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A B S T R A C T

When dealing with shallow water simulations, the velocity profile is often assumed to be
constant along the vertical axis. However, since in many applications this is not the case,
modeling errors can be significant. Hence, in this work, we deal with the Shallow Water
Linearized Moment Equations (SWLME), in which the velocity is no longer constant in the
vertical direction, where a polynomial expansion around the mean value is considered. The
linearized version implies neglecting the non-linear terms of the basis coefficients in the higher
order equations. As a result, the model is always hyperbolic and the stationary solutions can
be more easily computed. Then, our objective is to propose an efficient, accurate and robust
numerical scheme for the SWLME model, specially adapted for low Froude number situations.
Hence, we describe a semi-implicit second order exactly fully well-balanced method. More
specifically, a splitting is performed to separate acoustic and material phenomena. The acoustic
waves are treated in an implicit manner to gain in efficiency when dealing with subsonic flow
regimes, whereas the second order of accuracy is achieved thanks to a polynomial reconstruction
and Strang-splitting method. We also exploit a reconstruction operator to achieve the fully well-
balanced character of the method. Extensive numerical tests demonstrate the well-balanced
properties and large speed-up compared to traditional methods.

1. Introduction

Shallow water models have many applications in atmospheric and oceanic dynamics, which have motivated extensive research
over the past decades: see [1–13], among many others. These models are commonly represented by the shallow water equations,
or the Saint-Venant system in one-dimensional form. The equations can be derived by performing a depth-averaging procedure
on the Navier–Stokes equations, which assumes a constant horizontal velocity across the vertical axis. While this assumption can
simplify calculations in many cases, there are numerous situations where a more complex approach is required. The involved
vertical averaging leads to a loss of vertical detail, introducing modeling errors that may be significant and should not be neglected
(see [14–16]).

Looking at the literature, a first possibility in this regard is to decompose the fluid into two or more layers, each with its own
constant horizontal velocity (see [3,14,17–23]).
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In another direction, a second possibility is provided by shallow water moment models, in which the velocity is no longer
constant in the vertical direction as a polynomial expansion around the mean value is considered [24]. The expansion coefficients,
lso called moments, allow for the representation of complex vertical velocity profiles. The greater the number of moments, the better

the vertical approximation of the velocity. However, the model may not be hyperbolic if two (or more) moments are considered. We
note that a number of alternative models has been derived in the literature for the 1D case [15,25–28] and more recently also for
the 2D extension [29,30]. The technique can also be combined with a multilayer approach by proposing a vertical decomposition
nto layers that uses within a moment approach [16].

Let us remark that the derivation of steady states for those models is intricate due to the combination of non-conservative products
nd non-linear terms. A solution to this problem is provided in [31], where the authors propose a partially linearized version of the

model which allows for small deviations from the constant velocity profile. The new Shallow Water Linearized Moment Equations
(SWLME) are obtained neglecting non-linear terms of the basis coefficients in the higher order equations. Not only this new model
s always hyperbolic, regardless of the number of moments, but it also allows for a simpler description of the model’s stationary

solutions, whereas before they were complicated both analytically and numerically. This fact is of no small importance as it is
essential to be able to preserve steady states to deal with small deviations from them, otherwise numerical artifacts and spurious
scillations may appear in the numerical results.

Numerical preservation of steady states has recently gained a lot of interest. A numerical scheme with this property is defined
either well-balanced [6,11,32–34] if only zero-velocity steady states are preserved or fully well-balanced [12,34–37] if all steady
states can be preserved. In fact, one may distinguish between well-balanced or exactly well-balanced schemes depending on whether
an approximation of the exact steady states are preserved [38].

For all the previous reasons, in this paper, we aim to numerically simulate shallow water flows with non-constant vertical velocity
by means of the SWLME model. Then, our objective is to propose an efficient, accurate and robust numerical scheme for the selected

odel. Concerning the last property, we aim for a scheme which is not only consistent, but also exactly fully well-balanced. Then,
he numerical method should be efficient, namely numerical simulations should be fast by neglecting restrictive CFL conditions for
he time step. A large part of applications and simulations for shallow water flows occur in subsonic regimes, i.e. when material
aves are much slower than acoustic waves. In this type of situation, the CFL condition may be restrictive due to the fast acoustic
aves, which are not of main interest as they quickly leave the domain. Hence, we aim to deal with this problem by exploiting a
umerical scheme whose CFL condition is based on the slow material waves. This also implies that the transport waves will be better
pproximated as the CFL condition is adapted to them. For this purpose, we look for an approach that treats implicitly the acoustic
aves and explicitly the material waves. Different possibilities arise for this purpose. One option would be to use an IMEX approach
s in [39–41]. Another alternative is the use of Lagrange-projection methods, which provide a natural decomposition of acoustic

and transport waves [42–46]. However, even if this strategy was extended to two-layer shallow water flows [23], this was far from
trivial and the moment models seem to be even more difficult to deal with in that framework. A different method for splitting of
acoustic and transport phenomena can be found in [47]. It was originally developed for the compressible Euler equations and then
xtended to the Ripa model [48] and the shallow water system [49]. It combines a relaxation approach with an splitting of acoustic

and transport waves that avoids several difficulties when compared to Lagrange-projection approach.
It is important to take into account that implicit schemes can be in general highly diffusive, hence at least second order of

accuracy is needed. However, combining implicit methods with a higher order of accuracy could become a complex task, since
a naive extension could lead to non-linear systems to be solved iteratively and thus a higher computational cost. Of course, this
would be in contradiction with the goal of having an efficient method. One of the advantages of this technique, as shown in [49],
is precisely the fact that, thanks to the relaxation, only linear systems need to be solved.

In conclusion, we aim to develop a numerical scheme, which is second order accurate and exactly fully well-balanced for the
Shallow Water Linearized Moment Equations (SWLME), that splits the acoustic and transport phenomena. The former are then
olved implicitly in a efficient way using a relaxation approach.
Outline of the paper. In the next Section 2, we present the mathematical model and splitting we exploit for the numerical

simulations and schemes. Then, both first and second order methods are described in Section 3 along with details for the exactly
ully well-balanced character. Numerical simulations are presented in Section 4 to show the good behavior of the schemes. Finally,

we draw conclusions in Section 5.

2. Model description

The classical shallow water equations (SWE) model the evolution of the water height ℎ and the mean velocity 𝑢0 under shallow
onditions. They can be derived by depth-averaging of the incompressible Navier–Stokes equations. For the frictionless case with
ravitational constant 𝑔 and bottom topography 𝑧(𝑥), which is supposed to be continuous in this work, the evolution equations are

given by

𝜕𝑡

(

ℎ
ℎ𝑢0

)

+ 𝜕𝑥

(

ℎ𝑢0
ℎ𝑢20 +

1
2 𝑔 ℎ2

)

=
(

0
−𝑔 ℎ𝜕𝑥𝑧

)

. (1)

The simplicity of the model allows to easily compute analytical properties of the model such as its eigenvalues, given by 𝜆1,2 =
𝑢0 ±

√

𝑔 ℎ, and its steady states given by

ℎ𝑢 = 𝑐 𝑜𝑛𝑠𝑡, (2)
0

2 
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2
𝑢20 + 𝑔(ℎ + 𝑧) = 𝑐 𝑜𝑛𝑠𝑡. (3)

However, the SWE suffer from the inability to model vertical variations of the velocity, since they only include a depth-averaged
velocity 𝑢0. It has been shown in many applications, that vertical velocity variations are an important feature in shallow flows and
need to be taken into account for an accurate representation, see also [24]. To overcome this deficiency, different extended shallow
water models have been derived. The model used in this work is based on the Shallow Water Moment Equations (SWME), which
assume an expansion of the velocity profile 𝑢(𝑡, 𝑥, 𝜉) around the depth-averaged value:

𝑢(𝑡, 𝑥, 𝜉) = 𝑢0(𝑡, 𝑥) +
𝑁
∑

𝑖=1
𝑢𝑖(𝑡, 𝑥)𝜙𝑖

(

𝜉 − 𝑧(𝑥)
ℎ(𝑡, 𝑥)

)

, 𝜉 ∈ [𝑧(𝑥), 𝑧(𝑥) + ℎ(𝑡, 𝑥)] (4)

where 𝑁 is referred to as the order of the model, i.e., how many expansion terms are used, 𝑢𝑖 are the corresponding expansion
coefficients, also called moments, and 𝜙𝑖 ∶ [0, 1] → R are scaled Legendre polynomials of degree 𝑖, also called basis functions, defined
as

𝜙𝑖(𝜁 ) = 1
𝑖!

𝑑𝑖

𝑑 𝜁 𝑖 (𝜁 − 𝜁2)𝑖. (5)

The expansion (4) allows to include polynomial velocity profiles at the expense of including the additional moments 𝑢𝑖 as variables.
Evolution equations for these moments are derived by computing higher order projections of the Navier Stokes equations [24]. This
results in the SWME, a closed system of 𝑁 + 2 evolution equations for the variables ℎ, 𝑢0, 𝑢1,… , 𝑢𝑁 . Nevertheless, SWME present
two main drawbacks: (1) the model is not always hyperbolic, leading to potential instabilities as analyzed in detail in [15], and (2)
it is not possible to derive an easy and general expression, using algebraic relations, for steady states as in (2), due to the multitude
of non-linear terms originating from the expansion and projection.

In this paper, we consider the so-called Shallow Water Linearized Moment Equations (SWLME), derived first in [31] and further
analyzed in [28]. The model overcomes both deficiencies of the original SWME model from [24] using the following assumption:
the velocity profile 𝑢(𝑡, 𝑥, 𝜉) only has small deviations from a constant profile, i.e., 𝑢𝑖 =  (𝜖) for 𝑖 ≥ 1. In the higher-order equations,
all term of order 

(

𝜖2
)

are then neglected, while the conservation of mass and the momentum equation are left unchanged.
The SWLME are given by

𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎝

ℎ
ℎ𝑢0
ℎ𝑢1
⋮

ℎ𝑢𝑁

⎞

⎟

⎟

⎟

⎟

⎟

⎠

+ 𝜕𝑥

⎛

⎜

⎜

⎜

⎜

⎜

⎝

ℎ𝑢0
ℎ𝑢20 + 𝑔 ℎ2

2 + 1
3ℎ𝑢

2
1 +⋯ + 1

2𝑁+1ℎ𝑢
2
𝑁

2ℎ𝑢0𝑢1
⋮

2ℎ𝑢0𝑢𝑁

⎞

⎟

⎟

⎟

⎟

⎟

⎠

= 𝑄𝜕𝑥

⎛

⎜

⎜

⎜

⎜

⎜

⎝

ℎ
ℎ𝑢0
ℎ𝑢1
⋮

ℎ𝑢𝑁

⎞

⎟

⎟

⎟

⎟

⎟

⎠

+

⎛

⎜

⎜

⎜

⎜

⎜

⎝

0
−𝑔 ℎ𝜕𝑥𝑧

0
⋮
0

⎞

⎟

⎟

⎟

⎟

⎟

⎠

, (6)

where the non-conservative right-hand side term includes 𝑄 = diag(0, 0, 𝑢0,… , 𝑢0).
An exact energy balance can be proven for the SWLME as an extension of the standard SWE. To do so, using the Leibniz rule,

e first rewrite the equation for 𝑢0. Then, multiplying by ℎ𝑢0 and adding the equation for ℎ multiplied by
𝑢20
2 + 𝑔 ℎ we get

𝜕𝑡

(

ℎ
𝑢20
2

+
𝑔
2
ℎ2

)

+ 𝜕𝑥

(

ℎ𝑢0

(

𝑢20
2

+ 𝑔 ℎ
))

+ 𝑔 ℎ𝑢0𝜕𝑥𝑧 + ℎ𝑢0𝜕𝑥
( 1
3
𝑢21 +⋯ + 1

2𝑁 + 1 𝑢
2
𝑁

)

+ 𝑢0
( 1
3
𝑢21 +⋯ + 1

2𝑁 + 1 𝑢
2
𝑁

)

𝜕𝑥ℎ = 0 (7)

Similarly, applying the Leibniz rule for the 𝑢𝑖 equations, after multiplying by ℎ𝑢𝑖 and adding the equation for ℎ times 𝑢2𝑖
2 we

obtain:

𝜕𝑡

(

ℎ
𝑢2𝑖
2

)

+ 𝜕𝑥

(

ℎ𝑢0
𝑢2𝑖
2

)

+ ℎ𝑢2𝑖 𝜕𝑥𝑢0 = 0 (8)

Then, combining all these equations one has

𝜕𝑡
(ℎ
2

(

𝑢20 +
1
3
𝑢21 +⋯ + 1

2𝑁 + 1 𝑢
2
𝑁

)

+
𝑔
2
ℎ2

)

+ 𝜕𝑥

(

ℎ𝑢0

(

𝑢20
2

+ 3
2

( 1
3
𝑢21 +⋯ + 1

2𝑁 + 1 𝑢
2
𝑁

)

+ 𝑔 ℎ
))

+ 𝑔 ℎ𝑢0𝜕𝑥𝑧 = 0, (9)

Finally, as it is usually done for shallow water equations, we get the entropy inequality:

𝜕𝑡𝜂(𝑈 , 𝑧) + 𝜕𝑥𝐺(𝑈 , 𝑧) ≤ 0 (10)

where

𝜂(𝑈 , 𝑧) = ℎ
2

(

𝑢20 +
1
3
𝑢21 +⋯ + 1

2𝑁 + 1 𝑢
2
𝑁

)

+
𝑔
2
ℎ2 + 𝑔 ℎ𝑧

and

𝐺(𝑈 , 𝑧) = ℎ𝑢0

(

𝑢20
2

+ 3
2

( 1
3
𝑢21 +⋯ + 1

2𝑁 + 1 𝑢
2
𝑁

)

+ 𝑔 ℎ + 𝑔 𝑧
)

,

with 𝑈 = (ℎ, ℎ𝑢0, ℎ𝑢1,… , ℎ𝑢𝑁 )𝑇 .
As proven in [31], the eigenvalues are given by

𝜆1,2 = 𝑢0 ±

√

√

√

√𝑔 ℎ +
𝑁
∑ 3𝑢2𝑖 and 𝜆𝑖+2 = 𝑢0, for 𝑖 = 1,… , 𝑁 , (11)

𝑖=1 2𝑖 + 1

3 
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meaning that the system is hyperbolic for positive water heights.

Remark 1. Since the SWLME (6) and their eigenvalues (11) as derived in [31] differ from the originally proposed SWME in [24], a
rief discussion on the model is in order. We note that the SWLME results from a rigorous derivation assuming small contributions of
he higher order moments in the additional moment equations. We further note that the momentum equation itself is not changed but
ncludes the full non-linearity, including all higher order moments. In accordance with [31] this means that we expect the solution

to be close to the solution of the original SWME for small values of the moments. Other hyperbolic moment models, like the ones
derived in [15] can in principle be applied. However, the derivation of steady states is more difficult in those models due to additional
non-linearities in the higher order equations. We note that in those models the momentum equation is more simplified than in the
SWLME model. We therefore expect the SWLME model to be relatively accurate. The question of hyperbolicity of the original SWME
has been discussed at length in [15,24]. In [15], there was an example of an emerging instability that might be attributed to the loss
of hyperbolicity in addition to another test case indicating the loss of hyperbolicity even for moderate (hyperbolic) initial conditions.

uring simulations, the problems of hyperbolicity do not always appear, as numerical diffusion may dampen emerging instabilities.
owever, it is analytically clear that non-hyperbolic models contain unstable situations that may lead to oscillations or breakdown
f the solution.

The Froude number, defined by

𝐹 𝑟(𝑈 ) = |𝑢0|
√

𝑔 ℎ
, (12)

determines the fluid regime: if its value is less than 1, it is subcritical; if it is 1 it represents a critical regime, whereas a Froude
umber bigger than 1 characterizes a supercritical flow. In this work, we are especially interested in the subcritical regime, as this is

where the improvements in computational efficiency of implicit versus explicit schemes are observed. However, our schemes could
be used for other regimes too.

Remark 2. The standard definition of the Froude number in Eq. (12) does not take into account the higher moments 𝑢𝑖, for 𝑖 > 0.
In [31], this has been first discussed by inclusion of additional dimensionless numbers that indicate the deviation from the constant
rofile. However, since we assume that the expansion coefficients are small, we shall consider here the standard definition of the
roude number from Eq. (12). Let us remark that one could define an extended Froude number by

𝐹 𝑟(𝑈 ) = |𝑢0|
√

𝑔 ℎ +
∑𝑁

𝑖=1
3𝑢2𝑖
2𝑖+1

.

The non-trivial steady states can be computed by solving

ℎ𝑢0 = 𝐶1, (13)

1
2
𝑢20 + 𝑔(ℎ + 𝑧) + 3

2

𝑁
∑

𝑖=1

1
2𝑖 + 1 𝑢

2
𝑖 = 𝐶2, (14)

𝑢𝑖
ℎ

= 𝐶𝑘, 𝑖 ≥ 1, 𝑘 ≥ 3, (15)

and we refer to [31] for analysis and discussion on the solvability for existing steady states.
As derived in [31], the steady states of the SWLME are a consistent extension of the SWE. A more detailed investigation regarding

the behavior of these steady states and their physical meaning is still pending and out of the scope of this work.
The hyperbolicity and existence of easily computable steady states allows the model to be used in standard numerical simulations.

As already said, here we aim at defining a numerical scheme that is well-balanced for the steady states and efficient, specially in
the case of low Froude numbers. To this end, we shall consider a relaxation approach for system (6), given by

𝜕𝑡

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ℎ
ℎ𝑢0
ℎ𝑢1
⋮

ℎ𝑢𝑁
ℎ𝜋

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

+ 𝜕𝑥

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ℎ𝑢0
ℎ𝑢20 + 𝜋 + 1

3ℎ𝑢
2
1 +⋯ + 1

2𝑁+1ℎ𝑢
2
𝑁

2ℎ𝑢0𝑢1
⋮

2ℎ𝑢0𝑢𝑁
𝑎2𝑢0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

= 𝑄̃𝜕𝑥

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ℎ
ℎ𝑢0
ℎ𝑢1
⋮

ℎ𝑢𝑁
ℎ𝜋

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

+

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0
−𝑔 ℎ𝜕𝑥𝑧

0
⋮
0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

+

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0
0
0
⋮
0

1
𝜀

(

𝑔 ℎ2

2 − 𝜋
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (16)

where 𝑄̃ = diag(0, 0, 𝑢0,… , 𝑢0, 0), the constant 𝑎 has to fulfill the subcharacteristic condition (see [50]) given by:

ℎ
√

𝑔 ℎ ≤ 𝑎. (17)

Moreover, when 𝜀 → 0, one has 𝜋 = 𝑔 ℎ2

2 . Here, an instantaneous relaxation of the pressure will be considered as usual. Consequently,
the 𝜀−term will be neglected and 𝜋 is then set to an initial pressure value 𝑔 ℎ2

2 at each time step. Therefore, the resulting model can
e written in a compressed way as follows

( )
𝜕𝑡𝑈 + 𝜕𝑥 𝐹 (𝑈 ) + 𝐹𝑃 (𝑈 ) + 𝐵(𝑈 )𝜕𝑥𝑈 + 𝑆(𝑈 )𝜕𝑥𝑧 = 0, (18)

4 
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where

𝐹 (𝑈 ) = (ℎ𝑢0, ℎ𝑢20 +
1
3
ℎ𝑢21 +⋯ + 1

2𝑁 + 1ℎ𝑢
2
𝑁 , 2ℎ𝑢0𝑢1,… , 2ℎ𝑢0𝑢𝑁 , 0)𝑇 , (19)

𝐹𝑃 (𝑈 ) = (0, 𝜋 , 0,… , 0, 𝑎2𝑢0)𝑇 , (20)

𝐵 = −𝑄̃, (21)

𝑆(𝑈 ) = (0, 𝑔 ℎ, 0,… , 0)𝑇 . (22)

Now, following the ideas in [48,49], we perform a splitting, obtaining a pressure system and a transport one. The pressure system
o be solved is written as

𝜕𝑡𝑈 + 𝜕𝑥𝐹𝑃 (𝑈 ) + 𝑆(𝑈 )𝜕𝑥𝑧 = 0, (23)

and the one for the transport is given by

𝜕𝑡𝑈 + 𝜕𝑥𝐹 (𝑈 ) + 𝐵(𝑈 )𝜕𝑥𝑈 = 0. (24)

Note that the eigenvalues of system (23) are

𝜆𝑃1,2 = ± 𝑎
ℎ

and 𝜆𝑃𝑖+2 = 0, for 𝑖 = 1,… , 𝑁 , (25)

while the ones of system (24) are

𝜆𝑇1,2 = 𝑢0 ±

√

√

√

√

𝑁
∑

𝑖=1

3𝑢2𝑖
2𝑖 + 1 and 𝜆𝑇𝑖+2 = 𝑢0, for 𝑖 = 1,… , 𝑁 . (26)

This means that stability restriction for the pressure system comes from the pressure term, while in the transport system the
stability is governed by velocity. Therefore, we shall consider an implicit approach for the pressure system, which will allow to
overcome the restrictive CFL condition that comes from the pressure in the case of small Froude number. The relaxation strategy
not only preserves steady states but also eliminates the need to solve nonlinear systems.

3. Numerical scheme

We will consider a finite volume approach, that is, the spatial domain is divided into a series of cells, denoted by intervals
𝑥𝑖−1∕2, 𝑥𝑖+1∕2) for each integer 𝑖 ∈ Z. For simplicity, we assume that each cell has a uniform length, represented by 𝛥𝑥 = 𝑥𝑖+1∕2−𝑥𝑖−1∕2.

Here, the points 𝑥𝑖+1∕2 mark the interfaces between cells, while the cell centers are designated as 𝑥𝑖 =
𝑥𝑖−1∕2+𝑥𝑖+1∕2

2 . For the moment,
the time variable will remain continuous. Moreover, the approximation of the cell averages will be denoted by

𝑈𝑖(𝑡) ≈ 1
𝛥𝑥 ∫

𝑥𝑖+1∕2

𝑥𝑖−1∕2
𝑈 (𝑥, 𝑡)𝑑 𝑥.

Since we will consider here schemes up to second order, the cell averages will be identified with the cell center values, which
corresponds to a midpoint quadrature formula for computing the cell averages. The same quadrature rule will also be used to
approximate the integrals of the source term and the non-conservative ones as it will be explained later.

In order to obtain fully well-balanced schemes, we will follow the strategy described in [34], in which the well-balanced property
is transferred to the reconstruction operator. A fully exactly well-balanced reconstruction operator 𝑃𝑖(𝑥) is a reconstruction operator
that satisfies

𝑃𝑖(𝑥, {𝑈 𝑒
𝑗 }𝑗∈𝑖 ) = 𝑈 𝑒(𝑥), ∀𝑥 ∈ [𝑥𝑖−1∕2, 𝑥𝑖+1∕2], ∀𝑖,

for a given continuous stationary solution 𝑈 𝑒, and where 𝑖 denotes the stencil corresponding to cell 𝑖.
Notice that a stationary solution 𝑈 𝑒 must satisfy:

𝜕𝑥
(

𝐹 (𝑈 𝑒) + 𝐹𝑃 (𝑈 𝑒)
)

+ 𝐵(𝑈 𝑒)𝜕𝑥𝑈 𝑒 + 𝑆(𝑈 𝑒)𝜕𝑥𝑧 = 0. (27)

The stationary solutions can be computed by solving (13)–(15), which is equivalent, using a substitution process, to obtaining ℎ𝑒(𝑥)
s the solution of equation

(

3
𝑁
∑

𝑖=1

1
2𝑖 + 1𝐶

2
𝑖

)

(ℎ𝑒)4 + 2𝑔(ℎ𝑒)3 + 2(𝑔 𝑧 − 𝐶2)(ℎ𝑒)2 + 𝐶2
1 = 0 (28)

and setting (ℎ𝑢0)𝑒(𝑥) = 𝐶1 and 𝑢𝑒𝑖 (𝑥) = 𝐶𝑖 ⋅ ℎ𝑒(𝑥) for 𝑖 ≥ 1, 𝑘 ≥ 3.
Specifically, being 𝑡0 the initial time at each time step, we compute at every time step [𝑡0, 𝑡0 + 𝛥𝑡] and at every cell 𝑖, the steady

tate 𝑈 𝑒,𝑡0
𝑖 that satisfies (27) such that 𝑈 𝑒,𝑡0

𝑖 (𝑥𝑖) = 𝑈 𝑡0
𝑖 .

Let us recall that here, for the sake of simplicity, we are assuming that the bottom is continuous, which implies that there is
no jump for 𝑧(𝑥) at the interfaces. We note that a discontinuous bottom can be accounted for using extra terms following the ideas
in [51]. In our case with continuous bottom, a numerical scheme can be proposed as follows:
5 
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For each cell 𝑖, if the ODE (27) is subtracted from the system (18), and a similar splitting to the one described above is applied,
we can write the semi-discrete version of the pressure and transport systems as follows:

𝑈 ′
𝑖 (𝑡) = − 1

𝛥𝑥

(

𝐹𝑃 ,𝑖+1∕2(𝑡) − 𝐹𝑃 (𝑈
𝑒,𝑡0
𝑖 (𝑥𝑖+1∕2)) − 𝐹𝑃 ,𝑖−1∕2(𝑡) + 𝐹𝑃 (𝑈

𝑒,𝑡0
𝑖 (𝑥𝑖−1∕2))

)

− 1
𝛥𝑥 ∫

𝑥𝑖+1∕2

𝑥𝑖−1∕2

(

𝑆(𝑃𝑖,𝑈 (𝑥)) − 𝑆(𝑈 𝑒,𝑡0
𝑖 (𝑥))

)

𝑧′(𝑥)𝑑 𝑥,
(29)

and

𝑈 ′
𝑖 (𝑡) = − 1

𝛥𝑥

(

𝐹𝑖+1∕2(𝑡) − 𝐹 (𝑈 𝑒,𝑡0
𝑖 (𝑥𝑖+1∕2)) − 𝐹𝑖−1∕2(𝑡) + 𝐹 (𝑈 𝑒,𝑡0

𝑖 (𝑥𝑖−1∕2))
)

− 1
𝛥𝑥

(

𝑖+1∕2−(𝑡) + 𝑖−1∕2+(𝑡)
)

− 1
𝛥𝑥

(

∫

𝑥𝑖+1∕2

𝑥𝑖−1∕2
𝐵(𝑃𝑖,𝑈 (𝑥, 𝑡0))

𝑑 𝑃𝑖,𝑈

𝑑 𝑥 𝑑 𝑥 − ∫

𝑥𝑖+1∕2

𝑥𝑖−1∕2
𝐵(𝑈 𝑒,𝑡0

𝑖 (𝑥))
𝑑 𝑈 𝑒,𝑡0

𝑖
𝑑 𝑥 𝑑 𝑥

)

,
(30)

where

• 𝐹𝑃 ,𝑖+1∕2 = (0, 𝜋∗
𝑖+1∕2, 0,… , 0, 𝑎2𝑢∗0,𝑖+1∕2)𝑇 , being 𝜋∗

𝑖± 1
2

(𝑡) and 𝑢∗
0,𝑖± 1

2

(𝑡) approximations of the pressure and velocity at the interface,

respectively, where 𝜋∗
𝑖± 1

2

(𝑡) ≈ 𝜋(𝑥𝑖± 1
2
, 𝑡) and 𝑢∗

0,𝑖± 1
2

(𝑡) ≈ 𝑢0(𝑥𝑖± 1
2
, 𝑡).

• 𝑃𝑖,𝑋 (𝑥, 𝑡) is the fully well-balanced reconstruction operator of any variable 𝑋, that we will describe in Section 3.1.
• 𝐹𝑖±1∕2 =  (𝑈𝑖±1∕2−, 𝑈𝑖±1∕2+), where  is a consistent numerical flux, i.e.  (𝑈 , 𝑈 ) = 𝐹 (𝑈 ). In this work, the HLL numerical flux

is considered (see [52]), that is,
𝐹𝑖+1∕2 =

𝐹 (𝑈𝑖+1∕2−) + 𝐹 (𝑈𝑖+1∕2+)
2

− 1
2

(

𝛼0𝑖+1∕2
(

𝑈𝑖+1∕2+ − 𝑈𝑖+1∕2−
)

)

− 1
2

(

𝛼1𝑖+1∕2
(

𝐹 (𝑈𝑖+1∕2+) − 𝐹 (𝑈𝑖+1∕2−)
)

)

(31)

where the coefficients 𝛼0𝑖+1∕2 and 𝛼1𝑖+1∕2 are defined as

𝛼0𝑖+1∕2 =
𝑆𝑅
𝑖+1∕2|𝑆

𝐿
𝑖+1∕2| − 𝑆𝐿

𝑖+1∕2|𝑆
𝑅
𝑖+1∕2|

𝑆𝑅
𝑖+1∕2 − 𝑆𝐿

𝑖+1∕2

, 𝛼1𝑖+1∕2 =
|𝑆𝑅

𝑖+1∕2| − |𝑆𝐿
𝑖+1∕2|

𝑆𝑅
𝑖+1∕2 − 𝑆𝐿

𝑖+1∕2

. (32)

Here, 𝑆𝐿
𝑖+1∕2 and 𝑆𝑅

𝑖+1∕2 are, respectively, approximations of the minimum and maximum wave propagation speeds, computed
from Eq. (11).

• 𝑖+1∕2± = 1
2
𝐵𝑖+1∕2

(

𝑈𝑖+1∕2+ − 𝑈𝑖+1∕2−
)

± 1
2
𝛼1𝑖+1∕2𝐵𝑖+1∕2

(

𝑈𝑖+1∕2+ − 𝑈𝑖+1∕2−
)

, where 𝐵𝑖+1∕2 is a consistent matrix with the original
matrix 𝐵. Note that the term 𝐵(𝑈 )𝜕𝑥𝑈 corresponds to a non-conservative product. Therefore, one must give a precise definition
of weak solutions. One way to do so is by means of the path-conservative theory (see [53]). Nevertheless, we will not focus
on this problem here, which is out of the scope of the paper. In practice, we define

𝐵𝑖+1∕2 = ∫

1

0
𝐵(𝑠𝑈𝑖+1∕2+ + (1 − 𝑠)𝑈𝑖+1∕2−)𝑑 𝑠 ≈ 𝐵((𝑈𝑖+1∕2− + 𝑈𝑖+1∕2+)∕2).

In the previous definitions, the time dependency has been omitted for the sake of simplicity. Moreover, notice that, in system
(29), only the variables ℎ𝑢0 and ℎ𝜋 change with time. Then, using that ℎ𝑖 is constant in this system, we freeze it at each time step
when we solve the pressure system. Therefore, for first and second order schemes, taking into account that the midpoint rule is
applied to approximate the numerical source term, the equations corresponding to the variables 𝑢0 and 𝜋 read as follow

⎧

⎪

⎨

⎪

⎩

(𝑢0)′𝑖(𝑡) = − 1
ℎ𝑖(𝑡0)𝛥𝑥

(

𝜋∗
𝑖+1∕2(𝑡) − 𝜋∗

𝑖−1∕2(𝑡) − 𝜋𝑒,𝑡0
𝑖 (𝑥𝑖+1∕2) + 𝜋𝑒,𝑡0

𝑖 (𝑥𝑖−1∕2)
)

,

𝜋′
𝑖 (𝑡) = − 𝑎2

ℎ𝑖(𝑡0)𝛥𝑥

(

𝑢∗0,𝑖+1∕2(𝑡) − 𝑢∗0,𝑖−1∕2(𝑡) − 𝑢𝑒,𝑡00,𝑖 (𝑥𝑖+1∕2) + 𝑢𝑒,𝑡00,𝑖 (𝑥𝑖−1∕2)
)

.
(33)

Denoting as ⃖⃖⃗𝑤 = 𝜋 + 𝑎𝑢0 and ⃖⃖𝑤⃖ = 𝜋 − 𝑎𝑢0 the Riemann invariants, system (33) can be rewritten as two transport equations:
⎧

⎪

⎨

⎪

⎩

⃖⃖⃗𝑤′
𝑖(𝑡) = − 𝑎

ℎ𝑖(𝑡0)𝛥𝑥

(

⃖⃖⃗𝑤𝑖+1∕2(𝑡) − ⃖⃖⃗𝑤𝑖−1∕2(𝑡) − ⃖⃖⃗𝑤𝑒,𝑡0
𝑖 (𝑥𝑖+1∕2) + ⃖⃖⃗𝑤𝑒,𝑡0

𝑖 (𝑥𝑖−1∕2)
)

⃖⃖𝑤⃖′
𝑖(𝑡) = 𝑎

ℎ𝑖(𝑡0)𝛥𝑥

(

⃖⃖𝑤⃖𝑖+1∕2(𝑡) − ⃖⃖𝑤⃖𝑖−1∕2(𝑡) − ⃖⃖𝑤⃖𝑒,𝑡0
𝑖 (𝑥𝑖+1∕2) + ⃖⃖𝑤⃖𝑒,𝑡0

𝑖 (𝑥𝑖−1∕2)
)

,
(34)

where ⃖⃖⃗𝑤𝑖+1∕2(𝑡) ≈ ⃖⃖⃗𝑤(𝑥𝑖+1∕2, 𝑡) and ⃖⃖𝑤⃖𝑖+1∕2(𝑡) ≈ ⃖⃖𝑤⃖(𝑥𝑖+1∕2, 𝑡) are the numerical fluxes at the intercells, and will be computed by means
of a reconstruction operator. In addition, the variables corresponding to the pressure and the velocity can be easily obtained from
he following relations:

𝜋 = ⃖⃖⃗𝑤 + ⃖⃖𝑤⃖
2

, 𝑢0 =
⃖⃖⃗𝑤 − ⃖⃖𝑤⃖
2𝑎

. (35)

Then, the idea is to first solve (34) and then we can use (35) to define 𝜋∗
𝑖+1∕2(𝑡) and 𝑢∗0,𝑖+1∕2(𝑡) as

𝜋∗
𝑖+1∕2(𝑡) =

𝑃𝑖, ⃖⃗𝑤(𝑥𝑖+1∕2, 𝑡) + 𝑃𝑖+1,⃖⃖𝑤(𝑥𝑖+1∕2, 𝑡)
2

, (36)

𝑢∗ (𝑡) =
𝑃𝑖, ⃖⃗𝑤(𝑥𝑖+1∕2, 𝑡) − 𝑃𝑖+1,⃖⃖𝑤(𝑥𝑖+1∕2, 𝑡) . (37)
0,𝑖+1∕2 2𝑎

6 
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Remark 3. As far as the stability of the scheme is concerned, for the pressure step the explicit schemes must satisfy the following
stability restriction:

𝛥𝑡𝑃 ≤
𝛥𝑥max𝑖{ℎ𝑖}

𝑎
, (38)

while the one for the transport step the restriction can be written as

𝛥𝑡𝑇 ≤ 𝛥𝑥
2 max{max𝑖{|𝜆𝑇1,𝑖|},max𝑗{|𝜆𝑇2,𝑖|}}

. (39)

Of course, we will choose the maximum 𝛥𝑡 satisfying both restrictions. The main advantage of using semi-implicit schemes is
that they do not require restriction (38), which is specially interesting in low Froude number situations.

Remark 4. In practice, the value of the constant 𝑎 will be computed as

𝑎 = max
𝑖
{ℎ𝑖

√

𝑔 ℎ𝑖}.

3.1. Fully well-balanced reconstruction operator

We now illustrate the process for reconstructing the variables, presented in a general form for a variable 𝑋, which could represent
⃖⃖⃗ , ⃖⃖𝑤⃖, ℎ, or ℎ𝑢𝑗 , for 𝑗 = 0,… , 𝑁 .

In order to reconstruct a variable 𝑋 at a given time 𝑡0, we apply the strategy described in [34], consisting on, at each cell,
omputing the stationary solution 𝑋𝑒,𝑡0

𝑖 (𝑥) and applying a standard reconstruction operator 𝑄 to the fluctuations with respect to the
stationary solution, giving

𝑃 𝑡0
𝑖,𝑋 (𝑥) = 𝑋𝑒,𝑡0

𝑖 (𝑥) +𝑄𝑡0
𝑖,𝑋 (𝑥). (40)

Following [54], the reconstruction operator at time 𝑡 ∈ [𝑡0, 𝑡0 + 𝛥𝑡] is expressed as the sum of the well-balanced reconstruction
operator at time 𝑡0 and a standard reconstruction operator applied to the time fluctuations. Thus, for any variable 𝑋, the
reconstruction operator is defined as:

𝑃𝑖,𝑋 (𝑥, 𝑡) = 𝑃 𝑡0
𝑖,𝑋 (𝑥) + 𝑄̃𝑖,𝑋 (𝑥, 𝑡) = 𝑋𝑡0 ,𝑒

𝑖 (𝑥) +𝑄𝑡0
𝑖,𝑋 (𝑥) + 𝑄̃𝑖,𝑋 (𝑥, 𝑡), 𝑡 ∈ [𝑡0, 𝑡0 + 𝛥𝑡], 𝑥 ∈ [𝑥𝑖−1∕2, 𝑥𝑖+1∕2).

Here, 𝑃 𝑡0
𝑖,𝑋 and 𝑄𝑡0

𝑖,𝑋 denote the reconstruction operators defined in (40) for variable 𝑋 at time 𝑡0 and 𝑄̃𝑖,𝑋 (𝑥, 𝑡) is a reconstruction
operator based on time fluctuations, given by

𝑄̃𝑖,𝑋 (𝑥, 𝑡) = 𝑄̃𝑖(𝑥; {𝑋𝑡,𝑓
𝑗 }𝑗∈𝑖 ), where 𝑋𝑡,𝑓

𝑗 = 𝑋𝑗 (𝑡) −𝑋𝑡0
𝑗 , 𝑗 ∈ 𝑖.

Note that stationary solutions are recalculated at each initial time 𝑡0.
Thus, the first-order well-balanced reconstruction operator is

𝑃 𝑜1
𝑖,𝑋 (𝑥, 𝑡) = 𝑋𝑒,𝑡0

𝑖 (𝑥) +𝑋𝑖(𝑡) −𝑋𝑒,𝑡0
𝑖 (𝑥𝑖), (41)

while for second order schemes, it is given by:

𝑃 𝑜2
𝑖,𝑋 (𝑥, 𝑡) = 𝑋𝑒,𝑡0

𝑖 (𝑥) −𝑋𝑒,𝑡0
𝑖 (𝑥𝑖) + 𝛥𝑋𝑡0 ,𝑓

𝑖 (𝑥 − 𝑥𝑖) +𝑋𝑖(𝑡) + 𝛥𝑋𝑡,𝑓
𝑖 (𝑥 − 𝑥𝑖). (42)

Here, employing the avg or harmod function limiter from [55], we set

𝛥𝑋𝑡0 ,𝑓
𝑖 = 1

𝛥𝑥

(

𝜙𝑡0
𝑖+(𝑋

𝑡0 ,𝑓
𝑖 −𝑋𝑡0 ,𝑓

𝑖−1 ) + 𝜙𝑡0
𝑖−(𝑋

𝑡0 ,𝑓
𝑖+1 −𝑋𝑡0 ,𝑓

𝑖 )
)

,

where

𝜙𝑡0
𝑖− =

{

|𝑑𝑖−|
|𝑑𝑖−|+|𝑑𝑖+|

if |𝑑𝑖−| + |𝑑𝑖+| > 0,

0 otherwise,

and

𝜙𝑡0
𝑖+ =

{

|𝑑𝑖+|
|𝑑𝑖−|+|𝑑𝑖+|

if |𝑑𝑖−| + |𝑑𝑖+| > 0,

0 otherwise,

where 𝑑𝑖− = 𝑋𝑡0 ,𝑓
𝑖 −𝑋𝑡0 ,𝑓

𝑖−1 and 𝑑𝑖+ = 𝑋𝑡0 ,𝑓
𝑖+1 −𝑋𝑡0 ,𝑓

𝑖 , with

𝑋𝑡0 ,𝑓
𝑗 = 𝑋𝑡0

𝑗 −𝑋𝑒,𝑡0
𝑖 (𝑥𝑗 )

for a given cell 𝑖. Moreover, we define

𝛥𝑋𝑡,𝑓
𝑖 = 1

𝛥𝑥

(

𝜙̃𝑡0
𝑖+(𝑋

𝑡,𝑓
𝑖 −𝑋𝑡,𝑓

𝑖−1) + 𝜙̃𝑡0
𝑖−(𝑋

𝑡,𝑓
𝑖+1 −𝑋𝑡,𝑓

𝑖 )
)

,

where 𝜙̃𝑡0
𝑖± = 𝜙𝑡0

𝑖± and 𝑋𝑡,𝑓
𝑖 = 𝑋𝑖(𝑡) − 𝑋𝑡0

𝑖 . Note that both 𝛥𝑋𝑡0 ,𝑓
𝑖 and 𝛥𝑋𝑡,𝑓

𝑖 utilize the same limiters calculated at time 𝑡0 to avoid
introducing nonlinearities.
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3.2. First order schemes

We will now describe two different versions of our fully well-balanced first order schemes: one in which both the pressure and
the transport systems are solved explicitly, and another one in which the pressure system is solved implicitly, while the transport
one is solved explicitly.

Let us assume that the cell averages at time 𝑡𝑛, denoted by 𝑈𝑛
𝑖 , are known. Our goal is to compute the cell averages at the next

ime step, 𝑈𝑛+1
𝑖 . To accomplish this, we begin by solving the pressure system over a time step 𝛥𝑡, yielding an intermediate solution,

hich we denote as 𝑈𝑛+1−
𝑖 . Then, this intermediate solution 𝑈𝑛+1−

𝑖 serves as the initial condition for solving the transport system,
gain over a time step 𝛥𝑡, which provides the final approximation for 𝑈𝑛+1

𝑖 .

Remark 5. Note that we could also solve the transport system first, and then the pressure one. However, we have only considered
the previously described version of the scheme since in previous works it has been observed that this one performs best in terms of
stability (see [49]).

3.2.1. Explicit scheme
For the explicit scheme, following the semi-discrete scheme (29), the pressure system updates the variable ℎ𝑢0 as follows:

(ℎ𝑢0)𝑛+1−𝑖 = (ℎ𝑢0)𝑛𝑖 −
𝛥𝑡
𝛥𝑥

(

𝜋∗,𝑛
𝑖+1∕2 − 𝜋∗,𝑛

𝑖−1∕2 − 𝜋𝑒,𝑛
𝑖 (𝑥𝑖+1∕2) + 𝜋𝑒,𝑛

𝑖 (𝑥𝑖−1∕2)
)

, (43)

where 𝜋∗,𝑛
𝑖±1∕2 is obtained from the expression (36) using the first order reconstruction operator (41) to get the values of the Riemann

invariants at the intercells. Note that, within this step ℎ and (ℎ𝑢𝑗 ) for 𝑗 = 1,… , 𝑁 do not change, that is, ℎ𝑛+1−𝑖 = ℎ𝑛𝑖 and
(ℎ𝑢𝑗 )𝑛+1−𝑖 = (ℎ𝑢𝑗 )𝑛𝑖 for 𝑗 > 0.

Once we have 𝑈𝑛+1−
𝑖 , we can perform the transport step considering (30)

𝑈𝑛+1
𝑖 = 𝑈𝑛+1−

𝑖 − 𝛥𝑡
𝛥𝑥

(

𝐹 𝑛+1−
𝑖+1∕2 − 𝐹 (𝑈 𝑒,𝑡𝑛+1−

𝑖 (𝑥𝑖+1∕2)) − 𝐹 𝑛+1−
𝑖−1∕2 + 𝐹 (𝑈 𝑒,𝑡𝑛+1−

𝑖 (𝑥𝑖−1∕2))
)

− 𝛥𝑡
𝛥𝑥

(

𝑛+1−
𝑖+1∕2− + 𝑛+1−

𝑖−1∕2+

)

− 𝛥𝑡
𝛥𝑥

𝐵(𝑈𝑛+1−
𝑖 )

(

𝑈𝑛+1−
𝑖+1∕2− − 𝑈 𝑒,𝑛+1−

𝑖 (𝑥𝑖+1∕2) − 𝑈𝑛+1−
𝑖−1∕2+ + 𝑈 𝑒,𝑛+1−

𝑖 (𝑥𝑖−1∕2)
)

,
(44)

where the reconstructed states are always computed using the well-balanced first order reconstruction operator (41), the terms
𝑛+1−
𝑖+1∕2 and 𝑛+1−

𝑖+1∕2− are evaluated at the reconstructed states at time 𝑡𝑛+1− and the derivative in the integral has been approximated
sing

𝑑 𝑃𝑖,𝑈

𝑑 𝑥 (𝑥𝑖) ≈
𝑃 𝑜1
𝑖,𝑈 (𝑥𝑖+1∕2) − 𝑃 𝑜1

𝑖,𝑈 (𝑥𝑖−1∕2)

𝛥𝑥
=

𝑈𝑖+1∕2− − 𝑈𝑖−1∕2+

𝛥𝑥
.

3.2.2. Semi-implicit scheme
In the semi-implicit case, the only difference with the explicit one happens in the pressure step. Here, the variable ℎ𝑢0 is updated

sing

(ℎ𝑢0)𝑛+1−𝑖 = (ℎ𝑢0)𝑛𝑖 −
𝛥𝑡
𝛥𝑥

(

𝜋∗,𝑛+1−
𝑖+1∕2 − 𝜋∗,𝑛+1−

𝑖−1∕2 − 𝜋𝑒,𝑛
𝑖 (𝑥𝑖+1∕2) + 𝜋𝑒,𝑛

𝑖 (𝑥𝑖−1∕2)
)

. (45)

In practice, this value is obtained as

(ℎ𝑢0)𝑛+1−𝑖 = ℎ𝑛𝑖 ⋅
⃖⃖⃗𝑤𝑛+1−
𝑖 − ⃖⃖𝑤⃖𝑛+1−

𝑖
2𝑎

,

where the variables ⃖⃖⃗𝑤𝑛+1−
𝑖 and ⃖⃖𝑤⃖𝑛+1−

𝑖 are given by system (34) which is discretized as follows

⃖⃖⃗𝑤𝑛+1−
𝑖 = ⃖⃖⃗𝑤𝑛

𝑖 −
𝑎𝛥𝑡
ℎ𝑛𝑖 𝛥𝑥

(

⃖⃖⃗𝑤𝑛+1
𝑖+1∕2 − ⃖⃖⃗𝑤𝑛+1

𝑖−1∕2 − ⃖⃖⃗𝑤𝑒,𝑛
𝑖 (𝑥𝑖+1∕2) + ⃖⃖⃗𝑤𝑒,𝑛

𝑖 (𝑥𝑖−1∕2)
)

,

and

⃖⃖𝑤⃖𝑛+1−
𝑖 = ⃖⃖𝑤⃖𝑛

𝑖 +
𝑎𝛥𝑡
ℎ𝑛𝑖 𝛥𝑥

(

⃖⃖𝑤⃖𝑛+1
𝑖+1∕2 − ⃖⃖𝑤⃖𝑛+1

𝑖−1∕2 − ⃖⃖⃗𝑤𝑒,𝑛
𝑖 (𝑥𝑖+1∕2) + ⃖⃖⃗𝑤𝑒,𝑛

𝑖 (𝑥𝑖−1∕2)
)

,

where (41) is used to compute ⃖⃖⃗𝑤𝑛+1
𝑖±1∕2 and

⃖⃖⃗𝑤𝑒,𝑛
𝑖 (𝑥𝑖±1∕2) = 1

2
𝑔(ℎ𝑒𝑖 )

2(𝑥𝑖±1∕2) + 𝑎𝑢𝑒0,𝑖(𝑥𝑖±1∕2).

3.3. Second order schemes

To achieve second order accuracy, we employ the Strang splitting method (see [56–58]) for time-stepping. Specifically, we
proceed as follows:

1. Take a half-step for the transport system using a time step of 𝛥𝑡∕2.
2. Advance the pressure system over a full time step 𝛥𝑡.
3. Conclude with another half-step for the transport system, again using a time step of 𝛥𝑡∕2, to obtain the final values 𝑈𝑛+1

𝑖 .
8 
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Table 1
Test 1.1. Well-balanced property check: lake-at-rest. 𝐿1−errors at time 𝑡 = 0.5. The errors of all schemes are machine precision,
indicating the well-balanced property.
Variable EXP O1 EXP O2 IMP O1 IMP O2

ℎ 1.33 ⋅ 10−15 4.44 ⋅ 10−16 3.10 ⋅ 10−15 2.22 ⋅ 10−15

ℎ𝑢0 7.48 ⋅ 10−15 2.06 ⋅ 10−14 7.60 ⋅ 10−15 7.60 ⋅ 10−15

This could also be written in terms of the approximate solution operators of the systems as

𝑈 (𝑥, 𝑡 + 𝛥𝑡) = 𝑆
𝛥𝑡
2
𝑇 ◦𝑆𝛥𝑡

𝑃 ◦𝑆
𝛥𝑡
2
𝑇 (𝑈 (𝑥, 𝑡)), (46)

where the terms 𝑆𝜏
𝑃 and 𝑆𝜏

𝑇 denote the approximate solution operators over the interval [𝑡, 𝑡 + 𝜏] for the pressure system and the
transport one, respectively.

In each step, second order spatial approximations are required. While each sub-step is first order in time, second order accuracy
verall is achieved through the Strang splitting method.

Remark 6. As mentioned for the first order schemes, in this second order case, we could also consider another variant of the
scheme:

𝑈 (𝑥, 𝑡 + 𝛥𝑡) = 𝑆
𝛥𝑡
2
𝑃 ◦𝑆𝛥𝑡

𝑇 ◦𝑆
𝛥𝑡
2
𝑃 (𝑈 (𝑥, 𝑡)).

However, following again the work [49], we have only considered the approach (46) due to stability reasons.
For the sake of readability, the explicit description of the discrete version of the second order schemes are not detailed here. The

procedure in this case is analogous to that already described in the first order case using (46) as well as second order reconstructions
given in (42).

4. Numerical experiments

In this section, we present several numerical experiments designed to evaluate the performance of our proposed schemes. In
each experiment we consider open boundary conditions and gravitational acceleration fixed at 𝑔 = 9.812. Unless stated otherwise,
the number of moments is set to 𝑁 = 8.

In the following tests, when we mention a CFL number greater than 1, we are specifically referring to the stability constraint
related to the sound speed (38). Let us remark that our semi-implicit methods also present a stability constraint linked to the transport
step, which depends on the flow velocity (39). This means that we cannot increase the sound-speed-related CFL indefinitely, as it
emains bounded by the transport CFL limit. Therefore, in test cases the CFL number provided refers to (38) provided that the time

step 𝛥𝑡 obtained satisfies (39), which is usually the case in low speed regime. If the prescribed 𝛥𝑡 violates this stability condition,
then 𝛥𝑡 is reduced by using a CFL number 0.5 for (39).

4.1. Test 1. Well-balanced property check

Test 1.1. Lake-at-rest
In order to check the well-balanced property, let us consider a lake-at-rest initial condition given in [31]. The bottom topography

s given by

𝑧(𝑥) =
{

2 − 𝑥2 if − 0.5 ≤ 𝑥 ≤ 0.5,
1.75 otherwise. (47)

The water depth is ℎ(𝑥) = 3 − 𝑧(𝑥) and a zero velocity profile is considered 𝑢𝑗 (𝑥) = 0, for 𝑗 = 0, 1,… , 8.
The spatial domain is [−1, 1] and the experiment is run until the final time 𝑡 = 0.5, considering a 400−cell mesh. We take the

CFL value to be 0.9 for the explicit schemes whereas the implicit methods use the CFL parameter set to 10.
Table 1 shows the 𝐿1−errors at 𝑡 = 0.5 between the initial water-at-rest state and the final numerical solutions for the different

chemes. For simplicity, in the previous table, only the variables ℎ and ℎ𝑢0 are shown: the errors for the other variables are exactly
zero for this test. As expected, all methods give machine accuracy.

Test 1.2. Subcritical stationary flow with zero moments
Let us check the fully well-balanced property, considering now an initial condition which corresponds to a subcritical stationary

olution given in [33]. The bottom topography is considered to be

𝑧(𝑥) =
{

1
4

(

cos
(

(𝑥 + 1
2 )5𝜋

)

+ 1
)

if 1.3 ≤ 𝑥 ≤ 1.7,
0 otherwise.

(48)

We consider the subcritical steady state characterized by the constants
𝐶1 = 3.5, 𝐶2 = 21.15525, 𝐶𝑘 = 0, 𝑘 ≥ 3, (49)
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Table 2
Test 1.2. Well-balanced property check: subcritical stationary flow with zero moments. 𝐿1−errors at time 𝑡 = 0.5 for the subcritical
initial condition given by the constants (49). The errors of all schemes are machine precision, indicating the well-balanced property.
Variable EXP O1 EXP O2 IMP O1 IMP O2

ℎ 2.90 ⋅ 10−14 3.41 ⋅ 10−14 3.66 ⋅ 10−14 3.24 ⋅ 10−14

ℎ𝑢0 6.26 ⋅ 10−14 1.82 ⋅ 10−14 2.35 ⋅ 10−14 2.08 ⋅ 10−14

Fig. 1. Test 1.2. Well-balanced property check: subcritical stationary flow with zero moments. Initial condition: free surface and bottom (left) and velocity 𝑢0
(right).

in (13)–(14)–(15), which is shown in Fig. 1. The spatial domain is [0, 3] and the experiment is run until 𝑡 = 0.5, considering a 400−cell
mesh. For the explicit and the implicit schemes, we take the CFL value to be 0.9 and 1.26, respectively. Recall that, in practice, the
CFL number is restricted by the transport step of the scheme in the implicit case. Since the Froude number varies between 0.4 and
0.78, no larger CFL condition is possible in this test.

Table 2 shows the 𝐿1−errors at time 𝑡 = 0.5 between the initial subcritical initial condition and the final numerical solutions for
the different schemes. As expected, all methods give machine accuracy.

As mentioned before, the numerical scheme described here is specially designed for situations where the Froude number is low,
s it then makes sense to make implicit the pressure part of the system in order to avoid an overly restrictive stability condition.
et us now consider a subcritical steady state scenario with a lower Froude number, characterized by the following constants:

𝐶1 = 0.5, 𝐶2 = 21.15525, 𝐶𝑘 = 0, 𝑘 ≥ 3, (50)

Again, the final time is 𝑡 = 0.5. In this case the Froude number is between 0.05 and 0.07, which allows us to consider CFL up to 10 for
the implicit scheme. This initial condition is preserved up to machine precision as well, but we are now interested in the efficiency
f the scheme. Table 3 shows the different CPU times (in seconds) needed for the explicit and implicit schemes. Notice that the first
rder implicit scheme shows a speedup of 8.45 compared to the explicit one, while for the second order case the speedup of the

implicit scheme is 10.93 compared to the explicit one. These numbers are close to the relative increase in the CFL number of 11.1.

Test 1.3. Subcritical stationary flow with non-zero moments
Let us consider an initial condition which corresponds to a stationary solution in the subcritical regime with non-zero moments

nspired by an experiment given in [31]. The bottom topography is given again by (48), the spatial domain is [0, 3] and the final
ime is 𝑡 = 0.5, considering a 400−cell mesh. We take the CFL value to be 0.9 for the explicit schemes and 9.15 for the implicit
nes (which is the maximum allowed for this particular solution). We consider the subcritical steady state with non-zero moments
haracterized by the constants:

𝐶1 = 0.5, 𝐶2 = 21.15525, 𝐶𝑘 = 0.005, 𝑘 ≥ 3, (51)

which is shown in Fig. 2. The Froude number is small, between 0.05 and 0.07. Fig. 3 shows the velocity profile at 𝑥 = 1.5. Table 4
shows the 𝐿1−errors at 𝑡 = 0.5 between the initial subcritical state and the final numerical solutions for the different schemes. As
xpected, all methods give machine accuracy. The CPU times (in seconds) for the different schemes are presented in Table 5 with

the purpose of analyzing the efficiency of the methods. Notice that the first and second order implicit schemes show a speedup of
.4 and 9.5, respectively, over the explicit ones. This corresponds directly to the increase of CFL number by a factor of about 10.
10 
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Table 3
Test 1.2. Subcritical stationary flow with zero moments given by the constants (50). CPU runtime in s for the
different schemes using a 400−cell mesh. The CFL is equal to 0.9 for the explicit schemes and 10 for the implicit
ones. As expected by the relative CFL numbers, we observe a speedup of about 10 for the respective implicit
schemes.
EXP O1 EXP O2 IMP O1 IMP O2

23.58 90.51 2.79 8.28

Fig. 2. Test 1.3. Well-balanced property check: subcritical steady state with non-null moments. Initial condition: free surface 𝜂 (up-left), 𝑢0 (up-right) and 𝑢𝑗 , 𝑗 ≥ 1
(down).

4.2. Test 2. Second order accuracy check

This experiment is devoted to check the accuracy of the explicit and implicit second order schemes. Let us consider a perturbation
of the subcritical stationary solution 𝑈0,∗ considered in Test 3, characterized by the constants (51), with the bottom (48). The initial
perturbation is given by

𝑈0(𝑥) = 𝑈0,∗(𝑥) +
(

10−4𝑒−200(𝑥−2)
2
, 0,… , 0

)

. (52)

The spatial domain is [0, 3] and the final time is 𝑡 = 0.1. We consider four grids consisting of 25, 50, 100 and 200 uniform points
in order to compute the errors, comparing with a reference solution, which is computed with a mesh of 800 cells using the same
umerical scheme. The CFL number is set to 0.9 for explicit schemes, whereas a CFL value equal to 2 is considered for implicit ones.
11 
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Fig. 3. Test 1.3. Subcritical stationary flow with non-zero moments: velocity profile at 𝑥 = 1.5.

Table 4
Test 1.3. Well-balanced property check: subcritical stationary flow with non-zero moments. 𝐿1−errors at time 𝑡 = 0.5 for the
subcritical initial condition given by the constants (51). The errors of all schemes are machine precision, indicating the well-
balanced property.
Variable EXP O1 EXP O2 IMP O1 IMP O2

ℎ 2.66 ⋅ 10−14 1.68 ⋅ 10−14 3.46 ⋅ 10−14 2.02 ⋅ 10−14

𝑞0 8.03 ⋅ 10−14 3.73 ⋅ 10−14 1.46 ⋅ 10−13 2.99 ⋅ 10−14

ℎ𝑢𝑗 , 𝑗 ≥ 1 4.78 ⋅ 10−16 3.36 ⋅ 10−16 7.49 ⋅ 10−16 3.22 ⋅ 10−16

Table 5
Test 1.3. Subcritical stationary flow with non-zero moments. CPU times (in seconds) for the different schemes
using a 400−cell mesh. The CFL is equal to 0.9 for the explicit schemes and 9.15 for the implicit ones. Again,
the speedup is about 10, in line with the increase of the CFL number.
EXP O1 EXP O2 IMP O1 IMP O2

23.07 74.85 2.46 7.86

Table 6
Test 2. Second order accuracy check and CPU time (in seconds). Explicit scheme. CFL= 0.9.

No. of ℎ 𝑢0 𝑢𝑗 , 𝑗 ≥ 1 CPU

cells Error Order Error Order Error Order time

25 7.08e−03 – 1.36e−03 – 3.54e−05 – 0.28
50 2.09e−03 1.76 3.07e−04 2.14 1.05e−05 1.76 1.12
100 6.08e−04 1.78 9.14e−05 1.75 3.05e−06 1.78 2.90
200 1.37e−04 2.15 2.17e−05 2.07 6.87e−07 2.15 10.80

The results are shown in Tables 6 and 7: the expected second order of accuracy is achieved in all variables. Moreover, the CPU time
(in seconds) for each case has been computed in order to compare the efficiency. We observe that in every case the speed-up of the
semi-implicit schemes compared to the explicit ones is higher than 3.

4.3. Test 3. Perturbation of a subcritical steady state

We want to perform a test, similar to the one proposed in Test 4, but now considering a more physical initial condition. With
that aim, we consider now 𝑁 = 2 moments, so that we have a parabolic velocity profile. The spatial domain is [0, 3], the bottom
topography is again (48) and a final time 𝑡 = 0.1 is considered in order to observe the propagation of the perturbation before it has
eft the domain. As initial condition, we consider a perturbation of a subcritical stationary solution. That subcritical steady state
0,∗ is characterized by the following constants:

𝐶1 = 0.5, 𝐶2 = 21.15525, 𝐶3 = −0.005, 𝐶4 = −0.001, (53)

and the initial perturbation is then given by

𝑈0(𝑥) = 𝑈0,∗(𝑥) +
(

10−4𝑒−200(𝑥−2)
2
, 0,… , 0

)

, (54)

and shown in Fig. 4.
12 
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Table 7
Test 2. Second order accuracy check and CPU time (in seconds). Implicit scheme. CFL=2.

No. of ℎ 𝑢0 𝑢𝑗 , 𝑗 ≥ 1 CPU

cells Error Order Error Order Error Order time

25 7.08e−03 – 1.36e−03 – 3.54e−05 – 0.09
50 2.10e−03 1.75 3.16e−04 2.10 1.05e−05 1.75 0.24
100 6.14e−04 1.77 1.04e−04 1.61 3.08e−06 1.77 0.93
200 1.41e−04 2.13 2.93e−05 1.82 7.08e−07 2.12 3.56

Fig. 4. Test 3. Perturbation of a subcritical steady state. Initial condition: free surface 𝜂 (up-left), ℎ𝑢0 (up-right), ℎ𝑢1 (down-left) and ℎ𝑢2 (down-right).

In Figs. 5 and 6, we have plotted the solution obtained with the implicit schemes considering different CFL values. A reference
solution has been computed using the first order explicit scheme with a fine mesh consisting of 1600 cells. We have zoomed in the
free surface to see the differences between the schemes, observing, as expected that the first order schemes are, in general, more
diffusive, and that the diffusion is increased when the CFL is bigger. This behavior is also observed in the variable ℎ𝑢0, while no
major differences can be perceived in ℎ𝑢1 and ℎ𝑢2. As previously mentioned, the velocity profile is now parabolic. As an example,
Fig. 7 shows the vertical profile at the final time at point 𝑥 = 2.25 using the second order implicit scheme with CFL=5.
13 
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Fig. 5. Test 3. Perturbation of a subcritical steady state. Numerical solution for first and second order implicit schemes using different CFL values: free surface
(left), zoom in the free surface (right).

4.4. Test 4. Dam-break problem

Even though the aim of our schemes is to use them in low Froude number situations, since it is in that case when they outperform
explicit schemes, we are now going to check that in fact they can also be used in other cases, such as in dam-break situations. In
order to do so, we consider a problem similar to one shown in [15]. The spatial domain is [−0.4, 0.4] and the final time is 𝑡 = 0.1.

he bottom topography is considered to be flat, i.e., 𝑧(𝑥) = 0 and an initial condition given by:

ℎ0(𝑥) =
{

2 if 𝑥 ≤ 0,
1 otherwise,

𝑢00(𝑥) = 0.25; 𝑢01(𝑥) = −0.005; 𝑢08(𝑥) = 0.005; 𝑢0𝑗 (𝑥) = 0, 𝑗 = 2,… , 7.
(55)

A reference solution computed with a 6400-cell mesh using the first order explicit scheme has been considered. Figs. 8 and 9
display the solutions provided by the methods of order 1 and 2 at 𝑡 = 0.01 and 𝑡 = 0.1 for 𝜂, the velocity 𝑢0 and moments 𝑢1 and 𝑢8.
The CFL value is 0.9 for the explicit schemes, and 1 and 2 (the second being the maximum allowed) for the implicit schemes. The
images that depict moments can be reinterpreted as a vertical profile for velocity. As an example, in Fig. 10 we present the profiles
obtained at the points 𝑥 = 0 and 𝑥 = 0.15 for the second order implicit scheme with a CFL number equal to 2 at the final time.

4.5. Test 5. Comparison with a high order explicit scheme

For this test, we considered a dam-break problem with 𝑁 = 2 moments to specifically evaluate the time discretization errors of
our semi-implicit schemes compared to a high-order explicit method (third order standard explicit scheme). The bottom topography
is again flat, the spatial domain is [−0.4, 0.4] and the initial condition is given by

ℎ0(𝑥) =
{

2 if 𝑥 ≤ 0,
1 otherwise,

𝑢00(𝑥) = 0.01; 𝑢01(𝑥) = −0.005; 𝑢02(𝑥) = 0.005.
(56)

The results, that are shown in Fig. 11, demonstrate a good agreement between our schemes and the reference explicit method even
in scenarios involving large free-surface variations and far from steady states. As the time step is reduced, our semi-implicit solutions
onverge closely to those of the explicit scheme, confirming the temporal consistency of our approach. Table 8 shows the 𝐿1−errors

at time 𝑡 = 5 between the third order standard explicit scheme and the first and second order implicit schemes for different CFL
values, and the speed-ups of the implicit schemes relative to the explicit schemes. Specifically, for the first-order schemes, we used
the CPU time of the first-order explicit scheme as a reference, and similarly for the second-order schemes. As expected, the error
increases with the CFL, but so does the speed-up. Moreover, for the same CFL, the error is smaller when the second order scheme
is considered.

5. Concluding remarks

This work considers the development of numerical schemes for the Shallow Water Linearized Moment Equations (SWLME),
hich allow to obtain a vertical distribution of the horizontal velocity. This is in contrast to the standard Shallow Water Equations

SWE) where the horizontal velocity is constant in the vertical direction. The improved description of the velocity profile is useful in
14 
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Fig. 6. Test 3. Perturbation of a subcritical steady state. Numerical solution for first and second order implicit schemes using different CFL values: ℎ𝑢0 (up-left),
𝑢1 (up-right) and ℎ𝑢2 (down).

Fig. 7. Test 3. Perturbation of a subcritical stationary flow: velocity profile at 𝑥 = 2.25 using the second order implicit scheme with CFL=5.
15 
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Fig. 8. Test 4. Standard dam-break test. Zoom of the variables 𝜂, 𝑢0, 𝑢1 and 𝑢8 at time 𝑡 = 0.01.

Table 8
Test 5. 𝐿1−errors at time 𝑡 = 5 between the third order standard explicit scheme and the first and second order implicit schemes
for different CFL values.

Error ℎ Error 𝑢0 Error 𝑢1 Error 𝑢2 Speed-up

IMP O1 CFL 1 4.84e−01 4.10e−01 2.77e−03 2.77e−03 1.25
IMP O1 CFL 2 6.39e−01 5.40e−01 3.35e−03 3.35e−03 1.92
IMP O1 CFL 3 8.50e−01 7.20e−01 4.08e−03 4.08e−03 3.80
IMP O2 CFL 1 3.06e−01 2.53e−01 1.82e−03 1.82e−03 1.20
IMP O2 CFL 2 4.94e−01 4.10e−10 2.61e−03 2.61e−03 1.81
IMP O2 CFL 3 7.39e−01 6.22e−01 3.67e−03 3.67e−03 3.51
16 
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Fig. 9. Test 4. Standard dam-break test. Variables 𝜂, 𝑢0, 𝑢1 and 𝑢8 at time 𝑡 = 0.1.

Fig. 10. Test 4. Standard dam-break test: velocity profile at 𝑥 = 0 and 𝑥 = 0.15 at the final time 𝑡 = 0.1 using the second order implicit scheme with CFL= 2.
17 



C. Caballero-Cárdenas et al.

a

Computer Methods in Applied Mechanics and Engineering 437 (2025) 117788 
Fig. 11. Test 5. Comparison with a high-order explicit scheme. Results at time 𝑡 = 5: free surface 𝜂 (up-left), ℎ𝑢0 (up-right), ℎ𝑢1 (down-left) and ℎ𝑢2 (down-right).

many practical applications, where a constant vertical profile could be very restrictive. Compared to other Shallow Water Moment
Equations (SWME), the SWLME assume that higher order moments are small, which results in an explicit algebraic expression for
steady states and explicit computation of the eigenvalues.

SWLME have been solved by means of a semi-implicit first and second order exactly fully well-balanced method. A splitting
pproach allowed to separate acoustic and material phenomena. This is especially interesting for the case of low Froude regimes,

where the CFL restriction due to the pressure term is too restrictive when compared to the velocity stability restriction. Indeed, using
an implicit approach for the pressure system made it possible to use a larger CFL condition and a significant speed-up comparable to
this increase is obtained. The resulting scheme is therefore efficient in such situations and exactly preserve the stationary solutions,
as shown in the several numerical experiments that have been performed. Moreover, the use of the relaxation strategy helps not
only to preserve the steady states, but it also avoids the resolution of non-linear systems.

Let us remark that the technique described here is rather general and flexible. Therefore, in future works, we intend to adapt
the methodology presented here for extended systems with additional complexities, such as the inclusion of friction terms, sediment
transport phenomena and an enhanced treatment of dry-wet transitions and boundary conditions. These scenarios are particularly
challenging due to the nonlinear nature of friction forces and the discontinuities introduced for instance by dry-wet interfaces.
Implicit methods, known for their stability and efficiency in handling stiff problems, are expected to demonstrate even greater
advantages under such conditions, offering significant improvements in both accuracy and computational performance.
18 
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