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We present Hotspice, a Monte Carlo simulation software designed to capture the dynamics
and equilibrium states of Artificial Spin Ice (ASI) systems with both in-plane (IP) and out-of-
plane (OOP) geometries. An Ising-like model is used where each nanomagnet is represented as a
macrospin, with switching events driven by thermal fluctuations, magnetostatic interactions, and
external fields. To improve simulation accuracy, we explore the impact of several corrections to
this model, concerning for example the calculation of the dipole interaction in IP and OOP ASI,
as well as the impact of allowing asymmetric rather than symmetric energy barriers between stable
states. We validate these enhancements by comparing simulation results with experimental data
for pinwheel and kagome ASI lattices, demonstrating how these corrections enable a more accurate
simulation of the behavior of these systems. We finish with a demonstration of ‘clocking’ in pinwheel
and OOP square ASI as an example of reservoir computing.
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I. INTRODUCTION

Artificial Spin Ice (ASI) are arrays of magnetostati-
cally coupled nanomagnets arranged on a lattice. [1, 2]
These nanomagnets are made sufficiently small – usually
a few tens of nanometers thick with lateral dimensions of
the order of 100 nm [3] – such that it is energetically fa-
vorable for them to have an almost homogeneous magne-
tization. [4–7] Nanomagnets are designed to exhibit uni-
axial anisotropy, meaning their magnetic moment prefers
to align along the so-called “easy axis”. [3] Their typically
flat geometry causes the magnetization to prefer an in-
plane orientation. [5] Out-of-plane (OOP) magnets can
be realized by using interfacial anisotropy to counteract
this shape anisotropy, while for in-plane (IP) magnets a
preferential axis is typically created by giving them an
elongated shape: the easy axis then aligns with the long
axis of the magnet.

Thus, each nanomagnet behaves as a bistable
macrospin, with the magnetic moment pointing in either
direction along the easy axis. Transitions between these
stable states can occur spontaneously at elevated temper-
atures if the energy barrier posed by shape anisotropy is
not too high. [4, 8] Switching can also be facilitated by
a magnetic field (of external origin or originating from
neighboring magnets), or by more intricate methods such
as current-induced torques. [9, 10]

ASI systems were originally inspired by the mag-
netic frustration – the presence of competing interactions
which cannot simultaneously all be satisfied – observed
in natural spin ices found in certain crystal structures.
Spin ices, in turn, got their name from water ice, which
is the prototypical system exhibiting geometrical frustra-

tion. [3, 11–13] Frustration can lead to correlations and
collective behavior that the individual elements would
not exhibit by themselves, resulting in nontrivial dynam-
ics and complex magnetic orderings. [14–16]

ASI is very attractive in comparison to its natural
spin ice counterpart. Modern nanofabrication methods
such as electron beam lithography allow any arbitrary
geometry to be realized and many other aspects of the
system to be engineered, offering enormous freedom to
the designer. [14, 15] Furthermore, the mesoscopic size
of ASI (a few hundred nanometers) enables direct ob-
servation of their magnetic degrees of freedom through
a variety of microscopy techniques, in contrast to natu-
ral spin ices where imaging individual spins is not fea-
sible. [3, 17] Hence, the controlled, tunable and eas-
ily measurable environment offered by ASI has enabled
the study of complex phenomena such as phase transi-
tions with ordered domains [16, 18–23] or glasslike be-
havior [11, 24], vertex-based frustration [25] leading to
emergent topological structures such as monopoles and
Dirac strings [26, 27], chiral dynamics... [23, 28] ASI
also holds significant potential for computational appli-
cations [29], both in conventional logic [30–32] and neu-
romorphic computing. [15, 33]

The dynamics of ASI can be simulated using mi-
cromagnetic codes, such as the finite-difference-based
mumax3 [34] and OOMMF [35] or the finite-element-
based Nmag [36], which capture the magnetization dy-
namics of individual nanomagnets in great detail. How-
ever, the time between successive switches of a nano-
magnet is not necessarily similar to the timescale of mi-
cromagnetics: when the simulated time extends beyond
several microseconds, simulating even a modest number
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of magnets – on the order of several dozen – becomes
computationally unfeasible. [37]

To address these limitations, specialized ASI simula-
tion tools have been developed, such as the flatspin simu-
lator [2], which implements deterministic spin flipping via
a Stoner-Wohlfarth model. [38] Using such higher-level
approximations enables the study of collective behavior
in much larger systems and over far longer timescales
than is feasible with micromagnetic codes, though at
the cost that the internal magnetization structure of in-
dividual nanomagnets is no longer simulated in detail.
Additionally, Monte Carlo methods are often used to
simulate both IP [16, 39–43] and OOP [44, 45] ASI.
However, these are typically specialized to a select few
lattice geometries. Early works often accounted only
for nearest-neighbor (NN) interactions, whose strength
was often arbitrarily set or calculated separately using
micromagnetic codes. [39, 45] More recently, the im-
portance of long-range magnetostatic interactions has
been emphasized to improve correspondence to experi-
ments. [42, 44, 46] As such, vertex [19, 47–49] or hy-
brid NN/vertex charge [50, 51] models have become more
prevalent, especially for square-lattice ASI. Beyond-NN
interaction models, including full magnetostatically cou-
pled models [16, 27], are also used for e.g. square-
[18, 42, 43] and triangular-based [44, 46, 52] lattices.

Our goal was to blend these two approaches, resulting
in Hotspice: a versatile Monte Carlo simulator meant
to capture ASI physics with minimal arbitrary param-
eters, allowing various lattice configurations to be eval-
uated. This software approximates each single-domain
nanomagnet as a single Ising spin, associating energies
with its various states. The importance of considering
long-range magnetostatic interactions, particularly for
OOP systems, has been highlighted by Chioar et al. [44],
so Hotspice explicitly accounts for the magnetostatic in-
teraction between all magnets. Throughout this paper,
we investigate several model variants to assess their ac-
curacy in simulating the behavior of ASI. These variants
differ in their calculation of the magnetostatic interac-
tions, the use of symmetric versus asymmetric energy
barriers, and their choice of update algorithms.

II. DESIGN

Hotspice is a Monte Carlo simulation software imple-
mented as a Python package, designed to model both
in-plane (IP) and out-of-plane (OOP) ASI systems con-
taining thousands of magnets over arbitrary timescales.
It was developed to explore reservoir computing in ASI,
as discussed in Section IVC. Simulations can be per-
formed on either CPU or GPU, with the optimal hard-
ware choice depending on the size of the ASI and the
update scheme used. Both open and periodic boundary
conditions (PBC) are possible.

In this section, we describe the model implemented in
Hotspice and discuss several variants of this model.

A. Model

Because the magnetization prefers to align along the
fixed easy axis of a nanomagnet, it is natural to use an
Ising-like approximation where the position ri, axis ui,
and size of magnetic moment1 µi of each magnet are
fixed, allowing the magnets to only switch between the
‘up’ and ‘down’ states. Thus, the total magnetic moment
vector of magnet i can be expressed as µi = siµiui, where
si = ±1 and |ui| = 1.
The switching rate between these states is determined

by the temperature T and the effective energy barrier ẼB

separating them. For an isolated nanomagnet, the energy
barrier EB = KuV

2 originates from its uniaxial shape
anisotropy Ku. EB can be estimated from e.g. micro-
magnetic simulations. Interactions with other magnets
or external fields modify the energy landscape, leading to

an effective barrier ẼB. [37] Hotspice allows each magnet
to have a unique magnetic moment size µi, temperature
Ti and energy barrier EB,i. This enables, for instance,
modeling some of the disorder due to lithographic vari-
ations by assigning a different shape anisotropy to each
magnet, typically sampled from a Gaussian distribution
with mean EB and standard deviation σ(EB). [53]
Due to the periodic nature of many ASI lattices, Hot-

spice chooses to perform the simulation on a rectilin-
ear grid, the benefits of which will be discussed in Sec-
tion IID. Each grid point may or may not contain a mag-
net, and the magnets must either all be IP or OOP. Many
popular ASI lattices can be constructed in this manner,
as showcased in Fig. 1. Some lattices in this figure are
related to each other: the magnets of the OOP lattices
(i)-(l) are positioned at the vertices where magnets meet
in the respective IP lattices (e)-(h), and the pinwheel lat-
tices (a) and (b) are equal to the square lattices (c) and
(d), respectively, but with each magnet rotated 45◦.

B. Energy calculation

1. Energy terms

Hotspice considers three energy terms3: the magneto-
static interaction energy EMS,i,j between magnets i and
j, the Zeeman energy EZ,i of an external field Bext inter-
acting with magnet i, and the exchange coupling energy

1 The size of the magnetic moment µi corresponds to the total

ground state magnetic moment
∣∣∣∫Ωi

M(r)dr
∣∣∣, with Ωi the shape

of magnet i andM(r) its magnetization in the twofold degenerate
ground state. Due to edge relaxation effects, this value is slightly
smaller than MsatVi.

2 This is valid for switching by coherent rotation. Similar to the
calculation of µ, edge relaxation effects may cause the effective
volume to be slightly smaller.

3 Additional energy terms can be defined by the user by inheriting
from the Energy class.
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FIG. 1. Predefined artificial spin ice (ASI) lattices available in Hotspice. The unit cell of each lattice is delineated by a central
gray rectangle. The red indicator defines the lattice parameter a. In the Ising approximation, the magnetization of in-plane
magnets (left) aligns along the major axis of the depicted ellipses. Out-of-plane magnets (right) are illustrated as circles.

Eexch,i,j between nearest neighbors (NN) i and j. By de-
fault, only the magnetostatic interaction is nonzero. For
magnetic dipoles, they are calculated as follows:

EMS,i,j =
µ0

4π

(
µi · µj

|rij |3
−

3(µi · rij)(µj · rij)
|rij |5

)
, (1)

EZ,i = −µi ·Bext, (2)

Eexch,i,j = J
µi · µj

µiµj
, (3)

with rij the vector connecting the two magnetic dipoles
µi and µj , µ0 the vacuum permeability and J the ex-
change coupling constant. The exchange interaction is
usually not present in ASI (J = 0), but can be relevant
in cases such as interconnected ASI (whether by design
or by lithographic inaccuracies); this was for example the
case in Ref. [54], where one sample required accounting
for the exchange interaction to achieve a proper fit.

The combined interaction energy Ei of a single magnet
i is then given by

Ei = EZ,i +
∑
j

EMS,i,j +
∑
j∈Ni

Eexch,i,j , (4)

with Ni the nearest neighbors of i. Note that, due to
the absence of magnetostatic self-energy in Eq. (4), Ei

simply changes sign when magnet i switches, and hence
its switching energy ∆Ei,1→2 = −2Ei.

2. Finite-size corrections to the magnetostatic energy

Eqs. (1) to (3) approximate each nanomagnet as a
point dipole, but real nanomagnets have finite spatial ex-

tent. This does not affect the Zeeman and exchange en-
ergy since they are position-independent, and any shape-
related effects can be captured by an appropriately cho-
sen Bext and J . The magnetostatic interaction, however,
depends on the relative position, orientation, and shape
of all magnets. This may result in inadequate simula-
tion of closely spaced ASI where the real magnetostatic
coupling can be significantly stronger than predicted by
a point dipole approximation. Therefore, two (mutually
exclusive) improvements are proposed, which rescale the
magnetostatic interaction energy between magnets.
a. Second-order correction for dipoles In Ref. [7],

Politi and Pini present a multipole expansion of the mag-
netostatic interaction, to account for the finite size of
2D nanomagnets (i.e., lateral dimensions ≫ thickness),
assuming a uniform magnetization. This results in a
second-order correction

EMS,i,j = E
(0)
MS,i,j + E

(2)
MS,i,j , (5)

where E
(0)
MS,i,j is the original point dipole magnetostatic

interaction given by Eq. (1). The second-order correction
is

E
(2)
MS,i,j =

µ0

4π

3Iij
2

[
3
µOOP

i · µOOP
j

r5ij
+

µIP
i · µIP

j

r5ij

− 5
(µIP

i · rij)(µIP
j · rij)

r7ij

]
, (6)

where µi was split into its IP and OOP components. The
shape of the nanomagnets is encapsulated in the single
scalar Iij = (Ii + Ij)/2, which is calculated similar to

a moment of inertia: Ii =
∫
Ωi
|r− r0,i|2dr with r0,i =
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FIG. 2. Magnitude of the magnetostatic interaction between two magnets as a function of their normalized center-to-center
distance, for the three Hotspice calculation methods (point dipole, second-order correction for dipoles, and dumbbell) compared
to a micromagnetic mumax3 calculation. OOP magnets are assumed to be circular with diameter 2r, IP magnets are ellipses
with length l and width w = 4l/11. Positions of north and south magnetic charges used for the dumbbell calculation in IP
magnets are shown as red ⊙ and blue ⊙ dots and are a distance d = 0.9l apart within a magnet. The energy on the vertical
axis was divided by M2 to be independent of magnet volume.

∫
Ωi

rdr the center of mass of magnet i. Assuming all

magnets are elliptical cylinders with semi-major axis a
and semi-minor axis b, this reduces to Iij = (a2 + b2)/4.
b. Dumbbell model Instead of representing a magnet

as a point dipole, one may instead represent it as a pair of
opposite magnetic charges. [55, 56] This introduces a new
parameter d: the effective distance between the north
and south poles of a magnet, with respective positions
rNi = ri + si

di

2 ui and rSi = ri − si
di

2 ui. An appropriate
choice of di (slightly smaller than the physical length l
of the nanomagnet [57]) allows this dumbbell model to
emulate the spatial extent of a real nanomagnet. The
north and south poles are assigned the magnetic charges
+qi and −qi, respectively, with qi = µi/di. [55]

The interaction energy between two magnetic charges
q and q′ can be derived from the magnetic version of
Coulomb’s law [58] as

E = −
∫ r

∞

µ0

4π

qq′

|r|3
r · dr =

µ0

4π

qq′

|r|
. (7)

The magnetostatic interaction energy between two nano-
magnets is then the sum of their four mutual magnetic
charge interactions, resulting in

EMS,i,j =
µ0µiµj

4πdidj

(
1∣∣rNi − rNj

∣∣ + 1∣∣rSi − rSj

∣∣
− 1∣∣rNi − rSj

∣∣ − 1∣∣rSi − rNj

∣∣
)
. (8)

The minus sign in the equation appears because the north
and south poles have opposite charge.

c. Comparison The effect these two methods have
on the magnetostatic interaction is illustrated in Fig. 2,
as a function of the normalized distance between mag-
nets. For out-of-plane (OOP) systems, the dumbbell

model is inadequate due to the small fringe fields and the
limited thickness of the magnets. Instead, the second-
order dipole correction is more appropriate, yielding a
significant improvement towards the ideal mumax3 curve.
For IP systems, the dumbbell model constitutes a vast

improvement over the standard point dipole treatment.
The best correspondence with mumax3 is found when the
charge-to-charge distance d is set slightly shorter than
the length l of a magnet, typically around d/l ≈ 0.9.
This adjustment accounts for the curvature at the ends of
most nanomagnets; similar values for d/l were previously
found in Ref. [57] for typical nanomagnet shapes like el-
lipses and stadiums. In contrast, the second-order dipole
correction has little effect in IP systems and can even
increase the discrepancy from mumax3: it emulates in-
creased spatial extent and therefore always increases the
interaction, but in the anti-parallel configuration (↑↓) the
point dipole model already overestimates the interaction.
Thus, the dumbbell model is preferred for IP systems,

while the second-order dipole correction is most suitable
for OOP systems.

3. Effective energy barrier

To simulate ASI dynamics and hysteresis, it is cru-
cial to know the height of the effective energy barrier

ẼB which separates the two magnetization states of each
magnet.4 It can be calculated at varying levels of ac-
curacy, which may result in different switching rates or
even a different switching order. [37]

4 The effective barrier ẼB is distinct from the shape anisotropy

EB: ẼB is a modification of EB caused by the interaction with
other magnets.
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Recall that Eq. (4) is written in such a way that the
interaction energy Ei changes sign if the magnetization
of either magnet is reversed: say i reverses at time t, then
Ei(t

+) = −Ei(t
−). This formulation allows Hotspice to

easily calculate the energy change ∆Ei = −2Ei of mag-
net i if it would switch (called its switching energy).

We will omit the subscript i for the remainder of this
section; it is implied that the following equations apply
to each magnet individually.

a. Mean-barrier approximation The simplest way to

approximate the effective energy barrier ẼB is to as-
sume that the highest-energy state lies halfway between
the two stable states. This means the barrier height
changes at half the rate at which the switching en-

ergy ∆E changes, leading to the approximation ẼB =
EB +∆E/2. [59, 60] However, this does not account for
the extreme cases where the interactions are so strong
that the energy barrier effectively disappears. This hap-
pens when |∆E| exceeds twice the shape anisotropy EB,
leaving only one global minimum. To handle these situa-

tions, Hotspice calculates the effective energy barrier ẼB

as follows:

ẼB =

{
EB + ∆E

2 if
∣∣∆E

2

∣∣ < EB,

∆E otherwise.
(9)

This way, ∆E serves as the barrier when the original
energy barrier disappears.

b. Asymmetric barrier (IP only) The simple ap-
proximation above is insufficient for many in-plane ASI.
In real nanomagnets, the magnetization must rotate for
switching to occur: either clockwise (⟳) or anticlockwise
(⟲). [60] In an asymmetrical environment (when the ef-
fective field has a nonzero component perpendicular to
the easy axis) one of these two rotation directions will be
preferred. [37, 60] Take for example the pinwheel ASI: any
two neighboring magnets form a T-shape, so the magnet
pointing into the side of the other will greatly influence
whether the other prefers ⟲ or ⟳ rotation. [60] Account-
ing for the existence of these separate chiral switching
channels profoundly affects the switching rates and tran-
sition kinetics, since switching will occur predominantly
via the more favorable pathway. [37]

In the dipole model, this can be accounted for by keep-
ing track of the energy of each magnet in these tran-
sitional ‘perpendicular’ states. We therefore introduce
E⊥, which represents the energy of a magnet if it would
point 90◦ counterclockwise from its normal magnetiza-
tion direction, but without taking into account the shape
anisotropy (EB) associated with that orientation. (Note:
the bistability of the magnets does not change; we are
simply putting ‘test dipoles’ in the perpendicular orien-
tation, but the magnets are never actually put in these
states.) The equation for the effective barrier along the
two rotation pathways (±) then becomes

ẼB =

{
EB ± ρE⊥ + ∆E

2 if
∣∣∆E

2

∣∣ < EB ± ρE⊥,

∆E otherwise,
(10)

which results in two different barriers if E⊥ ̸= 0. Note
that the value of each term in this equation can differ for
each magnet in the ASI. The parameter ρ = µ⊥/µ∥ > 0
was introduced to account for non-coherent magnetiza-
tion reversal processes like domain wall nucleation and
propagation, which result in an effective reduction of the
magnetic moment during reversal. [37, 61] Using a value
ρ < 1 improves correspondence with experimental obser-
vations, as we will show in Section IVA.
c. Exact solution (OOP only) If an analytical ex-

pression for the energy as a function of magnetization an-

gle θ relative to the magnet’s easy axis is known, then ẼB

can be calculated exactly. The shape anisotropy creates a
basic energy profile with two minima at θ = 0 and θ = π,
but the exact form of this profile depends on the mag-
net’s shape; for ellipsoidal magnets, it is −EB

2 cos 2θ. [5]

Assuming a uniform magnetization in each magnet5, the
magnetostatic and Zeeman interactions add a term pro-
portional to cos(θ − ϕ), with ϕ the angle of their com-
bined effective field. Thus, the total profile is a sum of
two sines and can be fully characterized if E and E⊥ are
known. However, in the general case, this results in a
transcendental equation requiring numerical approxima-
tion to solve, which is not done in Hotspice for perfor-
mance reasons.
In OOP ASI, an explicit expression can still be ob-

tained because the effective field aligns with the easy
axis, making E⊥ = 0. This leads to a quadratic rela-
tion as described in Ref. [38]:

ẼB =

EB

(
∆E
4EB

+ 1
)2

if
∣∣∆E

2

∣∣ < EB,

∆E otherwise.
(11)

C. Dynamics

A magnet may spontaneously switch to the opposite
magnetization state due to thermal fluctuations. The
time evolution of the ASI is evaluated in a stepwise
manner by an update algorithm that determines which
magnet should switch next. The two distinct types of
kinetic Monte Carlo (KMC) algorithms—rejection-free
KMC and rejection KMC—were both implemented in
Hotspice. In the context of ASI, we refer to these as
Néel-Arrhenius switching and Metropolis-Hastings, re-
spectively. [64] The former is more suitable for simulat-
ing the temporal evolution of the system, while the latter
can be used to sample the equilibrium distribution of the
state space. For a broader overview of Monte Carlo meth-
ods, we refer to Ref. [65], which may also clarify the at
times confusing naming present throughout literature.

5 Only perfectly ellipsoidal magnets have uniform magnetization
in a uniform external field. [62, 63]
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1. Néel relaxation: temporal evolution

Néel relaxation theory [5] states that, for an isolated
nanomagnet, the switching rate ν is given by the Néel-
Arrhenius equation

ν = ν0 exp

(
− EB

kBT

)
, (12)

with kBT the thermal energy and ν0 the attempt fre-
quency. An estimate of ν0 for coherent magnetization
reversal can be obtained from the limit EB → 0. The gy-
romagnetic precession frequency of the magnetization of
a nanomagnet is on the order of 109 Hz to 1010 Hz. [4, 66]
As EB → 0, the switching rate ν should approach this
value, and in this limit Eq. (12) implies that ν → ν0, so
we use ν0 = 1010 Hz. [67] An order-of-magnitude estimate
of ν0 suffices, because any small (i.e., ∼ kBT ) change of
EB will translate to an exponential change in switching
rate.

For mutually interacting magnets, an adjusted version
of Eq. (12) can be used where EB is replaced by the

effective energy barrier ẼB. In the general case where
the energy barriers for clockwise and anticlockwise rota-
tion during switching differ, these two switching channels
(⟳,⟲) will separately follow Eq. (12), so their switch-
ing frequencies must be combined. This yields the total
switching rate presented in [60]:

ν = ν⟲ + ν⟳ =
ν0
2

[
exp

(
− ẼB,⟲

kBT

)
+ exp

(
− ẼB,⟳

kBT

)]
,

(13)
where we assigned a halved attempt frequency ν0/2
to either switching channel such that Eq. (13) reduces

to Eq. (12) in the case of ẼB,⟲ = ẼB,⟳. [37]
One iteration of the algorithm is as follows:

1. Calculate the switching rate νi of all magnets (i.e.,
∀i) based on the interaction energies Ei, and hence

effective energy barriers ẼB,i, present in the current
magnetization state.

2. Generate a random switching time interval ∆ti for
each magnet i, sampled from an exponential distri-
bution with mean value 1/νi.

3. Determine which magnet j has the smallest such
time ∆tj = mini ∆ti.

4. To prevent excessively long switching times, a pa-
rameter tmax was introduced.

• If t+∆tj ≤ tmax: increment the elapsed time
t by ∆tj and switch magnet j.

• If t+∆tj > tmax: increment the elapsed time
t by tmax without switching a magnet.

The maximum time tmax (default value of one second)
prevents the simulation from advancing too far into

the future, as the exponential character of the Néel-
Arrhenius law can cause switching times to become much
longer than what could ever be observed experimentally.
It can also be used to apply time-dependent external
fields: for example, when a sinusoidal signal of frequency
f is applied to the lattice tmax = 20/f ensures the wave-
form is captured in sufficient detail.

2. Metropolis-Hastings: sampling equilibrium states

Metropolis-Hastings is a rejection-based kinetic Monte
Carlo (KMC) method designed to sample the state space
at thermal equilibrium, where the probability of each
state appearing is proportional to their Boltzmann fac-
tor. [65, 68] Hence, in contrast to Néel-Arrhenius switch-
ing, Metropolis-Hastings is not intended to accurately
model the system’s transient dynamics and is instead
more suitable for examining equilibrium statistical quan-
tities in ASI, like the average magnetization, heat capac-
ity, correlation... [16]

The algorithm repeats the following steps:

1. Select a magnet i at random (with all magnets
equally likely to be chosen).

2. Calculate the energy change ∆Ei if this magnet
were to switch.

3. Switch the magnet with probability

Pi =

{
exp(−∆Ei/kBT ), if ∆Ei > 0,

1 otherwise.
(14)

4. Optional : Increment the elapsed time t by

∆t = −
exp
(
ẼB

/
kBT

)
lnχ

Nν
, (15)

with N the number of magnets in the system
and χ a uniformly distributed random variable in
(0, 1]. [64]

This algorithm satisfies detailed balance and ergodicity,
thus ensuring equilibrium is eventually reached. How-
ever, the rate of convergence may vary as noted in Sec-
tion IIIA [69]: end users must take care to perform suf-
ficient Monte Carlo steps to ensure thermalization. For
enhanced performance, multiple sufficiently distant mag-
nets can be selected simultaneously, see Section IID 2.
Whereas Néel relaxation relies on an explicit calcula-

tion of the elapsed time, Metropolis-Hastings does not
strictly require this knowledge. Hence, the last step of
the algorithm where the elapsed time is calculated, is
optional. For a long time, the notion of a well-defined
elapsed time in rejection KMC was controversial. [70–
72] Often, the number of MC steps per site was used
as a crude measure of ‘elapsed time’, but eventually a
formal derivation for the physical time scale in rejection
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KMC was presented in Ref. [64] (Eq. (15)). Note that the

effective energy barrier ẼB only appears in the elapsed
time: it does not influence the switching probability in
the Metropolis-Hastings algorithm because it has no ef-
fect on the equilibrium state.

D. Implementation details

Hotspice represents an ASI as a rectilinear grid of non-
uniform unit cells, with magnets positioned at selected
grid points. In simulating an ASI, we faced a trade-off
between the freedom to place magnets arbitrarily and
the efficiency of calculation. We opted to prioritize ef-
ficiency and accept the geometrical restriction, as most
ASI research focuses on periodic lattices. Despite the
seemingly restrictive nature of the rectilinear grid, Fig. 1
illustrates its versatility in forming various periodic lat-
tices, with only the Cairo lattices requiring grid non-
uniformity. Real-time visualization is simple and effi-
cient for a rectilinear grid, as the underlying matrix can
directly be cast to a pixel image.

By leveraging the unit cell concept in periodic lattices
and the efficient indexation of a rectilinear grid in com-
puter memory, several aspects of the calculation can be
performed more efficiently than for free-form ASI. The
unit cell of each lattice in Fig. 1 is depicted as a gray
rectangle. Although non-rectilinear unit cells with fewer
magnets could be identified for some lattices, Hotspice
does not consider these to reduce complexity and main-
tain a clear connection to the underlying rectilinear grid
of the ASI implementation.

1. Kernels

Pre-calculated “kernels” are used to efficiently update
the magnetostatic interaction after each switch. For each
magnet i, a kernel Ki(j) stores the strength of this inter-
action between itself and all other magnets j, enabling
the quick calculation of their magnetostatic interaction
energy as EMS,i,j = Ki(j)sisj by precalculating all Ki(j)
values once when the ASI is created. However, for large
arrays, this approach becomes impractical due to the
need to store O(N2) elements Ki(j) if the underlying
rectangular grid has size N = Lx × Ly.

By leveraging unit cells, this storage requirement can
be reduced to O(N). Labeling each spot in the unit cell
by an index q, each magnet in the lattice corresponds
to an index q. The surrounding magnets of a magnet
at spot q will always have the same layout, except for a
different cutoff at the border if PBC are disabled. Thus,
all possible interactions a magnet at site q experiences
can be stored in a single (2Lx − 1) × (2Ly − 1) matrix
Kq, with the magnet q at the center of the matrix and the
element Kq(Lx + x, Ly + y) representing the interaction
between a magnet with index q at site (v, w) and the
magnet at site (v+x,w+y). This method requires storing

only a few kernels—one for each magnet in the unit cell—
rather than one for each magnet in the entire lattice,
thereby reducing the number of stored kernels by O(N).
Note that, if the asymmetric energy barrier is to be

accounted for, two additional kernels are needed for each
magnet in the unit cell: one where the central magnet is
rotated 90◦ (for initial calculation of E⊥), and one where
all other magnets are rotated 90◦ (for updating E⊥ when
a magnet switches).
The grid enables the straightforward implementation

of first-order PBC by adding eight offset versions of a
kernel to itself, which does not impact performance. A
cut-off radius for the magnetostatic interaction can also
be imposed by setting the relevant kernel values to zero.

2. Multi-switching in Metropolis-Hastings

Since the Metropolis-Hastings algorithm is designed
primarily for sampling equilibrium states rather than
capturing the temporal evolution of the system,
a straightforward performance improvement can be
achieved by selecting multiple magnets simultaneously
rather than sequentially. This allows for better usage
of the parallel processing capabilities of the GPU, as
the magnetostatic energy can then be updated using a
convolution. However, to avoid issues with simultaneous
switching of nearby magnets, we enforce a minimum dis-
tance r between selected magnets. The criterion we use
is that two simultaneously sampled magnets should never
affect each other’s switching probability by more than a
user-adjustable factor Q ∈ ]0, 1[ (commonly set to 0.01).
This leads to the following expression for r:

r ≥ 3

√
2µ0 maxi µ2

i

πQkBT
, (16)

valid for the Metropolis-Hastings switching probability
P (∆E) = min(1, exp(−∆E/kBT )) and with maxi µ

2
i the

square of the largest magnetic moment in the lattice.
For magnet selection, we employed a modified “Strati-

fied Jittered Grid” algorithm. The simulation domain is
divided into subregions of Rx×Ry grid cells, with Rx ≥ 2
and Ry ≥ 2 chosen such that each subregion has a phys-
ical size of at least r × r. A quarter of these subregions
are chosen such that they are non-adjacent, and a single
magnet is sampled from each of them. [73] This ensures
that sampled magnets are at least a distance r apart,
though their average distance will be 2r. Although this
method is less random, dense and versatile than Pois-
son Disk Sampling [73–75], it is efficient to compute in
parallel6 and synergizes well with our grid-based ASI im-
plementation.

6 Ref. [76] presents a parallel Poisson Disk algorithm which gener-
ates samples over only a few iterations, though it is nontrivial to
restrict the samples to a non-uniform grid without violating the
minimal distance constraint.
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The “supergrid” of subregions is slightly smaller than
the ASI to prevent PBC from violating the minimal dis-
tance requirement and is randomly shifted over the sim-
ulation domain to ensure uniform coverage and proper
behavior near the edges. Note that PBC can make it
impossible to maintain a spacing > r in very small sys-
tems, or with small Q values; in such cases, we resort to
selecting a single magnet.

3. Simulation output

The results of a simulation are accessible through the
attributes of the ASI object used for computation. Fol-
lowing the philosophy of Python package design, the pro-
cessing and storage of these attributes during and after
simulations is mostly left to the end user. Due to the
underlying grid, most of these attributes are stored as
2D arrays. Most importantly, the magnetization state
si = ±1 of all magnets can be accessed in this manner.
The simulation time, measured by the elapsed time or
MC steps, is tracked automatically. The grid also enables
straightforward calculation of e.g. spatial correlations by
convolving these arrays with appropriate masks.

III. VERIFICATION

In this section, the correct implementation of basic as-
pects of the model used by Hotspice is verified, by com-
paring simulations to analytical solutions for several sys-
tems of varying complexity. The Metropolis-Hastings al-
gorithm is used, thereby verifying its ability to sample
the equilibrium state space.

A. Exchange-coupled OOP square system

The 2D square-lattice exchange-coupled Ising model
is one of few exactly solvable systems in statistical
physics. [77] Its average magnetizationM is temperature-
dependent:

M =
8

√
1− sinh−4(2J/kBT ), (17)

with J the exchange coupling constant. [78–80] This
system exhibits a second-order phase transition at the
critical temperature Tc = 2J

kB ln(1+
√
2)
. [77] The nearest-

neighbor correlation can also be calculated analytically:

⟨SiSi+1⟩ =

{√
1 + k

[
1−k
π K(k) + 1

2

]
for T < Tc,√

1 + k
[
1−k
πk K(1/k) + 1

2

]
for T > Tc.

(18)
with K the complete elliptic integral of the first kind and
k = 1/ sinh2(2J/kBT ). [78]

The result from the Hotspice simulation of this Ising
system is shown in Fig. 3a-b, as calculated for an 800×

0.9 1.0 1.1
Temperature T/Tc

0.0

0.5

1.0

M
ag

ne
tiz

at
io

n
M

/M
0

(a)

0.9 1.0 1.1
Temperature T/Tc

0.5

0.7

0.9

NN
 c

or
re

la
tio

n
S i

S i
+

1

(b)

Theory N=10 N=100 N=1600

0 1 2 3 4
Relative exchange/MS coupling 

1.0

0.5

0.0

0.5

1.0

NN
 c

or
re

la
tio

n
S i

S i
+

1

(c)

FIG. 3. Hotspice simulation of a square-lattice exchange-
coupled Ising system using the Metropolis-Hastings algo-
rithm. (a) Average magnetization and (b) nearest-neighbor
(NN) correlation as a function of temperature. Discrepan-
cies due to critical slowing down above Tc improve with more
Monte Carlo steps per site N . (c) NN correlation when in-
cluding long-range magnetostatic interactions, as a function
of relative NN magnetostatic/exchange coupling δ. Transi-
tions occur at δ = 0.85 and 2.65, indicated by dotted lines.
Insets show the magnetization state with growing stripe do-
mains: white corresponds to spin ‘up’, black to ‘down’.

800 lattice on GPU with maximal Metropolis-Hastings
multi-sampling (Q = +∞). The system was not reset
between successive temperature steps because the the-
oretical curves are monotonously decreasing. [81] The
Hotspice result corresponds well to theory below Tc and
in the high-temperature limit. Just above Tc, however,
the average magnetization only slowly evolves to the ex-
pected value. This is a symptom of the well-known phe-
nomenon called “critical slowing down”, which originates
from a divergence in the autocorrelation time τ near
the critical point, causing subsequent Monte Carlo con-
figurations to be highly correlated. [82–84] As a result,
the system explores the phase space very slowly, par-
ticularly with single-spin flip algorithms like Metropolis-
Hastings. [84] Although cluster algorithms like the Wolff
algorithm [85] can mitigate this effect, they are not in-
tended for application beyond the 2D Ising system.

B. Exchange- and magnetostatically coupled OOP
square system

Including long-range magnetostatic interactions into
an exchange-coupled square-lattice Ising system signifi-
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FIG. 4. Hotspice simulations using the Metropolis-Hastings
algorithm. (a) Average magnetization of a non-interacting
ensemble of spins as a function of the applied field B. (b)
Fraction of vertices with net zero magnetization at equilib-
rium, as square ASI (left) transitions to pinwheel ASI (right)
by rotating individual magnets. The theoretical transition
angle αc ≈ 35.3◦ for the dipole model is indicated by the ver-
tical dotted line. The dumbbell model uses a charge-to-charge
distance d = 220 nm.

cantly alters its behavior, which is then determined by
the ratio δ = Eexch,i,j/EMS,i,j (j ∈ Ni) representing the
balance between the exchange coupling and magneto-
static interaction. Analytical predictions remain possi-
ble: for δ < 0.85, the magnetostatic coupling dominates,
leading to a checkerboard state. As δ increases, the ever-
stronger exchange coupling leads to the formation of fer-
romagnetic domains, which organize into stripes due to
the magnetostatic interaction, with the stripe width de-
termined by δ. [86]

The average stripe width is reflected in the NN cor-
relation ⟨SiSi+1⟩, as shown in Fig. 3c for a Hotspice
simulation. Consistent with the theoretical predictions
of Ref. [86], for δ < 0.85 a checkerboard state exists with
⟨SiSi+1⟩ = −1. In the range 0.85 < δ < 2.65, stripe
domains with a width of 1 row are preferred, leading to
⟨SiSi+1⟩ = 0. Beyond δ = 2.65, a 2-row width becomes
preferable with ⟨SiSi+1⟩ = 0.5. Increasing δ further leads
to ever wider stripe domains, and in the limit δ → +∞,
the correlation approaches ⟨SiSi+1⟩ → 1.

C. Non-interacting spin ensemble

When an external field of magnitude B is applied
to a non-interacting ensemble of Ising spins, the av-
erage magnetization follows the relation ⟨M⟩/M0 =
tanh(µB/kBT ), as follows directly from the partition
function. Fig. 4a demonstrates that Hotspice correctly
reproduces the expected result.

D. Square-to-pinwheel transition angle

The in-plane square and pinwheel ASI lattices can
be continuously transformed into each other by rotat-
ing each individual magnet by 45◦. Their ground state

magnetic ordering differs significantly: square ASI has
an antiferromagnetic (AFM) ground state, where all ver-
tices have a net zero magnetization, while pinwheel ASI
exhibits superferromagnetic order, where all magnets of
the same orientation are magnetized in the same direc-
tion. [16] Therefore, a critical angle 0◦ < αc < 45◦ must
exist where the ground state transitions between these
two extremes. For the dipole model, theoretical calcu-
lations predict this transition at αc = arcsin(

√
3/3) =

35.3◦. [87, 88] For the dumbbell model, the transition
angle depends on the distance d between the magnetic
charges within a magnet, but is always larger than for
the dipole model. [87]
The results of a Hotspice simulation are shown in

Fig. 4b. To quantify this transition, we measure the
fraction of vertices with net zero magnetization – this
value is 0 for superferromagnetic order while it is 1
for AFM order. We used the same lattice compres-
sion as described in Ref. [87], making our lattice spac-
ing a = 240 nm/ sin(45◦ + α) angle-dependent: it varies
from 340 nm at α = 0◦ to 240 nm at α = 45◦. For the
dipole model, the transition occurs at ≈ 35◦ as expected,
while the dumbbell model (here with d = 220 nm) indeed
transitions at a larger rotation angle.

IV. APPLICATIONS

To explore the accuracy of the various model variants,
we compare simulations to several specific experiments.
The pinwheel hysteresis highlights the importance of the
asymmetric energy barrier, while the kagome reversal is
an example where the dumbbell model captures a key
detail of the reversal process which could not be repro-
duced by dipole models. We finish with a demonstration
of “clocking” in pinwheel ASI, which has applications in
reservoir computing. [89] Python codes for these simula-
tions are provided in the supplementary information.

A. Pinwheel reversal

Pinwheel ASI (Fig. 1a-b) can be seen as consisting of
two intertwined sublattices whose magnets are perpen-
dicular to each other. The ground state of this system
consists of superferromagnetic domains, where all mag-
nets within each sublattice are magnetized in the same
direction. [1, 16, 28]
Li et al. [90] performed an experimental study to

observe the reversal of ‘diamond’-edge pinwheel ASI
(Fig. 1a) under an applied external field. The system
exhibits hysteresis: a strong field drives it towards a uni-
form state, where it remains when the field is removed
since this is the ground state of pinwheel ASI. Notably,
when Li et al. applied the field at an oblique angle (30◦)
to the ASI edges, the reversal occurred in two distinct
steps: the sublattice which was more aligned with the
field (15◦ to the easy axis) reversed first, followed by the
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FIG. 5. Hysteresis of the pinwheel ASI for an applied field at 30◦ with respect to the system edges. The parameter ρ = µ⊥/µ∥
modulates the effect of the asymmetric barrier described in Section II B 3. (a) Component of the average magnetization along
the direction of the external magnetic field. The experimental hysteresis by Li et al. [90] is shown in black. (b) In-plane path
of the average magnetization vector. Triangles pointing up (down) correspond to the ramp-up (down) of the external field.
The external field direction is indicated by the double-headed arrow. (c-e) Snapshots of the system when passing through
threshold values of M∥/M∥,sat, in chronological order through the hysteresis loop. The color of each pixel shows the average
magnetization angle of the magnets in a small area of the system, encoded according to the color wheel shown on the right.
Snapshots (1,5,9) are taken near the saturated M∥/M∥,sat ≈ ±1 state, (3) and (7) at the zero-average M∥/M∥,sat = 0, and

(2,4,6,8) at M∥/M∥,sat = ±
√
3/3 ≈ 0.58, which is the magnetization at the plateau between the two steps for ρ = 0 and ρ = 0.4.

second sublattice for which the field was at 75◦. Accu-
rate simulation of the second reversal step will require
accounting for the asymmetry in the energy barrier be-
tween clockwise and counterclockwise switching, due to
this near-perpendicular field for the second sublattice.

We replicated this experiment using Hotspice for a
few values of ρ = µ⊥/µ∥ to clearly observe the effect of
the asymmetric barrier, resulting in the hysteresis loops
shown in Fig. 5. The Néel update algorithm was used,
because the Metropolis-Hastings algorithm samples the
equilibrium state space and therefore would not capture
the hysteresis observed experimentally – a hysteresis only
exists because the equilibrium is not reached within the
timescale of the observation. We used parameters de-
rived from the experimental configuration when possi-
ble: an ASI of 25 × 25 unit cells with a NN center-to-
center distance of 420 nm was used, at room tempera-

ture (300K). The magnetic moment and energy bar-
rier of each magnet can be derived from the geome-
try of the 470 × 170 × 10 nm stadium-shaped magnets
and the permalloy (Ni80 Fe20) saturation magnetization
Msat = 800 kAm−1. This yields a magnetic moment
µ = MsatV = 5.9×10−16 Am2, and a mumax3 [34] simu-
lation reveals that the energy barrier of such magnets is
≈ 60 eV. These values result in a good match with the
experimental field magnitude for the first reversal step.

In the experiment, the two reversal steps occurred
gradually over a range of fields, resembling more of an S-
curve rather than a sharp step. This is due to a random
spread on the coercive field of each nanomagnet due to
imperfections in lithography. [91] We modeled this in the
simulation by introducing a random Gaussian variation
on the energy barrier, with σ(EB)/⟨EB⟩ = 7% yielding
the closest agreement to the experiment. Note that the
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of an externally applied magnetic field on a vertical and sloped magnet for different values of the energy barrier. EMS is the
same for each EB, however it is higher for the sloped magnets compared to the vertical ones. When EB < Ec

B (EB > Ec
B), the

sloped (vertical) magnet will flip first since the Zeeman energy EZ increases faster for the vertical magnets.

experimental hysteresis curve is not symmetric, in con-
trast to our simulations, which Li et al. attributed to a
small sample movement during their measurement which
changed the applied field angle with respect to the array.

As can be noted from the figure, the resulting hys-
teresis, and particularly the field magnitude for the sec-
ond reversal step, is highly dependent on the choice of
ρ = µ⊥/µ∥. When the asymmetry of the energy barrier
is neglected (ρ = 0), the field magnitude required for the
second step is significantly overestimated, as seen in the
blue curve of Fig. 5a (≈ 60mT vs. experiment ≈ 25mT).
Increasing ρ reduces the field magnitude at which the sec-
ond step occurs but has little effect on the first. Notably,
for ρ ⪆ 0.6, the second step disappears entirely, and the
reversal instead occurs by domain nucleation at the edges
of the ASI, as shown in Fig. 5e.

Thus, ρ ≈ 0.4 yields the best correspondence to the
experiment. A possible explanation for this is that the
switching of magnets in the experimental ASI does not
occur by uniform rotation, as assumed by the Néel-
Arrhenius switching law (Eq. (12)). Indications of non-
uniform rotation or domain wall-mediated reversal were
previously noticed by Morley et al. [92]

B. Kagome reversal

The in-plane kagome ASI (Fig. 1g) is a typical exam-
ple of a frustrated system: every vertex is formed by
three magnets that must obey the two-in/one-out or two-
out/one-in ice rule. Each magnet has four NN located
near its endpoints, making this lattice an interesting test-
ing ground for the dumbbell model. Both the point dipole
model [93] and dumbbell model [94] have been used in
previous studies of kagome ASI. The point dipole model
tends to significantly underestimate the NN interaction,

while the dumbbell model increases the magnetostatic in-
teraction energy between closely spaced magnets, poten-
tially affecting the dynamics of the system. We therefore
expect the dumbbell model to provide a more accurate
simulation of the kagome lattice than the point dipole
model. [2, 27]
To illustrate this, we used Hotspice to reproduce the re-

versal process of kagome ASI as observed by Mengotti et
al. [27] They studied the hysteresis loop using XMCD to
image the evolution of the system’s microstate during a
gradual increase of the external field near the coercive
field. We simulated a kagome ASI consisting of 173 mag-
nets whose energy barrier EB = 120 eV with a standard
deviation σ(EB)/⟨EB⟩ = 5%. An increasing magnetic
field Bext was applied at an angle of −93.6◦ relative to
the horizontal axis. This corresponds to a reverse field
in the negative y-direction with a slight −3.6◦ offset to
break symmetry between sloped magnets, resulting in the
creation of “Dirac strings” of flipped magnets.
As the field strength increases, the Zeeman energy of

the magnets rises, but this increase is faster for the verti-
cal magnets than for the sloped ones. However, the mag-
netostatic energy is lowest for the vertical magnets in the
initial state. The balance between these contributions re-
sults in a critical energy barrier Ec

B: when the energy bar-
rier EB is lower (higher) than this value, a sloped (verti-
cal) magnet will flip first, as shown in Fig. 6b. Therefore,
the dynamics may depend on the simulation method, as
the dumbbell model increases the magnetostatic interac-
tion energy between nearest neighbors.
The results, shown in Fig. 6a, reveal a qualitative dif-

ference between the dumbbell and dipole models. In the
dumbbell model, sloped magnets on the boundaries of
the ASI flip first, while for the dipole method vertical
magnets in the bulk flip first. [57] In the experiment of
Mengotti et al. [27], Dirac strings were observed to origi-
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nate from sloped magnets, which is in agreement with the
dumbbell simulation. Additionally, researchers using the
‘flatspin’ ASI simulator, which employs a dipole-based
model, observed Dirac strings to originate from vertical
magnets, similar to our results with a dipole model, high-
lighting the dumbbell model’s ability to capture distinct
dynamics. [2]

C. Reservoir computing by “clocking”

Hotspice was developed to explore the potential of
reservoir computing (RC) in ASI. RC is a machine
learning framework where an input signal is applied
to a nonlinear dynamical system, known as the “reser-
voir”. [33, 95] The reservoir generates a high-dimensional
nonlinear response, facilitating linear separation with-
out the need to train the reservoir itself. [1, 96] The es-
sential characteristics of reservoirs – short-term memory
and high dimensionality – are inherent to many phys-
ical systems, including ASI, making them suitable for
direct use as a reservoir. [33] This capability has al-
ready been demonstrated numerically for various ASI lat-
tices. [1, 15, 54, 97] To optimize the RC capability of ASI,
it can be advantageous to manipulate the system in small,
discrete steps without triggering a global magnetization
reversal or “avalanche”, a process that can be achieved
through “clocking” protocols. [89]

1. Clocking in pinwheel ASI

A clocked input encoding scheme for pinwheel ASI has
been proposed by Jensen et al. [89] They applied an ex-
ternal magnetic field in a well-chosen direction to selec-
tively affect one of the two pinwheel sublattices at a time.
The field magnitude was carefully tuned such that only

the magnets with the lowest effective energy barrier ẼB

– typically those at the boundary of a superferromag-
netic domain – would switch. The field direction was
then changed to affect the other sublattice. This two-
step clocking scheme allows domain wall boundaries to
advance one step at a time, thereby enabling intermedi-
ate magnetic states.

Because Hotspice does not use the Stoner-Wohlfarth
model as Jensen et al. [89] did, we adjusted several system
parameters to achieve clocking. [98] NN interactions, and
therefore inter-sublattice interactions, were enhanced by
rotating all magnets in the pinwheel lattice anticlockwise
by an additional angle α = 4◦, resulting in two sublat-
tices rotated by 49◦ and −41◦ with respect to the array
edges. [98] As discussed in Section IIID, α should remain
within a certain range to avoid the transition to IP square
ASI with antiferromagnetic domains. [16]

We performed a simple test to visualize the behav-
ior of pinwheel ASI under clocking, as shown in Fig. 7a.
All magnets were initially magnetized to the right (red).
Clocking cycle A is defined by applying a magnetic field

at 49◦ for 0.5 s, then at −41◦ for another 0.5 s. This dif-
fers from the ±22◦ fields used by Jensen et al. [89] Since
switching occurs on nanosecond timescales, this duration
is effectively infinite. After applying clocking cycle A six
times, the reverse cycle B was applied six times as well.
Each time cycle A or B is applied, a well-defined effect

is visible, though the impact of subsequent B cycles di-
minishes as the system approaches its initial state. Note
that, even though cycle B applies the opposite fields to
cycle A, it is not the inverse: the system does not re-
turn to the same states previously visited by cycles A.
These results are qualitatively comparable to both ex-
perimental and numerical results achieved by Jensen et
al. [89] for “AB clocking”, though each cycle in Hot-
spice switches magnets in a larger area than was observed
by Jensen et al. [89] Because of this nonlinear behavior
which stores information in the state of the system by
avoiding avalanches, this setup has the potential to per-
form well for reservoir computing purposes. [98]
In summary, two key factors are necessary for con-

trolled domain wall movement. First, the degeneracy be-
tween the ground states must be lifted, which is straight-
forward in pinwheel ASI as the four types of superfer-
romagnetic domains respond differently to an in-plane
field. Second, two independently addressable sublattices
should exist to prevent avalanches; in pinwheel ASI, mag-
nets of the two sublattices are perpendicular to each
other, enabling their selective manipulation via in-plane
fields.

2. Clocking in OOP square ASI

The concept of clocking can be extended to other ASI
lattices that form domains, provided they contain multi-
ple sublattices that can be addressed separately to avoid
avalanches. As an example, we devised a clocking proto-
col for OOP square ASI based on the lessons learnt from
pinwheel ASI.
In this system, neighboring magnets prefer anti-

parallel alignment, resulting in two degenerate checker-
board ground states. One can therefore consider two
sublattices – akin to the black and white squares on a
chess board. A uniform external field cannot move the
domain walls because the domains have net zero magne-
tization. Instead, by applying opposite magnetic fields to
each sublattice, domains of one type can be made to grow
while the other shrinks. However, clocking also requires
that only one sublattice is affected at a time. This can
be achieved by first applying the field to one sublattice,
removing it, and then applying an opposite field to the
other sublattice. This procedure causes the domain walls
to shift by up to two magnets per cycle, as demonstrated
in Fig. 7b, where the gradual expansion of the desired
domain type is clearly visible.
Implementing this procedure requires the use of local

fields, which is more challenging than the global fields
used for clocking pinwheel ASI. One potential solution is
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FIG. 7. Effect of clocking schemes on the states of two ASI lattices. Six clocking cycles A are followed by six clocking cycles B.
These cycles are defined as shown on the right, and are different for the two lattices. (a) The clocking behavior of a 101× 101
‘diamond’-edge pinwheel ASI (containing 5100 magnets), with a lattice spacing a = 248 nm. Each magnet was rotated by
α = 4◦, has a magnetic moment µ = 3 × 10−16 Am2, and an energy barrier EB = 110 eV with σ(EB)/⟨EB⟩ = 5% standard
deviation. The asymmetric energy barrier was accounted for with ρ = 0.4. All magnets are initially magnetized to the right
(red). (b) A similar simulation for a 50 × 50 OOP square ASI, with circular magnets of radius 85 nm and a lattice spacing
a = 200 nm. Each magnet has a magnetic moment µ = 1.6× 10−16 Am2 and energy barrier EB = 60 eV ± 5%, similar to the
OOP magnets used in Ref. [54]. All magnets are initially magnetized in one of the antiferromagnetic ground states (white).
The magnetic field used in the clocking cycles has a magnitude Bext = 48mT, and each step is applied for 0.5 s.

to use spin-orbit torque to flip the magnets, using current
lines placed diagonally across the ASI to selectively affect
one sublattice at a time. This clocking scheme benefits
from disorder in the system (e.g., σ(EB) > 0 or vacan-
cies), as this provides nucleation sites within the bulk.

V. CONCLUSION

We have presented in detail the underlying models used
by Hotspice, an open-source and easily extensible Monte
Carlo simulator designed to simulate ASI dynamics. In
particular, we focused on the evaluation of several model
variants extending beyond the basic Ising model typically
used for ASI simulations.

Firstly, we considered more accurate calculations for
magnetostatic interactions: OOP systems were found
to benefit from a second-order correction, while IP sys-
tems achieve far more accurate results with a dumbbell
model. Secondly, accounting for asymmetric switching
channels proved key to e.g., correctly reproduce coercive
fields in pinwheel ASI, provided that the reduced magne-
tization during non-coherent reversal processes was also
accounted for. Finally, we provided two algorithms for
handling switching events. The Néel-Arrhenius approach
is best suited for simulating the temporal evolution of

the system, including out-of-equilibrium dynamics. The
Metropolis-Hastings algorithm efficiently explores equi-
librium configurations, especially when multiple mag-
nets switch simultaneously. These methods were com-
pared to experimental and theoretical results for pin-
wheel, kagome, and square ASI.

This approach makes Hotspice complementary to tra-
ditional micromagnetic simulations. By sacrificing the
detailed simulation of the internal magnetization struc-
ture of individual nanomagnets, the higher-level approx-
imations employed by Hotspice enable the study of com-
plex ASI dynamics in much larger systems and over sig-
nificantly longer timescales. This opens new opportuni-
ties to use ASI for applied machine learning tasks like
reservoir computing (RC). The ability of Hotspice to
quickly sweep parameters and evaluate RC metrics facili-
tates the optimization of ASI configurations and the iden-
tification of suitable input protocols, as demonstrated by
our simulation of clocking protocols in pinwheel and OOP
square ASI.

In conclusion, Hotspice’s combination of speed, flexi-
bility, and accuracy makes it a powerful tool to explore
the rich physics of ASI systems and advance their use in
innovative applications like reservoir computing.
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S1

SUPPLEMENTARY INFORMATION

The code used for the simulations presented in the main text is provided below. These are cleaned versions without
plotting code, and not all run() functions return all the data shown in the figure. The full scripts, including plotting
functions, can be found in the examples directory on the Hotspice GitHub repository.

A. Exchange-coupled OOP square system

The following code was used for the simulation shown in Fig. 3a and 3b of the main text. It calculates the
temperature-dependence of the average magnetization ⟨M⟩/M0 =

∑
i si/N and the nearest-neighbor correlation

⟨SiSi+1⟩ in an exchange-coupled OOP square ASI. Due to the absence of magnetostatic interactions, this simulation
can significantly benefit from multi-switching using the Metropolis algorithm. Therefore, the simulation is performed
on the GPU by setting the environment variable "HOTSPICE_USE_GPU" to "True".

 import numpy as np



 import os

 os.environ["HOTSPICE_USE_GPU"] = "True" # We use Metropolis for multi -sampling on GPU

 import hotspice



 def run(T_range=np.linspace (0.9, 1.1, 21), N: int = 100, size: int = 800):

 """ ‘T_range ‘ specifies the examined temperature range in multiples of T_c.

 At each step , ‘N‘ Monte Carlo steps per site are performed.

 """

 a = 1 # Choose large spacing to get many simultaneous Metropolis switches

 T_c = 1 # T_c = 2*J/(k_B*np.log(1+np.sqrt (2))), or the other way around:

 J = T_c*hotspice.kB*np.log(1 + np.sqrt (2))/2



 N_saved_iters = int(np.ceil(N/2)) # Half of N iters gets saved

 observable_shape = (T_range.size , N_saved_iters)

 m_avg = np.empty(observable_shape)

 NNcorr_avg = np.empty(observable_shape)



 mm = hotspice.ASI.OOP_Square(a, size , energies =[ hotspice.ExchangeEnergy(J=J)],

 pattern=’uniform ’, PBC=True , T=1)

 mm.params.UPDATE_SCHEME = hotspice.Scheme.METROPOLIS

 for i, T in enumerate(T_range):

 mm.T = T*T_c

 mm.progress(t_max=np.inf , MCsteps_max=N/2) # Equilibrate for N/2 steps

 for j in range(N_saved_iters):

 mm.progress(t_max=np.inf , MCsteps_max =1)

 m_avg[i,j] = mm.m_avg

 NNcorr_avg[i,j] = mm.correlation_NN ()

 return m_avg , NNcorr_avg



 if __name__ == "__main__":

 size = 800 # With GPU+Metropolis , there is no reason to use size <800 here

 for N in [10, 100, 1600]:

 run(N=N, size=size)

B. Exchange- and magnetostatically coupled OOP square system

The following code was used for the simulation shown in Fig. 3c of the main text. It calculates the nearest-neighbor
correlation ⟨SiSi+1⟩ in an OOP square ASI, where magnets are both magnetostatically and exchange-coupled. The
effect of varying the relative strength of the exchange coupling with respect to the nearest-neighbor magnetostatic
coupling: δ = Eexch,i,j/EMS,i,j(j ∈ Ni).

 import numpy as np



 import os

https://github.com/bvwaeyen/Hotspice
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 os.environ["HOTSPICE_USE_GPU"] = "True" # We use Metropolis for multi -sampling on GPU

 import hotspice



 def run(delta_range=np.linspace(0, 4, 81), N: float = 100, size: int = 200):

 """ At each step , ‘N‘ Monte Carlo steps per site are performed. """

 T, a = 50, 1e-6 # A combination that is NOT in the paramagnetic state



 corr_avg , corr_std = np.empty_like(delta_range), np.empty_like(delta_range)

 states = np.empty(shape =( delta_range.size , size , size), dtype=bool)



 energyDD , energyExch = hotspice.DipolarEnergy (), hotspice.ExchangeEnergy ()

 mm = hotspice.ASI.OOP_Square(a, size , E_B=0, T=T, energies =[energyDD , energyExch],

 pattern=’AFM’, PBC=True)

 mm.params.UPDATE_SCHEME = hotspice.Scheme.METROPOLIS

 for i, delta in enumerate(delta_range):

 energyExch.J = delta*energyDD.get_NN_interaction ()/2 # Set delta by changing J

 corrs = [mm.correlation_NN ()

 for _ in mm.progress(t_max=np.inf , MCsteps_max=N, Q=np.inf)]

 half = len(corrs) // 2

 corr_avg[i], corr_std[i] = np.mean(corrs[half :]), np.std(corrs[half :])

 states[i,:,:] = (hotspice.utils.asnumpy(mm.m) + 1).astype(bool)

 return corr_avg , corr_std , states



 if __name__ == "__main__":

 run()

C. Non-interacting spin ensemble

The following code was used for the simulation shown in Fig. 4a of the main text. It calculates the average
magnetization ⟨M⟩/M0 of a non-interacting ensemble of Ising spins when an external field of magnitude B is applied.

 import numpy as np

 import hotspice



 def run(N: float = 10, size: int = 1000, monopoles: bool = False):

 """ Tests if the hyperbolic tangent is found when interactions are disabled.

 At each field magnitude , ‘N‘ Monte Carlo steps per spin are performed.

 An IP square ASI is used , with the field applied at 45 degrees to affect

 all magnets in the system equally.

 """

 T = 300

 moment = 1.1e-15

 alpha = np.linspace(0, 3, 11)



 energyZ = hotspice.energies.ZeemanEnergy(magnitude =0, angle=np.pi/4)

 mm = hotspice.ASI.IP_Square (1, size , moment=moment , energies =[ energyZ],

 pattern="random", T=T, m_perp_factor =0)

 mm.params.UPDATE_SCHEME = hotspice.Scheme.METROPOLIS



 mm.initialize_m(’uniform ’, angle=np.pi/4)

 M_0 = mm.m_avg

 M_x = np.zeros_like(alpha)

 B_vals = alpha*hotspice.kB*T/moment*np.sqrt (2) # sqrt (2) due to 45deg field angle

 for i, B in enumerate(B_vals):

 energyZ.magnitude = B

 mm.progress(MCsteps_max=N)

 M_x[i] = mm.m_avg/M_0



 if __name__ == "__main__":

 run()
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D. Square-to-pinwheel transition angle

The following code was used for the simulation shown in Fig. 4b of the main text. It calculates the fraction
of vertices with net zero magnetization, for several rotation angles of individual magnets between the square and
pinwheel lattices.

 import numpy as np

 import hotspice

 from scipy import signal



 def count_AFM_cells(mm: hotspice.Magnets):

 edges = np.logical_or(np.logical_or(mm.ixx == 0, mm.ixx == mm.nx - 1),

 np.logical_or(mm.iyy == 0, mm.iyy == mm.ny - 1))

 vertices = np.where(np.logical_and(np.logical_not(edges), mm.ixx%2 == mm.iyy%2))

 mx = np.multiply(mm.m, mm.orientation [:,:,0])

 my = np.multiply(mm.m, mm.orientation [:,:,1])

 mask = np.array ([[0, 1, 0], [1, 0, 1], [0, 1, 0]])

 boundary = "wrap" if mm.PBC else "fill"

 mx_avg = signal.convolve2d(mx, mask [::-1,::-1], mode="same", boundary=boundary)

 my_avg = signal.convolve2d(my, mask [::-1,::-1], mode="same", boundary=boundary)

 mx_valid = mx_avg[vertices]

 my_valid = my_avg[vertices]

 AFM = np.sum(np.logical_and(np.isclose(mx_valid , 0), np.isclose(my_valid , 0)))

 total = vertices [0]. size

 return AFM/total



 def run(N: float = 10, size: int = 51, monopoles: list[float] = None):

 """ At each angle , ‘N‘ Monte Carlo steps per spin are performed. """

 moment = 4.5e-17 # Paper value

 E_B = hotspice.utils.eV_to_J (15)

 init_pattern = "random"

 if monopoles is None: monopoles = [0]

 monopoles = np.asarray(monopoles).astype(float)



 angles = np.array ([0, 5, 30, 32, 34, 36, 38, 40, 42, 44, 45])

 d_paper = 170e-9

 AFM_fraction = np.zeros (( monopoles.size , angles.size , N))



 for k, monopole in enumerate(monopoles):

 monopole_d = 220e-9* monopole

 if monopole: energyDD = hotspice.energies.DiMonopolarEnergy(d=monopole_d)

 else: energyDD = hotspice.energies.DipolarEnergy ()

 for j in range(N):

 for i, angle in enumerate(angles):

 a = d_paper *2*np.cos(np.deg2rad(angle))

 mm = hotspice.ASI.IP_Square(a, size , PBC=False , moment=moment , T=300,

 energies =[ energyDD], E_B=E_B ,

 m_perp_factor =0.4, angle=np.deg2rad(angle))

 mm.params.UPDATE_SCHEME = hotspice.Scheme.METROPOLIS

 mm.initialize_m(init_pattern)

 mm.T = -np.min(mm.E)/hotspice.kB*0.3

 while mm.T_avg > 300:

 mm.T *= 0.999

 mm.update(Q=1)

 AFM_fraction[k,i,j] = count_AFM_cells(mm)



 if __name__ == "__main__":

 run(monopoles =[0, 1], N=10)
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E. Pinwheel reversal

The following code was used for the simulation shown in Fig. 5 of the main text. It performs a hysteresis
on pinwheel ASI, for a range of the parameter ρ = m⊥/m∥, illustrating the importance of this parameter. The
nanomagnet parameters were derived from the experimental setup in [90].

 import numpy as np

 import hotspice



 def run(size: int = 50, m_perp_factor: float = 1,

 monopoles: bool = False , angle: float = np.pi/6):

 """ A system size of 50 gives the exact same geometry as in the experiment , but

 with the x- and y-axes flipped. However , the experiment also defines the angle

 clockwise from the y-axis , which is therefore the same as our ‘B_angle ‘.

 """

 l, d, t, Msat = 470e-9, 170e-9, 10e-9, 800e3

 moment = Msat *((d*d*np.pi/4) + (l-d)*d)*t # [Am^2] moment of stadium -shaped magnet

 a = 420e-9*np.sqrt (2) # [m] Lattice spacing (for 420nm NN spacing in Pinwheel)

 T = 300 # [K] Assume room temperature

 E_B = hotspice.utils.eV_to_J (71) # [J] Energy barrier , calculated with mumax3

 E_B_std = 0.07



 if monopoles: energyDD = hotspice.energies.DiMonopolarEnergy(d=0.9*l, small_d =0.9*d)

 else: energyDD = hotspice.energies.DipolarEnergy ()

 energyZ = hotspice.ZeemanEnergy ()

 mm = hotspice.ASI.IP_Pinwheel(a, size , moment=moment , E_B=E_B , E_B_std=E_B_std ,

 T=T, PBC=False , m_perp_factor=m_perp_factor ,

 energies =[energyDD , energyZ ])

 mm.params.UPDATE_SCHEME = hotspice.Scheme.NEEL



 B_max = 0.1 # [T] The hysteresis occurs between ‘-B_max ‘ -> ‘B_max ‘ -> ‘-B_max ‘.

 _N = 20000 # Number of ‘mm.update ()‘ steps between ‘B_max ‘ and ‘-B_max ‘.

 B_fields = np.linspace(-B_max , B_max , _N) # One sweep to opposite fields (N steps)

 B_fields = np.append(B_fields , np.flip(B_fields)) # Sweep both ways (2*N steps)

 m_avg , m_angle = np.zeros_like(B_fields), np.zeros_like(B_fields)



 mm.initialize_m(pattern=’uniform ’, angle=angle+np.pi) # Initialize along field

 for i, B in enumerate(B_fields):

 energyZ.set_field(angle=angle , magnitude=B)

 mm.progress ()

 m_avg[i], m_angle[i] = mm.m_avg , mm.m_avg_angle

 return B_fields , m_avg , m_angle



 if __name__ == "__main__":

 for m_perp_factor in [0, 0.4, 1]: run(m_perp_factor=m_perp_factor)

F. Kagome reversal

The following code was used for the simulation shown in Fig. 6 of the main text. It performs a reversal of kagome
ASI, using both the point dipole and dumbbell models, which affect the calculation of the magnetostatic energy. The
nanomagnet parameters were derived from the experimental setup in [27].

 import numpy as np

 import hotspice



 def run(size: int = 30, monopoles: bool = True , angle: float = np.pi/2 - 3.6*np.pi/180,

 E_B: float = hotspice.utils.eV_to_J (120), E_B_std: float = 0.05):

 a = 1e-6 # Gives 500nm NN center -to -center distance

 d = 470e-9 # Must be <577.35e-9, otherwise neighbors touch

 moment = 1.1e-15



 _N = 2000 # Number of ‘mm.update ()‘ steps between ‘B_max ‘ and ‘-B_max ‘.
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 B_max = 0.06 # [T] The hysteresis occurs between ‘-B_max ‘ -> ‘B_max ‘ -> ‘-B_max ‘.

 B_fields = np.linspace(B_max , -B_max , _N) # One sweep to opposite fields (N steps)

 B_fields = np.append(B_fields , np.flip(B_fields)) # Sweep both ways (2*N steps)



 if monopoles: energyDD = hotspice.energies.DiMonopolarEnergy(d=d)

 else: energyDD = hotspice.energies.DipolarEnergy ()

 energyZ = hotspice.ZeemanEnergy(angle=angle)

 mm = hotspice.ASI.IP_Kagome(a, size , moment=moment , energies =[energyDD , energyZ],

 E_B=E_B , E_B_std=E_B_std , m_perp_factor =0)

 mm.params.UPDATE_SCHEME = hotspice.Scheme.NEEL



 # Perform the reversal

 mm.initialize_m("uniform", angle=angle)

 M_S = mm.m_avg_y

 M_y = np.zeros_like(B_fields)

 for i, B in enumerate(B_fields):

 energyZ.magnitude = B

 mm.progress ()

 M_y[i] = mm.m_avg_y/M_S



 # Identify the critical field magnitude

 for i, _ in enumerate(M_y): # Identify the critical field magnitude

 if (M_y[i] <= 0 < M_y[i + 1]) or (M_y[i] >= 0 > M_y[i + 1]):

 B_C = np.abs(B_fields[i] - (M_y[i]*( B_fields[i+1] - B_fields[i]))

 /(M_y[i+1] - M_y[i]))

 break



 # Save states at certain field magnitudes

 states , fields = [], [-0.85, -0.92, -0.99, -1.06]

 for B in fields:

 energyZ.magnitude = B*B_C

 mm.progress ()

 states.append(np.where(mm.occupation == 0, np.nan , mm.m))

 return states , fields



 if __name__ == "__main__":

 run(monopoles=False)

 run(monopoles=True)

G. Pinwheel clocking

The following code was used for the simulation shown in Fig. 7a of the main text. It demonstrates the use of the
hotspice.io module to apply clocked input to pinwheel ASI by defining a custom Datastream and Inputter. These
are then used to apply the clocking cycles A and B as described in the main text. The nanomagnet parameters were
derived from the experimental setup in [89].

 import numpy as np

 import hotspice



 class BinaryListDatastream(hotspice.io.BinaryDatastream):

 """ Returns values from a given list. """

 def __init__(self , binary_list: list[int] = [0]):

 self.binary_list = binary_list

 self.len_list = len(binary_list) # will be used often , no need to recalculate

 self.index = 0 # start at the beginning

 super().__init__ ()



 def get_next(self , n=1) -> np.ndarray:

 """ Returns next ‘n‘ values as xp.ndarray. Loops back to start at the end. """

 values = [self.binary_list [(self.index + i) % self.len_list] for i in range(n)]

 self.index += n

 return np.array(values)
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 class ClockingFieldInputter(hotspice.io.FieldInputter):

 def __init__(self , datastream: hotspice.io.BinaryDatastream , magnitude=1,

 angle=0, spread=np.pi/8, n=2, frequency =1):

 """ Applies an external field at ‘angle+spread ‘ rad for 0.5/ frequency seconds ,

 then at ‘angle -spread ‘ rad for bit 0. It does the same +180 deg for bit 1.

 This avoids avalanches by only affecting one sublattice at a time.

 """

 self.spread = spread

 super().__init__(datastream , magnitude=magnitude ,

 angle=angle , n=n, frequency=frequency)



 def bit_to_angles(self , bit):

 if not bit: return (self.angle + self.spread , self.angle - self.spread)

 return (self.angle + self.spread + np.pi , self.angle - self.spread + np.pi)



 def input_single(self , mm: hotspice.ASI.IP_ASI , value: bool|int):

 if self.frequency and mm.params.UPDATE_SCHEME != hotspice.Scheme.NEEL:

 raise AttributeError("Can only use frequency if UPDATE_SCHEME is NEEL.")

 if not mm.in_plane:

 raise AttributeError("Can only use ClockingFieldInputter on in -plane ASI.")



 Zeeman: hotspice.ZeemanEnergy = mm.get_energy(’Zeeman ’)

 if Zeeman is None: mm.add_energy(Zeeman := hotspice.ZeemanEnergy (0, 0))

 angle1 , angle2 = self.bit_to_angles(value)

 Zeeman.set_field(magnitude=self.magnitude , angle=angle1)

 mm.progress(t_max =0.5/ self.frequency , MCsteps_max=self.n)

 Zeeman.set_field(magnitude=self.magnitude , angle=angle2)

 mm.progress(t_max =0.5/ self.frequency , MCsteps_max=self.n)



 def run(N: int = 13, size: int = 101, E_B_std: float = 0.05,

 m_perp_factor: float = 0.4, magnitude: float = 53e-3):

 a = 248e-9 # Lattice spacing

 moment = 3e-16

 T = 1 # For deterministic switching

 E_B = hotspice.utils.eV_to_J (110)

 np.random.seed (2) # 2 gives a nice result.



 spread = np.pi/4 # We use 45deg instead of the 22.5 deg used in the Clocking paper.

 bits = [None] + [1]*(N//2) + [0]*(N//2)

 datastream = BinaryListDatastream(bits)

 inputter = ClockingFieldInputter(datastream , magnitude=magnitude , spread=spread)

 lattice_angle = np.deg2rad (4) # Rotate all magnets by 4deg

 mm = hotspice.ASI.IP_Pinwheel(a, size , moment=moment , E_B=E_B , E_B_std=E_B_std ,

 T=T, pattern="uniform", angle=lattice_angle ,

 m_perp_factor=m_perp_factor)

 mm.params.UPDATE_SCHEME = hotspice.Scheme.NEEL # NEEL is best at low T and high E_B

 mm.add_energy(hotspice.ZeemanEnergy ())



 states = []

 for bit in datastream.binary_list:

 if bit is not None: inputter.input(mm , values =[bit])

 states.append(np.copy(mm.m))

 return states



 if __name__ == "__main__":

 run(m_perp_factor =0.4)

H. OOP square clocking

The following code was used for the simulation shown in Fig. 7b of the main text. It demonstrates a clocking
protocol for OOP square ASI, available in the standard Hotspice distribution. The code applies the clocking cycles A
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and B as described in the main text.

 import numpy as np

 import hotspice



 def run(N: int = 13, magnitude: float = 0.05, E_B_std: float = 0.05,

 E_B: float = hotspice.utils.eV_to_J (60), moment: float = 2.37e-16,

 a: float = 230e-9, d: float = 0, vacancy_fraction: float = 0., size: int = 50):

 mm = hotspice.ASI.OOP_Square(a, size , E_B=E_B , E_B_std=E_B_std ,

 moment=moment , major_axis=d, minor_axis=d)

 mm.params.UPDATE_SCHEME = hotspice.Scheme.NEEL

 mm.add_energy(hotspice.ZeemanEnergy ())

 vacancies = int(mm.n*vacancy_fraction)

 mm.occupation[np.random.randint(mm.ny, size=vacancies),

 np.random.randint(mm.nx, size=vacancies)] = 0

 ds = hotspice.io.RandomBinaryDatastream ()

 inputter = hotspice.io.OOPSquareChessStepsInputter(ds , magnitude=magnitude)



 states , domains = [], []

 values = []

 mm.initialize_m(’AFM’, angle=np.pi)

 for i in range(N):

 if i == 0: values.append(None)

 else: values.append(inputter.input(mm , values =(i < (N//2 + 1)))[0])

 states.append(np.where(mm.occupation == 0, np.nan , mm.m))

 domains.append(np.where(mm.occupation == 0, np.nan , mm.get_domains ()))

 return states , domains



 if __name__ == "__main__":

 run(magnitude =0.048 , a=200e-9, d=170e-9)
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