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ABSTRACT. Given a smooth complete Riemannian manifold with bounded geome-
try (M, g) and a linear connection V on it (not necessarily a metric one), we prove
the LP-boundedness of operators belonging to the global pseudo-differential classes
W (27, V,7) constructed by Safarov. Our result recovers classical Fefferman’s
theorem, and extends it to the following two situations: p > 1/3 and V symmet-
ric; and V flat with any values of p and §. Moreover, as a consequence of our
main result, we obtain boundedness on Sobolev and Besov spaces and some LP-L9
boundedness. Different examples and applications are presented.
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1. INTRODUCTION

Studying continuity of linear operators defined on Banach spaces is a classical
problem in mathematics. Such abstract problems have been useful when applied in
physics and engineering, especially due to their close relationship with the theory of
PDE’s. For instance, studying estimation norms of operators on LP spaces, Sobolev
spaces, Besov spaces, etc., becomes extremely handy when it comes to obtaining
existence, regularity and approximation of solutions to different types of linear and
nonlinear equations (see e.g [3, 25, 42, 44, 45]). In particular, mathematicians have
been actively investigating the cases of Fourier and spectral multipliers, and more
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generally pseudo-differential operators, since those operators provide a fundamental,
accessible and diverse family of operators. Let us be more precise on what type of
operators we are discussing. Usually those operators are entirely defined by means of
a function m, which could have one or two variables, this means that there is a way
(which in physics will correspond to a quantization procedure) to produce operators
P := Op(m) and we are interested in establishing conditions on m such that we can
guarantee the boundedness of P on LP spaces, Sobolev spaces and Besov spaces.

One important feature of this type of problems is the nature of the underlying space
where the operators are defined, usually each of them present their own difficulties
and particular tools to overcome them; for instance the presence or absence of a
Fourier transform. Some of the classical spaces of interest are: Euclidean space R",
Lie groups, manifolds, etc. In order to get a feeling on what type of results we are
looking for, let us state one of the most classical results in this topic, the Hormander-
Mikhlin Theorem [23, 32]:

Theorem 1.1. Let m : R" — C satisfy the following condition:

—lal
)] < e, (1)

for all nonzero & € R™ and for all 0 < |a| < |§] + 1. Then the multiplier

1 iz iy
m(D)(@) = o [ e tmfie)ae

is bounded from LP(R™) to LP(R") for 1 < p < oc.

The main concern of this article is the case of pseudo-differential operators, which
are operators defined by functions o(z,§) called “symbols” (later on we will specify
where the variables belong to), so we move on the discussion towards that direction.
The problem consists in identifying conditions like (1.1), but for the two variable
dependent functions o(z,&). This led mathematicians to construct different kinds of
classes of functions in which it is possible to control the growth of their objects in
a good way, making it possible to obtain several types of boundedness results. For
the case of R" everything started with the pioneering works of Calderén-Zygmund []
and Kohn-Nirenberg [29], but probably the Hormander classes S} [24] are the most
studied ones since they are general enough to obtain useful results even though there
are much more general classes which have these ones as a partlcular case. For now,
let us focus on the classes 575, so we briefly recall their definition, for more details see
e.g. [25, 39]. Let m, p,d be real numbers such that 0 < § < 1,0 < p < 1, and let X be
an open set of R". The class 7% (X, R") consists of functions o € C*°(X x R") such
that for any multi-indices «, and any compact set K C X there exists a constant
Ca g,k such that

108070 (2, )| < Cap i (14 [€])m P+ (1.2)
for all x € K and £ € R". Thus, one can use these symbols to define pseudo-
differential operators as

~

1 -
o(X.D) @) = Gz [ o)) de
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One of the most important results on the problem of finding bounds for these opera-
tors was obtained by Fefferman [I14]. This was possible because of his previous work
with Stein [15], where they introduced Hardy spaces in several variables and found
their relation with the BMO space of John and Nirenberg [27], which ended up being
the suitable spaces to perform a proper interpolation. His result is as follows:

Theorem 1.2 (Fefferman [11]). Let o € Sf_’gm (R") with 0 £ § < 1—a <1 and
f <mna/2. Set

na/2 — B [n/2+ A
Ai=—— and v:=— | ——|.
220 =
a) Then o(X, D) is bounded on LP for
1 1
e
’p 2| =7
b) If |1/p — 1/2| > ~, then the symbol
ciléle

O'(I‘,g) = O-aﬁ(g) = w € Sl_—/Ba,O

provides an operator o,5(D) unbounded on LP.
c) Let o € S;f;{f, so that the critical L? space is L'. Although o(x, D) is
unbounded on L', it is bounded from the Hardy space H* to L*.

The objective of this article is to extend this result to a certain type of manifolds

M for relatively new classes of symbols constructed by Safarov in [35]. Of course
Fefferman’s result extends immediately to the classical Hormander classes W75 ,.(M)

on manifolds since those are defined by means of local charts. However, one has
to remember that there is not complete freedom on the choice of the numbers p, d,
as in the case of R™, because those classes must satisfy the restriction p > 1/2 due
to the coordinate invariance requirement. When working with the Safarov classes

s (27, V,7) (see Section 2 for the definition) we are able to extend Fefferman’s
result for the case p > 1/3 and even p > 0, but the price to pay is some extra
geometrical conditions. These classes are not defined using local charts, which relies
on local Fourier transform, but using oscillatory integrals given by global symbols.
What we mean by global symbols is that the whole symbol ¢ will be well-defined in
the cotangent bundle 7% M, and not only the principal part as in the classical theory.
The latter is achieved by using a well-defined global object on M such as a linear
connection V. Thus, the extra geometric conditions we mentioned before would be
conditions on the connection, which are being symmetric or flat, depending on the
condition on p (see Theorem 1.8).

Remember that a connection is called symmetric if its torsion tensor T is zero
and, moreover, if its curvature tensor R is also zero the connection is called flat.
These conditions were used by Safarov [35] to obtain good behavior of compositions,
L?-boundedness, existence of parametrices, etc., and more recently an approximate
spectral projection [30].

Remark 1.3. The classes W7 (©2%, V, 7) will not depend on V if we stick to the
condition p > 1/2, and in this case they coincide with the classical Hérmander
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psioc(M). In other cases, the classes do depend on the choice of connection.

Fortunately, for the case p > 1/3 we always have a canonical symmetric connection,
the famous Levi-Civita connection.

classes U

Let us mention that this is not the only-existing approach to defining symbol
classes on manifolds utilizing connections, for instance one can find the works of
Widom [50, 51}, Fulling-Kennedy [!8], Sharafutdinov [37, 38], etc. Moreover, the
idea of working with global symbols defined on the cotangent bundle also appear in
other works, e.g [19, 17, 18]. We also refer to the global-symbol theory developed
by the second author and collaborators for Lie groups [16, 3], since in these calculi
some LP-LP and LP-L9 results are already available (see [6, 7, 11]).

Coming back to our problem, we are going to consider it on complete Riemannian
manifolds (M, g) where operators will be acting on k-densities. We have to say that
the main difficulty when proving an analogue of Theorem 1.2 in our setting is the fact
that the pseudo-differential operators are not defined by means of a Fourier transform,
so that we have to deal directly with the Schwartz kernels of the operators and adapt
the techniques for them. We overcome this problem by using representations of such
kernels which are strongly related with the local geometry of the manifold. In order
to handle this local geometry in the estimation processes we assume the manifold is
of bounded geometry (see e.g. [10]). Just to fix some notation, given a Riemannian
manifold (M, g) we will always denote by d the geodesic distance induced by the
metric g and

Bi(z) = {y € M: d(z,y) < &)
will denote the the ball of radius € centered at z.

Definition 1.4. We say that a complete Riemannian manifold (M, g) is of bounded
geometry if
(1) The injectivity radius of M, denoted by 7, is strictly positive.
(2) In any geodesic ball B,(x) the metric tensor g;; in normal coordinates is
bounded in the C* topology of T,,M, and its inverse tensor ¢¥ is bounded in
the sup norm.

Some examples of manifolds satisfying all previous conditions are Euclidean spaces,
compact manifolds, Lie groups, and some non-compact symmetric spaces. An im-
portant consequence for us of the bounded geometry assumption is that we know
the growth behaviour of the balls of any radius in M (not necessarily the ones with
radius smaller than the injectivity radius), it is established in the following lemma
by Taylor [13] (this is a particular case of a more general result, Proposition 4.1 in

[10])-

Lemma 1.5. Let (M, g) be a complete Riemannian manifold of bounded geometry.
Then there exists Cy = Co(M), o = po(M), and Ky = Ko(M) such that for each
re M, re(0,00), we have

VolB,(z) < Cy(1 + r)roekor, (1.3)
Constants Cy, g, and K are fixed in the rest of the article.

As we mentioned before, our symbol classes will be defined by means of a linear
connection V, and in order to perform certain estimations we will need a similar
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condition as (2) in the previous definition but for the Christoffel symbols of the
connection:

Definition 1.6. We say that a linear connection V is bounded if, in any geodesic
ball B, (z), the Christoffel symbols I'}; in normal coordinates are bounded in the C*
topology of B,.(z).

Remark 1.7. Note that if (M, g) is of bounded geometry, then condition (2) in
Definition 1.4 implies that the Levi-Civita connection V¢ is bounded. Therefore in
this situation we can at least find a bounded connection. Henceforth when we ask
the triple (M, g, V) to be of bounded geometry we mean that (M, g) is a complete
Riemannian manifold of bounded geometry and that V is bounded.

Moreover, one has to be a bit careful since we will allow operators to act on k-
densities and not only on functions. Therefore one may adapt definitions of function
spaces to this situation, but this is possible since the bundle Q% of x-densities is a
trivial line bundle.

We will say that an operator is locally bounded on LP(M, Q) if it is bounded from
L2y (M, Q%) to Ly, (M, %), We will say it is globally bounded if it is bounded from
LP(M, Q") to LP(M,Q").

Let us enunciate the main result of this article regarding the LP? — L” boundedness
of operators belonging to Safarov classes (for precise definitions see Section 2):

Theorem 1.8. Let (M, g, V) be a complete Riemannian manifold of bounded geom-
etry. Let 0 € [0, w) and a € S;g(V) with 0 < § < p < 1. Suppose that at least
one of the following conditions is fulfilled:

(1) p> 3

(2) the connection V is symmetric and p > 3;

(3) the connection V is flat.

Then we have the following.
a) The operator a(X, D) is bounded from LP (M, Q") to LY

comp loc
‘ 1 1

(M, Q") for
L _’ <
p 2" n(l-p)
b) This result is sharp, i.e., if |[1/p—1/2| > 0/(n(1 — p)), then the symbol

i€l ”
e 0
— - 49"
a(x,§) ap@(g) 1+ ‘5’?:0 = p,O(V)
gives an operator ay(D) unbounded on LP(S', %), where xg is any fized point

on S'.
_n(=p)
¢) Leta€S,; > (V), so that the critical LP(M, Q") space is L'(M,Q*). Then
a(X, D) is bounded from the Hardy space HY (M, Q) to L} (M, QF).

comp loc

Moreover, if a € S;g’(V)g,o then these boundedness results are global.

Furthermore, as an application of Theorem 1.8 combined with some results on
Bessel potentials (see Section 2), we are able to obtain the following boundedness
results on Sobolev and Besov spaces, and some LP-L? results:
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Theorem 1.9. Let (M, q,V) be a complete Riemannian manifold of bounded geom-
etry. Let 0 e R, 0 < g < o0, and a € S;g(V) with 0 < 6 < p < 1. Let s1,82 € R be
such that

n(l—p)

—m P < b-s+m <0 (1.4)

Suppose at least one of the following conditions s fulfilled:

(1) p>3
(2) the connection V is symmetric and p > %
(3) the connection V is flat.

Then a(X, D) is bounded from L (M, Q%) to LY ,,.(M, Q") for

s1,co0mp
‘1 1‘ 2
<
p 2|7 n(l-p)

Moreover, if 6 € |0, W) and s1 = sy = 8, for s € R fized, then a(X, D) is bounded
from By (M, Q%) to By (M, Q%) for the same range of the values of p. Furthermore,
if a € S;g(V)glo, these previous boundedness results are global.

Theorem 1.10. Let (M, g,V) be a complete Riemannian manifold of bounded ge-
ometry. Let 0 € R and a € S, (V) with 0 < § < p < 1. Suppose at least one of the
following conditions s fulﬁlled

(1) p> 3
(2) the connection V is symmetric and p > %
(3) the connection V is flat.

Then we have the following statements.
a) If 1 < p <2< g < oo, then a(X, D) is bounded from LP

LT (M, Q") if
T
q
b) ifl<p<qg<2and

(-4o-n(1-1) <

then a(X, D) is bounded from LP Q%) to LL (M, Q");
c)if2<p<q<oo and

(40-0 1-1) <

then a(X, D) is bounded from L2 (M,QF) to L{ (M,Q").

loc
Moreover, if a € SM(V)glo, these previous boundedness results are global.

M, Q") to

comp(

comp ( )

com; (
P

Remark 1.11. Notice that in none of the previous Theorems we are requiring the
connection to be metric, even though we are working with a Riemannian manifold.

For discussions of our main results see Remarks 3.9, 3.14 and 3.16.
Finally, let us comment on Conditions (1)-(3) in these theorems. Condition (1) is
recovering the classical results on local classes; remember that the restriction p > 1/2
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always appears as the intersection of 0 < 9§ < p <1 and 1 — p <, since in this case
the Safarov classes are independent of the choice of the connection V (resembling
invariance under change of coordinates). Therefore, in this situation one can always
pick connections that simplify the problems without worrying too much. Condition
(2) is extending the classical results since now we can take smaller p > 1/3, allowing
us to consider new types of operators, but this happens in some new classes since
in this case the Safarov classes do depend on V. Nevertheless, asking V to be
symmetric (or torsion-free) is not a restriction at all on the geometry of M, because
given V with Christoffel symbols F};j, the connection given by the new Christoffel
symbols f};j = %(Ffﬁj + F;k) is always symmetric and it has the same geodesics (see
e.g. [28]). Moreover, if one is interested on having metricity as well, for instance
to write Christoffel symbols in terms of the Riemannian metric, one has always the
Levi-Civita connection. Condition (3) is the one extending the most the types of
operators we can consider because we allow p > 0, but in this case we do have the
major restriction of flatness; which together with the bounded geometry will reduce
the class of manifolds to which our results are applicable. Regarding this conditions,
if we have a flat metric connection on a compact Riemannian manifold, it is well-
known that there are only finitely many of them in each dimension due to Bieberbach
Theorems (see e.g. [3]) and basically all of them are tori, products of tori and an
already flat one quotient by free group actions. Interestingly, if one forgets about
metricity, i.e. we consider only a flat connection on a compact Riemannian manifold,
it is known that there exist infinitely many of them in every dimension [2]. Up to our
knowledge, there is still no complete classification of this class of manifolds.

To avoid confusion, we clarify that over the whole article we implicitly use standard
FEinstein notation.

2. PRELIMINARIES

In this section we recall the Safarov pseudo-differential calculus and its main results;
definitions of the BMO, Hardy, Besov and Sobolev spaces in complete Riemannian
manifolds of bounded geometry, together with the relevant properties we require for
the purposes of this work.

2.1. Safarov calculus. In this subsection we follow Safarov [35], and we prove some
extra results we will need in Section 3.1.

Let M be a n-dimensional smooth manifold. The linear operators we are going to
consider will be acting on the space of k-densities (sections of a certain line bundle)
for k € R, so we quickly define them and we refer to [!] for more details. The x-
density bundle is defined as the associated bundle of the following representation of
GL(n):

GL(n) & GL(1)
A |det A7,
i.e. the bundle 27 is defined as
QF:=Fr(M)x,R—= M
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where Fr(M) is the frame bundle of M, and as usual we denote the space of smooth
sections as I'(Q2%). Locally here means that we are dealing with objects (sections)
that under a change of coordinates transform as follows

u(y) = | det(9z"/0y”)["u(z(y)),
where {z%}, {y*} are two coordinates systems on M. For example, if k = 0, then
['(Q°%) = C*(M) is the standard space of smooth functions on M; if M is oriented
and k = 1, then I'(Q') = T'(A"T*M) is the space of n-forms on M. The density
bundle (k = 1) is trivializable, so all of them are, therefore we fix a section |dx| and
we can use it to identify all these line bundles via multiplication by |dx|.

Remark 2.1. Locally one may think of elements u € I'(Q2") as
u(z) = f(z*, ... 2™ |dz A - A da"|".
Moreover, there is a natural pairing between Q% and Q=" given by integration

"'>:f

o x ot 2, ¢

since our fixed section |dz| is defining a measure on M even if it is not oriented.

Now, let V be a connection on the tangent bundle 7'M and abusing notation we also
refer to V to the induced connection on the cotangent bundle T*M. Such connection
allows us to choose a horizontal space HT*M such that TT*M = VIT*M & HT*M,
where VT M is the natural vertical part which, if we denote points on T*M as (y, ),
is generated by vector fields {0,,} C X(T*M). On the other hand, the connection
V will give us the generators of the horizontal part by considering horizontal lifts of
vector fields 0« € X(M). Let F};j be the Christoffel symbols associated to V, given

a vector field v = >~ v¥(y)d,x on M, its horizontal lift is defined as

Vo= > ¥ )0y + Y Ths ()" (v)midy, -
k i4,k
In particular, if v = 9,x we will denote its horizontal lift by V, these are the deriva-
tives that will appear in the definition of the symbols classes. To define the phases
and the kernels of the pseudo-differential operators we will need some other geometric
objects related to V, so we quickly fix the notation:

e We usually use normal coordinate systems so we use the abbreviation n.c.s.

e We denote by T = {T},} the torsion tensor, by R = {R},} the curvature
tensor and {Ry} = {>_, Ri;} the Ricci tensor. If T = 0 we say that V is
symmetric, and if in addition R = 0 we say that V is flat.

e Given a neighborhood U, of z, we denote by 7, .(t) the shortest geodesic
joining x and y € U,. We will use the notation z, = 7, »(t).

e We denote by @, , : Ty M — T M the parallel transport along 7, .(t) and we
define T, := T, (y) = | det @, .|, the latter function is a 1-density in x and a
(—1)-density in y.

e The following useful formulas, in normal coordinates, were proved by Safarov
in [35]:

. ) 1 .
ayk(q)y,a:)ﬂy:m = P;c](y)} = _lej(x)v (2'1)

y=c 9
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. 1 ,
0 (T, = ST, = 5 DT (@) (2.2)
J J

Remark 2.2. One has to be careful when taking horizontal and vertical derivatives,
because they will produce new tensors (since one may think of coordinates 7 as being
I-forms). For example, if a € C°(T*M) then {05 a}ja=, would be a (p,0)-tensor
and {V;, ...V, a} would be a (0, g)-tensor. Actually, for the horizontal ones one can
define another derivative using parallel transport

V$G($77]> - @a(:% q)y,xn) y:xa
which will coincide with {V;, ...V, a} ([35, Corollary 2.5]) and often will appear in
formulas below.

Definition 2.3. Let 0 < 4§ < p < 1, the space S;'5(V) denotes the class of functions
a € C®(T*M) such that in any coordinates y, for all a and iy, ..., 1,
laf,lvz‘l ... V,aly, 7])‘ < constg g, ... i (77>Zl+5q_p‘aly

where y runs over a compact set K C M, (n), = (1 + w?(y,n))"? where w €

C®(T*M \ 0) is a positive function, homogeneous in 7 of degree 1. Also amplitudes
are defined as functions satisfying

‘85(92‘Vi1 ... Via(z; y,n)‘ < constg o Biir,... i <77);”+5‘6|+5q_p‘°‘|, for all y, z € K.

Remark 2.4. According to Safarov, this symbol classes are independent of the func-
tion w, but for our purposes we will work with a Riemannian manifold (M, g), so

will stick to w(y,n) = |nly = /9% (y)nams, where g* are the dual coefficients of the

metric g.

Of course, symbols in S;%(V) satisfy the classical properties concerning multipli-
cation, addition, and differentiation with respect of each of the variables.

Proposition 2.5. We have the following properties.
o Ifae S(V) and b€ S)3(V), set m = max(mi,ms), then

ab € STTM(V) and a4+ b € S)5(V).

P8

o Moreover, 0%a € S;fg‘p""(V), and V,, ---V,a € S;'EJF(SC’(V) for all a €

73 (V) and any vy, ..., v, € X(M).

As usual, for any [ € N we define the seminorms for a compact set K C M
|a$vi1 s Viqa<y7 77)’

lallysm, = sup
7o lal+q<i, (y,n) €K xTy M <77>Zl+5qu|a|

Y

which regularly will appear in the estimation process of Section 3.

Example 2.6. To give an example on how to manipulate the seminorms, which
actually will be used in Section 3, let us suppose for a moment that (M, g, V) is a
complete Riemannian manifold of bounded geometry. We investigate the seminorm
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of the powers of the weight (n),, i.e. let v € C and | € N, and we want to estimate
I (17);”1;5;%. On the one hand, using the symmetry of the metric tensor,

Vie(n)? = V(1 + " (y)nans) "

= (L + g™ (W)mam) " + T ymi0h, (1 + g () 1ams)""
f)/

= S (L4 g Wnam) "2 (Okg™ ynam + A1+ ¢ (y)ngm) O~ 2",

< C(L+ g™ (y)nam)? = Cy{n)],

so we see that V;, ...V, (n)g would behave as a polynomial in 7 of degree v having

coefficients depending on partial derivatives of the metric coefficients and Christoffel
symbols, which are bounded since (M, g, V) is of bounded geometry, and powers of
~ depending on q. Therefore

Vi - Vi (my| < [prg(7) )y,
where p; ,(7) is a polynomial of degree ¢. On the other hand,

aT]k <77>Z = ank(l + gab(y)nam)W

= (1 + g*(y)nemy) =22 g*n,

<ACln)y "
Therefore,

105 2] < [pa.a() ()21,

where ps () is a polynomial of degree |a|. Thus, combining the two previous calcu-
lations, we find that for |a| 4+ ¢ <[ we have

00V, ... Vs, (m)]] < Ipz(v)l<n>3"°",
where p;(7) is a polynomial of order I. Finally, we conclude that

1

m—y+|a|)+ég—plal
lal+q<l, (ymeK xTy M Y laf) la]

[1{m)y llissms < sup [pu(7)]

Before giving the definition of a pseudo-differential operator as an integral operator,
we still need to define what would be the phase function appearing in the integral
expresion of these operators.

Definition 2.7. Let V be a sufficiently small neighborhood of the diagonal A in
M x M. We introduce the phase functions

0 (2,¢,y) = —(Yy(7),¢), where (z,y) €V, 7€[0,1], Ce€T; M.
Definition 2.8. Let A : I'.(Q") — I'(Q") be a linear operator with Schwartz kernel
o (x,y), i.e, (Au,v) = (&, u ®v). We say that A is pseudo-differential if

(1) o/ (x,y) is smooth in (M x M)\ A.
(2) On aneighborhood V' of A the Schwartz kernel is represented by an oscillatory
integral of the form

1 )
ann-/ ezgm—(m,{,y)a (ZT7 C) dC? for (xay) € ‘/7
m T: M

zT

where a € ;’f(;(V) and p.r = prr(x,y) = T;;fT;’fz.

%(x,y) =
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We denote by W7 (Q", V, 1) these classes of pseudo-differential operators. Moreover,
we say that a pseudo-differential operator A is properly supported if both projections
71, T : supp & — M are proper maps.

We want to emphasize that actually we have introduced a parameter family of
kernels depending on 7 € [0, 1], which will correspond to different types of quanti-
zation procedures. That is, for example, if 7 = 0 we would be in the set-up of the
Kohn-Nirenberg quantization [29] or if 7 = 1/2 we would be in the frame of the Weyl
quantization (see e.g. [20]). Later on we will see that all such quantization are equiv-
alent (see Proposition 2.11 and Remark 2.12), so we will stick to the one we consider
the most convenient to establishing our goal, namely the LP-estimates. Nevertheless,
we are aware that depending on the objective other quantization may be chosen; for
example, in [12] the authors also define a parameter dependent family of kernels but
they selected to work with the Weyl one due to its relevance in physics.

Remark 2.9. Let x be a smooth function being equal to 1 in V' and vanishing
outside. We define the smooth function

so one can write a pseudo-differential operator A as follows:
Au( Alocu )+Aglau( )

~ [ S plal+ [ Kyl
= W/M/;TMPH,TGWT(QC’C"U)@(erQX(%y)U(y)dddy\ +/MK(:E,y)u(y)|dy|.

Notice that our definition of pseudo-differential operator only allows us to write ex-
plicitly the local part of the operator, A;,., so that estimations in Section 3 would be
local unless one imposes a decay condition on the global part Ay, of the operator.
Classically on R"™ one has polynomial decay on the kernel for x # y coming directly
from the conditions on the symbol classes since in that case the conditions are global
(see e.g. [31, Theorem 2.3.1]). In the setting of complete Riemannian manifolds of
bounded geometry such properties would not be enough in general because due to
Lemma 1.5 one could have exponential growth of the balls and this behaviour needs
to be compensated by the kernel. For this reason, in the next sections we are going
to use the following assumption on the kernel K away from the diagonal A.

Assumption 2.10. Let (M, g) be a complete Riemannian manifold of bounded ge-
ometry of dimension n, and denote by d the associated Riemannian distance. Let
Co, o, and Ky be as in Lemma 1.5. We say that a € ;’:‘5(V)glO if the corresponding
kernel K of the pseudo-differential operator a(X, D) in (2.3) away of the diagonal
satisfies:

o If Ky > 0, then there exist W > K such that

K (x,y)| < Ce™W4@Y)  for all x,y € M such that d(z,y) > 1.
o If Ky =0, then there exist L > gy + n such that

|K(z,y)| < Cd(z,y)™", for all 2,35 € M such that d(z,y) > 1.
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As we already mentioned, decay as in the second item is satisfied by all pseudo-
differential operators belonging to Hormander classes. Notice that on a compact
Riemannian manifold such properties are trivially satisfied since away from the diag-
onal the kernel is a smooth function. On the other hand, some operators satisfying
the conditions in the first item are discussed in detail by Cheeger, Gromov and Taylor
in [10]. Specifically, they treated functions of Laplacians f(v/—L) where f € S7'(R)
(see definition of this class in Example 2.19) and f is holomorphic on the strip

Qw ={z€C:|Imz| < W},

where the width of the strip is precisely the constant appearing in the exponential
decay of the kernels.

We move on, and now let us describe locally the kernel o7 (z,y) corresponding to
the operator Aj,.. For that purpose take a chart U x U C V, and let {2*}, {y*} be
the same coordinates. Then there exist a non-degenerate n x n matrix ¥, (z,y) such
that for all (z,y) € U x U

907'(*1'7 Cay) - (1‘ - y) ¢,

and changing coordinates ¢ = ¥.( we obtain

1
A (x,Yy) = ——pr.r| det U, 1/
(@) = rgperldet 7 [

ZT

RICEIE e (zT,\If;14:> d¢, for (x,y) e U x U.

(2.4)
Now we state some of the results proved by Safarov [35] for this calculus that are
going to be useful for us.

Proposition 2.11. Let 0 <6 < p < 1. For all 7,s € [0, 1] the classes ¥} (2%, V, T)
and W75 (2%, V, s) coincide, and

UA,S<3:>£) ~ Z 5(7 - S)‘QID? go-A,T<w7£) as <€>x —r 00.

(67

Remark 2.12. Proposition 2.11 allows us to focus on the case 7 = 0 since all
classes are equivalent when regarding the parameter 7. Moreover, according to (2.4)
we have in the normal coordinate system (n.c.s) {y*} centered at x that locally a
pseudo-differential operator A is

Aue) = gz [ X O uicy)

As in the classical calculus, we will need a tool that allows us to pass from ampli-
tudes to symbols:

Proposition 2.13. Let 0 < 6 < p < 1. Let 1,5 € [0,1] and let a be an amplitude
from S7'5(V). Then the oscillatory integral

1

of _ o ipr(,6,y) 2. 0)d
(2, y) @) /T*Me a(2s; 27, ¢) d¢

zZT
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coincides with the Schwartz kernel of a pseudo-differential operator A € W7's (2%, V, 7)
such that

oxﬁwzﬁﬂviziﬂs—TN“D?Vidymaa as {€)a — o0,

a y=x

Tan(,€) ~ 37 () Dy Vil y,m) as (€, — oo,

67

(y:m)=(x,£)

Here below come the most important results because they are the ones that extend
the classical results, allowing us to deal with new classes of operators thanks to the
consideration of the connection V and the geometry that it implies.

Theorem 2.14. Let 0 < § < p < 1. If A € U (QF, V) then A* € U7 (Q1%, V)
and

1 -
O_A*,T(x7£> ~ Z a(l - 2T)‘Q|D?V20A,T<x>€)a

as (§)e — 00. In particular, oa-1/2(x,&) = oa1/2(2,§).

Theorem 2.15. Let 0 <6 <p <1. Let A€ V' (Q", V), B € V% (Q7,V), and let
at least one of these pseudo-differential operators be properly supported. Assume that
at least one of the following conditions is fulfilled:

(1) p> 3
(2) the connection NV is symmetric and p > 5;
(3) the connection V is flat.

Then AB € ‘If’;f§+m2 (Qr, V) and

111 N N
oan(0,€) ~ 3 g @ QD oa@ OD{Vios(@. ) (29)
@By

as (€)z — 0.

Remark 2.16. Here the condition of being properly supported is guaranteeing that
the product of the operators is well-defined.

Remark 2.17. The functions Plgﬁv) (x,&) are the responsible of allowing us to lower
down the order of p, since they are supporting extra decay because they are poly-
nomial in £ with coefficients depending on the curvature, torsion and its covariant
derivatives. For completeness we remind its definition:

e 1 ! ! 7
@) = |0, +00°0) > ZDEo) (@) ||
B1<isl yee
where
l1—k~2—k~1—kK
Tﬁ(x7y7 Z) = Ty,z TZMU T%y ?

w(aja f;y,z) = <':)/y,a?7 §> - <;Yz,asa §> - <;Yy,za (I)z,x£>>

in normal coordinates.
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Theorem 2.18. Let 0 < § < p < 1. Let at least one of Conditions (1)-(3) of
Theorem 2.15 be fulfilled. Then A € W5 (Q7, V) is bounded from H,, (M, Q%) to

comp
H ™M, Q) for all s € R.

loc

The latter results would be the key pieces to our proof of the LP-boundedness.

2.1.1. Some examples of symbols. We remind some examples of symbols discussed by
Safarov and others, and we include some comments on the case of the torus T".

Example 2.19 (The Laplacian). Let (M, g) be a Riemannian manifold, recall that
the Laplace-Beltrami operator associated to the metric g is given by

1 g
Lu(z) = ————0, ( [det gy ()" <x>axju<x>) | (2.6)
V| det gij ()]
where g;; and g% are the metric and inverse metric coefficients, respectively. If one
takes the Levi-Civita connection V¢ of M, then one can prove that the 7-symbol of
L for any value of k and 7 is given by

1, (7,6) = ~|E2 + 35(x),

where S(x) is the scalar curvature of M. If one does not use V¢, but a general
connection, more terms related to the Christoffel symbols will appear in the previous
formula. This is already a relevant difference compared with the classical theory
because in that case the only well-defined part of the symbol on the cotangent bundle
is the principal part, which only corresponds to —[€|?, the other lower order terms
are dropped (see e.g [20]). The point is that different quantization procedures will
produce different symbols for the same operator, in our case the lower order term
involving the scalar curvature is preserved and appears naturally. Moreover, we
highlight that in this case the symbol is independent of x and 7, so that it is really
intrinsic to the Laplacian. We point out that this consideration of lower order terms is
not a unique feature of Safarov’s calculus and for example one can see such behavior
on Getzler’s calculus in [19].

Moreover, let us also assume that M is compact and let H to be a first-order
differential operator or a classical pseudo-differential operator. Consider the operator

P =(—L+ H)Y2
and let S7"(R) denote the class of functions w such that
dk
@W(S)

Therefore [35, Theorem 11.2] guarantees that if w € S7'(R), then w(P) € W7, (Q", V)
and we have the following asymptotic expansion for its 0-symbol:

< CR(1+|s])™ % with 0 < p < 1.

au(p)(,6) ~ w(lEla) + ) ¢, Ow(€],) as €], — oo,

J=1

where ¢; are functions determined recursively and w?(|¢[,) is the jth derivative of
w evaluated at [],.
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Example 2.20 (Connections arising from vector fields). In this case M is not neces-
sarily a Riemannian manifold neither compact. Let x € M and let {v1(x),--- ,v,(x)}
be a frame, i.c., a basis of T, M. Then there exist functions C%;, € C*°(M) such that
the commutator of this basis elements is written as

;) ve(x)] = Clp(w)vi(x).
From these functions one can construct a connection V such that its Christoffel

symbols are given by ' ,

where {7y(x), -+ ,0,(x)} is the dual frame. Thus, if we denote by Al('i) the Lie
differentiations along v; in the space of k-densities and define

oy, D Z A Z: with ¢ = |a/,

1,

one can prove that assuming

C’k_()forallz'Zk,

j
that the symbol of such operators is given simply by

UAE’>($ 5) = Z‘a|<vl(x)7€>m U <vn<x)>£>an7

where (-, -) here means the natural pairing between vectors and covectors.

Notice that the previous construction is of particular interest when applied to
parallelizable manifolds because in that case one has a global frame {vy,--- ,v,} C
X(M), i.e., the tangent bundle is trivial TM = M x R"; so it would be suitable to
the case of Lie groups.

Remark 2.21. The previous example was generalized by Shargorodsky in [30] in two
different ways simultaneously. On the one hand, defining operators not only acting
on functions or densities, but on vector bundles. On the other hand, constructing
an anisotropic version of it. By this we mean that when considering homogeneous
symbols, now one allows them to have different weights for the different directions
corresponding to each vector field. This led the author to consider semi-elliptic oper-
ators instead of the classical elliptic ones. For this reason, he considered a particular
function w in Definition 2.3 to measure properly each weight. Let us briefly introduce
his symbol classes. Let d = (dy,--- ,d,) € R™ be a vector such that for all k, dj, > 0
and
1
2 d =n.
For any multi-index a € N we put

n
(6773

la: d| = —.

For any vector n € R"\{0} let w(z,n) := 7(n) = |n|a be the unique solution to the

equation
n
k=1
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So, let m € R, 0 < 8, p < 1. The classes S"5*(M x R") are functions a € C>°(M x R")
such that in any coordinates y running 1n any compact set K C M, for all o and

.7 1y 7](]7
920y, -0y, aly.n)| < const a5, (1 + [nla)™HOFArld,

where f is the multi-index corresponding to the set of indices {ji,--- ,j,}. Shar-
gorodsky obtained several results for these classes: adjoints, compositions, compact-
ness, Fredholmness, etc. In particular, we want to stress out the fact that he also
obtained a LP-boundedness result, but just for O-order pseudo-differential operators
since in that case one can apply the classical theory of Calderén and Zygmund (see
e.g. [15, Chapter XI, Theorem 2.1]). Such techniques can not be applied to obtain
the Fefferman-type result of this article, so the results differ.

Example 2.22 (The torus T"). Let us deal in a little more detail with the case of
the compact flat metric Riemannian manifold par excellence, the torus T". It is well
known that the projection map

m:R" - R"/Z" =2 T"
provides the torus a canonical (flat) metric g;; = 0;;. Thus, immediately we have

that the Levi-Civita connection V¢ in this case is flat (and symmetric) due to the
well-known formula for the Christoffel symbols of any Levi-Civita connection:

Flk - ng(akgr] + 8jgrk argjk)-

Thus, we are in a position to consider classes W75 (Q%, Vo, 7) for 0 < 6 < p < 1.
Since the cotangent bundle T*T" is trivial, symbols will be just functions a € C°(T" x
R™) satisfying

|8°‘86 } < constr q (1 + |n\2)(m+5lﬁ‘_p|al)/2,

which resembles very much Definition 1.2 on R™. Moreover, the associated pseudo-
differential operators will take the form

(271r)" /n /n eil@—y)-C, (x4 7(x —y), ) u(y) d{dy,

where the parameter 7 € [0, 1] allows us to move along different types of quantization.
In particular, if we stick to 7 =0 and £ = 0, then the classes U7 (Q%, Vrc,0) on T
coincide with the classes of 1-periodic pseudo-differential operators with Euclidean
symbols first introduced by Agranovich [1] on the circle S, and later on generalized
to T". The equivalence of these classes with the local Hormander classes W7, .(T")
was proven by McLean [31], and later on the second author and Turunnen proved
equivalence with their global toroidal classes Op(S)'s(T" x Z")) [34].

Au(x) =

2.2. Function spaces of k-densities. In this subsection we briefly define the main
spaces where we want to study the boundedness of pseudo-differential operators,
and state some theorems regarding them that we will use in the next section. The
definition of the L” spaces on densities is standard material (see e.g. [17]), but for
the case of BMO, H' and Besov spaces it is not. For the latter spaces we have to
mention the precise construction of Taylor in [13], where he defined local versions of
BMO and H' on complete Riemannian manifolds of bounded geometry; and Triebel
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construction of Besov spaces also on complete Riemannian manifolds of bounded
geometry[16]. These are exactly the spaces we will need for our proofs, but defined
on k-densities. This is not a difficult task because remembering that ¥ is a trivial line
bundle, we can use our fixed global section |dx| to transfer the local constructions on
O-densities (smooth functions C*°(M)) to the desired spaces. Basically the process is
as follows, assume Y (M) is a well-defined space of functions on M then we will define
the k-density analog Y (M, Q") as the space of v € Q2" such that u|dz|™" € Y (M).

2.2.1. LP, BMO and H' spaces. In this subsection we assume that (M, g) is a com-
plete Riemannian manifold of bounded geometry. Using densities we can define nat-
urally the intrinsic L” spaces on manifolds as follows:

1/p
LP (M, Ql/p) = {u e Qi/r. (/ |u|p) < oo},
M

L® (M, Q") :={ueQ:esssuplu| < co}.

Now, using our fixed section |dz| of the line bundle 2, we can define those spaces for
any k-densities:

L\ P
LP (M, Q") = uGQ”:(/ ’u!dm]p‘“‘) <00,
M

L® (M, Q) := {u € Q" : esssup |u|dz| | < 0} .

Remark 2.23. Notice that we do not need a Riemannian structure on M to define
the L spaces, but it would not be the case for the forthcoming spaces. Although
once the Riemannian metric is given one can locally write our fixed section as |dx| =
g(x)|dat A -+ A da™|, where from now on g(z) := | det g;;(x)].

Now, we define the spaces H' and BMO for k-densities following [13], which is
also based in the local construction of Goldberg [21], whose constructions were the
first step to bring these type of spaces to manifolds. Let d be the associated geodesic
distance to the metric tensor g. Remember that we denote by rq > 0 the injectivity
radius of M. One of the main consequences of the bounded geometry hypothesis is
the existence of uniform partitions of unity, which are key to comparing local norms
of function spaces with the global ones defined on manifolds (see e.g. [13, Lemma
2.16]).

Lemma 2.24 (Uniform partition of unity). Let (M,g) be a complete Riemannian
manifold of bounded geometry. Then for 0 < ry < ro small enough and any 0 <
r1 <1y <19, M has a countable cover {B,,(x;)}ien and a corresponding smooth and
bounded partition of unity {1;}ien with supp; C B,,(x;) such that
(1) d(z;,x;) > r1 for all i # j;
(2) There exist a global constant K such that for all x € M the ball B,,(x) inter-
sects at most K of the By, (z;).

Let us fix such partition of unity {1;};, and to fix ideas let us take r; = 72 and

ry = 7. For more details about bounded geometry and uniform partitions of unity
see e.g. [10, 13, 13].
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Let B.(z), we denote by

Bl = [ Jal
Be(x)

its volume. Then, we define the average of a k-density u on B.(z) as
) = e [ ldel
U (x) = wldx| ",
| Be()] Be(z)

Note that, for a fixed €, this is a function u, : M — R, i.e. a 0-density. Hence we
define the BMO norm of a k-density u by

1 1

[ullBpo = sup |u(y) [dy| ™" = ()| |dy|+sup o—— Ju|dz]' 7],
<™ | Be(z))] Be(z) zeM ’B%(x)‘ Brg (z)
zeM 1
(2.7)

and, therefore, we set
BMO(M, Q") :={u € L, .(M,Q") : |lu|lzmo < 0o}

Let || - ||Lip denote the norm of Lipschitz functions. On the other hand, let us consider
the following set of functions associated to a ball B.(x):

F(B.e) = {0 € QB s lolhn < iz |

Given u € Lj,.(M, Q") let us consider the function

loc
/ o(y)uly)|dy| "
Be(x)

Geu(r) = sup
PEF (Bela))

Y

1

loe(M, Q%) we define the following maximal function:

Ghu(x) = sup Gou(w).

ro
€<

so for such v € L

Then we define the Hardy space in this setting as
HY(M,QF) == {u € L, (M,Q%): Gu e L*(M)}
with norm
lull s = G ull 1

Remark 2.25. Notice that if in the previous definitions we take x = 0 (functions)
we recover the same definitions given in [13].

We state the results concerning these spaces that we are going to need in our
constructions, basically the corresponding generalizations of duality and interpolation
involving the previous spaces.

Proposition 2.26 (Proposition 4.1 in [13]). We have that
HY (M, Q") = BMO(M, '),
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Proposition 2.27 (Proposition 9.1 in [13]). Given p € (1,00), assume that
T: LP(M, Q%) — LP(M,QF)
is bounded. Assume also that
T:L>*(M,Q%) — BMO(M, Q")
is bounded. Then, for q € (p,00) we have that T is bounded from L1(M,Q") to
La(M,Q").

2.2.2. Besov spaces. Again, let (M, g) be a complete Riemannian manifold of bounded
geometry. We briefly recall Triebel’s [16] construction of Besov spaces adapted to -
densities. Let {¢;}; be the uniform partition of unity as before and {x;}; be the
centers of the covering balls (as in Lemma 2.24). The definition will involve the
classical Euclidean Triebel-Lizorkin space F; (R"), so let us define it first.

Definition 2.28. Let either 0 < p < 00,0 < ¢ < 0o or p = ¢ = oo. Let S(R™) denote
the Schwartz space and let {x;}32, C S(R") be a family of functions satisfying the
following properties:

(1) xj(z) =x(2772) if j =1,2,3,--,
(2) suppxo C {z € R™: 2] <2}, suppx C {z e R": § < |z| < 2},
(3) 2o xj(z) =1 for every z € R™.

Then

© 1/q
R = f € SR (Z 2 |f‘1[xjff]\q> <oy,
j=0 Lo
where F and F~! denote the Fourier transform and its inverse on S’(R™), respectively.

Definition 2.29. Let —o0 < 5 < .
(1) Let either 0 < p < 00, 0 < ¢ < 00 or p = ¢ = 0o. Then the Triebel-Lizorkin

space is defined as
1/p
p

(2) Let 0 < p<00,0<g<o0and —00 < 59 < s < 83 <oo. Then the Besov
space is defined via real interpolation

B;S),q(M> QH) = (F;,%(M’ Qn)v F;,;)(M’ Qn))@,q
with s = (1 — ©)sg + Os;y.

Fyg(M, Q%) = u e QF: (Z [hjuldz[™" (exp,, )]
j=1

Remark 2.30. These spaces are of course independent of the choose of partition of
the unity. Moreover, Triebel proved an equivalent description using heat kernels.

For the boundedness of pseudo-differential operators on Besov spaces we will need
the following important results by Triebel, which resemble classical properties on R":

Theorem 2.31 (Theorem 4 in [16]). Let 1 <p < 0o and —oo < s < co. Then
LE(M, Q) = F,(M, Q).
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Theorem 2.32 (Theorem 5 in [10]). Let 0 < p < 00,0 < go < 00,0 < ¢1 < 00 and
—0 < §p< s <00 Let0<qg<o00,0<0O <1, and

s=(1-0)sy+ Os;.
Then
(B (M, Q%), By (M, Q%))e,q = (F4 (M, Q%) FJ% (M, Q))eq = B;,q(Ma QF).

psq0 p,q1 P90 p,q1

As an immediate corollary of these two theorems we get the following result.

Corollary 2.33. Let 1 < p < o0 and —o0 < s9 < 81 < 00. Let 0 < q < o0,
0<O <1, and

s=(1—-0)sy+ Os;.
Then
<L1870 (Mv Qn)> Lgl (M’ Qﬁ))Qq = B;,q(M> QH)'

2.3. Bessel potentials. In this subsection we illustrate how we can use the classical
Bessel potentials for the estimation of norms of Safarov pseudo-differential operators.
Let (M,g) be a complete Riemannian manifold, recall that the Laplace-Beltrami
operator associated to the metric g is given by (2.6). Notice that this operator
can be naturally defined on k-densities using our fixed section |dz| by the formula
|dz|" L(u|dx|~"), more generally one can define a Laplacian operator on any vector
bundle with a fiber metric and a compatible connection (see e.g. [33]). We define the
Bessel potential as follows:

B = (1 - L>1/27
and we are interested in determining the classes of pseudo-differential operators to
which its powers belong to, i.e. we want to know when B* € Ws (27, V) for A € R.
It is well known that for the classical classes B* € W3, (%) for any A € R,
thus B* € U}, (Q~, V) for any connection V and any A € R since Safarov classes

coincide with the classical ones when p > 1/2. Therefore, the obvious inclusion
Uy (27, V) C U7 (Q7, V) for 0 <0 < p <1 give us that

B € U5 (Q27,V) for all V and A € R. (2.8)

Now, combining the latter result with Theorem 2.15 will allow us to transfer norm
estimates of pseudo-differential operators to the ones of the Bessel potentials.

Remark 2.34. Let (X, | - |x),(Y,]| - ||y) be Banach spaces, and suppose for A €
s (27, V) that A: X — Y is well-defined. Hence for € X we have that

[Azlly = [(AB™™) o B[y < [[AB" o] B" 2]y,

where A8~ is a pseudo-differential operator of order zero by Theorem 2.18, and
|| - llop is the operator norm. In this way we could transform the problem to know the
estimation of zero order operators and Bessel potentials.

To close this section, we quickly rewrite the Sobolev embedding theorem in terms of
the boundedness of Bessel potentials. On complete Riemannian manifolds of bounded
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geometry the Sobolev embedding theorem states (see e.g. [22]) that for any real
numbers 1 < p < ¢q, 0 < m < k, satisfying

k—m:n<1—1>, (2.9)

p q
one has the continuous inclusion L} C L% of Sobolev spaces. Of course the latter
result can be rewritten in terms of Bessel potentials, and moreover using [/ 1, Theorem

4.2] and Remark 2.34 one can replace the equality in condition (2.9) by an inequality.
The corresponding statement is as follows:

Theorem 2.35. Let 1 < p < q and s € R. Then B~° is bounded from LP(M) to
LA(M) if
G-3)
n{—-—-1,<s.
p q

3. MAIN RESULT AND CONSEQUENCES

In this section we prove the main results presented in the introduction, namely
the LP-LP boundedness of pseudo-differential operators belonging to Safarov global
classes Which, together with the stated theorems of Section 2, will imply boundedness
on Sobolev and Besov spaces, and some particular LP-L? boundedness. In order not
to overload the notation, sometimes, we are going to omit the dependence of Q2 on
spaces, but it is important to remember that we are always dealing with x-densities.
Henceforth, given a symbol a € S7%(V) we denote by a(X, D) the corresponding
pseudo-differential operator in the class W75 (7, V). We assume that (M, g,V) is a
complete Riemannian manifold of bounded geometry (see Definition 1.4), so ry > 0
refers to the injectivity radius of M and g(z) is denoting the function /| det g;;(z)].

3.1. LP-boundedness. We follow the strategy of the R™ case proof done by Feffer-
man, namely we prove the LP-boundedness for a particular order ¢ via interpolation
between L? — L? and L*> — BMO, and then extend the the range of § via Stein’s com-
plex interpolation. Key tools of the proof are Lemma 3.3 and Theorem 3.4, which
allow us to control the problem on annular neighborhoods appearing in partitions of
unity. We often use compactness in the fact that it implies bounded geometry, so one
can handle Christoffel symbols and metric coefficients.
We start with a simple estimate, a consequence of the Holder inequality.

Lemma 3.1. Let A € V75 (Q", V) such that its Schwartz kernel satisfies

esssup||.e (z, -)|| L1 () < 00.
zeM

Then A extends to a bounded operator from L>(M,Q") to L>(M,Q"), and
| Aul| oo (ar) < ess i}lpﬂﬂf(fﬂy Meroanlullzenn, Vu € L*(M).
TEe

Proof. Using the Holder inequality we get

A%(x,y)U(y)ldyl S/M|f527(x>y)u(y)||dy|§||JZ{($»‘)||L1(M)||UHL°°(M)-

Taking the supremum, the result follows. O]

| Au(z)| =
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Let us briefly remind the content of Remark 2.9. For a € S7%(V), the associated
pseudo-differential operator a(X, D) can be written as the local part plus the global
part

a(X, D) = a(X, D)o + a(X, D)gio,

so to have global estimates we will require Assumption 2.10 on the global part. Indeed,
let us handle the global part as follows:

Lemma 3.2. Let a € ngé(V) with 0 < d < p <1, and let 1 < p < oco. Suppose that
the kernel of a(X, D)y, satisfies Assumption 2.10, then a(X, D)y, is bounded from
LP(M, Q") to LP(M,Q").

Proof. As in the case of the Lemma 3.1, using the Holder inequality, the LP bound-
edness of a(X, D)y, will hold if the following quantities of the kernel are bounded

ess sup|| K (z, )| 1) < o0, esssup||K (-, y)|lz1ar) < 00,
zeEM yeM

where K is defined in (2.3). Let us treat the first term, the second one is similar.
Since K is the kernel away from the diagonal, we want to estimate the kernel outside
of a geodesic ball B.(zg) for z( fixed and € < ry, where 7¢ is the injectivity radius.
Suppose Ky > 0, thus using Lemma 1.5, Assumption 2.10 and the standard polar

decompostion on complete Riemannian manifolds (see e.g. [9, Section III]) we get
1K@y = [ Kl
M\Be(x0)

< C/ 67Wd(:r;,y) ’dy’K
M\Be(:lto)

< C’/ (1 + r)roeEo=WIr g < o0 (because W > Kj).

The calculation is similar if Ky = 0 because we have the condition L > uy + n to
control the polynomial growth of the ball. The result follows. 0

Henceforth, when a(X, D), appears in the boundedness results would mean local
boundedness, i.e. a(X, D), bounded from LP to LP means a(X, D) bounded from
L2,y to L. Moreover, making Assupmtion 2.10 we will have in addition global
boundedness due to Lemma 3.2.

The following lemma is a fundamental piece to prove the LP-estimates since it
allows us to exploit the use of balls/annular partitions of unity on the dual variable
space.

n(l—
Lemma 3.3. Let a € S;5<Tp) (V). Suppose that for any point x in an open set, the
support of a(x,-) is the ring or ball given by

Re={R<|nl. <3R} or B, ={n[. <R}

respectively, for some fired R > 0 satisfying the following condition:

1
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Then a(X, D)o is locally bounded from L*(M, Q%) to L>(M,Q"), and for | > n/2
we have
HCL(X, D)locuHLoo(M) < C”a”l.Sin(l;p) HUHLW(M)
p.8

_n(-p)

Moreover, ifa € S,; * (V)go then a(X, D) is globally bounded from L*(M, Q) to
L (M, QF).

Proof. The result will follow from Lemma 3.1, so we focus on proving the condition

ess sup|/ (2, )| 2 an) < 0.
zeM

Let us write a for a;,.. Let x € M and set ¢ = R~”. The condition (3.1) implies that
Bc(z) is a geodesic ball. Thus, we split M as follows:

M = B.(z) U (B.(z))",

and since outside the small neighborhood B.(z) x B.(x) the operator a(X, D) is
represented by a smooth kernel, we only care on estimating the L' norm on the
geodesic ball. Thus for y € B, (), using Remark 2.12, we are interested on bounding

1
sl = 5 [
/BT0 (x) (2m) Bry(2)
_ 1 /
(27m)" JB,, ()

because in normal coordinates the point x corresponds to the origin in R™. Moreover,
the inner integral is over Ry or By, since that is the support of the symbol a. We are
in position to apply a similar procedure as in [14], but we have to be careful with the
weight Y5~ "(y). This is a smooth function that depends on the Christoffel symbols
F};j and, since M is of bounded geometry, we can bound it uniformly. Therefore,
using the Cauchy-Schwarz inequality, the fact that we have bounded geometry and
the bounds for the symbol, we get for (3.2) in B.(0), that

1
JZ{ d K Tl—/@
[ e oiarts g [ )
1 , 1/2
Tl—n 25d
< @) (/Be(o)l o ") 9(y) y)
9 1/2
we ¢| d
</Be(0) /T;Me a(0,¢)d¢ y)
1/2
1y-C
() (LI s

1/2
Cre™/? ( () ¢>|2dc>

[ rEr e e, 0 7 @de gty
T*M

[ e wersa 0.0 de| oty an
(3.2)

/Rn ea (0,¢) dC‘ g(y)"dy

X

IN

5 1/2
dy)

IN

la
]Rn
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1/2

<CRal nga ( [ 105700

035,),5 2 Ro

1/2

ol oo ([ i)

0:5, 5 s, (14 [CI3)m =0/
< C,R™™/?||a|| _nG-p) R™/? (since g®(0) = 64)

O;Sp,é

< Cullall  _na-p < 00,
O;Sp,5 2

where (), is independent of R and a. In the previous calculation we deal with the
ring R, but the case of the ball B, is analogous since the integral can be shown to

satisfy
1
d¢ < CR"™.
/% A+ [cpyaar® =

We notice that the upper bound is independent of x. Thus, by taking supremum,
we prove the desired condition and the result follows from Lemma 3.1. Finally, the
global boundedness follows from this and Lemma 3.2. O

Now we arrive to the key part of the proof, the L> — BMO boundedness.
Theorem 3.4. Let at least one of the conditions (1)-(3) of Theorem 2.15 be ful-

n(l—p)
2

filled. Let a € S, (V). Then a(X, D)o is locally bounded from L>(M,Q") to
BMO(M, Q%), and for | > n/2 we have

la(X, Dyiocttl[estoqan) < Cllall _nazo f[ullzar)-

p,s

Proof. To simplify the notation, we keep writting a for a;... Let u € L3, (M) and
let us fix B,.(x¢) with 7 < "2, where rq is the injectivity radius of M (remember that
0 is the radius appearing in the definition of the BMO space). We are going to split
the covariable support of the symbol in order to apply Lemma 3.3 on each piece. Let

A > 0 be a constant such that
A 1
Z i
To
Now, let ¥ be a function such that a®(y, () := a(y,n)¥(y,n) has support in Sy =
{(y,n) € T*M : |n|, < 2Aror='}, so that a' := a — a° is supported in S; = {(y,n) €
T*M : |n|, > Argr—'}. For instance, take an adequate bump function ¢ on R and

define 1 (y, 1) = ¥ (r|nl,), where  is the fixed radius of our ball. Therefore, a = a®+a'
and we have the following estimates for the splitting

1a°]l nan <Cillall _nop,  la'| non < Cillall _non (3.3)
o8 5.5 l§Sp’5 l;Spﬁg

for every [ > 1. Our aim is to estimate ||a(X, D)ul/pmo for the fixed ball at the
beginning, i.e. we want to bound for r

1

Boool] S |75 D) ]~ (aCX. DY, (o) g, (34
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and for the biggest possible ball we want to control just the average
1

m By (a0) |a(X, D)u(y) |dy|"™"] (3.5)

So using the fact that a = ag + a1 and triangle inequality we get that (3.4) has the
following upper bound

1 . P
B Jy o 6 DYl Tal, DY, ()l

1

+ |a* (X, D)u(y)|dy|~"[|dyl,
| B, (20)] By(x0)
(3.6)
and on the other hand (3.5) has the upper bound
1 0 1- 1-
oo [ D) g e [ Dyu(y) ldy'~*
‘B%O(JUO)‘ B?(mo)‘ | Bro (o) Bry mo) |
1 —K
< la®(X, D)u(y)|| oo ary + TBra (20)] |a' (X, D)u(y) |dy|" ™|,
240 B% (zo)
(3.7)

hence we shall focus on estimating these upper bounds. Notice that the terms involv-
ing a' are of the same type, i.e. both are averages on geodesic balls, but we include
the biggest possible ball of radius . Thus, later on when we deal with this term the
proof will cover the case of 0 < r < 7 instead of just 0<r<.

First, let us treat the term correspondlng to a®. We recognlze that we can bound
immedlately the first term of (3.7) because by constructlon a’ satisfies the hypothesis

of Lemma 3.3, thus

la® (X, D)ull L= ary < Cllall 5 2 [[ull zoo a1y (3.8)
The tricky term is the first one of (3.6). We want to use the mean value theorem, so
we would like to study the operator 9,xa’(X, D), which is defined by composition.
Then, finish the estimation again using Lemma 3.3. Calculating 9,xa’(X, D) in
normal coordinates gives us

0,00°(X, D)u(x) = mk(% | / T (y)e e (z, ) <>d<g<y>dy>

1o () (k= 1) Toly) (0 Ty (2))a” (,C)

+igra” (z, C) + Opra” (2, Q)] uly)dCy(y)dy,

where we used the property Y.(y) = (T, (z))”" to compute 9, T1*(y). Thus, using
formula (2.2) we get that 9,xa°(X, D) is the pseudo-differential operator given by the
amplitude (in normal coordinates)

d(y;2,¢) = (k = DT, (y)Th;()a’ (2,¢) +iGa’ (x,¢) + Oyea’ (2, C)

n *
&
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= (K“ - 1)Tx(y)ri]($)a0 (I, C) + Z'Ck:ao (ZL‘, C) + Vkao ({L‘, C)
— Thy(2)Cadg,a” (,€)

where the terms having Christoffel symbols can be controlled because M is of bounded
geometry. Moreover, notice that the ¢ support of a’ is the same as the one of a°.
Here we identify two cases depending on the value of x, when it is equal to 1 and
when it is not. First, let us suppose k # 1. By Proposition 2.13 we have that up to
order 0 (which is enough since we are already looking for the symbol of a derivative)
there exist a symbol t°(x, () such that

t'(z,¢) = a'(y; 2, 0)

y=z

_ ((x DY) ()0 (2, ) + iGea® (2, ) + Viea® (2, )

()Gl (2,0) )
y=z

= (k= DT, (2)a’ (2, ) + i¢a’ (2, ¢) + Vra® (z,¢) — Ty ()¢, a” (x,C)

where the presence of Christoffel symbols is not a problem since M is of bounded
geometry. Therefore, we have the estimate

[°(z, Q)| = |(k = )T (2)a” (2, ¢) +iGra’ (2, Q) + Via® (2, ) — Ty () a° (2, )
< Gl (@)a® (2, Q) | + |G (, ) | + [Via® (2, Q) | + |Tiy(2)¢adg,a” () |

—n(l—p) —n(l—p) —n(1-p) | 5 —n(l=p)  1_
<ClOr 7 +(Or 2 A2 T T HCO: 2
—n(l—p)
<CulQ)e 2
C. —n(l-p)
< 5O, 2,
< Z50)

(3.9)

where the last inequality holds since, in this case, |(|, < A™. Thus, we get that for
all [
Ol,l*i

r

1) wap <
;S 2

] naa
S s LS 5 2

"p,6

Hence, using the previous inequality and Lemma 3.3, we get
10,0 (X, D)ul| zoeary = [[t°(X, D)l oo (any

0
< OEN —nozn el

p,8

C
< N aoll_wap [l oo ury-
T 1 2

"p,6

On the other hand, if x = 1 we have that 0,xa’(X, D) is the pseudo-differential
operator given by the symbol (in normal coordinates)

d(z,¢) = iCpa’ (z,¢) + Opra’ (z,(),
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and we can estimate its absolute value as follows:
|a'(x,¢)| = |iCka® (2, ¢) + Opra® (,¢) |
<|Gra’ (2, ¢) | + [T;6:0,0° (2, ) | + [Via® (2,0) |

—n(l=p) 14 —n(l=p) 4 —n(l=p) s (3.10)
(e 2T A0 2T (e
—n(1-p)
<CQe =
As in the previous case, we obtain for all [
C
I’ o < —llaoll  nos,
l;Sp,é 2 r l?Sp,a 2
so that, finally,
19,0 (X, DYullmany < llaol] a1l oy (3.11)
r 1;S

p,8
Notice that we achieve the same bound in the two cases, so we proceed as just one

case. From the mean value theorem for Riemannian manifolds and the previous
estimate (3.11) (z was a silent variable) we get that

[a°(X. Dyu(y)|dy| ™ — a(X, D)u, (o) < d(xo, )| erad, {a°(X, Dyu(y)}|
< 1/ gang g™ (D0 (X, D)u(y))?)
< r|ayia0(X7 D)u(y)|

< C||ao||l _nti=o) ||t oo an)-
5 0,8

Integrating the last inequality, and taking into account property (3.3), we have

1 0 P
X, D d Kk _ X.D dul < C 0 n(iep .
| B, (20)] /Br(%)‘“(  Dyuly)ldy|™ = (a(X, D)u),(wo)lldy] < Clla’ll, oz [lullzan

p:S

< Cllall  _nap [luflre(an,
l;Sp’(; 2
(3.12)

which finishes the procedure for a®.

Let us move on to consider a'. We are going to exploit the fact that we are
computing locally since u has compact support and a' (X, D)u(z) is localized as well,
both with small enough support due to partitions of unity, if needed.AWe choose a
function ¢ € C*°(R") such that: 0 < ¢ <10, ¢ > 1 in B,(0) and supp ¢(v) C {|v| <
r1/P}, where g/b\(l/) denotes the Fourier transform. Since ¢ > 1 in B,(0) we have the
following inequality in local coordinates

1
TH | (X, D)u(y)|dy| ™|yl
1B-(0)] /5,0
(3.13)

1B, (0)] /r(o) [6(x)a’ (X, D)uly)|dy|~"|dyl,
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so we focus on estimating the right hand side. We are going to use the commutator
of ¢ and a' to estimate the r-density ¢(x) - a'(X, D)u(z), namely

o(z) - a*(X, D)u(z) = a* (X, D)(¢u)(ml+l¢, a'(X,D)] u(z) .

Vv Vv
I II

We estimate each term separately. For I we are going to use the Bessel potentials B+
defined in Subsection 2.3 to deal with the ¢ dependence. Using the Cauchy-Schwarz
inequality in (3.13) one can bound such integral by the L? norm of a!(X, D)(¢u),
namely

1
|a' (X, D)(éu)(y)|dy|™"|ldy| <
[B:(0)] /5, (0)

1 1/2 1/2

< ) ([ D) i)

| B,(0)] (/T(O) B.(0)

1

< ——|la*(X,D 2(Rn

= |BT(O)‘1/2HQ ( ’ >(¢u)|’L (R™)

(3.14)
thus we just need to estimate the L?(R"™) norm of a (X, D)(¢u). We follow the
idea in Remark 2.34. Consider the operator B“%”, then by (2.8) we have that

n(l P) —

B = \If”(l P2 (Q7, V) and also that its inverse B~ % is an operator belonging

to the class \IJ n(1=e)/2 (Q", V) (see [35, Theorem 10.4]). Therefore we can rewrite I
in the followmg way

n(l p)

(B (fu)),

where a'(X, D) o B € )5 (", V). Theorem 2.18 implies that the latter op-
erator is bounded from L2 (M) to L} (M), and that B~ is bounded from

comp
— 1 —

n(l—p)
Hcomp2 (M) tO L2

[=(a'(X,D)

n(1—p)

ibe(M). Moreover, notice that because B2 is a positive opera-
tor [11], the followmg inequahty holds

~ (gu) < (16l ullze ) = e n B (9),

where we can remove the absolute value because ¢ is positive. So we continue the
estimation of (3.14) as follows:

n(l )

1
172 la* (X, D)(¢u)|l 2 (er)

| B,(0)
n(l n(l—p)
< WHGI(X7 D)o ||L2 & |[|B~ (6u)]| L2
¢ )
< D /A\I1/2 ! n(l— o "
>~ |Br(0)‘1/2||a || Spé( ») ||U||L (M)| (¢)||L2(R )
C
< |B.(0)]1/2 al n(1- u oo n(l— R
< Bl o e el oz g,
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for some integer [y. So it only remains to estimate ||¢||H7 MO oy’ Using the prop-
) n

erties of ¢ we obtain by direct computation the following bound:

— (1-p) 2
IO, s, = [ (@ )G

1
< C/ —————dv
= Jgens (T )P0

< Cr".
Coming back to the estimation of (3.14), using property (3.3) we obtain:
C 1 Crn/Q .
]B,,(O)|1/2H“ | sp:(l p) “UHLOO(M)H¢HH, U)oy < —|BT(0)|1/2HCL I S;:“%")HUHLM(M)
< CHalll _nl(i=p) || oo (ar
p,6
< C||a|| n(1=p) ||| oo (ar)-
0:S
2,0

Summarizing, we have proven that
1 * —K
Bl ' (X, D)(5*(o)u) ()|dyl"||dy| < Cllall  wa-n llullz=@n; (3.15)
| B, (o) Bi(z0) ! 2

for some [y and 0 < r < 7, where & is the transformation to local coordinates used
in the previous calculation. This completes the estimation for I.

We move on to the estimation of II. Let us write explicitly how II would look like
if we compute the commutator in normal coordinates, i.e. we are looking for the
symbol of the commutator. We have

IT = ¢(z)a’ (X, D)u(z) — a' (X, D)(du) ()

- @ (M /. / T W @ ulyCg )y
// T () al (2,¢) ply)u (y)ng(y)dy>

= @ / / T () (2,0) (6(x) — d()uly)dCg(y)dy

032,.5

We recognize that II is a pseudo-differential operator given by the amplitude

by; 2, ¢) = a'(z, () (¢(x) — 6(y)),

thus, as we did in the case of a®, by Proposition 2.13 we have that up to order 1 there
exist a symbol t!(z, () such that

t'(z,0) = Y DVob(y; ()

|a|=1

= > Dga'(x, )V (d(x) — 6(y))

|a=1

y=z
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=Y Dga'(z,O)ph(x),

|laj=1

where pl is a bounded function coming from the Taylor expansion of ¢. Then

= | Dea e, Oph )| < €0 T (3.16)

la|=1
Now, we use again a partition of unity such that
t(x,¢) =Y 1 (x,Q),
J
where ¢} is supported in (], ~ 277", here we are using the fact that the support of

a' is S;. From the condition on the supports and (3.16) we get for all [ that (similar
as in the case of a°)

I3l -2or < oo ey
p,6

Using Lemma 3.3 on the le-’s, l > n/2 and property (3.3), we get
T | oo ary < 1E5(X, Dyul| o (an)

J

1
< sl o llulzean

j 20,8 (317)
< Cll],__sozn oy
p,6
<CHGH _nzo [[ull L)
p6

This completes the estimation for IT and finishes the process for a'. From (3.6),
(3.7), (3.8), (3.12), (3.15) and (3.17), taking the corresponding suprema as in (2.7)
we conclude that

la(X, D)ioct||Bmo )<CHG|| _nt-p) [[ul| Lo oy,
p5

completing the proof. O

Due to the abstract duality result of Proposition 2.26 and Theorem 2.14 we imme-
diately obtain the following corollary:

Corollary 3.5. Let at least one of the conditions (1)-(3) of Theorem 2.15 be ful-
n( 1 n(l—p)

filled. Let a € S, 5 (V). Then a(X, D) is locally bounded from H(M, Q") to
LY (M, QF).

Now we interpolate, utilizing Proposition 2.27, between the result of Theorem 3.4
and the L? boundedness.

n(1—p)

Theorem 3.6. Let a € S,; > (V) with 0 <0 < p < 1. Suppose that at least one
of the following conditions is fulfilled:

(1) p>3
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(2) the connection NV is symmetric and p > 5;
(3) the connection V is flat.

Then a(X, D)o @s locally bounded from LP(M,Q") to LP(M,Q") for 1 < p < oo.

_n(=p)
Moreover, if a € S, 5 * ] (V)gio then a(X, D) is globally bounded from LP(M,$2*) to
LP(M,QF).

Proof. We are in position to apply Theorem 3.4 so that A = a(X, D) is bounded
from L>°(M) to BMO(M). Since the order of A is negative, it belongs to the class
Y 5(Q7, V) as well, and by Theorem 2.18 it is bounded from L*(M) to L*(M). By
Proposition 2.27 we get the boundedness from LP(M) to LP(M) for 2 < p < co. On
the other hand Theorem 2.14, together with a similar argument given before, give us
the boundedness of A* from LP(M) to LP(M) for 2 < p < co. Therefore, by duality
we obtain the boundedness of A on the missing interval 1 < p < 2. Finally, the global
boundedness follows from this and Lemma 3.2. U

Previous theorem guarantees LP-boundedness for operators of a fixed order, we use
the complex interpolation from Stein [10] to extend the range of orders and finally
get the desired result:

Theorem 3.7. Let 6 € |0, @) and let a € Sp_g(V) with 0 < 6 < p < 1. Suppose

that at least one of the following conditions is fulﬁlled:

(1) p> 3
(2) the connection NV is symmetric and p > §;
(3) the connection V is flat.

Then a(X, D)oe is locally bounded from LP(M, Q") to LP(M, Q") for
1 1 ‘ 0
i |
p 2[7 n(l-p)
n(l—

_nd=p)
Moreover, if a € 5,5 * ] (V)gio then a(X, D) is globally bounded from LP(M,$2*) to
LP(M, Q) for the same range of values of p.

Proof. We are going to use a complex interpolation argument, meaning that we
are going to define a family of operators parametrized by a complex variable lying
in a certain strip and proof the boundedness of its symbols. Define the complex
parametrized family of symbols

L2 o+ 120=) (5 1)
a(y,n) == e alz,n)(n)y  °
for z belonging to the strip S = {z: 0 < Rez <1} and a € S;g(V). Set {2, fo<re2<1
the corresponding family of pseudo-differential operators. Note that for a fixed z each
of these operators is of order 0.

Let 2 = ¢ +iu, € € [0,1] and p € R. Following Example 2.6 we compute the
following seminorm for [ > n/2:
o+ =R) (2 1)

05V - Vi, (e alz,m) (n)y

|a ||z;50 = sup _
e lal+a<L,(y.m) <77>§q plol
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- n(1— 6+ 00 (c—1)—1 | .,
e [p (04 202z = 1) [y T TV gV Viale )|
s (my'""

‘83%1 ce viqa(ma 77)|

e2_p2
S € <n>;9+5q*p|a\

sup
|| +¢<1,(y,m)

p (9+w(2— 1))
(o402 )

where p is a polynomial of degree [. From the conditions imposed in z and the fact
that [ > n/2 one can bound the product of the first two terms as follows:

< 652_“2

HaHl;S;’gv

!
<o (z—1)

e 0 +

< Cre | 2f!
(L + [p[*)

2

<(
<.

Therefore, for an appropriate choice of [, we can control certain seminorms of the
complex family of symbols by the ones of the initial symbol, specifically we obtained
the following inequality

ek

lo-lluse, < Cillalls-s (3.18)
By Theorem 2.18 there exist C' > 0 and an integer [, such that
[RAull2ar) < Cllaz g0, lullz2(an- (3.19)
Putting together the last two inequalities we get

[2-ulz2ay < Clallsallllzzun. (3.20)

Moreover, notice that the family of operators {2, }o<re.<1 is analytic in the strip
S ={z:0<Rez < 1} (just exponential dependence on the symbol) and continuous
on the closure S. These observations and inequality (3.20) imply that the family
{2, }o<Re»<1 defines an analytic family of operators uniformly bounded from L?(M)
to L?(M), so the first condition of the complex interpolation procedure is fulfilled.
We proceed with the other conditions. On the one hand, using (3.20) we have for the
right border of the strip that
sup [ Arpiullze < Cllall s ollullies we LAM),
—oo<pu<+00 iy

where C' is independent of u. On the other hand, for the left border of the strip the
family’s symbols take the form

—p? 0 _"(12—P) iun(;—p)
ain(y,1) = el n)n)yln)y T My 7

_n(1-p)
and performing a similar estimation as before we can prove that a;, € S, 5 * (V),

and moreover

[l ;SP_;&%@ < C“aHl;s;g
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for I > n/2 and C' > 0 independent of p. Thus, we are in position to apply Theorem
3.4, which give us

HQ%UHBMO(M) < CH“H;;S;§|‘UHL°°(M)7
and with this inequality we complete the conditions to apply the complex interpola-

tion. From this abstract procedure we obtain the following LP — LP boundedness for
operators 2. (sub-family of operators with imaginary part equal to zero):

[Rullzrany < Cpllallysollull L), (3.21)

where p = % and 0 < & <1 (each element of the family is bounded in a different L?
space). Remember that these operators 2(. have symbols

€2 g n-r) (e—1)
a:(y,n) == e alx,n)(n)y ° :

and notice that we can get LP boundedness for the initial operator a(X, D) of order

g € [0, W), since obviously there exists 0 < g9 < 1 such that

g ni=0),
2

Thus, it follows from (3.21) that for p = % we have
la(X, D)uller < Collallysollulr- (3.22)

—80).

Observe that we can rewrite 0 in terms of p

9:@(1—50):71(1_,))(%_%).

By interpolation of the L? estimate coming from Theorem 2.18 and the L?/%° estimate
(3.22) we obtain the LP-boundedness for values of p satisfying

1 1 0
2 p - n(l-p)
As in the proof of Theorem 3.6 a duality argument give us the desired result on the

remaining interval
1 1 0
ol
p 27 n(l-p)
Therefore, we have proved that a(X, D) : LP(M) — LP(M) is bounded for p verifying
‘ 1 1’ < 7
~n(l-p)
completing the proof. O

Remark 3.8. This result is sharp in the following sense: Let at least one of the
conditions (1)-(3) of Theorem 2.15 be fulfilled. Let 6 € [0, "(IT_’))) and suppose p

satisfies
0

‘1 1‘>
p 2| n(l-p)
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Let zy € S! be fixed, then the symbol

inlzg”
(& 0
= = cgt
a(r, () ap&(g) 1+ |n‘zo € p,O(V)
produces an operator a,s(D) which is unbounded from LP(S') to LP(S'). This is
just the classical counterexample of Hardy-Littlewood-Hirschman-Wainger [19] in the

context of these classes.

Remark 3.9. Under the first condition (p > 1/2) we recover the classical result on
any manifold; under the second condition (the connection V is symmetric and p > %)
we extend the result to any manifold since we can always find a symmetric connection
(not necessarily the Levi-Civita connection since we do not assume metricity); under
the third condition (the connection V is flat) we extend further the classical result,
but not to any manifold M since flatness is a major constraint. Nevertheless, since we
do not assume metricity we do not have only finite number of examples per dimension
(see the final discussion in the Introduction) that satisfy that condition. In the next
figure we compare the different values of p for three different values of p; p > 1/2
n ™

which gives 7 as upper bound for 6, p > 1/3 which gives 55 as upper bound for 0,

and p > 0 which gives 7 as upper bound for 6: Moreover, notice that Theorem 3.6 is
giving a result in the border case 6§ = @ for 1 < p < o0.

3.2. Further consequences. In this subsection we apply our main result Theorem
3.7 combined with standard arguments regarding Bessel potentials to get estimates
in several different function spaces.

3.2.1. Sobolev and Besov boundedness. First of all, we can have boundedness on
Sobolev spaces LP(M):

Corollary 3.10. Let at least one of the conditions (1)-(3) of Theorem 3.7 be fulfilled.
Let 0 € R and a € S;g(V). Let s1,s9 € R such that

~n(l-p)
2
Then a(X, D)oc is locally bounded from L? (M, $2*) to L (M,Q") for

‘1 1‘ 9
<

< —0— s1+ s <0. (323)

p 2|7 n(l-p)

Moreover, if a € S;E(V)glo then a(X, D) is globally bounded from LE (M,Q") to
L2 (M, Q") for the same range of values of p.

Proof. For u € L% (M) we want to prove the estimate

la(X; D)u|

L2 (M) < COllul LB, (M)>
but due to Bessel potentials properties this inequality is equivalent to
1B%2a(X, D)B " ul|r < Cllul|Le.
By (2.8) and Theorem 2.15, B*2a(X, D)B =" € ¥_§~*17*2 (Q* V), which by hypoth-
esis such order is in the valid range of Theorem 3.7, hence the result follows. 0



LP-BOUNDS IN SAFAROV PSEUDO-DIFFERENTIAL CALCULUS 35

=

D=
D[

Sl

n n n
U 1 20 2 9

FIGURE 1. In red the possible values of p when p > 1/2, in green the
possible values of p when p > 1/3 and V is symmetric, in blue the
possible values of p when p > 0 and V is flat.

Remark 3.11. Notice that if 6 € [0, M) and we are given any s € R, we can set
s1 = S = s and the previous result will always hold.

Moreover, we can have boundedness on Besov spaces By (M):

Corollary 3.12. Let at least one of the conditions (1)-(3) of Theorem 3.7 be fulfilled.
Let 0 € [0,@),8 €eR0<¢qg< o0, anda € S;g(V). Then a(X, D)o is locally
bounded from By (M,2*) to By (M,Q) for
‘1 1‘ 0
S I Q.
p 2|7 n(l—p)
Moreover, if a € S;g(V)glo then a(X, D) is globally bounded from Bj (M,Q) to
B5 (M, Q) for the same range of values of p.

Proof. Let 0 < ® <1 and —o0 < ¢ < s1 < 0o such that
s=(1—-0)sy+ Osy.

Thus by Corollary 3.10 we have that a(X, D) is bounded from L2 (M) to L2 (M),
and simultaneously from L2 (M) to L% (M). Now, it follows from real interpolation
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that the operator
a(X, D) : (L5, (M), LE, (M))e,g = (L£ (M), L, (M))e q
is bounded for 0 < ¢ < co. Hence, Corollary 2.33 gives us the desired result. 0

3.2.2. LP-L%-estimates. Finally, we conclude this work by providing estimations of
the type
| AulLaary < Cllull Laqar, (3.24)

i.e. LP-L9 estimates, again using techniques involving Bessel potentials.

Corollary 3.13. Let at least one of the conditions (1)-(3) of Theorem 3.7 be fulfilled.
Letl<p<2<g<oo,0€R, anda € S;g(V). Then a(X, D)o i locally bounded

from LP(M,Q") to LI(M, Q") if
n (1 - 1) <0, (3.25)

p g
Moreover, if a € S;g(V)glo then a(X, D) is globally bounded from LP(M,Q") to
Li(M, Q") for the same range of values of p and q.

Proof. Let 0 satisfy condition (3.25). Take 61,0y € R such that —0 = —0; — 65,

—0, > n(z—lj — 3)and —6, > n(3 — %) Thus, we can rewrite A as follows

A=8%B 248" 8"
3

where by (2.8) and Theorem 2.15, 3 € W) ;(Q%, V). As a consequence of Theorems
2.18 and 2.35 we have that the previous operators are bounded on the following spaces

r() 225 12y 3 2 () 22 Lo,
so that A is bounded from LP(M) to Li(M). O

Remark 3.14. Notice that the values of p and ¢ which one can have in this result are
independent of p and 0. Also notice that we can not have 6 to be strictly positive (the
case of differential operators) because then it is impossible to satisfy (3.25), so this
Corollary is useful for pseudo-differential operators of non-positive order. If § = 0,
then we only have a L? — L? estimate. Moreover, if —0 > n then Condition (3.25) is
not affecting at all the values of p and ¢. In the following Figure we illustrate how
one can visualize Corollary 3.13.

Corollary 3.15. Let at least one of the conditions (1)-(3) of Theorem 3.7 be fulfilled.
Letd e R anda € Sp_g(V). Then a(X, D)o is bounded from LP(M, Q%) to LI(M, Q")
; :
i

(1) 1<p<qg<2and

n(%—é-l—(l—p) (%-%)) <0 (3.26)

n(%—%-l—(l—p) (%—%)) <o (3.27)
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D=

0 1 1
0 “n 2 1 P

gle

FIGURE 2. The coloured red area (triangle) represents the values of
p and ¢ one can insert in inequality (3.24) when 0 < —f < n and
l<p<2<g <o

Moreover, in both cases if a € S;g(V)glo then a(X, D) is globally bounded from
LP(M,QF) to LY(M, Q) for the same range of values of p and q.

Proof. The proofs of (1) and (2) are essentially the same, so we only do the former.
Fix 6y = —n(}l3 — 1) so that 8% is bounded from LP(M) to LY(M) by Theorem 2.35.

q
We rewrite A as follows

A= (AB%0)B%,

where by (2.8) and Theorem 2.15, AB~% ¢ \Ili;fo (Q%, V). From condition (3.26)
and definition of 6, we get that

1-p(-3) <.

q

Hence, by Theorem 3.7, AB~% is bounded from L?(M) to LY(M) and the result
follows taking into account Remark 2.34. O

Remark 3.16. Unlike in Corollary 3.13, in Corollary 3.15 (1) and (2) we do have
an important dependence on p. We are going to comment in detail the case (1), but
for case (2) the analysis is analogous. Again, the possibility of taking 6 positive is
discarded because then it will be impossible to fulfill Condition (3.26). Let us rewrite
Condition (3.26) as follows:

1 1/6 1-— 1
— - (— = —p> <-, (3.28)
pp - p\n 2 q

where we recognize that this is a line with slope /l) and cutting the x-axis at % (1—;9 — %)

If & = 0, we have two cases: for p = 1 the values of p and ¢ are exactly the line
1<p=gq<2 for 0 <p<1weonly have the L? — L? estimate. If —0 > n, then
this condition does not affect at all the triangle % < % < ]l) < 1. If 0 < —0 < n, then
regarding p as variable one can think as follows: the parameterized family of lines
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(3.28) is rotating the line with p =1

1 6 1

-+ = S ™

p n g
into the vertical line (p = 0)

1 0 1

e B

p- n 2

while fixing the point (—% + 1, 1). The latter observation implies that in this case,

the condition is only relevant when 0 < —% < % Hence, the enclosed area between
the family of lines (3.28) and the triangle £ < % < % < 1 is changing as we change p,
the bigger the value of p the bigger the enclosed area. This phenomenon is illustrated

by the following Figure:

B =

1 1
" q
1 1
1 ' 1 SANENES VA
2 CTTT T 2
1 0 1 1 1 0 1
0 2 “atzl 5 0 3 ntsz 1
1 1
q
1 1 ]
//‘
1 1 /’
2 2
1 0 1 1 1
0 2 “atzl 5 0 g

FI1GURE 3. The values of p and ¢ one can insert in inequality (3.24)
when 0 < —0 < 7, 1<p§q§2and,p:1inblack,p:%inred,

p =5 in green, p = 0 in blue.
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