ(s,∆Xs)(dt, dx)I{∆Xs ̸=0}, (2.2)

Xc is the continuous local martingale part of X, B is a predictable process with
finite variation, the random measure ν is the compensator of the random mea-
sure µ, hϵ(x) := x1{∥x∥≤ϵ} is the canonical truncation function with ϵ ∈ (0,∞)

fixed throughout the paper, and C is the matrix with entries Cij := ⟨Xc,i, Xc,j⟩.
Furthermore, we can find a version of the characteristics satisfying

B = b •A, C = c •A,

ν(ω, dt, dx) = dAt(ω)Ft(ω, dx), Ft({0}) = 0,

∫
(|x|2 ∧ 1)Ft(dx) ≤ 1,

(2.3)
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where A is a right-continuous, nondecreasing, and predictable process, which we
choose to be continuous because we assume that X is quasi-left-continuous, and b
and c are predictable processes. The decomposition (2.1) is known as the canonical
representation of X, while (b, c, F,A) is called the predictable characteristics of X.
For more details about these and other related results and topics, we refer the reader
to [27, 30].

Throughout the paper, the following notation will be useful

e(x) := (ex1 , ex2 , . . . , exd)tr ∈ Rd, For any x = (x1, x2, . . . , xd)
tr ∈ Rd,

diag(x) := the diagonal matrix associated to the vector x ∈ Rd.

For any d-dimensional semimartingale Y , we define the stochastic exponential E(Y )
as the unique solution to the following SDE:

dZ = diag(Z−)dY, Z0 = Id := (1, 1, . . . , 1)tr ∈ Rd.

The d-dimensional process X, introduced in (2.1), represents the driving shock
process for the d-risky assets S as follows

e(X) = diag(S0)
−1S.

The following lemma expresses S as the stochastic exponential of a d-dimensional

process, hereafter denoted X̃, that is related to X.

Lemma 2.1. Let X be given by (2.1), (2.2), and (2.3). Then, the following asser-
tions hold.
(a) There exists a unique d-dimensional semimartingale X̃ = (X̃(1), . . . , X̃(d))tr

such that

e(X) = E(X̃) = diag(S0)
−1S =

(
E(X̃(1)), . . . , E(X̃(d))

)tr
, (2.4)

and is given by

X̃ = X +
1

2
∆ •A+ (e(x)− Id − x) ⋆ µ, where ∆ := (c11, c22, . . . , cdd)

tr
. (2.5)

Furthermore, X̃ has the following canonical decomposition given by

X̃ = X0 +Xc + hϵ(x) ⋆ (µ̃− ν̃) + b̃ •A+ (x− hϵ(x)) ⋆ µ̃, (2.6)

where (̃b, µ̃, F̃ , ν̃) is given (for any F ⊗ B(Rd)-measurable W ) by

b̃ := b+
∆

2
+

∫
(hϵ(e(x)− Id)− hϵ(x))F (dx), W ⋆ µ̃ :=W (·, e(x)− Id) ⋆ µ,∫

W (t, x)F̃t(dx) :=

∫
W (t, e(x)− Id)Ft(dx), ν̃(dt, dx) := F̃t(dx)dAt.

(2.7)

(b) If X is locally bounded, then we have

X = X0 +Xc + x ⋆ (µ− ν) + b′ •A and X̃ = X0 +Xc + x ⋆ (µ̃− ν̃) + b̃′ •A,

where b′ := b+

∫
xI{∥x∥>ϵ}F (dx), b̃

′ := b′ +
∆

2
+

∫
(e(x)− Id − x)F (dx).

(2.8)

The proof of this lemma follows directly from Itô’s formula, see [31, Lemmas 2.6
and 2.7] for the one-dimensional case, and hence it will be omitted hereafter. We end
this preliminary section by defining some sets of local martingale densities/deflators,
which appear naturally in our analysis.
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Definition 2.2. Let Y be a d-dimensional semimartingale, Z be a process, and Q
be a probability.
(a) Z is a local martingale density/deflator for (Y,Q) if Z > 0 and both ZY and Z
are Q-local martingales. The set of local martingale densities/deflators for (Y,Q)

will be denoted by Zloc(Y,Q), and ZL logL
loc (Y,Q) denotes the set of Z ∈ Zloc(Y,Q)

such that Z ln(Z) is a Q-local submartingale. When Q = P , we simply omit the

probability and write Zloc(Y ) and ZL logL
loc (Y ), respectively.

(b) Let L be a positive local martingale, and let (Tn)n≥1 be the sequence of stopping
times that increases to infinity such that LTn ∈ M and Qn := LT∧Tn ·P . Then, we
define

Zloc(Y, L) :=
{
Z : ZTn ∈ Zloc(Y Tn , Qn), n ≥ 1

}
,

ZL logL
loc (Y, L) :=

{
Z : ZTn ∈ ZL logL

loc (Y Tn , Qn), n ≥ 1
}
.

3. Esscher pricing densities of order-two for continuous-time. The second-
order Esscher transform was introduced in [35] as the measure

Q := exp(θtrY1 + Y tr1 ψY1)
(
E[exp(θtrY1 + Y tr1 ψY1)]

)−1 · P,

where Y1 is a d-dimensional random variable, θ ∈ Rd and ψ is d× d-matrix of real
numbers. Thus, by extending this notion to the conditional Esscher setting à la
Bühlmann-Delbaen-Embrechts-Shirayev, we obtain the following density Z:

Zn :=

n∏
i=1

exp(θtri ∆Yi +∆Y tri ψi∆Yi)

E[exp(θtr∆Yi +∆Y tri ψi∆Yi)|Fi−1]
, n ≥ 1,

where θi and ψi are Fi−1-measurable vectors for any i ≥ 1. This extension seems
to be tailor-made for the multi-period models. By considering the predictable pro-
cess K = (Kn)n given by Kn :=

∑n
i=1 ln (E[exp(θtr∆Yi +∆Y tri ψi∆Yi)|Fi−1]), the

above equality takes the form of

Zn = exp

(
n∑
i=1

θtri ∆Yi +

n∑
i=1

(∆Yi)
trψi∆Yi −Kn

)
, n = 0, 1, . . . .

This allows us to introduce the notion of second-order Esscher in the continuous-
time setting. To this end, for any d-semimartingale Y , we define

Θ(Y ) :=

{
(θ, ψ) Rd × Rd×d-valued predictable process :

θ ∈ L(Y ) and
ψ is locally bounded

}
.

Definition 3.1. Let Z be a positive, RCLL, and adapted process.
(a) Z is called a second-order exponential Esscher density for (S,F) if there exist
(θ, ψ) ∈ Θ(X) and an RCLL predictable process K with finite variation such that

Z = Z(θ,ψ) := exp

(
θ •X +

∑
0<s≤·

∆Xtr
s ψs∆Xs −K

)
∈ Zloc(S). (3.1)

The pair (θ, ψ) is called the Esscher parameters of the density Z(θ,ψ). If Z(θ,ψ) is
uniformly integrable, then Q := Z∞ ·P is called a second-order exponential Esscher
pricing measure for S. The set of these pricing densities (respectively measures) is
denoted by ZEE(S) (respectively QEE(S)).
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(b) Z is called a second-order linear Esscher density for S if there exist (θ, ψ) ∈ Θ(S)

and an RCLL predictable process K̃ with finite variation such that

Z = Z(θ,ψ) := exp

(
θ • S +

∑
0<s≤·

∆Strs ψs∆Ss − K̃

)
∈ Zloc(S). (3.2)

The set of second-order linear Esscher pricing densities (respectively measures) for
S is denoted by ZLE(S) (respectively QLE(S)).

In the definition of the set Θ(Y ), we forced ψ to be locally bounded for the sake
of simplifying the analysis and avoiding technicalities only. Indeed, this assump-
tion on ψ can be replaced by the condition

∑
|(∆Y )trψ∆Y | ∈ V+. When Y is

locally bounded, the local boundedness assumption of ψ tremendously simplifies
the statements of the results and their proofs as well. Furthermore, when looking
for the upper and lower prices, or when working in the practical framework, this
assumption is not restrictive at all. In fact, in Section 4, we will allow ψ to span
the set of all predictable and bounded processes.

Lemma 3.2. Z is a second-order linear Esscher density for S if and only if there

exist (θ, ψ) ∈ Θ(X̃) and an RCLL predictable process K̃ with finite variation such
that

Z = exp

(
θ • X̃ +

∑
0<s≤·

∆X̃tr
s ψs∆X̃s − K̃

)
∈ Zloc(S).

Proof. As the two d×d-dimensional processes diag(S−) and diag(S−)
−1 are locally

bounded, then it follows from relation (2.4) between X̃ and S that L(X̃) = L(S)

and Θ(S) = Θ(X̃). Furthermore, for any (θ, ψ) ∈ Θ(S), we set θ := diag(S−)θ and
ψ := diag(S−)ψdiag(S−), and derive

θ • S = θ • X̃ and ∆Strψ∆S = ∆X̃trψ∆X̃.

Thus, the proof of the lemma follows immediately from combining these facts and
(3.2).

Remark 3.3. 1) Clearly, our second-order Esscher pricing density generalizes the
Esscher pricing density as the former reduces to the latter by setting ψ ≡ 0.
2) For (θ, ψ) ∈ Θ(X) and an RCLL predictable process K ′ with finite variation, we
consider the process

Z
(θ,ψ)

:= exp

(
θ •X +

d∑
i,j=1

[X(i), ψij •X(j)]−K ′
)
. (3.3)

Then, we can also define a second-order Esscher pricing density by any process

taking the form of Z
(θ,ψ)

such that Z
(θ,ψ) ∈ Zloc(S). In fact, these two definitions,

in (3.1) and (3.3) respectively, are equivalent. Indeed, it can be proven that we have

Z
(θ,ψ)

= Z(θ,ψ) with K = K ′ −
∑d
i,j=1[(X

(i))c, ψij • X(j)], which is a predictable
process with finite variation.
3) When X is a continuous process, then the second-order Esscher pricing density
coincides with the Esscher pricing density. Indeed, in this case, it is enough to write
exp(θ • X + ψ • [X,X] −K ′′) = exp(θ • X −K) with K = K ′′ − ψ • [X,X] being a
predictable process with finite variation.
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3.1. Linear Esscher martingale densities of order-two. In this subsection,
we address the second-order linear Esscher martingale densities, give their char-
acterization, single out the necessary and sufficient conditions for their existence,
and show how they can be connected to the classical (first-order) linear Esscher
martingale densities as well.

Theorem 3.4. Let Z be a positive, RCLL, and adapted process. Consider X̃ given

by (2.5) or (2.6), and (̃b, F̃ , µ̃, ν̃) defined in (2.7). Then, the following assertions
are equivalent.
(a) Z is a second-order linear Esscher density for S.
(b) There exists a pair (θ, ψ) ∈ Θ(S) satisfying

exp(θtrx+ xtrψx)
(
∥x∥I{∥x∥>ϵ} + I{ϵ<|θtrx|}

)
⋆ µ̃ ∈ A+

loc, for some ϵ > 0, (3.4)

b̃+ cθ +

∫ (
x exp(θtrx+ xtrψx)− hϵ(x)

)
F̃ (dx) = 0, P ⊗A− a.e., (3.5)

and

Z = E
(
θ •Xc +

(
exp(θtrx+ xtrψx)− 1

)
⋆ (µ̃− ν̃)

)
. (3.6)

(c) There exists a pair (θ, ψ) ∈ Θ(S) such that the condition (3.4) is fulfilled, and

Z = E
(
θ •Xc + (exp(θtrx+ xtrψx)− 1) ⋆ (µ̃− ν̃)

)
belongs to Zloc(S).

The proof will be given in Subsection 3.3.

Remark 3.5. Suppose S is locally bounded, and consider a predictable and locally
bounded ψ. Then, the condition (3.4) is equivalent to

Uϵ := eθ
trxI{|θtrx|>ϵ} ⋆ µ̃ ∈ A+

loc, ϵ ∈ (0,∞). (3.7)

Indeed, due to the local boundedness of S and that of ψ, the process |xtrψx| ⋆ µ̃ is
locally bounded.

Theorem 3.4 gives us a complete and explicit characterization for the second-
order linear Esscher pricing densities in terms of pointwise equations. It is clear that
when ψ ≡ 0, our second-order linear Esscher reduces to the classical first-order linear
Esscher. This latter density coincides with the minimal entropy-Hellinger martin-
gale density as noticed in [39] for the continuous-time setting and in [12, Theorem
5.1] for the discrete-time framework. Recall that the minimal entropy-Hellinger
martingale density introduced in [13] is the local martingale deflator/density that
minimizes the entropy-Hellinger process. Thus, in the spirit of [13], we assume S
is locally bounded (for technical and exposition simplicity only) and derive various
deep characterizations.

Theorem 3.6. Suppose S is locally bounded, and consider (̃b, F̃ , µ̃, , ν̃) and b̃′ de-
fined by (2.6)-(2.7) and (2.8), respectively. Then, the following assertions are equiv-
alent.
(a) ZLE(S) ̸= ∅, i.e. S admits a second-order linear Esscher pricing density.

(b) ZL logL
loc (S) ̸= ∅, i.e. there exists Z ∈ Zloc(S) such that Z ln(Z) is a local sub-

martingale.
(c) For any locally bounded and predictable ψ, the pointwise minimization problem

min
θ

(
θtr b̃′ +

1

2
θtrcθ +

∫ (
exp(θtrx+ xtrψx)− 1− θtrx

)
F̃ (dx)

)
, (3.8)
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admits a solution θ̃ := θ̃(ψ) satisfying

θ̃trcθ̃ •A+ fL logL(exp(θ̃
trx+ xtrψx)− 1) ⋆ µ̃ ∈ A+

loc, (3.9)

where

fL logL(y) := (y + 1) ln(1 + y)− y, ∀ y > −1.

(d) There exists a locally bounded and predictable ψ such that the pointwise mini-

mization problem (3.8) admits a solution θ̃ satisfying (3.9).

The proof of the theorem is relegated to Subsection 3.3, while herein we discuss
the well posedness of its ingredients and its meaning afterwards.

Remark 3.7. (a) If S is locally bounded, then the integral in (3.8) is well defined
for any pair (θ, ψ). In fact, by stopping, we can assume without loss of generality

that S is bounded, and in this case we have ∥x∥ ≤ C dF̃ -a.e. for some C ∈ (0,∞).
Hence, we obtain∫

|eθ
trx+xtrψx − 1− θtrx|F̃ (dx)

≤ exp(C∥θ∥+ C2∥ψ∥)(∥ψ∥+ C2∥ψ∥2 + ∥θ∥2)
∫

∥x∥2F̃ (dx) <∞, P -a.s..

This proves the claim.
(b) Suppose S is locally bounded, and let (θ, ψ) be a pair of predictable processes

such that ψ is locally bounded and
(
(exp(θtrx+ xtrψx)− 1)

2
⋆µ̃
)1/2

∈ A+
loc. Then,

we deduce that

|xtrψx|
(
1 + exp(θtrx+ xtrψx)

)
⋆ µ̃ ∈ A+

loc,

or equivalently |xtrψx|
(
1 + exp(θtrx+ xtrψx)

)
⋆ ν̃ ∈ A+

loc.

Theorem 3.6 gives various necessary and sufficient conditions for the existence of
a second-order linear Esscher martingale density (i.e. ZLE(S) ̸= ∅) when S is locally
bounded. On the one hand, the condition ZLE(S) ̸= ∅ is completely characterized

via the arbitrage condition ZL logL
loc (S) ̸= ∅, which conveys the existence of a deflator

for S belonging locally to the space of LlogL-integrable martingales. This arbitrage
condition is equivalent to the existence of a “local” solution to the exponential utility
maximization from terminal wealth, or equivalently to the “local” viability of the
market whose agents are endowed with exponential utility. For further discussions
and details about these claims, we refer the reader to [10, Lemma 3.3]. The second
characterization is via a minimization problem which has a striking similarity with
the minimization problem intrinsic to the minimization of Hellinger processes in
[13]. This conveys the existence of possible intimate link between second-order
linear Esscher and the classical linear Esscher densities somehow. This is the aim
of the following theorem.

Theorem 3.8. Suppose S is locally bounded, and for any locally bounded and pre-
dictable ψ we denote

Z(ψ) := E
((

exp(xtrψx)− 1
)
⋆(µ̃−ν̃)

)
, ν̃(ψ)(dt, dx) := exp(xtrψx)ν̃(dt, dx). (3.10)
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(a) If Z is an RCLL and adapted process, then Z ∈ ZLE(S) if and only if there
exists a pair (θ, ψ) of predictable processes such that

ψ is locally bounded, (θ, ψ) fulfills (3.9), and

Z

Z(ψ)
= E

(
θ •Xc + (eθ

trx − 1) ⋆ (µ̃− ν̃(ψ))
)

and belongs to Zloc(S,Z(ψ)).
(3.11)

(b) ZLE(S) ̸= ∅ if and only if ZL logL
loc (S,Z(ψ)) ̸= ∅ for any locally bounded and

predictable ψ.

The proof of the theorem is relegated to Subsection 3.3. The theorem simulta-
neously conveys two main ideas which are intimately related. On the one hand,
it says that any second-order linear Esscher martingale density, when it exists, co-
incides with the “classical” (first-order) linear Esscher martingale density under a
specific local change of measure. In fact, consider any predictable locally bounded

ψ such that Z(ψ) given in (3.10) belongs to M. Then, put Q(ψ) := Z
(ψ)
∞ · P , and

hence Z is a linear-Esscher density of-order-two with parameters (θ, ψ) if and only

if there exists a “classical” linear-Esscher density Z̃ (given by Z̃ := Z/Z(ψ)) for the
model (S,Q(ψ)) (i.e. first-order linear Esscher for S under the probability Q(ψ)).
On the other hand, by virtue of (3.11), one can interpret the second-order linear
Esscher as a linear Esscher under a class of equivalent priors, and this connects the
second-order Esscher to the first-order Esscher via uncertainty modeling.

Corollary 3.9. Consider Z > 0 and let (b′, σ, γ) be a triplet of predictable and
bounded processes such that 1/|γ| is bounded as well. Suppose S is one-dimensional,
given by

S = S0 exp(X), X =

∫ ·

0

b′sds+ σ •W + γ • Ñ , and Ñt := Nt − λt. (3.12)

Here, S0 is a positive constant, W is a Brownian motion and N is a Poisson process
with rate λ which is independent of W .

Then, ZLE(S) ̸= ∅, and Z ∈ ZLE(S) if and only if there exists (θ, ψ) ∈ Θ(X̃)
such that∫ ·

0

exp(θtγ̃t)dt ∈ A+
loc, b̃′ + θσ2 + λγ̃

(
eθγ̃+ψγ̃

2

− 1
)
= 0, P ⊗ dt-a.e.,

and Z = E
(
θσ̃ •W + (eθγ̃+ψγ̃

2

− 1) • Ñ
)
.

Here, the triplet (b̃′, σ̃, γ̃) is given by

b̃′ := b′ +
σ2

2
+ λ (eγ − 1− γ) , σ̃ := σ and γ̃ := eγ − 1. (3.13)

Proof. Remark that in this case, as γ is bounded, we have

X̃ = X +
1

2

∫ ·

0

σ2
sds+ (eγ − 1− γ) •N =

∫ ·

0

b̃′sds+ σ •W + (eγ − 1) • Ñ

=

∫ ·

0

b̃′sds+ σ •W + γ̃ • Ñ .

Thus, by using the canonical decomposition of X and that of X̃, we derive

c = σ2, Ft(dx) := λδγt(dx), At = t,

b̃′ = b′ +
σ2

2
+ λ(eγ − 1− γ), µ̃(dt, dx) = dNtδγ̃t(dx), F̃t(dx) = λδγ̃t(dx).



THE SECOND-ORDER ESSCHER MARTINGALE DENSITIES 25

Therefore, by combining these with Theorem 3.4, the corollary follows immediately.
This ends the proof of the corollary.

Example 3.10. Let (b′, σ, γ) ∈ R3 be such that σ > 0 ̸= γ, and suppose that

St = S0 exp
(
b′t+ σWt + γÑt

)
, t ∈ [0, T ], where Ñ is given by (3.12) and S0 > 0.

Then, for any ψ ∈ R, there exists a unique θ ∈ R solution to

b̃′ + θσ2 + λγ̃
(
eθγ̃+ψγ̃

2

− 1
)
= 0,

where the triplet (b̃′, σ̃, γ̃) is constant in (ω, t) and is given by (3.13).
Furthermore,

Zψ := E
(
σθW + (eθγ̃+ψγ̃

2

− 1)Ñ
)T

∈ ZLE(S) ∩M.

For more discussions about this case, especially the applications of the second-
order Esscher pricing method for this case, we refer the reader to [11]. We end this
subsection by illustrating the linear Esscher pricing measure of order-two on the
compound Poisson process and its variants. It is worth mentioning that these latter
models are often used in modeling risks in actuarial sciences.

Corollary 3.11. Suppose S is a one-dimensional compound Poisson process given
by

S := S0 exp(X) and X :=

N∑
k=1

Jk. (3.14)

Here, S0 is a positive constant, and (Jk)k≥1 is a sequence of independent and iden-
tically distributed random variables satisfying E[exp(J1)] <∞, and are independent
of the Poisson process N with rate λ. Let ψ ∈ R (i.e. real number) such that

E
[
|J̃1| exp(ψJ̃2

1 )
]
<∞, where J̃1 := eJ1 − 1. (3.15)

Then, Z is a second-order linear Esscher martingale density for S with parameter
ψ iff there exists a unique θ ∈ R satisfying

κ̃(θ, ψ) + 1 := E

[
exp
(
θJ̃1 + ψJ̃2

1

)]
<∞, E

[
J̃1 exp

(
θJ̃1 + ψJ̃2

1

)]
= 0, (3.16)

and

Zt = exp

(
Nt∑
k=1

(
θJ̃k + ψJ̃2

k

)
−λκ̃(θ, ψ)t

)
, where J̃k := eJk−1, k ∈ N\{0}. (3.17)

The filtration F for this model is the completed filtration generated by the two
processes N and JN := (JNs)s≥0, where J0 = 0, and by convention

∑
∅ = 0, and∏

∅ = 1. Then, the proof of the corollary is a direct consequence of Theorem 3.4
and the easy fact that JNt−+1 is independent of Ft− for any t > 0, and hence it
will be omitted. It is worth mentioning that the equation in (3.16) has a root if and
only if min(P (J1 > 0), P (J1 < 0)) > 0.

Example 3.12. Consider the model given by (3.14). Suppose that there exists a
finite sequence (ai)

n
i=1 in R such that

{a1, . . . , an} ∩ (0,∞) ̸= ∅, {a1, . . . , an} ∩ (−∞, 0) ̸= ∅, and

P (J1 = ai) = pi ∈ (0, 1), for i = 1, . . . , n, with

n∑
i=1

pi = 1.



26 TAHIR CHOULLI, ELLA ELAZKANY AND MICHÈLE VANMAELE

Then, for any ψ ∈ R, (3.15) is fulfilled, and for any (θ, ψ) ∈ R2, the integrability
condition in (3.16) is also satisfied automatically. Furthermore, for any ψ ∈ R, there
exists a unique θ(ψ) ∈ R solution to

0 =

n∑
i=1

pi(e
ai − 1) exp

(
θ(eai − 1) + ψ(eai − 1)2

)
,

and Z given by (3.17) is a second-order linear Esscher martingale density for S with
parameter ψ.

It is clear that Example 3.12 gives us a concrete model for S where the inte-
grability conditions in Corollary 3.11, namely the integrability conditions (3.15)
and (3.16), are fully satisfied without any further assumptions. In this spirit, it is
worth mentioning that without any assumptions on the jump sizes (Jk)k≥1, for any
ψ ∈ (−∞, 0), those integrability conditions are also fully satisfied.

Herein, for the general model (3.14), we will discuss the connection between
linear Esscher measures and the existing pricing measures. In fact, it is clear that
the linear Esscher pricing measure differs tremendously from the Gerber-Shiu risk-
neutral measure, which is more related to the exponential Esscher addressed in the
next subsection. However, the second-order linear Esscher measure falls into the
family of Delbaen-Haezendonck’s pricing measures, see [17] for more details about
this family of measures and its application in pricing. Indeed, for model (3.14),
Delbaen and Haezendonck introduced the risk-neutral measure

ZDHt := exp

(
Nt∑
n=1

β(Jn)− λtE
[
eβ(J1) − 1

])
, t ≥ 0, (3.18)

where β is a Borel-measurable function. Thus, the linear Esscher measure of order-
two is a particular case of the Delbaen-Haezendonck measure by setting the function
β to β(x) = θ(ex − 1) + ψ(ex − 1)2, x ∈ R.

3.2. Exponential Esscher martingale densities of order-two. This subsec-
tion treats the exponential Esscher pricing densities.

Theorem 3.13. Suppose S is locally bounded, and let b̃′ be given by (2.8). Then,
the following hold.
(a) Let Z be a positive RCLL and adapted process. Then, Z is a second-order
exponential Esscher density for S if and only if there exists (θ, ψ) ∈ Θ(X) satisfying

exp(θtrx)I{θtrx>α} ⋆ µ ∈ A+
loc, for some α > 0, (3.19)

0 = b̃′+ cθ+

∫ (
exp(θtrx+xtrψx)− 1

)
(e(x)− Id)F (dx), P ⊗dA−a.e., (3.20)

and

Z = E
(
θ •Xc +

(
exp(θtrx+ xtrψx)− 1

)
⋆ (µ− ν)

)
. (3.21)

(b) Z ∈ ZEE(S) if and only if there exists a predictable and locally bounded ψ such

that Z/Z
(ψ)

is an exponential Esscher density (i.e. of order-one) for S under Z
(ψ)

defined by

Z
(ψ)

:= E
(
(exp(xtrψx)− 1) ⋆ (µ− ν)

)
. (3.22)

Furthermore, in this case, we have

Z = Z
(ψ)E

(
θ •Xc + (eθ

trx − 1) ⋆ (µ− ν(ψ))
)
with ν(ψ)(dt, dx) := exp(xtrψx)ν(dt, dx).
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For the case of one-dimensional models, the expressions and notation in Theorem
3.13 simplify, as illustrated in the following example.

Example 3.14. Suppose that the assumptions of Theorem 3.13 hold and d = 1.
Then, Z ∈ ZEE(S) if and only if there exists a pair (θ, ψ) ∈ Θ(X) satisfying

eθxI{θx>1/2} ⋆µ ∈ A+
loc, 0 = b̃′+cθ+

∫ (
exp(θx+ψx2)−1

)
(ex−1)F (dx), P ⊗dA−a.e.,

and

Z = E
(
θ •Xc +

(
exp(θx+ ψx2)− 1

)
⋆ (µ− ν)

)
.

The proof of Theorem 3.13 is relegated to Subsubsection 3.3.2. Similarly as
for the linear Esscher case, the connection between the first-order and second-order
exponential Esscher is fully described via a “local” change of probability in Theorem
3.13-(b). However, for the other aspects of our analysis on the exponential Esscher
deflators (such as the necessary and sufficient condition(s) for its existence or its
relationship to an optimal portfolio problem), the higher dimension (i.e. d ≥ 2)
brings serious difficulties in treating this exponential Esscher case. In fact when
d ≥ 2, in contrast to the linear Esscher case, there are difficulties in connecting the
condition ZEE

loc (S) ̸= ∅ to some known non-arbitrage condition. Again, when d ≥ 2,
the equations (3.5) and (3.20) sound non-comparable at all. The one-dimensional
case, however, allows us to overcome all these obstacles.

Theorem 3.15. Suppose X is a one-dimensional (i.e. d = 1) locally bounded semi-

martingale, and let (Ŝ, Ẑ, ν̂) be given by

Ŝ := E(X̂), X̂ :=
1

2
c •A+X,

Ẑ := E((f − 1) ⋆ (µ− ν)), f(x) :=
ex − 1

x
I{x̸=0} + I{x=0}.

(3.23)

Then, the following assertions hold.
(a) Let Z be an RCLL and positive adapted process. Then, Z ∈ ZEE(S) with
parameters (θ, ψ) ∈ Θ(X) if and only if the process

Z ′ :=
Z

Ẑ
∈ ZLE(Ŝ, Ẑ) with the same pair of parameters (θ, ψ).

Furthermore, we have

Z ′ = E
(
θ •Xc+(exθ+x

2ψ−1)⋆(µ− ν̂)
)

where ν̂(dt, dx) := f(x)ν(dt, dx). (3.24)

(b) ZEE(S) ̸= ∅ if and only if ZL logL
loc (S) ̸= ∅ if and only if ZLE(Ŝ, Ẑ) ̸= ∅.

The proof of the theorem is relegated to Subsubsection 3.3.2. It is worth men-
tioning that Theorem 3.15 has two important messages, and we strongly believe
(we conjecture) that these messages hold true in general, while up to now the di-
mensionality of S has posed serious challenges towards this goal. The first message
conveys that the exponential Esscher densities for S are linear Esscher for “equiva-
lent” transformed models (T (S), Q) with equivalent prior Q. The second message
lies in claiming that the “arbitrage” condition of ZL logL(S) ̸= ∅ is equivalent to the
existence of an exponential Esscher density. We end this subsection by illustrating
the above theorem on the particular cases of jump-diffusion models and compound
Poisson models in two corollaries.
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Corollary 3.16. Let Z > 0 and be an RCLL process, and suppose S is one-
dimensional and given by (3.12).

Then, Z is a second-order exponential Esscher density for S if and only if there
exists (θ, ψ) ∈ Θ(X) such that∫ ·

0

exp(θtγt)dt ∈ A+
loc, b̃′ + θσ2 + λγ̃

(
exp(θγ + ψγ2)− 1

)
= 0,

and

Z = E
(
θσ •W + (exp(θγ + ψγ2)− 1) • Ñ

)
, where Ñt = Nt − λt.

The proof of the corollary follows directly from Theorem 3.13, and hence it will
be omitted.

Example 3.17. Consider the model in (3.12) and assume that (b′, σ, γ) ∈ R3, i.e.,
they are constant in (ω, t) such that σ > 0 ̸= γ. Then, for any ψ ∈ R, there exists
a unique θ ∈ R solution to

b̃′ + θσ2 + λγ̃

(
exp(θγ + ψγ2)− 1

)
= 0,

and

Z = E
(
θσW + (exp(θγ + ψγ2)− 1)Ñ

)
= exp

(
θσW − (

θ2σ2

2
+
b̃′ + σ2θ

γ̃
)t+ (θγ + ψγ2)N

)
∈ ZEE(S).

For more details and illustrations of this model, we refer the reader to [11].

Corollary 3.18. Suppose S is one-dimensional and follows the model defined in
(3.14) such that E[exp(J1)] <∞, and let ψ ∈ R such that

E
[
| exp(J1)− 1| exp(ψJ2

1 )
]
<∞. (3.25)

Then, Z is a second-order exponential Esscher density for S associated with ψ if
and only if there exists a real number θ satisfying

κ(θ, ψ)+1 := E
[
exp(θJ1 + ψJ2

1 )
]
<∞, E

[
(eJ1 −1) exp

(
θJ1 + ψJ2

1

)]
= 0, (3.26)

and

Zt = exp

(
Nt∑
n=1

(θJn + ψJ2
n)− λκ(θ, ψ)t

)
.

The proof of the corollary is a direct consequence of Theorem 3.13. A model
similar to that in Example 3.12 can be easily treated herein. For this latter model,
it is clear that the integrability conditions in (3.25) and (3.26) are always fulfilled,
and equation (3.26) always has a solution for any given value for ψ ∈ R.

On the one hand, it is clear that for model (3.14), our exponential Esscher pricing
measure extends Gerber-Shiu’s measure. This measure was introduced in [24], see
also [25, 26] for related works, and can be deducted from ours by putting ψ = 0. On
the other hand, the exponential Esscher measure is a particular case of Delbaen-
Haenzendonck’s pricing measure introduced in [17], see (3.18). In fact, by choosing
the quadratic form β(x) = θx + ψx2 instead, Delbaen-Haenzendonck’s measure
coincides with the exponential Esscher.

We end this section by the proof of its main theorems.
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3.3. Proof of Theorems 3.4, 3.6, 3.8, 3.13, and 3.15. The proof of these
theorems relies on the following lemmas which are interesting in their own right,
and for which the proof can be found in Appendix B.

Lemma 3.19. Let Y be a d-dimensional semimartingale, (bY , cY , FY ) be its pre-
dictable characteristics, µY be the random measure of its jumps with the compen-
sator νY , and θ ∈ L(Y ). Consider the following RCLL processes with finite varia-
tion:

Uθ(Y ) :=
∑

∆Y I{|θtr∆Y |>ϵ or ∥∆Y ∥>ϵ}, Zθ(Y ) := Y − Uθ(Y ),

Uθ,1(Y ) :=
∑

∆Y I{∥∆Y ∥>ϵ≥|θtr∆Y |}, Uθ,2(Y ) :=
∑

∆Y I{|θtr∆Y |>ϵ}.
(3.27)

Then, the following assertions hold.
(a) We always have∫

∥hϵ(x)∥I{ϵ<|θtrx|}F
Y (dx) <∞, P ⊗AY -a.e.,

bθ(Y ) := bY −
∫
hϵ(x)I{ϵ<|θtrx|}F

Y (dx) ∈ L(AY ),

(3.28)

and Zθ(Y ) admits the following canonical decomposition:

Zθ(Y ) = Y c + xI{max(∥x∥,|θtrx|)≤ϵ} ⋆ (µ
Y − νY )︸ ︷︷ ︸

=:Mθ(Y )

+bθ(Y ) •AY . (3.29)

(b) θ ∈ L(Uθ,1(Y )) ∩ L(Uθ,2(Y )) ∩ L(Y c) ∩ L(Mθ(Y )), and θ • Zθ(Y ) is a special
semimartingale having the following canonical decomposition:

θ • Zθ(Y ) = θ • Y c + hϵ(θ
trx)I{∥x∥≤ϵ} ⋆ (µ

Y − νY )

+

(
θtrbY −

∫
θtrxI{∥x∥≤ϵ<|θtrx|}F

Y (dx)

)
•AY .

(3.30)

(c) θ • Y has the following canonical decomposition:

θ • Y = θ • Y c + hϵ(θ
trx) ⋆ (µY − νY )

+

(
θtrbθ(Y ) +

∫
hϵ(θ

trx)I{ϵ<∥x∥}F
Y (dx)

)
•AY + θ • Uθ,2(Y ).

(3.31)

The following lemma gives equivalent integrability conditions to (3.4) and (3.19),
respectively. These equivalences simplify the proofs of the main theorems.

Lemma 3.20. Let (θ, ψ) ∈ Θ(S). Then, the following assertions hold.
(a) Condition (3.4) is equivalent to

∥x exp(θtrx+ xtrψx)− hϵ(x)∥ ⋆ µ̃+

∣∣∣∣ exp(θtrx+ xtrψx)− 1− hϵ(θ
trx)

∣∣∣∣ ⋆ µ̃ ∈ A+
loc.

(3.32)

(b) Condition (3.4) implies
√

(exp(θtrx+ xtrψx)− 1)2 ⋆ µ̃ ∈ A+
loc.

(c) If (3.4) and (3.5) hold and |extrψx − 1| ⋆ µ̃ ∈ A+
loc, then

|θtrxeθ
trx+xtrψx − θtrhϵ(x)| ⋆ µ̃+ |θtrxeθ

trx+xtrψx − eθ
trx+xtrψx + 1| ⋆ µ̃ ∈ A+

loc.

(3.33)
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(d) Suppose S is locally bounded. Then, condition (3.19) is equivalent to

∥
(
exp(θtrx+ xtrψx)− 1

)
(e(x)− Id)∥ ⋆ µ ∈ A+

loc

and

∣∣∣∣ exp(θtrx+ xtrψx)− 1− hϵ(θ
trx)

∣∣∣∣ ⋆ µ ∈ A+
loc.

(3.34)

The rest of this section is divided into two subsections. The first subsection
proves Theorems 3.4, 3.6, and 3.8, while the second subsection deals with the proofs
of Theorems 3.13 and 3.15.

3.3.1. Proof of Theorems 3.4, 3.6, and 3.8. The proofs of these three theorems
require the following third lemma, besides Lemmas 3.19 and 3.20.

Lemma 3.21. Suppose S is locally bounded, and let θ̂ be a predictable process and
ψ a predictable and locally bounded process. Then, the following assertions hold.

(a) Let Q be a probability and (̃bQ, cQ, F̃Q, AQ) be the predictable characteristics of

X̃ under Q. Then, Q⊗ dAQ-a.e. θ̂ is a pointwise solution to

min
θ

(
θtr b̃Q +

1

2
θtrcQθ +

∫ (
exp(θtrx)− 1− θtrx

)
F̃Q(dx)

)
(3.35)

if and only if θ̂ satisfies

b̃Q + cQθ̂ +

∫ (
x exp(θ̂trx)− x

)
F̃Q(dx) ≡ 0, Q⊗ dAQ − a.e.. (3.36)

(b) Suppose that θ̂trcθ̂ •A+

√
(exp(θ̂trx+ xtrψx)− 1)2 ⋆ µ̃ ∈ A+

loc. Then,

Z := E
(
θ̂ •Xc + (exp(θ̂trx+ xtrψx)− 1) ⋆ (µ̃− ν̃)

)
∈ Zloc(S)

if and only if θ̂ solves (3.5).

The proof of this lemma is relegated to Appendix B, while here we outline the
proof of Theorem 3.4.

Proof of Theorem 3.4. Remark that (b) ⇐⇒ (c) becomes obvious due to Lemma
3.20 and Lemma 3.21-(b). Thus, the remaining part of this proof focuses on proving
(a) ⇐⇒ (b) in two parts, where we prove (a) =⇒ (b) and (b) =⇒ (a) respectively.
Part 1. Suppose assertion (a) holds. Then, there exists a triplet of predictable
processes (θ, ψ,K) satisfying the following:

(θ, ψ) ∈ Θ(S), K ∈ Aloc, and Z = exp
(
θ • X̃ +

∑
(∆X̃)trψ∆X̃ −K

)
∈ Zloc(S).

Then, we set Ỹ := θ • X̃ +
∑

(∆X̃)trψ∆X̃ − K̃, and we use Itô’s formula to derive
the following:

Z−1
− • Z = Ỹ +

1

2
⟨Ỹ c⟩+

∑(
e∆Ỹ − 1−∆Ỹ

)
= θ • X̃ +

∑
(∆X̃)trψ∆X̃ − K̃ +

θtrcθ

2
•A

+
(
exp(θtrx+ xtrψx)− 1− θtrx− xtrψx

)
⋆ µ̃

= θ • X̃ +
(
exp(θtrx+ xtrψx)− 1− θtrx

)
⋆ µ̃+

θtrcθ

2
•A− K̃.
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We apply (3.31) of Lemma 3.19 to Y = X̃ and set b̃θ := b̃−
∫
hϵ(x)I{|θtrx|>ϵ}F̃ (dx),

then we get

Z−1
− • Z

= θ •Xc + hϵ(θ
trx) ⋆ (µ̃− ν̃) +

(
θtr b̃θ +

∫
hϵ(θ

trx)I{ϵ<∥x∥}F̃ (dx)

)
•A

+ θtrxI{|θtrx|>ϵ} ⋆ µ̃+
(
exp(θtrx+ xtrψx)− 1− θtrx

)
⋆ µ̃+

θtrcθ

2
•A− K̃

= θ •Xc + hϵ(θ
trx) ⋆ (µ̃− ν̃) +

(
exp(θtrx+ xtrψx)− 1− hϵ(θ

trx)
)
⋆ µ̃

+

(
θtrcθ

2
+ θtr b̃θ +

∫
hϵ(θ

trx)I{ϵ<∥x∥}F̃ (dx)

)
•A− K̃.

Then, on the one hand, Z is a local martingale if and only if

(
exp(θtrx+ xtrψx)− 1− hϵ(θ

trx)
)
⋆ µ̃ ∈ Aloc, (3.37)

and

K̃ =

(
θtrcθ

2
+ θtr b̃θ +

∫
hϵ(θ

trx)I{ϵ<∥x∥}F̃ (dx)

)
•A

+
(
exp(θtrx+ xtrψx)− 1− hϵ(θ

trx)
)
⋆ ν̃

=

(
θtrcθ

2
+ θtr b̃

)
•A+

(
exp(θtrx+ xtrψx)− 1− θtrhϵ(x)

)
⋆ ν̃,

Z = E
(
θ •Xc +

(
exp(θtrx+ xtrψx)− 1

)
⋆ (µ̃− ν̃)

)
=: E(L̃).

This proves (3.6). On the other hand, thanks to (2.6), we derive

X̃ + [X̃, L̃]

= Xc + hϵ(x) ⋆ (µ̃− ν̃) + b̃ •A+ (x− hϵ(x)) ⋆ µ̃+ cθ •A

+
(
exp(θtrx+ xtrψx)− 1

)
x ⋆ µ̃

= Xc + hϵ(x) ⋆ (µ̃− ν̃) + (̃b+ cθ) •A+
(
exp(θtrx+ xtrψx)x− hϵ(x)

)
⋆ µ̃.

Thus, ZS is a local martingale if and only if X̃ + [X̃, L̃] is a local martingale, or
equivalently (

exp(θtrx+ xtrψx)x− hϵ(x)
)
⋆ µ̃ ∈ Aloc, (3.38)

and (3.5) holds. Furthermore, by combining (3.38), (3.37), and Lemma 3.20-(a),
we obtain condition (3.4). This proves that Z ∈ ZLE(S) implies the existence of
(θ, ψ) ∈ Θ(S) satisfying (3.4)-(3.5)-(3.6), and the proof of (a) =⇒ (b) is complete.
Part 2. Suppose that assertion (b) holds. Thus, there exists a pair (θ, ψ) ∈ Θ(S)
satisfying (3.4)-(3.5)-(3.6). First of all, thanks to Lemma 3.20-(b), we remark that

the process M̃ := θ•Xc+
(
eθ
trx+xtrψx − 1

)
⋆(µ̃−ν̃) is a well defined local martingale.
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Furthermore, thanks to Itô’s formula, we have Z = E(M̃) = exp(L), where

L = M̃ − 1

2
⟨M̃ c⟩+

∑(
ln(1 + ∆M̃)−∆M̃

)
= θ •Xc +

(
eθ
trx+xtrψx − 1

)
⋆ (µ̃− ν̃)

− 1

2
θtrcθ •A+

(
θtrx+ xtrψx− eθ

trx+xtrψx + 1
)
⋆ µ̃

= θ •Xc +
(
eθ
trx+xtrψx − 1

)
⋆ (µ̃− ν̃)

+
(
θtrhϵ(x)− eθ

trx+xtrψx + 1
)
⋆ µ̃− 1

2
θtrcθ •A

+
(
θtrxI{∥x∥>ϵ} + xtrψx

)
⋆ µ̃.

(3.39)

Thanks to Lemma 3.20-(a,b), the condition (3.4) implies that for any n ≥ 1

I{∥θ∥≤n}

(
θtrhϵ(x)− eθ

trx+xtrψx + 1
)
⋆ µ̃ ∈ Aloc. Thus, by inserting the compen-

sator of this process in (3.39), arranging terms, and inserting (3.5) in the resulting
equation afterwards, we obtain

I{∥θ∥≤n} • L

= I{∥θ∥≤n}θ •Xc

+ I{∥θ∥≤n}θ
trhϵ(x) ⋆ (µ̃− ν̃) + I{∥θ∥≤n}

(
θtrhϵ(x)− eθ

trx+xtrψx + 1
)
⋆ ν̃

+ I{∥θ∥≤n}
(
θtrxI{∥x∥>ϵ} + xtrψx

)
⋆ µ̃− 1

2
θtrcθI{∥θ∥≤n} •A

= I{∥θ∥≤n}θ •Xc + I{∥θ∥≤n}θ
trhϵ(x) ⋆ (µ̃− ν̃)

+ I{∥θ∥≤n}θ
tr b̃ •A+ I{∥θ∥≤n}θ

trxI{∥x∥>ϵ} ⋆ µ̃

+
1

2
θtrcθI{∥θ∥≤n} •A

+ I{∥θ∥≤n}
(
θtrx exp(θtrx+ xtrψx)− exp(θtrx+ xtrψx) + 1

)
⋆ ν̃

+ I{∥θ∥≤n} •
∑

(∆X̃)trψ∆X̃

= I{∥θ∥≤n}θ • X̃ + I{∥θ∥≤n} •
∑

(∆X̃)trψ∆X̃ − I{∥θ∥≤n} • K̃,

where −K̃ := 1
2θ
trcθ • A + (θtrx exp(θtrx+ xtrψx)− exp(θtrx+ xtrψx) + 1) ⋆ ν̃ is

predictable and belongs to Aloc. Hence, by taking the limits on both sides of the
latter equality above and using the facts that θ ∈ L(X) and the three processes

L,
∑

(∆X̃)trψ∆X̃, and K̃ are semimartingales, assertion (a) follows immediately.
This ends the proof of the theorem.

Proof of Theorem 3.6. Remark that (c) =⇒ (d) is obvious. Hence, the rest of this
proof is divided into three parts, where we prove (a) =⇒ (b), (b) =⇒ (c) and (d)
=⇒ (a) respectively.
Part 1. Here we prove the implication (a) =⇒ (b). Thus, we suppose that assertion
(a) holds, and by virtue of Theorem 3.4, we obtain the existence of (θ, ψ) ∈ Θ(S)
such that (3.4) holds and

Z = E
(
θ •Xc +

(
exp(θtrx+ xtrψx)− 1

)
⋆ (µ̃− ν̃)

)
∈ Zloc(S).

Thus, assertion (b) follows as soon as we prove that Z ln(Z) is a special semi-
martingale. Thanks to [13, Lemma 3.2 and Proposition 3.5], Z ln(Z) is a special
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semimartingale if and only if

HE(Z,P ) :=
1

2
θtrcθ •A+

(
(θtrx+ xtrψx)eθ

trx+xtrψx − eθ
trx+xtrψx + 1

)
⋆ µ̃ ∈ A+

loc.

On the one hand, we already have θtrcθ •A ∈ A+
loc due to θ ∈ L(X̃), and thanks to

Lemma 3.20-(c), we deduce that

|θtrx exp
(
θtrx+ xtrψx

)
− exp

(
θtrx+ xtrψx

)
+ 1| ⋆ µ̃ ∈ A+

loc.

This latter holds due to (3.4), (3.5), and the local boundedness of X̃, which implies

that |1 − ex
trψx| ⋆ µ̃ ∈ A+

loc. On the other hand, by virtue of Remark 3.5 and the

local boundedness of X̃ again, we derive

|xtrψx|eθ
trx+xtrψx ⋆ µ̃

= |xtrψx|eθ
trx+xtrψxI{|θtrx|≤ϵ} ⋆ µ̃+ |xtrψx|eθ

trx+xtrψxI{|θtrx|>ϵ} ⋆ µ̃

≤ eϵ
∑

|(∆X̃)trψ∆X̃|e(∆X̃)trψ∆X̃ + |(∆X̃)trψ∆X̃|e(∆X̃)trψ∆X̃ • Uϵ ∈ A+
loc,

where Uϵ is defined in (3.7). This proves that Z ∈ ZL logL
loc (S), and assertion (b)

follows immediately.
Part 2. Now we prove (b) =⇒ (c). To this end, we suppose that assertion (b)
holds. Consider a predictable and locally bounded process ψ, and take

f(θ) := θtr b̃′ +
1

2
θtrcθ +

∫ (
exp

(
θtrx+ xtrψx

)
− 1− θtrx

)
F̃ (dx),

fψ(θ) := θtrb(ψ) +
1

2
θtrcθ +

∫ (
eθ
trx − 1− θtrx

)
F̃ (ψ)(dx),

b(ψ) := b̃′ +

∫
x
(
ex
trψx − 1

)
F̃ (dx), F̃ (ψ)(dx) := ex

trψxF̃ (dx).

Then, direct calculation shows that

f(θ) = fψ(θ) + Γ̃(ψ), for any θ, where Γ̃(ψ) :=

∫ (
ex
trψx − 1

)
F̃ (dx). (3.40)

By stopping, without loss of generality we assume that

Z(ψ) ∈ M and Q(ψ) := Z
(ψ)
T · P is a well defined probability measure.

Hence, under Q(ψ), the process X̃ admits the following canonical decomposition

X̃ = b(ψ) •A+ x ⋆ (µ̃− ν̃(ψ)) +Xc, ν̃(ψ)(dt, dx) := ex
trψxν̃(dt, dx) = F̃

(ψ)
t (dx)dAt.

Thanks to the local boundedness of Z(ψ) and 1/Z(ψ), it is clear that

ZL logL
loc (S) ̸= ∅ ⇐⇒ ZL logL

loc (S,Q(ψ)) ̸= ∅, (3.41)

for any ψ predictable and locally bounded. Therefore, by virtue of (3.41) and (3.40),
our minimization problem (3.8) has a solution if and only if

min
θ
fψ(θ) has a solution under the condition ZL logL

loc (S,Q(ψ)) ̸= ∅. (3.42)

Thus, the resulting minimization problem is exactly the minimization problem con-

sidered in [13, Lemma 4.4] for the model (X̃,Q(ψ)) instead. Hence, the existence

of a unique solution θ̂ψ =: θ̂ to (3.42) follows immediately from [13, Lemma 4.4].



34 TAHIR CHOULLI, ELLA ELAZKANY AND MICHÈLE VANMAELE

Thus, assertion (c) will follow as soon as we prove that (3.9) holds. To this end, it

is enough to prove that θ̂ satisfies

V̂ := θ̂trcθ̂ •A+ fL logL(exp(θ̂
trx)− 1) ⋆ ν̃(ψ) ∈ A+

loc(Q
(ψ)). (3.43)

In fact, on the one hand, it is clear that V ∈ A+
loc(Q

(ψ)) if and only if V ∈ A+
loc

for any process V due to the local boundedness of X̃. On the other hand, due to
fL logL(y) ≥ a(y − 1) for any y ≥ ea and a ∈ (0,∞), the condition (3.43) implies

that | exp(θ̂trx) − 1|I{θ̂trx>ln(ea+1)+1} ⋆ ν̃
(ψ) ∈ A+

loc. Therefore, this easily implies

that |xtrψx(eθ̂trx − 1)|extrψx ⋆ ν̃ ∈ A+
loc. By combining this latter fact with

V̂ =θ̂trcθ̂ •A+ fL logL(exp(θ̂
trx+ xtrψx)− 1) ⋆ ν̃ − xtrψx(eθ̂

trx − 1)ex
trψx ⋆ ν̃

− fL logL(e
xtrψx − 1) ⋆ ν̃,

and fL logL(e
xtrψx − 1) ⋆ ν̃ + |extrψx − 1| ⋆ ν̃ ∈ A+

loc, we conclude that (3.43) implies
(3.9). Thus, the rest of this part focuses on proving (3.43). To this end, we use

Lemma 3.21-(a) for Q = Q(ψ) and conclude that θ̂, the solution to (3.42), satisfies

b(ψ) + cθ̂ +

∫ (
x exp(θ̂trx)− x

)
F̃ (ψ)(dx) = 0. (3.44)

Besides this, a combination of ZL logL
loc (S,Q(ψ)) ̸= ∅ and Theorem A.1 yields the

existence of a pair (β, f) such that

b(ψ) + cβ +

∫
x (f(x)− 1)) F̃ (ψ)(dx) = 0, and

βtrcβ •A+ (f ln(f)− f + 1) ⋆ ν̃(ψ) ∈ A+
loc(Q

(ψ)).

Thus, by combining the first equality above with (3.44), we get

c(β − θ̂) +

∫
x
(
f(x)− exp(θ̂trx)

)
F̃ (ψ)(dx) = 0. (3.45)

Thanks to the convexity of θtrcθ and g(y) := y ln(y)− y + 1 for y > 0, we get

βtrcβ ≥ θ̂trcθ̂ + (β − θ̂)trcθ̂ and g(f(x))− g(exp(θ̂trx)) ≥ θ̂trx(f(x)− exp(θ̂trx)).

By integrating the two inequalities above with respect to A and ν̃(ψ) respectively,
adding them, and using (3.45) afterwards, we get

βtrcβ •A+ (f ln(f)− f + 1) ⋆ ν̃(ψ) ≥ θ̂trcθ̂ •A+ fL logL(exp(θ̂
trx)− 1) ⋆ ν̃(ψ),

and the claim (3.43) follows immediately. This proves assertion (c).
Part 3. This part proves (d) =⇒ (a). Thus, we suppose assertion (d) holds, and
remark that fL logL(y) := (y+1) ln(1+ y)− y ≥ |y|I{y>2e−1}+(y2/(4e))I{|y|≤2e−1}
for any y > −1. Thus, by combining this with condition (3.9) and [1, Proposition

B.2-(a)], which states that

√
(exp(θ̂trx+ xtrψx)− 1)2 ⋆ µ̃ ∈ A+

loc if and only if for
any α > 0

(eθ̂
trx+xtrψx−1)2I{|eθ̂trx+xtrψx−1|≤α} ⋆ µ̃+ |eθ̂

trx+xtrψx−1|I{|eθ̂trx+xtrψx−1|>α} ⋆ µ̃ ∈ A+
loc,

we deduce that√
(exp(θ̂trx+ xtrψx)− 1)2 ⋆ µ̃ ∈ A+

loc and θ̂ ∈ L(Xc).
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Thus, as a result, by combining this with Lemma 3.21, we deduce that the following
process:

Z := E
(
θ̂ •Xc + (exp(θ̂trx+ xtrψx)− 1) ⋆ (µ̃− ν̃)

)
∈ Zloc(S). (3.46)

Now, thanks to Itô’s formula, we calculate the semimartingale ln(Z) as follows:

ln(Z) = θ̂ •Xc + (exp(θ̂trx+ xtrψx)− 1) ⋆ (µ̃− ν̃)− 1

2
θ̂trcθ̂ •A

+
(
θ̂trx+ xtrψx− exp(θ̂trx+ xtrψx) + 1

)
⋆ µ̃

= θ̂ •Xc + (exp(θ̂trx+ xtrψx)− 1) ⋆ (µ̃− ν̃)− 1

2
θ̂trcθ̂ •A

+
(
θ̂trx− exp(θ̂trx+ xtrψx) + 1

)
⋆ µ̃+

∑
(∆X̃)trψ∆X̃.

(3.47)

Remark that for any n it is clear that I{∥θ̂∥≤n}|θ̂
trx−exp(θ̂trx+xtrψx)+1|⋆µ̃ ∈ A+

loc.

Thus, by compensating this process in (3.47) and using (3.44) afterwards, we derive

I{∥θ̂∥≤n} • ln(Z)

= I{∥θ̂∥≤n}θ̂ •Xc + I{∥θ̂∥≤n}θ̂
trx ⋆ (µ̃− ν̃)− 1

2
I{∥θ̂∥≤n}θ̂

trcθ̂ •A

+ I{∥θ̂∥≤n}

(
θ̂trx− eθ̂

trx+xtrψx + 1
)
⋆ ν̃ +

∑
I{∥θ̂∥≤n}(∆X̃)trψ∆X̃

= I{∥θ̂∥≤n}θ̂ •Xc + I{∥θ̂∥≤n}θ̂
trx ⋆ (µ̃− ν̃)− 1

2
I{∥θ̂∥≤n}θ̂

trcθ̂ •A

+
∑

I{∥θ̂∥≤n}(∆X̃)trψ∆X̃ + I{∥θ̂∥≤n}

(
θ̂trx(1− eθ̂

trx+xtrψx)
)
⋆ ν̃

+ I{∥θ̂∥≤n}

(
(θ̂trx)eθ̂

trx+xtrψx − eθ̂
trx+xtrψx + 1

)
⋆ ν̃

= I{∥θ̂∥≤n}θ̂ •Xc + I{∥θ̂∥≤n}θ̂
trx ⋆ (µ̃− ν̃) + I{∥θ̂∥≤n}θ̂

tr b̃′ •A

+
∑

I{∥θ̂∥≤n}(∆X̃)trψ∆X̃ +
1

2
I{∥θ̂∥≤n}θ̂

trcθ̂ •A

+ I{∥θ̂∥≤n}

(
(θ̂trx)eθ̂

trx+xtrψx − eθ̂
trx+xtrψx + 1

)
⋆ ν̃

= I{∥θ̂∥≤n}θ̂ • X̃ +
∑

I{∥θ̂∥≤n}(∆X̃)trψ∆X̃ + I{∥θ̂∥≤n} • K̃,

(3.48)

where K̃ is given by

K̃ :=
(
(θ̂trx) exp(θ̂trx+ xtrψx)− exp(θ̂trx+ xtrψx) + 1

)
⋆ ν̃ +

1

2
θ̂trcθ̂ •A,

and it is a well-defined predictable with finite variation process due to (3.9) and
Remark 3.7-(b).

Now, as the three processes ln(Z), K̃ and V :=
∑

(∆X̃)trψ∆X̃ are semimartin-
gales, thanks to [41, Proposition 1.7], it is clear that the processes I{∥θ̂∥≤n} • ln(Z),

I{∥θ̂∥≤n} • K̃, and I{∥θ̂∥≤n} •V converge in the semimartingale topology to ln(Z), K̃,

and V , respectively. This implies that I{∥θ̂∥≤n}θ̂ •X̃ converges in the semimartingale

topology. Thus, by virtue of [41, Definition 2.1], we deduce that θ̂ ∈ L(X̃), and its

limit is the semimartingale θ̂ • X̃. Furthermore, by combining these latter remarks
and (3.48), we obtain

ln(Z) = θ̂ • X̃ +
∑

(∆X̃)trψ∆X̃ + K̃.
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Therefore, assertion (a) follows immediately (i.e. Z ∈ ZLE(S)) from combining the
above equality with (3.46). This ends the proof of the theorem.

Remark 3.22. The last part of the proof above contains an important statement.
This confirms the following claim: If S is locally bounded and there exists a pair
(θ, ψ) of predictable processes such that

ψ is locally bounded, (3.9) holds, and θ is the solution to (3.5),

then (θ, ψ) ∈ Θ(S).

Proof of Theorem 3.8. Thanks to Theorem 3.6 (assertions (a) and (d)), we deduce
that Z ∈ ZLE(S) if and only if there exists a pair (θ, ψ) of predictable processes
such that

ψ is locally bounded, (3.9) holds, θ is the solution to (3.8),

and Z = E
(
θ •Xc + (exp(θtrx+ xtrψx)− 1) ⋆ (µ̃− ν̃)

)
.

By virtue of Lemma 3.21, we have that θ is the solution to (3.8) if and only if θ is
the solution to (3.5), or equivalently Z ∈ Zloc(S). Furthermore, direct calculations
show that Z ∈ Zloc(S) if and only if Z/Z(ψ) ∈ Zloc(S,Z(ψ)). Thus, by combining
all these remarks, we conclude that Z ∈ ZLE(S) if and only if there exists a pair
(θ, ψ) of predictable processes satisfying

ψ is locally bounded, (3.9) holds and Z/Z(ψ) ∈ Zloc(S,Z(ψ)).

Thus, assertion (a) follows as soon as we prove the equality in (3.11). To this end,
as ψ and S are locally bounded, we remark that (exp(xtrψx) − 1) ⋆ (µ̃ − ν̃) (or
equivalently Z(ψ)) is a well defined local martingale. Hence, using Yor’s formula
(i.e. E(Y1)E(Y2) = E(Y1 +Y2 + [Y1, Y2]) for any pair of semimartingales Y1 and Y2),
we derive

Z(ψ)Z(θ,ψ)

:= Z(ψ)E
(
θ • Xc + (eθ

trx − 1) ⋆ (µ̃− ν̃(ψ))
)

= E
(
(ex

trψx − 1) ⋆ (µ̃− ν̃) + θ • Xc + (eθ
trx − 1) ⋆ (µ̃− ν̃(ψ)) + (ex

trψx − 1)(eθ
trx − 1) ⋆ µ̃

)
= E

(
θ • Xc + (ex

trψx − 1) ⋆ (µ̃− ν̃) + (eθ
trx − 1) ⋆ (µ̃− ν̃(ψ)) + (ex

trψx − 1)(eθ
trx − 1) ⋆ µ̃

)
= E

(
θ • Xc + (exp(θtrx+ xtrψx)− 1) ⋆ (µ̃− ν̃)

)
= Z.

The last equality follows from the fact that

(eθ
trx − 1) ⋆ (µ̃− ν̃(ψ)) = (eθ

trx − 1) ⋆ (µ̃− ν̃)− (ex
trψx − 1)(eθ

trx − 1) ⋆ ν̃.

This completes the proof of assertion (a). To prove assertion (b), we remark that

by virtue of Theorem 3.6, we have ZL logL
loc (S) ̸= ∅ if and only ZLE(S) ̸= ∅, and

this is equivalent to S admitting the first-order Esscher density under Z(ψ′) for any
predictable locally bounded ψ′ due to assertion (a). Finally, this latter property is

equivalent to ZL logL
loc (S,Z(ψ′)) ̸= ∅; for any predictable locally bounded ψ′, see [13]

for details. This ends the proof of the theorem.

3.3.2. Proof of Theorems 3.13 and 3.15. We start with the proof of Theorem 3.13.

Proof of Theorem 3.13. The proof of the theorem is given in two parts, where we
prove assertions (a) and (b), respectively.
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Part 1. This part proves assertion (a). To this end, we consider (θ, ψ) ∈ Θ(X),
and we take

X := θ •X +
∑

(∆X)trψ∆X −K, Z := exp(X), and

K := K −
∑(

e−∆K − 1 + ∆K
)
.

Then, by combining Itô’s formula and the simple fact that

e∆X − 1−∆X = (e∆Y − 1−∆Y ) + (e−∆K − 1 + ∆K), with Y := X +K,

which is a direct consequence of ∆X∆K ≡ 0, we derive

Z−1
− • Z = X +

1

2
⟨Xc⟩+

∑(
e∆X − 1−∆X

)
= θ •X +

∑
(∆X)trψ∆X −K +

θtrcθ

2
•A

+
(
exp(θtrx+ xtrψx)− 1− θtrx− xtrψx

)
⋆ µ

= θ •X −K +
θtrcθ

2
•A+

(
exp(θtrx+ xtrψx)− 1− θtrx

)
⋆ µ.

Thus, by applying (3.31) to Y = X (Lemma 3.19-(c)) and inserting it in the above
equality, we get

Z−1
− • Z

= θ •Xc + θtrxI{|θtrx|≤ϵ} ⋆ (µ− ν) +

(
θtrbθ +

∫
θtrxI{|θtrx|≤ϵ<∥x∥}F (dx)

)
•A

+ θ • Uθ2 −K +
θtrcθ

2
•A+

(
exp(θtrx+ xtrψx)− 1− θtrx

)
⋆ µ

= θ •Xc + θtrxI{|θtrx|≤ϵ} ⋆ (µ− ν)−K

+

(
θtrcθ

2
+ θtrbθ +

∫
θtrxI{|θtrx|≤ϵ<∥x∥}F (dx)

)
•A

+
(
exp(θtrx+ xtrψx)− 1− θtrxI{|θtrx|≤ϵ}

)
⋆ µ.

Therefore, on the one hand, Z is a local martingale if and only if(
exp(θtrx+ xtrψx)− 1− hϵ(θ

trx)
)
⋆ µ ∈ Aloc, (3.49)

and

K =

(
θtrcθ

2
+ θtrbθ +

∫
θtrxI{|θtrx|≤ϵ<∥x∥}F (dx)

)
•A

+
(
exp(θtrx+ xtrψx)− 1− hϵ(θ

trx)
)
⋆ ν

Z = E
(
θ •Xc +

(
exp(θtrx+ xtrψx)− 1

)
⋆ (µ− ν)

)
:= E(L).

Hence, K = K is continuous, and (3.21) follows immediately. On the other hand,
due to (2.8), we get

X̃ + [X̃, L]

= Xc + x ⋆ (µ̃− ν̃) + b̃′ •A+ cθ •A+
(
exp(θtrx+ xtrψx)− 1

)
(e(x)− Id) ⋆ µ

= Xc + x ⋆ (µ̃− ν̃) + (̃b′ + cθ) •A+
(
exp(θtrx+ xtrψx)− 1

)
(e(x)− Id) ⋆ µ.
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Thus, ZS is a local martingale if and only if X̃ + [X̃,N ] is a local martingale, and
this is equivalent to(

exp(θtrx+ xtrψx)− 1
)
(e(x)− Id) ⋆ µ ∈ Aloc, (3.50)

and (3.20) holds. Furthermore, by virtue of Lemma 3.20-(d), the conditions (3.49)
and (3.50) are equivalent to (3.19). This ends the proof of assertion (a).
Part 2. This part proves assertion (b). To this end, we consider (θ, ψ) ∈ Θ(S).

Then, we associate with ψ the process Z
(ψ)

defined in (3.22), which is a well de-
fined and locally bounded local martingale. Thus, by stopping it, there is no loss

of generality in assuming that Z
(ψ)

is a uniformly integrable martingale. Hence

Q(ψ) := Z
(ψ)

T · P is a well defined probability. Furthermore, the Q(ψ)-compensators
of µ and µ̃, denoted by ν(ψ) and ν̃(ψ), respectively, and the canonical decomposition

of X̃ under Q(ψ) are

ν(ψ)(dt, dx) := exp(xtrψx)ν(dt, dx) =: F
(ψ)
t (dx)dAt,

F
(ψ)
t (dx) := exp(xtrψx)Ft(dx),

W ⋆ ν̃(ψ) =W (·,Φ(x)) ⋆ ν(ψ), Φ(x) := e(x)− Id, ∀ W,

X̃ = X0 +Xc + x ⋆ (µ̃− ν̃(ψ)) +

(
b̃′ +

∫
(ex

trψx − 1)(e(x)− Id)F (dx)
)

•A.

Then, via direct calculations, it is easy to check that (θ, ψ) ∈ Θ(S) satisfies (3.19)
and

Z := E
(
θ •Xc + (exp(θtrx+ xtrψx)− 1) ⋆ (µ− ν)

)
∈ Zloc(S),

if and only if

exp(θtrx)I{θtrx>α} ⋆ µ ∈ A+
loc(Q

ψ), for some α > 0,

Z

Z
(ψ)

= E
(
θ •Xc + (exp(θtrx)− 1) ⋆ (µ− ν(ψ))

)
∈ Zloc(S,Q(ψ)).

This proves assertion (b), and the proof of this theorem is complete.

The proof of Theorem 3.15 relies on the following lemma that is true in general.

Lemma 3.23. Suppose that the assumptions of Theorem 3.15 hold. Let (Ŝ, ν̂, Ẑ)
be given by (3.23) and consider a pair (β, g) such that β ∈ L1

loc(X
c), g(t, ω, x) is

positive, P ⊗ B(Rd)-measurable and
√
(g − 1)2 ⋆ µ ∈ A+

loc.

Then, the condition Z := E(β •Xc + (g− 1) ⋆ (µ− ν)) ∈ ZL logL
loc (S) is equivalent

to Z ′ := E(β •Xc + (g − 1) ⋆ (µ− ν̂)) ∈ ZL logL
loc (Ŝ, Ẑ).

The proof of this lemma is relegated to Appendix B, and we instead prove The-
orem 3.15 next.

Proof of Theorem 3.15. Due to assertion (a), it is clear that ZEE(S) ̸= ∅ holds if

and only if ZLE(Ŝ, Ẑ) ̸= ∅ holds, and thanks to Theorem 3.6, this is equivalent to

ZL logL
loc (Ŝ, Ẑ) ̸= ∅. Thus, by virtue of Lemma 3.23, the latter claim is equivalent

to ZL logL
loc (S) ̸= ∅. This proves assertion (b), while the rest of the proof focuses on

assertion (a). To this end, we consider an RCLL and positive process Z > 0, and
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remark that by stopping we can assume that Ẑ is a uniformly integrable martingale

and hence Q̂ := Ẑ∞ · P is a well-defined probability measure. Furthermore,

X̂ =
(
b′ +

c

2

)
•A+ x ⋆ (µ− ν) +Xc = b̂ •A+ x ⋆ (µ− ν̂) +Xc

b̂ := b′ +
c

2
+

∫
x(f(x)− 1)F (dx),

F̂t(dx) := f(x)Ft(dx), ν̂(dt, dx) := F̂t(dx)dAt, .

(3.51)

By virtue of Theorem 3.4 (which we apply to Ŝ under Q̂ instead), we deduce that

Z ∈ ZLE(Ŝ, Ẑ) ̸= ∅ if and only if there exists a pair (θ, ψ) such that

(θ, ψ) ∈ Θ(Ŝ), exp(xθ)I{|θx|>ϵ} ⋆ µ ∈ A+
loc(Q̂),

b̂+ cθ +

∫
x(exp(xθ + x2ψ)− 1)F̂ (dx) = 0,

Z = E
(
θ •Xc + (exp(xθ + x2ψ)− 1) ⋆ (µ− ν̂)

)
.

(3.52)

Note that, by virtue of the first equation in (3.51) and |θc| •A ≤
√
θ2c •A+

√
c •A,

it is clear that (θ, ψ) ∈ Θ(Ŝ) iff (θ, ψ) ∈ Θ(S). On the one hand, due to the

boundedness of S (hence that of Ẑ),

the second condition in (3.52) is equivalent to exθI{|θx|>ϵ} ⋆ µ ∈ A+
loc. (3.53)

On the other hand, by using the notation in (3.51), we deduce that the third con-
dition in (3.52) is equivalent to

b̃′ + cθ +

∫
(ex − 1)(exp(xθ + x2ψ)− 1)F (dx) = 0. (3.54)

Furthermore, using Yor’s formula and direct calculations, we conclude that the third
condition in (3.52) holds if and only if

Z := ZẐ = E
(
θ •Xc + (exp(xθ + x2ψ)− 1) ⋆ (µ− ν)

)
. (3.55)

Thus, by combining (3.55), (3.54), (3.53), (3.52), and Theorem 3.13-(a), assertion
(a) follows immediately. This also proves (3.24), and the proof of the theorem is
complete.

4. Esscher pricing bounds and linear constraints BSDEs. Throughout this
section, we suppose d = 1 and F is the filtration generated by a Brownian motion
W and a non-homogeneous Poisson process N with intensity process λ. Here,

W and N are independent, and the compensated Poisson process Ñ is given by

Ñt := Nt −
∫ t
0
λsds. Our market model consists of one risky asset S and one

non-risky asset S(0) := exp(B) having the following dynamics

B :=

∫ ·

0

rsds, r ≥ 0, S := S0e
X = S0E(X̃),

dX := bdt+ σdW + γdÑ, X0 = X̃0 = 0,

Ñ := N −
∫ ·

0

λsds, dX̃ := b̃dt+ σdW + γ̃dÑ ,

b̃ := b+
σ2

2
+ λ(eγ − 1− γ) and γ̃ := eγ − 1.

(4.1)
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Throughout the rest of the paper, we assume that P ⊗ dt-a.e., σ > 0, λ > 0, and
for some C ∈ (0,∞)

σ + λ+ σ−1 + λ−1 + |r|+ |b|+ |γ|+ |γ|−1 ≤ C. (4.2)

Furthermore, we consider the following sets:

Ψ := {ψ : ψ is predictable and bounded} , Ψn := {ψ ∈ Ψ : |ψ| ≤ n} , n ∈ N.

Remark 4.1. For the rest of the paper, we will work with this simple model, defined
in (4.1), and under the assumptions (4.2). Our unique reason for these restrictions
on (S,F) lies in avoiding technicalities that might overshadow the key ideas. It is
important to mention that all those restrictions on (S,F) can be extended to the
most general case, as the theory of BSDEs is well developed nowadays.

We start this section by analyzing the solution to the two martingale equations
(3.5) and (3.20) for our model above, and which can be written in a unified manner.

Lemma 4.2. For any ψ ∈ Ψ and ζ ∈ {γ, γ̃}, we denote by η(ψ) the unique root for

b̃− r + ησ2 + λγ̃

(
exp(ηζ + ψζ2)− 1

)
= 0, (4.3)

and consider the functional Φ given by

Φ(x) := Φ(t, ω, x) := σt(ω)
2x+ λt(ω)γ̃t(ω)ζt(ω)e

x, t ∈ [0, T ], ω ∈ Ω, x ∈ R.

Then, the following assertions hold.
(a) The functional Φ is continuous, strictly increasing, Φ(∞) = ∞, Φ(−∞) = −∞,
and

η(ψ) =
1

ζ
Φ−1

(
ζ(r − b̃+ λγ̃) + σ2ζ2ψ

)
− ζψ. (4.4)

As a result, for ψ ∈ Ψ, there exists Cψ ∈ (0,∞) such that |η(ψ)| ≤ Cψ, P ⊗ dt-a.e..
(b) η(ψ)γ̃−1 is decreasing (P ⊗ dt-a.e.) with respect to ψ.
(c) For any ζ ∈ {γ, γ̃}, we have P ⊗ dt-a.e.

lim
ψ↓−∞

η(ψ)

γ̃
=
η(−∞)

γ̃
=
λγ̃ + r − b̃

γ̃σ2
=:

η∗

γ̃
, and lim

ψ↑∞

η(ψ)

γ̃
= −∞. (4.5)

(d) For any ζ ∈ {γ, γ̃} and any ψ ∈ Ψ such that ψ ≥ 0, we have

lim
n−→∞

−η(n)
nγ̃

=
ζ

γ̃
, and

η(0)− η(ψ)

γ̃
≤ ζ

γ̃
ψ, P ⊗ dt-a.e.. (4.6)

The proof of the lemma is relegated to Appendix C, and hereafter we address
the integrability and other properties of the Esscher densities.

Lemma 4.3. For any ψ ∈ Ψ and any ζ ∈ {γ, γ̃}, let η(ψ) be the unique root to
(4.3) and

D
ψ
:= E

(
η(ψ)σ •W + (exp(η(ψ)ζ + ζ2ψ)− 1) • Ñ

)
.

(a) If (4.2) holds, then for any ψ ∈ Ψ we have D
ψ ∈ M(P ), and

Rψ := D
ψ

T · P is a well defined probability measure.

In particular, for ψ = 0 ∈ Ψ, we get

D
0 ∈ M and R0 := D

0

T · P is a well defined probability measure.
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(b) Suppose (4.2) holds. For ψ ∈ Ψ, we have (Wψ, Ñψ) ∈ Mloc(Rψ)×Mloc(Rψ),
where

Wψ :=W −
∫ ·

0

ηs(ψ)σsds and Ñψ := N −
∫ ·

0

λs exp(ηs(ψ)ζs + ζ2sψ)ds.

(c) Suppose (4.2) holds. Then, for any (ψ,ψ′) ∈ Ψ×Ψ, we have

D(ψ,ψ′) :=
D
ψ

D
ψ′ = E

(
M (ψ,ψ′)

)
, where

M (ψ,ψ′) := (η(ψ)− η(ψ′))σ •Wψ′

+
(
exp((η(ψ)− η(ψ′))ζ + ζ2(ψ − ψ′))− 1

)
• Ñψ′

,

(4.7)

and for any p > 1 and n ∈ N, there exists Cn ∈ (0,∞) such that

|η(ψ)|+ |η(ψ′)|+ ERψ′

[(
D

(ψ,ψ′)
T

D
(ψ,ψ′)
t

)p ∣∣∣Ft] ≤ Cn, P -a.s., (4.8)

for any (ψ,ψ′) ∈ Ψn ×Ψn.

The proof of this lemma is relegated to Appendix C, and instead we proceed by
defining the Esscher pricing bounds for suitably integrable claims. To this end, we
consider Q(ζ) and Z(ζ), for ζ ∈ {γ, γ̃}, given by

Q(ζ) :=
{
Rψ := Dψ

T ·R0 : Dψ ∈ Z(ζ)
}

and Z(ζ) :=

{
Dψ :=

D
ψ

D
0 : ψ ∈ Ψ

}
.

Definition 4.4. Let ξ be the payoff of an arbitrary claim satisfying

ER0
[|ξ|] ≤ sup

ψ∈Ψ:Rψ∈Q(ζ)

ERψ [|ξ|] = sup
ψ∈Ψ:Dψ∈Z(ζ)

ER0

[
Dψ
T |ξ|

]
<∞, ζ ∈ {γ, γ̃}.

We denote by ]]Y (inf,exp), Y (up,exp)[[ (respectively ]]Y (inf,lin), Y (up,lin)[[) the exponen-
tial Esscher (respectively the linear Esscher) pricing stochastic interval for the claim
ξ, where

Y (inf,exp) := ess inf
ψ∈Ψ: Rψ∈Q(γ)

(Y ψ), Y (up,exp) := ess sup
ψ∈Ψ: Rψ∈Q(γ)

(Y ψ),

Y (inf,lin) := ess inf
ψ∈Ψ: Rψ∈Q(γ̃)

(Y ψ), Y (up,lin) := ess sup
ψ∈Ψ: Rψ∈Q(γ̃)

(Y ψ),

Y ψt := ER0

[
Dψ
T

Dψ
t

e−
∫ T
t
rsdsξ

∣∣∣Ft] , Dψ ∈ Z(ζ), ζ ∈ {γ, γ̃}.

(4.9)

Our main goal of this section resides in describing as explicit as possible the
four processes Y (inf,exp), Y (up,exp), Y (inf,lin), and Y (up,lin) and then singling out
their precise relationship as well. This can be achieved through BSDEs, which are a
“natural” stochastic control tool for non-Markovian models with complex dynamics.
The rest of this section is divided into three subsections. The first subsection gives
some definitions and notation regarding BSDEs with constraints that we naturally
encounter in our analysis. The second subsection is devoted to our main results of
this section, while the last subsection proves these main results.
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4.1. Constrained BSDEs: Definitions and notation. Throughout this sub-
section, we consider a probability measure Q on (Ω,F), and we denote by WQ

and ÑQ the Q-Brownian motion and the compensated Poisson process under Q,
respectively. For any p ∈ (1,∞), throughout the rest of the paper we consider the
spaces Sp(Q), Lp(W,Q), Lp(N,Q), and Ap(Q) and their norms given below. For
any unexplained notation, we refer to Section 2.

Sp(Q) :=

{
X RCLL and F-adapted process : ∥X∥Sp(Q) <∞

}
,

∥X∥pSp(Q) := EQ

[
sup

0≤t≤T
|Xt|p

]
,

Lp(N,Q) :=
{
φ ∈ L(ÑQ, Q) : ∥φ∥Lp(N,Q) <∞

}
,

∥φ∥pLp(N,Q) := EQ

[
(|φ|2 •N)

p/2
T

]
,

Lp(W,Q) :=
{
φ ∈ L(WQ, Q) : ∥φ∥Lp(W,Q) <∞

}
,

∥φ∥pLp(W,Q) := EQ

[(∫ T

0

|φt|2dt

)p/2]
,

Ap(Q) :=
{
V ∈ Aloc(Q) : ∥V ∥Ap(Q) <∞

}
, ∥V ∥pAp(Q) := EQ [(VarT (V ))p] .

Below we introduce constrained BSDEs for models with jumps.

Definition 4.5. Let ξ ∈ Lp(Q) and f and Φ be F-optional functionals in the vari-
ables (t, ω, y, z, u) and Lipschitz in (y, z, u) ∈ R3 such that Φ(t, ω, y, z, u) ≥ 0 P ⊗dt
for almost every (ω, t) and for any (y, z, u).
(a) We call (Y, Z, U,K) an Lp(Q)-solution to the constrained BSDE(f, ξ,Φ)
(CBSDE(f, ξ,Φ) hereafter for short) if the following properties hold: (Y,Z, U,K)
belongs to Sp(Q)× Lp(W,Q)× Lp(N,Q)×Ap(Q), K ∈ V+ and is predictable,

Yt = ξ +

∫ T

t

f(s, Ys, Zs, Us)ds−
∫ T

t

ZsdW
Q
s −

∫ T

t

UsdÑ
Q
s +

∫ T

t

Ksds, Q-a.s.,

and Φ(t, Yt, Zt, Ut) = 0, Q⊗ dt-a.e..

(4.10)

(b) (Ŷ , Ẑ, Û , K̂) is called the smallest Lp(Q)-solution to the CBSDE(f, ξ,Φ), i.e.

(4.10), if it is a solution to this CBSDE(f, ξ,Φ), and Ŷ ≤ Y for any other solution
(Y,Z, U,K) to (4.10).

It is clear, from this definition, that a reflected BSDE is a particular case of a
constrained BSDE, where the constraint factor Φ depends on the value process Y
only (i.e. Φ(t, y, z, u) = Φ(t, y)). In this case, the constraint naturally generates the

Skorokhod condition
∫ T
0
Φ(s, Ys)dKs = 0 Q-a.s..

To our knowledge, CBSDEs appeared for the first time in [16], for the Brow-
nian setting only. The obtained CBSDE, in these papers, was motivated by the
problem of super-replication when there are constraints on the portfolio. Hence,
the constraints in the original problem of super-replication naturally translate into
constraints on the solution of the resulting BSDE. The main challenge that was
noticed by the early days of the CBSDEs lies in the existence of a solution to
those CBSDEs. In fact, in [16], the authors gave a counter-example showing that
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the existence might fail in general. Thus, still in the Brownian setting and under
the assumption that the CBSDE under consideration indeed has a solution, Peng
proved in [37] that the smallest solution exists. Many extensions were attempted
afterwards, for these we refer the reader to [20, 32, 38, 42] and the references therein
to cite a few. However, in all these extensions, the assumption that the constrained
BSDE should admit a solution persists and was not overcome at all, and hence in
our setting these are not applicable.

4.2. Main results on Esscher pricing bounds. This subsection states our main
results on the bounds for the Esscher pricing intervals. In particular, we prove
that the upper and lower bounds of the Esscher pricing interval are solutions to
constrained BSDEs, with different constraints, but having the same driver which is
linear in the solution’s variables (y, z, u). Below we state our main theorem on the
upper bound for the Esscher price processes.

Theorem 4.6. Suppose that (4.2) holds, and T denotes the set of all stopping times
τ such that τ ≤ T P -a.s.. Let p ∈ (1,∞) and ξ ∈ L0(P ), satisfying

ER0

[
(ξ−)p

]
+ sup
τ∈T ,ψ∈Ψ

ER0

[
Dψ
T

Dψ
τ

(ξ+)p

]
<∞. (4.11)

For ψ ∈ Ψ, let (Y (up,exp), Y (up,lin), Y ψ) be defined in (4.9), and Y (n) be given by

Y (n) := ess sup
ψ∈Ψn

(Y ψ), for any n ∈ N.

If Y (up) ∈ {Y (up,exp), Y (up,lin)}, then the following assertions hold.
(a) There exists a triplet (Z(up), U (up),K(up)) such that (Y (up), Z(up), U (up),K(up))
belongs to Sp(R0)×Lp(W,R0)×Lp(N,R0)×A+,p(R0) and is the smallest Lp(R0)-
solution to

dYs =

(
b̃s − rs − γ̃sλs

σs
Zs + λsUs + rsYs

)
ds+ ZsdWs + UsdÑs − dKs,

YT = ξ, P − a.s.,

γ̃sZs − σsUs ≥ 0, P ⊗ ds-a.e.,

∫ T

0

(γ̃sZs − σsUs)dKs = 0, P − a.s..

(4.12)

(b) There exists a unique pair (Z(n), U (n)) ∈ Lp(W,R0) × Lp(N,R0) such that the
triplet (Y (n), Z(n), U (n)) belongs to Sp(R0)×Lp(W,R0)×Lp(N,R0) and is the unique
Lp(R0)-solution to the following BSDE:

Yt = ξ +

∫ T

t

(
ηs(−n)− ηs(0)

γ̃s
σs(γ̃sZs − σsUs)

+

+
ηs(0)− ηs(n)

γ̃s
σs(γ̃sZs − σsUs)

− − rsYs

)
ds

−
∫ T

t

ZsdW
0
s −

∫ T

t

UsdÑ
0
s .

(4.13)

Furthermore, there exists ψn ∈ Ψn such that (Y (n), Z(n), U (n)) = (Y ψn , Zψn , Uψn).
(c) For any n,m ∈ N, Y (n+m) − Y (n) is a nonnegative R0-supermartingale,

Y (n) ≤ Y (n+1) ≤ Y (up), and Y (n) converges pointwise to Y (up). (4.14)
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(d) The triplet (Y (n), Z(n), U (n)) converges to the triplet (Y (up), Z(up), U (up)) in the

space Sp(R0)× Lp(W 0, R0)× Lp(Ñ0, R0). Furthermore, the nondecreasing process

K(n) :=
∫ ·
0
(ηs(0)−ηs(n))γ̃−1

s σs(γ̃sZ
(n)
s −σsU (n)

s )−ds converges to K(up) in the space

A+,p(R0). As a result, there exists a nonnegative and predictable process k(up) such

that K(up) =
∫ ·
0
k
(up)
s ds.

The proof of the theorem is relegated to Subsection 4.3. Theorem 4.6-(a) com-
pletely characterizes the upper bound Y (up) as the smallest solution to a constrained
BSDE with Skorokhod condition. This latter condition makes our resulting con-
strained BSDE novel among the literature and is unique in its kind, as the constraint
of the BSDE does not involve the value process Y (up) at all. Assertion (b) proves
that the “truncated” process Y (n) is the unique solution of a BSDE, and this gives
us the “natural” monotone sequence of BSDEs that converges to the constrained
BSDE (4.12). Further, in contrast to the existing literature, we prove that the pre-
dictable with finite variation part of the solution to the BSDEs in (4.13) (i.e. the
process K(n)) converges in the Ap-norm.

Remark 4.7. The discounted upper Esscher price process Ỹ (up) := e−BY (up) is a
nonnegative R0-supermartingale, and satisfies

Ỹ
(up)
t = ER0

[
ξe−BT +

∫ T

t

η∗s − ηs(0)

γ̃s
σs(γ̃sZ̃

(up)
s − σsŨ

(up)
s )ds+ K̃

(up)
T − K̃

(up)
t

∣∣∣Ft]
Ỹ

(up)
t = ξe−BT +

∫ T

t

η∗s − ηs(0)

γ̃s
σs(γ̃sZ̃

(up)
s − σsŨ

(up)
s )ds−

∫ T

t

Z̃(up)
s dW 0

s

−
∫ T

t

Ũ (up)
s dÑ0

s + K̃
(up)
T − K̃

(up)
t ,

where Z̃(up) := e−BZ(up), Ũ (up) = e−BTU (up), and K̃(up) := e−B •K(up).

Below, we address the lower Esscher bound process, and we prove that it is also
fully characterized by a constrained BSDE. Both CBSDEs (i.e. CBSDEs for upper
bound and lower bound) have the same driver, but different constraints and different
martingale structures naturally.

Theorem 4.8. Suppose (4.2) holds, and let p ∈ (1,∞) and ξ ∈ L0(P ) satisfying

ER0

[
(ξ+)p

]
+ sup
τ∈T ,ψ∈Ψ

ER0

[
Dψ
T

Dψ
τ

(ξ−)p

]
<∞.

For ψ ∈ Ψ, let (Y (inf,exp), Y (inf,lin), Y ψ) be defined in (4.9), and Y
(n)

be given by

Y
(n)

:= ess inf
ψ∈Ψn

(Y ψ), for any n ∈ N.

If Y (inf) ∈ {Y (inf,lin), Y (inf,exp)}, then the following assertions hold.
(a) There exists (Z(inf), U (inf),K(inf)) such that (Y (inf), Z(inf), U (inf),K(inf)) be-
longs to Sp(R0) × Lp(W,R0) × Lp(N,R0) × A+,p(R0) and is the smallest solution
to the constrained BSDE

dYs =

(
b̃s − rs − γ̃sλs

σs
Zs + λsUs + rsYs

)
ds+ ZsdWs + UsdÑs + dKs,

YT = ξ, P − a.s.,

γ̃sZs − σsUs ≤ 0, P ⊗ ds-a.e.,

∫ T

0

(γ̃sZs − σsUs)dKs = 0, P − a.s..
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(b) There exists a unique pair (Z
(n)
, U

(n)
) such that (Y

(n)
, Z

(n)
, U

(n)
) belongs to

Sp(R0) × Lp(W,R0) × Lp(N,R0), and this triplet is the unique solution to the fol-
lowing BSDE:

Yt = ξ −
∫ T

t

(
ηs(0)− ηs(n)

γ̃s
σs(γ̃sZs − σsUs)

+

+
ηs(−n)− ηs(0)

γ̃s
σs(γ̃sZs − σsUs)

− − rsYs

)
ds

−
∫ T

t

ZsdW
0
s −

∫ T

t

UsdÑ
0
s .

(c) For any n,m ∈ N, Y (n) − Y
(n+m)

is a nonnegative R0-submartingale,

Y
(n) ≥ Y

(n+1) ≥ Y (inf) and Y
(n)

converges pointwise to Y (inf). (4.15)

(d) The triplet (Y
(n)
, Z

(n)
, U

(n)
) converges to the triplet (Y (inf), Z(inf), U (inf)) in

the space Sp(R0)×Lp(W 0, R0)×Lp(Ñ0, R0). Furthermore, the nondecreasing pro-

cess K
(n)

:=
∫ ·
0
(ηs(0)− ηs(n)) γ̃

−1
s σs(γ̃sZ

(n)

s − σsU
(n)

s )+ds converges to K(inf) in

A+,p(R0)-norm. As a result, there exists a predictable process k(inf) such that

K(inf) :=
∫ ·
0
k
(inf)
s ds ∈ A+,p(R0).

Proof. Let ξ be a claim and ψ ∈ Ψ, and we denote by Y ψ(ξ) and Y ψ(−ξ) the process
defined in (4.9) associated with the claims ξ and −ξ, respectively. On the one hand,
we denote the unique solution to (4.17) for ξ (respectively −ξ), see Lemma 4.10 be-
low, by (Y ψ(ξ), Zψ(ξ), Uψ(ξ)) (respectively (Y ψ(−ξ), Zψ(−ξ), Uψ(−ξ))), and de-
duce that

(Y ψ(−ξ), Zψ(−ξ), Uψ(−ξ)) = −(Y ψ(ξ), Zψ(ξ), Uψ(ξ)).

On the other hand, due to the simple fact that ess inf
i∈I

(Xi) = −ess sup
i∈I

(−Xi) for any

family of random variables (Xi)i∈I , we deduce that

Y (inf)(ξ) = ess inf
ψ∈Ψ

(Y ψ(ξ)) = −ess sup
ψ∈Ψ

(Y ψ(−ξ)) = −Y (up)(−ξ).

Therefore, by applying Theorem 4.6 to the claim −ξ instead and using these remarks
afterwards, all assertions of the theorem follow immediately, and the proof of the
theorem is complete.

We end this subsection with the following remark.

Remark 4.9. (a) For any claim with payoff ξ and any p ∈ (1,∞), the condition
that we require for both Esscher pricing bounds is

ER0 [|ξ|p] ≤ sup
τ∈T ,ψ∈Ψ

ER0

[
Dψ
T

Dψ
τ

|ξ|p
]
<∞. (4.16)

It is clear that any bounded claim ξ satisfies this assumption.
(b) For any ζ ∈ {γ, γ̃} and any ξ fulfilling (4.16), the processes Y (up) and Y (inf)

are R0-supermartingale and R0-submartingale respectively such that

Y (inf) < Y (ψ) < Y (up), ∀ ψ ∈ Ψ.
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Furthermore, there exist (θup, θinf ) ∈ L(S)×L(S) and a unique pair (L(up),−L(inf))
of strict R0-supermartingales such that the following hold:

Y (inf) = Y
(inf)
0 + θinf • S −K(inf) + L(inf),

Y (up) = Y
(up)
0 + θup • S −K(up) − L(up),{

Q equivalent probability measure : L(up) ∈ Mloc(Q) or L(inf) ∈ Mloc(Q)
}
= ∅.

4.3. Proof of Theorem 4.6. This subsection proves Theorem 4.6. To this end,
we start with intermediate results that we summarize in three lemmas, which are
interesting in and of themselves besides conveying the main ideas of our results.
The first lemma characterizes the process Y ψ, defined in (4.9), in a unique manner
by a BSDE, and elaborates some of its properties that will be useful throughout
the rest of the paper.

Lemma 4.10. Suppose that (4.2) holds, and let p ∈ (1,∞) and ξ ∈ L0(P ) satisfying
(4.11). For any ψ ∈ Ψ, η(ψ) denotes the unique root to (4.3), and Y ψ is defined in
(4.9). Then, the following hold.
(a) For any ψ ∈ Ψ, there exists a unique pair (Zψ, Uψ) ∈ Lp(W,R0) × Lp(N,R0)
such that the triplet (Y ψ, Zψ, Uψ) belongs to Sp(R0)× Lp(W,R0)× Lp(N,R0) and
is the unique solution to

Yt = ξ +

∫ T

t

fψ(s, Ys, Zs, Us)ds−
∫ T

t

ZsdWs −
∫ T

t

UsdÑs,

= ξ +

∫ T

t

hψ(s, Ys, Zs, Us)ds−
∫ T

t

ZsdW
0
s −

∫ T

t

UsdÑ
0
s .

(4.17)

Here, the functionals fψ and hψ are given for any t ∈ [0, T ] and (y, z, u) ∈ R3 by

fψ(t, y, z, u) :=
ηt(ψ)σt
γ̃t

(γ̃tz − σtu)− rty −
( b̃t − rt

γ̃t

)
u,

hψ(t, y, z, u) :=
σt
γ̃t

(
ηt(ψ)− ηs(0)

)
(γ̃tz − σtu)− rty. (4.18)

Furthermore, for any n ≥ 1, there exists Cn ∈ (0,∞) such that for any ψ ∈ Ψn,

∥Y ψ∥Sp(R0) + ∥Zψ∥Lp(W,R0) + ∥Uψ∥Lp(N,R0) + ∥
∫ T

0

|hψ(s, Y ψs , Zψs , Uψs )|ds∥Lp(R0)

≤ Cn∥ξ∥Lp(R0).

(4.19)

(b) Let B be defined in (4.1), ψ ∈ Ψ, and (Y ψ, Zψ, Uψ) be the solution to (4.17).
If we denote

gψ :=
η(ψ)− η(0)

γ̃
σ(γ̃Zψ − σUψ), (4.20)

then we have

e−BtY ψt = ER0

[
e−BT ξ +

∫ T

t

e−Bsgψ(s)ds
∣∣Ft] , t ≥ 0. (4.21)

(c) Let ψi ∈ Ψ, i = 1, 2, and Γ be a predictable set. If ψ3 := ψ1IΓ + ψ2IΓc

(Γc := Ω× [0,∞) \ Γ), then
d(e−BY ψ3) = IΓd(e

−BY ψ1) + IΓcd(e
−BY ψ2),

Zψ3 = Zψ1IΓ + Zψ2IΓc , and Uψ3 = Uψ1IΓ + Uψ2IΓc .
(4.22)
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(d) For any ψi ∈ Ψ, i = 1, 2, there exists ψ3 ∈ Ψ such that

|ψ3| ≤ max (|ψ1|, |ψ2|) , Y ψ3 ≥ max
(
Y ψ1 , Y ψ2

)
, gψ3

= max (gψ1
, gψ2

) . (4.23)

As a result {Y ψ : ψ ∈ Ψ}, {gψ : ψ ∈ Ψ}, {Y ψ : ψ ∈ Ψn}, and {gψ : ψ ∈ Ψn} are
all upward directed.

The proof of the lemma is relegated to Appendix C. Below, we address the process
gψ (see (4.20)), which is associated with the BSDE (4.17), and we show that it can
be controlled uniformly when ψ spans Ψn.

Lemma 4.11. Suppose (4.2) and (4.11) hold. For any (n, ψ) ∈ N×Ψ, we consider
gψ defined in (4.20) and (g̃n, gn, g̃) given by

g̃n(t) := ess sup
ψ∈Ψn

(gψ(t)) ≥ 0, g̃(t) := sup
n≥0

g̃n(t) = ess sup
ψ∈Ψ

(gψ(t)), t ≥ 0,

gn(t) :=
ηt(−n)− ηt(0)

γ̃t
σt(γ̃tZ

(n)
t − σtU

(n)
t )+ +

ηt(0)− ηt(n)

γ̃t
σt(γ̃tZ

(n)
t − σtU

(n)
t )−,

(4.24)

where (Y (n), Z(n), U (n)) constitutes the solution to (4.13). Then, the following as-
sertions hold.
(a) Let ψ ∈ Ψ, and consider ψn := −nIΓn+nIΓcn , where Γn := {γ̃Z(n)−σU (n) ≥ 0}
and Γcn := {γ̃Z(n) − σU (n) < 0} for n ∈ N. Then, we have

e−BtY ψt = ER0

[
ξe−BT +

∫ T

t

e−Bsgψ(s)ds
∣∣Ft] ,

e−BtY
(n)
t = ER0

[
ξe−BT +

∫ T

t

e−Bsgn(s)ds
∣∣Ft] = e−BtY ψnt .

(b) For any n ∈ N, we have

ER0

[∫ T

0

g̃n(t)dt

]

≤ ER0

[∫ T

0

ess sup
ψ∈Ψn

|gψ(t)|dt

]
= sup
ψ∈Ψn

ER0

[∫ T

0

|gψ(t)|dt

]
=: C̃n <∞.

(c) For n ∈ N, g̃n = gn, P ⊗ dt-a.e., and hence (gn)n increases to g̃, P ⊗ dt-a.e..

This lemma is proved in Appendix C, and the following lemma is our last main
technical step for the proof of Theorem 4.6, and it elaborates some inequalities for
the process g̃.

Lemma 4.12. Suppose that r ≡ 0, and consider g̃ defined in (4.24). Then, the
following hold.
(a) For any stopping time τ , we have

ER0

[∫ T

τ

g̃(u)du
∣∣Fτ] ≤ ER0

[
∆+ ξ−

∣∣Fτ ] ,
where ∆ := ess sup

ψ∈Ψ
sup

0≤t≤T
ER0

[Dψ
T (D

ψ
t )

−1ξ+
∣∣Ft].
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(b) For p ∈ (1,∞), there exists a universal constant Cp ∈ (0,∞) (i.e. it depends
on p only), such that

ER0

[(∫ T

0

g̃(u)du

)p]
≤ CpER0

[
(ξ−)p

]
+ Cp sup

τ∈T ,ψ∈Ψ
ER0

[
Dψ
T

Dψ
τ

(ξ+)p

]
.

The proof of this lemma is relegated to Appendix C, and instead we now prove
Theorem 4.6.

Proof of Theorem 4.6. Remark that there is no loss of generality in assuming that
r ≡ 0, which will be enforced throughout this proof. The proof of the theorem is
divided into three parts. The first part proves assertions (b) and (c). The second
part proves assertion (d) and the last two conditions in (4.12), while the third part
addresses assertion (a).
Part 1. We now prove assertion (b). To this end, for s ∈ [0, T ], (y, z, u) ∈ R3 and
n ∈ N, we set

κn(s, y, z, u) :=
ηs(−n)− ηs(0)

γ̃s
σs(γ̃sz − σsu)

+ +
ηs(0)− ηs(n)

γ̃s
σs(γ̃sz − σsu)

−.

It is clear that κn is the driver of BSDE (4.13). By virtue of (4.2) and Lemma 4.3,
there exists a constant Cn ∈ (0,∞) such that

|κn(t, y1, z1, u1)− κn(t, y2, z2, u2)|
≤ Cn|(γ̃sz1 − σsu1)

+ − (γ̃sz2 − σsu2)
+|+ Cn|(γ̃sz1 − σsu1)

− − (γ̃sz2 − σsu2)
−|

≤ 2C2
n (|z1 − z2|+ |u1 − u2|+ |y1 − y2|) .

This proves that the driver κn is Lipschitz. Hence, we deduce that there exists a

unique solution to BSDE (4.13), denoted by (Ỹ (n), Z̃(n), Ũ (n)) and belonging to the
space Sp(R0)×Lp(W,R0)×Lp(N,R0). Thus, assertion (b) will follow immediately
as soon as we prove that

Y (n) = Ỹ (n), and there exists ψn ∈ Ψn such that Ỹ (n) = Y ψn . (4.25)

To this end, we denote Ω̃ := Ω× [0,∞), and set

η∗,n :=
ηs(−n)− ηs(0)

γ̃s
IΓ+

n
+
ηs(n)− ηs(0)

γ̃s
IΩ̃\Γ+

n
, Γ+

n :=
{
γ̃Z̃(n) − σŨ (n) ≥ 0

}
.

Thus, by virtue of equation (4.4), direct calculations show that

η∗,n =
ηs(ψn)− ηs(0)

γ̃s
= η(ψn), where ψn := −nIΓ+

n
+ nIΩ̃\Γ+

n
, ψn ∈ Ψn, (4.26)

and hence we obtain κn(s, Ỹ
(n)
s , Z̃

(n)
s , Ũ

(n)
s ) = hψn(s, Ỹ

(n)
s , Z̃

(n)
s , Ũ

(n)
s ) with hψn de-

fined in (4.18). This implies that (Ỹ (n), Z̃(n), Ũ (n)) is a solution to the BSDE (4.17)
when ψ = ψn. Therefore, the uniqueness of the solution of this latter BSDE is

guaranteed by Lemma 4.10, this yields Ỹ (n) = Y ψn , and the second equality in

(4.25) is proved. As a result of the latter equality, we get Ỹ (n) = Y ψn ≤ Y (n), and
the rest of this part will be focused on proving the reverse inequality. To this end,
we emphasize the following two remarks:
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1) Due to Lemma 4.2, for t ∈ [0, T ], (y, z, u) ∈ R3, and ψ ∈ Ψn, we have

hψ(t, y, z, u) =
σt
γ̃t

(
ηt(ψ)− ηs(0)

)
(γ̃tz − σtu)

+ − σt
γ̃t

(
ηt(ψ)− ηs(0)

)
(γ̃tz − σtu)

−

≤ σt
γ̃t

(
ηt(−n)− ηs(0)

)
(γ̃tz − σtu)

+ − σt
γ̃t

(
ηt(n)− ηs(0)

)
(γ̃tz − σtu)

−

= κn(t, y, z, u).

2) Due to Lemma 4.3, for any ψ ∈ Ψn, we have

Dψ ∈ M(R0), Wψ =W 0 −
∫ ·

0

σs(ηs(ψ)− ηs(0))ds

and Ñψ = Ñ0 +

∫ ·

0

σ2
s

γ̃s
(ηs(ψ)− ηs(0))ds.

Thanks to these two remarks, on the other hand, we derive

Ỹ
(n)
t − Y ψt

=

∫ T

t

(
κn(s, Z̃

(n), Ũ (n))− hψ(t, Z
ψ
s , U

ψ
s )
)
ds−

∫ T

t

(Z̃(n)
s − Zψs )dW

0
s

−
∫ T

t

(Ũ (n)
s − Uψs )dÑ

0
s

≥
∫ T

t

(
hψ(s, Z̃

(n)
s , Ũ (n)

s )− hψ(t, Z
ψ
s , U

ψ
s )
)
ds−

∫ T

t

(Z̃(n)
s − Zψs )dW

0
s

−
∫ T

t

(Ũ (n)
s − Uψs )dÑ

0
s

= −
∫ T

t

(Z̃(n)
s − Zψs )dW

ψ
s −

∫ T

t

(Ũ (n)
s − Uψs )dÑ

ψ
s .

(4.27)

On the other hand, it is clear that Y ψ = Y ψ0 + Zψ • Wψ + Uψ • Ñψ ∈ Mp(Rψ) for
any ψ ∈ Ψ, and

Ỹ
(n)
t = ξ −

∫ T

t

Z̃(n)
s dWψ

s −
∫ T

t

Ũ (n)
s dÑψ

s

−
∫ T

t

ηs(ψ)− ηs(ψn)

γ̃s
σ(γ̃sZ

(n)
s − σsU

(n)
s )ds,

ηs(ψ)− ηs(ψn)

γ̃s
σ(γ̃sZ

(n)
s − σsU

(n)
s ) ≥ 0, P ⊗ dt− a.e.,

and the latter proves that Ỹ (n) is a local Rψ-submartingale. Hence, by combining
this with [41, Lemma 1.9] and using (4.8) afterwards, we deduce the existence of
constants Cn and C ′

n such that

∥Z(n) •Wψ + U (n) • Ñψ∥Mp1 (Rψ) ≤ Cn∥ sup
0≤t≤T

|Y ψnt |∥Lp1 (Rψn )

≤ C ′
n∥ sup

0≤t≤T
|Y ψnt |∥Lp(Rψn ) <∞,

for any p1 ∈ (1, p). This proves that both Z(n)•Wψ and U (n)•Ñψ belong toMp1(Rψ)

for any p1 ∈ (1, p), and hence (Z̃(n)−Zψ)•Wψ−(Ũ (n)−Uψ)•Ñψ belongs toMp1(Rψ).
By combining this fact with (4.27) where we take the conditional expectation under
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Rψ, we get Ỹ (n) ≥ Y ψ for any ψ ∈ Ψn, and hence this yields Y (n) ≤ Ỹ (n). This
ends the proof of (4.25), and the proof of assertion (b) is complete.

To prove assertion (c), we use the definition of the essential supremum, remark
that (Y (n))n is a nondecreasing sequence, and

Y (n) ≤ Y (n+1) ≤ Y (up), and sup
n
(Y (n)) ≤ Y (up). (4.28)

Furthermore, thanks to Lemma 4.10-(d), there exists a sequence (ψk)k ⊂ Ψ such
that

Y (up) = ess sup
ψ∈Ψ

Y ψ = lim
k−→∞

Y ψk .

Thus, as ψk is bounded, there exists nk ∈ N such that ψk ∈ Ψnk , and we deduce

Y (up) = lim
k−→∞

Y ψk ≤ sup
k
Y (nk) ≤ sup

n
Y (n).

A combination of this with (4.28) yields the convergence almost surely of Y (n) to
Y (up). This proves (4.14). To prove the remaining claim of assertion (c), for any
n ≥ 0, we consider the unique solution to (4.13), denoted by (Y (n), Z(n), U (n)), and
thanks to Lemma 4.11-(a), for any n,m ∈ N we derive

Y
(n+m)
t − Y

(n)
t

= ER0

[∫ T

t

(gn+m(u)− gn(u)) du
∣∣Ft]

= ER0

[∫ T

0

(gn+m(u)− gn(u)) du
∣∣Ft]− ∫ t

0

(gn+m(u)− gn(u)) du.

(4.29)

Thus, by virtue of Lemma 4.11-(c), we conclude that Y (n+m) − Y (n) is in fact a
nonnegative supermartingale under R0. This ends the proof of assertion (c).
Part 2. In this part, we prove assertion (d) and the last two conditions in (4.12)
(see assertion (a) of the theorem). To this end, we start by proving the following
properties:

(i) (Y (n), Z(n), U (n)) converges in Sp(R0)× Lp(W,R0)× Lp(N,R0),

(ii) the limit of Y (n) coincides with the process Y (up),

(iii) there exists a subsequence of (Y (n), Z(n), U (n)) that converges P ⊗ dt-a.e..

(4.30)

On the one hand, by combining Lemma 4.12-(b), Lemma 4.11-(c), and the domi-
nated convergence theorem, we deduce that under assumption (4.11), we have

sup
m
E0

[(∫ T

0

(gn+m(u)− gn(u))du

)p]
−→ 0 and E0

[(∫ T

0

(g̃(u)− gn(u))du

)p]
−→ 0.

On the other hand, thanks to (4.29), we get

0 ≤ Y
(n+m)
t − Y

(n)
t = E0

[∫ T

t

(gn+m(u)− gn(u)) du
∣∣Ft]

≤ E0

[∫ T

0

(gn+m(u)− gn(u)) du
∣∣Ft] .
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Then, by combining this latter inequality with Doob’s inequality, we deduce the
existence of a universal constant Cp ∈ (0,∞) such that

sup
m

∥Y (n+m) − Y (n)∥pSp(R0)
≤ Cp sup

m
E0

[(∫ T

0

(gn+m(u)− gn(u))du

)p]
−→ 0.

This implies that (Y (n))n is a Cauchy sequence in Sp(R0)-norm, and hence it con-

verges in this norm to its limit Ỹ ∈ Sp(R0). By combining this with assertion (c)
proved in Part 1, which states that Y (n) converges almost surely pointwise to Y (up),
and the uniqueness of the limit, we obtain the convergence of Y (n) almost surely
pointwise and in the Sp(R0)-norm to Y (up). This proves (ii) in (4.30).

Now we address the convergence of (Z(n), U (n)) in Lp(W,R0)×Lp(N,R0). Thus,
by combining assertion (c) which guarantees that the process Y (n) − Y (n+m) is an
R0-submartingale, and [41, Lemma 1.9] applied to Y (n) − Y (n+m), we obtain a
universal constant Cp such that

∥Z(n+m) − Z(n)∥pLp(W,R0)
+ ∥U (n+m) − U (n)∥pLp(N,R0)

≤ Cp∥Y (n+m) − Y (n)∥pSp(R0)
.

As a result, we conclude the existence of (Z(up), U (up)) ∈ Lp(W,R0) × Lp(N,R0)
such that the triplet (Y (n), Z(n), U (n)) converges to (Y (up), Z(up), U (up)) in the space
Sp(R0)×Lp(W,R0)×Lp(N,R0), and property (i) in (4.30) is proved. Furthermore,
if (Tk)k is a sequence of stopping times that increases to infinity and NTk ≤ k, then
for any k ≥ 1 we have

R0 ⊗
dt

T

(
λeη(0)ζ |U (up) − U (n)|I[[0,Tk]] > ϵ

)
≤ (Tϵ)−1ER0

[∫ Tk

0

λse
ηs(0)ζs |U (up)

s − U (n)
s |ds

]

= (Tϵ)−1ER0

[∫ Tk

0

|U (up)
s − U (n)

s |dNs

]
≤ (Tϵ)−1∥U (up) − U (n)∥pLp(N,R0)

∥
√
NTk∥Lp(R0).

This proves that U (n) converges to U (up) in probability under R0 ⊗ (dt/T ). Then,
there exists a subsequence of (Y (n), Z(n), U (n)) that converges to (Y (up), Z(up), U (up))
in both the space norm and R0 ⊗ dt-a.e.. This proves property (iii) in (4.30), and
the proof of (4.30) is complete.

Therefore, the rest of this part proves that (Y (up), Z(up), U (up)) satisfies the con-
straints and the Skorokhod condition, i.e. the last two conditions in (4.12), and
proves the last statement of assertion (d).

Thus, consider the subsequence (Z(n), U (n)) that converges to (Z(up), U (up)),
R0 ⊗ dt-a.e., which can be obtained due to (4.30). Thus, by combining this with
the fact that ηs(−n)− ηs(0)/γ̃s converges to (η∗s − ηs(0))/γ̃s, R0 ⊗ dt-a.e. due to

Lemma 4.2 -(c), we deduce that (ηs(−n)−ηs(0))γ̃−1
s σs(γ̃sZ

(n)
s −σsU (n)

s )+ converges

to (η∗s − ηs(0))γ̃
−1
s σs(γ̃sZ

(up)
s − σsU

(up)
s )+, R0 ⊗ dt-a.e.. Hence, as gn increases to g̃

in both Ap(R0)-norm and R0 ⊗ dt-a.e. (see Lemmas 4.11 and 4.12), and

gn(s) =
ηs(−n)− ηs(0)

γ̃s
σs(γ̃sZ

(n)
s − σsU

(n)
s )+︸ ︷︷ ︸

=:g
(1)
n (s)

+
ηs(0)− ηs(n)

γ̃s
σs(γ̃sZ

(n)
s − σsU

(n)
s )−︸ ︷︷ ︸

=:g
(2)
n (s)
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we obtain

ER0

[∫ T

0

g
(2)
n (t)

n
dt

]
≤ 1

n
ER0

[∫ T

0

gn(u)du

]
≤ 1

n
ER0

[∫ T

0

g̃(u)du

]
−→ 0.

By combining this latter fact with Fatou’s lemma and the convergence a.e. of

(ηs(0) − ηs(n))σs(γ̃sZ
(n)
s − σsU

(n)
s )−/nγ̃s to ζsσs(γ̃sZ

(up)
s − σsU

(up)
s )−/γ̃s, which

is due to (4.6) in Lemma 4.2-(d) and ζσ/γ̃ > 0, we deduce that

γ̃sZ
(up)
s − σsU

(up)
s ≥ 0 P ⊗ dt− a.e..

This proves that the constraint equation in (4.12) is fulfilled. As both processes∫ ·
0
gn(t)dt and

∫ ·
0
g
(1)
n (t)dt converge in p-variation-norm (i.e. Ap(R0)-norm), we

deduce that Kn(t) :=
∫ t
0
g
(2)
n (s)ds converges in p-variation-norm. Hence, there

exists a nonnegative and adapted process kup such that

K(n) :=

∫ ·

0

g(2)n (s)ds converges in Ap(R0)-norm to

∫ ·

0

kups ds =: Kup.

Therefore, on the one hand, this proves the last statement of assertion (d), and
hence the proof of assertion (d) is complete. On the other hand, as I{γ̃Z(n)−σU(n)≥ϵ}
converges R0⊗dt-almost everywhere to I{γ̃Z(up)−σU(up)≥ϵ} for any ϵ > 0, we deduce
that for any ϵ > 0, we have

0 = ER0

[(
I{γ̃Z(n)−σU(n)≥ϵ} •K(n)

)
T

]
−→ ER0

[(
I{γ̃Z(up)−σU(up)≥ϵ} •Kup

)
T

]
.

This implies, when taking ϵ to zero, that∫ T

0

I{γ̃sZ(up)
s −σsU(up)

s >0}dK
up
s = 0 P -.a.s.,

or equivalently

∫ T

0

(γ̃sZ
(up)
s − σsU

(up)
s )dKup

s = 0 P -.a.s..

This proves the Skorokhod condition (i.e. the last conditions in (4.12)), and Part 2
is complete.
Part 3. This part proves assertion (a). Thanks to Part 2, we consider a subsequence
(Y (n), Z(n), U (n)) that converges to (Y (up), Z(up), U (up)) in both the space norm and

R0 ⊗ dt-a.e., and (Z(n) •W 0
t , U

(n) • Ñ0
t ) converges P -a.s. to (Z(up) •W 0

t , U
(up) • Ñ0

t )
for any t ∈ [0, T ]. Thus, by taking the limit R0 ⊗ dt-a.e. in the BSDE (4.13), or
equivalently in

Y
(n)
t =ξ +

∫ T

t

ηs(−n)− ηs(0)

γ̃s
σs(γ̃sZ

(n)
s − σsU

(n)
s )+ds+K

(n)
T −K

(n)
t

−
∫ T

t

Z(n)
s dW 0

s −
∫ T

t

U (n)
s dÑ0

s ,

we deduce that the quadruplet (Y (up), Z(up), U (up),Kup), which belongs to the space
Sp(R0)×Lp(W,R0)×Lp(N,R0)×A+,p(R0), fulfills (4.12) fully. To prove that this so-
lution is the smallest Lp(R0)-solution, we consider any L

p(R0)-solution (Y, Z, U,K)
of the constrained BSDE (4.12). Note that (Y,Z, U,K) satisfies

dY =
σ

γ̃
(η(0)− η∗)(γ̃Z − σU)dt− dK + ZdW 0 + UdÑ0, YT = ξ.
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A combination of this with arguments similar to those used in (4.27) yields

d(Y − Y ψ)

=
σ

γ̃
(η(0)− η∗)(γ̃Z − σU)dt+

σ

γ̃
(η(ψ)− η(0))(γ̃Zψ − σUψ)dt

+ (Z − Zψ)dW 0 + (U − Uψ)dÑ0 − dK

=
σ

γ̃
(η(ψ)− η∗)(γ̃Z − σU)dt− dK + (Z − Zψ)

(
dW 0 − σ(η(ψ)− η(0))dt

)
+ (U − Uψ)

(
dÑ0 − σ2

γ̃
(η(ψ)− η(0))dt

)
=
σ

γ̃
(η(ψ)− η∗)(γ̃Z − σU)dt+ (Z − Zψ)dWψ + (U − Uψ)dÑψ,

for any ψ ∈ Ψ. By virtue of γ̃Z − σU ≥ 0 and γ̃−1(η(ψ) − η∗) ≤ 0, which is due
to assertions (b) and (c) of Lemma 4.2, we deduce that Y − Y ψ is a local Rψ-
supermartingale. Then again, by following the same arguments after (4.27) of Part
1, which lead to claim that ∥Y − Y ψ∥Sp(Rψ) < ∞, we conclude that Y − Y ψ is in
fact an Rψ-supermartingale p-integrable with null terminal value. This implies that

Yt − Y ψt ≥ ERψ

[
YT − Y ψT

∣∣∣Ft] = 0.

Therefore, Y ≥ Y ψ for any ψ ∈ Ψ, and hence we get Y ≥ ess supψ∈Ψ(Y
ψ) = Y (up).

This proves that Y (up) is the smallest Lp(R0)-solution to the constrained BSDE
(4.12). Hence, assertion (a) follows immediately and the proof of the theorem is
complete.

Appendices.

Appendix A. Local martingale deflators via predictable characteristics.

Theorem A.1. Suppose that S is locally bounded. Then, the following assertions
hold.
(a) Zloc(S) ̸= ∅ if and only if there exists a pair (β, f) such that β is a d-dimensional
predictable process, f is a real-valued positive P ⊗B(R)-measurable functional (i.e.
f > 0),

βtrcβ •A+
√
(f(x)− 1)2 ⋆ µ̃ ∈ A+

loc, and b̃′ + cβ +

∫
(xf(x)− x) F̃ (dx) = 0.

(A.1)

(b) ZL logL
loc (S) ̸= ∅ if and only if there exists a pair (β, f) such that (A.1) holds and

(f(x) ln(f(x))− f(x) + 1) ⋆ µ̃ ∈ A+
loc.

Appendix B. Proofs for Lemmas 3.19, 3.20, 3.21, and 3.23.

Proof of Lemma 3.19: Let θ ∈ L(Y ), and consider the notation given in the lemma.
The proof of the lemma will be achieved in three parts.
1) Here we prove assertion (a). To this end, on the one hand, we remark that
θ ∈ L(Y ) yields I{|θtrx|>ϵ} ⋆ µ

Y =
∑

0<s≤· I{|θtrs ∆Ys|>ϵ} ∈ A+
loc. Hence, we deduce

that

bθ1 := FY
(
{x : |θtrx| > ϵ}

)
<∞ P ⊗ dAY -a.e., and bθ1 ∈ L(AY ). (B.1)
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On the other hand, we have∫
∥x∥I{|θtrx|>ϵ≥∥x∥}F

Y (dx) ≤ ϵFY
(
{x : |θtrx| > ϵ}

)
.

By combining this inequality with (B.1) and bY ∈ L(AY ), we deduce that (3.28)
follows immediately. To prove (3.29), we appeal to the canonical decomposition of
Y (i.e. (2.1)) and use (3.27) and derive

Zθ(Y ) = Y − Uθ(Y )

= Y0 + Y c + bY •AY + hϵ(x) ⋆ (µ
Y − νY )

+
(
x− hϵ(x)

)
⋆ µY − xI{|θtrx|>ϵ or ∥x∥>ϵ} ⋆ µ

Y

= Y0 + Y c + bY •AY + hϵ(x) ⋆ (µ
Y − νY )− xI{∥x∥≤ϵ<|θtrx|} ⋆ µ

Y .

Remark that xI{∥x∥≤ϵ<|θtrx|} ⋆µ
Y ∈ Aloc, and by compensating it and inserting the

compensator process in the above equality, we derive

Zθ(Y ) = Y0 + Y c + bY •AY + hϵ(x) ⋆ (µ
Y − νY )− xI{∥x∥≤ϵ<|θtrx|} ⋆ (µ

Y − νY )

− xI{∥x∥≤ϵ<|θtrx|} ⋆ ν
Y

= Y0 + Y c + bY •AY + xI{∥x∥≤ϵ & |θtrx|≤ϵ} ⋆ (µ
Y − νY )

− xI{∥x∥≤ϵ<|θtrx|} ⋆ ν
Y .

This proves (3.29), and ends the proof of assertion (a).
2) Here we prove assertion (b). To this end, we remark that θ ∈ L(Uθ,1)∩L(Uθ,2).
This obviously implies that θ ∈ L(Uθ(Y )), and hence we deduce that θ ∈ L(Zθ(Y )).
Therefore, θ ∈ L(Y c) ∩ L(Mθ) ∩ L(bθ(Y ) • AY ) is a direct consequence of [41,
Corollaire 2.6] and the fact that both local martingales Y c and Mθ are orthogonal.
Furthermore, by virtue of (3.29), we get

θ • Zθ(Y ) = θ • Y c + θtrxI{∥x∥≤ϵ & |θtrx|≤ϵ} ⋆ (µ
Y − νY ) + θtrbθ(Y ) •AY .

This proves (3.30), and ends the proof of assertion (b).
3) This part proves assertion (c). To this end, we use (3.30), and derive

θ • Y = θ • Zθ(Y ) + θ • Uθ(Y )

= θ • Y c + θtrxI{∥x∥≤ϵ & |θtrx|≤ϵ} ⋆ (µ
Y − νY ) + θtrbθ(Y ) •AY

+ θ • Uθ,1(Y ) + θ • Uθ,2(Y ).

As θ •Uθ,1(Y ) =
∑
θtr∆Y I{|θtr∆Y |≤ϵ<∥∆Y ∥} = θtrxI{|θtrx|≤ϵ<∥x∥} ⋆ µ

Y ∈ Aloc, and
by compensating this process in the above equality, we obtain

θ • Y = θ • Y c + θtrxI{∥x∥≤ϵ & |θtrx|≤ϵ} ⋆ (µ
Y − νY ) + θtrbθ(Y ) •AY

+ θtrxI{|θtrx|≤ϵ<∥x∥} ⋆ (µ
Y − νY )

+ θtrxI{|θtrx|≤ϵ<∥x∥} ⋆ ν
Y + θ • Uθ,2(Y )

= θ • Y c + hϵ(θ
trx) ⋆ (µY − νY )

+ θtrbθ(Y ) •AY + θtrxI{|θtrx|≤ϵ<∥x∥} ⋆ ν
Y + θ • Uθ,2(Y ).

Thus, this equality yields the decomposition (3.31), and the proof of the lemma is
complete.



THE SECOND-ORDER ESSCHER MARTINGALE DENSITIES 55

Proof of Lemma 3.20. 1) This part proves assertion (a). To this end, we derive

eθ
trx+xtrψx − 1− hϵ(θ

trx)

=
(
eθ
trx+xtrψx − 1− θtrx

)
I{|θtrx|≤ϵ} +

(
eθ
trx+xtrψx − 1

)
I{|θtrx|>ϵ}

=
(
eθ
trx+xtrψx − 1− θtrx

)
I{|θtrx|≤ϵ & ∥x∥≤ϵ} + eθ

trx+xtrψxI{|θtrx|≤ϵ<∥x∥}

− (1 + θtrx)I{|θtrx|≤ϵ<∥x∥} − I{|θtrx|>ϵ} + eθ
trx+xtrψxI{|θtrx|>ϵ}.

Remark that the three processes I{|θtrx|>ϵ} ⋆ µ̃, |1 + θtrx|I{|θtrx|≤ϵ<∥x∥} ⋆ µ̃, and

|eθtrx+xtrψx − 1− θtrx|I{|θtrx|≤ϵ & ∥x∥≤ϵ} ⋆ µ̃ belong to A+
loc. Therefore, we deduce

that

∣∣∣∣ exp(θtrx+ xtrψx)− 1− hϵ(θ
trx)

∣∣∣∣ ⋆ µ̃ ∈ A+
loc if and only if

eθ
trx+xtrψx

(
I{|θtrx|>ϵ} + I{|θtrx|≤ϵ<∥x∥}

)
⋆ µ̃ ∈ A+

loc. (B.2)

Similarly, we consider the following decomposition

xeθ
trx+xtrψx − hϵ(x) =x

(
eθ
trx+xtrψx − 1

)
I{∥x∥≤ϵ} + xeθ

trx+xtrψxI{∥x∥>ϵ}

=x
(
eθ
trx+xtrψx − 1

)
I{∥x∥≤ϵ & |θtrx|≤ϵ} − xI{∥x∥≤ϵ<|θtrx|}

+ xeθ
trx+xtrψxI{∥x∥≤ϵ<|θtrx|} + xeθ

trx+xtrψxI{∥x∥>ϵ}.

Thanks to the boundedness of ψ, we deduce that both ∥x∥I{∥x∥≤ϵ<|θtrx|} ⋆ µ̃ and

∥x
(
eθ
trx+xtrψx − 1

)
∥I{∥x∥≤ϵ & |θtrx|≤ϵ}⋆µ̃ belong to A+

loc. Hence, we conclude that

∥x exp(θtrx+ xtrψx)− hϵ(x)∥ ⋆ µ̃ ∈ A+
loc if and only if

∥x∥eθ
trx+xtrψx

(
I{∥x∥>ϵ} + I{∥x∥≤ϵ<|θtrx|}

)
⋆ µ̃ ∈ A+

loc. (B.3)

As a result, (3.32) holds if and only if (B.2) and (B.3) hold, or equivalently (3.4) is
fulfilled. This ends the proof of assertion (a).
2) Here we prove assertion (b). To this end, throughout this part we suppose that
(3.4) holds. On the one hand, we combine this latter assumption with the fact that
(I{∥x∥>ϵ} + I{|θtrx|>ϵ}) ⋆ µ̃ ∈ A+

loc and derive

|eθ
trx+xtrψx − 1|I{∥x∥>ϵ or |θtrx|>ϵ} ⋆ µ̃

≤ |eθ
trx+xtrψx − 1|I{∥x∥>ϵ} ⋆ µ̃+ |eθ

trx+xtrψx − 1|I{|θtrx|>ϵ} ⋆ µ̃

≤
[
∥x∥
ϵ
eθ
trx+xtrψx + 1

]
I{∥x∥>ϵ} ⋆ µ̃+

[
eθ
trx+xtrψx + 1

]
I{|θtrx|>ϵ} ⋆ µ̃ ∈ A+

loc.

(B.4)

On the other hand, as ((θtrx)2I{|θtrx|≤ϵ} ⋆ µ̃ ≤ I{|θtr∆X̃|≤ϵ} • [θ • X̃, θ • X̃] ∈ A+
loc due

to θ ∈ L(X̃), we deduce that

(eθ
trx+xtrψx − 1)2I{|θtrx|≤ϵ & ∥x∥≤ϵ} ⋆ µ̃

≤ Cϵ
(
(θtrx)2 + |xtrψx|

)
I{|θtrx|≤ϵ & ∥x∥≤ϵ} ⋆ µ̃ ∈ A+

loc.
(B.5)
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Thus,
√
(eθtrx+xtrψx − 1)2 ⋆ µ̃ ∈ A+

loc follows immediately from combining (B.5),
(B.4), and the fact that√

(eθtrx+xtrψx − 1)2 ⋆ µ̃ ≤
√
(eθtrx+xtrψx − 1)2I{max(|θtrx|,∥x∥)≤ϵ} ⋆ µ̃

+ |eθ
trx+xtrψx − 1|I{∥x∥>ϵ or |θtrx|>ϵ} ⋆ µ̃.

This proves assertion (b).
3) Here we prove assertion (c). Thus, we suppose that (3.4) and (3.5) hold and

|ex
trψx − 1| ⋆ µ̃ ∈ A+

loc. (B.6)

Then, we remark that it is easy to prove the following implication:

If (3.4) holds, then | exp(θtrx+ xtrψx)− 1− θtrhϵ(x)| ⋆ µ̃ ∈ A+
loc. (B.7)

In fact, this follows immediately from combining

|eθ
trx+xtrψx − 1− θtrhϵ(x)|

= |eθ
trx+xtrψx − 1− θtrx|I{∥x∥≤ϵ} + |eθ

trx+xtrψx − 1|I{∥x∥>ϵ}
≤ |xtrψx|eαθ

trx+αxtrψxI{∥x∥≤ϵ} + (eθ
trx+xtrψx + 1)I{∥x∥>ϵ}

≤ ϵ2∥ψ∥eθ
trx+xtrψxI{|θtrx|>ϵ} + Cϵ|xtrψx|I{∥x∥≤ϵ} + (eθ

trx+xtrψx + 1)I{∥x∥>ϵ},

which holds for some α ∈ [0, 1] and some Cϵ > 0 due to Taylor’s expansion with the

fact (eθ
trx+xtrψx + 1)I{∥x∥>ϵ} ⋆ µ̃+ |xtrψx|I{∥x∥≤ϵ} ⋆ µ̃ ∈ A+

loc and (3.4).

Thus, by virtue of (B.7), it is clear that |θtrxeθtrx+xtrψx − eθ
trx+xtrψx + 1| ⋆ µ̃

belongs to A+
loc if and only if |θtrxeθtrx+xtrψx − θtrhϵ(x)| ⋆ µ̃ ∈ A+

loc, and hence
assertion (c) follows immediately as soon as we prove the latter property. To this
end, on the one hand, we remark that we always have

θtrxeθ
trx+xtrψx − θtrhϵ(x)

= ex
trψx

(
(θtrx)eθ

trx − eθ
trx + 1

)
+
(
eθ
trx+xtrψx − 1− θtrhϵ(x)

)
+ (1− ex

trψx).

Thus, a combination of this latter equality with (B.6) and (B.7) allows us to conclude
that ∫ (

θtrxeθ
trx+xtrψx − θtrhϵ(x)

)
F̃ (dx)

= θtr b̃+ θtrcθ ∈ L(A) iff |eθ
trx+xtrψx − 1− θtrhϵ(x)| ⋆ µ̃ ∈ A+

loc,

where the equality above is due to (3.5). On the other hand, by combining θ ∈ L(S),
(3.4), and (B.7), we deduce the following properties:

a) θtrcθ ∈ L(A) (due to θtrcθ •A ≤ I{|θtr∆X̃|≤ϵ} • [θ •X̃, θ •X̃] ∈ A+
loc), or equivalently

θ ∈ L1(Xc),
b) θ ∈ L1

loc(hϵ(x) ⋆ (µ̃− ν̃))∩L((x− hϵ(x)) ⋆ µ̃). This follows directly from the fact
that |hϵ(θtrx)− θtrhϵ(x)| ⋆ µ̃ ∈ A+

loc , which is a direct consequence of assertion (a)
and (B.7). This ends the proof of assertion (c).
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4) Here we prove assertion (d). First, we remark that(
eθ
trx+xtrψx − 1

)
(e(x)− Id)

=
(
eθ
trx+xtrψx − 1

)
(e(x)− Id)I{|θtrx|>α}

+
(
eθ
trx+xtrψx − 1

)
(e(x)− Id)I{|θtrx|≤α}

= eθ
trx+xtrψx(e(x)− Id)I{|θtrx|>α} − (e(x)− Id)I{|θtrx|>α}

+
(
eθ
trx+xtrψx − 1

)
(e(x)− Id)I{|θtrx|≤α}.

As S and ψ are locally bounded, it is clear that

∥e(x)− Id∥I{|θtrx|>α} ⋆ µ+ ∥
(
eθ
trx+xtrψx − 1

)
(e(x)− Id)∥I{|θtrx|≤α} ⋆ µ ∈ A+

loc.

Furthermore, eθ
trx+xtrψx∥e(x)− Id∥I{|θtrx|>α} ⋆ µ ∈ A+

loc if and only if

eθ
trx∥e(x)− Id∥I{|θtrx|>α} ⋆ µ ∈ A+

loc. (B.8)

Second, we derive

eθ
trx+xtrψx − 1− hϵ(θ

trx)

=
(
eθ
trx+xtrψx − 1− θtrx

)
I{|θtrx|≤ϵ} +

(
eθ
trx+xtrψx − 1

)
I{|θtrx|>ϵ}

=
(
eθ
trx+xtrψx − 1− θtrx

)
I{|θtrx|≤ϵ} − I{|θtrx|>ϵ} + eθ

trx+xtrψxI{|θtrx|>ϵ}.

On the one hand, it is clear that both
(
eθ
trx+xtrψx − 1− θtrx

)
I{|θtrx|≤ϵ} ⋆ µ and

I{|θtrx|>ϵ} ⋆ µ belong to Aloc. On the other hand, eθ
trx+xtrψxI{|θtrx|>ϵ} ⋆ µ ∈ A+

loc

if and only if

eθ
trxI{|θtrx|>ϵ} ⋆ µ ∈ A+

loc. (B.9)

Thanks to the local boundedness of S, it is clear that (B.9) implies (B.8). Thus,
this proves that (3.34) is equivalent to (3.19), and the proof of assertion (d) is
complete.

Proof of Lemma 3.21. Remark that the proof of assertion (b) follows the same foot-
steps of the end of part 1 in the proof of Theorem 3.4, while using the fact that (3.38)

always holds when X̃ is locally bounded and

√
(exp(θ̂trx+ xtrψx)− 1)2 ⋆ µ̃ ∈ A+

loc

holds as well. Thus, the rest of the proof concerns assertion (a). To this end, for

any θ and any ϵ ∈ R, we set θ := θ̂ + ϵ(θ − θ̂) =: θ̂ + ϵ∆, and

f(θ) := θtr b̃Q +
1

2
θtrcQθ +

∫ (
exp(θtrx)− 1− θtrx

)
F̃Q(dx).
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Then, we derive

f(θ)− f(θ̂)

= ϵ∆trcQθ̂ +
ϵ2

2
∆trcQ∆+ ϵ∆tr b̃Q +

∫ (
eθ̂
trx(eϵ∆

trx − 1)− ϵ∆trx
)
F̃Q(dx)

= ϵ∆tr

(
b̃Q + cQθ̂ +

∫ (
xeθ̂

trx − x
)
F̃Q(dx)

)
+
ϵ2

2
∆trcQ∆

+

∫
eθ̂
trx(eϵ∆

trx − 1− ϵ∆trx)F̃Q(dx),

(B.10)

and hence when ϵ goes to zero, we get

f(θ)− f(θ̂)

ϵ
−→ ∆tr

(
b̃Q + cQθ̂ +

∫ (
xeθ̂

trx − x
)
F̃Q(dx)

)
.

Therefore, assertion (a) follows immediately from combining this, (B.10), and the

fact that both terms ϵ2

2 ∆
trc∆ and

∫
eθ̂
trx(eϵ∆

trx − 1− ϵ∆trx)F̃Q(dx) are nonneg-
ative.

Proof of Lemma 3.23. The proof of the lemma is achieved in two parts.
1) Here we prove Z := E(β • Xc + (g − 1) ⋆ (µ − ν)) ∈ Zloc(S) if and only if

Z ′ := E(β •Xc+(g−1)⋆ (µ− ν̂)) ∈ Zloc(Ŝ, Ẑ). To this end, on the one hand thanks
to [15, Lemma 2.4-(1)], we deduce that Z ∈ Zloc(S) if and only if

(ex − 1)(g − 1) ⋆ µ ∈ Aloc and

b̃′ + cβ +

∫
xf(x)(g(x)− 1)F (dx) ≡ 0 P ⊗ dA− a.e..

(B.11)

On the other hand, by stopping we can assume without loss of generality that

Ẑ ∈ M, and we set Q̂ := ẐT ·P . Then, by virtue of [15, Lemma 2.4-(1)] again applied

to (Ŝ, Q̂), we conclude that Z ′ ∈ Zloc(Ŝ, Q̂) if and only if x(g − 1) ⋆ µ ∈ Aloc(Q̂)
and

b′+
c

2
+

∫
(ex−1−x)F (dx)+cβ+

∫
x(g(x)−1)f(x)F (dx) ≡ 0, P⊗dA−a.e.. (B.12)

On the one hand, thanks to b̃′ = b′ + c/2 +
∫
(ex − 1− x)F (dx), it is clear that the

second equation in (B.11) coincides with (B.12). On the other hand, it is easy to

prove that x(g− 1) ⋆ µ ∈ Aloc(Q̂) if and only if (ex − 1)(g− 1) ⋆ µ ∈ Aloc, and both
these conditions hold. In fact, we remark that

|(ex − 1)(g − 1)| ⋆ µ

=
∑

|(e∆X − 1)(g(∆X)− 1)| ≤
√∑

(e∆X − 1)2
√∑

(g(∆X)− 1)2

≤ C
√
[X,X]

√
(g − 1)2 ⋆ µ.

As [X,X] is locally bounded and
√
(g − 1)2 ⋆ µ belongs to A+

loc, we deduce that√
[X,X]

√
(g − 1)2 ⋆ µ ∈ A+

loc. Hence, we conclude that |(ex − 1)(g − 1)| ⋆ µ ∈ A+
loc

and the first part is complete.

2) Here we prove that Z ln(Z) is a special semimartingale if and only if ẐZ ′ ln(Z ′)
is a special semimartingale. By stopping, we can assume without loss of generality

that Ẑ ∈ M and set Q̂ := Ẑ∞·P . Then, the problem reduces to proving that Z ln(Z)
is a special semimartingale if and only if Z ′ ln(Z ′) is a special semimartingale under
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Q̂. Thanks to the entropy-Hellinger process defined in [13, Definition 4.3] and [13,

Lemma 3.2], the claim becomes hE(Z,P ) ∈ A+
loc if and only if hE(Z ′, Q̂) ∈ A+

loc.
Thus, [13, Proposition 3.5] yields

hE(Z,P ) =
1

2
βcβ •A+ (g ln(g)− g + 1) ⋆ ν

and hE(Z ′, Q̂) =
1

2
βcβ •A+ (g ln(g)− g + 1) ⋆ ν̂.

Hence, as ν̂(dt, dx) = f(x)ν(dt, dx) and f is locally bounded and locally bounded
away from zero, we deduce that the claim holds. This ends the proof of the
lemma.

Appendix C. Proofs for Lemmas 4.2, 4.3, 4.10, 4.11, and 4.12.

Proof of Lemma 4.2. 1) The continuity of Φ is obvious, while the facts Φ(∞) = ∞,
Φ(−∞) = −∞, and Φ′(x) = σ2 + λγ̃ζex > 0 follow from λ > 0, σ > 0, and
ζγ̃ > 0. Thus, Φ−1 (the inverse function) exists, and direct calculations yield (4.4).
Furthermore, by virtue of (4.2), for any ψ ∈ Ψ there exists C ′

ψ ∈ (0,∞) such that

|ζψ| + |ζ(r − b̃ + λγ̃) + σ2ζ2ψ| ≤ C ′
ψ P ⊗ dt-a.e., and for any C1 > 0, there exists

C2 ∈ (0,∞) such that −C2 ≤ Φ−1(C1) ≤ C2. Thus, by combining these, we get the
existence of Cψ > 0 such that |η(ψ)| ≤ Cψ P ⊗ dt-a.e.. This proves assertion (a).
2) To prove assertion (b), we remark that due to ζγ̃ > 0, we have

∂η(ψ)

γ̃∂ψ
=
ζ

γ̃

(
σ2

σ2 + λγ̃ζ exp(Φ−1(∆ψ))
− 1

)
< 0, where ∆ψ := ζ(r−b̃+λγ̃)+σ2ζ2ψ.

This proves assertion (b).
3) Thanks to assertion (b), we know that η(ψ)/γ̃ is decreasing with respect to ψ,
thus both

l∞ := lim
x−→−∞

η(x)

γ̃
=
η(−∞)

γ̃
and l̄∞ := lim

x−→∞

η(x)

γ̃
=
η(∞)

γ̃

exist and belong to [−∞,∞]. On the one hand, remark that due to (4.3), we have

η(ψ)/γ̃ ≤
(
r − b̃+ λγ̃

)
/γ̃σ2 =: ∆up <∞, for any ψ.

A combination of this fact and assertion (b) yields −∞ < η(0)/γ̃ ≤ l∞ ≤ ∆up <∞.
Then, by letting ψ to go to −∞ in (4.3), we obtain the first equality in (4.5). To
prove the second equality in (4.5), we note that l̄∞ ≤ ∆up < ∞, and we use (4.3)
to contradict the assumption l̄∞ > −∞. This ends the proof of assertion (c).
4) Notice that the second inequality in (4.6) is a direct consequence of

η(0)− η(ψ)

γ̃
=
ζψ

γ̃

(
1− σ2

σ2 + λγ̃ζ exp(Φ−1(∆′
ψ))

)

≤ ζψ

γ̃
, where ∆′

ψ ∈ [∆0,∆ψ], for any ψ ≥ 0.

The first equality in (4.6) follows from (4.4), which yields

η(n)

nγ̃
= − ζ

γ̃
+

Φ−1(∆0 + ζ2σ2n)

nζγ̃
,

and the fact that Φ(x)/x goes to infinity with x (or equivalently Φ−1(y)/y goes to
zero when y goes to infinity. This ends the proof of the lemma.
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Proof of Lemma 4.3 . For any ψ ∈ Ψ, we denote

M
ψ
:= η(ψ)σ •W +

(
exp(η(ψ)ζ + ζ2ψ)− 1

)
• Ñ ∈ Mloc.

Then, we calculate the predictable quadratic variation of M
ψ
, under P , as follows:

⟨Mψ
,M

ψ⟩ =
∫ ·

0

{
η(ψ)2sσ

2
s + λs

(
exp(ηs(ψ)ζs + ζ2sψs)− 1

)2}
ds.

Then, thanks to Lemma 4.2-(a), for any ψ ∈ Ψ, there exists Cψ ∈ (0,∞) such that

⟨Mψ
,M

ψ⟩ ≤ CψT , and hence ⟨Mψ
,M

ψ⟩ is bounded. This yields Dψ ∈ M for any
ψ ∈ Ψ, and assertion (a) is proved. Assertion (b) follows from combining Girsanov’s
theorem and (4.3). Thus, the rest of this proof focuses on proving assertion (c).
To this end, we start by considering (ψ,ψ′) ∈ Ψ × Ψ, applying Yor’s formula to

1/D
ψ′

and after that to the product D
ψ
/D

ψ′

, and then to conclude that (4.7)
follows immediately. To prove (4.8), we use Lemma 4.2 and deduce that there
exists C ′

n ∈ (0,∞) such that

sup
ψ∈Ψn

|η(ψ)
γ̃

| ≤ sup
ψ∈Ψn

|η(ψ)− η(0)

γ̃
|+ |η(0)

γ̃
| ≤ η(−n)− η(n)

γ̃
+ |η(0)

γ̃
| ≤ C ′

n. (C.1)

Thanks to [15, Proposition 3.5] and (4.7), we calculate the Hellinger process of order

p for D(ψ,ψ′) under Rψ′ as follows:

dh
(p)
t (D(ψ,ψ′), Rψ′)

dt

=
1

2
(ηt(ψ)− ηt(ψ

′))2σ2
t + λ exp(η(ψ′)ζ + ζ2ψ′)

ep∆(ψ,ψ′) − 1− p(e∆(ψ,ψ′) − 1)

p(p− 1)
,

∆(ψ,ψ′) := (η(ψ)− η(ψ′))ζ + ζ2t (ψ − ψ′).

Thus, by combining this with (C.1), we deduce the existence of Cn ∈ (0,∞) such
that

|η(ψ)|+ |η(ψ′)|+ h
(p)
t (D(ψ,ψ′), Rψ′) ≤ Cn, for any ψ ∈ Ψn, P ⊗ dt-a.e..

Hence, thanks to [15, Theorem 3.9], this latter property implies (4.8). This ends
the proof assertion (c), and the proof of the lemma is complete.

Proof of Lemma 4.10. 1) Herein we prove that for any n ≥ 1, there exists a positive
constant Cn such that

∥ sup
0≤t≤T

|Y ψt |∥Lp(R0) ≤ Cn∥ξ∥Lp(R0), for any ψ ∈ Ψn, (C.2)

and we prove assertion (a) afterwards. To this end, we consider n ≥ 1, and use
Lemma 4.3-(c), more precisely (4.8) with ψ′ ≡ 0, and deduce that the R0-martingale

Dψ = D(ψ,0) = D
ψ
/D

0
fulfills the reverse-Hölder inequality of order q := p/(p− 1)

(usually this is denoted by Dψ ∈ Rq(R0)). In other words, there exists a positive
constant Cψ ∈ (0,∞) such that

ER0

[(
Dψ
T

Dψ
t

)q ∣∣Ft] ≤ Cψ, P -a.s. t ∈ [0, T ].

Thus, by combining this fact with [14, Theorem 2.10], Y ψT = ξ, and the fact that
exp(−

∫ ·
0
rsds)Y

ψ is a martingale under Rψ, inequality (C.2) follows immediately.
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Then, due to assumption (4.2), the inequality implies that Y ψ is a special semi-
martingale under R0, and its Doob-Meyer’s decomposition is given by

Y ψ = Y ψ0 +Mψ +Aψ, Mψ ∈ Mloc(R0), Aψ ∈ Aloc(R0) and is predictable.
(C.3)

Thus, Lemma 4.3-(c) again guarantees that Mψ ∈ bmoq(R0), and hence, thanks to

[14, Theorem 4.5], we conclude the existence of Cn ∈ (0,∞) such that

∥Y ψ0 ∥Lp(R0) + ∥[Mψ,Mψ]
1/2
T ∥Lp(R0) + ∥VarT (Aψ)∥Lp(R0) ≤ Cn∥ sup

0≤t≤T
|Y ψt |∥Lp(R0).

(C.4)
By combining (C.2) and (C.4), under assumption (4.2), we get Mψ ∈ Mp(R0), and
due to the martingale representation theorem, we obtain a unique pair (Zψ, Uψ)
that belongs to Lp(W,R0)× Lp(N,R0) and

Y ψ = Y ψ0 + Zψ •W 0 + Uψ • Ñ0 +Aψ. (C.5)

Then, as exp(−
∫ ·
0
rsds)Y

ψ ∈ Mloc(Rψ), this equality and Girsanov’s theorem yield

Aψ = −
∫ ·

0

(
(ηs(ψ)− ηs(0))

σs
γ̃s

(γ̃sZ
ψ
s − σUs)− rsY

ψ
s

)
ds. (C.6)

On the one hand, by combining this latter claim with (C.4), (C.3), and (C.2),
inequality (4.19) follows immediately. On the other hand, by combining (C.6),

(C.5), and Y ψT = ξ, the second equality in (4.17) follows immediately, while the first
equality is a direct consequence of the second one and Girsanov’s theorem. This
ends the proof of assertion (a).
2) Here we prove assertion (b). Then, we remark that for ψ ∈ Ψ, the processes

Zψ •W 0 and Uψ • Ñ0 are R0-martingales (due to assertion (a)), where (Y ψ, Zψ, Uψ)
denotes the solution to (4.17). Thus, by taking the conditional expectation under
R0 on both sides of (4.17), equality (4.21) follows immediately.
3) This part proves assertions (c) and (d). To this end, we remark that assertion
(d) is a direct consequence of assertion (c). In fact, for any ψi ∈ Ψ, i = 1, 2, we
set Γ := {gψ1 > gψ2}, and then ψ3 := ψ1IΓ + ψ2IΓc satisfies (4.23). As a direct
consequence of these inequalities, we deduce that all four sets of assertion (d) are
upward directed. This proves assertion (d), and the rest of this proof focuses on
proving assertion (c). Therefore, on the one hand, we consider ψi ∈ Ψ, i = 1, 2, Γ
a predictable set, and define the quadruplet (ψ3, Y , Z, U) of processes by

ψ3 := ψ1IΓ + ψ2IΓc , dY := IΓd(e
−BY ψ1) + IΓcd(e

−BY ψ2), Y T := e−BT ξ,

Z := e−BZψ1IΓ + e−BZψ2IΓc , U := e−BUψ1IΓ + e−BUψ2IΓc .
(C.7)

On the other hand, for any ψ ∈ Ψ, the triplet (e−BY ψ, e−BZψ, e−BUψ) is the
unique solution to the following BSDE:

Yt = e−BT ξ +

∫ T

t

(ηs(ψ)− ηs(0))
σs
γ̃s

(γ̃sZs − σsUs) ds−
∫ T

t

ZsdW
0
s −

∫ T

t

UsdÑ
0
s .

(C.8)
Thus, by virtue of the notation in (C.7) and using (C.8) for each e−BY ψi , i = 1, 2,
we easily derive

Y t := e−BT ξ+

∫ T

t

(ηs(ψ3)−ηs(0))
σs
γ̃s

(
γ̃sZs − σsUs

)
ds−

∫ T

t

ZsdW
0
s −
∫ T

t

UsdÑ
0
s .
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This proves that (Y , Z, U) is a solution to (C.8) when ψ = ψ3. Then, due to the
uniqueness of the solution to this BSDE, we deduce that (Y , Z, U) coincides with
(e−BY ψ3 , e−BZψ3 , e−BUψ3), and hence (4.22) follows immediately. This proves
assertion (c) and completes the proof of the lemma.

Proof of Lemma 4.11 . It is clear that assertion (a) follows immediately from Lemma
4.10 (see assertion (b), (c), and (d)). To prove assertion (b), we remark that there
exists a sequence (ψk)k ⊂ Ψn such that |gψk | converges P ⊗ dt-almost everywhere
to ess sup

ψ∈Ψn

|gψ|. Then, thanks to Fatou, we derive

ER0

[∫ T

0

g̃n(t)dt

]
≤ ER0

[∫ T

0

ess sup
ψ∈Ψn

|gψ(t)|dt

]
= ER0

[∫ T

0

lim
k−→∞

|gψk(t)|dt

]

≤ lim
k−→∞

ER0

[∫ T

0

|gψk(t)|dt

]
≤ sup
ψ∈Ψn

ER0

[∫ T

0

|gψ(t)|dt

]
= C̃n.

Thus, by combining this inequality with Lemma 4.10-(a) (see (4.19) precisely),
assertion (b) follows immediately.

To prove assertion (c) we notice that due to Lemma 4.10-(c)-(d), we always have
gn = gψn ≤ g̃n, and the rest of the proof focuses on the converse inequality. Let
(ψk)k ⊂ Ψn such that gψk converges to g̃n, P ⊗dt-a.e.. Hence, by virtue of assertion
(b) (which implies that ess sup

ψ∈Ψn

|gψ| ∈ L1(R0 ⊗ dt)) and the dominated convergence

theorem, this convergence holds in L1(P ⊗ dt). Thus, we derive

E

[
eBt−BT ξ +

∫ T

t

eBt−Bu g̃n(u)du
∣∣Ft]

= lim
k−→∞

E

[
eBt−BT ξ +

∫ T

t

eBt−Bugψk(u)du
∣∣Ft]

= lim
k−→∞

Y ψkt ≤ Y
(n)
t = E

[
eBt−BT ξ +

∫ T

t

eBt−Bugn(u)du
∣∣Ft] .

Then, by setting t = 0 and taking expectation under R0 afterwards, we get

E

[∫ T

0

e−Bu g̃n(u)du

]
≤ E

[∫ T

0

e−Bugn(u)du

]
.

Thus, by combining this with gn ≤ g̃n P ⊗ dt-a.e., we obtain gn = g̃n, P ⊗ dt-a.e..
This ends the proof of the lemma.

Proof of Lemma 4.12. Let τ be a stopping time. Thanks to Lemma 4.11-(a), for
any n ≥ 1, we derive

ER0

[∫ T

τ

gn(s)ds
∣∣Fτ] = ER0

[
−ξ + Y (n)

τ

∣∣Fτ] = ER0

[
−ξ + Y ψnτ

∣∣Fτ ]
≤ ER0

[
ξ− + ess sup

ψ∈Ψ
sup
τ∈T

(Y ψτ )+
∣∣Fτ] .

Then, by combining this inequality with (4.9), assertion (a) follows immediately.
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To prove assertion (b), we apply Garsia’s lemma to the predictable process∫ ·
0
g̃(u)du, see [18, Theorem 99], and use assertion (a) to derive

ER0

[(∫ T

0

g̃(u)du

)p]
≤ CpER0

[
(ξ−)p

]
+ CpER0

[(
ess sup
ψ∈Ψ

sup
τ∈T

(Y ψτ )+

)p]

= CpER0

[
(ξ−)p

]
+ Cp sup

ψ∈Ψ
ER0

[(
sup
τ∈T

(Y ψτ )+
)p]

.

(C.9)

The latter equality follows from combining the convergence monotone theorem and
Lemma 4.10-(d), which states that the family {Y ψ : ψ ∈ Ψ} is upward direct.

Now note that supτ∈T (Y
ψ
τ )+ ≤ sup0≤t≤T ER0

[Dψ
T ξ

+(Dψ
t )

−1
∣∣∣Ft], and consider

τa := inf{t ≥ 0 : (Y ψt )+ > a}, a ∈ (0,∞), inf(∅) := ∞.

Then, we have

pap−1R0

(
sup

0≤t≤T
(Y ψt )+ > a

)
≤ pap−1R0 (τa ≤ T )

≤ pap−2ER0
[(Y ψτa)

+I{τa≤T}]

≤ pap−2ER0

[
Dψ
T

Dψ
T∧τa

ξ+I{ sup
0≤t≤T∧τa

(Y ψt )+≥a}

]
.

(C.10)

These are due to (τa ≤ T ) ⊂ ((Y ψT∧τa)
+ ≥ a) ⊂ (sup0≤t≤T∧τa(Y

ψ
t )+ ≥ a). Then, by

integrating with respect to da on both sides of (C.10) and setting q := p/(p − 1),
we get

∥ sup
0≤t≤T

(Y ψt )+∥pLp(R0)

≤ qER0

[
Dψ
T

Dψ
T∧τa

ξ+
(

sup
0≤t≤T∧τa

(Y ψt )+
)p−1

]

= qERψ

[
ξ+

Dψ
T∧τa

(
sup

0≤t≤T∧τa
(Y ψt )+

)p−1
]

≤ q∥ξ+(Dψ
T∧τa)

−1/p∥Lp(Rψ)∥(D
ψ
T∧τa)

−1/q

(
sup

0≤t≤T∧τa
(Y ψt )+

)p−1

∥Lq(Rψ)

= q
(
ER0

[Dψ
T (D

ψ
T∧τa)

−1(ξ+)p]
)1/p

∥ sup
0≤t≤T∧τa

(Y ψt )+∥p/qLp(R0)

≤ q
(
ER0 [D

ψ
T (D

ψ
T∧τa)

−1(ξ+)p]
)1/p

∥ sup
0≤t≤T

(Y ψt )+∥p/qLp(R0)
.

By combining this latter inequality with ∥ sup0≤t≤T (Y
ψ
t )+∥Lp(R0) < ∞ (which is

due to Lemma 4.10-(a)), we get

∥ sup
0≤t≤T

(Y ψt )+∥Lp(R0) ≤ q sup
τ∈T ,ψ∈Ψ

(
ER0

[Dψ
T (D

ψ
T∧τa)

−1(ξ+)p]
)1/p

. (C.11)

Thus, assertion (b) follows from combining (C.9) and (C.11). This ends the proof
of the lemma.
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