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Abstract

The so-called ‘Impossibility Theorem’ for fairness definitions is one of the more striking
research results with both theoretical and practical consequences, as it states that satisfying
certain combinations of fairness definitions is impossible. To date, this negative result has
not yet been complemented with a positive one: a characterization of which combinations
of fairness notions are possible. This work aims to fill this gap by identifying maximal sets
of commonly used fairness definitions for binary classification that can be simultaneously
satisfied. The fairness definitions used are demographic parity, equal opportunity, predic-
tive equality, predictive parity, false omission rate parity, overall accuracy equality and
treatment equality. We conclude that in total 12 maximal sets of these fairness definitions
are possible, among which are seven combinations of two definitions, and five combinations
of three definitions. Our findings also shed light on the practical relevance and utility of
each of these 12 mazximal fairness definitions in various scenarios, regarding the accuracy
of the classifier and ratios of false positives and false negatives, considering the base rates.

1. Introduction

The field of fairness in Al started gaining more attention after the ProPublica article about
the recidivism risk assessment system COMPAS (Angwin et al., 2016). Due to this article,
questions arose on which characteristics an Al system needs to satisfy for it to be fair in a
practical, intuitive, or legal sense. One of the main criticisms from the authors of the ProP-
ublica article was the difference between the false positive and false negative rates for black
people compared to white people. The creators of the COMPAS-tool defended their system
by arguing that it was properly calibrated, meaning that defendants with the same scores
had similar rearrest rates for both demographic groups, and that this made the system fair.
One could argue that ideally these properties would both be satisfied. However, the works
of Chouldechova (2016), Barocas et al. (2019), and Kleinberg et al. (2016) all concluded that
these properties cannot be satisfied simultaneously. This result is colloquially referred to as
the “Impossibility Theorem”, stating it is mathematically impossible to achieve calibration,
equal false positive and equal false negative rates simultaneously, except in a practically
irrelevant, degenerate case. (See Sec. 2 for further details.)

The usage of fairness definitions has often been limited to enforcing one at a time. This
severely limits the complexity of the fairness requirements imposed on a system. Creating a
contrasting “Possibility Theorem” might open up the possibility of simultaneously imposing
multiple compatible fairness definitions. These combinations could allow to enforce multiple
perspectives on fairness simultaneously (Rahman et al., 2024a; Park et al., 2022; Luo et al.,
2024). Additionally, it would also indicate which perspectives are incompatible.
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Contributions To the best of our knowledge, this negative result has never been comple-
mented with a positive one, namely the characterisation of maximal sets of fairness notions
that can be simultaneously satisfied. In this paper, we investigate which and how many
of the more frequently used fairness definitions can be combined, leading to a set of maxi-
mal notions of fairness on which no additional of the commonly used fairness notions can
be imposed without making the problem infeasible. We do this for the simplest but most
commonly studied case of binary classification.

Out of a range of seven commonly used fairness definitions (Demographic Parity (Dwork
et al., 2012), Equal Opportunity (Hardt et al., 2016), Predictive Equality (Hardt et al.,
2016), Predictive Parity (Chouldechova, 2016), False Omission Rate Parity, Overall accuracy
Equality (Berk et al., 2021) and Treatment Equality (Berk et al., 2021)), we identify a total
of 12 maximal combinations, including seven maximal combinations of two and five maximal
combinations of three fairness definitions. Figure 1 shows the possible combinations of
fairness definitions. In addition, we investigate the constraints these combinations impose
on the accuracies of both groups and on the confusion matrices. We find that imposing a
combination of two or more fairness definitions imposes a strict behaviour on the relation
of errors made between two sensitive groups. This behaviour is influenced by the base rates
of both groups, which means that for some datasets a combination of fairness definitions
would heavily constrain the performance for one sensitive group.

2. Related Work

The field of fairness in Al knows two large, distinct research topics. The first one is based on
the explainability or interpretability of Al systems. This research aims to create Al models
that are explainable or to create explanations for existing models in order to investigate
if the models exhibit unfairness, which is identifiable for people. This approach is related
to the legal concept of procedural fairness (Australian Law Reform Commission, 2016),
meaning that the decision process itself should be deemed fair.

The second research focus, adopted in the current paper, concerns the formulation and
study of mathematical definitions of fairness. The aim is to have the model adhere to a
certain fairness notion, defined in terms of certain mathematical properties on the outcome
of the model. This method if often referred to as outcome fairness and relates to the legal
concept of distributive justice (Lamont & Favor, 2017), meaning that the distribution of
the outcome decision should be deemed fair.

Both approaches are not mutually exclusive, but work with a different ideology on how
fairness should be achieved. It is possible to have a fair procedure, thus procedural fairness,
that results in an unfair distribution and vice versa. In this section, we briefly elaborate on
both these research lines.

2.1 Procedural Fairness Approaches: Explainability and Interpretability

The simplest approach in explainability is to only use non-discriminatory features. For
example, Grgic-Hlaca et al. (2018) let human participants decide which features are ac-
ceptable to base a prediction on given a specific context. A special case of this fair feature
selection is fairness through unawareness, wherein no sensitive attributes are included in
the features.
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Figure 1: The possible sets of fairness definitions are represented by nodes, according to
Definition 1. The nodes with an asterisk are maximal sets which cannot be extended with
an extra fairness definition, whilst satisfying Definition 1.
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A second explainability approach to AI fairness focuses on the output behaviour of a
model, and aims to assess the fairness of outputs per individual. This can be achieved
by interchanging the values of the sensitive attributes, and checking if doing so changes
the prediction (Agarwal et al., 2018; Galhotra et al., 2017). Counterfactuals extend this
principle by analysing the model’s behaviour through the difference between the real-world
data and a counterfactual one. This counterfactual data is created by changing the sensi-
tive attribute and using a causal model to subsequently adjust the other features (Kusner
et al., 2017). This approach is favoured to account for the correlation between the sensitive
attribute and the other features. Other methods besides causal models can also be used to
adjust for these correlations (Black et al., 2020). The work of Grari et al. (2023) extends
the capabilities of counterfactuals to also function with continuous sensitive variables.

Another method using counterfactuals is investigating the difference in effort certain
groups would have to make in order to change their predictions (Sharma et al., 2020). The
work of Goethals et al. (2023) has a similar goal: they investigate which attributes have an
imbalanced influence on the prediction for a group with a certain sensitive attribute.

2.2 Outcome Fairness: Fairness Definitions on the Output Distribution

The research around fairness definitions can be categorised in two main groups. The first
group consists of methods enforcing a certain fairness definition on a learned model, often
called fairness methods. The other consist of more conceptual research on these definitions.
In general this group is about either the introduction of new fairness definitions, surveys on
fairness definitions, the interpretation of previously proposed fairness notions, or about so-
called impossibility theorems showing the incompatibility of certain combinations of fairness
definitions. Here we survey the work most directly related to the present paper.

2.2.1 SURVEYS ON FAIRNESS DEFINITIONS

Verma & Rubin (2018) discuss different fairness definitions for classification and focus on
creating a human-understandable interpretation of these definitions and applying them to a
specific use case. An elaborate discussion about the design of a predictive model concerning
pitfalls and biases that occur in the process can be found in Mitchell et al. (2021). It also
covers different fairness definitions and relates the choice between these definitions back to
the discussion of design choices. They touch upon the impossibilities of combining certain
fairness definitions when working with scores instead of binary decisions.

The survey of Mehrabi et al. (2021) contains an extensive list of possible biases and
fairness definitions. The fairness definitions are grouped by type, group, subgroup or in-
dividual. It also discusses methods to satisfy them. A similar recent survey was done by
Caton & Haas (2024). Pessach & Shmueli (2022) published a similar survey. They con-
clude with several emerging research sub-fields of algorithmic fairness. Ruf & Detyniecki
(2021) strive to create a type of Fairness Compass which should help practitioners decide
what fairness definition is best suited to a given problem. Throughout the work, different
fairness definitions are clearly explained through the use of confusion matrices and with a
theoretical use case. Congruently, a similar tool was developed with the Aequitas Toolkit
(Saleiro et al., 2019). However, their Fairness Tree is constructed based on the use of the
system rather than the properties in the data, on which the Fairness Compass is designed.
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2.2.2 PrRIOR WORK ON COMBINING FAIRNESS DEFINITIONS

The majority of research on combining fairness definitions focusses on the impossibility of
certain combinations. Chouldechova (2016) discuss how adherence to a certain fairness cri-
terion can lead to considerable disparate impact between groups. They state it is impossible
to achieve equality between groups for false positive rate (FPR), positive predictive value
(PPV) and false negative rate (FNR) when the base rates differ between groups.

Kleinberg et al. (2016) discuss combining three specific fairness definitions in the context
of risk scoring. The work focusses on scoring rather than binary classification. They con-
clude that combining those three definitions is only possible under unique circumstances,
namely if the groups have equal base rates or if the model is capable of perfect prediction.

Berk et al. (2021) focus on the trade-off that would occur when using multiple incom-
patible fairness definitions such as discussed in the work by Chouldechova (2016). They
also provide different techniques for achieving this goal.

Related to the two original Impossibility Theorems, Beigang (2023) created a new impos-
sibility theorem, which concerns the combination of counterfactual fairness with equalized
odds and predictive parity. They also provide some relaxations to the fairness definitions in
order for them to be compatible. Bell et al. (2023) investigated the impossibility theorems
in practice. In this work, experiments are used to investigate the effects of enforcing equal
FPRs, FNRs and PPVs on the accuracy of the system. A similar result is found in the work
by Hsu et al. (2022). They use integer programming to solve this multi-objective problem.
In their experiment they also reaffirm the existing impossibility theorems.

The work of Rosenblatt & Witter (2023) shows that counterfactual fairness and de-
mographic parity are basically equivalent. Pleiss et al. (2017) created a relaxed version
of equalised odds and calibration for which the combination is feasible in more situations.
However, they indicate themselves that the models which satisfy this combination of con-
straints have limited usefulness.

Another approach was taken by Rahman et al. (2024b). They designed a novel set of
fairness definitions. The paper focusses on intra-marginal and intersectional concepts of
fairness and express these concepts for both individual and group fairness.

2.2.3 COMBINING FAIRNESS DEFINITIONS WITH OTHER METRICS

The work of Cummings et al. (2019) shows that given a system with non-trivial accuracy,
it is impossible to combine pure differential fairness with strict equal opportunity. Trivial
accuracy is the maximal accuracy a system could achieve when only predicting the same
label. They also show that combining differential fairness with a relaxed version of equal
opportunity is feasible. A subsequent work of Agarwal (2021) refutes this possibility of the
combination with a relaxed notion of fairness. Furthermore, they prove that pure differential
fairness is impossible to combine with either demographic parity, equal opportunity or
equalised odds while achieving non-trivial accuracy.

The work of Pinzén et al. (2023) finds that given a probabilistic data source, equal
opportunity is incompatible with non-trivial accuracy under certain conditions. This is
complementary to the work of Hardt et al. (2016), which proves that equal opportunity and
non-trivial accuracy are compatible for a deterministic data source.
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3. Maximal Combinations of Fairness Definitions

Common fairness definitions can be expressed as functions of the variables in confusion
matrices (such as Table 1) for the different protected demographic groups. More specifically,
they are defined as the equality of a statistic, such as the false negative rate, computed on
the confusion matrices for the different demographic groups. Often, these demographic
groups are based on their sensitive attributes. We articulate these expressions for seven
common fairness definitions in Sec. 3.1. This approach makes combining fairness definitions
easy: simply combining the constraints they impose on the confusion matrices.

Our analysis considers two groups, referred to as groups a and b. However, later we show
that our findings hold up for multiple groups, if these groups are disjoint. Note that con-
fusion matrices commonly use counts. However, we normalize the confusion matrices such
that the four variables in each confusion matrix sum to 1, as this simplifies the calculations.

Table 1: Symbolic representation of a confusion matrix.

Predicted
Positive | Negative
True Positive TP FN
Negative FP TN

The values in the confusion matrix are constrained due to properties of the dataset itself:

TP, +FN,=1—-=x

TN,+ FP,=x

TP+ FNy,=1—y
TNy+FP, =y

0<TP, <1—2,0<TPHP<1—y
0<TN, <2,0<TN, <y
0<FP,<z,0<FP,<y
0<FN,<1—2,0<FN, <1-—y

The variables 1 — z and 1 — y in Equation (1) denote the base rates of group a and
group b respectively. The base rate is the fraction of positive samples in the data per group.
The inequalities will be left out of subsequent derivations to keep the notations concise.

Let us now define what we mean when we say that a certain combination of fairness
definitions is ‘possible’. Before doing this, the following two observations are relevant.

First, if the base rates of the two groups are equal, i.e. if x = y, then it is always
possible to satisfy any combination of fairness definitions, as the confusion matrices can
then be identical. If the confusion matrices are identical, then any statistics computed
on them will also be equal. However, base rates are a property of the dataset and hence
situation dependent. Thus, any definition of what it means for a combination of fairness
definitions to be ‘possible’, should be independent of the base rates.

Second, some combinations of fairness definitions may be too constraining that jointly
enforcing them leads to certain variables in the confusion tables having a fixed (and possibly

1500



MAXIMAL COMBINATIONS OF FAIRNESS DEFINITIONS

trivial) value. Although this means that the combination can strictly speaking be satisfied,
it leaves so little freedom to the classifier that it becomes of limited practical use. Thus, we
propose a definition where also such combinations are not deemed ‘possible’.

The following definition determines the necessary properties for a combination of fairness
definitions to be deemed ‘possible’.

Definition 1 (Possibility of combining fairness definitions). A combination of fairness def-
initions is deemed possible if after combining the constraints, all elements in both confusion
matrices can still take on values within a subset of [0, 1] with non-zero Lebesgue measure,
and this for all pairs of base rates (1 — z,1 —y) from a subset of [0,1]> with non-zero
2-dimensional Lebesgue measure. Or informally speaking, the elements of the confusion
matrices should be able to take on values within a non-trivial range, and this for all base
rate pairs from within a non-trivial 2-dimensional range.

Remark 1. This definition is solely focussed on finding some configuration of the confusion
matriz that will satisfy the fairness definitions. It would also be possible to include the
performance of the resulting classifier as a requirement. This was done by Barocas et al.
(2019). They additionally required that the prediction of the model must not be independent
of the ground truth. In other words, it would require the classifier not to be random.

Remark 2. This paper only considers satisfying fairness definitions, meaning the equality
must be satisfied. Other approaches to fairness aim to minimize the difference between two
relevant quantities, instead of requiring an equality. In this line of research, several methods
have been proposed to use this difference as a loss term in order to make a model more fair
(Kamishima et al., 2011; Zemel et al., 2013; Padala & Gujar, 2020; Buyl et al., 2024) . The
results in the present paper remain valid for this approach as an incompatibility will signify
that minimizing to a difference of zero is impossible, thus signalling that the minimization
task will be working on conflicting goals.

3.1 Fairness Definitions Considered in the Present Paper

The present paper considers the following fairness definitions: demographic parity, equal
opportunity, predictive equality, predictive parity, false omission rate parity, overall accu-
racy equality and treatment equality. Table 2 contains two equivalent definitions for each
fairness definition: one expressed in terms of probabilities, and another in terms of a con-
straint on the confusion matrices. The table also notes the statistical property it requires
to be equal between groups (if it has a standard name). In its last column, it states the
‘orientation’ of the constraint on the confusion matrices (horizontal, vertical, or diagonal).

Other frequently used fairness definitions exist, particularly in other settings than binary
classification, but this paper focusses only on the binary prediction setting. A well known
example is calibration as is used in Kleinberg et al. (2016) for risk scoring, its equivalent
for binary classification, Predictive Parity, is used in this work. Note that each of these
definitions only imposes one constraint on the confusion matrix, combining them increases
the number of constraints.

Below we discuss each of the considered fairness definitions in greater detail. Figure 2
illustrates them more visually, highlighting the orientations on the confusion matrix, and
thus showing their differences and similarities.
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Table 2: The list of fairness definitions considered in this paper, defined in probabilistic
terms (second column) and defined in terms of elements in the confusion matrices (third
column). The fourth column names the statistic that is constrained to be equal across the

confusion matrices.

confusion matrix as shown in Figure 2.

The fifth column mentions the orientation of the constraints on the

Probabilities Confusion Matrix Statistic Orientation
Demographic Parity
PY = ylA = 0) = 5, +; If;‘ig ]1;,: r~n,; =  Positive Rate Board
PY =ylA=1) FPp+TPg (PR) (By)
FPg+TPg+FNp+TNpg
Equal Opportunity
P(Y=1A=0Y =1) = gp 5 = 7pttx- True Positive ~ Horizontal
PY=1A=1Y=1) Rate (TPR) (H)
Predictive Equality
P(Y=1A=0Y =0) = ppii4y: = ppoiby;  False Positive  Horizontal
PY=1A=1Y =0) Rate (FPR) (H)
Predictive Parity
P(Y=1A=0Y =1)= zptdp = 7pp  Pos. Prediction  Vertical
PY=1A=1Y=1) Value (PPV) (V)
False Omission Rate Parity
PY=1A=0Y =0)= FNif?NA = FNI;]Z?NB False Omission  Vertical
PY=1A=1Y=0) Rate (FOR) (V)
Overall accuracy Equality
PY = YA = 0) TPy +§£ﬁi§%ﬁ TN, = Accuracy Board
PY=Y|A=1) TPp+TNp (ACCQ) (Ba)
TPp+FPg+TNp+FNpg
Treatment Equality
— Z;]]\JIQ = % - Dizngo)nal
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Definition 2 (Demographic Parity - DP (Dwork et al., 2012)). In order to satisfy demo-
graphic parity both groups proportionally must receive the positive prediction (TP + FP)
equally regardless of the ground truth and thus also regardless of the base rates. This is un-
like other fairness definitions, the result of which is that satisfying demographic parity can
come at the cost of predictive performance. Conditional statistical parity (Corbett-Davies
et al., 2017) is a similar fairness definition, which requires equal positive rates between
sensitive groups when restricted to people that share a certain attribute value. Conditional
statistical parity will not be considered in this paper.

Definition 3 (Equal Opportunity - EOP (Hardt et al., 2016)). Equal opportunity is both
a definition of itself and also one of two conditions that is required for the popular fairness
definition equalised odds (Hardt et al., 2016). Equal opportunity requires that people have
the same probability of receiving a negative prediction given that they belong in the positive
category, regardless of their sensitive attribute.

Definition 4 (Predictive Equality - PE (Hardt et al., 2016)). Predictive equality is the
second condition required in equalised odds, alongside equal opportunity. It requires that
the probability of receiving a positive prediction when the ground truth is negative is equal
across demographic groups. If both predictive equality and equal opportunity are satisfied
then equalised odds is satisfied.

Definition 5 (Predictive Parity - PP (Chouldechova, 2016)). Predictive parity is yet an-
other kind of definition as it is conditional on the probability of the actual class and not
of the predicted class. Expressed on the confusion matriz, it imposes a vertical ratio on
it rather than a horizontal one like equal opportunity and predictive equality. In order to
satisfy predictive parity the probability that a positive prediction is correct must be equal
across sensitive groups.

Definition 6 (False Omission Rate Parity - FORP). Fulse omission rate parity is similar
to predictive parity. It requires that the probability of a negative prediction to be correct is
equal across sensitive groups. The combination of satisfying both predictive parity and false
omission rate parity is also called conditional use accuracy equality (Verma € Rubin, 2018).

Definition 7 (Overall accuracy Equality - OaE (Berk et al., 2021)). Owverall accuracy equal-
ity requires equal classifier accuracy between sensitive groups. Although straightforward and
intuitive, this definition alone is often insufficient to guarantee intuitive fairness. Indeed, it
implicitly assumes an equal importance of positive and negative predictions, which is often
maccurate in practice.

Definition 8 (Treatment Equality - Tr. Eq. (Berk et al., 2021)). Treatment equality is
an atypical fairness definition as it cannot be expressed as a probability nor as a commonly
used statistic. It is a constraint on the false positives and false negatives, requiring their
ratio to be equal for sensitive groups.
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Figure 2: Orientations of the fairness definitions in the confusion matrix.

3.2 Combining Two Fairness Definitions
We begin with the pairwise combinations of the fairness definition discussed in Sec. 3.1.

Proposition 1. All pairwise combinations of demographic parity, equal opportunity, pre-
dictive equality, predictive parity, false omission rate parity, overall accuracy equality and
treatment equality are possible in accordance with Definition 1.

Proof outline. To prove for a given pair of fairness definitions that they can be combined
pairwise, we pair the constraints of the confusion matrices, as listed in Eq. (1), and the
constraints from the respective fairness definitions to yield a combined system of equations.
We solve this system of equations to express a subset of the variables in terms of the
remaining free variables. The base rates must be such free variables, as required in Def. 1.

An example of calculating the constraints for combining two fairness definitions is shown
in Eq. (2), where demographic parity is combined with equal opportunity:

TP, +FN, =1—z TP, +FN, =1—z FNy=1-2—{=2Th
TN, +FP,==x TN,+FP,==x TNa:l‘—%_ZTPb—FPb
TP, + FNy,=1— TP, + FNy=1— =1—9y—

b + F'Np Voo b + "Ny N FNy y—TPh,
TN, + FP, =y TN, + FP, =y TNy, =y — FP,

TP, TP TP, _ TP 1=
TP,+FN, — TPb—HI:“Nb T—x — fgz TP, = ?;pr
TPa—:"L_FPa — TPb—{FPb \TPQ—{FPG _ TPbTFPb \FPa — %pr _|_ FPb

\

(2)
By combining this result with the inequalities from Eq. (1), feasible ranges for each of the
free variables and the base rates can be computed. For conciseness, a shortened version of
the calculation of these ranges is shown in Eq. (3), while the full system of inequalities can
be found in Appendix A.1.1:

0<1—z—{=2Th TP <1
l—z— TP <1-x TPy >0
0<z—%UTP,— FP, FP, <z + F2UTP,
y — y (3)
x— 12TP —FP, <u ’f”j;yTPb < FP,
0<4=LTP, + FP, T I TR, < FP,
| {LTP, + FR < FPy <z +720TP,
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(M (1 (2) (2) (5)
DP & EOP DP & PE DP & PP DP & FORP DP & OaE
1-x -X -
TPo=1-, TR TP, = YT FR, + TR, P, = TP, TN,= TN, FP, = FR, +5
FR=1 TR +FR | | FPa= 1 FR FP,= FP, FN= FNj TP, = TR, +*
(4) 3) EOP & PP(3) (3) (7)
DP & Tr. Eq. EOP & PE EOP & Tr. Eq. EOP & FORP EOP & OaE
X-y 1-x PP &Tr. Eq 1-x 1-x
FN, = FNb(Fﬁbﬂ) TPo= 1 TR TP = %pr FN, =77, FN, TP, ==, TR,
FP, = FR, ( FP:%N:U FPa=7 FR, FPa= 12 FR, TN, =15 TN, TR, = ;:Z (TN, - TN,),
3 PE & FORP (3 7 6 4
PE& PP PE&Tr E _() PE & Oat"” PP & FORP"” PP & OaE ¥
. FORP &Tr.%q. ) Th.f Jox
FP,= FR, TN, =% TN, TN, =55 (TR, - TR,) TP, =g TP, = FP, (- +1)
TP,=< TR, FN, =5 FN, TN, =525 (TR - TP) FN, = FN%NZNE TR, =FR, (FPZ::P,J 1)

4 2
FORP & OaE OaE & Tr. Eq.

T T x-y FP. = FP

N, = TNy ( N, - FN, 1 a b
y’X -

Na FNb(Nbi'F\lb-‘-’l) FN, = FN,

Figure 3: Resulting constraints when combining pairs of fairness definitions.

This system of inequalities shows a specific range for the free variables F'P,, T'P,, and both
base rates 1 —x and 1 — y are unconstrained. The range for F'P, is [max(0, _1{?/)’ min(x +
%‘Zy, y)] which simplifies to [0,z + _fc_zy} if x > y, which means it has a non-zero Lebesgue
measure, or [_1{?/79] if y >  then TP, will have a non-zero Lebesgue measure if 2 > 2.
Thus the Lebesgue measure is non-zero for each free variable for a set of base rates with a
non-zero 2-dimensional Lebesgue measure, meaning that the combination of demographic
parity with equal opportunity is possible.

The proofs for the other pairwise combinations of fairness definitions follow a similar
structure and can be found in Appendix A. The results are summarized in Figure 3. O

From Proposition 1 we can infer that none of the fairness definitions are in contradiction
with each other. In other words, what is fair according to one of the fairness definitions
considered, is not impossibly fair according to another.

Figure 3 shows that the combinations of fairness definitions result in a unique set of con-
straints. However, two exceptions exist: the three pairwise combinations of any two fairness
definitions taken from the set (EOP, PP, Tr. Eq.) are identical to each other, and the same
is true for all pairwise combinations of fairness definitions from the set (PE, FORP, Tr. Eq.).

The interpretability of these combinations differs greatly. The solution of the combina-
tion of predictive parity with false omission rate parity is too tedious to detail in Table 3,
but can be found in the calculations of combining predictive parity, false omission rate
parity and overall accuracy equality in Section B.25.
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Table 3: The structure of the seven different constraint types and the associated combination
of orientations.

Nr. Orientation of the

combined definitions Constraint structure

(1) ByH X, = Factorggr * X Y, = Factorgr * X, + Y}

(2) B,V, ByD X, = X Y, =Y,

(3) HH,HV,HD,VD X, = Factorggr * X, Y, = Factorgr *x Yy

(4) B,D,VBy Xo = Factorprx, v, * Xy Yaq = Factorpr x, v, * Y»

(5) ByBg X, = Xy + Factorggr Y, =Y, + Factorggr

6) VV Xo = Factorgry, v,*Yo+ Xp = Factorpry, v, *Ys+
Factorgryy,,y, * Ya Factorgry,,v, * Ya

(7) HBy Xo = Factorpr*(Yy—Ya) Xp = Factorpr*(Yy—Ya)

We point out that some structure can be found in the resulting constraints from the
pairwise combinations. Seven types of constraint combinations can be discerned, as denoted
in the top right corner of the combinations in Figure 3. Which of these seven types a
pairwise combination belongs to, is dependent on the orientations of the fairness definitions
as discussed in Section 3.1, Table 2 and Figure 2. A summary of the structures and the
corresponding orientations of the fairness definitions can be found in Table 3.

3.2.1 THE P%-RULE

We additionally investigate a relaxed fairness definition based on demographic parity, namely
the p%-rule (Roth et al., 2021). Instead of requiring equality of the positive rates, as in de-
mographic parity, the p%-rule requires that positive rate in any demographic group cannot
be less than p% of the positive rate in any other demographic group. Formally:

Va,b : Phgrouwp o > . (4)
PRyroup v — 100

The p%-rule is unique as it is based on a legal concept, the 80%-rule, from the Equal
employment opportunity commission (1978). It requires that any selection rate for recruit-
ment procedures is at least 4/5 of the group with the highest selection rate. If this is not
satisfied then it is seen as adverse impact. In other words it requires that the positive rates
between groups must satisfy the p%-rule, in this instance p = 80.

There are two special instances of the p%-rule, namely if p = 0 or p = 100. If p = 0
then no restrictions are placed on the system as a ratio is always larger than 0. The
second possibility of p = 100 requires for the positive rates to be equal across all groups,
which is equivalent to requiring demographic parity. Because each fairness definition can
be combined with demographic parity and the p%-rule with p < 100 is a relaxation of
demographic parity, all fairness definitions can be combined with the p%-rule.
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3.2.2 EXTENDING TO MULTIPLE DEMOGRAPHIC GROUPS

Thus far only two demographic groups were taken into consideration. However, the analysis
can easily be extended to multiple disjoint groups.

When combining any two fairness definitions, two degrees of freedom remain in the
system of linear equations. It is then possible to parameterize these equations in such a
way that those two free variables represent two of the four variables in the confusion matrix
of just one demographic group. Let us refer to this demographic group as the ‘first’ one.
The variables in the confusion matrix of the other demographic group are then expressed
through those two free variables.

Then adding an additional demographic group can be done by simply constraining its
confusion matrix in the same manner. This ensures that the resulting fairness notions are
equal to those from the first demographic group. As the fairness notions in each additional
demographic group are equal to those of the first group, they will be equal to each other.

In order for this to hold, it is necessary that the demographic groups are disjoint to
prevent dependencies between groups. Disjoint groups can be achieved by creating a new
group for each possible combination of sensitive attributes. Depending on the number of
sensitive attributes, this could result in a large number of groups and lead to some very
small groups. The work of Ghosh et al. (2021) argues that this intersectional fairness may
be preferable for detecting every type of unfairness. We therefore argue that this property
of extending to multiple sensitive groups is sufficient for most contexts.

3.3 Combining Three Fairness Definitions

We characterize the set of possible combinations of three fairness definitions.

Proposition 2. When combining three fairness definitions out of demographic parity,
equal opportunity, predictive equality, predictive parity, false omission rate parity, over-
all accuracy equality, and treatment equality only five out of 35 possible combinations are
feasible (according to Definition 1).

Proof outline. Section 3.2 shows that combinations of three fairness definitions are possible
as certain pairwise combinations are equivalent. To examine other possible combinations of
three fairness definitions, we combine the constraints of two pairwise combinations which
share one fairness definition. Equation (5) shows an example of the calculations for com-
bining demographic parity, equal opportunity, and predictive equality:

(TP, + FN,=1—2z (TP, +FN,=1—2z TP,+FN,=1—x
TN, + FP, =z TN, + FP, =z TN, +FP, =z
TP, +FNy=1—y TP, +FNy=1—y TP, +FN,=1—y
TN, + FPy =y TN, + FP, =y TN, + FP, =y
1—a = 1—a v (5)
TP, = {=2Th, TP, =1=2TP, TP, =TP,
FP, = 3=TP, + FP, FP, = {£.TP, FP, = FP,
TP, = =2FP,+ TP, FPy = {LTP, T=y
FP,=ZFP, TP, = TP, (0=0
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The resulting constraints show that one variable, T'P,, is free, the base rates are uncon-
strained, and none of the variables are fixed to a particular value. Therefore, the combina-
tion of demographic parity, equal opportunity and predictive equality is possible.

Remark 3. Note that the prediction of any classifier that satisfies demographic parity,
equal opportunity, and predictive equality, is independent of the ground truth: the probability
of any combination of a ground truth label value and predicted label value is equal to the
marginal probabilities of these values. Indeed, independence can be expressed in terms of
the variables in the confusion matrix:

TP,=(TP,+ FP,) - (TP, + FN,),
TP, = (TP, + FPFy) - (TP, + FNy),
TN, = (TN, + FN,) - (TN, + FP,),
TNy = (TN, + FNy) - (TN, + FB).

It is easy to wverify that given Eq. (5), this set of equations expressing independence is
satisfied. While this is of course undesirable behaviour of a classifier, Definition 1 does
not deem such combinations ‘impossible’, because it is possible to satisfy the equations in
non-trivial value ranges — albeit only with an essentially random classifier.

It is worth reiterating that e.g. in Barocas et al. (2019), such combinations were defined
as incompatible as well. We return to this point in Sec. 3.6.

However, not all combinations of three fairness definitions are possible. The combination
of demographic parity, predictive parity, and false omission rate parity serves as an example.
The calculations can be found in Eq. (7):

p

(TP, +FN,=1—z
TN, + FP, = z

TP,+FN,=1—x
TNe+ FP, =z

FN,=1—x—TP,
TN, =z — FP,

TP, +FNy=1—y

TP, +FNy=1—y

FNy=1-—y—TP,

TNy+ FP, =y TNy+ FP, =y TNy=y— FP
TP, =TP, TP, =TP, TP, =TP,
FP,=FP, FP,=FP, FP,=FP,
TN, =TN, r—FP,=y—FP, xT=1y

FN, = FN, l—x—TPa:—y—TPa rT=1y

(7)

The final set of constraints requires x = y, which violates the condition of the base rates hav-
ing a non-zero 2-dimensional Lebesgue measure. Therefore, these three fairness definitions
can only be achieved simultaneously when the base rates are equal, which is entirely data-
dependent. The combination of demographic parity, predictive parity and false omission
rate parity is thus not possible.
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Combining demographic parity, equal opportunity and predictive parity is also impos-
sible, as shown in Eq. (8):

TP, +FN,=1-x FN,=1-x—TP, FN,=1-=
TN, + FP, =z TN, =z —FP, TN, =z —FP,

TP, +FN,=1—y FNy=1—-y—TP, FNy=1-y

TN, + Jlf_Pb =y . )TNy=y~FP, , TNy =y~ FR, -
TP, = {=LTP, T =y TP, =0

FP, = $=LTP, + FP, TP, =TP, TP, =0

TP, =TP, TP, =TP, TP, =0

| FP,=FP, | FP, =FP, FP, = FP,

Eq. 8 shows that the solution either requires equal base rates or it requires for T'P, and
TP, to equal zero. The occurrence of the former was previously discussed in this section,
how this leads to incompatibility. In that latter case, the feasible set of four out of eight
variables in the confusion matrices will have a Lesbesgue measure of zero, which violates
the requirements for being a possible combination from Definition 1.

The final kind of outcome, when combining three fairness definitions, arises when com-
bining predictive parity, false omission rate parity and overall accuracy equality. In this
case, the following second degree polynomial needs to be satisfied:

(—2x + 1)TNZ + (xy —y + 2 + 2yTN, — 2° + 22TN, — 2T N,)TN,

+(xy —x + TN, — 2yTN, +y — y*) TN, = 0. ©)
As this equation is not transparent, a numerical approach was used to solve it. The results
are plotted in Figure 4. From Figure 4 we can see that a free variable, e.g. T'N,, exists. It
is solvable for a range of base rates, although not for all base rates. However, this range of
base rates consists of non-trivial real intervals and therefore satisfies Definition 1. The plots
show that none of the variables have a Lebesgue measure of zero, such that the combination
of predictive parity, false omission rate parity and overall accuracy equality is possible.

Base rate group B
I 10

10
— TPb1

TPb2
— TPal
08 — TPa2

e
©

o
o

0.6

True Negative Group B
°
b

0.4

e
~

0.2

0.0 T T
0.628 0.0 0.2 0.4 06 08 10
True Negative Group A 0.0

0.0 0.2 0.4 0.6 0.8 10
Base rate group A e— 0.382 True Negative Group A

(a) Relation between TN, and TN, (b) Relation between TN,, TP, and TP,

Figure 4: Relation between the free variable TN, and the variables T'Ny, T P,, TP, for
(PP, FORP, OaE), showing multiple values are possible for T'P, and T'P, given T'N,.
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Table 4: Summary of possible and impossible combinations of three fairness definitions.

Possible combinations Impossible combinations

(DP, EOP, PE) (DP, PP, FORP) (DP, EOP, PP) (DP, FORP, Tr. Eq.)
(EOP, PE, OaE) (DP, PP, OaE)  (DP, EOP, FORP) (DP, OaE, Tr. Eq.)
(EOP, PP, Tr. Eq.) (DP, FORP, OaE) (DP, EOP, OaE)  (EOP, FORP, Tr. Eq.)
(PE, FORP, Tr. Eq.)  (DP, PP, Tr. Eq.) (DP, PE, Tr. Eq.) (EOP, PE, Tr. Eq.)
(PP, FORP, OaE) (DP, PE, PP)  (EOP, PE, PP) (EOP, PE, FORP)
(EOP, OaE, PP) (DP, PE, FORP)  (EOP, FORP, OaE)
(DP, PE, FORP) (EOP, OaE, Tr. Eq.) (EOP, FORP, PP)
(DP, PE, Tr. Eq.) (PE, PP, FORP)  (FORP, OaE, Tr. Eq.)
(PE, PP, OaE)  (PE, OaE, Tr. Eq.) (PE, OaE, FORP)
( ( (

PE, PP, Tr. Eq.) (PP, OaE, Tr. Eq.) (PP, FORP, Tr. Eq.)

The proofs for all other combinations of three fairness definitions can be found in Ap-
pendix B, and the results are summarized in Table 4.
O

3.3.1 P%-RULE

The p%-rule is investigated separately from the more strict fairness definitions. In order to
determine the compatibility of the p%-rule with two other fairness definitions, we introduce
the following two inequalities in the set of linear equations:

TPa+FPa > L
TP+ FP, — 100

(10)

Th+FD, ~ p_
TP,+FP, — 100"

The combination of these equations constitute the p%-rule via the confusion matrix.
The calculations for all combinations with two other fairness definitions can be found in
Appendix C. The results can be divided into three categories: solvable for all p, an upper
bound on p, or for p = 1 there is a specific value for certain variables. This property is
noted for each combination in Table 5.

Table 5: The compatibility of the p%-rule with two fairness definitions.

vp! Natural bound? Set value for a variable?

(EOP, PE) (EOP, Tr. Eq.) (EOP, PP) (PE, FORP) (FORP, OaE)
(PE, PP) (EOP, FORP) (PE, Tr. Eq.) (FORP, Tr. Eq.)
(PP, Tr. Eq.) (EOP, OaE) (PP, OaE) (OaE, Tr. Eq.)
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3.3.2 EXTENDING TO MULTIPLE SENSITIVE GROUPS

Like for combining two fairness definitions, the calculations can be conveniently extended to
multiple sensitive groups. The combinations (EOP, PP, Tr. Eq.) and (PE, FORP, Tr. Eq.)
both contain two free variables; their extension to multiple sensitive groups follows the
method discussed in Section 3.2.2. Other possible combinations have only one free variable,
belonging to one sensitive group. The confusion matrices of other groups are defined by the
base rates and the one free variables. This is repeated for every disjoint sensitive group.

3.4 Combining Four Fairness Definitions

There are only four free variables across the confusion matrices for two sensitive groups,
due to the inherent constraints in a confusion matrix as noted in Eq. (1). Therefore,
combinations of four independent fairness notions will not be possible. In other words:
for a combination of four fairness definitions to be possible, at least one of the constraints
should mathematically follow from the combination of other constraints in order for the
values in the confusion matrix to have a non-zero Lebesgue measure.

Proposition 3. Out of demographic parity, equal opportunity, predictive equality, predictive
parity, false omission rate parity, overall accuracy equality and treatment equality no set of
four fairness definitions is possible (according to Definition 1).

Proof outline. If a set of four fairness definitions were possible, then all subsets of three out
of those four definitions should be possible. Based on Table 4, we can exhaustively verify
that this is not the case: no set of size four exists for which all its size three subsets are
possible. Thus, no possible combination of four fairness definitions exist. O

3.4.1 P%-RULE

The compatibility of three fairness definitions with the p%-rule can be found by combining
the previous constraints of the combination of the p%-rule with two fairness definitions.
Simply put, the intersection of the possible values of p of all the combinations with two
of the relevant fairness definitions will constitute the range of possible values for p when
combined with three fairness definitions. It is not possible to satisfy three fairness definitions
and the p%-rule for every possible value of p. This can be deduced from the incompatibility
that no three fairness definitions can be extended with demographic parity, which can be
seen as the strictest form of the p%-rule.

3.5 Integration of the Results

Combining the propositions above, we now state the main result of this paper.

Theorem 1. Twelve sets form a mazximal combination of fairness definitions that are pos-
stble according to Definition 1, out of demographic parity, equal opportunity, predictive
equality, predictive parity, false omission rate parity, overall accuracy equality and treat-
ment equality. We call these twelve combinations the maximal fairness notions. Seven
of these sets are pairwise combinations and five are a combination of three fairness defini-
tions. All subsets from these twelve sets are also possible.
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Proof outline. Figure 1 visualizes the sets of possible combinations out of the results in
Propositions 1, 2, and 3. This tree of possible sets contains twelve leaf nodes, meaning
that these twelve nodes are the maximal sets of possible fairness definitions. The nodes
representing a maximal set of fairness definitions are marked with an asterisk(*). O

A relation is found between the possible combinations. This relation is shown in Ta-
ble 6. It shows how often each fairness definition is possible to combine with two others, is
impossible to combine as it requires a trivial 2-dimensional range for base rates, or requires
a trivial range either for the variables or a trivial 2-dimensional range for the base rates.

Table 6: The prevalence of each fairness definition when combined with two others as the
different characteristics of the outcome.

Definition Count possible Count requiring Count trivial range for
combinations equal base rates variables or base rates

Demographic Parity 1 3 11

Equal Opportunity 3 2 10

Predictive Equality 3 2 10

Predictive Parity 2 6 7

False Omission Rate 2 6 7

Parity

Overall accuracy 2 2 11

Equality

Treatment Equality 2 3 10

Table 6 reveals a symmetry between equal opportunity and predictive equality and also
between predictive parity and false omission rate parity. This symmetry is due to their
mathematical symmetry, as formalized by the following proposition.

Proposition 4. Given any possible combination of fairness definitions, another possible
combination can be obtained by swapping the semantics of the classes, i.e. by renaming the
positive class as the negative and vice versa.

Proof outline. When visualization fairness definitions on the confusion matrix, swapping
the positive and negative classes is equivalent to a point inversion at the center of the
confusion matrices. Figure 5 illustrates the point inversions of all possible combinations of
three fairness definitions, revealing the symmetric relation between them.

A formal proof follows from the symmetry relations between the individual fairness
definitions. Switching positives and negatives in the constraint of equal opportunity results
in the constraint for predictive equality, and vice versa. The same relation holds between
predictive parity and false omission rate parity. However, demographic parity becomes an
equivalent constraint to the original definition. The definitions of overall accuracy equality
and treatment equality remain unaffected by switching the positive and negative classes. [

Proposition 4 explains the symmetry in Table 6 of equal opportunity with predictive
equality and of predictive parity with false omission rate parity. If for every possible com-
bination their inversion is also a possible combination, then for every possible combination
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Figure 5: Point inversion of the possible combinations of three fairness definitions.

with predictive parity there will be a possible combination with false omission rate parity.
The relation between equal opportunity and predictive equality is analogous.

Figure 5 shows that three, among the five maximal combinations of three fairness defi-
nitions, treat the positive and negative classes equally; they remain unaltered by swapping
the role of the positive and negative class. These three combinations are (DP, EOP, FPP),
(EOP, PP, OaE), and (PP, PE, OaE). The combinations (EOP, PP, Tr. Eq.) and (FPP,
PE, Tr. Eq.) treat the classes differently, and represent each other’s symmetrical analogue.

Finally, both Figure 1 and Table 6 indicate that possible combinations with demographic
parity are most rare. Demographic parity does not relate to the base rates of the groups as
it is independent from the ground truth. Therefore, it can only be combined with definitions
that relate directly to the base rates such as equal opportunity and predictive parity.

3.6 Relation to Existing Impossibility Theorems

Our work is congruent with previous impossibility theorems. The work of Chouldechova
(2016) states, it is not possible to have equal positive prediction values, false negative rates,
and false positive rates between groups for different the base rates. We call these definitions
predictive parity, predictive equality, and equalised odds. As can be seen in Figure 1, our
work comes to the same conclusion as the work of Chouldechova.

Another impossibility theorem of Kleinberg et al. (2016) is centred on scoring instead
of binary prediction. The incompatible fairness definitions for risk scoring can be mapped
onto binary prediction. Calibration is seen as predictive parity, balance for the negative
class as predictive equality, and balance for the positive class as equal opportunity. This
matches what Chouldechova (2016) proved and our results.

Barocas et al. (2019) state that demographic parity is not compatible with equalised
odds. Initially, this seems to contradict our results. However, Barocas et al. introduce the
constraint on combining fairness definitions that predictions cannot be independent from
the ground truth. As pointed out in Remark 3, this could be a desirable constraint for a
definition of compatibility, but was not adopted in Def. 1. Def. 1 focusses on the possibility
of finding a confusion matrix configuration satisfying multiple fairness definitions. Sec. 4
concerns the performance constrained seen when enforcing multiple fairness definitions.
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4. Analysis of The Fairness Combinations

The following section discusses the performance and characteristics of the combinations of
fairness definitions. We first discuss the maximal accuracies each group can achieve when
enforcing multiple fairness definitions. In the last section we discuss the performance in
more detail. We discuss the type of constraint that is posed on the confusion matrix in
order to provide some insight on the resulting behaviour of the system.

4.1 Performance Bounds of Combinations of Fairness Definitions

Enforcing a set of fairness definitions imposes extra constraints on the classifier. This might
affect the performance on the model. We discuss the effects each set of fairness definitions
will have on the accuracy for each group. Below, for the sake of the argument, we take the
positive class to be preferable over the negative class.

The calculations from Sections 3.2 and 3.3 can be reused to determine the minimal
and maximal accuracy a predictor can achieve. This performance is dependent on the
difference in base rates and for some combinations on the absolute values of the base rate.
This relation between the accuracies of both groups is visualized for some combinations of
fairness definitions in Figure 6.

Figure 6 shows that the behaviour of the accuracies vary greatly depending on the
combinations of fairness definitions. Such as for Figure 6a, the combination of demographic
parity with predictive parity, where for large differences between the base rates of groups
A and B, the performance for group A is greatly limited. Contrarily, the combination of
equal opportunity and predictive equality (Figure 6b) can achieve high performance for
both groups regardless of the difference in base rates.

The formulas to calculate the minimal and maximal accuracy for each feasible combina-
tion can be found in Table 7. In calculations of the maximal accuracy, the variable ¢, either
refers to the false positive or false negative rate within a specific group. For the minimal
accuracy it signifies the true positive and true negative rate.

From Table 7, we can see that the combinations with demographic do not have accuracies
within a the range [0,1]. This range is dependant on the base rates. This means that a
perfect predictor is impossible while enforcing a set of fairness definitions that contains
demographic parity.

EXAMPLE OF PERFORMANCE INFLUENCE WITH THE COMPAS DATASET

We briefly show how these performance bounds have an effect on a real-world example. The
COMPAS dataset (Angwin et al., 2016) is used for this example as this was used in the
introduction. It has been argued that the COMPAS dataset is not appropriate to use in a
benchmarking setting (Fabris et al., 2022). However, this example is fictional and the only
information used in the subsequent calculations are the base rates.

We limit ourselves to two sensitive groups, namely Caucasian and African American.
The base rates are 0.43 and 0.54 respectively for the Caucasian and African American group.
The COMPAS case is peculiar as an individual prefers the negative prediction. Common
fairness use cases such as loan applications or job applications have a preferred positive
prediction. Therefore, the advantaged group is the Caucasian as it has a lower base rate.
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Table 7: The minimal and maximal accuracy of each possible combination of fairness def-
initions except for the combination of (PP, FORP) and (PP, FORP, OaE). ¢, denotes the
false positive or false positive for a specific group in the maximal accuracy calculations and
the true positive or true negative rates in the minimal accuracy calculations. The value of
€z 18 thus constrained by the properties of the set of combinations. Specific ranges can be

found in Appendix A and B.

Minimal accuracy

Maximal Accuracy

Advantaged  Disadvantaged Advantaged Disadvantaged
Pairwise Combinations
T—y+ I+y—x—
P _ _ 1—e1—
(DP, EOP) 1—1—1y_y2x€1 tey €1+ &2 1+1y_y2:1381 . €1 — €2
y—x+ I14+z—y— o
(DP, PE) me_y52 te €1+ €2 y_yhﬁg C e 1—e1— 69
(DP, PP) r—y+terte €1+ €2 l+x—y—ec1—e2 1—¢e1—¢2
(DP, FORP) Yy—T+e1+ e €1 + €2 l—x+y—e1—e9 1—¢e1— e
(DP, OaE) 0 0 1-%= 1- 452
€1+ ¢e2+ 1—¢e1 —e9—
(DP, Tr. Eq.) (y,i)(1,31,52) €1+ &9 (51+512)(3;72y) 1—¢e1—¢e9
2+%y—1l—eo+e1 £2—¢€1
(EOP, PE) %51 + %52 €1+ €2 1—%51—%82 1—61—¢9
(EOP, FORP) %(614—82) €1+ &2 % 1—61—62) 1—e1—6e9
(EOP, OaE) ;:—;5 - ;:—ff:sl Loy — ;%Zsl 1—e 1—e9
(PE, PP) s(e1+e2) £1+ €9 s(1—e1—e2) 1—e1—e9
(PE, OaE) ffyag — x—gyel . myfysl 1—¢ 1—¢
(PP, OaE) €1+ ¢&2 €1+ €2 1—e1—¢e9 1—¢e1—6e9
(FORP, OaE) €1+ €2 €1+ €2 1—¢e1—¢9 1—61—¢e9
(OaE, Tr. Eq.) €1+ €2 €1+ €2 1—e1—e2 1—e1—e
Combination of three fairness definitions
1—2% 1-2% 1—2% 1—2%
(DP, EOP, PE) A + fyﬂcs y + fyyﬁ 1—=x 1_yx5 1-— — fyyé\
1 1 € €
(EOP, PE, OaE) ZE gE — a 1-— g
(EOP, PP, =2+ 1—1=2g —
g1+¢ Y l—e1—c¢
Tr. Eq.) % 1+ €2) 1me2 %52 1= &2
PE, FORP, _
Sfr. Fa.) i+ L(e1ter) €1 + &2 1—%e1— Jeo 1—e1—¢e
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Figure 6: The maximal accuracies for groups A and B. We assume the base rate of group
A =0.7 and FN, = 2 x FP, (Reducing the complexity to allow for visualizations). White
regions in the graph denotes impossible results. Performance borders for group B are drawn
for the values 0.2, 0.4, 0.6 and 0.8.

We posit that the most interesting fairness definitions for this use case are Predictive
Equality and Predictive Parity as both these definitions aim to impose some type of parity
related to the false positives. We focus on these false positive as these are the worst possible
outcome for an individual. Figure 7 shows some examples of the performance characteristics
when enforcing a combination of fairness definitions.

The combination of Predictive Equality and Predictive Parity could seem opportune
in such a system. However, Figure 7d shows that the performance discrepancy between
groups for these base rates is large, which can be considered undesirable. The performance
of the fairness-unaware classifier often provides an upper bound (Liu & Vicente, 2022)
for the performance of a fairness-aware classifier, providing a likely accuracy region of the
fairness-aware classifier. For lower accuracy levels, a significant performance difference can
be observed for the combinations DP & PP (Fig. 7b) and PP & Tr.Eq. (Fig. 7f). Therefore,
these combinations can be seen as undesirable for lower accuracies.

The other three combinations of fairness definitions shown in Figure 7 exhibit more
preferable properties. Figure 7e shows that the combination PE & Tr.Fq. has a large
breadth of possible combinations, meaning that a desirable solution could be found. The
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Figure 7: Possible range of results when enforcing a set of fairness constraints for the
COMPAS dataset for the groups of Caucasian and African American individuals.

combinations of DP & PE and EOP & PFE, as shown in Figures 7a and 7c respectively, have
a fairly wide range of solutions and require smaller differences in the accuracies of the groups
compared to the other portrayed combinations of fairness definitions. From a performance
perspective this is desirable as there is no risk of sizeable performance differences between
sensitive groups when a model satisfies these combinations of fairness definitions.

Remark 4. The desired combination of fairness definitions should not be determined based
on performance. A choice of fairness definitions is an ethical choice that has to be made in-
dependently. However, negative influences on the performance of the model might eliminate
certain combinations from consideration.

4.2 Behaviour of Feasible Combinations of Fairness Definitions

The calculations in Sections 3.2 and 3.3 allow to group the sets of possible combinations
based on the resulting constraints that are imposed on the confusion matrices. Five distinct
behaviour types and their correspondent sets are noted in Table 8.

An example for each of the behaviour types identified in Table 8 is provided in Ta-
bles 9 and 9c in the form of the resulting confusion matrices when enforcing such a set of
fairness definitions. We discuss these behaviour in the remainder of this section.

Lower bound on one variable A lower bound is imposed on one variable in the con-
fusion matrix. This lower bound is dependent on the base rates of the groups. The lower
bound is primarily dependent on the difference in base rates when combining two fairness
definitions. An example of such behaviour in the confusion matrix can be found in Table 9a.
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Table 8: The different feasible combinations of fairness definitions sorted on the behaviour
they exhibit in the confusion matrices

Behaviour type Combinations of fairness definitions

(DP, PP) (DP, FORP) (DP, OaE) (DP, EOP, PE)
(DP, EOP) (DP, PE) (PP, OaE) (FORP, OaE)
(EOP, OaE) (PE, OaE)

Factor on the accuracy (EOP, FORP) (PE, PP)
(
(
(

Lower bound on one variable
Trade-off between errors

Factor on the error EOP, PP, Tr.Eq.) (PE, FORP, Tr. Eq.)
EOP, PE, OaE) (EOP, PE)

No effect OaE, Tr. Eq.)

It shows that there will either be false negatives for the one group or for the other group as
it is impossible to satisfy both y — x —e; = 0 and ; = 0 if the base rates differ.

The combination of demographic parity, equalised opportunity, and predictive equality
also contains a lower bound, though on the false positives. Unlike the combinations with
two fairness definitions, the relation between the base rates and the lower bound is more
complicated as can be seen in Table 9b.

Trade-off between errors Two errors of the other group contribute to one of the vari-
ables in the confusion matrix. In this case, the value from one errors constrains the possible
range of values for the other error. An example is shown in Table 9¢ for the combination
of predictive parity and overall accuracy equality. The presence of x — y in the equation
means that the difference in base rates will influence the possible ranges of these errors.

Factor on the TP/TN True positives or true negatives are related through a multiplica-
tive factor, derived from the base rates. An example of this relation on the true negatives
is shown in Table 9d. Unless the base rate are equal, this causes that no perfect accuracy
can be achieved for one of the groups. This can also be seen in Table 7, as the combinations
EOP & FORP and PE & PP have that factor in their maximal accuracy.

Factor on the error This is closely related to the previous behaviour, however the factor
is on the errors. Although similar, this characteristic does not impose the same limitation
on the accuracies of the groups. If one group has perfect accuracy, then the other group
will too, as all errors will be zero. An example of this can be found in Table 9e.

No effect Only the combination of overall accuracy equality and treatment equality have
no special properties are present on the confusion matrix, as can be seen in Table 9f.

5. Conclusion

We investigated which and how many fairness definitions can be combined and imposed
simultaneously for the simple setting of binary classification. We find that out of seven
fairness definitions, namely demographic parity, equal opportunity, predictive equality, pre-
dictive parity, false omission rate parity, overall accuracy equality and treatment equality,
in total twelve maximal combinations are possible. Five of these maximal combinations
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(a) Lower bound on one variable: Demographic parity and predictive parity

Group A with base rate: 1 —z Group B with base rate: 1 —y
Predicted Predicted
Pos. Neg. Pos. Neg.
TruePos.l—y—sly—:r—l—sl TruePos.l—y—sl €1
Neg. €2 T — €9 Neg. €2 Y — €9

(b) Lower bound on one variable: Demographic parity, equalised odds and predictive equality.

Group A with base rate: 1 —x Group B with base rate: 1 —y
Predicted Predicted
Pos. Neg. Pos. Neg.
o lmx | 1z —y—
True Pos.|1 —x 1=y €| 1=y True Pos. |1 yy € ye
Neg.| = — ﬁ—ys ﬁs Neg.|y — ¢ 15¢

(c) Trade-off between errors: Predictive parity and overall accuracy equality

Group A with base rate: 1 —z Group B with base rate: 1 —y
Predicted Predicted
Pos. Neg. Pos. Neg.
y—a y—a y—a y—z
True Pos.|eq 5 TEl 1—xz— €12, 1 | True Pos. €27, t €2 1—y— €25, — €2
Neg. €1 x—e Neg. €9 Y — €

(d) Factor on the TP/TN: Equal opportunity and false omission rate parity.
Group A with base rate: 1 — x

Group B with base rate: 1 —y

Predicted Predicted
Pos. Neg. Pos. Neg.
1—x 11—z
True Pos.| 1 -z — 1=y¢1 1—y¢1 True Pos.|1 —y — €1 €1
Neg.|z — %(y_@) %(y_@) Neg. €2 Yy —e2

(e) Factor on the error: Equal opportunity and predictive equality.

Group A with base rate: 1 — Group B with base rate: 1 —y

Predicted Predicted
Pos. Neg. Pos. Neg.
True Pos.|1 —x — t—z 1 %51 True Pos.|1 —y — e €1
Neg. %52 T — %52 Neg. €2 Yy —¢e2

(f) No effect: Overall accuracy equality and treatment equality.

Group A with base rate: 1 —x Group B with base rate: 1 —y
Predicted Predicted
Pos. Neg. Pos. Neg.
True Pos.|]1 —x —¢1 €1 True Pos.|[1 —y —eq €1
Neg. €9 T — &9 Neg. €9 Y — €9

Table 9: Examples of the different behaviour types identified in Table 8 and their corre-
sponding confusion matrices. 1 —x, 1 —y are the base rates of groups A and B respectively.
€, denotes an error of some type, and functions as a variable.
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consist of three fairness definitions, while seven of them consist of just two fairness defi-
nitions. Each of these sets could be regarded as maximal fairness notions, which means
that it is not possible to impose any further of the discussed fairness constraints without
the problem becoming infeasible. Evidently, all subsets of these twelve maximal sets are
also possible combinations of fairness definitions. An overview of the possible combinations,
maximal as well as non-maximal, and their subset relations, is given in Figure 1. Our results
confirm and extend related work, such as the theorem colloquially referred to as the fairness
impossibility theorem.

We consider the five maximal sets of three fairness definitions as particularly interesting.
Of these five, three treat the positive and negative classes symmetrically, in that they remain
unaltered after swapping the class labels. The remaining two are each other’s symmetrical
analogue: one of these two sets of fairness definitions is equivalent to the other set after
swapping the class labels. These properties are shown in Figure 5. They can provide initial
guidance to determine which set of fairness notions is most appropriate in a given setting: if
the costs of different types of misclassifications are very different, one of the sets of fairness
notions that are not invariant with respect to a label swap might be more appropriate.

Furthermore, we investigated the properties of the possible combinations. This included
the effects they have on the accuracy of the classifier for each of the groups. Those results
showed that certain combinations of fairness definitions are impractical if the difference
between the base rates are too large. Additionally, we studied the type of effect the possible
combinations had on the confusion matrix and how they constrain the confusion matrices.
Five behaviour types could be discerned.

An important next step building on these results would be to develop methods that
are capable of imposing these (maximal) sets of fairness definitions. Subsequently, it would
be interesting to investigate the impact of imposing (maximal) sets of fairness definitions
on the learning capabilities (e.g. learning rate and convergence rate) of machine learning
methods.

A separate line of further work would be towards including other fairness definitions, in
addition to the seven definitions included in this work. Moreover, we consider extensions
towards other problems besides binary classification as fruitful avenues for further research.

Finally, and perhaps most importantly, the meaning of the maximal fairness notions
derived in the present paper needs to be better understood from an ethical and/or legal
point of view. This is an important aspect of research in fairness in Al as this translation
to real world concepts is a pre-requisite for wide-spread adoption.
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X

Y

TP, +FN,=1-—
TN,+ FP, ==z
TP, + FNy=1-—
TNy+ FP, =y
TP, _ TP,
TP.+FN, — TP, +FN,
TP,+FP,

Appendix A. Combining two definitions
A.1 Equal Opportunity and Demographic Parity

TP, +FP,

TP,+ FN,=1—-=x
TN,+ FFP, =2
TP+ FNy,=1—y

A.1.1 APPLYING INEQUALITIES

<
TNy + FPy, =y TNy+FP,=y
TP, _ TP 11—
l—xz — ﬁ Th, = ﬁTPb
TP,+ FP,=TP, + FP, FP,=TP,+ FP, - =2TP,
TP, +FN,=1-z FNazl—x—%TPb
TN,+ FP,=x TNa:l'—%TPb—FPb
TP,+FNy=1—y L FNe=1-y-TP,
TNy, + FP, =y TNy=y—FP,
TP, = 1= Th TP, = 1= Th
FP,=(1- i:—;’;)TPbJrFPb FP, = {=/TP,+ FP,
0§1—x—}%gTPb ﬁTPbgl
l—z—2TP<1-x TPy >0
0<z—{=UTP,— FP, FPy <z + F2UTP,
v —{ZUTP, —FPR < ToAT P, < FPy
0<1—y—TP TP, <1-—y
1—y—TP,<1- >
y , <1—y . ]TR =0
O<y—FPb FPb<y
y—FPbgy FPbZO
0 < {=2TP, 0< =2
=2TP <1-2 TP <1
_ — FP
0 < #=UTP, + FP, = < I8
=UTP + FP <u (FPy+ = Th <z
y=z ~ b
— 1—y§TP,,
FPb—l-%TPbSJ}

\ TP. FPa+ FN,+TN, — TP+ FP,+FNy TN,

(TP, + FN, =1—z
TN, + FP, =z
TP+ FNy=1—y
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A.2 Demographic Parity and Predictive Equality

TP, +FN, =1—u
TN,+ FP,==x
TP, +FNy=1—y

TP,+FN,=1—=x
TN,+ FP, ==
TP, +FNy=1—y

<~

TNy+ FP, =1y TNy+ FPy =y
TP, +FP,=TPFP,+ FP, FPa:gFPb
|FP,=2FP, TP, =TP+ (1 - £)FP,

FNa:1—x—%FPb—TPb

TN, =1~ *FP,

FNy=1—y—TP,

<~

TNb:y—FPb

FPa:%FPb

TP, = %FPb-i-TPb

A.2.1 ADDED CONSTRAINTS THROUGH INEQUALITIES

r—y TP,
{ y < Fpy

1—1‘2%pr—|—pr

A.3 Demographic Parity and Predictive Parity

TP,+ FN,=1—-=x
TN,+ FP,=x

TP+ FNy=1—y
TNy,+ FP, =y

TP, «FP,=TPF,x FP,
TP, + FFP,=TPF,+ FP,

(TP, + FN,=1—=x
TN,+ FP,=x
TP+ FNy,=1—y
<~
TNy,+ FP, =y
TP, = 7TP;>;5;Pa
EPATR « FP, = TPy + FB,

\
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TP,+FN,=1—x
TN,+ FP,==x
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(FN,=1-2 TP,
TN, =z — FP,
FNy=1—y—TP,

TNb =Y — FP{,
TP, =TP,
| FP. = FP,

(FN,=1—x— FP,
TN, =z — FP,

y FNy=1—-y
TNy=y
TP, = FP,
FP,=TP, =0

A.3.1 ADDED CONSTRAINTS THROUGH INEQUALITIES

1—x2TPb
.I‘ZFP[,

TP,+FN,=1—=x
TN,+ FP,=x
TP, + FNy=1—
b+ b Y —
TNy, + FP, =y

FN, « TNy = FNy + TN,
| TP, + FP,=TP, + FP,

TP,+ FN,=1—-x
TN,+FP,==x
TP+ FNy,=1—y

A.4 Demographic Parity and False Omission Rate Equality

TP, + FN,
TN, + FP,
TP+ FNy,=1—y
TNy+ FP, =y
FNuyxT N,
FN, = £

1—=x

X

kl—FNa—TNazl—FNb—TNb

TP, +FN, =1—g
TN,+FP,==x
TP, +FNy=1—y

— —
TNy+ FP, =y TNy+ FP, =y
FN, = Il FN, = £2TNe
FNy«T N,

FN,+TN, =FNy,+TN, + TNy, = FNy+ TN,

TN,

TP,+FN,=1—=x

TN,+ FP,=«x

TP, +FNy=1—y

TNy+ FP,=y
FNaZFNji*NZ;N“
ENAIN: « TN, = FNy + TN,
TP,+FN,=1—=x«
TN, + FP,==x

TP, +FNy=1—y

TNy+ FP,=y

TN, =TNy,V FN,=TN, =0

FNyxTN,
FN, = EjpdNa
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TP, =1—x— FN, TP, =1—-x— FN,
FP,=x—-FN, FP,=x2—-TN,
TR =1y TR =1-y~FN,
FPb:y FPb:y—TNb
FN, =TN, =0 TN, = TN,
FN,=TN, FN, =FN,

A.4.1 ADDED CONSTRAINTS THROUGH INEQUALITIES

FNb§1—$

{TN[, <z

(

TP, +FN,=1-2z
TN,+ FP,==x
TP, + FNy=1—
b+ b Y —
TNy+ FP, =1y
TP,+ FP,=TP,+ FP,
| TPy + TN, = TP, + TN,
TP,+FN,=1—=x
TN,+ FP,=x
TP, 4+ FNp,=1—
b+ b Y —

TNy+ FP, =y
TN, — TN, = FP,— FP,
TP, — TP, = FP,— FP,

TP,+ FN,=1—-x
TN, + FP,==x

TP+ FNy,=1—y
TNy+ FPy =y
y—x=2FP,—2FP,
\TPa—TPb: FpP,— FP,
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TP,+FN,=1—=x
TN,+ FP,=«x

TP, +FNy=1-—y
TNy+ FP, =y
TP,—-ThP,=FP, — FP,
\TPa —TP,=TNy,—TN,

TP, +FNy=1—-2x

TN,+ FP, =«

TP, +FNy=1—y

TNy+ FP, =y
y—FPb—.T+FPa:FPb—FPa
TP, —TP,— FP,— FP,

TP, +FN,=1—-=x
TN, + FP, ==z
TP+ FNy=1—y
TNy+ FP, =y
FP,— FP, = %5~
TPa—TPb:%w

<
8

(FN,=1—2—TP,— %~
TN, =z — FP, — &34

Fszl—y—
TN, =y — FP,
FP, = FP,+ %Y
TP, = TP, + %52

TP,
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A.5.1 ADDED CONSTRAINTS THROUGH INEQUALITIES

TP, <1-— %Y

2

TP, > %Y
Fp, <z
FPy, >

+ N
<

<
SRS
8

A.6 Demographic Parity and Treatment Equality

TN,+ FP,==x
TP,+ FNy=1—y

(TP, + FN,=1—=z
TN, + FP, =z
TP+ FNy,=1—y

TNy+ FP, =y
FP, = fafh

/
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TN, +FP, =z
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TNb + FPb =Y
FNg*xFP,
FP, = Hhgth
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TNb =Y — FPb
FN, = FNy(gp=w; +1)

r—
FPa:FPb(W}y?]\[b_'—l)

A.6.1 ADDED CONSTRAINTS THROUGH INEQUALITIES

Ty
FP,—FNy > —1
11—z Z FNb

$ZFPb
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A.7 Equalised Odds
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A.8 Equal Opportunity and Predictive Parity
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A.9 Equal Opportunity and False Omission Rate Parity
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A.10 Equal Opportunity and Overall accuracy equality
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A.15 Predictive Equality and Treatment Equality

TP,+FN,=1—x
TN,+ FP,==x
TP+ FNy,=1-—
TN, + FPy =y
FPangPb
FN, _ FN,
FP, — FP,

<~

TP,+FN,=1—=x
TNy+ FP, ==

Y TP+ FNy,=1—y
<~
TNy+FP, =y
FPangPb

FNy % FP, = FNy = £« FP,

TP,=1—xz—FN,
TN, =z —%FP,
Tszl—y—FNb

TNb:y—FPb
FP, =%FP,
FNGZ%*FN(,\/FP(,:O

A.15.1 ADDED CONSTRAINTS THROUGH INEQUALITIES

SHESS

(1—2z)>FN,

A.16 Predictive Parity and False Omission Rate Parity

(TP, + FN,=1—z

TN,+ FP, =«
TP+ FNy,=1—y
TN,+ FP, =y
TP, = THEre
FN, = £l

A.17 Predictive Parity and Overall accuracy Equality

TP,+ FN,=1—-x
TN,+ FP, ==z

TP+ FNy=1-—y
TNy+ FP,=vy

TP, xFP,=TP,x FP,
\TPa-i-TNa =TPFP,+TN,

TP,+ FN,=1—-=x
TN,+ FP,=x
TP+ FNy,=1—y

TNy+ FP, =1y
TP, = TH5ED:

TPy+F Py _
—rp, +x—F

\
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TP,+FN,=1—x
TN+ FP,=x
TP+ FNy,=1—y
<~
TNy+ FP, =y
TPy+xF Py
TP, = THEE
Pl IR TP =y -2+ FP,

TP, +FN,=1-x
TN, + FP, =z
TP, +FN,=1—y

TNy+ FP, =y
TP, =ttt

FNazl—x—FPa%—FPa
TN, =x—FP,
Fszl—y—FPbﬁ—FPb
TNy=y— FPB,

TP, = FPbiFPZij}Pb + FP,

\TPa = FPaFPZ:QIC«“Pb TIE

A.17.1 ADDED CONSTRAINTS THROUGH INEQUALITIES

— FP,

TPb:FPbﬁ—FFPb\/(FPa:FPb/\l‘:y)

(FN,=1-2 TP,
TN, =z — FP,
FNy=1—-vy—TP,
TN, =y — FP,
TP, = TP,

FP,=FP Az =y

l—-y>1—-2a l-y<l—-2
FP, > FP FP, < FP,
1—y—FP, > FP, v 1—y—FP, < FP,
I—a—FP, = FP, I—a—FP, = FP,
1—y+FB ~, Fh 1—y+Fh - FB
I—2+FP, = FP, I—a+FP, = FP,

A.18 Predictive Parity and Treatment Equality

(TP, + FN,=1—=z
TN,+ FP,=x

TP+ FNy=1—y
TNy, + FP, =y

TP, FP, = TP, FP,
FN, + FP, = FN, % FP,
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~

TP,+FN,=1—x
TN,+ FP,==x
TP+ FNy,=1—y

Aaad
TNy+ FP, =y
FNyxF'P,
FN, = TNelPs

(1—a— )« FP = (1 -y — FN,) = FP,

TP,+FN,=1—-x
TN,+ FP,=x
TP+ FNy=1-—y

—
TNy+ FP, =y
FNy*xF Py
FN, = “fppte
FP,—aFP,— FN,* FP, = FP, — yFP, — FN, * FP,
TP,+FN,=1-x
TN, + FP, =z
TPy + FNy=1-
— b+ £ Ny Yy
TNy+FP, =y
FNy+xF Py
FN, =t
| FPy—2FP,= FP, —yFP,
TP, +FN,=1—z (TP, =1-2—{=2FN,
TN, +FP, =x TNy =z — {3 FP,
TPy+FNy=1—-y TP,=1-—y—FN,
— —
TNy +FP, =y TN, =y —FP,
FN, = Hprhe FN, = {=2FN,
FP,= 1= FP, | FPu = {=2FP,

A.18.1 ADDED CONSTRAINTS THROUGH INEQUALITIES

-y
— X

1‘2pr

A.19 False Omission Rate Parity and Overall accuracy Equality

TP,+FN,=1—x
TN,+ FP, ==«

TP+ FNy=1—y
TNy+ FP, =y
FNy,+«TNy=FNyxTN,
TP,+TN,=TPFP,+ TN,

TP,+FN,=1—=x
TN,+ FP,==x
TP, +FNy=1—y

TN, + FP, =y
FNy«T N,
FN, = ENpTNe

2+ FN, — TN, =y + FN, — TN,

1533



DEFRANCE & DE BIE

<~
TN, + FP, =y
FNy+xT N,
FNo = ==

TN,

TP, +FN,=1—=x
TN,+ FP,==x
TP, +FNy=1—y

TN,—FNy

=X

TP,+FN,=1—x
TN,+ FP,==x
TP, +FNy=1—y

—y+ TNy, — FN,

—
TNy+ FP,=vy
TNy = I;lefbgvvf*%% + TN,V (TN, = FNy Az =y)
FN, 7;%
'TPa:1—x—FNbﬁ—FNb (TP, =1—2—TN,
FP,=x— TNbﬁ — TN, FP,=x—-TN,
TP,=1—-y— FN, TP, =1—y— FN,
b Yy b v b Yy b
FPy=y—TN, FPy=y— FN,
TN, = TNbTA;”% + TNy TNy=FNyANx =y
FN, = FNbTN —rw, + F N \FNa =TN,
A.19.1 ADDED CONSTRAINTS THROUGH INEQUALITIES
TN, > FN, TN, < FN,
y>x y<uw
x—TNb TNb \/ {E—TNb TNb
y—TN, = FN, y—TN, = FN,
1—z—FN, < FN, 1—z—FN, _ FN,
1—y—FNb — TNb l—y—FNb — TNb
A.20 False Omission Rate Parity and Treatment Equality
TP, +FN,=1—=x TP, +FN,=1—=x«
TN, + FP,=x TN,+ FP, ==z
TP+ FNy,=1-—y — TP,+FNy=1—y
TNy+ FP,=y TNy +FP,=y
FN, TN, = FN, TN, FN, = %
FN, _ FN, FN,sP'P,
| FPy = Fp, FN, = ~fp—=
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TP,+FN,=1-z TP,+FNy=1—z
TN, + FP, ==z TN, + FP, =z
TR+ FN,=1-y TPy+FNy=1—-y
TNy+ FP, =y TNy, + FP, =y
Elperfe — Il TN, % FPy=TN,* FP,V FN, =0
FN, = FNQERTbNa FN, = FNYE}F\;[;NE

(TP, + FN,=1—z
TN, + FP, =z
TP+ FNy=1—y

—
TNy+ FP,=vy
TNo(y — TN,) = TNy(z — TN,) V FN, =0
FNaziFsz*NY;Na
(TP, + FN,=1—=z
TN,+ FP,=x
TP, +FNy=1—y
—
TNy, + FP, =y
TNa:gTNb\/FNb:O
FN,+T'N,
FN, = £l
(TP, =1-2—2FN, TP, =1—z
FPa:x—%TNb TN,=x—FP,
TP, =1—-1vy— FN, TP =1-—
— b Yy b b Yy
FPy=y—TN, TN, =y — FP,
TNa:%TNb FNy,=0
FN, = ZFN, FN, =0

Y

A.20.1 ADDED CONSTRAINTS THROUGH INEQUALITIES

Y

=(1—=z) > TN,
(1-a) > TN,

A.21 Overall accuracy Equality and Treatment Equality

(TP, + FN,=1—=x TP, +FN,=1—z

TN,+ FP, =z TN,+ FP, ==«

TP+ FNy=1—-y PN TP+ FNy=1—y

TNy, + FP, =y TN, + FP, =y

FP,+FN, = FP,+ FN, Fp, + £t Pl Ng’;{ fa — FP,+ FN,
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TP, +FN,=1—zx
TN, + FP, =z

TP+ FNy,=1—y
TNy + FP, =y
FPGW%PI;M’ = FP,+ FN,

FNy+FP,
FN, = £l

TP,+FNy=1—-2x
TN,+ FP,==x
TP,+FNy=1—y
TNy + FP, =y

FP,=FP,VFP,=FNy,=0

F Ny+F'P,
FN, = £l

TP, =1—x—FN, TP, =1—x
TN,=x—FP, TN,=z—FP,

— TP,=1—-—y— FN, TP,=1-—y
TNy=y— FP TNy=1y
FP,=FP, FP,=FN, =0
FN, =FN, FN,=0

A.21.1 ADDED CONSTRAINTS THROUGH INEQUALITIES

x> FPy
1—x2FNb

Appendix B. Combining Three Definitions

B.1 Demographic Parity and Equalised Odds

(TP, + FN,=1—x
TN, + FP, =z
TP,+FNy=1—y

TP, +FN,=1—x
TN, + FP, = z
TP, +FNy=1—y

TNy+ FP, =y TNy+ FP, =1y
1—x — 1—x

TPa:qTPb T-Pa:inPb

FP, = {=YTP, + FP, FP, =%FP,

TP, =“2FP,+ TP,
FP,=%FP,

LFPy = {=UTP, + FP,
TPy = 5 FPy + TP,
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TP,+FN,=1—x
TN,+ FP, ==
TP+ FNy=1—y

TNy+ FP, =y
TP, = }:—;pr
FP,=%FP,

SLFP, = 1=0Th,
lmezltyprp _y—2pp
1—y b Y b

(TP, +FN,=1—2z
TN,+ FP, ==z«
TP+ FNy,=1—y
TNy,+ FP, =y
TP, = %TPb
FP,=%FP,

FPy = {£Th,
(TR = 15 TR,
(FN,=1—12— =2TPR,
TN, =z — {%,TPh,

FNb =1- Yy — TPb
TNy =y — 4, Th
TP, = 1=Th,

FP, = {£TPh,

FP, = {£Th,

TPb = TPb

TP,+FN,=1—x
TNe+ FP, =z
TP+ FNy,=1—-y

TNy, + FP, =y
l—z —
TPa - HTPI)
FP, = =LTP, + FP,
TP, = TP,
| FP, = FP,
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TP,+FN,=1—x
TN,+ FP,=x
TP+ FNy=1—y

TNy+ FP,=y
TP, = %TPb
FP,=%FP,

Fszl%yTPb\/x:y
%TPZ, = %FPZ,

TP, +FN,=1—=z
TN,+ FP,==x
TP, +FNy=1—y
TNy+ FP,=vy
TP, =TP,
FP,=FP,

r=y

0=0

FN,=1-x—TP,
TN, =z — FP,
FNy=1—y—TP,
TNy, =y — FP,
TP, =TP,
FP, = FP,

=y

0=0

B.2 Demographic Parity, Equal Opportunity and Predictive Parity

TP, + FN,=1—-x
TN,+FP,==x
TP, +FNy=1—y

TNy +FP, =y
TP, = %ZTP,,

FP, = {=YTP, + FP,
TP, =TP,
FP,=FP,
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TP,+FN,=1—=z TP, + FN,=1—=x
TN,+ FP, ==« TN,+ FP,=x
TP+ FNy=1—y TP+ FNy,=1—y
TNy+ FP,=vy TNy,+ FP, =y
— -z = 1—z
TPa:qTPb TPa:ﬁTPb
%TP;,zO r—y=0VTP, =0
TP, =TPh, TP, =TP,
FP,=FP FP,=FP,
FN,=1—-2-TPh, FN,=1-=z
TN,=z—FP TN, =z— FP,
FNy=1—y—-TPF, FNy=1—y
— TN, =y — FP, y TNy,=y— FPB,
=1y TP,=0
TP, =TP, TP, =0
TP, =TP, TP,=0
FP,=FP, kFPa = FPB,

B.3 Demographic Parity, Equal Opportunity and False Omission Rate Parity

/

TP, 4+ FN,=1—=x TP, +FN,=1—-=x

TN, + FP,==x TN,+FFP,==x

TP+ FNy,=1—y TP+ FNy,=1—y

TNy+ FP, =1y TNy+ FP, =y

TP, = }—T;pr — TP, = }—T;TP,,

FP, = %TP{,—O—FPI, FP, = %TPb—i—FPb

TN, =TN, —FP,=—x+y—FP,

FNo = FN, ~TP,=-1+z+1-y-TPh
TP, +FN,=1—=x TP, +FN,=1—=x
TN+ FP, =z TN+ FP, =z
TP, +FNy=1—y TP, +FNy=1—y
TNy+ FP, =y TNy+ FP, =y

<~ <~
FP,=2—y+ FPB FP,=x—y+ FPB,
TP, =—-z+y+TPF TP, =—-z+y+TPF
—z+y+ TP = {=2TP, —z+y=Y2TP,
kac—y—i—FPb:%T]Db—i—FPb x—y:%TPb
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TP,+ FN,=1—-x
TN,+ FP, ==z
TP+ FNy,=1—y
TNy+ FP,=y

A FP,=x—y+ FPB
TP, =—x+y+TPF
1:ﬁTPbV§c:y
klzlflyTPb\/x:y
FN, =0 (FN,=1-2z TP,
TN, =y — FP, TN,=z—FP
FNy=0 FNy=1—y—-TP,
= (IT'Ny=y— FP, VITN,=y—FPB,
FP,=2—y+ FPB FP,=FP,
TP, =1—=x TP, =TP,
TP,=1—y T=1y

B.4 Demographic Parity, Equal Opportunity and Overall accuracy Equality

TP,+FN,=1—2z TP,+FN,=1—z
TN, + FP, =« TN, + FP, =z
TP, +FNy=1—y TP, +FNy=1—y
TNy+ FP, =y TNy+ FP, =y
TP, = ==7p 1P, = =P

a = 1=y b a— T—y b
FPQZ%TquLFPb FPQZ%_‘ZTPI)—I—FPZ)
FP,=FP,+ %Y T5TP,+ FP, = FP + %5
TP, =TP,+ %~ (1=2TPy = TR, + 5*

TP, +FN,=1—=x
TN,+ FP,==x
TP, +FNy=1—y

TP, +FN, =1—z
TN,+FP,==x
TP, +FNy=1—y

TNy+ FP, =1y
— 1—g = (ITNy+FP =y
TP, =1=,Th _
;f!y TP, = %;pr
FP, = 1fyTPb + FP, FP. — 2U7p 4 PP
LY P, = 2Y a= Tyt 0 b
-y

2 TYrp — Y
y=z _y-z =y~ 76— 72
kyTPb - 2
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TP,+FN,=1—x
TN,+ FP,=x
TP+ FNy,=1—y

<= {TNy+FP, =y
TP, = 1=Th,
FP, = {=UTP, + FP,
\ TP, = 1_y\/l‘:y
FN, =1 FN,=1—-z-TPh,
TN, =z— %Y - FP, TN, =z — FP,
FN, =12 FNy=1—y—TP,
< ({TN,=y—FP, VTN, =y— FP,
TP, = 5% TP, =TPh,
FP,=%Y+Fp, FP, = FP,
Th, = 1_y rT=y

B.5 Demographic Parity, Equal Opportunity and Treatment Equality

TP, + FN, =
TN,+ FP,==x
TP,+FNy=1-—y

(TP, + FN,=1—2z TP,+FN,=1—x

TN, + FP, == TN,+ FP, ==«

TP, +FNy=1—y TP, +FNy,=1—y

TNy + FP, =y TNy, + FP,=vy

TP, = }:—gTPb — FN, = %FN;)

FP, = {=YTP, + FP, FP,=72(1~y—FNy) + FP,
FNo = FNy(5p—fx; +1) FNo = FNy(3p—fx; +1)
FP, = FPy(pp—tx; +1) FP, = FPy(pp—tx; +1)

1—=x

TNy+ FP, =y
—
FN, = 1=, FNy
FP =z —y—{2FN, + FPF,
o FNy = FNb(FPb_FNb +1)

l’—y—%FNb—i-FPb
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TP, + FN,=1—=x

TN,+ FP,=x

TP+ FNy=1—y

TNy+ FP, =1y
FNazl——fﬁFNb
FPa—ac—y— FNb—i-FPb
Q:(W"F )\/FNb—O

1-y
G %FNZ, FPb(iFPb FNb)

TP, +FN,=1—x

TN,+ FP, ==z

TP+ FNy=1—y

TNy, +FP, =y
FNazt—mFNb
FPa:x—y——FNb—i—FPb
—14 = 7o, VENy =0V =y
(x—y)(1— 1_yFNb) FPypp—fw:

—FN,

TP,+FN,=1—x
TN,+ FP,==x
TP, +FNy=1—y

TNy, + FP, =y
11—z
FNa - ITFNb
FP,=x—y—{=LFN, + FP,

—1+y=FP —FNyVFN,=0Vzx=y

1 _ FP _

TP,+FN,=1—x
TN,+ FP,==x
TP, +FNy=1—y

TNy, +FP, =y
FN, =1 = FN
FPa_:c—y——FNb—i—FPb

—1+y=FP —FNyVFN,=0Vx=y
FP,— FN, — lfly(FPb—FNb)FNb =FPVz=y
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TP,+FN,=1—x

TN, + FP, =z

TP+ FNy,=1—y

TN, + FP, =y

FNa:}:—;FNb
FPa:a:—y—%_gFNb—FFPb
—14y=FP,—FNyVFN,=0Vz =y
1= {5 (FP,—FNy) =0Va=yVFN, =0

(TP, + FN, =1z

TN,+ FP,=x

TP+ FNy=1—y

TNy+FP,=y

FNa:}%;FNb
FP,=z—y—{=YFN,+ FP,
—14+y=FP, — FN,VFN,=0Vz=y
FP,— FNy=—-14+yVax=yV FN,=0

TP,+FN,=1-x

TN, +FP,=x

TP, +FNy=1—y

< (T'Ny+FP,=y
FNa:}—TZFNb
FP,=x—y—*YFN,+ FP,

1-y
FPo=—-14y+ FNyVFN,=0Vzx=y

TPa:1—x—}%~’vaNb

TNa:y—}—%FNb
Fszl—y
TNy=y

FN, = {=2FN,
FPa:x—y—%_é’FNb
FP,=-TP,=0

(TP, =1—=
TN, =y + FP,
TP,=1-y
TN, =y — FP,
FN,=0
FP,=x—y—FP,

FN,=0
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TP, =1—xz— FN,
TN, =x—FPB,
Th,=1—y—FN,
TN, =y — FP,
FN, =FN,
FP, = FP,

(T =Y
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B.6 Demographic Parity, Predictive Equality and Predictive Parity

(

TP,+FN,=1-2z TP, +FN,=1—z

TN, + FP, ==z TN, + FP, =x

TP +FNy=1—y TP, +FNy=1—y

TN, + FP, =y TN, + FP, =y

TP, = =LFP,+TF, 1P, = LLFP+ TP

FP,=%FP, FP,=2FP,

TP, =TP, TP, =TP,

FP, = FP, | FP,=FP,
TP,+FN,=1—2z TP,+FN,=1—z
TN, + FP, =z TN, + FP, =z
TP+ FNy=1—y TP,+FNy=1—y
TN, + FP,=y TN, + FP, =y

< _ <
Oz%FPb r=yVFP=0
12%\/FPb:0 r=yVFP,=0
TP, =TP, TP, =TP,
FP, = FP, | FP. = FP,
(FN,=1—2—TP, FN,=1—-2—-TP,
TN, =z — FP, TN, =z
FNy=1-—y—TP, FNy=1-y—TP,
< {TN,=y—FP, VTN, =y
r=y FP,=0
TP, =TP, TP, =TP,
FP, = FP, FP,=0

B.7 Demographic Parity, Predictive Equality and False Omission Rate Parity

;

TP, +FN,=1—=x TP, + FN,=1—=x

TN, +FP, == TN,+FP, ==z

TP+ FNy=1—y TP, +FNy,=1—y

TNy+ FP, =y TNy+ FP, =y

TP, = %FPb—i—TPb — TP, = %FP;A—TPI)

TN, = %TNb TN, = %TNb

TN, =TN, TN, =TN,

FN,=FN, —TP,=-1+z4+1—-y—-ThH,
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TP, + FN,=1—=x
TN,+ FP,=x
TP+ FNy,=1—y
TNy+ FP,=vy

TP, = ?J;JFPb+TPb
1=%\/TN1,:O
TN, =TN,

TP, =—-z+y+TPh

TP, +FN,=1—-x

TN,+ FP,=x
TP+ FNy=1—y
TNy+ FP, =y

—x+y+Th = ?J;JFPZ,—FTPI,
xr=yVTN,=0

TN, =TN,

TP, =—-x+y+TF

TP,+FN,=1—=x
TN,+ FP,==x
TP, +FNy=1—y
TNy+FP,=y
1:%FP1,\/x:y
r=yVTNy,=0
TN, =TN,

TP, =—-z+y+T1TPF

FN,=1—x—TP,
FP, =z —TN,
FNy=1-—y—TP,
FPy=y—TN,
-

=y

TN, = TN,

TP, =TP,
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(TP, + FN, =1—z

TN,+ FP,=x
TP+ FNy,=1—y
TNy+ FP, =y

—a:—i—y:%FPb
r=yVITN,=0
TN, =TN,

TP, =—x+y+TPF

(TP, + FN,=1—=z
TN, +FP,=x
TP, +FNy=1—y
TNy+ FP,=y
y=FP,Vz=y
r=yVTN,=0
TN, =TN,

TP, =—zx+y+TPF

(FN,=1—y—TP,

FP,==x
FNy=1—y—TP,
0=0

FpP, =y

TNy, =0

TN, =0

TP, = —x+y+TP,
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B.8 Demographic Parity, Predictive Equality and Overall accuracy Equality

(TP, + FN, =1—z TP,+FN,=1-x

TN, + FP, =x TN, + FP, = x

TP+ FNy=1—y TP, +FNy=1—y

TN, + FP, =y TNy +FP, =y

TP, =“"FP,+ TP, TP, = 2FP,+ TP,
FP,=*FP, FP,=2FP,

TP, =TP, + 5~ LEFP+ TP =TP + %*
FP, = FP, + %Y LFPy = FP + %5Y

(TP, + FN,=1—x
TN,+ FP,=x
TP+ FNy,=1—y
TNy, + FP, =y
TP, =“FP,+TP,
FP, =%FP,
YT pp, = Y2

Yy

| Do
<

=y _z
\ v Fhy

e ‘

(TP, + FN,=1—=z
TN, + FP, =z
TP, +FNy=1—y

< (TNy+FP,=y
TPa:%FPb—i-TPb
FPangPb
%FPb:%\/x:y
FN,=1-x—- %% —
TNy =3
FNy=1—-y—-TPF,
= (TN, =%
TP, =%*4+TP,
FP, =75
FP, =%

TP,+FN,=1—x
TN,+FP,==x
TP, +FNy=1—y

< (IT'Ny+FP,=y
TP, = %pr + TP,
FPangPb
(FP,=%Vae=y
TR, FN,=1—2-TPh,

TN, =x— FP,
FNy=1—-—y—-THhH,
VITN,=y—FP,

TP, =TP,
FP, = FP,
\ T =Y
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B.9 Demographic Parity, Predictive Equality and Treatment Equality

TP, +FN, =1—g
TN,+ FP,==x
TP, +FNy=1—y

TNy + FP, =y
TP, = %pr + TP,
FP, = *FP,

FN, = FNy* (575t +1)

TP, +FN,=1—=x

TN,+ FP,=x

TP+ FNy=1—y
TNy+FP, =y
—FNa:m—y—FNb—l—%FPb
FPa:%FPb

%FP;, =FP, % (7FPZ‘”:%N17 +1)
FNa:FNb*(%—Fl)

TP, +FNy,=1-x

TNy +FP,=x

TP,+FNy,=1—-y

TNy +FP,=y
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FFP, = {FP,
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y—x-l—FNb—%FPb:FNb*(%%M)—FU

(TP, +FN,=1—=z

TN,+ FP,=x

TP+ FNy=1—y
TN, + FP, =y
FN,=y—x+FNy— 2FP,
FPa:%FPb

L;y: FPf:%NbVFPb:O
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TP,+FN,=1—=x

TN, + FP, ==z
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(TP, + FN,=1—=z
TN, + FP, =z
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TNy+ FP, =y

— —
FN,=y—a+FN,~ “2FP,
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(Y — FPy= —yFNy* oty VT =y

TP,+FN,=1—=x
TN, + FP, =z
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TNy, + FP, =y
FNy=y—z+FN,— “2FP,
FP,=tFP,

FP,— FNy=yVFP,=0Vz—y=0
yFPb—yFNb—FPbQ—l-FNbFPb:—yFNb\/x:y

TP, +FN,=1—=x
TN,+ FP,=x
TP+ FNy,=1—y
TNy+ FP,=y

<~ _
FNa:y—x%-FNb—%FPb
FPG:%FPb
FPy— FNy=yVFP,=0vVz—y=0
yFP,— FP?+ FN,FP,=0Vz =y
TP, +FN,=1—=x
TN,+ FP,=x
TP, +FNy=1—y
TNy+ FPy,=y

<~ _
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FPy,— FNy=yVFP,=0Vz=y
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TP,+FN,=1—x
TN,+ FP,=x
TP+ FNy=1—y

TNy+ FP, =y
FN,=y—a+FN,~ “2FP,
FP, = 2FP,

FP,— FNy=yVFP,=0Vz=y
FP,— FNy=yVer=yVFP,=0

TP,+FN,=1—=x

TN,+ FP, ==z«

TP+ FNy,=1—y

TNy+ FP, =y
FNa:y—a:—FFNb—%FPb
FPazﬁFPb
FNy=FP,—yVFP,=0Vzz=y

(TP, +FN,=1—2z
TN, + FP, ==z
TP+ FNy,=1—y

— FN,
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B.10 Demographic Parity, Predictive Parity and False Omission Rate Parity

TP, +FN,=1—-=x TP,+ FN,=1—-x

TN,+FP, ==z TN,+ FP,=x

TP+ FNy=1—y TP+ FNy,=1—y
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TP+ FNy=1—y FNy=1—y—-TP,

— TNy+ FP, =y — TNy=y—FP,

TP, =TP, TP, =TP,
FP,=FP, FP,=FP,
x—FP,=y—FPF, xT=1y
—x—TFP,=—-y—TPF, (T =Y

B.11 Demographic Parity, Predictive Parity and Overall Accuracy equality

(TP, +FN, =1—z TP,+FN,=1—z
TN,+ FP,=x TN,+ FP,==x
TPb+FNb:1—y TPb—i-FNb:l—y
TNy + FP, =y — TNy+FP, =y
TP, = TP, TP, = TP,
FP, = FP, FP, = FP,
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TP, = TP, + %52 | TP, = TP, + ¥5*
TP,+FN,=1—=x FN,=1—z-TPh
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— b+ b=1Y — b=Y b
TP, =TP, TP, =TP,
FP,=FP, FP,=FP,
0="5" T=y
— Yy _
0= 2 \x—y

1549



DEFRANCE & DE BIE

B.12 Demographic Parity, Predictive Parity and Treatment Equality

;

TP,+FN,=1—x TP, +FN,=1-x
TN,+ FP, == TN,+ FP, =«
TPy+FNy=1—y TP +FNy,=1-y
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TP, +FN,=1—x
TN,+ FP, ==«
TP,+FN,=1—y
TNy+FP,=vy
=
FN,=y—xz+FN,
FP,=FP,
y—z+ FNy=FNy* (o5 + 1)
1:ﬁ+lvFPb:0
(TP, + FN,=1-=
TN,+ FP,=x
TPb+FNb:1—y
TNy+ FP, =y
—
FN,=y—xz+ FN,
FP, = FP,
y—m:FNb*(ﬁ)
r=yVFP =0
(TP, =1—2— FN, (TP, =1-y—FN,
TN, =z — FP, TN, ==z
TP, =1—y— FN, Th,=1-y—FN,
PN TNy=y— FP y TNy=1y
FN, = FN, FN,=y—x+ FN,
FP,=FP FP,=FP, =0
0=0 y—z=—(z—-y)
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Equality
(TP, + FN,=1—=z

TN, +FP, =z
TP, +FN,=1—y

B.13 Demographic Parity, False Omission Rate Parity and Overall accuracy

TP,+FN,=1—=x
TN,+ FP,=x
TP, +FNy=1—y

TNy+ FP, =y — TNy+ FP, =y
TN, =TN, r—FP,=y— FP,
FN, =FN, l—-z-TP,=1—-y—-TPh,
FP,=FP,+ %Y FP,=FP,+ %Y
TPa:TPb—‘r% TPa:TPb—l-%
(TP, + FN,=1—=x TP,+FN,=1-z
TN,+ FP,==x TN,+ FP,==x
TP, +FNy=1—y TP,+FNy=1—y
TNy+ FP, = TNy+ FP, =
— b+ Ly =Y — b+ LEy =Yy
FP,=x—y+ FP, FP,=x—y+ FP,
TP, =y—x+TP, TP, =y—x+TPh
x—y—l—FPb:FPb—i—L;y x—y:%
y—x+TP =TP,+ %5~ y—x="%5"
TP,+FN,=1-—
a a v FN,=1-2—TP,
TN,+ FP,=x
TN,=x—FP,
TP+ FNy,=1—y
FNbZI—y—TPb
TNy+ FP, =y
<~ < (T'Ny=y—FP,
FP,=x—y+ FP,
FP,=FP,
TP, =y—x+TPh,
TP, =Th,
rT=y
(T =Y
r=y

B.14 Demographic Parity, False Omission Rate Parity and Treatment Equality

TP, +FN, =1—z (TP, + FN,=1—-=

TN, + FP, =z TN, + FP, ==

TP, +FNy,=1—y TP, +FNy=1-y

TNy, + FPy =y )TNy +FP =y
FP,=xz—y+FP, FP,=z—y+ FPh

FN, = FN, FN, = FN,

FN, = FNy(gp=by; + 1) FNy = FNy(pp—fx; + 1)
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1551



DEFRANCE & DE BIE

TP,+FN,=1-=z TP+ FNy=1-u
TN,+ FP,=x TN,+ FP,=x
TP,+FNy=1—y TPy, +FNy=1-—y
TNy, + FP, =y TNy+ FP, =y

<~ <~
FP,=z—-y+ FPB, FP,=xz—-y+ FB
FN, =FN, FNq = FNy
l=p—tx +1VFN, =0 0= sp—tn; VEN, =0
|z —y=FPypp—tx, 1= ppe- Vo =y

TP, + FN,=1—=x TP, +FN,=1—-=x
TN,+FP, ==z TN,+FP,=x
TP+ FNy=1—y TP+ FNy=1—y
— TNy, + FP, =y — TNy+ FP, =y
FP,=x—y+ FPB FP,=x—y+ FP,
FN, =FN, FN, =FN,
r=yVFN,=0 x=yVFN,=0
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TP,=1—y— FN, TP,=1—y
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FP,=FP, FP,=x—y+ FPB
FN, =FN, FN,=0
T=1y FNy=0

B.15 Demographic Parity, Overall accuracy Equality and Treatment Equality

TP, +FN,=1—zx (TP, + FN, =1— 2
TN, + FP, =z TN, + FP, =z
TP+ FNy,=1—y TP+ FNy=1—y
TN, + FP, =y TN, + FPy =y
_ = _
FP, = FP, + %3¢ FP, = FP, + %3¢
TP, = TP, + ¥3* FN,=y—x+FN,— 42
FN, = FNy(ppi=s + 1) y—a+FNy— 5% = FNy(pp=tw; + 1)
FP, = FPy(pp=tr + 1) FPy+ 55 = FR(pp=ty +1)
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TP,+FN,=1—=x
TN,+ FP,==x
TP, +FNy=1—y
TNy+ FP, =y

TP,+FN,=1—=x
TN,+FP, ==z
TP, +FNy=1—y
TNy+ FPy, =y

=

FP,=FP,+ %Y FP,=FP,+ %Y
FN,=y—x+FN, — 5% FN,=y—x+ FN, - 5%
—z - 1 1 _
N _FNbFPff%Nb -2 _FNbFbeFNb Vr=y
—y _ — 1 1 _
= = FPypp—rw; 3 = Fhpp—pm Ve =Y
(TP, + FN,=1—-= TP +FN,=1—z

TN,+ FP,=x TN,+ FP,=x

TP, +FNy=1—y TP, +FNy=1—y

TNy+ FP, =y TNy+ FP, =y

FP, = FP+ %Y FP,=FP,+ %Y

FN,=y—z+ FN, — %52 FN, = FN, + 452

SFRAFN, _ PN,y g =y B FNuy gy

7FPbEFN”:FPb\/a::y _FQ’Nb:@\/x:y

TP, +FN,=1—x
TN,+ FP, ==

TP+ FNy=1—y
TNy+ FP, =y
FPa:FPb—FL;y
FN, = FNy+ 5=
—FP,=FN,=0Vx=y
—FN,=FP,=0Vx=y

TP,=1-x—-%5"
TNy =2 -2
TP,=1—y

< (TNy=y Vv
FP, =%
FN, = %~
—FP,=FN, =
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B.16 Equalised odds and Predictive Parity/Treatment Equality

TP,+FN,=1—=z
TP,+FN,=1—=x
TN, +FP, =z
TN, + FP, =z
TP+ FNy=1—y
TPb—I—Fszl—y
TNy, + FP, =y
1—2 < (T'Ny+FP,=y
T-Pa:]_fTPb 1—
v TP, = :=%TP,
FP,=Z2%FP, - v
%,_ 1fF‘Pb:*I?‘Pb
TP, = =LTP, T
1 FP, = FLFP,
FPa:ﬁFPb Yy
TP,+FN,=1—z TP,+FN,=1—z
TN, + FP, =« TN, +FP, =z
TPb+FNb:1—y TPb—I-FNb:l—y
TNy+ FP, =y < (TNy+FP,=y
TP, = }:—;TPI, TP, = %pr
%:ﬁ\/FPb:O y—ay=x—ayVFP,=0
FP, = %FPZ, FP, = %FPI)
(TP, +FN,=1—=z
TN, +FP,=z
TPb+FNb:1—y
s TNb+FPb:y
TP, = 1= Th
y=aVFP,=0
FP,={=2FP,
(FN,=1—2—TP, FN,=1-2—{=2TPh,
TN, =z — FP, TN, =z
FNb:1—y—TPb FNb:1—y—TPb
<= (TNy=y— FP, VITN, =y
TP, =TP, TP, = }%gTPb
y=u FP,=0
FP,=FP, FP, =0
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B.17 Equalised odds and False Omission Rate Parity

B.18 Equalised

TP, +FN,=1-x
TN, + FP, =z
TP, +FN,=1—y

TNy+ FP, =y
FN, = %ZFN,,
TN, = £TN,

FN, = t—;FN,,
| TNo = {=2TN,

1—y

TNy+ FP, =z

TNy+ FP, =y
FN, = t—ZFNb
TN, = £TNj

z _ l—x

y 1-y

FP, =z —TN,

FPy=y—TN,
FN, = FN,
TN, = TN,

\ T =Y

TP, +FN,=1—-=x
TN, + FP, =z
TP,+FNy=1—y

TNy + FP, =y
TP, =1=Th
FP,=LFP,

TP, = 1= Th

Y=27P, = TN, — TN,

TP,+FN,=1—=x

TP, +FN,=1—y

VTN, =0

TP, =1—2—FN,

TP, =1—y— FN,

\

1555

(TP, +FN,=1—2z
TN,+ FP,=x
TP,+FN,=1-—y
TNy +FP, =y
FN, = %FN;,
TN, = 2T Ny

STNy = 13T Ny

TN, +FP, =z
TP, +FN,=1—y

TNy+ FP, =y
FN, = ﬁFNb
TN, = 2TN,

2=y VTN, =0

TP, =1—x—{=LFN,
FP,==x
TP, =1-y—FN,

FP, =y
FN, = {=2F Ny
TN, =0
TN, =0

odds and Overall accuracy Equality

TP, +FN,=1-z
TN,+ FP, =«
TP, +FNy=1-—y
TNy + FP, =y
TP, = 1= Th
FP,=FP,

= %TPZ,
= L2TN,

TP,+FN,=1—x
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(TP, +FN,=1—2x
TN, + FP, =z
TP+ FNy,=1—y
= {TN,+FP, =y
TPG:%;TPb
FP,=2FP,

TNa::IJ—*FPb

< (T'Ny=y—FP,

TP, = 1—T$TN,]
FP,=%FP,
| TPy = %TNb

B.19 Equal Opportunity, False Omission Rate Parity and Overall accuracy

Equality

TP,+FN,=1—x
TN, + FP, = x
TP, +FNy=1-—y

TNy+ FP, =y
FN, = {=LFN,
TN, = {=2TN,
FN, = {=LFN,

| TN, = TN, — =2TP,

TP,+FN,=1—z
TN, +FP, =z«
TP,+FN,=1-—y
«— _{TNy+FP,=y
FN, = }%gFNb
TN, = HTNb

1— :1: 1+yTNb

FNazl—x—l_—mTNb

FNy=1—y— 1nyN,,

—X
y=2rp,
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(TP, +FN,=1—x

TN,+ FP,==x
TP, +FNy=1—y

TNy + FP, =y
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(TP, =1—z—FN, TP,=1—-x— {ZXFN,
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TN, = t—gTNb TN, = %ﬂ;TNb
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B.20 Equal Opportunity, False Omission Rate Parity and Predictive
Parity /Treatment Equality

\

TP,+FN,=1—=x
TNe+FP, =z

TP+ FNy,=1—y
TNy+ FP, =y
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TP, = 1=Th,
FP, == FP,
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TN, = :=2TN,

TP,+FN,=1—-z
TN,+ FP, ==z«

TP+ FNy,=1—y
TNy,+ FP, =y
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(TP, +FN,=1—=z
TN, + FP, =z

TP+ FNy,=1—y
TN, + FP, =y
TPa:%TPb

TNy =z~ 1=0(y — TNy)

\r =Y

TP,+FN,=1—-x

TN,+ FP,=x
TP+ FNy,=1—y
TNy+ FP, =1y

TP, = }%;pr
x—TN, = t—z(y—TNb)
TN, = %TNZ)

TP, +FN,=1—x
TN, + FP, ==

TP+ FNy=1—y
TNy+ FP, =y
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B.21 Equal Opportunity, Overall accuracy Equality and Predictive
Parity /Treatment Equality

TP,+FN,=1—z
TN,+ FP,==x
TP+ FNy,=1—y
TN, + FP, =y
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TP+ FNy=1—y
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TN,+FP, =z
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«— {TN,+FP,=y
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(TP, +FN,=1—1=z
TN, + FP, ==z
TP+ FNy,=1—y

TNy+ FP, =y

TP, = 1=Th,

TN, =z — %(y —TNy)

. 1— 1—gx 1— _
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TP,+FN,=1—z
TN, + FP, =z
TP,4+FNy=1—y

< (TNy+FP,=y

TP, = {=LTP,
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TNy, =y— FPB, VITN,=y—FPB
TP, = 1=Th TP, =TP,
TNa:1—%§TPb TN, = TN,
TNb:1—TPb r=1Yy

(FN, =0 )

FN,=1—z—-TP,

FP,=0

TN, =z — FP,
FN, =0
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B.22 Predictive Equality, Predictive Parity and False Omission Rate

Parity /Treatment Equality

;

TP,+FN,=1—-x
TN,+ FP, ==«
TP+ FNy,=1-—y
TNy + FPy =y
FP,=tFP,
TPa:%TPb
FP,=tFP,

FN, = %FN;,

TP, +FN,=1—=x
TN,+ FP, ==
TP+ FNy,=1—y
< K TNy+FP,=y

TP,+FNy=1—-=x
TN,+FP,=x
TP+ FNy=1—y

TNy, + FP, =y
FP,=*FP,
FN, = 2FN,

(1 -2 —FNy=3(1-y—FN,)

TP, +FN,=1—x
TN,+ FP, ==
TP+ FNy=1—y
< STNy+FP,=y

FPa:%FPb FPaziFPb
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l—ax—2FN,=2%2 —a—2FN, 1==2

Y y y \ Y
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TNy =x—FPB,
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< (TNy=y—FP,

B.23 Predictive Equality, Predictive Parity and Overall accuracy Equality

TP,+ FN,=1—-2x
TN,+ FP, ==z

TP, +FNy=1—y
TNy+ FP, =1y

TN, = %TN(,

TP, = %pr

TN, = ffy(TPb —TP,)
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y=u
FP, = FP,
| FN, = FN,

TP, +FN,=1—x
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TN, + FP, =y
s
TN, = TN,
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(TP, + FN,
TN, + FP,
TP+ FNy,=1—y
TN, + FP, =y

TN, = TN,

TP, = TP,

TN, = ;% (L5TR,)

T— y
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1—=x

T

TP,+FN,=1—x
TN,+ FP,=x
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TNy+ FP, =y
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TNy, =-TPh,
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Parity /Treatment equality

TP, +FN,=1—=x
TN,+ FP, =x
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B.24 Predictive Equality, Overall accuracy Equality and False Omission Rate

TP,+FN,=1—=x TP, +FN,=1—=x

TN, + FP, = x TN, + FP, ==z

TP, +FNy=1—vy TP,+FNy=1—y

TNy+ FP, =y TNy+ FP, =y

TN, = TN, =\ TN, = 27N,

FN, = £FN, TP,=1—-%+2TP,

TN, = L(pr —TP,) TN, = xl"y(TPb —1+5 - 9Th)

TNy, = 74 (TP, — TF,) (TN, = S (TP, - 1+f - TPb)
(TP, + FN,=1—2 TP,+FN,=1—2
TN, + FP, =z TN, + FP, ==z
TP, +FNy,=1—y TP+ FNy=1—y
TNy+ FPy,=y TNy+FP,=y

7N, = LT N, 7N, = LT N
TP,=1-%+2TP, TP,=1-2%42TP,
TNa_wfy( 44 2T D) TN, =% - TP,
(TN, = 25 (54 + yszPb) (TN, =1-TP,
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TP,+FN,=1—x
TN,+ FP, =x
TP+ FNy=1—y
TNy+ FP,=vy

(FN,=1-2-TP,
FP, =2 —TN,
FNy=1—y—TP,
FP,=y—TN,

T \rR=1-f4zrp, T TR =1-24:TPR,
TN, =% —2TP, TN, =% - 2TP,
TN, =1-TP, TN, =1-TP,
(& — TP, =(1-TR) 1=1

FN, =0
FP, =0
FN, =0
FP,=0
< TP,=1—=x
TN, ==x
T'Ny=y
Tszl—y
(1=1

B.25 Predictive Parity, False Omission Rate Parity and Overall accuracy
Equality

TP,+FN,=1—=x
TN,+ FP,==x
TP, +FNy=1—y

TP, +TN,=TPFP,+ TN,

TN,+ FP,==x
TP+ FNy,=1—y

< < TNy+FP, =y
TP, =TP, L=

TNy+ FP, =y S
TP, = Thef P
FN, = PNt

TP,+FN,=1—x

TP,+FN,=1—=x

TN,+ FP,=x

TP+ FNy,=1—y

TN, + FP, =y

TP, % (y — TNy) = TPy % (x — TN,)
(1—:C—TPa):(1—y—TPb)*§%‘;
TP, + TN, = TPy+ TN,

(1 -2 —=TP 27 8e)« TNy = (1 —y — TH) x TN,
TP, +TN, =TP,+ TN,
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TP,+FN,=1—x
TN,+ FP, ==z«
TPb+FNb:1—y
TNb+FPb:y
TP, = TP, L=

~TP,TNy2=2e + TP TN, = =TNy + TNy + TN, — yT' N,

\ TP, + TN, = TP, + TN,

TP,+FN,=1—=x
TN,+ FP, ==
TPb+FNb:1—y

< (TNy+FP, =y

TP, =TP, =1

TPy(TNy — TNy % 2=82) = (z — )TNy + (1 = y)TN,

\ TP, + TN, = TP, + TN,

TP,+FNy=1-uz
TNy +FP ==

TPb —+ FNb =1-— Y

TNb =+ FPb =y

TP, = TP, L=

TPy LRh PN TN ) = (2 — )TNy + (1= y) TN,
TPy + TN, =TP,+ TN,

TP, +FN,=1—-2x
TN,+ FP, ==
TP+ FNy,=1—y
< TNb—l-FPb:y
TP, = TPy L=

TP, (e 2y — (3 — 1)TN, + (1 - y)TN,

TP,+TN,=TF,+ TN,

TP, +FN,=1-2z
TN, + FP, ==
TP+ FNy=1—y
< TNb + FPb =y
(z—1)(z—T'Na) (1-y)(z=T'Na)
TP, =y, =rne TNo + i, —arn T Na

ra, = G, + Gl i,

TP,+TN,=TPF,+ TN,
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TP,+FN,=1—x
TN,+ FP,=x
TP+ FNy=1—y

TNy+ FP,=vy
— —1)(z—TN, 1—y)(@—TNa
TR, = (zT]\;iaixTNb)TN b+ (yTZ]J\;CE:i:cTN \TN, a
TPy = E TNy (Gl TNy
Yy a—Z b Y a— T b
RSN TNy + Sl TNe + TN, =
(z=1)(y=TNp) 1—y)(y—TNy)
\ ;TNaga;TN: TNy + (yT?Va(y—acTN: TNa+TNy

TP,+FN,=1—x
TN, + FP, = =
TP, +FNy=1—y

TNy, + FP, =y
— (1_ )( _TNa) (1_ )( _TN(L)
SR T T O
1—x)(y— 1— —
Th = yTN,lngNZ TNy + yT?sza?ixTNZ T'N,

(2% —2TN, — 2+ TNg)TNy + (x — 2y — TNy + yT'No)TNo+
(yI'Ny — 2T Ny)TN, = (vy — 2T Ny — y+ < tn — b)T Np+
(y — TNy — y* + yTNy)T Ny + (yT' Ny — T Ny)T N,

TP,+FN,=1—x
TN,+ FP,==x
TP, +FNy=1—y

TNy+ FP, =y
_ (1-z)(2=TNa) (1—y)(z=TNa)
e (' T%‘(’ixTvaV% T <1yT?j>V<“inTz§V ; o
o N
TR, = yTNazixTNZ T'Ny + yT?VazixTN: T'Ng

(vy —22TNy —y + TNy + yTN, — 22 + 2T Ny +x — TN,)TN, =
(x — 2y — TNy + 2yT' Ny — 2T Ny — y + TNy + y> — yTN,) TN,

TP,+ FN,=1—x
TN,+ FP,==x
TP, +FNy=1—y

TNy+ FPy =y
_ (1-z)(@=TNa) (1—y)(z=TNa)
ST T L S N
e e
TR = yTNangN;: T'Ny + yT]yVa?ia:TNZ T'Ng

(=22 + 1)TNZ + (zy — y + x4+ 2yT N, — 2® + 22T N, — 2T'N,)TN,
+(zy — 2+ TN, —2yTN, +y —y>)TN, =0
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TP,+FN,=1—x
TN,+ FP,=x
TP+ FNy=1—y

TNy+ FP, =y

TP,FP,
ThmTim

b a
FN, = TN, -

FN, = ;ffFNb
FP, =1 = FPR,

TP,+ FN,=1—=x
TN, + FP, =x

TP, + FNy=1—y
TNy +FP, =y
}:—zFPb—FP VTP, =0
TN, = :=2TN, v FN, =0
FN, = =2FN,
FP,=1=Fpp

"‘»—u—w—\
&@a@

,
H
@

TP+ FNy=1—-2x
TN,+ FP,==x
TP, +FNy=1—y

TNy, + FP, =y
TN, =z — {=2y + =T Ny
TN, = {=2TN,

FN, = 1= FNy

(TP, +FN,=1—x
TN, + FP, =x
TP, +FNy=1—y
TNb—i—FPb—y
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B.26 Predictive Parity, False Omission Rate Parity and Treatment Equality

TP, +FN, =1—u
TN,+FP,==x
TP, +FNy=1—y

TNy +FP, =y

1 xTP TI;L’II;;P
sy, - 3
FN, = {=LFN,
FP,=1=Fp

TP, +FN,=1—x
TN, + FP, =z
TP, +FNy=1—y
TN, + FP, =y

TNG:}%;’TN;,\/FN,):O
FNazl;"”FNb
TNa—a:——y—i— TNb
TP, =1—=x
FP,=x—TN,
TP,=1-—y
FP,=y—TN,
TNa_x—}—gy+ =ETN,,
FNy,=0

FN, =0

(TP, =1—1z
FP,=xz—TN,
TP,=1-y
FP,=y—TN,
TNa—x—%ZerlmTNb
FN,=0

FN, =0
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TP, =1—x—FN, TP, =1—=x
FP,=2—TN, FP, = 1=0y — 1=2TN,
TPb:1—y—FNb pr:1—y

< FP,=y—TN, VS FP,=y—TN,
r=1y TNa:x—%yﬂ—%TNb
TNy =TN, FNy,=0
FN, =FN, FN,=0

B.27 Predictive Parity, Overall accuracy Equality and Treatment Equality

TP, +FN,=1—x (TP, + FN, =1z
TN,+ FP,=x TN,+ FP,=x
TP+ FNy,=1—y TP+ FNy,=1—y
TNy, + FP, =y TNy+ FP, =y
<
FP,=FP, FP,=FP,
FN, = FN, l—-2—-TP,=1—y—TP,
TP, = t—;TPb TP, = }:—ZTP,,
| FPy = {=LFP, FP, = {=LFP,
(
TP,+FN,=1—x TP, +FN,=1—x
TN, + FP, = x TN, + FP, =z
TP, +FNy=1—y TP, +FNy=1—y
TNy+ FP, =1y TNy+FP, =y
<~ <~
FP,=FP, FP,=FP,
TP, =y—xz+TP, TP, =y—x+TPh,
y—x—TP =1=LTh y—z=4=Th,
r=yVFP =0 z=yVFP=0
TP, + FN, =1 (FN, =0
a a =TT o= (FN, =1—2—TP,
TN, + FP, =« TN, ==z
TN, =z — FP,
TP, +FNy=1—y FN, =0
Fszl—y—TPb
TNy +FP, =y TNy =y
— — VITNy,=y—FPB,
FP,=FP, FP,=0
FP,=FP,
TP, =y—x+TPh, TP, =1—=x
TP, =TP,
Th=1-yVx=y Th=1—-y
x:
z=yVFP,—=0 FP, =0 4
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B.28 False Omission Rate Parity, Overall accuracy Equality and Treatment

Equality

MAXIMAL COMBINATIONS OF FAIRNESS DEFINITIONS

TP,+FN,=1—=x
TN,+ FP,==x
TP, +FNy=1—y
TNy, + FP, =y
FP,=FP

FN, =FN,
TNangNb

\FNQ = %FNb

TP, +FN, =1—u
TN,+FP,==x
TP, +FNy=1—y

TNy+ FP, =y
TNy,=x—y+ TN,
FN, = FN,

‘”L‘*erTNb:%TNb
\1:%\/FNb:0

TP, +FN,=1—x
TN,+ FP,==x
TP+ FNy,=1—y

TNy+ FP, =y
TNy=x—y+ TN,
FN, =FN,

1:iTNb\/x:y
r=yVFN,=0

TP, =1—-=z
FP, =0
TP,=1—-y
— FP,=0
TN, ==x
FN,=0
TNy=y
\FN;,:()

TP,+FN,=1—=x
TN, +FP,=x
TP, +FNy=1—y
TNy+ FP,=y
x—TN,=y—TN,
FN, =FN,
TNazﬁTNb
\FN(,Z%FNZ)

TP, +FN,=1—-x
TN,+ FP,==x
TP, +FNy=1—y

TNy+FP,=y
TNy=z—y+ TN,
FNy,=FN,

v—y="2TN,
\:c:y\/FNb:O

TP, +FN,=1—=x
TN,+ FP,==x
TP+ FNy,=1—y

TNy+ FP, =y
TNy, =x—y+ TN,
FN, = FNy

TNy=yVzxr=y
r=yVFN,=0

TP, =1-—2—FN,
FP, =z —TN,
TP, =1—y— FN,
V{FPy=y—TN,

TN, = TN,
FN, = FN,
\ T =Y
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Appendix C. p%-rule Feasibility
C.1 Equalised Odds

1 _
: Y1P,+XFP, > pTP, + pF b,
—y y

1 _
TP, + FP, > pl—xTPb +2FP,
—y y

Case l: z =y
TP, > —FP,

This is always true, thus for = y equalised odds satisfies the p%-rule for all p.

. 1—x 1-y
Case 2: p < =y and p < 7=

1— —
y yp-—<w FP,
y l—xz—p+uyp

TP, >

1— —
y  xp—y FP,
y l1l—y—p+tap

TF, >

Case 3: p > i_fg
From this condition follows that x > y as p < 1 and = # y. Furthermore this means that

17
1— —
Th<-—Y_ 9" pp
y l—x—p+uyp
1— —
Tp,>-—Y 7Y  pp
y l1l—y—p+tap
1_
Case 4: p > =4
l-a

Similar to case 3, we can derive that y > x and p < 1:y

1— —
y yp—w FP,
y l—xz—p+uyp

Th, >

1— —
y axp—vy FP,
y l1l—y—p+ap

Tk, <

l—x

Case 5: p = =y
From this condition we can derive that x > y and thus p < }_;g
l—y ap—y

y l—y—p+ap

FP,

Th, >

Case 6: p = 1:—96
1-z

1
From this we can derive that x < y and thus p < =y

1— —
y_ - pp
y l—xz—p+uyp

TP, >
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C.2 Equal Opportunity and Predictive Parity

1 1
TP+ - YFP, > pT P, + pFP,
1—-y 1—-y

1— 1—
TP+ FPy > p—2TP,+p-—2FP,
1-y 1-y

Case l: z =y
TP, > —FP,

This is always true, thus for z = y all p values are satisfied.
Case 2: p < 172 and p < i_;y

1— x

TP, > —FP,

This is always for all p values that fall within these constraints.
Case 3: p>t—§0rp>}_;g
TP, < —FP,

This can only be satisfied if both variables are 0, which we do not considered as an acceptable
constraint, thus these p-values cannot be satisfied.

C.3 Equal Opportunity and False Omission Rate Parity

1— 1—
1—p+pFMﬁqﬂW52T—EFNy+T—ETM
—y —y

1— 1—
1—p+T—EMM@+T—EM%@2FNVHH%
-y -y

Case l: z =y
1—FNy > TN,

This condition is always satisfied, thus for equal base rates this combination of fairness
constraints will also satisfy demographic parity.
Case 2: p<1_—$andp<%

1—y
1—p)(1—
(1 —p)( m+FM§_ﬂ%
p—yp—1+=zx
1—p)(1-—
A= =y) | oy < 7,
p—axp—1+y

Case 3: p > =% and thus p < %

1—p)(1—

p—yp—1+=x

1—p)(1—

(1 —p)( w+FM§7ﬂ%
p—rp—1l+y

If p = 1 than the fraction in the second equation becomes zero. In order to satisfy
that equation under the condition p = 1 then it requires F'N, = TN, = 0, which is not
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acceptable. Thus the equation is not possible but for larger p, the ranges for F'IV, and T'N,
become undesirable.
Case 4: p > % and thus p <

1—x
1—y

1—p)(1—
(1-p)@A-y) L FN, < -TN,
p—yp—1+=zx

(1-p)(A-y) L FN, > TN,
p—xp—1l4y
If p = 1 than the fraction in the first equation becomes zero. In order to satisfy that
equation under the condition p = 1 then it requires F'N, = T' N, = 0, which is not acceptable.
Thus the equation is not possible but for larger p, the ranges for F'N, and T'N, become
undesirable.
1

Case 5: p = =y

8

1—p)(1-—
(1-p)(A-y) L FN, < _TN,
p—axp—1+y

-
|
<

Case 6: p=1—2

|
8

p—yp—1l+ux

C.4 Equalised Opportunity and Overall accuracy Equality

l—az—p+4+2py—x 1-2z—-—p+yp+
z — py + TN ( P+ apy p)ZTNa( pTyp y)
y—zx y—zx
l—y—p+2xp—yp 1-2y—p+ap+x
—(y — xp) + T'Na( ) < TNy )
y—x y—x
Case l: z =1y
x+ TP, > TN,

This statement is always true, thus in this case the p%-rule will always be satisfied for every
P
Case 2: y >«
. 1-2x+y 1-2y+x
Case 2a: pgﬁ/\pgﬁ

— _ 1—p— Iy —
(z —py)(y — ) Ll-z—p+opy PN, > TN,
1-2z—p+yp+y 1-2z—p+yp+y

_ — 11— — 2rm —
__oap)ly—2) | 1-y-—pt2ap YN, < TN,
1-2y—p+ap+=x 1-2y—p+ap+=x

. 1—2z4y 1-2y+x
Case 2b: p < =y P>

— _ 1—p— Iy —
(z —py)(y — ) Lloz—pt2py PN, > TN,
1-2z—p+yp+y 1-2z—p+yp+y

_ — 1—qy— Qo —
__Woap)ly—2) | 1-y-—pt2ap YN, S TN,
1-2y—p+ap+z 1-2y—p+ap+z

1570



MAXIMAL COMBINATIONS OF FAIRNESS DEFINITIONS

In the case that p = 1 then these equations would simplify to TNa =TN, —|— . While
this equation does not violate this relationship will make TP, = 5% and TP, = 5%, which
is a set value for these variables, making that for p = 1 this combmatlon is not possﬂale.

Case 3: y <«

Case 3a: pgkiixyﬂ/\pglfiiyxﬂ

(z —py)(y — ) l—x—p+2py—ap
1-2z—p+yp+y 1-2z—p+yp+y

TN, < TN,

(y—ap)ly—x)  1-y—p+2p—yp
- +
1-2y—p+ap+z 1-2y—p+ap+zx

. 1—2z4y 1—-2y+x
Case 3b: p > =y AP < ==

TN, > TN,

(x —py)(y — ) N l—x—p+2py—ap

TN > TN,
1-2x—p+yp+y 1-2x—p+yp+y

 (y—=zp)(y—=) l—y—p+2xp—yp
1-2y—-p+aop+zx 1-2y—p+ap+x
In the case that p = 1 then these equations would simplify to TNa =TN, —|— . While

this equation does not violate this relationship will make TP, = 5% and TP, = 2 , which
is a set value for these variables, making that for p = 1 this comblnatlon is not possible.

TN, > TN,

C.5 Equal Opportunity and Treatment Equality

— X

1—x—

1—=x

1— 1—
1—y—FNb+FPbzp(1—x—1JFNb)+p1—xFPb
—y —y

Case 1: p > 7 ””\/p>
~(1-y)+FNy =2 FF,

This is impossible to satisfy, so it is not possible to satisfy for p > %
— 1—

Case 2: pgﬁ/\pgﬁ

+ FNy, < FP,

S

(1-y)
This always holds true, so for p < %— P Y this sets of constraints always satisfies the

p%-rule.

C.6 Predictive Equality and Predictive Parity
1P+ 2 > pTP, + pFP,
Y Y

TP, + FP, > p~TP, + p~FP,
y y

Casel:p>%\/p>%
TP, < —FP,

1571



DEFRANCE & DE BIE

This is impossible to satisfy, thus p > g Vp > ¥ is not possible.
) y
Case 2: pgg/\pgg
TP, > —FP,

This always hold true, thus this combinations for constraints always satisfies for p < %/\ p <

y

z.
C.7 Predictive Equality and False Omission Rate Parity
1 —p+ pFN, + pT'Ny > ZFN, + TN,
Y Y
x x
1—p+4+p—FNy+p—TNy, > FN,+ TN,
Y Yy

i Yy
Casel.ng/\p<5

1_
YA=P) | pny s TN,
py—=

Y—I _EFN, > TN,

y—ap

The first equation is always simplified so this simplifies to:

Yy—yp
Yy—xp

— FNy, > TN,

This equation can only be satisfied for p = 1 if F'N, =0 and TN, = 0.
Case 2: p<%/\p2%

1_
YA=P) | o, < TN,
by —=x

w_prSTNb

Yy—xp

This first equation cannot be satisfied for p = 1, unless FN, = 0 and TN, = 0.
Case 3: p<§/\p<%

1_
yA=P) |, N, < TN
Py —x

Y—9 _pFN, > TN,

y — xp

C.8 Predictive Equality and Treatment Equality
1—2—2FNy+ “FP, > p(1 —y — FN,) + pFP,
Yy Yy
x x
l—y—FNy+ FP,>p(l—x— —FN) +p—FP,
Y Y
Case i p= T Ap<i=y=>u

1—p
T —py

v —y( )+ FNy > FP,
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l—p
Yy—px
The first equation is always satisfied. The second equation cannot be satisfied for p = 1
unless FN, =0 and F'P, =y
Case 2: pZ%/\p<%:x2y

y—y( )+ FNy < FP,

1_

y—y( p)+FNb§FPb
r —py
]__

y—y(—=) + FN, > FP,
Yy — px

The second equation is always satisfied. The first equation cannot be satisfied for p = 1
unless FFN, =0 and FP, =y
Case 3: p<%/\p<%

1_

y—y( p)—i'FNbSFPb
T —py
1_

y—y(—L) + FN, < FP,
Yy —px

C.9 Predictive Parity and Overall accuracy Equality

(FP, — pFP)(—2—Y ) > 9(FP, — pFP,)

FP,—FP,’ =
Yy—
FP,—pFP)(————) > —2(FP, — pFP,
Case 1: FP, > pFP,AFP, > FP, A FP, > pFP,
Yy—

?‘FFPQZFPIJ

If y > x then this statement is always true. For p = 1 the constraints would require that
FP, =FP,.
Case 2: FP, > pFP, NFP, > FP,\NFP, <pFP,
LS+ FP 2 FP,
y—x
2

+FP, < Fh

This simplifies to:

y;x—i—FPa:FPb

Case 3: FP, > pFP,\FP, < FP,AFP, > pFP,

y—x
2

Case 4: FP, <pFP,ANFP, < FP,NFP, > pFPF,

+FP, < Fh

%%E+F&2Fa
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L=+ FPR < FP,
This simplifies to:
y—x
2

+ FP,=FP,

C.10 Predictive Parity and Treatment Equality

z 1—=2
1—x—p+p:v—|—(p—ﬂ)FNb2(p— 1=y

JE P,

1—2 1—2
1—y—p+mp+(pﬂ—l)FNb2(pq—l)FPb

Case 1:p>%/\p§ 1~y

—
8

—(1=y)+ FNy 2 FP,

~(1—y)+ FN, < FPy

The first equation cannot be satisfied, it is thus impossible to satisfy the p%-rule in these
conditions.
— 1—
Case 2: p§i_—§/\p>ﬁ

—1-y)+FNy < FB,

~(1-y)+FNy =2 FF,

The second equation cannot be satisfied, it is thus impossible to satisfy the p%-rule in these
conditions.

Case?):pg%/\pglf

J—
<

8

~(1—y)+FN, < FP,

This equation is always satisfied for all values for p.

C.11 False Omission Rate Parity and Overall Accuracy Equality

1 ( FNb+TNb 1 r+y )>
1—FNy,—TN, 1—FNy,—TN, TNy, — FN, =P
Ty
1—FNy,—TNy>p(1l—(FNp+TNp)(1+ —"——
b b = p(L = (FNy + TN, )( +TNb—FNb

In the case that p = 1 this equation will simplify to:
—T N, > FN,

FNy > —-TNy

These equations can only be satisfied for T'N, = 0 and F'INy = 0, however this is not possible
due to the original formulation of the equations.
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C.12 False Omission Rate Parity and Treatment Equality
x x
l—p+(p— E)FNb > —(p— E)TNb

1—p+ (pg _1)FN, > —(pg —1)TN,

. y
Casel.pE%/\p<E

_YZYP L EN, > —TN,
T — yp
y—yp

L FNy < -TN,
y—xp

This first equation is always satisfied as p > £, the second equation however cannot be
satisfied for p = 1, unless F'N, = 0 and TN, = 0.

) y
Case2.p<§/\p25

_YZYP L pN, < —TN,
T —yp
_Yy—yp
y—xp
This second equation is always satisfied as p > %, the first equation however cannot be
satisfied for p = 1, unless F'N, = 0 and TN, = 0.
Case 3: p<%/\p<%

+ FNy > —TN,

Y—yp
T —yp

L FNy < -TN,

_YZYP L FN, < —TN,
Yy—ap

C.13 Overall accuracy Equality and Treatment Equality

1—1p—
M+FPbEFNb
1—p
1—qy—
?/1—p+°””p+ppb2FNb
-p

These equations hold for all cases.

In the special case that p goes to 1, then the first equation requires x > y for the
inequality to hold, however the second equation would require y > x. Thus these equations
can only hold for p=1if x = y.
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